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ABSTRACT. We consider elliptic equations of the form L*p = v for measures on R”.
The membership of solutions in the Sobolev classes W71 (R") is established under ap-
propriate conditions on the coefficients of L. Bounds of the form g(z) < C®(x)~! for
the corresponding densities are obtained.

Résumé. Nous considérons les équations elliptiques sous la forme L*u = v pour des mesures
sur R™. Sous les conditions appropriées sur les coefficients de L nous montrons que les solutions
appartient aux classes de Sobolev WP1(R"). Une majoration de la forme o(x) < C®(x)~! est
obtenu.

1. INTRODUCTION
In recent years there has been a growing interest in the elliptic equations
L'n=0 (1.1)

for measures (see [1]-[13], [17], [18], where one can find additional references). The inter-
pretation of such an equation is the following: given an elliptic operator L of the form

Lf = LA,bf = Z aijamaxjf + Zblazz,ﬁ (12)
ij=1 i=1
where z +— A(z) = (aij (x)) is a Borel mapping with values in the space of positive

symmetric matrices and z — b(z) = (b'(z)) is a Borel measurable vector field, we say
that a measure p on R™ is a solution to (1.1) if Ly € L*(|u|) for all ¢ € C5°(R™) and one
has

/Lgp dup = 0. (1.3)
One can also consider divergence form operators
Lf=Lapf =" 0:(a0,,f)+ Y b0y f. (1.4)
ij=1 i=1

For divergence form operators with a¥ € W,:" and a,9,,a",b" € L}, (|u]) equation (1.1)
is equivalent to the equation

div (AVpu —bp) =0
in the sense of distributions. We write

Ly:=Lap, La:=Lap.
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The LP-spaces with respect to Lebesgue measure on R" are denoted by LP(R™), but
in the case of a different measure i we use the notation LP(u). Let WP"(R™) denote
the Sobolev class of functions that belong to LP(R™) along with their generalized partial
derivatives of order up to r. The class W}/ consists of all functions f such that (f €
Wrr(R™) for every ¢ € Cg°(R™). The class L} (R") is defined similarly. The dual to
WPL(R") is denoted by WP ~1(R"), p' := p(p — 1)~*. Analogous notation is used for
classes on a domain.

Let M(IR™) denote the class of all bounded Borel measures on R™ (possibly signed) and
let P(R™) be the subclass of all probability measures.

Throughout B(z,r) denotes the open ball of radius r centered at z and TrA is the
trace of the matrix A. We apply the usual rule of summation over repeated indices, e.g.,
81’kalkaxz§ = Zi,k<n aﬂ»‘kazkaﬂczc

It has been shown in [4], among other things, that if A is locally Holder continuous
and nondegenerate, then 4 has a density o € Lj, (R") for any » < <. If, also the local
condition

a” e W' and either |b] € L (R") or |b| € L& (|p|) where o > n, (1.5)

loc loc loc

is fulfilled, then p has a continuous density o € I/Vli;:l. Under suitable global assumptions,
it has recently been shown in [17] that ¢ € W*!(IR"), in particular, the continuous version
of o is uniformly bounded. Furthermore, combining this result with certain estimates
from [5], based on Lyapunov functions techniques, useful global bounds for ¢ have been
obtained in [17]. In this paper, we extend these important results from [17] by refining
the methods of Metafune, Pallara, and Rhandi and developing some new tools. There are
two main ingredients in these extensions: we derive a new elliptic regularity result for the

operators L 4o and L4, and consider non-homogeneous equations
L'yn=v (1.6)

with the right-hand side in W»~! and L = Ls, or L = L4,. By definition (1.6) means
that Ly € L*(|ul) for all ¢ € C5°(R™) and

/LSOdMZ (v, 0).

As compared to [17], we require weaker local regularity of A and no boundedness of A is
needed. Furthermore, we consider signed measures. The main results are Theorems 2.1,
2.7, and 3.1. For simplicity of notation we deal with the case n > 1; the same results are
true also in the case n = 1, which is much simpler.

Our global elliptic regularity result employs the following uniform local condition on A.

If a € Wi, we set
Oa(z) == Z‘Z 0xiaij(x)).
j=1 i=1
Given p > 1 and v > 0, we set
n if p>n/(n—1),
q=q(n,p,7) = n+7y if p=n/(n-1),
p=p/lp—1) (>n) if p<n/(n-1).
We say that A satisfies condition (C1) for p > 1 if ¢/ € W and

loc

lim sup / 0% (z)dx =0, (C1)
B(z,r)

r—0 2ER"
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where ¢ is as defined above (in the case p = n/(n — 1) equality (C1) must be fulfilled with
q =n+ = for some v > 0).
We observe that this condition is weaker than

lim sup / 04 (x)dx =0, (C2)
70 2eRn B(z,r)

where .
Oa(r) =D Y |0sa" ().

j=1 i=1
It is clear that if there is pg > n > 1 such that

n

Sup/ S [Vai () da < oo, (1.7)
2€R" JB(21) 50
then A satisfies condition (C1) (as well as (C2)) for any p € (1,py) and is uniformly
continuous (even uniformly Holder continuous) on all of R”. In particular, both properties
hold if A is uniformly Lipschitzian.

