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Motivation:

Feynman integrals are important fun
tions for our understanding of parti
le physi
s.

Zeta values and multiple zeta values arise very frequently in their 
omputation.

Reasons to study this 
orresponden
e:

For the Physi
ist: Improvement of 
omputational methods with insights from

algebrai
 geometry and number theory

For the Mathemati
ian: Parti
le physi
s as a sour
e of interesting examples and

appli
ations



Outlook:

Introdu
tion to Feynman integrals

Feynman parameters and graph polynomials

Periods

Towards a 
lassi�
ation



The Standard Model is a quantum �eld theory,

des
ribing the known elementary building blo
ks of

nature and their intera
tions (ex
ept for gravity).

It is developed and tested with the help of s
attering experiments.

Rutherford's laboratory (1905)

Large Hadron Collider sin
e 2009 (pi
ture: M. Bri
e, CERN)
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The probability (
ross-se
tion) for a pro
ess like AB → C D (e.g. e

+

e

- → µ+µ-)


an be measured in the 
ollider and derived from a quantum �eld theory.

⇒ Test of the quantum �eld theory
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︸ ︷︷ ︸ ︸ ︷︷ ︸ ︸ ︷︷ ︸

known �unknown� known

initial state: ve
tor α possibilities: operator Ω �nal state: ve
tor β

Compute physi
al quantities from a s
alar produ
t (amplitude) G = 〈β |Ω|α〉 .



Re
all the double-slit experiment:

︸ ︷︷ ︸ ︸ ︷︷ ︸ ︸ ︷︷ ︸

known �unknown� known

Prin
iple: We have to take all possibilities of the unknown region into a

ount.



Example from Quantum Ele
trodynami
s (QED)

Consider the pro
ess e

− + e

+ → µ− + µ+

The amplitude G = 〈β |Ω|α〉 is a sum of 
ertain terms, ea
h 
orresponding to a

possible s
enario in the unknown region.

For example:

e

−

e

+

µ−

µ+

γ
e

−

e

+

µ−

µ+

γ γ
e
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These depi
tions of the possibilities are 
alled Feynman graphs.



Example from Quantum Ele
trodynami
s (QED)

The 
onsidered quantum �eld theory restri
ts the possible graphs.

In QED we have the building blo
ks:

photon-line

fermion-line (e.g. e

+, e-, µ+, ...)

intera
tion vertex

One derives Feynman rules from the theory:

Translation rules from the graphs to the terms in G = 〈β |Ω|α〉 .



Why do we have to integrate?

Momentum 
onservation: Impose

∑

i

p

i

= 0 at ea
h vertex.

If we have loops (
y
les), this leaves some momenta undetermined.

Example:

p −p

k

k + p

I

(

p

2, m2

)

=

∫

d

4

k

(2π)4
1

(k2 −m

2)
(

(k + p)2 −m

2

)

with dk

4 = dk

0

dk

1

dk

2

dk

3

w.r.t. ve
tors k = (k
0

, k
1

, k
2

k

3

) in four-dimensional

spa
e-time.

prin
iple to sum over �all possibilities� ⇒ integrate over k



Don't we have to 
ompute in�nitely many terms?

The amplitude G = 〈β |Ω|α〉 (and every resulting observable, e.g. probabilities) 
an be

written as in�nite power series

G = G

0

+ G

1

g + G

2

g

2 + ...

in the 
oupling 
onstant g .

g re�e
ts the typi
al intera
tion energy of the theory,

ea
h vertex of a graph 
ontributes a 
ertain power of g to a term in G .

Idea of perturbative Quantum Field Theory:

Assume that g is small, 
ompared to all other energies in your pro
ess.

⇒ Trun
ate the power series for G at a desired order.

⇒ Consider only �nitely many Feynman graphs.



Consider a Feynman graph with N internal edges and �rst Betti-number L.

