DEVIATION FROM MEAN IN SEQUENCE
COMPARISON WITH A PERIODIC SEQUENCE
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Abstract. Let L, denote the length of the longest common subsequence of two se-
quences of length n. We draw one of the sequences i.i.d., but the other is non-random
and periodic. We prove that VAR|[L,] = ©(n). This confirms the conjecture of Waterman
[9] in the special case when one sequence is periodic.
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1 Introduction

Let {X;}ien and {Y;}ien be two ergodic processes independent of each other. We as-
sume that the variables X; and Y; have a common state space. Let L, denote the
length of the longest common subsequence of the two finite strings X = X;X5... X,
and Y :=Y1Y;...Y,. (A common subsequence of X and Y is a subsequence of X which
is also a subsequence of Y.) The investigation of the longest common subsequences
(LCS) of two finite words is one of the main problems in the theory of pattern matching.
The LCS-problem plays a role for DNA- and Protein-alignments, file-comparison, speech-
recognition and so forth. The random variable L, and several of its variants have been
studied intensively by probabilists, computer-scientists and mathematical biologists; for
applications of LCS-algorithms in biology see Waterman [§].

Using a subadditivity argument, Chvatal and Sankoff [5] prove that the limit

E[L
= limM

n— o0 n

exists. The constant v is called the Chvatal-Sankoff constant and its value is unknown
for even as simple cases as i.i.d. binary sequences. Neither is the exact order of the
fluctuation of the LCS lenght known. Steele [7] proved that VAR|[L,] < n.

The determination of the Chvatal-Sankoff constant and the order of fluctuations for the
LCS problem are long standing open problems. Montecarlo simulations lead Chvatal and
Sankoff to conjectured that VAR[L,] = o(n3). For a closely related Bernoulli matching
model, Majumdar and Nechaev [6] obtained the rate O(n3).

In [9], Waterman conjectured that in many cases the variance of L,, grows linearly. Boutet
de Monvel [4] interprets his simulation in that way too.
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We believe that there are different possible order of magnitudes depending on the distri-
bution of the strings X and Y.

In [3], Bonetto and Matzinger consider the asymmetric case where X contains two sym-
bols while Y contains three. They prove the variance VAR[L,] to be of order ©(n).

In reality, the models like a language or a genetic code are often more complicated than
an i.i.d. sequence. Therefore, in order to understand what determines the size of the
variance of L,,, it becomes essential to investigate different kind of models. Every model
might capture one aspect of a complicated real life system. This is why, through a series
of papers, we analyze the order of magnitude of the fluctuations of L,, for different cases.
In a forthcoming paper, we prove that the order of variance is ©(n) for two i.i.d. sequences
provided that one and zero have sufficiently different probabilities. Having this result in
mind, it is interesting to know if this order of magnitude comes from the fact that both
X and Y are random. In other words, we wanted to know what happens if one text is
taken non-random. For this we take one text periodic. In the present paper, we show
that when one of the sequence is non-random and periodic with a short period, then there
exists constants 0 < k < K < oo so that for big n,

kn < VAR|[L,] < Kn.
So, in this case VAR[L,] = ©(n).

Let us mention a little bit more about the history of this field. The most widely used
method for the comparison of genetic data is a generalization of the LCS-method. (For
an excellent overview of this subject see Waterman-Vingron [10].) In this generalization
a maximal score is sought over the set of all possible alignments of the two sequences,
where gaps are penalized with a fixed parameter § > 0 and mismatches are penalized by a
fixed amount p > 0: consider for example the two words “brot” and “bat”. One possible
alignment A of these words is

blr|lolt

bla|—|t
The score of this alignment is 1 — u — d + 1 = S(A). The matching pairs of letters “b”
and “t” are each valued with a weight of 1. The gap — in “bat” after the “a” costs —9.
Furthermore, the mismatch between “r” and “a” is penalized by adding —u to the total
score. If M, 5(X,Y’) denotes the maximal score amongst all possible alignments of the two
words X and Y, and if M,,(p, §) is the random variable defined by M, (i, 0) = M, s(X,Y),
where X and Y are two i.i.d. random sequences of length n, then the LCS-problem is a
special case of the investigation of M, (u, ), because L,, = M, (c0,0). Generalizing the
arguments from the LCS-problem, one can prove that the limit

a(p,d) = lim E[M]

n—oo n

exists. Arratia-Waterman [2] showed that there is a phase transition phenomenon defined
by critical values of y and . In one phase M, is of linear order in n, whereas in the other



it is logarithmically small in n. Waterman [9] conjectures that the standard deviation of
M,, from its mean behaves like y/n. Waterman-Arratia [2] derive a law of large deviation
for L,, for fluctuations on scales larger than y/n. Using first passage percolation methods,

Alexander [1] proves that E[L,]/n converges at a rate of order /logn/n.

2 Main result

Let Xi,Xs,... be an ii.d. sequence of Bernoulli variable with parameter 1/2. Let

Y1,Ys5, ... be a non-random periodic sequence with period p, that is fixed throughout

the paper. This means that p > 1 is the smallest natural number such that: Y, ., =Y,

for all n € N. Let L, be the length of the longest common subsequence of the two finite

sequences, X1, Xs, ..., X, and Y7,Y5,....Y,. A similar argument as in [5] implies that
Ly,

— =, a.s.,
n

where 7y is an unknown constant. Of course, 7y depends on the periodic scenery Y. In

this paper, we study the asymptotic deviation from the mean of the random variable L,,.

Let D,, be defined as follows:

L, — E[L,]
NLD

The main result of this paper is Theorem 2.1, which states that L, — E[L,] is typically
of order /n. To prove theorem 2.1, we show in Lemma 2.2 that the standard deviation
of L, is of order /n.

We need the following large deviation result, (which is similar to a result of Arratia and
Waterman [2]):

D, = (2.1)

Lemma 2.1 There exists a constant b > 0 not depending on n and A > 0 such that for
all n large enough, we have:

P(|L, — EL,| > nA) < ¢4 (2.2)

Proof. The inequality (2.2) is a straightforward application of the McDiarmid inequality:
Let Xi,..., X, independent A-valued random variables. Let f : A" — R be a function
that satisfies

SUle,...,zn,x;eAU(xh con ) — fo1, T, T T, )| <6y, i=1,..0, 0.
Then for any A > 0

2A? ]

> G

Take f: {0,1}" — R to be the length of the longest common subsequence between i.i.d.
random variables X7, ..., X,, and non-random Y, ...,Y,. So L, = f(Xy,...,X,). Clearly

P(IF(X0, - X0) = Bf(Xa,. o Xa)| > A) < 2exp] - (2.3)
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the following holds: by changing an element in a binary sequence (x1,...,x,) € {0,1}",
the length of a longest common subsequence of zi,...,x, and Yi,...,Y, changes at
most by one. Thus, the assumptions of McDiarmid inequality are satisfied with ¢; = 1,
i =1,...,n. Hence, the inequality (2.3) holds, and (2.2) trivially follows. m

Our main result about the variance is the following.

Lemma 2.2 There exist 0 < k < K < oo not depending on n, such that for all n large
enough:

Kn >VAR|L,| > kn.

The proof of Lemma 2.2 is presented at the end of Section 3.

Our main theorem studies the sequence {D,,} as defined in (2.1).

Theorem 2.1 The sequence {D,} is tight. Moreover, the limit of any weakly convergent
subsequence of {D,} is not a Dirac measure.

Proof. For s > 0, the inequality (2.2) with A = = implies

S

P(ID,| > s) = P(|Dy| > ﬁ%) < exp[en™] = exp|—cs”.

The last inequality implies that for any r > 1, the sequence {D,} is uniformly bounded
in L,, i.e.

sup, E|D,|" = supn/ P(|D,|" > s)ds < / exp[—cs%]ds < 0. (2.4)
0 0

Hence, the sequence {D,,} is uniformly integrable and, therefore, tight.

Let D,, = @ be a weakly converging subsequence of {D,}. Suppose @ = 0., for a
¢ € (—o00,00). By the continuous mapping theorem, Dii = ). or, equivalently, the
sequence Dii converges to the constant ¢? in probability. Since sup,E|D,|* < oo, the
sequence {D?} is uniformly integrable, as well. Hence, the weak convergence implies
that: ED? = VARD,, — 0, which contradicts Lemma 2.2. m

3 Proof of Lemma 2.2

This section is dedicated to the proof of Lemma 2.2.