It is worth noting that although in most of our results we assume that ¥/ € W/, hence
one can write L4 as L, with b := b'+0,,a", the case of L4 does not always reduce to
that of A, because the global integrability assumptions on |b| and |Va*| are different. In
some situations, it is easier to deal with divergence form operators, in others the standard
form is more convenient. In the manifold case, usually divergence form operators lead
to more natural geometric objects. Apparently, the most natural setting for most of the
problems discussed would appeal to the geometry related to A and weighted Sobolev
spaces. However, the corresponding techniques, in particular, embedding theorems, is
less developed than the classical Sobolev theory. Furthermore, similarly to our work [4],
analogous parabolic problems are considered in [9]. Finally, we would like to mention that
one of the motivations of this paper is to contribute to the development of a theory to
analyze partial differential operators L on LP-spaces with respect to a measure satisfying
(1.1). Such measures are intrinsically related to L and, therefore, more appropriate than
Lebesgue measure for the analysis of L.

2. GLOBAL SOBOLEV CLASS MEMBERSHIP OF DENSITIES

We recall that according to the Sobolev embedding theorem, for any p > -+, there is
a constant C'(n, p) such that
__pn
=

> 1, (2.1)

lellp—1 < Cn,p)||¢llLs@ny, s

for all o € L*(R"). If 1 < p < 75, then

[ellp—1 < Cnsp)llellLr @n)- (2.2)
In the case p = "=, that is p = n, for any r € (n,+00) one has x :=n/r € (0,1), i.e.,
1 —_— 2 = K — E’
P r

and by the Sobolev embedding theorem for fractional classes H™*(R™) one obtains
W* Y R") ¢ H™(R") C L"(R").

Therefore, L™ (R") ¢ WP~1(R") with
lellp, -1 < C,ns P 1l o ny- (2:3)
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Theorem 2.1. Let e - I < A(z) for some e > 0. Let p > 1 and let u € WP (R™) be such
that uTrA € LP(R™) and Lau € WP~ (R"). Suppose that A satisfies condition (C1) for
p with ¢ = q(n,p) as defined above and that the functions a¥ € VV[fwl (R™) are uniformly
continuous. Then u € WPL(R™). The same is true in the case of L.

Proof. Tt is worth noting that under our assumptions L u is well-defined as an element
of W21 (R™), hence our hypothesis that Lsu € W»~(R") makes sense. Indeed, one has
Oy, 0,u € WETHR™). In addition, a¥ is a multiplier of the class W/, ' (R"), since, given
¢ € WY (R™), one has a'|Vy| € LV (R") and ¢|Va"| € L (R"). The latter inclusion
follows by the Sobolev embedding theorem. Indeed, if p > n/(n — 1), then p’ < n and
@ € LY/ (=P)(R™), hence by Hélder’s inequality with exponent r» = n/(n — p') (so that
7 = n/p’) and our choice of ¢ one obtains the integrability of ||?'|Va”|?". The cases
p=n/(n—1)and p <n/(n — 1) are similar.

Without loss of generality we may assume that 2¢ < Cy, where Cj is chosen as follows:
if Ag is a constant symmetric matrix with 27te - I < Ay < 2e - I, then

19lp1 < CollLag®|lp,—1

for every ¢ € W ’1(R") having support in a ball of radius 1.
Let § € (0,£/2) be so small that 1 — (C(n,p) +1)Cod > 1/2. Let r € (0,1/2) be such
that [|A(z) — A(y)|| < § whenever |z — y| < 2r and

/ Oa(x)?dr <67 for all z € R™.
B(z,2r)

Let us show that there is C' > 0 such that whenever v € W '(R™) has support in a cube
B of diameter 2r, then
[ollpr < CllLav]lp-1- (2.4)

Let Ay = A(xo), where x is the center of B. Then La,v = Lav + La,_av, hence
[0llpa < Coll Lavllp.—1 + Coll La,-av

p,—1-
Let us estimate the last term on the right. Given ¢ € W?"1(R"), we have

/QOLAO_AU dr = — /((Ao — A)Vv, Vo) dx — /8zi(aéj — a")0,,v ¢ dz.

The first integral on the right is majorized by 0[|Vv||Ls(5) Vol (). The second one is
estimated by

lelly i |©alVolll, -
By (2.1) and Hélder’s inequality for p > n/(n — 1) one has

[IVol©all, -, < Cln.p)[[IV0]©4]

pvil -

vy < CP)®allniml|vllpa < 6C (0, p)[[vllp.a-

Hence
ILay-avllp—1 < 6(1 + C(n, p))[[ollp.-
This proves (2.4) with C' = 2C) for p > n/(n —1).
If p<n/(n—1), then p’ > n and by (2.2) and Hélder’s inequality
104V, -, < Cn,p)[[0aIVUl]| 1 gy < Cn D) 0llpal|©all ) < 6C (0, p) 0]yt

which again leads to (2.4). Finally, if p = n/(n — 1), then we apply (2.3) with any r > n.
For 7’ sufficiently close to 1 we use Holder’s inequality and obtain (2.4).

