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ABSTRACT

This paper is devoted to the numerical analysis of abstract elliptic differential equations
in Lp([0, T ];E) spaces. The presentation uses general approximation scheme and is based
on C0-semigroup theory and a functional analysis approach. For the solutions of difference
scheme of the second order accuracy, the almost coercive inequality in Lp

τn
([0, T ];En) spaces

with the factor min{| ln 1
τn
|, 1 + | ln ‖Bn‖B(En)|} is obtained. In the case of UMD space En

we establish a coercive inequality for the same scheme in Lp
τn

([0, T ];En) under the condition
of R-boundedness.
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1 Introduction

The importance of coercive (maximal regularity, well-posedness) inequalities is well-known [6], [7], [24].
The coercive inequality in the discrete case have at least two advantages. First, even if the continuous
coercive inequality does not hold for a certain problem, it is possible to get discrete inequalities, but
with the coercive constant depending on the discretization step size. Second, in the discrete case the
coercive inequality can be formulated in different ways and validity of the inequality may depend on
this formulation. In a recent paper [5], we have discussed the well-posedness in Lp

n([0, T ];En) spaces
of the difference schemes for abstract parabolic problems.

In present paper, we will investigate the well-posedness in Lp
n([0, T ];En) spaces of the difference

schemes for abstract elliptic problems. The paper is organized as follows. In Section 2 we give
description of the general approximation scheme, where discretisation is considered, introduce the
notion of positive operators and give an information on operator-function constructions using Dunford
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integral. Section 3 gives us orientation in discrete coercive inequalities and draws for the reader almost
complete picture of discrete coercive inequalities for abstract elliptic problems obtained during last
20 years. As we will see in Subsections 3.2 - 3.3 there are complete pictures of existence of coercive
inequalities in C([0, T ];E) and Cβ,γ([0, T ];E) spaces and it’s discrete analogues. We prove also that
if coercive inequalities in C([0, T ];E) holds then either A is bounded or E contains a closed subspace
which is isomorphic to c0. In the mean time the situation in Subsection 3.4 is not complete in the sense
that in general one got only extrapolation Theorem 3.12 and one could get coercive inequality just
for interpolation space En,α,p as in Theorem 3.13. Section 4 presents the main results of the paper,
where we are completing the picture in Lp

τn
([0, T ];En) spaces. First, we establish in Lp

τn
([0, T ];En)

for general Banach spaces En the coercive inequalities with the logarithm, as it is shown also for the
case of Cτn([0, T ];En) in Section 3. Secondly, we concern to UMD space case. A Banach space E has
the UMD–property, whenever Hilbert transform Hf(t) = 1

π
p.v.

∫ ∞
−∞

1
t−s
f(s)ds extends to a bounded

operator on Lp(IR;E) for some (all) p ∈ (1,∞). It is well known, that all subspaces and quotient
spaces of Lq(Ω, µ) with 1 < q <∞ have this property.

A set T ⊂ B(E) is called R–bounded, if there is a constant C <∞, such that for all Q1, . . . , Qk ∈ T
and x1, . . . , xk ∈ E, k ∈ IN,

∫ 1

0
‖

k∑

j=0

rj(ξ)Qj(xj)‖ dξ ≤ C
∫ 1

0
‖

k∑

j=0

rj(ξ)xj‖ dξ,(1.1)

where {rj(·)} is a sequence of independent symmetric {−1, 1}–valued random variables, e. g. the
Rademacher functions rj(t) = sign (sin(2jπt)) on [0, 1].

In [7] the coercive well-posedness in Lp([0, T ];E) of the problem

u′′(t) = Au(t) + f(t), t ∈ [0, T ], u(0) = u0, u(T ) = uT ,(1.2)

has been considered under condition of positivity of operator A. In such case operator −
√
A generates

analytic C0-semigroup.
If −

√
A generates an analytic exponentially decreasing C0-semigroup {exp(−z

√
A) : | arg (z)| ≤

δ}, on a Banach space E, then the following three sets are bounded in the operator norm

(i) {λ(λI ±
√
A)−1 : λ ∈ iIR, λ 6= 0};

(ii) {exp(−t
√
A), t

√
A exp(−t

√
A) : t > 0};

(iii) {exp(−z
√
A) : | arg z| ≤ δ}.

In the mean time if the space E is UMD space, then [20],[33],[34] the coercive well-posedness in
Lp([0, T ];E) of the problem

v′(t) = −
√
Av(t) + g(t), v(0) = v0, t ≥ 0,(1.3)

holds iff one of the sets (i)-(iii) is R-bounded. Moreover, coercive well-posedness of (1.2) in Lp([0, T ];E)
with u(0) = u(T ) = 0 implies [13] that (1.3) is coercive well-posed in Lp([0, T ];E) and therefore the
set {s(sI + A)−1 : s > 0} is R-bounded.

So as our second aim to get a discrete coercive inequality for central difference scheme for (1.2)
under condition of R-boundedness of the set {s(sIn + An)−1 : s > 0}. In this paper we consider the
difference scheme of second order accuracy only.
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2 Discretization of positive operators and semigroups

This section contains the notions we use and operate in Sections 3 and 4.

2.1 General approximation scheme

Let B(E) denote the Banach algebra of all linear bounded operators on a complex Banach space E.
The set of all linear closed densely defined operators in E will be denoted by C(E). We denote by σ(B)
the spectrum of the operator B, by ρ(B) the resolvent set of B. The general approximation scheme,
due to [18], [30], [31], [32] can be described in the following way. Let En and E be Banach spaces and
{pn} be a sequence of linear bounded operators pn : E → En, pn ∈ B(E,En), n ∈ IN = {1, 2, · · ·},
with the property:

‖pnx‖En → ‖x‖E as n→ ∞ for any x ∈ E.

Definition 2.1 The sequence of elements {xn}, xn ∈ En, n ∈ IN, is said to be P-convergent to x ∈ E
iff ‖xn − pnx‖En → 0 as n→ ∞ and we write this xn → x.

Definition 2.2 The sequence of bounded linear operators Bn ∈ B(En), n ∈ IN, is said to be PP-

convergent to the bounded linear operator B ∈ B(E) if for every x ∈ E and for every sequence

{xn}, xn ∈ En, n ∈ IN, such that xn → x one has Bnxn → Bx. We write then Bn → B.

For general examples of notions of P−convergence see [31].

