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ABSTRACT

This paper is devoted to the numerical analysis of abstract elliptic differential equations
in LP([0,T]; E) spaces. The presentation uses general approximation scheme and is based
on Cy-semigroup theory and a functional analysis approach. For the solutions of difference
scheme of the second order accuracy, the almost coercive inequality in L2 ([0, T; E,,) spaces
with the factor min{|In |, 14 [In||B, | p(z,)|} is obtained. In the case of UMD space E,
we establish a coercive inequality for the same scheme in L2 ([0, T'; E,,) under the condition
of R-boundedness.
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1 Introduction

The importance of coercive (maximal regularity, well-posedness) inequalities is well-known [6], [7], [24].
The coercive inequality in the discrete case have at least two advantages. First, even if the continuous
coercive inequality does not hold for a certain problem, it is possible to get discrete inequalities, but
with the coercive constant depending on the discretization step size. Second, in the discrete case the
coercive inequality can be formulated in different ways and validity of the inequality may depend on
this formulation. In a recent paper [5], we have discussed the well-posedness in LP([0,T7]; E,,) spaces
of the difference schemes for abstract parabolic problems.

In present paper, we will investigate the well-posedness in L2 ([0, T]; E,,) spaces of the difference
schemes for abstract elliptic problems. The paper is organized as follows. In Section 2 we give
description of the general approximation scheme, where discretisation is considered, introduce the
notion of positive operators and give an information on operator-function constructions using Dunford
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integral. Section 3 gives us orientation in discrete coercive inequalities and draws for the reader almost
complete picture of discrete coercive inequalities for abstract elliptic problems obtained during last
20 years. As we will see in Subsections 3.2 - 3.3 there are complete pictures of existence of coercive
inequalities in C([0, T]; E) and C?7([0,T]; E) spaces and it’s discrete analogues. We prove also that
if coercive inequalities in C'([0, T]; E) holds then either A is bounded or E contains a closed subspace
which is isomorphic to ¢y. In the mean time the situation in Subsection 3.4 is not complete in the sense
that in general one got only extrapolation Theorem 3.12 and one could get coercive inequality just
for interpolation space E,, o, as in Theorem 3.13. Section 4 presents the main results of the paper,
where we are completing the picture in L? ([0,T7]; E,) spaces. First, we establish in L? ([0,T7]; E,)
for general Banach spaces E, the coercive inequalities with the logarithm, as it is shown also for the
case of C,, ([0, T]; E,) in Section 3. Secondly, we concern to UMD space case. A Banach space E has
the UMD-property, whenever Hilbert transform H f(t) = <p.v. [% 7= f(s)ds extends to a bounded
operator on LP(IR; E) for some (all) p € (1,00). It is well known, that all subspaces and quotient
spaces of L?(Q, i) with 1 < g < oo have this property.

A set TC B(FE) is called R—bounded, if there is a constant C' < oo, such that for all Qq,...,Qr € T
and zq,...,x2, € E,k € IN,

(11) [ IS @@l < 0 15 @l de

where {r;(-)} is a sequence of independent symmetric {—1,1}-valued random variables, e. g. the
Rademacher functions r;(t) = sign (sin(2’/t)) on [0, 1].
In [7] the coercive well-posedness in LP([0, T]; E') of the problem

(1.2) u"(t) = Au(t) + f(t), t € [0,T], u(0) = u°, w(T)=u",

has been considered under condition of positivity of operator A. In such case operator —v/A generates
analytic Cy-semigroup.

If —+/A generates an analytic exponentially decreasing Cy-semigroup {exp(—zv/A) : | arg (z)| <
0}, on a Banach space F, then the following three sets are bounded in the operator norm

(1) {NAM £VA)" N €dIR N #0);
(ii) {exp(—tvVA),tvV/Aexp(—tvA) : t > 0};
(iii) {exp(—2vA) : | arg z| < §}.

In the mean time if the space E is UMD space, then [20],[33],[34] the coercive well-posedness in
LP([0,T7]; E) of the problem

(1.3) V'(t) = —VAvu(t) + g(t), v(0)=12", t>0,

holds iff one of the sets (i)-(iii) is R-bounded. Moreover, coercive well-posedness of (1.2) in LP([0,T; E)
with «(0) = u(T") = 0 implies [13] that (1.3) is coercive well-posed in LP([0,T]; E') and therefore the
set {s(s[ + A)~!: s> 0} is R-bounded.

So as our second aim to get a discrete coercive inequality for central difference scheme for (1.2)
under condition of R-boundedness of the set {s(sl,, + A,)~' : s > 0}. In this paper we consider the
difference scheme of second order accuracy only.



2 Discretization of positive operators and semigroups

This section contains the notions we use and operate in Sections 3 and 4.

2.1 General approximation scheme

Let B(FE) denote the Banach algebra of all linear bounded operators on a complex Banach space E.
The set of all linear closed densely defined operators in E will be denoted by C(E). We denote by o(B)
the spectrum of the operator B, by p(B) the resolvent set of B. The general approximation scheme,
due to [18], [30], [31], [32] can be described in the following way. Let E, and E be Banach spaces and
{pn} be a sequence of linear bounded operators p, : £ — E,,p, € B(E,E,),n € IN = {1,2,---},
with the property:

lpn||E, — ||z||g as n — oo for any x € E.