3.1 Main idea and numerical example

Lemma 2.2 states that the variance of L, is of order n. To prove this, we show that L,
can be written as the sum of two independent parts: Zz and LY (see 3.7). The variance
of Zz is of order n, and so is the variance of L,,.
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Let us present a simple numerical example: Let the periodic sequence Y have period 2,
such that:
YiYoYsY,YsYs ... = 010101. ..

Let [ € 16N. ( Here the number 16 corresponds to 4p?). Assume that in the neighborhood
of 1, the sequence X is equal to the periodic sequence Y (except possibly in [). More
precisely, assume that we observe:

Yi—16Yi-15Yi-14 - - . Yi413Yi414Y 415 = 010101010101010121010101010101010,

where a can be equal to either zero or one. A point [ satisfying the last equality above
is called a replica point. If a coincides with the periodic pattern, we say that the replica
point [ matches. In our example, this would happen if a = 0. We call [l — 4p? 1+ 4p* — 1]
the interval of the replica point [. The main combinatorial idea in this article is contained
in Lemma 3.1. It states that for a replica point [, the score L, is increased by one when
[ matches. Furthermore, this not influenced by the sequence X outside the interval of
the replica point [. This fact is intuitively clear and it is simple to find a heuristic proof.
However, the formal proof of Lemma 3.1 is difficult. The whole Section 4 is dedicated to
it.

The variable Zz is defined to be the number of replica points that mach (among the
first cn replica points, where ¢ > 0 is a constant not depending on n). From Lemma
3.1, it follows directly that L,, can be written as a sum of Zz and a term which depends
only on the sequence X “outside the replica points intervals”. This leads directly to the
independence Zz and L7

3.2 Replica points

We can assume without restriction that Yy = 1. For [ € N we define the integer interval:
Jyi= 11— 4p*, 1+ 4p* — 1].
Let I; designate J; minus its center:
I = J,—{l}.

Definition 3.1 Letl € N, with | > 4p?>. We say that | is a replica point if the following
condition holds:
Y,=X,,Vz e,

If 1 is a replica point and X; =Y, then we say that the replica point [ matches.

We need some more notation. We denote by A; the event that [ is a replica point and
denote by Z; the Bernoulli variable which is equal to one if and only if [ is a replica point
which matches. Thus, Z; = 1 if A; and X; = Y] both hold, otherwise Z; = 0.

We denote by X; the finite sequence obtained from Xy, ..., X,, by removing X, i.e.

X|l = (Xl,Xg, e 7Xl—27Xl—1aXl+l>Xl+27 e 7Xn)
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We denote by X; the o-algebra generated by X|;, i.e.
Y=o X1 <i<n,i#l).
Let L! designate the length of the longest common subsequence of X pand Yy, ..., Y.

The next Lemma is the fundamental combinatorial idea for replica points. It says that
when [ is a replica point, then the length of the longest common subsequence can be
decomposed as L, = Z; + L., where Z; comes from the replica point and L! depends on
X;, only. Such a decomposition is useful, because A; € ¥, i.e. whether [ is a replica
point or not does not depend on X;. The proof of Lemma 3.1 is given in Section 4.

Lemma 3.1 Let [ € N so that 4p> <1 <n —4p? — 1. If A; holds, then

L,=27+ Lfl. (3‘1)

3.3 Several replica points

In the following, ¢ > 0 is a constant not depending on n such that cn € N. (We choose
¢ > 0 to be small enough, so that with high probability there are at least cn replica
points in [0,n]. By Lemma 3.4, it is enough to take ¢ such that: 0 < ¢ < (0.5)%°"1)) Let
K™ C N designate the set of all integer vectors

k= (ki ko, ken)
such that k; +8p* < kj 1 ,Vi=1,...,cen — 1 and 4p* < k; and k., < n — 4p*.
Let k = (k1, k2, ... ken) € K™. We define the o-algebra:
Yp:=0(X;|i€[0,n]and i # k;,Vj € [1,cn]).
We denote by Aj the event that k; is a replica point for alli =1,...,cn. Clearly A; € ¥;.

Suppose Aj holds. Let Z; designate the number of replica points among ki, ko, ..., key
which are matches. So, if Az holds, and k= (k1y.. . ken) € K™, then

Zp=> Zy,.
i=1

Let X I3 designate the finite sequence one obtains by removing from X the bits Xj,, 7 =
1,...,cn. Hence, for k = (k1, ... ken) € K™,

Xjp={Xi|i€[0,n] and i # k;,Vj € [1,cnl}.
Finally, let LE designate the length of the longest common subsequence of X I3 and Y.
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Lemma 3.2 Let k € K™. When Ag holds, then
L,=Z:+ Lk, (3.2)

Proof. The proof follows from Lemma 3.1 by induction.
Let en =2, i.e. k= (l3,l3). Let Z; = Z;., i = 1,2. Let us show that

L,=LF+ 2 + . (3.3)

Let L™ be length of the longest common subsequence of X|;; and Yi,...,Y, provided
that Zo = 1. Let L}~ be length of the longest common subsequence of X|;, and Y7,...,Y,
provided that Z, = 0. Finally, let L} := L' so Ll is either L1* or L}~.

At first note,

L +1=1L". (3.4)
Let L} and L; denote the length of the longest common subsequence of X7,..., X, and

Y1, ..., Y, provided that Z, = 1 and Z5 = 0, respectively. ; From Lemma 3.1 follows that
LFf=1L,+1laswellas L' + 7, = L} and L.~ + Z; = L,,. Hence, (3.4) holds.

Clearly, L} > LE > LL — 1. Hence, LF is equal to L1+ or L1 —1 = L1~ If LF = L1F we
would have that L* > L1- a contradiction. Hence LF = L* —1 = L1~ Suppose Z, = 1.
Then L, = L} = L\t + 71, so

Ft Zi 4+ Zy=LF+ Z 1 =L + 2, = LF = L,.
Suppose Zo = 0. Then L, = L, = L}~ + Z;, so
LAt Zi+ Zy=LE+ 2y = L + Z = L, = L.

Let en = m + 1, i.e. k= (i loy oy lpsr). Let moi= (L, by b))y o = Yooy 2,
Zms1 i= Zy,,,,- Suppose (3.2) holds for cn = m, i.e.

Lyn=L"+Z,. (3.5)
Let us show that B
Ln=LF+ 7, + Z1.

The argument is similar to the case m = 2. Let L™ be equal to L™ provided that
Zms1 = 1. Let L™ be equal to L™ provided that Z,,; = 0. At the first, we prove that

L™ +1=L" (3.6)

Let L} and L; denote the length of the longest common subsequence of X7,..., X, and
Yi,...,Y, provided that Z,,,; = 1 and Z,,,1 = 0, respectively. From Lemma 3.1 follows
that LT = L, + 1. ;From (3.5) follows L"* + Z,, = L} and L" + Z,, = L, = L — 1.
Hence, (3.6) holds.

Clearly, L7 > LF > L™ — 1. Hence, L¥ is equal to L™ or L™t —1 = L™ If Lk = [+
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we would have that LEL > L™, a contradiction. Hence LEL =Lt —1=1L"".
Suppose Z,,4+1 = 1. Then by (3.5), L, = L} = L™ + Z,,, so

LFt Zp+ Zypir = LF + Zoy + 1= L™ + Z,, = L = L,.
Suppose Z,,+1 = 0. Then by (3.5), L, = L, = L"™ + Z,,, so

3.4 Intervals

Let U;, i = 1,2,... be the disjoint consecutive intervals with length 8p?, i.e. (recall the
definition of J;)

Ui i= Juge i = [(i — 1)8p* + 1,i8p%], i=1,2,....
Let u; := i4p? + 1. Whether u; is a replica point or not, depends on {X, : z € U;, 2 # u;}.
Let T; designate the i-th replica point. Formally, we define T; by induction on . For

1 =1, we put:
Ty := min{u;|u; is a replica point, j > 0}.

