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ed random walksFranz Merkl and Silke W.W. RollesUniversity of Muni
h and University of BielefeldAbstra
t: We review results on linearly edge-reinfor
ed random walks. On�nite graphs, the pro
ess has the same distribution as a mixture of reversibleMarkov 
hains. This has appli
ations in Bayesian statisti
s and it has beenused in studying the random walk on in�nite graphs. A 
hara
terization ofthe pro
ess is given. On trees, one has a representation as a random walk inan independent random environment. We review re
ent results for the randomwalk on ladders: re
urren
e, a representation as a random walk in a randomenvironment, and estimates for the position of the random walker.1. Introdu
tionConsider a lo
ally �nite graph G = (V;E) with undire
ted edges. All the edgesare assigned weights whi
h 
hange in time. At ea
h dis
rete time step, the edge-reinfor
ed random walker jumps to a neighboring vertex with probability propor-tional to the weight of the traversed edge. As soon as an edge is traversed, its weightis in
reased by one.The model was introdu
ed by Dia
onis in 1986 (see [Dia88℄ and [CD86℄). MikeKeane made the model popular in The Netherlands. In parti
ular, Mike Keaneintrodu
ed one of the authors to the intriguing questions raised by this model.One fundamental question, asked by Dia
onis, 
on
erns re
urren
e: Do almost allpaths of the edge-reinfor
ed random walk visit all verti
es in�nitely often? By aBorel-Cantelli argument, this is equivalent to the following question: Does the edge-reinfor
ed random walker return to the starting point in�nitely often with proba-bility one? For all dimensions d � 2, it is an open problem to prove or disprovere
urren
e on Zd. Only re
ently, re
urren
e of the edge-reinfor
ed random walk onladders has been proven.The present arti
le fo
uses on linear edge-reinfor
ement as des
ribed above. Inthe past two de
ades, many di�erent reinfor
ement s
hemes have been studied. Webrie
y mention some of them: Vertex-reinfor
ed random walk was introdu
ed byPemantle [Pem92℄ and has been further analyzed by Bena��m [Ben97℄, Dai ([Dai03℄,[Dai04℄), Pemantle and Volkov ([PV99℄, [Vol01℄), and Tarr�es [Tar04℄. Sellke [Sel93℄and Vervoort [Ver00℄ proved re
urren
e results for on
e-reinfor
ed random walkson ladders; Durrett, Kesten, and Limi
 [DKL02℄ analyzed the pro
ess on regulartrees. Re
urren
e questions for reinfor
ed random walks of sequen
e type were stud-ied by Davis ([Dav89℄, [Dav90℄) and Sellke [Sel94℄. Takeshima ([Tak00℄, [Tak01℄)studied hitting times and re
urren
e for reinfor
ed random walk of matrix type.Limi
 [Lim03℄ proved a lo
alization theorem for superlinear reinfor
ement. Weaklyreinfor
ed random walks in one dimension were studied by T�oth [T�ot97℄. Dire
-tionally reinfor
ed random walks are the subje
t of Mauldin, Monti
ino, and vonWeizs�a
ker [MMvW96℄ and Horv�ath and Shao [HS98℄. Othmer and Stevens [OS97℄suggested linearly edge-reinfor
ed random walks as a simple model for the glidingAMS 2000 subje
t 
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Merkl and Rolles/Linearly edge-reinfor
ed random walks 2of myxoba
teria. These ba
teria produ
e a slime and prefer to move on the slimetrail produ
ed earlier. Overviews with a di�erent emphasis than the present arti
lehave been written by Davis [Dav99℄ and Pemantle [Pem01℄.The arti
le is organized as follows: In Se
tion 2, we give a formal de�nitionof the edge-reinfor
ed random walk. On �nite graphs, the edge-reinfor
ed randomwalk has the same distribution as a random walk in a dependent random envi-ronment. This representation together with related limit theorems is presented inSe