Definition 2.1 The sequence of elements {x,},x, € E,,n € IN, is said to be P-convergent to x € FE
iff |en — pnz||E, — 0 as n — oo and we write this x, — x.

Definition 2.2 The sequence of bounded linear operators B, € B(E,),n € IN, is said to be PP-
convergent to the bounded linear operator B € B(E) if for every x € E and for every sequence
{zp}, 2, € E,,n € IN, such that x,, — x one has B,x, — Bx. We write then B,, — B.

For general examples of notions of P—convergence see [31].

Remark 2.1 If we put £, = FE and p, = I for each n € IN, where I is the identity operator on
E, then Definition 2.1 leads to the traditional pointwise convergent bounded linear operators which we
denote by B,, — B.

In the case of unbounded operators, and we know in general infinitesimal generators are unbounded,
we consider the notion of compatibility.

Definition 2.3 The sequence of closed linear operators {A,}, A, € C(E,),n € IN, are said to be

compatible with a closed linear operator A € C(E) iff for each x € D(A) there is a sequence {z,},x, €
D(A,) C E,,n € IN, such that x, — x and A,x, — Ax. We write (A,, A) are compatible.

Usually in practice Banach spaces FE, are finite dimensional, although, in general, say for the case
of a closed operator A, we have dim E,, — co and [|A,||p(g,) — 00 as n — oo.
For analytic Cy-semigroups the following ABC Theorem holds

Theorem 2.1 [19],[25] Let operators A and A, generate analytic Co-semigroups. The following
conditions (A) and (By) are equivalent to condition (C1).

(A) Compatability. There exists X € p(A) NN, p(Ay) such that the resolvents converge

(M, — Ap)" L — (M — AL

(By) Stability. There are some constants M > 1 and w such that

|\, — An) 7Y < , ReA >w,n € IN;

M
A —wl
(C1) Convergence. For any finite p > 0 and some 0 < 0 < T we have

max || exp(nAn)ug — Pn exp(nA)uOH — 0
nEL(f,u)

asn — oo whenever u® — u®. Here 2(0, u) = {z € X(0) : |2| < p}, and 2(0) ={z € @ : |argz| < 0}.



2.2 Positive operators

An operator A acting in a Banach space F and having a dense domain D(A) is called positive if the
operator AI + A has bounded in E inverse and the estimate

M
: < —= >
(2.1) [|(AT 4+ A)7] < T for any A >0

holds for some 1 < M; < oo. Note that from this estimate, evidently, it follows that the operator
Al + A has bounded in F inverse for all complex numbers

A=oc+ite Gl =G (M), 0<e<1,

such that
1—¢

7] < (140)foroc>0

1

and the estimate
M+ A) 7Y < Mape ' (14X

holds for some M, € [1,00) and € € (0,1). It means [7] that the spectrum o(A) of A is the subset of
set G- = —G7 and inside of G_ and on its boundary G the resolvent (A + A)~! is subject to the
bound

(2.2) IO+ A7 < Mae ' (1+ M), N eaa:.

Let ¥(z) be an analytic function on the neighborhood of o(A), and suppose that v (-) satisfies the
estimate

(1 + [2))*[(2)| < M
for some 0 < a < +00, 1 < M3 < 400. Then the operator Cauchy-Riesz integral

w) = o [ T+ A) s

27
converges in the operator norm and defines [21] a bounded linear operator 1)(A), a function of A.

In particular, the function ¥(A) = 2~* defines a bounded operator A=* whenever a > 0. The
positive powers A% = (A7%)71 a > 0, of the operator A are defined. The operators A% o > 0, are
unbounded, and their domains D(A%) are dense in £ if A is unbounded. One has the continuous
embeddings D(A®) C D(AP) if 3 < a.

It is known (see, for example [26]) that the operator A'/2 has better spectral properties than the
positive operator A. In particular, the operator A + v/A has a bounded inverse for any complex
number \ with ReA > 0, and the estimate

|(AL + VA < MM 4+1)7%, Re >0,

holds for some M > 1. Thus, the operator —/A generates [26] analytic Cp—semigroup on Banach
space F, i.e. the following estimates hold:

(2.3) le™VA| < Me™®, t|[VAe YA < Me™®, t>0, §>0.

As was mentioned in Introduction in case of coercive well-posedness of (1.2) in LP([0,T]; E) it
follows that the set {\(Al + A)~! : X > 0} is R-bounded. If the set {\(A] + A)~! : X\ > 0} is R-
bounded one can directly show that the sets {A(Ail = +v/A)~! : X € IR, A # 0} are also R-bounded.
Indeed

VAWNI +VA) ™ = —VAXVNT = VAN + A7t = XM+ A) 7+ VAVAN + A)™
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for any A > 0. Since {\(A\ + A)~' : A > 0} is R-bounded it is enough to prove that

VIVAN + A7t = % /aGE_ (}\\f):r\/pﬁ) p(pl +pA)_1dP

is R-bounded. After change of variables p = n\ one gets

/ nA(nAI + A)~tdn
oG (L+mn)yn

and the statemnet follows from Corollary 2.14 [22].
3 Coercive inequalities

In this section the notions of coercive inequalities are introduced. We give the complete picture of
historical overview for elliptic case.