Once, T; is defined, we define T, in the following way:
Ti41 := min{u; > T;|u; is a replica point , j > 0}.
Let ¢ > 0 be a constant not depending on n. We define the event
E, ={T., <n}
which guarantees that there are at least cn replica points in [0, n].
Let

7—_;._ (T17T27---7Tcn)a if En hOldS,
o 0, otherwise

k.
X, 0, 0.

v o X if]::k, gz T
I if T =0. r if T

In other words, when FE, holds, X\T is the sequence obtained by removing the bits
X1, Xp,, ..., Xg, from the sequence X and Zz is the number of matching replica points



inT.
With LY := L,, we obviously have

L,=Zz+L". (3.7)
Finally, let
Ei=0(T, Xp).

Clearly, Lf is X-measurable and £, € 3.

Lemma 3.3 Conditional on 3 and E,,, Zz has binomial distribution with parameters 1/2
and cn:

L(Zz|T = k. X;z)= B(1/2,en),
for all ke K"

Proof. By interval construction, it holds that {T = k} € o(Xz)- The vector 7 =
(Zkys - Zx,,) is 0(Xk,, ..., Xg,, )-measurable. Those o-algebras are independent, hence

—

Z is independent of o(X | i). By interval-construction, Z consists of independent compo-
nents. Since X; is a Bernoulli 1/2-random variable, the statement holds. m

The next Lemma shows that we can choose ¢ > 0 so that for big n, there are typically at
least cn replica points in [0, n).

Lemma 3.4 If ¢ < (0.5)%"~1, then lim,_ o P (E,) = 1.

Proof. Let & be a Bernoulli random variable that is 1 if and only if u; is a replica point.
Clearly, P(& = 1) = (0.5)%° "1 =: ¢ and

E, = {i@ > cn}.
i=1

Then, by Hoeffding inequality,

P(ED) = P(3 6 < en) = P(3 6 —an < (e~ an) < expl-2(e — g*n] —0.

3.5 Proof of Lemma 2.2
From (2.4) it follows: 3K < oo such that

VARIL,]

sup,, ED? = sup,, < K.



We now prove the existence of k > 0.
Clearly

VAR[L,] = E( VAR|[L,|X] ) + VAR ( E[L,|X] ) > E( VAR[L,|X] ).
By (3.7), L, = Zz + Lf. Since Lf is X-measurable, it holds that:
VAR[L,|Y] = VAR[Zz[3]). (3.8)

By Lemma 3.3, on E,, = {T # 0}, the conditional distribution of Zz is binomial. On EY,
Zz =0 and hence E(Ip. VAR[Z5|3]) = 0. Therefore:

E(VAR[L,|X]) = E(VAR[Zz|X]) = E(Ig, VAR[Z3|X])+E(Ig. VAR[Zz|X]) = 0.25¢cn-P(E,,).
By Lemma 3.4, for all n large enough we have:
0.25¢n - P(E,) > kn,

for any k£ > 0 not depending on n, such that £ < 0.25¢.

4 Combinatorics

The rest of this paper is devoted to the proof of Lemma 3.1.

4.1 Preliminaries

4.1.1 Blocks

We need to introduce some necessary formalism. In the present Section, we consider the
non-random sequences, only. At first, we formalize the common subsequence.

Let zq,...,x, and vy, ...,y be two fixed finite sequences. A common subsequence of
T1,..., %, and yi, ..., Yy, is a strictly increasing mapping
v:{l,...,n}—={1,...,m}. (4.1)

Notation (4.1) means: There exists I C {1,...,n} and a mapping
v:l—{l,...,m}

such that
Yo(i) = Ty, Viel

and v is strictly increasing: v(iz) > v(iy), if 49 > i1.
Let xy,...,x, and v,...,y, be two sequences and let v be a common subsequence.
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Since v is defined as a mapping (4.1), in what follows, we would like to distinguish the
sequence on which v is defined from the image sequence of v. Therefore, we say: v is
a common subsequence between x1,...,x, and vy, ..., Y, implying that v is defined as
(4.1), i.e. from the sequence z1, ..., T, into y1, ..., Ym.

The set [ in (4.1) shall be denoted by
Dom(v).

The length of v, denoted as |v|, is |Dom(v)].

With J C {1,...,n}, we denote by v|; the restriction of v to J. The restriction as a
subsequence of the common sequence v is defined even when J is not a subset of Dom(v).

For a € {1,...,n}, we define
v(a) = v(max{i € Dom(v) : i < a})+1, v(a)=ov(min{i € Dom(v):i>a})— 1.

Our analysis is based on the optimality principle: If v is a longest common subsequence,
then for any [a,b] C {1,...,n}, the subsequences:

Va1 {1,...;a =1} = {1,...,9(a — 1)}
ap] : 1@, ..., b} = {v(a),...,v(0)}
V|1 {0+ 1,...,n} = {u(b+1),...,m}

v

are all with the longest possible length.

Note: [v(a),v(b)] can also be empty. Moreover, the intervals [1,7(a — 1)] and [v(a), v(b)]
as well as [v(a),v(b)] and [v(b+ 1), m| can be overlapping, but the overlapping region does
not contain any elements of common subsequence v.

Let v be a common subsequence, i.e. a mapping satisfying (4.1). Let {A4;,..., A} be
a partition of Dom(v) that satisfies:

i) A; is an integer interval for every i, i.e. A; ={j,j+1,...,7 + s} for some s > 0.
ii) v is linear on A;, i.e.

v(j+1)=wv(j)+1, forevery j € A; such that j+1¢€ A;.
Clearly there exists at least one partition that satisfies i) and ii): the partition, where
A; = {i} for every i € Dom(v). This is the maximal partition. Let B*(v) = B* =
{By,---, B} be the minimal partition that satisfies i) and ii), i.e. every other partition
is a subpartition of B*. Clearly B* exists and is unique. We call the elements of B* the

blocks of v. By i), every block B € B* is an interval, the length of a block B is the number
of the elements in B.
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Proposition 4.1 Let {By,..., B} be the blocks of
v:{l,...,n}—={1,...,m}.
Then

max{n,m} > Lr ; 1j + Z |B;| = LT ; 1J + |Dom(v)]. (4.2)

Proof. Let n; := maxB;, j = 1,2,...,r. From the definition of blocks, it follows:
ne > |By| + |Ba| + 1 or v(ng) > |By| + |B2| + 1, i.e by changing the block, v ”loses”
an element either in the set on which v is defined or in the image set of v. Similarly,
ng > |Bi| + |Ba| + 2 or v(ny) > |Bi| + |Bs| + 2. Hence, for an even r,

T

.
T T 2 Bz a
max{n,,v(n,)} > > | |+ 3

)

Since max{n, m} > max{n,,v(n,)}, (4.2) follows. m

4.1.2 The blocks between two subsequences of a periodic sequence

In the following, we investigate common subsequences between finite periodic sequences.
We start with a simple but yet useful observation, proved in the Appendix.

Proposition 4.2 Let x1,x5,... be a periodic sequence with period p. If k < p is a non-
negative integer such that

Tj=Tpyj, Vi=1,....p, (4.3)
then k = p.
Assume now that zy,...,z, and Z,11,...,Tmi, are two subsequences of a periodic se-
quence {z, } with period p. Let v be a common subsequence of xy,...,z, and y1,...,y, =
Titly - - s Tty 1.€.

v:{l,...,n}—={1,...,n}.
Let B be a block of v. The difference v(i) + m — i, where i € B is called the bias of B.

What is the meaning of the bias? Suppose v is a common subsequence, B = {j,...,j+ s}
is a block of v with the bias 2. This means that the common subsequence v includes
the elements xj,..., 2,4, of 21,...,2,. We also know, how these elements are matched
with the elements of y1,...,Yn: Tj = Yjro-m, Tjt1 = Yj+3-ms- - > Tjts = Yjtst2—m. Silce
Yj = Lj4m, WE get Tj=Tj42, Tj41 = Lj43y+ -+, Ljts = Tjts42- MOI‘GOVGI", for Tj—1 ($j+m+1),
it holds: x;_; (2j1m+1) either does not belong to the common subsequence or it is matched
with an element not equal to 2,11 (% 4mt3).

Hence, the bias 0 means that every element of B is matched with itself — the identity
matching. By periodicity, the bias np means essentially the same. We say that B is
unbiased, if the bias of B is np for a n € N. Otherwise B is biased. Proposition 4.2 can
be restated:
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Proposition 4.3 Let B be a biased block. Then the length of B is at most p — 1.
Example 4.1 Let us give a numerical example. Let

(z1,...,79) = (00111001110011100111),
(Y1, .-, Y20) = (T2,...,291) = (01110011100111001110).