tion 3. The edge-reinfor
ed random walk on �nite graphs gives rise to a familyof prior distributions for reversible Markov 
hains. This appli
ation to statisti
s isthe 
ontent of Se
tion 4. A 
hara
terization of the pro
ess (whi
h is also appliedin the Bayesian 
ontext) is given in Se
tion 5. In Se
tion 6, we state results forthe pro
ess on a
y
li
 graphs. Re
ently, progress has been made in understandingthe edge-reinfor
ed random walk on graphs of the form Z� f1; : : : ; dg and moregenerally on Z� T when T is a �nite tree. Se
tion 7 reviews these re
ent resultsand presents some simulations.2. Formal des
ription of the modelLet G = (V;E) be a lo
ally �nite undire
ted graph. Every edge is assumed to havetwo di�erent endpoints; thus there are no dire
t loops. We identify an edge withthe set of its endpoints. Formally, the edge-reinfor
ed random walk on G is de�nedas follows: Let Xt denote the random lo
ation of the random walker at time t. Letae > 0, e 2 E. For t 2 N0 , we de�ne wt(e) : V N0 ! R+ , the weight of edge e attime t, re
ursively as follows:w0(e) :=ae for all e 2 E; (2.1)wt+1(e) :=� wt(e) + 1 for e = fXt; Xt+1g 2 E,wt(e) for e 2 E n ffXt; Xt+1gg. (2.2)Let Pv0;a denote the distribution of the edge-reinfor
ed random walk on G start-ing in v0 with initial edge weights equal to a = (ae)e2E . The distribution Pv0;a is aprobability measure on V N0 , spe
i�ed by the following requirements:X0 = v0 Pv0;a-a.s.; (2.3)Pv0;a(Xt+1 = vjXi; i = 0; 1; : : : ; t) = 8<: wt(fXt; vg)Pfe2E:Xt2eg wt(e) if fXt; vg 2 E;0 otherwise: (2.4)3. Reinfor
ed random walk on �nite graphsThroughout this se
tion, we assume the graph G to be �nite.For t 2 N and e 2 E, setkt(e) := wt(e)� ae and �t(e) := kt(e)t : (3.1)In parti
ular, �t(e) denotes the proportion of 
rossings of the edge e up to time t.The random ve
tor �t := (�t(e))e2E takes values in the simplex� := ((xe)e2E 2 (0;1)E : Xe2E xe = 1) : (3.2)imsart-lnms ver. 2005/02/28 file: fests
hrift.tex date: Mar
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Merkl and Rolles/Linearly edge-reinfor
ed random walks 3For x 2 (0;1)E , we de�ne xv := Xe2E:v2exe: (3.3)Now view the graph G as an ele
tri
 network, and 
onsider the spa
e H1 of allele
tri
 
urrent distributions (ye)e2E on the graph, su
h that Kir
hho�'s vertexrule holds at all verti
es: For every vertex, the sum of all ingoing 
urrents shouldequal the sum of all outgoing 
urrents. More formally, we pro
eed as follows: Weassign a 
ounting dire
tion to every edge, en
oded in a signed in
iden
e matrix� = (�ve)v2V;e2E 2 f�1; 0; 1gV�E . Here, �ve = +1 means that e is an ingoing edgeinto the vertex v; �ve = �1 means that e is an outgoing edge from vertex v, and�ve = 0 means that the vertex v is not in
ident to the edge e. Then, for a given
urrent distribution y = (ye)e2E 2 RE , the 
urrent balan
e at any vertex v 2 Vequals (�y)v =Xe2E �veye; (3.4)and the spa
e of all 
urrent distributions satisfying Kir
hho�'s vertex rule equalsH1 = kernel(�) = fy 2 RE : �y = 0g= ((ye)e2E 2 RE : Xe2E �veye = 0 for all v 2 V) : (3.5)In other words, H1 is the �rst homology spa
e of the graph G. Note that dimH1 =jEj � jV j+ 1 by Euler's rule.Interpreting weights x = (xe)e2E 2 (0;1)E as ele
tri
 
ondu
tivities of theedges, the power 
onsumption of the network required to support a 
urrent distri-bution y 2 H1 equals Ax(y) =Xe2E y2exe :(Of 
ourse, in order to drive this 
urrent in a real network, appropriate batteriesmust be wired into the edges. We ignore this fa
t.) Note that Ax is a quadrati
 formonH1. We will also need its determinant detAx, whi
h is de�ned as the determinantof the matrix representing Ax with respe