Generi
 Feynman integral over so-
alled Feynman parameters (see Nakanishi 1971):

I = Γ (ν − LD/2)

(

N

∏

i=1

∫ ∞

0

dx

i

x

ν
i

−1

i

Γ(ν
j

)

)

δ

(

1−
N

∑

i=1

x

i

)

Uν−(L+1)D/2F−ν+LD/2,

with

ν
i

∈ Z labels of the edges, ν =
∑

N

i=1 νi

D : spa
e-time dimension

U , F : �rst and se
ond Symanzik polynomial



Constru
tion of Symanzik polynomials:

n-forest: graph without loops (
y
les) and n 
onne
ted 
omponents,

tree: 1-forest,

spanning forest of a graph G : forest, obtained from G by deletion of edges

(without deleting verti
es)

Example:

Graph:
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Spanning trees:

Spanning 2-forests:



Constru
tion/de�nition of Symanzik polynomials U and F for a Feynman graph G :

U =
∑

spanning trees T of G

∏

edges /∈T

x

i

F
0

= −
∑

spanning 2-forests (T
1

,T
2

)





∏

edges /∈(T
1

,T
2

)

x

i









∑

edges /∈(T
1, T2)

q

i





2

,

F = F
0

+ U
N

∑

i=1

x

i

m

2

i

.

Graph:
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Spanning trees:

Spanning 2-forests:
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Properties of Symanyik polynomials:

They are homogeneous with deg (U) = L and deg (F) = L+ 1.

U is linear and F is at most quadrati
 in ea
h Feynman parameter.

Let G be a Feynman graph with a regular edge e labeled with Feynman

parameter x

e

. Let G/e be the graph after 
ontra
ting G\e the graph after

deleting e. Then

U (G) = U (G/e) + x

e

U (G\e) ,

F
0

(G) = F
0

(G/e) + x

e

F
0

(G\e) .

Using the matrix-tree theorem, the Symanzik polynomials 
an be obtained from

determinants of Lapla
ian matri
es.

⇒ They satisfy non-trivial Dodgson identities (see CB, Weinzierl 2010 for a

review).



Re
all our generi
 Feynman integral

I = Γ (ν − LD/2)

(

N

∏

i=1

∫ ∞

0

dx

i

x

ν
i

−1

i

Γ(ν
j

)

)

δ (H)Uν−(L+1)D/2F−ν+LD/2

where D is the spa
e-time dimension.

Problem: Many Feynman integrals are divergent at D = 4.

Idea of dimensional regularization: Treat D as a 
omplex variable. Then I is a

meromorphi
 fun
tion of D.

We are interested in the Laurent series:

I =
∞
∑

i=−2L

I

i

ǫi ,

where D = 4− 2ǫ.

⇒ Computing a Feynman integral now means: 
omputing the 
oe�
ients I

i

.

Whi
h fun
tions and numbers will we �nd in these 
oe�
ients?



Periods:

De�nition (Kontsevi
h and Zagier 2001):

A period is a 
omplex number whose real and imaginary parts are values of absolutely


onverging integrals of rational fun
tions with rational 
oe�
ients, over domains in Rn

given by polynomial inequalities with rational 
oe�
ients.

Classi
al example for a period:

π =

∫ ∫

x²+y²≤1

dx dy

Denote the set of periods by P. We have

Q ⊂ P ⊂ C.

Can we make a general statement about Feynman integrals and periods?



Consider massless va
uum graphs: Feynman graphs with no external edges, no

parti
le masses and all ν
i

= 1.
Here F = 1 and the integral simpli�es to

I = Γ (N − LD/2)

(

N

∏

i=1

∫ ∞

0

dx

i

)

δ

(

1−
N

∑

i=1

x

i

)

Uν−(L+1)D/2

Example: 'wheel with three spokes'

First Symanzik polynomial:

U = x
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5

(x
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) + x
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2

)

L = 3 loops, N = 6 edges, D = 4− 2ǫ and propagator powers ν
i

= 1 for i = 1, ...,6
we have the Feynman integral

I (ǫ) = Γ (ǫ)

(

6

∏

i=1

∫ ∞

0

dx

i

)

δ (H)U−2+4ǫ

= 6ζ(3)ǫ−1 +O(ǫ).