So, we consider the subsequences of a periodic sequence with the period p = 5. Let
v:{l,...,20} — {1,...,20},
with

v(1) = 1,0v(3) = 3,v(4) = 4,0(5) = 7,v(6) = 10,v(7) = 11,v(8) = 12
v(14) = 13,v(15) = 14, v(16) = 15,v(17) = 16, v(18) = 17,v(19) = 18

be a common subsequence. Obviously,
Dom(v) ={1,3,4,5,6,7,8,14,15,16,17, 18,19}
and v has 5 blocks:
By = {1}, By = {3,4}, By = {5}, B, ={6,7,8}, Bs = {14,15,16,17,18,19}.
Since m = 1, the corresponding biases are
b(By)=1—141=1,b(B) =1,b(B3) =7—5+1=3,b(By) =5, b(Bs) =0.

Hence, the blocks By and Bs are unbiased. The lengths of the blocks are, respectively,
1,2,1,3,6. The length of v, is |v| = |By|+ |Ba| +|Bs|+ |Bs| +|Bs| = 1+2+1+3+6 = 13.

Sometimes we regard v as a subsequence between

(x1,...,22) = (00111001110011100111),
(x9,...,291) = (01110011100111001110),

1.e. U 1S a mapping
v:{l,...,20} — {2,...,21}.

with

v(l) =2,v(3) =4,v(4) =5,v(5) = 8,v(6) = 11,v(7) = 12,v(8) = 13
v(14) = 14, v(15) = 15,0(16) = 16,v(17) = 17, v(18) = 18, v(19) = 10.

With this notation, the blocks and their biases remain unchanged, the bias of a block
B =/{i,...,j} is just defined as v(i) — i.
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4.2 The structure of a common subsequence between periodic
subsequences

4.2.1 The structure of a common subsequence between periodic subsequences
with length 8p?

In the present Subsection, we consider the subsequences of a periodic sequence with length
8p?, i.e. we consider the sequences 1, ..., Tgpe and Tpi1, ..., Tymigp2. We are interested
in the length and the structure of (any) longest common subsequence of these two subse-
quences. Of course, when m is a multiple of p, then the longest common subsequence is
just the identity matching. Hence, we assume that m is not a multiple of p. Without loss
of generality, we assume that 0 < m < p. Moreover, it is easy to see that without loss of
generality we can (and we do) assume that

p
0<m<=.
m_2

Obviously, there exists a common subsequence v with length 8p? —m: the identity match-
ing. Such a v has only one block with bias 0.

Proposition 4.4 Let x1, ..., 28,2 and Tpq1, ..., Tyysp2 be the subsequences of a periodic
sequence, 0 < m < L. Then the length of the longest common subsequence is 8p? —m.

Proof. Let v be a longest common subsequence, let {By,..., B,} be the blocks of v.
Note: if v has an unbiased block, then the length of v is at most 8p* — m. Indeed:
suppose that the bias of B; = {i;,4; +1,...,i; + s} s > 01is 0. Let nj_y = max B;_;.
Since v(n;_1) < v(ij) — 1 =i; — 1 —m, we have that the length of v|g,u..up,_, is at most
v(nj—1) = i; —m — 1. Similarly, the length of v|p,,,u..up, is at most 8p®> — (i; + ). So
the length of v is at most (i; —m — 1) + (s + 1) + (8p? — (i; + 5)) = 8p* — m.

If the bias of B, is kp for a k € N, k # 0 the same argument holds.

Hence, if the length of v is bigger than 8p? — m, then all blocks {By,..., B,} must be
biased. By Proposition 4.3, the length of a biased block is at most p — 1. Thus, the

number of blocks is bounded below r > 8p2_pfm+1 and
r—1 8 —m+1—p m—1 1
> >ldp— —— — Z | >4p—1 1. 4.4
P s - P -t m L ()

From Proposition 4.1, it follows [Dom(v)| < 8p? —m — 1 that contradicts the assumption
that the length of v is at least 8p> —m +1. =

Corollary 4.1 Letv be a longest common subsequence, and let { By, ..., B} be its blocks.
Then there exists one and only one block B; that is unbiased. Moreover, the bias of B; is

0 orp, and it can be p only, when m = &.

Proof. From (4.4) follows that v has at least one unbiased block. Since v is the longest,
Proposition 4.1 implies that v has only one unbiased block, say B;. If m < £, the argument
used in the beginning of the proof of Proposition 4.4 yields that the bias of B; is 0. If
m = &, then the bias of B; can be p as well. m
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Corollary 4.2 Let v be a longest common subsequence, let {By,...,B,} be its blocks.
Let Bj = {ij,...,1; + s} be its unbiased block. Let b € {0,p} be the bias of B;. Then the
length of v|p,u..up,_, is i —m —1+2 and the length of v|p,, ,u..up, 15 8p* — (ij +s) — 2.

Proposition 4.5 Let v be a longest common subsequence, let B; = {ij,...,i; + s} be
the unbiased block of v. Let b € {0,p} be the bias of B;j. Then the integer interval
mp+1—%,8p* —m(p—1) — 5] C B;. In particular, [mp + 1,8p* — mp] C B;.

Proof. Let us first consider the case b = 0. By Corollary 4.2, the length of v|p,u..up,_,
is ¢; —m — 1. Since

goosy s {1l — 1) {1, —m = 1,

it holds that:
'U|B1U--~UB]-_1({]—> N ,ij - 1}) == {1, e ,ij —m — 1}

This means that
v(nj—1) =i; —m—1=|Bi|+ - +|Bjl, (4.5)

where n;_; = max B;_;. Hence, by changing the blocks, v loses only the elements on the
set where it is defined. Up to the block B; there are j — 1 changes. Hence, v loses at least
J — 1 elements, so that:

i; > |Bi|+ -+ |Bj_1| + 75— 1.

On the other hand, by (4.5):
ij =|Bi] + -+ |Bj_1| + (m + 1),

and thus j —1 <m+1or j —1 < m. Since the blocks By, ..., B;_; are biased, their
length is at most p — 1. Therefore, i; < m(p — 1)+ (m +1) =mp+ 1.
By Corollary 4.2, the length of v|p, ,u..up, is at most 8p* — (i; + s). Since

v|B,,10-UB, : {ij+s+1,....80°} = {ij +s—m+1,...,8p%},

it holds:
Dom(v|p,,,u-up,) = {i; +s+1,...,8p°}.

The last equality implies that:
8p° — (i +5) = | Bjal + -+ + By (4.6)

Hence, after B;, by changing the blocks, v loses the elements on the image set, only. From
Bj to B, there are r — j changes, so that:

v(ij+8) + (r = §) + |Bjaa| 4+ + | Be| < &
Hence, with v(i; + s) = i; + s — m, we have that:
(r—3) <89 = (IBjsal + -+ + [B,]) = v(ij + 5) = i + s — v(i + 5) = m.
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Therefore, (4.6) implies 8p? — (i; + s) < m(p — 1), so i; + s > 8p* — m(p — 1).
Finally, let us consider the case b = p. This can happen only, when m = £. Then

U|B1U-~~UBJ-,1 . {1,,2]—1}’—> {1,,z]+m—1},
vlgueun, i s+ 1,80 = {i;+s+m+1,...,8°}

and the arguments used before yield i; < (p — 1)m + 1 and 8p? — (i; + 5) < mp. =

Proposition 4.5 states that a certain neighborhood of (4p* + 1) belongs to the unbiased
block. This means that, for every longest common subsequence, the elements

T(4p241)—p2 T(4p2+1)—p2+15 « + = » Lap2 415 - - + 5 T(4p241)+4p2

are included and directly matched. In particular, the element x4,2,, belongs to the same
block and are directly matched. Similarly, xo,2414y, is directly matched. This implies
that we can define x1,...,%, = Tty Tyn and Y1, ..., Y, = Z1,...,2,. Then, for
every longest common subsequence, the element 5,2, is directly matched.