t to any Z-basis of the latti
e H1 \ ZE.Note that the determinant detAx does not depend on the 
hoi
e of the basis, sin
eany base 
hange has determinant �1. We endow the homology spa
e H1 with theLebesgue measure, normalized su
h that the unit 
ell spanned by any Z-basis ofH1 \ ZE gets volume 1.It turns out that the sequen
e (�t)t2N 
onverges almost surely to a random limit.Surprisingly, the limiting distribution 
an be determined expli
itly:Theorem 3.1. The sequen
e (�t)t2N 
onverges Pv0;a-almost surely. The distribu-tion of the limit is absolutely 
ontinuous with respe
t to the surfa
e measure on �with density given by�v0 ;a(x) = Z�1v0;a Qe2E xae� 12ex av02v0 Qv2V nfv0gx av+12v pdetAx; x = (xe)e2E 2 �; (3.6)where Zv0;a denotes a normalizing 
onstant.imsart-lnms ver. 2005/02/28 file: fests
hrift.tex date: Mar
h 31, 2005



Merkl and Rolles/Linearly edge-reinfor
ed random walks 4Theorem 3.1 was dis
overed by Coppersmith and Dia
onis [CD86℄ and redis
ov-ered by Keane and one of the authors ([KR00℄, Theorem 1). In the spe
ial 
ase of atriangle, a proof of Theorem 3.1 was published by Keane [Kea90℄. The normalizing
onstant Zv0;a is expli
itly known; see [KR00℄.Let S denote the set of all subtrees T in G, viewed as set of edges T � E, whi
hneed not ne
essarily visit all verti
es. The set of all spanning trees in G is denotedby T ; it is a subset of S. Using a matrix tree theorem (see e.g. [Mau76℄, page 145,theorem 3'), one 
an rewrite the determinant of Ax as a sum over all spanning trees.This yields the following representation of the density:�v0;a(x) = Z�1v0;a Qe2E xae�1ex av02v0 Qv2V nfv0gx av+12v sXT2T Ye2T xe: (3.7)Given a path � = (v0; v1; : : : ; vt) of verti
es in G, we de�ne its 
orresponding\
hain" [�℄ = ([�℄e)e2E 2 RE as follows: Imagine an ele
tri
 
urrent of size 1entering the network G at the starting vertex v0, 
owing along �, and then leavingthe network at the last vertex vt. Let [�℄ 2 RE denote the 
orresponding 
urrentdistribution. More formally, for e 2 E, [�℄e equals the number of times the path� traverses the edge e in 
ounting dire
tion minus the number of times the path� traverses the edge e in opposite dire
tion to the 
ounting dire
tion. Note that[�℄ =2 H1 unless the path � is 
losed, sin
e Kir
hho�'s vertex rule is violated at thestarting point v0 and at the last vertex vt. Now, for any time t, let�t = (X0; X1; : : : ; Xt)denote the random path the reinfor
ed random walker follows up to time t. Wede�ne �t = 1pt [�t℄ 2 RE (3.8)to be the 
orresponding res
aled (random) 
urrent distribution. Indeed, the di�usives
ale pt turns out to be appropriate for studying the random 
urrents [�t℄ in thelimit as t ! 1. Note that in general �t =2 H1, due to the violation of Kir
hho�'srule at the starting vertex X0 and the last vertex Xt. However, any weak limit of �tas t!1, if it exists, must be supported on the homology spa
e H1 � RE . Indeed,the violation of Kir
hho�'s rule at any vertex is not larger than t�1=2, whi
h isnegligible as t!1.For a (random) path �t = (X0; : : : ; Xt) and any vertex v among fX0; : : : ; Xt�1g,let elast exit(v; �t) denote the edge by whi
h v is left when it is visited by �t for thelast time. Let T last exitt 2 S denote the random tree graph 
onsisting of all the edgeselast exit(v; �t), v 2 fX0; : : : ; Xt�1g. Sin
e the reinfor
ed random walk on the �nitegraph G visits every vertex almost surely, T last exitt 2 T holds for all large t almostsurely.Theorem 3.2. The sequen
e (�t; �t; T last exitt )t2N 
onverges weakly in RE�RE�S.The limiting distribution Q is supported on the subset ��H1�T of RE �RE �S.It is absolutely 
ontinuous with respe