It is easily verified that R™ can be covered by finitely many collections Fi, ..., Fy of
cubes with the following property: each F; consists of a sequence of cubes K; of diameter
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r such that the cubes B; with the same centers and twice bigger diameters are disjoint.
Let us fix one of these collections and take functions ¢; € C§°(R™) such that

0< G <1, sup[IVG @) + DG )] = M < o0, supp¢; € By, Gl = 1

]’1‘

We have
La(Gu) = G Lau + 20y, (a™0,,Gu) — 2udy, (a78,,(;) + ulag
= (jLau+20,, (aikaxicju) — 2u8xkaikﬁxicj —uLA¢;.
Therefore,

[Gu

p1 < C[HCJ‘LAUHp,—l

+2M ) la™ul| o) + 2] uds, a0,

ik=1

p1 | uLaGillp—1]. (2.5)

Let us estimate separately each term on the right. The second term is estimated as
follows:

n
2M > @™ ul po(s,) < 2Mn?|[uTrAl Lo
i k=1
For the last term one has

luLaGllp—1 < lluLagjlleees,) < Mn?||uTrA| s,
Let us consider the third term. If n/(n — 1) < p, one has
2““83% aikaﬂvigj”prl < 20(]), n) “uaIk alka%gﬂ

with s = pn/(p 4+ n). By Holder’s inequality with the exponents (p +n)/n and (p+n)/p
and condition (C1) we find

ik
||ua$ka aﬂczCJ|
Note also that

L*(Bj)

Lo(8;) < Null o) 100,a™ 00, Gl Ln () < const]|ull Lo,

lullzrs,) < e luTrAl| s
Ifl<p< n/(n — 1), we have p’ > n, hence W?"'(R") C L>(R"). In addition, ¢ = p/, so
that [|©all 5,y < M1 < 0o, where M; is a constant independent of j. Therefore,
[u0z,a™ 0z, Gilp—1 < C(n, p) |40, 0™ 0r Gl 225
< MC(n, p)llullzes)[©all L (5,)
< MM;C(n,p)e [uTrAl| r(s;)-
In the remaining case p = n/(n — 1) we apply (2.3) and find
Huaﬂﬁkaika’rigj”nfl < C<n7 n/, r/)”uaxkaikaﬂfigj”L’“'(R")'

We choose ' sufficiently close to 1 and estimate the right-hand side by Holder’s inequal-
ity through const||u||z»(5,), which is possible, since ¢ = n + v > n and the quantities
1©4l|La(s,) are uniformly bounded.

Taking into account that (j|x, = 1, we obtain from (2.5) and the foregoing estimates

IVl ) < CollGLaull -y + uTeAlR, 0] (2.6)
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where (5 is a constant independent of j. Let us observe that there is a constant Ny such
that for every v € WP ~1(R™) one has

o
> gl
j=1

< Nl (2.7)

p7_1

Indeed, one has v = gy — Z Ox,9i, where g; € LP(R™). To this end, it suffices to write
v =gy — Ago, go € WP! (R”) and set g; := 0,,90. Then

N Z lgillo@ny < Vllp-1 < N2 D llgill oy (2.8)

i=0 1=0
with some constants Ny and N, independent of v, because I — A is an isomorphism
between WPH(R") and WP~ H(R"). Since [|¢;90llp—1 < [1¢;goll Lo @) and

1602, illp,—1 = 102,(¢;9i) — 9i02,Gjllp—1 < (L + M) gill zo(5;),
by (2.8)we find that

S NGV < o 17D |Gl 1+ D60l ]
j=1 Jj=1 i=1
< (1+ M) ZZngn LS (L MP(n+ 1) Zugzumw
j=1 =0

< (L4 M)P(n+ 1N 7wl
Therefore, (2.6) yields
H|VU\||LP(Rn < NCol[uTr A7y gny + NoCollLaullp

Clearly, u € LP(R™) by our assumptions that uTrA € LP(R") and A > ¢-I. So, the proof
in the case of L, is complete.
The case of L4 is similar. We only note that Lau € W}~ "(R™), because 0,0 0,,u €

LPY P9 (R and that

loc

£A(Cju> = Cj‘CAu + anl(amuaa:k Cj) - uaﬂcl(amaackg]) (29>
The WP ~lnorm of the right-hand side is estimated along the same lines as in the first
case. 0

Part of the hypotheses of Theorem 2.1 is the integrability of order bigger than 1. Since
we intend to apply this theorem to measures, it is desirable to ensure such an integrability
for measures satisfying equations of the type L*u = v. The next three theorems serve this
purpose. Before proving them we recall some known facts. We need the following classical
result (see, e.g., [14, Ch. 2, Ch. 5], [15, §3.1.1]). Suppose that A is uniformly continuous
and A and A~! are uniformly bounded. Then, for every A > 0, the operator L4 — ) is an
isomorphism between W72(R") and LP(R"). In particular, for every v € LP(R"), there
exists u € WP2(R") such that Lau — Au = v and