3.1 Coercive inequalities for differential elliptic problems

In a Banach space E we consider the boundary value problem (1.2) with positive operator A and
f(+) is some function from some function space. The problem (1.2) can be considered in different
functional spaces. A function u(-) is called a solution in classical sense of the problem (1.2) if the
following conditions are satisfied:

i) u(-) is a twice continuously differentiable on the interval [0,T]. The derivative at the endpoints
of the segment are understood as the appropriate unilateral derivatives;

ii) the element u(t) belongs to D(A) for all t € [0,7], and the function Au(-) is continuous on the
interval [0, T;

iii) wu(-) satisfies the equation and boundary conditions (1.2).

A solution of problem (1.2) defined in this manner will be called as coercive well-posedness of
problem (1.2) in the space C([0,T]; E) of all continuous functions ¢(-) defined on [0,T] with values in

E equipped with the norm ||¢(-)||cqo,m:8) = nax l|o(t)]| £- The coercive well-posedness in C([0, T]; E)

of the boundary value problem (1.2) means that for solution u(-) € C([0,T]; E) coercive inequality

(3.1) 1" (Dl eqo.r:) + | Au-)|legom:z) < M(Hf(')Ho([O,T};E) + || AW’ 5 + ||AUT||E>

holds with some constant M, which is independent on «°, u”, f(-) € C([0,T]; E). It turns out [26] that
this positivity property (2.1) of the operator A in E is necessary condition of well-posedness of the
boundary value problem (1.2) in C([0,T]; E). One can ask: does the positivity of the operator A in
E imply the well-posedness of boundary value problem (1.2)7 In general case (see [26]) the answer
is no, so the coercive inequality does not take place in C([0,T]; E) for the boundary value problem
(1.2). It is easy to show that u(-), defined on [0, 7] by the formula

(3.2) ut) = (I — e 2V T (e VA — e @IV 0y (o= (T=0VA _ o= (THviy, T
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T
(e~ T-OVA _ o~(T+OVA) 9,/ 1)1 /0 (e T=WVA _ =T+ A) £ (5)ds)

VA [ A )as,

is an unique solution in C([0,T7]; E) of problem (1.2) if, for example, u°,u? € D(A?) and Af(-) €
C([0, T E) or f'(-) € C([0,TT; E).

Remark 3.1 We assumed here that the operator (I — exp(—2T\/A))™" exists and is bounded. Mean-
while, it is just enough to assume that (I — exp(—tv/A))~" € B(E) holds fort >ty with some ty > 0.
This assumption is satisfied in our case since Cy- semigroup exp(—t\/z) 1s exponentially decreasing.
It follows [12] that (I — exp(—tv/A))™" € B(E) for any t > 0.

We recall that the Cauchy problem (1.3) is coercive well-posed in the space C([0,7T]; E), then
[16] operator VA has to be bounded or the space E contains a subspace isomorphic to ¢. A similar
situation one gets for problem (1.2).

Theorem 3.1 Let A be the positive operator on E. Assume that problem (1.2) is coercive well-posed
in space C([0,T]; E'). Then either A is bounded or E contains a closed subspace which is isomorphic
to cg.

Proof. The operator —v/A generates analytic Cy-semigroup. So for unbounded operator v/A one can
find the sequences {t;}, {y;} such that ||y;|| < 1,0 <t; — 0 and ||t;/AetVAy,|| > 5 > 0. Now follow
[16] for the sequence 0 < t; < %tj_l, to = 1, we construct the sequence z; = /Ae™% \/_y], VAeVAy, £
0, where ||y;|| < 1. The first, one has inf ||z;|| > 0. The second, we are going to show that there is
a constant C' < oo such that |lzg £ 21 + x5 & ...z,|| < C for any n. Existence of such sequence {z;}
is equivalent [16] to the statement of our theorem. From (3.1) for the case T = 2 and u® = u” = 0
it follows that ||Au(1)|| < C|/f()llcqo,2:p) for any function f(-) € C([0,2]; E). Let us put ¢ = 1 and
consider in (3.2), after applying A to the function w(-), the term

\/_/ —|1— s\\/_f( \/_/ —(1- S\/_f()d _}_g/l —(s— 1\/_f()
_ \/Z/O 6_(1_3)\/Zf(3)+£(2—$)d8'

One can define now the function f(-) on 0 < s < 1 exactly the same as in [16] and extend it as
f(2—=15s) = f(s) for 0 < s < 1. For such choice of f(-) as it is proved in [16] one has

VA % £(£))(1) = (eomo + 11 + .. + 02| < C < 00
for |¢;| = 1,¢; € IR, and therefore
oo + €121 + ... + €| < VA VA % F(£))(1) = (om0 + 121 + .. + €n2n)||+

+ Au(1) = VA@E ™ 5 f(0)) ()] + (| Au(1)] < € < oo.