4.2.2 The structure of a common subsequence between periodic subsequences
with unequal length

In the previous Subsection, we analyzed the longest common subsequences of two periodic
subsequences with length 8p? in detail. We now consider the longest common subsequences
between two finite periodic subsequence with unequal length. We study the case, when
one sequence is still with length 8p? and length of the other sequence differs from Sp? by
at most 2(p —1). Our aim is still to show that any longest common subsequence contains
a unbiased block that is located in the center.

The proofs used in the present Subsection are essentially the same as the ones in the
previous Subsection, but for a few additional technicalities. Therefore, we leave the proofs
for the Appendix.

Proposition 4.6 Let x1,..., 252 and Tj_m, 41, - - -, Titsp24m, be the subsequences of a pe-
riodic sequence, with 0 < my < p—1, —my < my < p—1andl = jp, for a j € Z.
Let t; = (p — my) mod p, to = max{—my,0}. Then the length of the longest common

subsequence is 8p* —min{ty, to} and any longest common subsequence between 1, . .. , Ty,
and Tj—my 41, - - - Tipsp2—1 ncludes an unbiased block which contains Ty, .
Proposition 4.7 Let x1,..., 282 and Tigm, 41, - - -, Ti—mytsp2 be the subsequences of a pe-

riodic sequence, 0 < my < p—1, —my < mo < p—1andl = jp, for a j € Z. Let
ty = (p —my) mod p, to = max{—my,0}. Then the length of the longest common sub-
sequence is 8p* — my — ma, if mo > 0 and 8p* — min{my, p + my}, else. Moreover, any
longest common subsequence between xi,...,Tgp2 and Tiym, 41, .-, Ti—mytsp2 tncludes an
unbiased block which contains x4, .
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4.2.3 The structure of a common subsequence between periodic subsequences
with mismatch

In the present Subsection, we consider the subsequences of a periodic sequence with
the length 8p?. The only difference is that sequence x1,...,zg,2 has a mismatch : the
element 24,21 has been changed. So, formally, we consider the sequences z1, ..., 2s,2 and
Tontdy -« Tygp2, Where z; =z, 0 =1,...,4p* 4p* + 2, ..., 8p? and 2211 # Tape 1.

Proposition 4.8 Let 21, ..., 252 and Tyq1,. .., Teysp24p be the subsequences of a periodic
sequence with mismatch, 0 < t < 5.0 < h < p —2t. Then the length of the longest
common subsequence is 8p* —t — 1.

Proof. Let v be a longest common subsequence of zi,..., 25,2 and xy41,. .., Typgp2yn.
The length of v is clearly at least 8p*> —m — 1.
Let us show that both subsequences U‘[l,llp?] and U‘[4p2+278p2] have an unbiased block. By
(4.4), v has at least one unbiased block B; = {i;,...,n;}. Assume i; > 4p* + 1. It holds
that:

V- AL i — 1} = {1,... i — 1 —m + b},

where b € {0,2t} is the bias of B;. Clearly the length of v[;1;,_q) is at least i; — 1 —t + 2.
Let By, ..., B, be the blocks of v|;,_1). Suppose they all are biased. Then, with u =
i; — (4p? + 2), we find:

n-1_i—l-(p-D-t+; pp-1)+2+3ptu—t+3
2 = 2(p— 1) 2(p—1)
By Proposition 4.1, i; — 1+ 2 > 2p + [v|j5,—1)| or [v]j14,-1] <4 — 1+ 2 — 2p, which is

a contradiction. Since the argument holds for any u, the unbiased block is contained in

{1,...,4p%}.
Hence, By, ..., B,, contain at least one unbiased block.

> 2p.

Suppose the unbiased block B; is contained in {1,...,4p?}. It holds that:
Ul[nj+1,8p2} : {nj +1,... ,8])2} - {nj F1+b,. .t 8]?2 +h},

where h = 0, if b = 2t. Then |v|},, 11,82 > 8p* —n; — 1 — g Let C4,...,C,, be the blocks
of V|[n, 41,82 Suppose they all are biased, hence, with u = 4p* — n,

rg—1 >4p(p—1)+3p+u—g
2 2(p—1)

> 2p.

By Proposition 4.1,

b

2 )

which is a contradiction. Since the argument holds for any u, the unbiased block is con-
tained in {4p* +1,...,8p*}.

h+t+8p" —nj— 12 |v|p,+1802] + 20> 89> —nj — 1+ 2p —
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Let [ > j and B;,B; be unbiased blocks: B; C {1,...,4p*}, B, C {4p* + 2,...,8p*}.
If ¢ < £, then the bias of both blocks is 0. Since v is the longest common subsequence, it
follows that |v| = 8p* —t — 1 and the blocks are consecutive: [ = j + 1 and

B; = {ij,...,4p*}, By = Bj1={4p> +2,...,4p* + s}. (4.7)

If %,p > 2, then the bias of both blocks can be p as well. However, the length of v is still
8p* —t — 1 and (4.7) holds. In both cases, the element zy,2,, is not included in v.

Finally, if ¢ = 1 and p = 2, it might be that the bias of B; is 0, the bias of B, is 2 and
the element 24,24 is included in v. The length of v is still however equal to 8p* —¢t —1 m

Proposition 4.9 Let z1,..., 282 and Tpy1, ..., Timgsp2—pn be the subsequences of a peri-
odic sequence with mismatch, 0 < 2m < p+h,0 < h < m. Then the length of the longest
common subsequence is 8p*> —m — 1.

Proof. The proof of Proposition 4.8 holds without changes. m

Proposition 4.10 Let z1,...,252 and Tj_y 11, .., Tipsp21m, be the subsequences of a
periodic sequence with mismatch, where mqy < p—1, —my < mo < p—1 and [ = jp, for
aj€Z. Letty = (p—mi) modp, ts = max{—mso,0}. Then the length of the longest
common subsequence is 8p* — min{t;,to} — 1.

Proposition 4.11 Let z1,..., 282 and Tipm 11, .., Ti—mqtsp2 be the subsequences of a
periodic sequence with mismatch, my < p—1, —mqy < mo < p—1andl = jp, for aj € Z.
Let ty = (p —my) mod p, ty = max{—my,0}. Then the length of the longest common
subsequence is 8p* —my —my — 1, if my > 0 and 8p? — min{my,p + mo} — 1, else.

4.3 Sequences with periodic pieces

4.3.1 Sequence with a periodic piece

Let y1,...,y, be a periodic sequence. Let xq,...,x, be a sequence with property:

Ik < n — 8p” such that Tt = Vi1, Thao = Yka2s - - Thrsp? = Ykrsp?- (4.8)
So, the sequence z1,. .., x, contains a periodic piece of length 8p?.
Let v be a longest common subsequence between x4, ...,x, and y,...,y,. We consider

the integer interval [v(k+1), v(k+8p?)], and we show that the length of [v(k+1), v(k+8p?)]
is about 8p?. The proofs of the following two propositions can be found in the Appendix.

Proposition 4.12 Suppose the length of [v(k + 1),v(k + 8p®)] is not smaller than 8p*.
Then there exist integers [, my, mo such that

[w(k +1),0(k + 8] = [1 + 1 — my, 1 + 8p* + my), (4.9)

where |k — 1| = jp, for a non-negative j EN, 0 <m; <p—1and —m; <my <p-—1. In
particular, the length of [v(k + 1), v(k + 8p*)] is at most 8p* +2(p — 1).

18



Proposition 4.13 Suppose the length of [v(k + 1), v(k + 8p?)] is not bigger than 8p>.
Then there exist integers [, my, mo such that

[v(k + 1), 0(k +8p*)] = [l + 14+ my, + 8p* — my, (4.10)
where |k — 1| = jp, for a non-negative j E N and 0 <m; <p—1, —my <my <p—1. In
particular, the length of [v(k + 1), v(k + 8p*)] is at least 8p* — 2(p — 1),

4.3.2 Subsequence with a periodic piece and mismatch

Let y1,...,y, be a periodic sequence. Let z,..., 2, be a sequence with property: dk <
n — 8p? such that

R+l = Yk+1s - - -5 Phtap? = Yk44p2 ) Fh+4p2+1 # Yk+4p2+15 Zk+4p2+2 = Yk+4p242; - - - s Zk+8p2 = Yk+8p2-
(4.11)
Hence, the sequence z,...,z, contains a periodic piece of length 8p? with mismatch.

. From the proofs of Propositions 4.12 and 4.13, the following corollaries can be deduced.