Remark 2.1 If we put En = E and pn = I for each n ∈ IN , where I is the identity operator on

E, then Definition 2.1 leads to the traditional pointwise convergent bounded linear operators which we

denote by Bn → B.

In the case of unbounded operators, and we know in general infinitesimal generators are unbounded,
we consider the notion of compatibility.

Definition 2.3 The sequence of closed linear operators {An}, An ∈ C(En), n ∈ IN, are said to be

compatible with a closed linear operator A ∈ C(E) iff for each x ∈ D(A) there is a sequence {xn}, xn ∈
D(An) ⊆ En, n ∈ IN, such that xn → x and Anxn → Ax. We write (An, A) are compatible.

Usually in practice Banach spaces En are finite dimensional, although, in general, say for the case
of a closed operator A, we have dimEn → ∞ and ‖An‖B(En) → ∞ as n→ ∞.

For analytic C0-semigroups the following ABC Theorem holds

Theorem 2.1 [19], [23] Let operators A and An generate analytic C0-semigroups. The following

conditions (A) and (B1) are equivalent to condition (C1).
(A) Compatability. There exists λ ∈ ρ(A) ∩ ∩n ρ(An) such that the resolvents converge

(λIn − An)−1 → (λI − A)−1;
(B1) Stability. There are some constants M ≥ 1 and ω such that

‖(λIn −An)−1‖ ≤ M

|λ− ω| , Reλ > ω, n ∈ IN ;

(C1) Convergence. For any finite µ > 0 and some 0 < θ < π
2

we have

max
η∈Σ(θ,µ)

‖ exp(ηAn)u0
n − pn exp(ηA)u0‖ → 0

as n→ ∞ whenever u0
n → u0. Here Σ(θ, µ) = {z ∈ Σ(θ) : |z| ≤ µ}, and Σ(θ) = {z ∈ C : |arg z| ≤ θ}.
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2.2 Positive operators

An operator A acting in a Banach space E and having a dense domain D(A) is called positive if the
operator λI + A has bounded in E inverse and the estimate

||(λI + A)−1|| ≤ M1

1 + λ
for any λ ≥ 0(2.1)

holds for some 1 ≤ M1 < ∞. Note that from this estimate, evidently, it follows that the operator
λI + A has bounded in E inverse for all complex numbers

λ = σ + iτ ∈ G+
ε = G+

ε (M1), 0 < ε < 1,

such that

|τ | ≤ 1 − ε

M1
(1 + σ) for σ ≥ 0

and the estimate
‖(λI + A)−1‖ ≤ M2ε

−1(1 + |λ|)−1

holds for some M2 ∈ [1,∞) and ε ∈ (0, 1). It means [7] that the spectrum σ(A) of A is the subset of
set G−

ε = −G+
ε and inside of G−

ε and on its boundary ∂G−
ε the resolvent (λI +A)−1 is subject to the

bound
‖(λI + A)−1‖ ≤ M2ε

−1(1 + |λ|)−1, λ ∈ ∂G−
ε .(2.2)

Let ψ(z) be an analytic function on the neighborhood of σ(A), and suppose that ψ(·) satisfies the
estimate

(1 + |z|)α|ψ(z)| ≤ M3

for some 0 < α < +∞, 1 ≤M3 < +∞. Then the operator Cauchy-Riesz integral

ψ(A) =
1

2πi

∫

∂G−

ε

ψ(z)(zI + A)−1dz

converges in the operator norm and defines [21] a bounded linear operator ψ(A), a function of A.
In particular, the function ψ(A) = z−α defines a bounded operator A−α whenever α > 0. The

positive powers Aα = (A−α)−1, α > 0, of the operator A are defined. The operators Aα, α > 0, are
unbounded, and their domains D(Aα) are dense in E if A is unbounded. One has the continuous
embeddings D(Aα) ⊆ D(Aβ) if β ≤ α.

It is known (see, for example [26]) that the operator A1/2 has better spectral properties than the
positive operator A. In particular, the operator λI +

√
A has a bounded inverse for any complex

number λ with Reλ ≥ 0, and the estimate

‖(λI +
√
A)−1‖ ≤ M(|λ| + 1)−1, Reλ ≥ 0,

holds for some M ≥ 1. Thus, the operator −
√
A generates [26] analytic C0−semigroup on Banach

space E, i.e. the following estimates hold:

‖e−t
√

A‖ ≤ Me−δt, t ‖
√
Ae−t

√
A‖ ≤Me−δt, t > 0, δ > 0.(2.3)

As was mentioned in Introduction in case of coercive well-posedness of (1.2) in Lp([0, T ];E) it
follows that the set {λ(λI + A)−1 : λ > 0} is R-bounded. If the set {λ(λI + A)−1 : λ > 0} is R-
bounded one can directly show that the sets {λ(λiI ±

√
A)−1 : λ ∈ IR, λ 6= 0} are also R-bounded.

Indeed
√
λ(
√
λiI +

√
A)−1 = −

√
λ(
√
λiI −

√
A)(λI + A)−1 = −λi(λI + A)−1 +

√
λ
√
A(λI + A)−1
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for any λ > 0. Since {λ(λI + A)−1 : λ > 0} is R-bounded it is enough to prove that

√
λ
√
A(λI + A)−1 =

1

2πi

∫

∂G−

ε

√
λ
√
ρ

(λ+ ρ)

ρ(ρI + A)−1dρ

ρ

is R-bounded. After change of variables ρ = ηλ one gets

∫

∂Gε

ηλ(ηλI + A)−1 dη

(1 + η)
√
η

and the statemnet follows from Corollary 2.14 [22].

3 Coercive inequalities

In this section the notions of coercive inequalities are introduced. We give the complete picture of
historical overview for elliptic case.

3.1 Coercive inequalities for differential elliptic problems

In a Banach space E we consider the boundary value problem (1.2) with positive operator A and
f(·) is some function from some function space. The problem (1.2) can be considered in different
functional spaces. A function u(·) is called a solution in classical sense of the problem (1.2) if the
following conditions are satisfied:

i) u(·) is a twice continuously differentiable on the interval [0,T]. The derivative at the endpoints
of the segment are understood as the appropriate unilateral derivatives;

ii) the element u(t) belongs to D(A) for all t ∈ [0, T ], and the function Au(·) is continuous on the
interval [0, T ];

iii) u(·) satisfies the equation and boundary conditions (1.2).