In this way we constructed the sequence {x;} such that inf ||z;|| > 0 and |lzoE2 £2s... %2, || < C < 0.
Theorem is proved.

Consider C?7([0,T]; E),0 < v < 3,0 < 8 < 1, the Banach space obtained by completion of the
set of smooth E-valued functions ¢(-) on [0, 7] in the norm
E+7)(T =) [[p(t+7)—¢() ||z

. , _ a + s
160 llooqomsmy= g lle@lle+ _swp 7




Theorem 3.2 [1],[7] Let A be the positive operator in a Banach space E and f(-) € C’ﬁ”([ ,T); E),0
v < 3,0 < B < 1. Then the solution of the boundary value problem (1.2) belongs u(-) € CP7([0, T); )
and the following coercive inequalities hold:

146 ooy, < M{ I 4w+ £0) s, + 1| Au® + (T 1, +57 0= 871 F lonoiarer
for Au® + f(0) € Es_,, Au” + f(T) € Ej_,

| u"(-) llesqorye) + | Aul-) e o,r;e)

< M(JAd® + FOI7 + [ Ad” + S+ 570 = 87 1 ) leomgore )

for Au® + £(0) € ES7, AuT + f(T) € ES”, where M is independent on 3,7, u®,uT and f(-). Here,
\w|€’7 denotes norm of a Banach space Eg”, which consists of those w € E for which the norm

wlg” = ax [l Pwllp+  sup 7z 4 ) (T =27 FOVA e
0<z<z+7<T

is finite and a Banach space E, = Ea(\/z, E), 0 < a <1, consists of those v € E for which the norm
| v |lg,= sup 27 VAexp(—2VA) ||g + || v || is finite.
z>

Consider C’ggﬂ([O,T], Eo-5),0 <~v < <a,0<a< 1 To these there correspond the spaces of
traces ngﬁ, which consist of elements w € E for which the norm

wl2?s = max [l wllg, , + sup 70z 1) (1= 2 FVA = eV g,
1 0<z<z+7<1

is finite.

Theorem 3.3 [1] Let A is the positive operator in a Banach space E, Au® + f(0) € Eg’jﬁ, Aul +
f(1) e ng’ﬁ and f(-) € CPY([0,T); Ea_p), 0 <y < B < a, 0 < a< 1. Then for the solution u(-) in
CPY([0,T); Ea_p) of the boundary value problem (1.2) the coercive inequality

1" C) Nemaqoryzag) + I AuC) llosaqo iz + 1 " () logomesa,)

< M(‘AUO + £0)27 gt |Au” + f(T)2 wgt at(lT—a) " | f() o (0,170 s) )

holds, where M is independent on «, 3,v,u’,u” and f(-).
Theorem 3.4 [I] Let A is the positive operator in a Banach space E, Au® + f(0) € E,_., Au’ +

f(T) € Ep_p and f(-) € CPY([0,T); Ea—y), 0 <y < B <a, 0<a<1. Then for the solution u(-) in
CPY([0,T); Ea_p) of the boundary value problem (1.2) the coercive inequality

1" () lesmqorma g + 1 Aul) llosaqomea g + 114" ¢) leqormea,)

< Ma ' (1 —a)" (| A+ £(0) s, + | Ad" + F(D) I, + | FC) lesogomymn s )

holds, where M is independent on «, 3,v,u’,u” and f(-).
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Let us consider the problem (1.2) in the spaces LP([0,T]; F), 1 < p < o0, of all strongly measurable
T

E—valued functions v(-) on [0,7] with the norm || v ||zeqo,my= (/|| v(t) || dt)%. A function v()
0

is said to be absolutely continuous if it has a derivative v'(¢) for almost every ¢ such that v/(-) €

t

LY([0,T); E), and if the Newton-Leibniz formula v(t) — v(7) = [v/(s)ds holds for all ¢, 7 € [0,T].

Here the integral is understood in the sense of Bochner. A function wu(-) is said to be a solution of

the problem (1.2) in L?([0,T]; E) if it is absolutely continuous, the functions u”(-) and Au(-) belong

to LP([0,T); E) , equation (1.2) is satisfied for almost every ¢, and w(0) = u°, uw(T) = u’. From

this definition it follows that a necessary condition for the solvability of problem (1.2) in L*([0,T]; E)

is that f(-) € LP([0,7T]; E). One can show that in certain cases this condition is also sufficient for

the solvability of problem (1.2). As concerns the boundary elements, in contrast to the situation

considered earlier, from the solvability of problem (1.2) in L?([0,T]; E) it follows only that u° u”

€ E. From the unique solvability of (1.2) it follows that the operator u(t; f(t),u’, u”) is bounded in
LP([0,T]; E) and one has coercive inequality

||u”||LP([O,T];E) + HAU(t)HLp([O,T};E) < MC( ||f(')HLp([0,T];E) + || A’ + HAUTHE) ’

where 1 < Mg < +o00 is independent on u°,u” and f(-). From that one can obtain the positivity of
A under the stronger assumption that the operator A~! is compact in F [28§].