t to the produ
t of the surfa
e measure on �,the Lebesgue measure on H1, and the 
ounting measure on T . Its density is givenimsart-lnms ver. 2005/02/28 file: fests
hrift.tex date: Mar
h 31, 2005



Merkl and Rolles/Linearly edge-reinfor
ed random walks 5by �v0;a(x; y; T ) = ~Z�1v0;a Qe2E xae� 32ex av02v0 Qv2V nfv0gx av+12v  Ye2T xe! exp��12Ax(y)� ; (3.9)where ~Zv0;a denotes a normalizing 
onstant.Theorem 1 of [KR00℄ states weak 
onvergen
e of (�t; �t)t2N to the limiting dis-tribution with density XT2T �v0;a(x; y; T ): (3.10)However, the proof impli
itly 
ontains the proof of Theorem 3.2.Re
all that the transition probabilities of any irredu
ible reversible Markov 
hainon G 
an be des
ribed by weights x = (xe)e2E , xe � 0, on the edges of the graph;the probability to traverse an edge is proportional to its weight. More pre
isely,denoting the distribution of the Markov 
hain indu
ed by the edge weights x withstarting vertex v0 by Qv0;x, one hasQv0;x(Xt+1 = v0jXt = v) = xfv;v0gxv ; (3.11)whenever fv; v0g is an edge; the weight xv is de�ned in (3.3).The following representation of the edge-reinfor
ed random walk on a �nite graphas a mixture of reversible Markov 
hains is shown in Theorem 3.1 of [Rol03℄.Theorem 3.3. For any event B � V N0 , one hasPv0;a ((Xt)t2N0 2 B) = Z��H1�T Qv0;x(B)Q(dx dy dT ); (3.12)where Q denotes the limiting measure from Theorem 3.2. In other words, the edge-reinfor
ed random walk on any �nite graph G has the same distribution as a randomwalk in a random environment. The latter is given by random weights on the edges,distributed a

ording to the limiting distribution �v0;a d� of (�t)t2N.This representation as a random walk in a random environment has been ex-tremly useful in studying the edge-reinfor
ed random walk on in�nite ladders.The proof of Theorem 3.3 relies on the fa
t that the edge-reinfor
ed random walkis partially ex
hangeable: the probability that the pro
ess traverses a parti
ular �nitepath � = (v0; : : : ; vt) depends only on the starting point of � and the number oftransition 
ounts of the undire
ted edges. If one knows that the pro
ess returns tothe starting point in�nitely often with probability one (whi
h is the 
ase for theedge-reinfor
ed random walk on a �nite graph), one 
an apply a de Finetti Theoremfor Markov 
hains of Dia
onis and Freedman [DF80℄. A re�nement for reversibleMarkov 
hains ([Rol03℄, Theorem 1.1) yields a mixture of reversible 
hains.4. An appli
ation to Bayesian statisti
sConsider the following statisti
al situation: We observe X0 = v0, X1 = v1, : : :,Xt = vt generated by a reversible Markov 
hain. The transition kernel k(�; �) andimsart-lnms ver. 2005/02/28 file: fests
hrift.tex date: Mar
h 31, 2005



Merkl and Rolles/Linearly edge-reinfor
ed random walks 6the stationary measure � are unknown. Let V be the set of possible observations.We assume V to be a known �nite set. Furthermore, we assume that k(v; v0) > 0 ifand only if k(v0; v) > 0. Hen
e, V together with the set E := ffv; v0g : k(v; v0) > 0gde�nes a �nite undire
ted graph. This graph is assumed to be known.It is a natural question how to model this in the framework of Bayesian statisti
s.One is interested in \natural" prior distributions on the set of reversible Markov
hains.Be
ause of reversibility, �(v)k(v; v0) = �(v0)k(v0; v) for all v; v0 2 V . The distri-bution of a reversible Markov 
hain with transition kernel k, stationary distribution�, and starting point v0 is given by Qv0;x as de�ned in (3.11) with edge weightsxfv;v0g = �(v)k(v; v0). Thus, one 
an des
ribe the prior distributions as measureson the set of possible edge weights, namely as measures on �.The following theorem was proved by Dia