Corollary 4.3 There exists a longest common subsequence v between zy, ..., 2z, andyi, ..., Yn

such that either (4.9) or (4.10) holds.

4.4 Proof of Lemma 3.1

Corollary 4.4 Let y,...,y, be a periodic sequence. Let xy,...,x, be a sequence with
property (4.8). Then any longest common subsequence between xy,...,T, and y1,...,Yn
has an unbiased block that contains the element Ty iap21.

Proof. Let v be a longest common subsequence between zy,...,x, and y1,...,y,. We
consider [v(k + 1),v(k + 8p?)]. By optimality principle,

Olpsrrspy s Ik + 1, k+8p° — {u(k+1),...,0(k+8p%)}

must be the longest common subsequence.

Suppose that the length of [v(k+1),v(k + 8p?)] is bigger than 8p?. Then Proposition 4.12
and Proposition 4.6 apply.

Suppose that the length of [v(k + 1),0(k + 8p?)] is smaller than 8p?. Then Proposition
4.13 and Proposition 4.7 apply. m

Corollary 4.5 Let L, be the length of the longest common subsequence of a periodic
sequence Yy, . .., Y, and a sequence Ti,...,x, with the property (4.8). Let z1,...,z, be a
sequence with the property (4.11). Then the length of the longest common subsequence of
Yiy- -y Yn and 21,..., 2, 18 L, — 1.
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Proof. Let v be a longest common subsequence between zy,...,z, and y,...,¥y, that
satisfies (4.9) ((4.10), resp.). By Corollary 4.3, such a v exists. Recall that |L,, — |v|| > 1.
The length of v is the sum of the length of restrictions:

U‘[l,k] Z{l,...,k‘} — {1,...,Q(k+ 1) — 1}
Olpsrnrspy {k+ 1,0 k+8p° = {w(k +1),...,0(k + 8p*)}
Olpssprin Lk +80° +1,...,n} — {v(k+8p* +1),...,9(n)}.

In this case, Proposition 4.10 (Proposition 4.11 resp.) specifies the length of v|j41 k4sp2)-
Proposition 4.6 ( Proposition 4.7 resp.) states: if zj41, ..., 2k1sp2 is replaced with @1, . .., Tpisp2,
i.e. the mismatch has been removed, then there exists a common subsequence

Vo {k+ 1, k48P = {uk+1),...,0(k+8p*)}

with length |v|k41,k48p2)| + 1. Hence, the sequence v* between x1,...,x, and yi,...,¥n,
defined as

* * / *
Ui = vl O lprrespn = U V| rsprein) = Vlperspraing

has length |v| + 1 and is, therefore, the longest common subsequence of zi,...,z, and
Y1, - -+, Yn. LThis proves the statement. m

Proof of Lemma 3.1. Let z,...,x, be a realization of Xi,..., X, such that [ is a
replica point. Denote y1,...,y, := Y,...,Y,. Recall that L, is the length of the longest
common subsequence of x1,...,x, and y;,...,¥y,, and L' is the length of the longest
common subsequence of x1,..., 21, T41,...2, and yq, ..., y,. Recall

L,—1<Ll <L, (4.12)

Assume that A; holds, i.e. [ is a replica point. If the replica point matches, then
x1,...,T, is a sequence satisfying (4.8) with xj 4,241 = 2; being the replica point. Let
L} be the length of the longest common subsequence of xy,...,z, and y,...,y, with
matching replica point. Suppose L} = L!. Then any longest common subsequence of
S T1y.wws X1, %141, --- Ty and yy, ..., Yy, would also be a longest common subsequence of
1, ..., %, and yi,...,y,. This contradicts Corollary 4.4 which states that any longest
common subsequence of xy,...,x, and y,...,y, contains z;. Hence, LT = Ll +1 =
Lt + Z,.

Suppose that the replica point does not match. Then x4, ..., x, is a sequence as in (4.11)
with Zpy4p241 = 2; being the mismatching replica point. Let L, be the length of the

longest common subsequence of x1, ..., x, and ¥y, ..., y, with mismatching replica point.
By Corollary 4.5, L, = L} — 1. By (4.12), L}, < L, =L —1 < Ll ie. L, = L.
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5 Appendix

Proof of Proposition 4.2. Assume that there exists k < p such that (4.3) hold. Then
Tmpt+j =2; Ym=>1, j=1,...,p. (5.1)

The latter implies

Thin = Tp VN > 1.

that contradicts the definition of p.

Let us proof (5.1). Use induction: For m = 1, (5.1) is equivalent to (4.3).

Suppose that (5.1) holds for m. Let k + j < p. Then (ni1)ktj = Tmkt(erj) = Thij = Tj-
If K+ 7 > p, then Tni1)ktj = Tmkt(kt+j) = Tmk+k+j—p = Thtj—p = Thyj = Tj, To get the
third inequality note that from j < p follows k + j — p < p, and use (5.1).

21



5.1 Proofs of Propositions 4.6 and 4.7

Proposition 5.1 Let xi,..., 28,2 and Tyq1, ..., Tipgp2ys be the subsequences of a periodic
sequence, 0 <t < £, 0 < h <p—2t. Then the length of the longest common subsequence
is 8p* — t. Moreover, any longest common subsequence has an unbiased block B; that
contains the integer-interval [tp + 1, Tp?] C B;.

Proof. Since h < p — 2t, we have p — (t + h) > t, so t is the minimal bias between the
two subsequences. In the proof of Proposition 4.4, replace the inequalities (4.4) with
r—1 8p? —t+1—p t

[——1=1 % J2L4p—2_—;—%Jz4p—1zt+h, (5.2)

where the last inequality holds, because ¢t < % and h < p.
Let assume b = 0. Then the first half of the proof of Proposition 4.5 holds with any
changes. For the second half, replace 8p? by 8p®+h. Then 8p? — (i;+s) < (t+h)(p—1) <
p(p — 1) implying (i; +s) < 7p* +p. Fort =5 h=0. m

Proposition 5.2 Let x1,...,2g2 and Ty, ..., Tpgp2—p, be the subsequences of a pe-
riodic sequence, 0 < 2m < p+h, 0 < h < m. Then the length of the longest common
subsequence is 8p> —m. Moreover, any longest common subsequence has an unbiased block
Bj that contains the integer-interval [mp + 1,8p* — mp| C B;.

Proof. By assumption, 2m < p+h < m +p, i.e., m < p. It holds, p —m + h > m, i.e.
m is the minimal bias between the two subsequences. But it might be that m > £. The
proof of Proposition 4.4 holds without any changes. Since 0 < h < m, Proposition 4.5
holds, the only formal change is

V|B,410--UB, {i;+s+1,....80°} = {ij +s—m+1,...,8p> — h}. (5.3)
n

Proposition 5.3 Let @y, 11, .., Tytsp2 ANA T1, ... Tiny 48p24+my e the subsequences of a
periodic sequence, 0 < my,mo < p — 1. The length of the longest common subsequence is
8p? and each such subsequence of Tp, 41, ... Tnytsp? ANA T1, ... Ty 48p24m, ncludes an
unbiased block which contains the interval [p?, 7p*].

Proof. Let v : [1,8p%] — [1,8p? + my + my] be a longest common subsequence, the
length of v is clearly 8p2. Let {By, ..., B,} be the blocks of v. Suppose that all blocks are
unbiased. Then r > ;%21. Since all the elements of the smallest subsequence are included
in the longest common subsequence, by changing the blocks, v loses the elements on the
bigger subsequence, only. Thus,

8p2+(7“—1):Z|Bi|—|—(r—1)§8p2+m1—l—m2,

implying that r — 1 < my +my < 2(p — 1). This contradicts the lower bound for 7.
Hence, there exists one and only one unbiased block B; = {i;,...,4; + s}. The bias of B,
can only be 0. Before the unbiased block, there are at most m; biased blocks, implying:
i; <myi(p—1) < p? Similarly, i; + s > 7p>. =
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Proposition 5.4 Letx, ..., 2gy2 and Ty, 11, . .., Tsp2_m, be the subsequences of a periodic
sequence, 0 < mq,my < p — 1. The length of a longest common subsequence is 8p? —
(m1 + mg) and every such a subsequence of x1,..., g2 and Ty 41, ..., Tep2_m, ncludes
an unbiased block which contains the interval [p*, Tp?].