Theorem 3.5 [28] Let A s the positive operator in a Banach space E. Suppose the problem (1.2) is
coercive well-posed in L ([0, T]; E) for some 1 < py < 0o. Then it is coercive well-posed in LP([0,T]; E)
for any 1 < p < oo and the coercivity inequality holds:

" (| o o.1,) + [[AU() | 20,17,y + ||u(')||C(E1,1/p’p(\/Z,D(\/Z))

< M(po)P2 ) M 0 T
To—1 I1f Ol zeqori) + ||u HEl,l/p,p(\/Z,D(\/Z)) + |u HEl,l/pyp(\/Z,D(\/Z)) ’

where M(po) and M are independent on p,u®, u” and f(-).

Theorem 3.6 [1/] Let 1 < p < oo and 0 < a < 1. Suppose that A s the positive operator in
a Banach space E. Then problem (1.2) is coercive well-posed in L*([0,T); E,p) and the coercivity
inequality holds:
" ()l e o110 + 1AW | Lo(0.7): o)
M

< Mlrp ) M 1LAWC AuT )
< s =M Olrieny + M (1140 s, + 11407, ).

where M is independent on a, p, u®,u” and f(-).
From these theorems it follows

Theorem 3.7 Let1 < p,qg< oo and0 < a < 1. Suppose that A is the positive operator in a Banach
space E. Then problem (1.2) is coercive well-posed in LP([0,T]; E, 4) and the coercivity inequality holds:

" () Lo (0,17, Eag) + 1AW I Lo((0.7):Eag) <

M(q) . .
< L f )l o(o.mEa g + M| A 1A ,
Oé(l . Oé) Hf( )HL ([0,T);Ea,q) (H u ||Ea,q || u ||Ea,q>



where M (q) and M are independent on o, p, u®,u” and f(-). Here a Banach space Eqy = Eq (VA E),
0<a<l1,1<q< oo, consists of those v € E for which the norm

S d\ V4
v 5= ([ A | VAexp(-AVA I )

is finite.

3.2 Coercive inequalities in C; ([0,T]; E,) spaces
The semidiscrete approximation of (1.2) are the boundary value problems in Banach spaces E, :

(3.3) u (1) = Apun(t) + fo(t), t €[0,T], un(0) = u?, u,(T) = ul

n?’

u
with strongly positive operators A, A, and A are compatible, u® — «°, u? — wTand f,(-) — f(*)
in appropriate sense of P—convergence.

The investigation of discretization of the boundary value problem (1.2) with respect to one variable
t only includes, in view of the arbitrariness of A, the general approximation method in applications,
if the differential operator in other variables A, is replaced by the approximation operators A, which
are acting in a Banach spaces E, and are uniformly positive in n (see Theorem ABC). Therefore
Theorems 3.2 - 3.7 permit us to establish the coercive stability inequalities for the solutions of the
boundary value problem (3.3) under the condition of positivity of A,, uniformly in n.

Here we are going to describe the discretization of (3.3) in variable . Let us denote U, =
(U°,...,UKY) and A, U, = {A, UY=L One of the simplest difference scheme is

Ut — U, + Ut T
(3.4) n 2P0 ARt kel =] -1} U0 =l UF =T,
T2 Tn
where, for example, in the case of f,(-) € C([0,T]; E,,) one can put
T
o = folkry), ke {l,.., K -1}, K = Gl
and in the case f,(-) € L'([0,T]; E,) one can put
& 1 thy1
ok = —/ Fuls)ds, tn = krn, k€ {1, .., K — 11,
27, Jtiy
We have that
K—1
(3.5) Uy = (I — R2*)"" (R — R2FF) (ug + > B'RI(I+7,B,)(2+ Tan)—lgo{@@
j=1

K-1
— > B*RFINT +7,B,) 2+ 7B,) ‘¢l

J=1

n

K-—1
(I — R2K)1(RE—F _ RK+k) <u§ + 3 BIUREI(I 4 7,B,) (2 + Tan)—lngn),

=1
where

AnTo + VAW T2A, + 4
(3.6) R, = (I, + 7,B,)"", B, = 5 .

Denote by C, ([0, T]; E,) the space of the elements 3, = {¢F}2 ! such that ¢F € E,, k€ {1,.... K —

. — _ k
1}, with the norm |[B, e, (o71:8,) = | max  [len|s,




Theorem 3.8 [27] Let A, be strongly positive operator in a Banach space E,, uniformly in n. Then
the problem (3.4) is stable in the space C,, ([0,T]; E,), i.e.

(Tnllcno.ryE0 < M(IBalln, o8 + [uSlE, + ublls,),
where M is independent on n, 1, u2, ul and p,,.

In general problem (3.4) is not coercive well-posed in C;, ([0, 7]; E,,) space.

Theorem 3.9 [27 Let A, be strongly positive operator in a Banach space E,. Then the problem
(3.4) is almost coercive stable in the space C, ([0, T]; E,), i.e.