onis and one of the authors (Proposi-tion 4.1 of [DR04℄):Theorem 4.1. Set Pv0;a := �v0;a d�. The family�Pv0;a : v0 2 V; a = (ae)e2E 2 (0;1)E	 (4.1)of prior distributions is 
losed under sampling. More pre
isely, under the priordistribution Pv0;a with observations X0 = v0, X1 = v1, : : :, Xt = vt, the posterioris given by Pvt;(ae+kt(v0;:::;vt))e2E , where kt(v0; : : : ; vt) denotes the number of i withfvi; vi+1g = e.These prior distributions were further analyzed in [DR04℄: They 
an be general-ized to �nite graphs with dire
t loops; thus one 
an in
lude the 
ase k(v; v) > 0 forsome v. The set of linear 
ombinations of the priors Pv0;a is weak-star dense in theset of all prior distributions on reversible Markov 
hains on G. Furthermore, it isshown that these prior distributions allow to perform tests: several hypotheses aretested for a data set of length 3370 arising from the DNA sequen
e of the humaneHLA-B gene, for instan
e H0 : i.i.d.(unknown) versus H1 : reversible Markov 
hainand H0 : reversible Markov 
hain versus H1 : full Markov. The tests are based onthe Bayes fa
tor P (datajH0)=P (datajH1) whi
h 
an be easily 
omputed.The priors Pv0;a generalize the well-known Diri
hlet priors. The latter are ob-tained as a spe
ial 
ase for star-shaped graphs. The Diri
hlet prior was 
hara
terizedby W.E. Johnson; see [Zab82℄. In [DR04℄, a similar 
hara
terization is given for thepriors Pv0;a; in this sense they are \natural".5. A 
hara
terization of reinfor
ed random walkIn this se
tion, we review a 
hara
terization of the edge-reinfor
ed random walkfrom [Rol03℄. We need some assumptions on the underlying graph G:Assumption 5.1. For all v 2 V , degree(v) 6= 2. Furthermore, the graph G is2-edge-
onne
ted, i.e. removing an edge does not make G dis
onne
ted.Let P be the distribution of a nearest-neighbor random walk on G su
h that thefollowing hold:Assumption 5.2. There exists v0 2 V with P (X0 = v0) = 1.Assumption 5.3. For any admissible path � of length t � 1 starting at v0, wehave P ((X0; : : : ; Xt) = �) > 0.imsart-lnms ver. 2005/02/28 file: fests
hrift.tex date: Mar
h 31, 2005



Merkl and Rolles/Linearly edge-reinfor
ed random walks 7Assumption 5.4. The pro
ess (Xt)t2N0 with distribution P is partially ex
hange-able.For t 2 N0 , v 2 V , and e 2 E, we de�nekt(v) := jfi 2 f0; : : : ; tg : Xi = vgj; kt(e) := jfi 2 f1; : : : ; tg : fXi�1; Xig = egj:Assumption 5.5. For all v 2 V and e 2 E, there exists a fun
tion fv;e takingvalues in [0; 1℄ su
h that for all t 2 N0P (Xt+1 = vjX0; : : : ; Xt) = fXt;fXt;vg(kt(Xt); kt(fXt; vg)):In other words, the 
onditional distribution for the next step, given the past up totime t, depends only on the position Xt at time t, the edge fXt; vg to be traversed,the lo
al time a

umulated at Xt, and the lo
al time on the edge fXt; vg.It is not hard to see that an edge-reinfor
ed random walk and a non-reinfor
edrandom walk starting at v0 satisfy Assumptions 5.2-5.5. The following theorem isthe 
ontent Theorem 1.2 of [Rol03℄:Theorem 5.1. Suppose the graph G satis�es Assumption 5.1. If P is the distribu-tion of a nearest-neighbor random walk on G satisfying Assumptions 5.2-5.5, then,for all t, P (Xt+1 = vjX0; : : : ; Xt)agrees on the set fkt(Xt) � 3g with the 
orresponding 
onditional probability for anedge-reinfor
ed random walk or a non-reinfor
ed random walk starting at v0.In this sense, the above assumptions 
hara
terize the edge-reinfor
ed randomwalk. Theorem 5.1 is used to give a 
hara
tarization of the priors Pv0;a.6. Reinfor
ed random walk on a
y
li
 graphsThe edge-reinfor
ed random walk on a
y
li
 graphs is mu
h easier to analyze thanon graphs with 