Proof. Let v be a longest common subsequence, the length of v is clearly 8p? — m; — ms.
Let {Bi,...,B.} be the blocks of v. Suppose that all blocks are unbiased. Then
r> 8’;;%127’. Since all the elements of the smallest subsequence are included in the longest
common subsequence, by changing the blocks, v loses the elements on the bigger subse-
quence, hence. Thus,

8" — (my+ms)+ (r—1) = |Bi| + (r—1) <8,

implying that r — 1 < mj; 4+ mo < 2p. This contradicts with the lower bound of 7.

So, there exists one and only one unbiased block B; = {i;,...,i; + s}. The bias of
Bj is 0. Since before the unbiased block, there are at most ¢; biased blocks, we have:
i; <mi(p—1)+m; <p* Similarly, i; + s + ma(p — 1) + ma > 8p*, s0i; + s > Tp>.

Proof of Proposition 4.6. Suppose t = 0. Then Proposition 5.3 applies.

If t; =0, then m; = 0 and ¢, = 0, Proposition 5.3 applies again.

Suppose t; > 0,f; > 0. Assume t; < t5. Note that t; < §. If not, then m; =p —t; < Z,
a contradiction with the assumption my > t,.

Since l —my = (I — 1)p+t; = I* + t1, we have

Ti—mi+1y - - - s Tl—my4+my+8p24+ma — Ll*4t1+1y - -+ 5 Tl* 41 +8p2+ma+my -

Let h = my+my. Clearly, h=mo+m; >0and h=mo+m; =p—t; —ts < p— 2t
since —ty < —t;. Hence Proposition 5.1 applies.

Assume t; > ty. Then ty > % would imply that m; > % and t; >
reverse the sequences, i.e we define

1

3, a contradiction. We

/ / /
Q:l = x8p27x2 = x8p2717 . ,.Tg 2 = XI1.

P
Then zj, | = xgp2+m2, Ty 9= xép2+m2_1, . ,x;2+8p2 = Tpytls- - - ,122+8p2+m1_t2 =T 1
Take h = m; —ty = mi+my > 0. It holds: p—2ty > p—t; —ty = mq —ty = h. Now apply
Proposition 5.1 to the reversed sequences. The reversing does not change the longest com-
mon subsequences (except reversing them). The element x4,2,; in the original sequence
is the element xgpg. By Proposition 5.1, it belongs to the unbiased block of any longest
common subsequence.

Proof of Proposition 4.7. If t; = 0 then ms > 0. If my > 0, then apply Proposi-
tion 5.4.

Let 0 < m; < p+ mgy. Define h = mq +mgy > 0. Since 2m; < p+ mo +m; = p+ h,
Proposition 5.2 applies.

Let 0 < ms + p < my. Then reverse the sequences as in the proof of Proposition 4.6 and
apply Proposition 5.2.
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5.2 Proofs of Proposition 4.10 and 4.11

Proposition 5.5 Let 2y 41, -5 Zmysp2 and My, ..., Ty, 48244, b the subsequences of a
periodic sequence with mismatch, 0 < mq, mo < p — 1. The length of the longest common
subsequence is 8p® — 1.

Proof. Let v be alongest common subsequence of 2,11, . .., Zm,18p2 A0d 1, - .., Ty, 18524y -
By the argument used in the proof of Proposition 5.3, v has at least one unbiased block.
The same argument, applied again, yields that the subsequences v|p 4p2) and v|pp211,8p2]
both have an unbiased block. If p > 2, then the bias of the unbiased blocks is 0, implying
that the length of the longest common subsequence is 8p® — 1.

When p = 2, the statement is easy to see. m

Proposition 5.6 Let 2,41, .-, Zmy4sp2 and Ty, ..., Tgp2_p,, be the subsequences of a pe-
riodic sequence with mismatch, 0 < mq,mo < p — 1. The length of the longest common
subsequence is 8p* — 1 — (my + my).

Proof. Let v be alongest common subsequence of 2,41, . .., Zm,18p2 A0 T1, . .., Tiny 18521y -
By the argument used in the proof of Proposition 5.4, v has at least one unbiased block,
by the same argument, U|[174p2] and U|[4p2+178p2] both have an unbiased block. If p > 2,
then the bias of the unbiased blocks is 0, implying that the length of the longest common
subsequence is 8p? — (my + my) — 1.

When p = 2, the statement is easy to see. m

Proof of Proposition 4.10. Suppose t5 = 0, i.e. my > 0. If t; = 0, then m; = 0
and t, = 0. For my > 0, Proposition 5.5 applies.

Suppose t; > 0,t5 > 0. Assume t; < ty. Then t; < g.

Since l —my = (I — 1)p+t; = I* + t1, we have

Ti—mi+1y - - - s Tl—my+my+8p24+ma — Ll*+t1+1y - - 5 Tl* 4t +8p2+ma+my -

Let h = mg+my. Clearly, h=mo+m; >0and h=mo+m; =p—t; —ts < p— 2t
since —ty < —t1. Hence Proposition 4.8 applies.

Assume t; > ty. Then ty < % Reverse the sequences as in the proof of Proposition 4.6,
i.e. we define

/ !/ /
21 = Z8p2,R9 = Z8p2—1, - - -3 Rgp2 — Z1-

p2
Note that in the reversed sequence, the mismatching element is zflpz instead of zé’Lp
However, it is easy to see that the proof of Propositions 4.8 holds also in this case.

2+1 .

Proof of Proposition 4.11. If t; = 0 then my > 0. If my > 0, then apply Propo-
sition 5.6.

Let 0 < m; < p+ mgy. Define h = mq +my > 0. Since 2m; < p+ mo +m; = p+ h,
Proposition 4.8 applies.

Let 0 < mo +p < m;. Then reverse the sequences as in the proof of Proposition 4.10 and
apply Proposition 4.8.
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5.3 Proofs of Propositions 4.12 and 4.13

Proof of Proposition 4.12. If |[u(k + 1),v(k + 8p?)]| = 8p?, the statement clearly
holds. Suppose |[v(k + 1),0(k + 8p?)]| > 8p?. Then it holds: either k +1 > v(k + 1) or
o(k + 8p?) > (k + 8p?). Without loss of generality assume

vk+1)<k+1. (5.4)
There 3 > 0 such that |k — [| = jp, for a non-negative 7 € N and

where 0 < m; <p—1and —m; <my <p—1,when?t=0and 0 < m < p—1, when
1> 1.

The proposition is proven, if we show that ¢ = 0. Suppose not. Then 0 < m <p — 1.

By the optimality principle, the subsequence

O] (k1 o 8p2] {k4+1,... k+8p*y = {l—ip—my +1,...,1+ 8%+ my}
is the longest possible and its length is therefore equal to 8p?. Let
ik + 1, k8P = {41, 1+ 8p?)
be a common subsequence that consists of a direct match:
V(k+1)=1+1,...,0(k+8p?) =1+ 8>

The length of v’ is also 8p?.
Let
w:{l,...,n}—={1,...,n}

be a common subsequence of z1,...,x, and y1,...,y, that is defined as follows:

Wk = vl
w|[k+1,k+8p2} =
W petgp2+1,n] = Vlrsp21n)
Hence, w is a modification of v obtained by v|f1,x48p2) replaced by a direct matching v'.
Of course, the length of w is the same as the length of v, hence, w is the longest common

subsequence.
The subsequence w has the following property: [1,w(k)] = [1,1], but

wk+1) =w(max{i < k:i€ Dom(w)})+1
=v(max{i <k:i€Dom(v)})+1=vk+1)=1—ip—my+ 1.

Hence, the interval [l —ip — my + 1,1] does not contain any element of w. This means
that the subsequence

Wl {L .. k= {1,...,1} (5.5)
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is actually a subsequence
Wl {L. k= {1l —ip—m}.

We shall show that this property contradicts the optimality principle.
By (5.4), k > 1 —my —ip. Let

t =max{i <k :i ¢ Dom(v)}.
We have: w(t +1),...,w(k) <l —ip—my. Define w': {1,... k} — {1,...,1},

w,|[1,t] = 7~U|[1,t]
w(t+1)=wlt+1)+p,...,w (k) =wk)+p.