[ AT aller oy < M (1| Awad i, Aued 5, i (| 1n(1 /)|, 1 10 Bl s,

) IZudlen, o ).

where M is independent on n, 7,, u®,ul and P,

3.3 Coercive inequalities in Cﬁ:’y([O,T |; E) spaces
Denote by C27([0,T); E,) for 0 <~ < 3 < 1 the space of the elements 7, = {¢f}+ 5" with the norm

1Pl oo omyny =, e Ioklm, + e k™ = kil (7l + D)(T = k) (17) ™.

Theorem 3.10 [2],[5] Let A, be strongly positive operator in a Banach space E, and A ul +

oL Agul + o1 e Elﬁﬁ. Then the problem (3.4) is coercive well-posed in the space C27([0,T); E,)
with 0 <~v < (B <1, i.e.

_ M _ _
||A”U”HC£}7;W([O,T];E,1) S m(‘A ’lL + 90n| ﬁ“’ + ‘Anug + (an l‘aﬁ’w + HSO””CQ?([O,T];E,J)’
where M is independent on n, 7,, 3,7 ul,ul and p,,.

Here, |w,|? denotes the norm of a Banach space Evnﬁ’y, which consists of those w,, € E,, for which

the norm |w,|27 = max |[|REw,|g, + sup (e + )T — t) (R — Ry)w,l g, is
1<k<K-1 1<k<k+r<K-1

finite. Note that the spaces of smooth functions C?7([0,T]; E,,) in which well-posedness has been
established, depend on the parameters 3 and . However, the constants in the last coercive inequality
depend only on (. Hence, v can be chosen freely in [0, 5], which increases the number of function
spaces in which the scheme (3.4) is coercive well-posed . For example, it is important that the scheme
(3.4) is coercive well-posed in the Holder space without a weight (v = 0). The Holder degree 5 must
belong to (0,1) which does not allow us to establish the well-posedness of the scheme (3.4) in spaces
C.,.([0,T]; E,). These conclusions refer to the case of an arbitrary Banach space E,. But for some
restrictions of the arbitrary space E,, we are able to establish the well-posedness of the scheme (3.4)
in spaces C, ([0, T]; E,, ). Here the Banach space E,, ,,0 < a < 1, consists of those v,, € E,, for which

the norm || vy, ||g, .= sup z® || VA, (2L, + VA,) v, B, + || v || &, is finite.
2>0

Theorem 3.11 [2],[5] Let A, be strongly positive operator in a Banach space E, and A,ul +
or, Agul+oE=1 € E, .. Then the problem (3.4) is coercive well-posed in the space C27([0,T]; Epo—p)
with 0 <~y << a<l,ie.

M

0 1 T K-1 —
Cﬁ ’Y(OT] Ena ﬁ) < a(l _ O() (HAnuTL + SOTLHE'rL,af'y + ||Anun + (1071 ||En,o¢7'y + ||()OTLHCE,;’Y([O’T]’EH’&_[?))7

14T

where M s independent on n, 1,, o, 8,7 u,,u, and p,.
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3.4 Coercive inequalities in L? ([0,77]; E,) spaces

Denote by L? ([0,T7]; E,) for 1 < p < oo the space of the elements @, with the norm

1Ball 2z, (o 32y = (mezm

Theorem 3.12 [27] Let A, be strongly positive operator in a Banach space E,. Assume that problem
(3.4) is coercive well-posed in L¥°([0,T7]; E,) for some 1 < py < 0. Then it is also coercive well-posed
in L2 ([0,T); Ey,) for any 1 <p < o0, i.e.

M(po)
1A Unll 2 (0.1); En)+01<f}§g§{||U 1By S — 5

HQOnHL L ([0,T];Er) +M(HU0HEn l—l/p+||UT[L<||En,1—1/p)7
where M(po) and M are independent on n, 7., p, ud,ul and B,

The space E,,1_1/, coincides with equivalent norm with the space E1_1 /(v An, D(VAy)).

Theorem 3.13 [2],[5] Let A, be strongly positive operator in a Banach space E,. Then the problem
(3.4) is coercive well-posed in L ([0,T]; Ey o) for any 1 <p < oo, 0 <a <1, ie.

_ M
AnUn P . < —— (||©@ P . AnUO AnUK ,
|| ||Lrn([07T}xEn,a7p) — Oé(l . Oé) (HSOTLHLTTL([OyTLEn,a,p) + H nHEn.,a,p + H n ||En,a,p)

where M is independent on n, 7,, p,a u®, ul and B, .

Theorem 3.14 [2],[5] Let A, be strongly positive operator in a Banach space E,. Then the problem
(3.4) is coercive well-posed in LY ([0,T]; Epoyq), 1 <p,q< 00,0 <a <1, ie.

M(q)p®
(p—Da(l—a)

1A |22 o170 gy < 1Bz, (0178000 + M1 AU £y + [ AnUE |5 )

where M(q) and M are independent on n, T,, «, p, u2, ul and p,,.