A solution of problem (1.2) defined in this manner will be called as coercive well-posedness of
problem (1.2) in the space C([0, T ];E) of all continuous functions ϕ(·) defined on [0,T] with values in
E equipped with the norm ||ϕ(·)||C([0,T ];E) = max

0≤t≤T
||ϕ(t)||E. The coercive well-posedness in C([0, T ];E)

of the boundary value problem (1.2) means that for solution u(·) ∈ C([0, T ];E) coercive inequality

‖u′′(·)‖C([0,T ];E) + ‖Au(·)‖C([0,T ];E) ≤ M
(
‖f(·)‖C([0,T ];E) + ‖Au0‖E + ‖AuT‖E

)
(3.1)

holds with some constant M, which is independent on u0, uT , f(·) ∈ C([0, T ];E). It turns out [26] that
this positivity property (2.1) of the operator A in E is necessary condition of well-posedness of the
boundary value problem (1.2) in C([0, T ];E). One can ask: does the positivity of the operator A in
E imply the well-posedness of boundary value problem (1.2)? In general case (see [26]) the answer
is no, so the coercive inequality does not take place in C([0, T ];E) for the boundary value problem
(1.2). It is easy to show that u(·), defined on [0, T ] by the formula

u(t) = (I − e−2T
√

A)−1{(e−t
√

A − e−(2T−t)
√

A)u0 + (e−(T−t)
√

A − e−(T+t)
√

A)uT(3.2)
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+(e−(T−t)
√

A − e−(T+t)
√

A)(2
√
A)−1

∫ T

0
(e−(T−s)

√
A − e−(T+s)

√
A)f(s)ds}

−(2
√
A)−1

∫ T

0
(e−|t−s|

√
A − e−(t+s)

√
A)f(s)ds,

is an unique solution in C([0, T ];E) of problem (1.2) if, for example, u0, uT ∈ D(A2) and Af(·) ∈
C([0, T ];E) or f ′(·) ∈ C([0, T ];E).

Remark 3.1 We assumed here that the operator (I − exp(−2T
√
A))−1

exists and is bounded. Mean-

while, it is just enough to assume that (I − exp(−t
√
A))−1 ∈ B(E) holds for t ≥ t0 with some t0 > 0.

This assumption is satisfied in our case, since C0- semigroup exp(−t
√
A) is exponentially decreasing.

It follows [12] that (I − exp(−t
√
A))−1 ∈ B(E) for any t > 0.

We recall that the Cauchy problem (1.3) is coercive well-posed in the space C([0, T ];E), then
[16] operator

√
A has to be bounded or the space E contains a subspace isomorphic to c0. A similar

situation one gets for problem (1.2).

Theorem 3.1 Let A be the positive operator on E. Assume that problem (1.2) is coercive well-posed

in space C([0, T ];E). Then either A is bounded or E contains a closed subspace which is isomorphic

to c0.

Proof. The operator −
√
A generates analytic C0-semigroup. So for unbounded operator

√
A one can

find the sequences {tj}, {yj} such that ‖yj‖ ≤ 1, 0 ≤ tj → 0 and ‖tj
√
Ae−tj

√
Ayj‖ ≥ 1

2e
> 0. Now follow

[16] for the sequence 0 < tj <
1
2
tj−1, t0 = 1, we construct the sequence xj =

√
Ae−tj

√
Ayj,

√
Ae−

√
Ay0 6=

0, where ‖yj‖ ≤ 1. The first, one has inf ‖xj‖ > 0. The second, we are going to show that there is
a constant C̃ < ∞ such that ‖x0 ± x1 ± x2 ± ...xn‖ ≤ C̃ for any n. Existence of such sequence {xj}
is equivalent [16] to the statement of our theorem. From (3.1) for the case T = 2 and u0 = uT = 0
it follows that ‖Au(1)‖ ≤ C‖f(·)‖C([0,2];E) for any function f(·) ∈ C([0, 2];E). Let us put t = 1 and
consider in (3.2), after applying A to the function u(·), the term

√
A

2

∫ 2

0
e−|1−s|

√
Af(s)ds =

√
A

2

∫ 1

0
e−(1−s)

√
Af(s)ds+

√
A

2

∫ 2

1
e−(s−1)

√
Af(s)ds =

=
√
A

∫ 1

0
e−(1−s)

√
Af(s) + f(2 − s)

2
ds.

One can define now the function f(·) on 0 ≤ s ≤ 1 exactly the same as in [16] and extend it as
f(2 − s) = f(s) for 0 ≤ s ≤ 1. For such choice of f(·) as it is proved in [16] one has

‖
√
A(e−t

√
A ∗ f(t))(1) − (ǫ0x0 + ǫ1x1 + ...+ ǫnxn)‖ ≤ C̄ <∞

for |ǫj | = 1, ǫj ∈ IR, and therefore

‖ǫ0x0 + ǫ1x1 + ... + ǫnxn‖ ≤ ‖
√
A(e−t

√
A ∗ f(t))(1) − (ǫ0x0 + ǫ1x1 + ... + ǫnxn)‖+

+‖Au(1) −
√
A(e−t

√
A ∗ f(t))(1)‖ + ‖Au(1)‖ ≤ C̃ <∞.

In this way we constructed the sequence {xj} such that inf ‖xj‖ > 0 and ‖x0±x1±x2...±xn‖ ≤ C̃ <∞.
Theorem is proved.

Consider Cβ,γ([0, T ];E), 0 ≤ γ ≤ β, 0 < β < 1, the Banach space obtained by completion of the
set of smooth E-valued functions ϕ(·) on [0, T ] in the norm

‖ ϕ(·) ‖Cβ,γ([0,T ];E)= max
0≤t≤T

||ϕ(t)||E + sup
0≤t<t+τ≤T

(t+ τ)γ(T − t)γ ‖ ϕ(t+ τ) − ϕ(t) ‖E

τβ
.
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Theorem 3.2 [1], [7] Let A be the positive operator in a Banach space E and f(·) ∈ Cβ,γ([0, T ];E), 0 ≤
γ ≤ β, 0 < β < 1. Then the solution of the boundary value problem (1.2) belongs u(·) ∈ Cβ,γ([0, T ];E)
and the following coercive inequalities hold:

‖ u′′(·) ‖C([0,T ];Eβ−γ)≤M
(
‖ Au0 + f(0) ‖Eβ−γ

+ ‖ AuT + f(T ) ‖Eβ−γ
+β−1(1− β)−1 ‖ f ‖Cβ,γ([0,T ];E)