Remark: Blo
h, Esnault and Kreimer 2006: The number 6ζ(3) is the period of a

motive whi
h is 
onstru
ted using the zero-set of U .



A statement on all va
uum-graph integrals

I = Γ (N − LD/2)
(

∏

N

i=1

∫∞
0

dx

i

)

δ
(

1−
∑

N

i=1 xi

)

Uν−(L+1)D/2

Belkale and Brosnan 2003: Up to the Γ-fa
tor, these are of the type

J(s) =

∫

∆
N−1

f

s

d

N−1

x

with f = U|
x

N

=1−
∑

N−1

i=1
x

i

∈ Q[x
1

, ..., x
N−1

] and the standard simplex

∆
N−1

=
{

(x
1

, ..., x
N−1

) ∈ RN−1|
∑

N−1

i=1 x

i

≤ 1

}

.

They are Igusa zeta fun
tions.

Theorem (Belkale, Brosnan 2003)

For integers s

0

, r let

J(s) =
∑

i≥r

a

i

(s − s

0

)i

be the Laurent series expansion of J(s) at s
0

. Then the a

i

are in P.

⇒ In the Laurent series of the va
uum-graph integral I =
∑∞

i=−2L

I

i

ǫi , D = 4− 2ǫ,
the I

i

are in P.



We return to the general 
ase:

I = Γ (ν − LD/2)

(

∏

N

i=1

∫∞
0

dx

i

x

ν
i

−1

i

Γ(ν
j

)

)

δ
(

1−
∑

N

i=1 xi

)

Uν−(L+1)D/2F−ν+LD/2.

The 
oe�
ients of F are physi
al parameters (squared parti
le masses and s
alar

produ
ts of external momenta).

Let us 
onsider these parameters at non-negative rational values.

Theorem (CB, Weinzierl 2009)

In the Laurent series I =
∑∞

i=−2L

I

i

ǫi , D = 4− 2ǫ, the I

i

are periods.

Our proof relies on the resolution of singularities a

ording to Hironaka:

su

essively de
ompose and blow-up the integration domain,


ombinatori
s is given by Hironaka's polyhedra game,

winning strategy 
ompletes the proof

We have previously applied this 
on
ept in a 
omputer program for the numeri
al


omputation of Feynman integrals. (CB, Weinzierl 2007)



Can we restri
t the 
oe�
ients in the Laurent series any further?

Let Z be the Q-ve
tor spa
e of multiple zeta values

ζ (n
1

, ...,n
r

) =
∑

0<j

1

<...<j

r

1

j

n

1

1

...jnr
r

, n
r

> 1.

Observation: Many of the known 
oe�
ients of va
uum graph integrals are in Z.

An all-loop example: The leading 
oe�
ient of the n-loop 'zig-zag-graph' integral I

Z

n

is 4

(2n−2)!
n!(n−1)!

(

1−
1−(−1)n

2

2n−3

)

ζ (2n − 3) . (Brown, S
hnetz 2013)

For many further examples see e.g. Broadhurst, Kreimer 1995, 1996 and S
hnetz'

Census.

However, not every va
uum graph integral has 
oe�
ients in Z. A 
ounter example is

known at 10 loops. (Brown, S
hnetz 2012, Brown, Doryn 2013)



General 
ase: Feynman integrals with external edges, being fun
tions of physi
al

parameters (masses and momenta)

Observation: Many 
oe�
ients are linear 
ombinations of multiple polylogarithms

Li

n

1

,...,n
r

(z
1

, ..., z
r

) =
∑

0<j

1

<...<j

r

z

j

1

1

...z jr
r

j

n

1

1

...jnr
r

for |z
i

| < 1.

Again, this is not always the 
ase.

Counter-example: The massive 'sunrise' graph appear now at mu
h lower

loop-number. Here we �nd ellipti
 generalizations of polylogarithms. (Blo
h, Vanhove

2013, Adams, CB, Weinzierl 2014, 2015)

Whi
h Feynman integrals 
an be expressed in terms of multiple zeta values and

multiple polylogarithms?