Since w(k) < [, the sequence w’ is well defined and has the length as (5.5). Let s be
the last element of w before ¢, i.e. s = max{i < t:i € Dom(w)}. By definition of w’,
w(t+1)=wlt+1)+p>w(s)+ 1+ p, so the interval [w'(s) + 1,w'(s) + p|] does not
contain any elements of w’. By periodicity, the interval [y, (s)4+1, Yuw(s)+p] cOntains at least
one 0 and at least one 1. On the other hand, the unconnected element z; is either 0 or
1. Therefore, we can connect the element x; with an element of [yw’(s)+17yw’(s)+p]- The
possibility of such a connection shows that w’ is not the longest common subsequence.
This, in turn, implies that (5.5) can not be the longest common subsequence. By the op-
timality principle, the latter implies that w and, hence, v cannot be the longest common
subsequences as well. This is a contradiction. The reason for the contradiction is the
assumption 7 > 1.

Proof of Proposition 4.13. If |[u(k + 1),9(k + 8p?)]| = 8p?, the statement clearly
holds. Suppose |[v(k + 1),v(k + 8p?)]| < 8p?. Then it holds: either k +1 < v(k + 1) or
v(k + 8p?) < (k + 8p?). Without loss of generality assume

o(k + 8p®) < (k + 8p?). (5.6)
There 31 > 0 such that |k — [| = jp, for a non-negative j € N and
vk+1)=1+m +1, o(k+8p?) =1—ip+8p* —my=:u,
where 0 < my < p—1and —m; <my <p—1, whent=0,and 0 < m < p— 1, when
1 > 1. Proposition is proved, if we show that ¢ = 0. Suppose i > 0. Then 0 < m; < p—1.
By the optimality principle, the subsequence
Wlissnprse s Lok 89} (L m+ 1, )

is the longest possible, the length of it is, therefore, L := 8p® — (my + my + ip). Let

k1, k8 = I my 1, )
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be a common subsequence that consists of a direct match:
Vk+14+my) =1+my+1,... 0 (k+8p% —ip—my) =1 —ip+8p° —my = u,.

The length of ¢’ is also L.
Let
w:{l,...,n} —={1,...,n}

be a common subsequence of x1,...,x, and yi,...,y, that is defined as follows:

w|[1,k} = U‘[l,k]
W| (k1 h48p7) = V'

w| [k+8p2+1,n] — U| [k+8p2+1,n]

Of course, the length of w is the same as the length of v, hence, w is the longest common
subsequence of x1,...,z, and y1,...,Yn.

The subsequence w has the following property: uy := k + 8p* — ip — my € Dom(w), and
the next element in Dom(w) is not earlier as k + 8p* + 1: min{i > wuy, : ¢ € Dom(w)} >
k + 8p? + 1. In particular, this implies: w(k +8p? + 1) =u; + 1 or

|w|[uk+1,n} = |w|[k+8p2+1,n]|- (5.7)

Note:

w’[k+8p2+1,n] : {k + 8]92 + 17 B ,TL} - {ul + 17 v 7n}'
By (5.6), k+8p? +1 < u; + 1, so there exists at least one element j € [u; + 1, n] such that
y; does not belong to the subsequence w|[k+8pz+1’n}. Let

t=min{j >w+1:5¢&w(k+8*+1,n)} (5.8)

Suppose t € [u; + 1,1 + 8p?]. Let r be such that w(r) =t —1, ie. r = w™ (¢t — 1).
Obviously, r € [k + 8p? + 1,n]. Define

v k41 u A+ (=)= {I+mi 1, )

be a common subsequence that consists of a direct match:

1"

Vik+14my) =ltmi+ 10 () = w0 (w1 = w10 (e (E—w)) =t

The definition of v" is possible, since ¢ — u; < ip + my and (t — ;) < k + 8p2.
The length of v is L + (t — ;). Define w’ : {k+1,...,n} — {l+mi+1,...,n},

"

Wb 1wt (t—u)] = U (5.9)

/ —_
W' |t (t—u)+1,m]) = Vlpra1,m)-

By the definition of ¢ and 7, |v|pis8p241.0)| = [V|r41,0)] = V] kt8p2+1,9] = (=) — 1. Hence,
the length of w'is L + (t - ul) + ’U|[k+8p2+1,n]‘ - (t - ur) +1=L+ ’U’[k+8p2+1,n]| +1=
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|w](g41,n)| + 1 which contradicts the assumption that w is a longest common subsequence.

Suppose t € [l + 8p? + 1,n]. Then t — p > u; + 1 and by the definition of ¢, the ele-
ments Yy, +1,---,Y—1 all belong to the common subsequence w. Let

v {up+ 1,0t —p)) = {u + 1, t)

be defined as follows:

"

v (1) = w0 (e tp) = wtp, v (W (wt)) = wtlp, .0 (wT(E-p)) =t
The definition of v" is possible, because w='(u; + 1) > k + 8p> + 1. The length of v" is
|w|[k+8p2+17w71(t_p)]| +p Note

|w’[w—1(t—p)+1,w—1(t—1)] = ‘w‘[k—i—SpQ—i—l,w—l(t—l)]’ - ’w’[k+8p2+1,w—1(t—p)}‘ =Dp— 1.

We define w' : {u, +1,...,n} — {u;+1,...,n}, where

1"

/ —
W |yt 10-1t—p)) =V

wll[w—l(t—p)—i-l,n] = U)| [w=1(t—1)+1,n]

The definition of w’ is correct, because w(w™'(t — 1) + 1) > t. The length of w' is

W] 48p24+1,0-1(1—p)) | + P F [W[w-10=1)+1,0] | = 0] p4sp2+1,0-10=1))] + W1 @=1)41,0)| +1 =

= Wl rapz1m| + 1.
By (5.7), the length of w’ is strictly bigger than that of
Wt {ue + 1,00 nF = {w +1,...,n}.

This contradicts the assumption that w is a longest common subsequence.

Proof of Corollary 4.3 Let v be a longest common subsequence of zq,...,z, and
Y1y, Yn- Suppose [v(k + 1),0(k + 1)] is bigger than 8p® but does not satisfy (4.9).
Then there exists 0 < mqy,mo < p—1, ¢ > 0, such that

Olprprspy s {k+ 1, k+ 8" = {l—ip—mi+1,...,01+8p> + ma}. (5.10)

Suppose ¢ > 2. Then, assuming (5.4), it holds v(k + 1) +2 < k + 1. The length of
0| (k+1,6+8p2)| i 8p?. Define the common subsequence w as in the proof of Proposition
4.12. The length of w is |v| — 1, but the length of the empty interval [[ —ip —m; + 1,1] is
at least 2p. Since there are at least two elements in [1, k], say t; and ¢, not included into
Dom(v), by rearranging the elements of w14 as in the proof of Proposition 4.12, both
2, = ¥y, and 2z, = x¢, can be matched with an empty period. So, the length of w|[17k]
can be increased by 2. This contradicts the assumption that v is the longest common
subsequence.
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This means that in (5.10), i = 1. Now, again, use the argument of Proposition 4.12: Define
the common subsequence w and note that the length of w is |v| — 1. Then rearrange the
elements of w|y ) by defining w'(t41) = w(t+1)+p,...,w' (k) = w(k)+p = l—p—m;+p =
[ —m, and connect the element x; with some element on [Yu(s)+1, Yuw'(s)+p)- Let

w* {1, k= {1, L —my},

be modification of w" with connected x; so the length of w* is |w|p x| 4+ 1. Hence, the
sequence v* with

* *
Ve = w

*
U (b1 o 8p?) = W

* J—
v |[k+8p2+1,n} = w|[k+8p2+1,n]

has length |w| + 1, which is the same as the length of v. Since v*(k) = w*(k) = w'(k) =
[ — my, the sequence v* satisfies (4.9).

Suppose [v(k + 1),9(k + 1)] is bigger than 8p? but does not satisfy (4.10). The proof
is similar: as in the proof of Proposition 4.13, define the subsequence w and note that
the length of w is [v| — 1. Define ¢ as in (5.8), and w’ as in (5.9). With the help of w’,
construct the common subsequence v* with v*| 5 = v|j15 and v*|gr1,n) = w'. The length
of v* is the same as the length of v. If v* does not satisfy (4.10), then use the proof of
Proposition 4.13 to see that w* satisfies (4.10).
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