[ullp2 < Mpllv]l e @),

where M, depends only on p, n, the bounds on A and A~!, and the modulus of continuity
of A. An analogous result holds for £4 on W?!(R"). For the reader’s convenience, we
include it with a proof involving our basic assumptions.
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Proposition 2.2. Let A be uniformly continuous on R"™ and satisfy (C1) for p and let
A and A7 be uniformly bounded. Then, for every sufficiently large X\ > 0, the operator
LA — X is an isomorphism between WPL(R™) and WP~YR"™). In particular, for every
v € WPYR"), there exists u € WP (R™) such that Lau — Au = v and

Hqu,l < Np”UHp,—h (2.10)

where N, depends only on p, sup,[||A(z)|| + ||A(z)7Y|], and the modulus of continuity
of A.

Proof. The case of the space W' (B) on a ball B is considered in [16], where the following
estimate is established:

VAlull gy + lallpn < Noll£aw = Ml (2.11)

Moreover, N, depends only on p, B, sup,[|A(z)||+|A(x) "], and the modulus of continu-
ity of A. The global result is deduced from this local one in a standard way by establishing
first (2.11), possibly with another constant, for functions u € C§°(R"). Such an estimate
is verified by considering sequences of functions (; as in the proof of Theorem 2.1 and
dealing with £4(¢ju). Then we use (2.9) and the same bounds on ||ud,, (a™*8,,(;)|p.—1
and ||y, (a™*ud,,¢;)|l,—1 as above to deduce from (2.11) the estimate

VG ull o) + ¢l
< NplIG(Law = M) [[p—1 + 2N, |10z, (@™ udi ) lp—1 + Nplluds (a™02,¢) |1
< Npl|Gi(Law = M) |lp—1 + Cllullr(s))
with some constant C' that depends on p, n, and A. Therefore,
A2y gy + el < NNo2PNP|ILaw = Aullp _y + N2PCP|[ul |7, gy
whence we obtain (2.10) by choosing A > 4C?N?/P, O

It is worth noting that in Theorem 2.1, unlike in Proposition 2.2, we do not assume
that A is bounded. It should be also noted that the proposition only guarantees the
uniqueness of a solution to the equation L4F — F = G € WP~ in the class W?! not in
larger classes of distributions to which our measure ;1 may belong a priori.

Theorem 2.3. Let i € M(R") be such that Ly, = v € WP for some p € (1, :25),
b] € L*(|u|). Suppose that A is uniformly continuous and c¢; - I < A(z) < ¢y - I for some
constants cy,co > 0. Then p has a density in L"(R™) for every r € [1,p].

In the case of Ly the same is true under the additional assumption that a¥ € VV;CI(R”)
for alli,j and 0,,a” € L*(|u|) for every j.

Proof. Let us consider the case of L4;. We know that p has a density o, hence
ble € L'(R") € WP™H(R™),

because p < n/(n — 1). For any test function ¢ we have

(/(Lw—s@)du‘ = ‘—/s&du—/(bavw)dwm@))

< ngp[|90(fr)l +[Ve@)l] + Cllelly., (2.12)
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where C' is a number independent of ¢. If we fix a ball U C R", then for all ¢ € C§°(U)
we have

lellpa < CU) ilelg[lw(x)! +[Vep(2)]],

hence (2.12) yields

| [ (Lao = )| < C1+ O supllote)] + V()]

for all ¢ € C§°(U). According to [4] one has ¢ € Lj .(R") for any r < n/(n — 1).

loc

Hence estimate (2.12) extends to all ¢ € W(’)’,’Q(R"). Note that p’ > n, hence we have a
continuous embedding W??(R") C C}(R™). Let 1 € C3°(R™). There exists a function
@ € WP2(R") such that Lp — ¢ = ¢ and

sup[l(x)] + [Ve@)]] + lellya < Mliely2 < Moll¢ll 1o @y,

where M and M, are independent of . Let us take a sequence of functions (; € C§°(R")
with 0 < ¢, <1, G(z) =01if |z] > k+ 1, ((x) =1 if || < k, and

SgpsupUVCk@)l +ID*Gu(@)||] = My < oo

We have

La(Crp) — G = Qe(Law — ) + 2(AV(, Vo) + @ LaCk
= G+ 2(AV G, Vo) + @LaG.

Therefore,

/ G dps = / (La(Gep) — o) dp — 2 / (AVC,, Vi) dyt — / oL aC di
< Coup[G@)ple)] + [V (Gu(@)ple))] + CllGuellya
+ (2e2M Mo + MoMin®es) [0 o oy 1ol ({E <[] < K+ 1}).