Here, the interpolation space E, o, = Eaq(VAn, En), 0 < a < 1,1 < g < o0, consists of those
v, € E, for which the norm

HUTLHEn,a,q — </000 ")\O‘\/A»n<)\fn + An) U”HEn d)\)\)l/q

is finite and E, 400 = Ena-

Of course, in Subsections 3.2-3.4 well-posedness could be also proved for the high order of accuracy
two step difference schemes generated by an exact difference scheme or Taylor’s decomposition function
on three points for the approximate solutions of partial differential equations of the elliptic type
( see [2], [3], [9] ). In this case for the formulation of coercive statements of Subsections 3.2-3.4

for the schemes a high order of accuracy we just need to substitute in the statements A,U,, for
{Uk“ 2Uk+U’“*1}

7-2
Fmally, the well-posedness of the various elliptic differential and difference problems in Banach
spaces has been studied extensively by many researches, see [4], [8], [10], [11], [13], [17], [25], [29] and

the references therein.
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4 Main results

The purpose of this paper to complete the picture of well-posedness of the difference schemes in
L? (0,T1]; E,) space for general Banach space E, and also for the case of UMD Banach spaces £,.

4.1 Coercive inequality in general Banach space F,

In the following Theorem we assume that operators A, € B(E,) are bounded for any fixed n, so
B, € B(E,) as one can see from definition (3.6). As was mentioned in Section 2.1 one has ||A,| —
00, || Byl — 00 as n — oo, since A and v/A are unbounded in general.

Theorem 4.1 Let A,, be strongly positive operator in a Banach space E,. Then the problem (3.4) is
almost coercive stable in the space L? ([0,T; E,) for any 1 < p < oo, i.e.

1AWTulle, oz < M (1 AnUS 5, +HI AU || 2, +min (| In(1/7,)], 14| In || Byl 5,

)H‘Pn“LF ([0,77; En))
holds for any 1 < p < oo, where M is independent on n, 7,,ul,ul, and p,,.

Proof. The proof of this theorem in the case p = oo was obtained by Sobolevskii P.E. in [27]. It is
based on the estimate
0)

for any strongly positive operator B,,. Now, the proof of our theorem in the case p = 1 is carried out
according to the same scheme and is based on the estimate (4.7). So, we will consider the proof of
this theorem for any 1 < p < co. Applying formula (3.5), we can write

K-1
(4.7) > IBu(1+ 7.B,) |7 < M min (\ In(1/7,)|,1+ ‘ In || B, 5(&,

j=1

K-1

U = (I — R*X)(Rt — R2K—H) (ug Y BRI+ B (2 + Tan)—lgog;Tn)
j=1
k_l . .
— > B,'REI(I+7,B,) (24 7B,) "¢l 7,
=1
K-1 ) )
(I — R¥)"(RK—* _ RE+h) (uf 3 BIURECI(I 4 1,B)(2 + Tan)—1¢;Tn>
=1
K_l . .
— Y BRI 4 7 B) 2+ maBa) bt = Up + UF, 1 <k < K —1,
=k

We get almost coercive inequality proving the estimates

A AT s lls, oy < M (1408 5, +min (| 1n(L/m)], 1+ |10 | Bl s,

)HS%HLP ([0,T7; En))

AN ATzl o1y < M (14w, + min (|10(1/7)], 1+ [1n | Bull e
We have that

)H‘PnHLP ([0,T7; En))‘

K-1
Uy = (=B (R = B (uh X BRI+ mB) 2+ b))

Jj=1
k—1
— > B'RET(I 4 7,B,) (24 7Bn) ol = Wi (k) + Gu(k) + Vi(k).
7=1

12



It is known (see, for example [26]) that if operators A,, are strongly positive, i.e. (4.11) is satisfied,
then for operators B,, the following estimates hold:

(4.10) 17 = RE) TN < MR < M1+ 67) 7 jrallBaR < M, j > 1,

with § > 0. Using the estimate (4.10), we obtain

K-1
1

ZHAW e, m)7 < ZIII R )TN = RO Rl Aninl 2, )P 7) 7

K-1
1 1
< M| Awuplle, (D IR IPTa)7 < M| Avup g, (K70)? = M| Any | £,
k=1
Now let us estimate {A4,G,(k)} in the norm of L2 ([0,7T7; E,,). Set fi? = ¢l if j=1,---, K — 1, and
[ =0 otherwise. We have that

K—-1
A,Gu(k) = A(I—RF)VNRE— RPN BRI +7,B,)(2+ 7.B,) ol

j=1
k+K-1

= (I - R*)"NI - R Y B,RI(247,B,) "¢} "n,
j=k+1
2K—1

= (I — R¥™)7Y(I — R*-%) N° B,RI(2+ 7,,B,) L f9 7k,
j=1

Using this formula, Minkowski sum inequality and the estimate (4.10) it follows that

HAnG ()HL” ([0,T];En)