y
les. Let us brie
y explain why: Consider edge-reinfor
ed randomwalk on a tree. If the random walker leaves vertex v via the neighboring vertex v0,then in 
ase the random walker ever returns to v, the next time she does so, shehas to enter via the same edge fv; v0g. Hen
e, if the random walker leaves v via theedge fv; v0g, the weight of this edge will have in
reased by pre
isely 2, the next timethe random walker arrives at v. Obviously, this is only true on an a
y
li
 graph.Due to this observation, instead of re
ording the edge weights, one 
an pla
ePolya urns at the verti
es of the tree. Ea
h time the random walker is at lo
ation v,a ball is drawn from the urn U(v) atta
hed to v. Then, the ball is put ba
k togetherwith two balls of the same 
olor. The di�erent 
olors represent the edges in
identto v; the number of balls in the urn equal the weights of the edges in
ident to v,observed at times when the random walker is at v. The initial 
omposition of theurns is determined by the starting point and the initial edge weights of the reinfor
edrandom walk. The sequen
e of drawings from the urn U(v) at v is independentfrom the sequen
es of drawings from the urns U(v0), v 6= v0, at all other lo
ations.Using de Finetti's theorem, one �nds that the reinfor
ed random walk has the samedistribution as a random walk in a random environment, where the latter is given byindependent Diri
hlet-distributed transition probabilities. This representation as arandom walk in a random environment was observed by Pemantle [Pem88℄. It seemsimsart-lnms ver. 2005/02/28 file: fests
hrift.tex date: Mar
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Merkl and Rolles/Linearly edge-reinfor
ed random walks 8to be the most powerful tool to analyze the pro
ess on a
y
li
 graphs. Pemantleused it to prove a phase transition in the re
urren
e/transien
e behavior on a binarytree. Later, Takeshima [Tak00℄ 
hara
terized re
urren
e in one dimension for spa
e-inhomogeneous initial weights. (For all initial weights being equal, re
urren
e in onedimension follows for instan
e from a well-known re
urren
e 
riterion for randomwalk in random environment; see e.g. [Sol75℄.) Colleve

hio [Col05℄ proved a law oflarge numbers and a 
entral limit theorem for the edge-reinfor
ed random walk onb-ary trees, under the assumption that b is large.For linear edge-reinfor
ement on arbitrary dire
ted graphs, so 
alled dire
ted-edge-reinfor
ed random walk, a similar 
orrespondan
e with a random walk in anindependent random environment 
an be established. Using this 
orrespondan
e,re
urren
e for Z� G for any �nite graph G was proved by Keane and one of theauthors in [KR02℄.7. Reinfor
ed random walk on laddersStudying reinfor
ed random walks on graphs of the form Z�f1; : : : ; dg seems to bea 
hallenging task. Only re
ently, re
urren
e results were obtained. The followingresult was proved in [MR05℄.Theorem 7.1. For all a > 3=4, the edge-reinfor
ed random walk on Z�f1; 2g withall initial weights equal to a is re
urrent.The result was extended in [Rol04℄, under the assumption the initial weight a islarge:Theorem 7.2. Let G be a �nite tree. For all large enough a, the edge-reinfor
edrandom walk on Z�G with all initial weights equal to a is re
urrent.In parti
ular, this applies to ladders Z� f1; 2; : : : ; dg of any �nite width d.In the following, we 
onsider the pro
ess on N0 �G or Z�Gwith a �nite tree G.We always assume that all initial edge weights are equal to the same large enough
onstant a and the random walk starts in a vertex 0 at level 0.Just as edge-reinfor
ed random walk on �nite graphs, the edge-reinfor
