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Motivations

Why convergence groups ?

Theorem (Hyperbolic group action on its boundary (Tukia))

Let G be a hyperbolic group. Then G acts on ∂∞G as a uniform
convergence group.

Theorem (Uniform convergence groups (Bowditch))

Suppose a group G acts on a compactum X as a uniform
convergence group. Then G is hyperbolic and X is G-equivariantly
homeomorphic to ∂∞G.



Convergence groups

Definition (Convergence group)

Let G be a group and X be a compact space. Then G acts on X as
a (discrete) convergence group if the diagonal action on
X × X × X −∆ is properly discontinuous. The convergence group
action is said to be uniform if in addition the action on triples is
cocompact.



Convergence group action on S1

When we consider a convergence group action on S1, it has an
amazing consequence even without assuming uniformity.

Theorem (Convergence group theorem (Gabai,
Casson-Jungreis, Tukia, ...))

Suppose a discrete group G acts on S1 as a convergence group.
Then G is Fuchsian.

Here we regard PSL2(R) as a subgroup of Homeo+(S1). We say a
subgroup G of Homeo+(S1) Fuchsian if it is conjugate to a
discrete subgroup of PSL2(R).



Main Theorem 1

Theorem (B. 2015)

Let G ⊂ Homeo+(S1). If G admits three ‘different’ very-full
invariant laminations, then the action is a convergence group
action.

Corollary (A new characterization of Fuchsian groups)

Let G ⊂ Homeo+(S1) be a torsion-free discrete subgroup. Then, G
is conjugate to a Fuchsian group which is not the thrice-punctured
sphere group if and only if G admits three ‘different’ very-full
invariant laminations.



Laminations on the circle (1/4)

It is a set of pairs of points of the circle which can be obtained as
the endpoint data of a geodesic lamination of H2 (a closed union of
disjoint geodesics).



Laminations on the circle (2/4)

On the left, a geodesic lamination on the Poincaré disk is drawn.
On the right, the corresponding lamination on the circle is drawn.



Laminations on the circle (3/4)

More precisely,

Definition (Lamination on the circle)

A lamination on the circle Λ is a closed subset of the set of all
unordered pairs of points of the circleM (homeomorphic to the
open Möbius band) consisting of pairwise unlinked pairs. Two pairs
(a, b), (c , d) are said to be linked if each connected component of
S1 \ {a, b} contains exactly one of c , d . They are called unlinked if
they are not linked.

The unlinking condition corresponds to disjointness of geodesics.



Laminations on the circle (4/4)

Definition (Leaves and Endpoints)

Let Λ be a lamination of S1. An element (a, b) of Λ is called a leaf
of Λ and the points of a, b are called endpoints of the leaf (a, b)
(also endpoints of the lamination Λ when we do not want to specify
leaves).

Note that a subgroup G of Homeo+(S1) acts diagonally S1 × S1,
so acts onM. A lamination Λ is called G -invariant if G (Λ) ⊂ Λ,
i.e., an invariant subset ofM.



Very-full Lamination (1/2)

Note that there exists a one-to-one correspondence bettwen the set
of laminations on the circle and the set of laminations on the disk
(or geodesic laminations on H2) up to isotopy.

Definition (Very-full/Loose Lamination)

A lamination Λ is called very-full if it divides the disk into union of
finite-sided polygons. Such a lamination is called loose if no two
polygon have a common vertex.



Very-full Lamination (2/2)

This lamination divides the disk into triangles.



Main Theorem 1 (rephrased)

Theorem (B.)

Let G ⊂ Homeo+(S1) be a torsion-free discrete subgroup. Then, G
is conjugate to a Fuchsian group such that the surface H2/G has
no cusps if and only if G admits three very-full invariant
laminations whose endpoint sets are disjoint.



Examples of groups with invariant laminations

1. Surface groups
2. hyperbolic 3-manifold groups with a taut foliation (Thurston)
3. hyperbolic 3-manifold groups with a nice essential lamination

(Calegari-Dunfield)
4. hyperbolic 3-manifold groups with a quasi-geodesic flow

(Calegari)



Universal circle



What’s next ?

Conjecture 1 : universal circle theorem has a converse

Let G = π1(M) be a closed hyperbolic 3-manifold group. Then the
followings are equivalent.

I M admits a taut foliation or a quasi-geodesic flow.
I G acts on S1 and admits two dense invariant laminations with

disjoint endpoint sets.

Perhaps more ambitiously,

Conjecture 2 : detecting a (fibered) 3-manifold group

Let G ⊂ Homeo+(S1) be a torsion-free discrete subgroup which
admits two very-full loose invariant laminations with disjoint
endpoint sets. Then G is π1(M) for some closed hyperbolic
3-manifold M (which fibers over S1).



Main Theorem 2 : Partial evidence

Theorem ((B. 2015) + (Alonso-B.-Samperton 2016))

Let G ⊂ Homeo+(S1) be a torsion-free discrete subgroup which
admits a two very-full loose invariant laminations with disjoint
endpoint sets. Then the followings hold.

1. Each element of G is either like an isometry of H2 or a lift of a
pseudo-Anosov diffeomorphism on a hyperbolic surface.

2. There exists a G-equivariant surjection from S1 to S2

(abstract Cannon-Thurston map).
3. The induced action on S2 is North pole-South pole dynamics

for each element of G .
4. If the action of G on S1 is Möbius-like, then the induced

action on S2 is a convergence group action.

If one can strengthen Part 4 in a right way and believes Cannon’s
conjecture, then Conjecture 2 follows.



Thank you.