The last term on the right converges to zero as k — oo. Therefore, we obtain

/¢($)9(9€) dr < Csup[lo(@)[+Mile(@) |+ Ve ()] +Cllellya < MoCA+M) ¢ 1 gy,

which yields ¢ € LP(R"). Since ¢ € L*(R™), one has ¢ € L"(R"™) for all r € [1,p]. In the
case of L4 it suffices to note that L4 ,u = L%, p with by = b" — 90" € L'(|u). O

The next result is a generalization of [17, Theorem 3.1] and a partial generalization
of a result in [2]. We impose weaker assumptions than in [17], where A~! is bounded
and |b| € L*(p) (in addition, the same local assumptions as below are imposed along
with a condition a bit stronger than (2.13)); as compared to [2] (where A is uniformly
Lipschitzian, A and A~! are uniformly bounded, |b] € L*(u)), we weaken the assumptions
on A, but add an extra local condition on b. That extra condition is not needed if we
know in advance that ;o has a locally bounded density in I/Vlicl (R™). It should be noted
that unlike most other results in this paper, this theorem deals with probability measures
and fails for signed measures.
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Theorem 2.4. Suppose that 1 € P(R") satisfies the equation L7 ,p = 0, where A is
continuous and nondegenerate, a” € WP (R™) with some p > n, |b| € LP (1). Suppose

loc loc

in addition that |A~'/2b| € L*(iu) and that

lim inf / o [ 2]+ 0a(a)| uldz) = 0. (2.13)

Then p has a density o € W' (R™) such that

loc
VAV

LI

In particular, under the additional assumption A > ¢ -1, € >0, one has /0 € W2L(R"),
0€ LYO=2(R™) ifn > 2 and o € L*(R™) for all s € [1,00) if n = 2.

Proof. The desired estimate is obtained by formally substituting ¢ = log ¢ in (1.3) and
integrating by parts in the term with £4. In oder to justify this straightforward procedure
(see, e.g., [8], [17]), we need certain local regularity of p, hence better local integrability
of b. In order to avoid this extra assumption, a smoothing procedure (by convolutions or
by applying heat semigroups) was used in [2], [11]; however, smoothing requires certain
global conditions on A. By the local theory, we know that i has a continuous density
o € WP (R™). Hence (1.3) with L = £, extends to ¢ € W' (R"). Integrating by parts
we obtain

2
du < [ |A7Y20)2 dp. (2.14)
RTL

/n(AV%VQ) dx = /n(b, Vp)odz.

We fix a function ( € C§°(R") such that ((x) = 1 if |z] < 1 and set (;(z) = ((x/]).
Letting ggs := min(k, max(p,d)) for small § > 0 and large k > 0, Qx5 := {0 < o < k},
and taking ¢ = (7 log g5 We arrive at the equality

Vv
/ (AVQ, f)(ffnk,a odz + 2/ (AVo, V(;) log or,s¢; dx

v
:/ I, , (bf) gfgdxm/ (b, V¢;)C; log k5 0 da.

Integrating by parts in the second term on the left we find

_ Voy e
Sins = /Q ) (AVQ, ; )Cj@dx
V .
— 2/ <_Q7 AVQ)@-Q dxr + 2/ div(¢GAV(;) log ors 0 dx
Qs > O R

\%
+ / (b, _Q> CJQQ dx + 2/ (b, V(;)(jlog ok 0 dx
Qs 4 Rn

< VSjks (2‘“9’%5\/ZVCJHL2(MR”) + HA*U%HLQ(%R”) + Rk,
where

Rjks = 2/ div(¢;AV () log ox 5 0 dx + 2/ (b, V(;)¢ log ok 0 dz.
Rn Rn

Keeping k and ¢ fixed, we observe that, given ¢ > 0, for all sufficiently large numbers j of
the form j = r; with 7, — oo chosen according to (2.13), the quantity R, ;s can be made
smaller than € in absolute value. Indeed, it follows by the hypotheses and the estimates

sup |V¢;(2)| < j 7 sup [VC(z)l,  sup 05,05, ¢(x)] < j~% sup |0y, 0s,, C(2)]
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that for all j = 7; the first term in the expression for R;; s can be estimated by

Mgt [ A (o) + Mesrt [ @aa) ),
{ri<|z|<2r;} {ri<|z|<2r;}
where My, s = 2M (log k — log ) with a constant M that depends on the maxima of the
first and second derivatives of (. Similarly, by the Cauchy inequality and the estimate
b(x)| < ||AY?(2)|||A=Y/?(x)b(x)| the second term is majorized by

1/2
1 My ol A2 g ( [ u(dw)) .
r<|z|<2m

Therefore, for all [ > I(k,d), one has S,, x5 < ||A7V2b||12(,rn) + . This yields that the
integrals of |\/ZVQ/ o|* over the sets €, s against p are majorized by the same quantity.
Letting k — oo and § — 0 we see that |[v/AV /0| € L?(1) and obtain the desired bound.

Note that in [17] similar estimates have been employed with Vo/p¢ and b in place of
\/ZVQ/ o and A~'/2b, which yields less precise bounds. O

Remark 2.5. (i) Condition (2.13) is fulfilled if
|Va" (z)| < Cy+ Cy|x|.

If p is known to have finite first moment, i.e., [z € L'(u), then a quadratic growth of
|Va'] is allowed.
(ii) Condition (2.13) can be replaced by the assumption that for some r > 0 one has

lim inf/ (1A + ©a()| () = 0. (2.15)
R—oo R<|z|<R+r

This condition is weaker on the part of ©4, but is stronger on the part of ||Al|; for
uniformly bounded A, it is weaker. The only difference in the proof is that we take a
sequence (; such that (;(z) = 1if |z| < Ry, (j(z) = 0 if |x] > R, + r, and the first and
second derivatives of the functions ¢; are uniformly bounded in j.