)

for Au0 + f(0) ∈ Eβ−γ, Au
T + f(T ) ∈ Eβ−γ ,

‖ u′′(·) ‖Cβ,γ([0,T ];E) + ‖ Au(·) ‖Cβ,γ([0,T ];E)

≤M
(
|Au0 + f(0)|β,γ

0 + |AuT + f(T )|β,γ
0 + β−1(1 − β)−1 ‖ f(·) ‖Cβ,γ([0,T ];E)

)

for Au0 + f(0) ∈ Eβ,γ
0 , AuT + f(T ) ∈ Eβ,γ

0 , where M is independent on β, γ, u0, uT and f(·). Here,

|w|β,γ
0 denotes norm of a Banach space Eβ,γ

0 , which consists of those w ∈ E for which the norm

|w|β,γ
0 = max

0≤z≤T
||e−z

√
Aw||E + sup

0≤z<z+τ≤T
τ−β(z + τ)γ(T − z)γ ||(e−(z+τ)

√
A − e−z

√
A)w||E

is finite and a Banach space Eα = Eα(
√
A,E), 0 < α < 1, consists of those v ∈ E for which the norm

‖ v ‖Eα= sup
z>0

z1−α ‖
√
A exp(−z

√
A)v ‖E + ‖ v ‖E is finite.

Consider Cβ,γ
0T ([0, T ], Eα−β), 0 ≤ γ ≤ β ≤ α, 0 < α < 1. To these there correspond the spaces of

traces Eβ,γ
α−β , which consist of elements w ∈ E for which the norm

|w|β,γ
α−β = max

0≤z≤1
||e−z

√
Aw||Eα−β

+ sup
0≤z<z+τ≤1

τ−β(z + τ)γ(1 − z)γ ||(e−(z+τ)
√

A − e−z
√

A)w||Eα−β

is finite.

Theorem 3.3 [1] Let A is the positive operator in a Banach space E, Au0 + f(0) ∈ Eβ,γ
α−β , Au

T +

f(T ) ∈ Eβ,γ
α−β and f(·) ∈ Cβ,γ([0, T ];Eα−β), 0 ≤ γ ≤ β ≤ α, 0 < α < 1. Then for the solution u(·) in

Cβ,γ([0, T ];Eα−β) of the boundary value problem (1.2) the coercive inequality

‖ u′′(·) ‖Cβ,γ([0,T ];Eα−β) + ‖ Au(·) ‖Cβ,γ([0,T ];Eα−β) + ‖ u′′(·) ‖C([0,T ];Eβ,γ
α−β

)

≤ M
(
|Au0 + f(0)|β,γ

α−β + |AuT + f(T )|β,γ
α−β + α−1(1 − α)−1 ‖ f(·) ‖Cβ,γ([0,T ];Eα−β)

)

holds, where M is independent on α, β, γ, u0, uT and f(·).

Theorem 3.4 [1] Let A is the positive operator in a Banach space E, Au0 + f(0) ∈ Eα−γ , Au
T +

f(T ) ∈ Eα−β and f(·) ∈ Cβ,γ([0, T ];Eα−γ), 0 ≤ γ ≤ β ≤ α, 0 < α < 1. Then for the solution u(·) in

Cβ,γ([0, T ];Eα−β) of the boundary value problem (1.2) the coercive inequality

‖ u′′(·) ‖Cβ,γ([0,T ];Eα−β) + ‖ Au(·) ‖Cβ,γ([0,T ];Eα−β) + ‖ u′′(·) ‖C([0,T ];Eα−γ)

≤ Mα−1(1 − α)−1
(
‖ Au0 + f(0) ‖Eα−γ + ‖ AuT + f(T ) ‖Eα−γ + ‖ f(·) ‖Cβ,γ([0,T ];Eα−β)

)

holds, where M is independent on α, β, γ, u0, uT and f(·).
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Let us consider the problem (1.2) in the spaces Lp([0, T ];E), 1 ≤ p < ∞, of all strongly measurable

E−valued functions v(·) on [0, T ] with the norm ‖ v ‖Lp([0,T ];E)= (
T∫
0
‖ v(t) ‖p

E dt)
1
p . A function v(·)

is said to be absolutely continuous if it has a derivative v′(t) for almost every t such that v′(·) ∈
L1([0, T ];E), and if the Newton-Leibniz formula v(t) − v(τ) =

t∫
τ
v′(s)ds holds for all t, τ ∈ [0, T ].

Here the integral is understood in the sense of Bochner. A function u(·) is said to be a solution of
the problem (1.2) in Lp([0, T ];E) if it is absolutely continuous, the functions u′′(·) and Au(·) belong
to Lp([0, T ];E) , equation (1.2) is satisfied for almost every t, and u(0) = u0, u(T ) = uT . From
this definition it follows that a necessary condition for the solvability of problem (1.2) in Lp([0, T ];E)
is that f(·) ∈ Lp([0, T ];E). One can show that in certain cases this condition is also sufficient for
the solvability of problem (1.2). As concerns the boundary elements, in contrast to the situation
considered earlier, from the solvability of problem (1.2) in Lp([0, T ];E) it follows only that u0, uT

∈ E. From the unique solvability of (1.2) it follows that the operator u(t; f(t), u0, uT ) is bounded in
Lp([0, T ];E) and one has coercive inequality

‖u′′‖Lp([0,T ];E) + ‖Au(t)‖Lp([0,T ];E) ≤MC

(
‖f(·)‖Lp([0,T ];E) + ||Au0||E + ||AuT ||E

)
,

where 1 ≤MC < +∞ is independent on u0, uT and f(·). From that one can obtain the positivity of
A under the stronger assumption that the operator A−1 is compact in E [28].

Theorem 3.5 [28] Let A is the positive operator in a Banach space E. Suppose the problem (1.2) is

coercive well-posed in Lp0([0, T ];E) for some 1 < p0 <∞. Then it is coercive well-posed in Lp([0, T ];E)
for any 1 < p <∞ and the coercivity inequality holds:

||u′′(·)‖Lp([0,T ],E) + ‖Au(·)‖Lp([0,T ],E) + ‖u(·)‖C(E1−1/p,p(
√

A,D(
√

A))

≤ M(p0)p
2

p− 1
‖f(·)‖Lp([0,T ];E) +M

(
||u0‖E1−1/p,p(

√
A,D(

√
A)) + ||uT‖E1−1/p,p(

√
A,D(

√
A))

)
,

where M(p0) and M are independent on p, u0, uT and f(·).