Assume a �nite Feynman integral with Symanzik polynomials U ,F .

Strategy:

Express multiple polylogarithms and multiple zeta values by an appropriate 
lass

of iterated integrals.

Integrate out the Feynman parameters x

1

, ..., x
N

in some ordering, building up

the result as iterated integral.

(See tomorrow's talk!)

For whi
h Feynman integrals 
an we do this?

There is a su�
ient algorithmi
 
riterion: the linear redu
ibility of U and F . (Brown
2008)



Fubini algorithm (Brown '08)

Start with a set of polynomials S = {P
1

, ..., P
m

} and the ordering

xσ(1), xσ(2), ..., xσ(N).

If all P

i

∈ S are linear in xσ(1) de�ne:

S

(σ
1

) = irredu
ible fa
tors of

{

∂P
i

∂x
σ(1)

, P
i

|
x

σ(1)=0
, P

j

|
x

σ(1)=0

∂P
i

∂x
σ(1)

− P

i

|
x

σ(1)=0

∂P
j

∂x
σ(1)

}

1≤i<j≤n

iterate for a sequen
e xσ(1), xσ(2), ...⇒ S

(σ(1)), S(σ(1),σ(2)), ...

take interse
tions like: S

{σ(1),σ(2)} = S

(σ(1),σ(2)) ∩ S

(σ(2),σ(1)),...,
S

{σ(1),...,σ(k)} = ∩
1≤i≤k

S

{σ(1),...,σ̂(i),...,σ(k)}(σ(i))

xσ(1), xσ(2), ..., xσ(k) ⇒ S

{σ(1)}, S{σ(1),σ(2)}, ..., S{σ(1),σ(2),...,σ(k)}

S is 
alled linearly redu
ible if for all 1 ≤ k ≤ N every polynomial in

S

{σ(1),σ(2),...,σ(k)}
is linear in xσ(k+1)

i.e. if the full sequen
e in
luding S

{σ(1),σ(2),...,σ(N)}
is generated.

If S = {U
G

, F
G

} is linearly redu
ible we 
all the Feynman graph G linearly

redu
ible.



For e an edge of G 
onsider the deletion (G\e) and 
ontra
tion (G/e) of e

The deletion and 
ontra
tion of di�erent edges is 
ommutative.

⇒If C , D are disjoint sets of edges of G then G\D/C is a unique graph.

Any su
h graph is 
alled minor of G .

Def.: A set G of graphs is 
alled minor-
losed if for ea
h G ∈ G all minors belong to G
as well.

Example: The set of all planar graphs is minor-
losed.



B is a minor of A



B is a minor of A



B is a minor of A



Let H be a �nite set of graphs.

De�ne GH to be the set of graphs whose minors do not belong to H.

Then the graphs in H are 
alled forbidden minors of GH. The set GH is minor-
losed.

Theorem (Robertson and Seymour): Any minor-
losed set of graphs is determined by

a �nite set of forbidden minors.

Example:

The set of planar graphs is the set of all graphs whi
h have neither K

5

nor K

3, 3 as a

minor. (Wagner's theorem)



Theorem (CB, Lueders 2013)

The set of linearly redu
ible Feynman graphs is minor-
losed.

For a re
ent alternative proof see Moore 2017 (masterthesis)

We should sear
h for the forbidden minors!

For an overview of linearly redu
ible Feynman graphs see Panzer's PhD thesis (2015)



Summary:

The 
omputation of Feynman integrals is 
ru
ial for our understanding of

elementary parti
les.

These integrals arise from the quantum physi
s prin
iple to 'sum over all

possible s
enarios in an unknown region'.

They are 
omputed as Laurent series in a regularization parameter ǫ.

The 
oe�
ients in this series are periods (or period valued fun
tions).

In many 
ases these 
an be expressed in terms of multiple zeta values and

multiple polylogarithms.

The linear redu
ibility of the Symanzik polynomials is a su�
ient 
ondition.