(iii) Note also that if A is uniformly bounded and satisfies (C1), then (2.13) is ensured
by the assumption that liminf, o 7"~ 'p¢({|z| > r}) = 0, which is fulfilled, e.g., if |z|"~ €
L'(u). The latter can be effectively verified in terms of A and b by the Lyapunov functions
method (see [5], [6]).

Estimate (2.14) can be regarded as the estimate

/<%,%>du < /(l%b) dp

with respect to the Riemannian geometry generated by A. See [11] for such estimates in
the case of a Riemannian manifold M. It is shown in [11] under certain assumptions on M
(e.g., that the Ricci curvature is bounded from below and that the Riemannian volumes
of balls of any fixed positive radius are separated from zero) that if || € L?(M, \), where
A is the Riemannian volume on M, then one has

/<% %> dx < /(b, b) .

However, as noted in [12, Remark 2.5(ii)], this estimate may fail for general Riemannian
manifolds even if b = 0. In the situation of Theorem 2.4, we do not know whether the
natural estimate (2.14) holds without any extra local assumptions on b and without (2.13).
However, there is an important special case when (2.13) is not needed.
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Theorem 2.6. Let A be continuous and nondegenerate, a’ € WPH(R™), |b| € LF (R")

loc loc

with some p > n. Suppose there exists a function V &€ VV;:(R”) such that
V(z) = +oo and La,V(x) — —0c0 as |z| — +o0.
Assume also that there are c¢1,co > 0 such that
LapV <c — 02|A_1/2b|2

outside some ball. Then there exists a measure i € P(R™) such that one has L} =0
and |[v/AVo|*/o € L'(R™).
If, in addition, there is a positive Borel function 6 on [0,400) such that tli)rglo 6(t) = +oo
and
LAV < ¢ — cof(|AV2))| A2
outside some ball, then |A=Y/2b] € L*(i) and (2.14) holds.

Proof. We recall that the existence of u has been shown in [5] by taking positive functions
f; € WPY(B;), B; = B(0, j), such that

div(AVf; — f;b) =0,  fjlop, = 1.

Then p is obtained as a weak limit of || f; HZ}( B)) f;-dz. By multiplying the above equation
by log f; (which vanishes on 0B;) and integrating by parts we obtain

/ (Aij, V—ff> dr = / (b, Vf;) dz = / (A2, AV2V £,) da.
B, fi B, B,

The same is true for the normalized probability densities g; = f;]| fj||211( B,)’ whence by
the Cauchy inequality we find

/(Avgj,w) dxg/ |A=2p2 o, .
B; 95 B;

J

The right-hand side is uniformly bounded in j due to the estimate £,V < ¢;—co| A71/2|?
outside some ball, because it was shown in [5] that the integrals of £,V |o; over B; are
uniformly bounded. This yields the integrability of [v/AVo|?/o, since 0; — o locally
uniformly (see [5]).

The existence of a function # with the properties mentioned in the formulation yields
the uniform boundedness of the integrals of I,6(]|A~/2b])| A=/2b|?0;, which ensures con-
vergence of the integrals of I,|A~'/2b%0; to the integral of |A~'/2b|%p. O

Theorem 2.7. Let p € M(R™) be such that L, = v. Suppose that

(a) A and b satisfy (1.5) with some o > n, A > el with some € > 0,

(b) |b], Tr A € LP(|u|), where B > 1.

(c) A satisfies condition (C1) for 5 and is uniformly continuous.

Assume also that the density o of u belongs to L% (R™) with some By > 1, which is
automatically the case in (1)—(iii) below if A is bounded and 0,,a" € LP(|u|) for each j.

(i) Let 1 < B <n and let v € WP for all 6 € (1, n+,6’+1) Then o € WHHR™) for all
T e (1, H_Lm_l) Moreover, if i is nonnegative, then the same is true for r = n—Lﬁ—H

(ii) Let B = n and v € WO L(R") for all 0 € (1,n). Then o0 € W"Y(R") for all
r e (1,n).

(iii) Let n < B8 < a and v € WO H(R™) for all 0 € (1,3]. Then o0 € W"H(R™) for any
r € (1,0]. In particular, o € L= (R™).
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The same is true in the case of Ly provided that one has additionally 8,,a" € LP(|ul|)
for each j.

Proof. (i) We apply the reasoning from [17] with some simplifications due to Theorem 2.1.
Suppose we know that ¢ € L% (R") for some B > 3. Let

_ BBk
B+ 6 —1

By Holder’s inequality with exponent ¢t = 3/p; we obtain
|0b] = |of' =" [o]'?|0] € LP*(R").