Theorem 3.6 [14] Let 1 < p < ∞ and 0 < α < 1. Suppose that A is the positive operator in

a Banach space E. Then problem (1.2) is coercive well-posed in Lp([0, T ];Eα,p) and the coercivity

inequality holds:

||u′′(·)‖Lp([0,T ];Eα,p) + ‖Au(·)‖Lp([0,T ];Eα,p)

≤ M

α(1 − α)
‖f(·)‖Lp([0,T ];Eα,p) +M

(
||Au0‖Eα,p + ||AuT‖Eα,p

)
,

where M is independent on α, p, u0, uT and f(·).

From these theorems it follows

Theorem 3.7 Let 1 < p, q <∞ and 0 < α < 1. Suppose that A is the positive operator in a Banach

space E. Then problem (1.2) is coercive well-posed in Lp([0, T ];Eα,q) and the coercivity inequality holds:

||u′′(·)‖Lp([0,T ],Eα,q) + ‖Au(·)‖Lp([0,T ];Eα,q) ≤

≤ M(q)

α(1 − α)
‖f(·)‖Lp([0,T ];Eα,q) +M(||Au0‖Eα,q + ||AuT‖Eα,q),
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whereM(q) andM are independent on α, p, u0, uT and f(·). Here a Banach space Eα,q = Eα,q(
√
A,E),

0 < α < 1, 1 < q <∞, consists of those v ∈ E for which the norm

‖ v ‖Eα,q= (
∫ ∞

0
λ1−α ‖

√
A exp(−λ

√
A)v ‖q

E

dλ

λ
)
1/q

is finite.

3.2 Coercive inequalities in Cτn
([0, T ];En) spaces

The semidiscrete approximation of (1.2) are the boundary value problems in Banach spaces En :

u′′n(t) = Anun(t) + fn(t), t ∈ [0, T ], un(0) = u0
n, un(T ) = uT

n ,(3.3)

with strongly positive operators An, An and A are compatible, u0
n → u0, uT

n → uT and fn(·) → f(·)
in appropriate sense of P−convergence.

The investigation of discretization of the boundary value problem (1.2) with respect to one variable
t only includes, in view of the arbitrariness of A, the general approximation method in applications,
if the differential operator in other variables A, is replaced by the approximation operators An which
are acting in a Banach spaces En and are uniformly positive in n (see Theorem ABC). Therefore
Theorems 3.2 - 3.7 permit us to establish the coercive stability inequalities for the solutions of the
boundary value problem (3.3) under the condition of positivity of An uniformly in n.

Here we are going to describe the discretization of (3.3) in variable t. Let us denote Un =
(U0

n, ..., U
K
n ) and AnUn = {AnU

k
n}K−1

k=1 . One of the simplest difference scheme is

Uk+1
n − 2Uk

n + Uk−1
n

τ 2
n

= AnU
k
n + ϕk

n, k ∈ {1, ..., [ T
τn

] − 1}, U0
n = u0

n, U
K
n = uT

n ,(3.4)

where, for example, in the case of fn(·) ∈ C([0, T ];En) one can put

ϕk
n = fn(kτn), k ∈ {1, ..., K − 1}, K = [

T

τn
],

and in the case fn(·) ∈ L1([0, T ];En) one can put

ϕk
n =

1

2τn

∫ tk+1

tk−1

fn(s)ds, tk = kτn, k ∈ {1, ..., K − 1}.

We have that

Uk
n = (I − R2K

n )−1(Rk
n − R2K−k

n )
(
u0

n +
K−1∑

j=1

B−1
n Rj

n(I + τnBn)(2 + τnBn)−1ϕj
nτn

)
(3.5)

−
K−1∑

j=1

B−1
n R|k−j|

n (I + τnBn)(2 + τBn)−1ϕj
nτn

+(I −R2K
n )−1(RK−k

n − RK+k
n )

(
uT

n +
K−1∑

j=1

B−1
n RK−j

n (I + τnBn)(2 + τnBn)−1ϕj
nτn

)
,

where

Rn = (In + τnBn)−1, Bn =
Anτn +

√
An

√
τ 2
nAn + 4

2
.(3.6)

Denote by Cτn([0, T ];En) the space of the elements ϕn = {ϕk
n}K−1

k=1 such that ϕk
n ∈ En, k ∈ {1, ..., K −

1}, with the norm ‖ϕn‖Cτn([0,T ];En) = max
1≤k≤K−1

‖ϕk
n‖En.
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Theorem 3.8 [27] Let An be strongly positive operator in a Banach space En uniformly in n. Then

the problem (3.4) is stable in the space Cτn([0, T ];En), i.e.

‖Un‖Cτn([0,T ];En) ≤M
(
‖ϕn‖Cτn ([0,T ];En) + ‖u0

n‖En + ‖uT
n‖En

)
,

where M is independent on n, τn, u
0
n, u

T
n and ϕn.

In general problem (3.4) is not coercive well-posed in Cτn([0, T ];En) space.

Theorem 3.9 [27] Let An be strongly positive operator in a Banach space En. Then the problem

(3.4) is almost coercive stable in the space Cτn([0, T ];En), i.e.

‖AnUn‖Cτn ([0,T ];En) ≤M
(
‖Anu

0
n‖En+‖Anu

T
n‖En+min

(
| ln(1/τn)|, 1+

∣∣∣∣ ln ‖Bn‖B(En)

∣∣∣∣
)
‖ϕn‖Cτn ([0,T ];En)

)
,

where M is independent on n, τn, u
0
n, u

T
n and ϕn.

3.3 Coercive inequalities in Cβ,γ
τn

([0, T ];En) spaces

Denote by Cβ,γ
τn

([0, T ];En) for 0 ≤ γ ≤ β < 1 the space of the elements ϕn = {ϕk
n}K−1

k=1 with the norm

‖ϕn‖Cβ,γ
τn ([0,T ];En) = max

1≤k≤K−1
‖ϕk

n‖En + max
1≤k<k+l≤K−1

‖ϕk+l
n − ϕk

n‖En(τn(k + l))γ(T − τnk)
γ(lτn)−β.

Theorem 3.10 [2], [3] Let An be strongly positive operator in a Banach space En and Anu
0
n +

ϕ1
n, Anu

T
n + ϕK−1

n ∈ Ẽn
β,γ
. Then the problem (3.4) is coercive well-posed in the space Cβ,γ

τn
([0, T ];En)

with 0 ≤ γ ≤ β < 1, i.e.