ed ran-dom walk on in�nite ladders turns out to be equivalent to a random walk in arandom environment, as studied in Se
tion 3: In parti
ular, there is an in�nite-volume analogue to Theorem 3.3 for the in�nite graphs N0 �G and Z�G. Here,the law Q of the random environment in Theorem 3.3 gets repla
ed by an in�nite-volume Gibbs measure, whi
h we also denote by Q. Also in the in�nite-volumesetup, the fra
tions �t 2 RE of times spent on the edges 
onverge almost surely torandom weights x 2 RE as t !1, just as in Theorem 3.1. These random weightsx are governed by the in�nite-volume Gibbs measure Q. It turns out that Q-almostsurely, the random weights de
rease exponentially in spa
e, i.e.Q-a.s. lim supjej!1 1jej logxe � �
(a;G) (7.1)with a deterministi
 
onstant 
(G; a) > 0. Here, jej denotes the distan
e of an edgee from the starting point. For more details, see [MR04℄.This exponential de
ay of the weights x 
an be also observed in simulations: Forthe ladder Z� f1; 2; : : : ; 30g, the simulation in Figure 1 shows one typi
al samplefor the fra
tion of time �t spent on any edge up to time t = 109. The fra
tions�t are displayed logarithmi
ally as gray s
ales. The starting point is lo
ated in theimsart-lnms ver. 2005/02/28 file: fests
hrift.tex date: Mar
h 31, 2005
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ed random walks 9
enter of the pi
ture. The time t = 109 in the simulation is already so large thatthis �t is a good approximation for a typi
al sample of the random weights x.
1e-21e-31e-41e-51e-61e-71e-8Figure 1: Fra
tion of time spent on the edges on a logarithmi
 s
ale.Time horizon= 109, initial weight a = 1.Note that the fra
tions �t in the simulation vary over many orders of magnitude,and that they de
rease roughly exponentially as one gets farther away from thestarting point.Entropy estimates and deformation arguments from statisti
al me
hani
s areused in [MR04℄ to derive the exponential de
ay of the weights.As a 
onsequen
e, one obtains the following estimates for the position of therandom walker, also proved in [MR04℄:Theorem 7.3. There exist 
onstants 
1; 
2 > 0, depending only on G and a, su
hthat for all t; n 2 N0 , the following bound holds:P0;a(jXtj � n) � 
1e�
2n: (7.2)Note that the bounds are uniform in the time t. This is di�erent from the behaviorof simple random walk, whi
h has 
u
tuations of order pt.Corollary 7.1. There exists a 
onstant 
3 = 
3(G; a) > 0 su
h that P0;a-a.s.,maxs=0;:::;t jXsj � 
3 ln t for all t large enough. (7.3)A simulation shown in Figure 2 illustrates this 
orollary: For one sample path ofan edge-reinfor
ed random walk on the ladder Z�f1; 2; : : : ; 30g with initial weighta = 1, the farthest level rea
hed so far, maxs=0;:::;t jXsj, is displayed as a fun
tionof t. Note that the time t is plotted on a logarithmi
 s
ale.
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time tFigure 2: Maximal distan
e from the starting point as a fun
tion of time.Initial weight a = 1.Figure 3 shows a simulation of reinfor
ed random walk on Z2 with initial weightsa = 1. It is still unknown whether this reinfor
ed random walk is re
urrent. Simu-lations show that there are random regions in Z2, maybe in far distan
e from thestarting point, whi
h are visited mu
h more frequently than other regions 
loser tothe starting point. It remains un
lear whether more and more extreme \favorableregions" arise farther away from the origin. Thus, the re
urren
e problem in Z2remains open, even on a heuristi
 level.
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Figure 3: Reinfor
ed random walk on Z2.imsart-lnms ver. 2005/02/28 file: fests
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