Hence 0,,(b'0) € WrPe—1(R"). By the same reasoning d,.(big) € W 1(R") for every
s € (1,px]. Hence L0 € W5 H(R") for each s € (1,pi]. Note that ¢Tr A € L*(R") for
each s € (1, pg], which follows as above by Hélder’s inequality from our assumption that
Tr A € LP(|u|). Theorem 2.1 yields ¢ € W*1(R") whenever s € (1,p;]. By the Sobolev
embedding theorem ¢ € LA+ (R") with

Pk (2.16)

n 3By
n(B+ By —1) — B0

Starting from 3y and iterating we obtain a sequence {3} that is increasing and, as one can
easily verify, converges to 5. By using (2.16) once again we conclude that o € W™ (R")

for all r € (1,n/(n — B+ 1)). Other cases are similar. We only note that in the case
[ > n we first obtain that ¢ € WP1(R") with p € (n,3), which yields that ¢ € L>°(R"),
so |ob| € LP(R™).

Let us note that if A is bounded and 8,,a” € LP(|u|) for each j, then, in each of the
cases (i)-(iii), Theorem 2.3 yields that o € L% (R") with some 3y > 1. The case of Lay
reduces to that of L4, as above. O

6k+1 =

Corollary 2.8. Let p € P(R") satisfy the equation L%,y = 0. Suppose that there is

a > n such that b, Tr A € L¥(u), A € W is uniformly continuous and satisfies (C1)
and (2.13), A>¢el, e > 0. Then o € W*YR"), in particular, o € L>(R"™).
In particular, the conclusion holds true if one has (1.7) and

A>el, b€ L(u), TrAe L*(p), (1+[z)7 04 € L (1)

It is clear that o may not belong to the class W72 unless we require certain regularity
of b. The following theorem extends [17, Theorem 4.7], where somewhat stronger assump-
tions on A were employed. Since essentially the same reasoning as in [17, Lemma 4.5,
Theorem 4.7] applies along with our sharper regularity results, we only briefly comment
on the proof.

Theorem 2.9. Suppose that o > 2n, A > el with ¢ > 0, a”, b € W', A is uniformly
continuous and satisfies condition (C1) for a. Let p € P(R™) satisfy L ,pu = v, where
|bl, Tr A € L*(p) and v € L"(R™) for all r € (1,a]. Assume also that divb € L*(u) and
\Va| € LO(u) with @ > max(2n? «). Then o € W™(R™) for allr € (1,a/2). If a > 2n,
then o € W/22(R") and |Vo| € L>(R").

If ¥ |Va"| € L®(R"), then the conclusion is true for any solution p € M(R™).

Proof. We shall consider the case n > 1, since the case n = 1 is much simpler and can
be verified directly. Suppose first that p is a probability measure. We know that p has
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a bounded positive continuous density o € W*!(R"). In addition, it is known from the
local theory that o € W?. Therefore,

Lao= —amiaijamjg + odivb + (b, Vo) + v.

Since o is bounded, we obtain odivb € L*(R") if s < a. Note that ©4 € L%(u) and
|A(z)|| < ¢1 + ¢eo]z| by the uniform continuity of A. Hence by Theorem 2.4 we have
|Vo|/o € L*(11). Letting
L a+2
2 a+6
and noting that  + %+ =1 =1, |Va"|o'/? € L(R"), |[Vo| € L*(R"), we obtain from the
generalized Holder inequality that

Va7V ol = |Va"|"0"*|Vo| ! |Volo™* € L'(R¥).
Hence |0,,a"9,,0|" € L'(R™). Note that r > n and the equality is only possible if o = 2n
and 0 = 2n2. Indeed, the inequality » > n is equivalent to

o 2n — 2

0>99n—m —  —9(1 4+ —— —
- na~|—2—2n n( +a—|—2—2n

r

).

As « > 2n, the right-hand side attains its maximum 2n? at o = 2n.
In addition, (b, Vo) € LP(R"™), where 1 < 3a/(2ac +2) < p < /4 + 1/2 (note that
3a/(2a+2) < af4+1/2 as a > 2). Indeed, we have by the Cauchy inequality

(b, V)P < [bIP| Vo 0"/?|V ol o'/* € L'(R"),

since |V|o™1/2 € L?(R"), ¢ is bounded and |b|*’|Vo|?*?~2p € L*(R"). The latter inclusion
is verified by Holder’s inequality with exponent ¢ = 7= > 1 by using that b|*ot € L' (R™)
and |[Vo| € L*(R") with s = aiﬁ—;i < «a. Here we use that ¢ € W*!(R") according
to our previous results. A reasoning similar to that of the proof of Theorem 2.1 shows
that o € WP%R") (if A is uniformly bounded, then the classical result cited before
Proposition 2.2 applies). Moreover, one has ¢ € W**(R") for any s € (1,p], which is
proved by similar estimates. By using this estimate and the fact that |Vg| € L*(R"), one
easily deduces by iteration that |Vo| € L*(R™) for all s € (1, +00) (see [17, Theorem 4.7]).
Now o € W"3(R") for any r < «/2. If a > 2n, this yields |[Vg| € L*(R"), hence we
finally obtain o € W*/%2(R").