‖AnUn‖Cβ,γ
τn ([0,T ];En) ≤

M

β(1 − β)

(
|Anu

0
n + ϕ1

n|Ẽn
β,γ + |Anu

T
n + ϕK−1

n |
Ẽn

β,γ + ‖ϕn‖Cβ,γ
τn ([0,T ];En)

)
,

where M is independent on n, τn, β, γ u
0
n, u

T
n and ϕn.

Here, |wn|β,γ
n denotes the norm of a Banach space Ẽn

β,γ
, which consists of those wn ∈ En for which

the norm |wn|β,γ
n = max

1≤k≤K−1
||Rk

nwn||En + sup
1≤k<k+r≤K−1

t−β
r (tk + tr)

γ(T − tk)
γ ||(Rk+r

n − Rk
n)wn||En is

finite. Note that the spaces of smooth functions Cβ,γ
τn

([0, T ];En) in which well-posedness has been
established, depend on the parameters β and γ. However, the constants in the last coercive inequality
depend only on β. Hence, γ can be chosen freely in [0, β], which increases the number of function
spaces in which the scheme (3.4) is coercive well-posed . For example, it is important that the scheme
(3.4) is coercive well-posed in the Holder space without a weight (γ = 0). The Holder degree β must
belong to (0, 1) which does not allow us to establish the well-posedness of the scheme (3.4) in spaces
Cτn([0, T ];En). These conclusions refer to the case of an arbitrary Banach space En. But for some
restrictions of the arbitrary space En we are able to establish the well-posedness of the scheme (3.4)
in spaces Cτn([0, T ];En,α). Here the Banach space En,α, 0 < α < 1, consists of those vn ∈ En for which
the norm ‖ vn ‖En,α= sup

z>0
zα ‖

√
An(zIn +

√
An)−1vn ‖En + ‖ vn ‖En is finite.

Theorem 3.11 [2], [3] Let An be strongly positive operator in a Banach space En and Anu
0
n +

ϕ1
n, Anu

T
n+ϕK−1

n ∈ En,α−γ. Then the problem (3.4) is coercive well-posed in the space Cβ,γ
τn

([0, T ];En,α−β)
with 0 ≤ γ ≤ β ≤ α < 1, i.e.

‖AnUn‖
C

β,γ
τn

([0,T ];En,α−β)
≤ M

α(1 − α)

(
‖Anu

0
n +ϕ1

n‖En,α−γ + ‖Anu
T
n +ϕK−1

n ‖En,α−γ + ‖ϕn‖Cβ,γ
τn ([0,T ];En,α−β)

)
,

where M is independent on n, τn, α, β, γ u
0
n, u

T
n and ϕn.
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3.4 Coercive inequalities in Lp
τn

([0, T ];En) spaces

Denote by Lp
τn

([0, T ];En) for 1 ≤ p <∞ the space of the elements ϕn with the norm

‖ϕn‖Lp
τn ([0,T ];En) =

( K−1∑

j=1

‖ϕj
n‖p

En
τn

)1/p
.

Theorem 3.12 [27] Let An be strongly positive operator in a Banach space En. Assume that problem

(3.4) is coercive well-posed in Lp0
τn

([0, T ];En) for some 1 < p0 <∞. Then it is also coercive well-posed

in Lp
τn

([0, T ];En) for any 1 < p <∞, i.e.

‖AnUn‖Lp
τn ([0,T ];En) + max

0≤k≤K
‖Uk

n‖En,1−1/p
≤ M(p0)p

2

p− 1
‖ϕn‖Lp

τn([0,T ];En) +M
(
‖U0

n‖En,1−1/p
+‖UK

n ‖En,1−1/p

)
,

where M(p0) and M are independent on n, τn, p, u
0
n, u

T
n and ϕn.

The space En,1−1/p coincides with equivalent norm with the space E1−1/p,p(
√
An, D(

√
An)).

Theorem 3.13 [2], [3] Let An be strongly positive operator in a Banach space En. Then the problem

(3.4) is coercive well-posed in Lp
τn

([0, T ];En,α,p) for any 1 ≤ p ≤ ∞, 0 < α < 1, i.e.

‖AnUn‖Lp
τn([0,T ];En,α,p) ≤

M

α(1 − α)

(
‖ϕn‖Lp

τn ([0,T ];En,α,p) + ‖AnU
0
n‖En,α,p + ‖AnU

K
n ‖En,α,p

)
,

where M is independent on n, τn, p, α u0
n, u

T
n and ϕn.

Theorem 3.14 [2], [3] Let An be strongly positive operator in a Banach space En. Then the problem

(3.4) is coercive well-posed in Lp
τn

([0, T ];En,α,q), 1 < p, q <∞, 0 < α < 1, i.e.

‖AnUn‖Lp
τn([0,T ];En,α,q) ≤

M(q)p2

(p− 1)α(1 − α)
‖ϕn‖Lp

τn([0,T ];En,α,q) +M
(
‖AnU

0
n‖En,α,q + ‖AnU

K
n ‖En,α,q

)
,

where M(q) and M are independent on n, τn, α, p, u
0
n, u

T
n and ϕn.

Here, the interpolation space En,α,q = Eα,q(
√
An, En), 0 < α < 1, 1 < q < ∞, consists of those

vn ∈ En for which the norm

‖vn‖En,α,q =
( ∫ ∞

0
‖λα

√
An

(
λIn +

√
An

)−1

vn‖q
En

dλ

λ

)1/q

is finite and En,α,∞ = En,α.
Of course, in Subsections 3.2-3.4 well-posedness could be also proved for the high order of accuracy

two step difference schemes generated by an exact difference scheme or Taylor’s decomposition function
on three points for the approximate solutions of partial differential equations of the elliptic type
( see [2], [3], [9] ). In this case for the formulation of coercive statements of Subsections 3.2-3.4
for the schemes a high order of accuracy we just need to substitute in the statements AnUn for

{Uk+1
n −2Uk

n+Uk−1
n

τ2
n

}.
Finally, the well-posedness of the various elliptic differential and difference problems in Banach

spaces has been studied extensively by many researches, see [4], [8], [10], [11], [13], [17], [25], [29] and
the references therein.
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4 Main results

The purpose of this paper to complete the picture of well-posedness of the difference schemes in
Lp

τn
([0, T ];En) space for general Banach space En and also for the case of UMD Banach spaces En.