K-1 2K -1 1
= (XTI - B - RIS BB 2+ B e )
-
2K-1 ,K-1 1
< Y (X (10 =m0 = B @4 nB) ) BRI )
J=1 k=1

=

2K—-1

MY 1B, Rﬂn( Z 147 7)o

IN

By the definition of the grid function {f**}+' we obtain that

2K—-1

1AnGn (e orsen <M Y IBaRLI - 1®0llze, (0,775 T

j=1

Applying estimates (4.7) and (4.10), we obtain

1A4nGa )l o8,y < My min (| 1n(1/7)] 1+ | In ]| Bull s,

)H‘PnHLﬁn([O,T};Eny
Now let us estimate {A4,V,(-)} in the norm of L2 ([0,T]; E,). Set fi? =l if j=1,--- k—1,k =

1,---, K —1and f* =0 otherwise. We have that
k_l . .
AVu(k) = =AY B'REI(I+7,B,)(2+ 1.B,) 'l
=1
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k—1

= =Y B,RI(2+7,B,) "¢,
7=1
k—1 ] )

= —> B,RI(2+47,B,) " [T,

j=1

Using this formula, Minkowski sum inequality and the estimate (4.10) it follows that

T =

K-1 -
HMVUMKm&)=<§HQ:BW2+m&)ﬁk%MﬂJ

K-1 K-1
_ i s k—i 1
< DN+ mB) T IBRRIPIA M, 70) 7T
j=1 k=1

K-1 R )
< MY BRI e, 7) P T
=1 k=1
By the definition of the grid function {f**}2-! we obtain that
K-
AV ()2 (o118, < M Z | B, R, Nl Bl o198,

Applying the estimates (4.7), one gets

1AVl e, o735 < M min (| In(1/7,)], 1 + | ]| Bul| sz,

)HSOnHLP ([0,T);En)-

Finally, using the estimates for | A, W, ()2 (o155 14nGn( 22, (o118 a0d | AV llz2 qor1:80)
and using the triangle inequality we obtain the estimate (4.8). The proof of the estimate (4.9) is
carried out according to the same scheme as in (4.8) . Theorem is proved.

4.2 Coercive inequalities for UMD Banach spaces F,

In this Subsection we assume that spaces F, are UMD Banach spaces with the Hilbert transform
operators H, which are uniformly bounded in n. Moreover, we assume that operators A,, uniformly
positive, i.e. the following estimate holds

M
(4.11) [[(AL, + A,) 7Y < T for any A > 0

for some 1 < M < 0.

Lemma 4.1 Assume that the sets {s(sI, + A,)~" : s > 0} are R-bounded uniformly in n and (4.11)
is satisfied. Then the sets {\(Mil,, £ B,)~' : X € IR, X # 0}, are uniformly in n R-bounded.

Proof. Let us consider

1 A
i Bn‘lz—/ L+ A"
NI B = i Jo S et e A

2
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/ A p(pl, + A,) " tdp

1 A
— L+ Ay)Mdp+ ——
/ (p )" dp LV an+\/_\//W2—+4 p

211 Jip|<1 A+ PT+y/P\/ PTE+4 271
2

Since the set {p : |p| < 1,p € G} is compact and resolvent accordmg to (4.11) is analytic in the
neighborhood of {p : [p| < 1,p € G}, then by Corrolary 2.17 in [22] the first part is R-bounded set.
The second part after change of variables p = A5 is also R-bounded because of Corrolary 2.14 in [22].
Lemma is proved.

Theorem 4.2 Let operators A, be strongly positive operators in a UMD Banach spaces E,, and the
sets {s(sl, + A,)"' 1 s> 0} be uniformly in n R-bounded. Then the problem (3.4) is coercive stable
in the space L? ([0,T); E,) for any 1 < p < o0, i.e.

1AnT i, o130y < M(1AnUS N, + 1 AU |5, + 1Bl 2, o718

holds for any 1 < p < oo, where M is independent on n, 7,,u, ul, and B,

n?

Proof. The same way as in Theorem 4.1 we write U* = Uk + Ukz, 1 <k <K —1, and consider
for example just one term U | = W, (k) + G, (k) + V. (k). To estimate the term AV, (k) we use the fact
that { R/} is a discrete semigroup with generator R"T—;I" = —B,(I,, +7,B,)"!. Since by Lemma 4.1 the
sets {\(\il, + B,)"! : A € IR, \ # 0} are uniformly in n R-bounded one gets the result from Theorem
5.4 [5]. To do this one has to use identity A, = B%(I, + 7,B,)"!, inequalities (4.10) and check that
{A,(\L, — R)'Qur : M = 1,0 # £1} and {(A — )(A+ DA, (M, — R,)72QuT 1 [N = 1, # £1}
are R-bounded for 4, = —B,R,, and Q. = B, '(2I, + 7,B,)~". This can be done exactly the same
way as in Theorem 5.4 [5].

The term A, W, (k) can be estimated the same way as in Theorem 4.1. Let us consider the term

K—1 , :
A, G, (k). Since by (4.10) | B,RE| < i, it is enough to estimate just R > BRI (2+71,B,) ¢’ 7,.
j=1

Operator X! (k—i—] ~[|@ |7, is a discrete version of operator i =1 (s)|lds, which is bounded from
LP([0,T]; IR) to Lp([O T]; IR), see [15]. Theorem is proved.
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