4.1 Coercive inequality in general Banach space En

In the following Theorem we assume that operators An ∈ B(En) are bounded for any fixed n, so
Bn ∈ B(En) as one can see from definition (3.6). As was mentioned in Section 2.1 one has ‖An‖ →
∞, ‖Bn‖ → ∞ as n→ ∞, since A and

√
A are unbounded in general.

Theorem 4.1 Let An be strongly positive operator in a Banach space En. Then the problem (3.4) is

almost coercive stable in the space Lp
τn

([0, T ];En) for any 1 ≤ p ≤ ∞, i.e.

‖AnUn‖Lp
τn ([0,T ];En) ≤ M

(
‖AnU

0
n‖En+‖AnU

K
n ‖En+min

(
| ln(1/τn)|, 1+

∣∣∣ ln ‖Bn‖B(En)

∣∣∣
)
‖ϕn‖Lp

τn([0,T ];En)

)
.

holds for any 1 ≤ p ≤ ∞, where M is independent on n, τn, u
0
n, u

T
n , and ϕn.

Proof. The proof of this theorem in the case p = ∞ was obtained by Sobolevskii P.E. in [27]. It is
based on the estimate

K−1∑

j=1

‖Bn(1 + τnBn)−j‖τn ≤M min
(
| ln(1/τn)|, 1 +

∣∣∣ ln ‖Bn‖B(En)

∣∣∣
)

(4.7)

for any strongly positive operator Bn. Now, the proof of our theorem in the case p = 1 is carried out
according to the same scheme and is based on the estimate (4.7). So, we will consider the proof of
this theorem for any 1 < p <∞. Applying formula (3.5), we can write

Uk
n = (I −R2K

n )−1(Rk
n − R2K−k

n )
(
u0

n +
K−1∑

j=1

B−1
n Rj

n(I + τnBn)(2 + τnBn)−1ϕj
nτn

)

−
k−1∑

j=1

B−1
n Rk−j

n (I + τnBn)(2 + τBn)−1ϕj
nτn

+(I − R2K
n )−1(RK−k

n −RK+k
n )

(
uT

n +
K−1∑

j=1

B−1
n RK−j

n (I + τnBn)(2 + τnBn)−1ϕj
nτn

)

−
K−1∑

j=k

B−1
n Rj−k

n (I + τnBn)(2 + τnBn)−1ϕj
nτn = Uk

n,1 + Uk
n,2, 1 ≤ k ≤ K − 1,

We get almost coercive inequality proving the estimates

‖AnUn,1‖Lp
τn([0,T ];En) ≤M

(
‖Anu

0
n‖En + min

(
| ln(1/τn)|, 1 +

∣∣∣ ln ‖Bn‖B(En)

∣∣∣
)
‖ϕn‖Lp

τn ([0,T ];En)

)
,(4.8)

‖AnUn,2‖Lp
τn([0,T ];En) ≤M

(
‖Anu

T
n‖En + min

(
| ln(1/τn)|, 1 +

∣∣∣ ln ‖Bn‖B(En)

∣∣∣
)
‖ϕn‖Lp

τn ([0,T ];En)

)
.(4.9)

We have that

Uk
n,1 = (I − R2K

n )−1
(
Rk

n − R2K−k
n

)(
u0

n +
K−1∑

j=1

B−1
n Rj

n(I + τnBn)(2 + τnBn)−1ϕj
nτn

)

−
k−1∑

j=1

B−1
n Rk−j

n (I + τnBn)(2 + τnBn)−1ϕj
nτn = Wn(k) +Gn(k) + Vn(k).
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It is known (see, for example [26]) that if operators An are strongly positive, i.e. (4.11) is satisfied,
then for operators Bn the following estimates hold:

||(In −R2K
n )−1|| ≤M, ‖Rj

n‖ ≤M(1 + δτn)−j, jτn‖BnR
j
n‖ ≤M, j ≥ 1,(4.10)

with δ > 0. Using the estimate (4.10), we obtain

(
K−1∑

k=1

‖AnWn(k)‖p
En
τn)

1
p ≤ (

K−1∑

k=1

(‖(I − R2K
n )−1(I −R2K−2k

n )‖ ‖Rk
n‖‖Anu

0
n‖En)pτn)

1
p

≤M‖Anu
0
n‖En(

K−1∑

k=1

‖Rk
n‖pτn)

1
p ≤M1‖Anu

0
n‖En(Kτn)

1
p = M2‖Anu

0
n‖En .

Now let us estimate {AnGn(k)} in the norm of Lp
τn

([0, T ];En). Set f ∗,j
n = ϕj

n if j = 1, · · · , K − 1, and
f ∗,j

n = 0 otherwise. We have that

AnGn(k) = An(I − R2K
n )−1(Rk

n − R2K−k
n )

K−1∑

j=1

B−1
n Rj

n(I + τnBn)(2 + τnBn)−1ϕj
nτn

= (I − R2K
n )−1(I −R2K−2k

n )
k+K−1∑

j=k+1

BnR
j
n(2 + τnBn)−1ϕj−k

n τn

= (I − R2K
n )−1(I −R2K−2k

n )
2K−1∑

j=1

BnR
j
n(2 + τnBn)−1f ∗,j−k

n τn.

Using this formula, Minkowski sum inequality and the estimate (4.10) it follows that

‖AnGn(·)‖Lp
τn([0,T ];En)

=
( K−1∑

k=1

‖(I − R2K
n )−1(I −R2K−2k

n )
2K−1∑

j=1

BnR
j
n(2 + τnBn)−1f ∗,j−k

n τn‖p
En
τn

) 1
p

≤
2K−1∑

j=1

( K−1∑

k=1

(
‖(I −R2K

n )−1(I − R2K−2k
n )(2 + τnBn)−1||

)p

||BnR
j
n‖p‖f ∗,j−k

n ‖p
Eτn

) 1
p

τn

≤ M
2K−1∑

j=1

||BnR
j
n‖

( K−1∑

k=1

‖f ∗,j−k
n ‖p

En
τn

) 1
p

τn.

By the definition of the grid function {f ∗,k
n }K−1

k=1 we obtain that

‖AnGn(·)‖Lp
τn([0,T ];En) ≤M

2K−1∑

j=1

||BnR
j
n‖ · ‖ϕn‖Lp

τn ([0,T ];En)τn.

Applying estimates (4.7) and (4.10), we obtain

‖AnGn(·)‖Lp
τn([0,T ];En) ≤M1 min

(
| ln(1/τn)|, 1 +

∣∣∣ ln ‖Bn‖B(En)

∣∣∣
)
‖ϕn‖Lp

τn ([0,T ];En).

Now let us estimate {AnVn(·)} in the norm of Lp
τn

([0, T ];En). Set f ∗,j
n = ϕj

n if j = 1, · · · , k− 1, k =
1, · · · , K − 1 and f ∗,j

n = 0 otherwise. We have that

AnVn(k) = −An

k−1∑

j=1

B−1
n Rk−j

n (I + τnBn)(2 + τnBn)−1ϕj
nτn
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= −
k−1∑

j=1

BnR
j
n(2 + τnBn)−1ϕk−j

n τn

= −
k−1∑

j=1

BnR
j
n(2 + τnBn)−1f ∗,k−j

n τn.

Using this formula, Minkowski sum inequality and the estimate (4.10) it follows that

‖AnVn(·)‖Lp
τn([0,T ];En) =

( K−1∑

k=1

||
K−1∑

j=1

BnR
j
n(2 + τnBn)−1f ∗,k−j

n τn‖p
En
τn

) 1
p

≤
K−1∑

j=1

||(2 + τnBn)−1||(
K−1∑

k=1

||BnR
j
n‖p‖f ∗,k−j

n ‖p
En
τn)

1
p τn

≤ M
K−1∑

j=1

||BnR
j
n‖(

K−1∑

k=1

‖f ∗,k−j
n ‖p

En
τn)

1
p τn.

By the definition of the grid function {f ∗,k
n }K−1

k=1 we obtain that

‖AnVn(·)‖Lp
τn([0,T ];En) ≤M

K−1∑

j=1

||BnR
j
n‖τn‖ϕn‖Lp

τn([0,T ];En).

Applying the estimates (4.7), one gets

‖AnVn(·)‖Lp
τn([0,T ];En) ≤M1 min

(
| ln(1/τn)|, 1 +

∣∣∣ ln ‖Bn‖B(En)

∣∣∣
)
‖ϕn‖Lp

τn([0,T ];En).

Finally, using the estimates for ‖AnWn(·)‖Lp
τn([0,T ];En), ‖AnGn(·)‖Lp

τn([0,T ];En), and ‖AnVn(·)‖Lp
τn([0,T ];En)

and using the triangle inequality we obtain the estimate (4.8). The proof of the estimate (4.9) is
carried out according to the same scheme as in (4.8) . Theorem is proved.

4.2 Coercive inequalities for UMD Banach spaces En

In this Subsection we assume that spaces En are UMD Banach spaces with the Hilbert transform
operators Hn which are uniformly bounded in n. Moreover, we assume that operators An uniformly
positive, i.e. the following estimate holds

||(λIn + An)−1|| ≤ M

1 + λ
for any λ ≥ 0(4.11)

for some 1 ≤M <∞.

Lemma 4.1 Assume that the sets {s(sIn +An)−1 : s > 0} are R-bounded uniformly in n and (4.11)
is satisfied. Then the sets {λ(λiIn ± Bn)−1 : λ ∈ IR, λ 6= 0}, are uniformly in n R-bounded.

Proof. Let us consider

λ(λiIn +Bn)−1 =
1

2πi

∫

G

λ

λi+
ρτn+

√
ρ
√

ρτ2
n+4

2

(ρIn + An)−1dρ
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=
1

2πi

∫

|ρ|≤1

λ

λi+
ρτn+

√
ρ
√

ρτ2
n+4

2

(ρIn + An)−1dρ+
1

2πi

∫

|ρ|≥1

λ

λi+
ρτn+

√
ρ
√

ρτ2
n+4

2

ρ(ρIn + An)−1dρ

ρ
.

Since the set {ρ : |ρ| ≤ 1, ρ ∈ G} is compact and resolvent according to (4.11) is analytic in the
neighborhood of {ρ : |ρ| ≤ 1, ρ ∈ G}, then by Corrolary 2.17 in [22] the first part is R-bounded set.
The second part after change of variables ρ = λ2η is also R-bounded because of Corrolary 2.14 in [22].
Lemma is proved.

Theorem 4.2 Let operators An be strongly positive operators in a UMD Banach spaces En and the

sets {s(sIn + An)−1 : s > 0} be uniformly in n R-bounded. Then the problem (3.4) is coercive stable

in the space Lp
τn

([0, T ];En) for any 1 < p <∞, i.e.

‖AnUn‖Lp
τn ([0,T ];En) ≤M

(
‖AnU

0
n‖En + ‖AnU

K
n ‖En + ‖ϕn‖Lp

τn([0,T ];En)

)

holds for any 1 < p <∞, where M is independent on n, τn, u
0
n, u

T
n , and ϕn.

Proof. The same way as in Theorem 4.1 we write Uk
n = Uk

n,1 + Uk
n,2, 1 ≤ k ≤ K − 1, and consider

for example just one term Uk
n,1 = Wn(k)+Gn(k)+Vn(k). To estimate the term AnVn(k) we use the fact

that {Rj
n} is a discrete semigroup with generator Rn−In

τn
= −Bn(In + τnBn)−1. Since by Lemma 4.1 the

sets {λ(λiIn +Bn)−1 : λ ∈ IR, λ 6= 0} are uniformly in n R-bounded one gets the result from Theorem
5.4 [5]. To do this one has to use identity An = B2

n(In + τnBn)−1, inequalities (4.10) and check that
{Ǎn(λIn − Rn)−1Qnτn : |λ| = 1, λ 6= ±1} and {(λ− 1)(λ+ 1)Ǎn(λIn − Rn)−2Qnτn : |λ| = 1, λ 6= ±1}
are R-bounded for Ǎn = −BnRn and Qn = B−1

n (2In + τnBn)−1. This can be done exactly the same
way as in Theorem 5.4 [5].

The term AnWn(k) can be estimated the same way as in Theorem 4.1. Let us consider the term

AnGn(k). Since by (4.10) ‖BnR
K
n ‖ ≤ M

Kτn
, it is enough to estimate just Rk

n

K−1∑
j=1

BnR
j
n(2+τnBn)−1ϕj

nτn.

Operator ΣK−1
j=1

1
(k+j)τn

‖ϕj
n‖τn is a discrete version of operator

∫ T
0

1
t+s

‖f(s)‖ds, which is bounded from

Lp([0, T ]; IR) to Lp([0, T ]; IR), see [15]. Theorem is proved.
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