In the case a¥,|Va| € L*(R"), some estimates above simplify and we do not need
the integrability of [Vo|?/0, so that our reasoning applies to signed measures. O

Remark 2.10. If g is a signed measure satisfying equation (1.1), then one might ask
whether |u| is also a solution to the same equation. In general, this is not true even if
A = I and b is smooth, see [10]. Of course, this is not surprising for locally integrable
solutions, e.g., the absolute value of a harmonic function may not be harmonic, but for
globally integrable ones the question is more interesting. In particular, if p is an invariant
measure for a semigroup (7}):>9 whose generator extends (L4yp, C5°), then |u| is also an
invariant measure (see, e.g., [1]). In the situation where any probability measure satisfying
(1.1) possesses a strictly positive continuous density, which is the case if a” € W/ ’1(R”),

loc
b € L} (R"™) with p > n, non-uniqueness of solutions to (1.1) in P(R") always yields
signed solutions whose absolute values are not solutions. Under our typical assumptions
on A and b, equation (1.1) has at most one solution in P(R"™). However, we do not know

whether in such a case the space of solutions in M(R") is at most one dimensional.
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3. POINTWISE ESTIMATES OF DENSITIES

Now we turn to pointwise bounds of solutions. The idea is simple: in order to show that
lo(x)| < CW(x) for some positive function ¥, one has to consider the measure o with
density o/¥ and verify that this measure satisfies an equation of the type considered in
Theorem 2.7. This idea was employed in [17] in the case of exponential functions. Case (iii)
of the example below gives the bound from [17] under slightly weaker assumptions.

Theorem 3.1. Suppose that pu is a probability measure satisfying the equation Ly =0,
where A and b satisfy hypotheses (a)-(b) of Theorem 2.7 with some a« = 3 > n. Let
(NS VVllocl (R™) be a positive function such that for some 6 > n and all j = 1,...,n one
has

® e L'(p), [VO| € L%(n), 9ya” € L™(p).
Then the density o of p satisfies the estimate o(x) < C®(z)~" with some constant C'.

Proof. We may assume that n < 8 < (. Let us consider the bounded positive measure
o = @ - p. It is easily verified that

Sptto = — (b, V®) o — 05,070y, Do + 20,,(a7 0, D).

It suffices to show that the right-hand side belongs to W#~!(R") for all s € (1,6]. Clearly,
a” 0y, @0 € L*(R") whenever s < 6 by the boundedness of @ and g and the inclusion
IV®| € Lp). In addition, L™/ (R™) c W% L(R"™), so it remains to verify that
(b, V®)o and 8,,a"d,,;Pp belong to L™/ ™*)(R"), which by the boundedness of o reduces
to proving that (b, V®) and 0,,ad,,® belong to L") (y). The latter is true by
Holder’s inequality, since 9,,a¥ € L"(u) and |[V®| € L%(u). The same reasoning shows
that (b, V®)o and 0,,a”d,, o belong to W H(R") for any s with n/(n —1) < s < 6.
Finally, these functions belong also to W*~1(R") if 1 < s < n/(n — 1), because (b, V®)
and 0,,a" 9,,® belong to all L™ () with 1 < r < nf/(n+0) and o is bounded. Therefore,
by Theorem 2.7 one has ®o € W?H(R"). In particular, ®p € L>°(R"). O

Example 3.2. Suppose that p € P(R"™) satisfies the equation £% 1 = 0 and that A is
uniformly nondegenerate, uniformly Lipschitzian and uniformly bounded. Furthermore,
assume that |b| € LP(u) for some p > n.

(i) If ¥ € W,oH(R™) is a positive function such that

loc
e L'(n), VO € L), 6>n,

then o(z) < C®(x)~ L.

(i) Let & > 1 and suppose that |z|” € L'(u) for some r > (k — 1)n. Then, letting
®(x) = |z|*, we obtain o(x) < Clx|~".

(ili) Suppose that

exp(afz]®) € L (), |b(x)| < Co + Crexp(aglz|?),
where «, 3,Cy,Cy > 0, a9 < a/n. Then, for any k < (/n, there is C' > 0 such that
o(x) < Cexp(—lz|?).

It is surprising that the above estimates, very rough at first glance, are in fact suffi-
ciently precise. It was proved in [17] that if p € P(R"), a¥ € C3(R"), A is uniformly
nondegenerate, b € C?(R™) and, for some 3 > 1 and ¢ > 0 one has

[b(2)| + [Db()| + | D?*b(x)| < C(L+[2|*™h),  limsup [2[P(b(z), 2) = —c,

|z|—o0



15

then exp[— K (1 + |z|%)] < o(z) < exp[— K> (1 + |z|%)] with some K, Ky > 0. It would be
interesting to study the question whether such an estimate holds under weaker assump-
tions on A and b not involving the second derivative of b. The two-sided estimate from
[17] gives a sufficient condition implying that |Vo/o| € LP(u) for the logarithmic gradient
of pu and any p > 2. So far, this is the only known general result in this direction. Even if
A =1, it is not known whether the condition |b| € LP(p) with p > 2 always implies that
|Vo/o| € LP(u) as in the case p = 2.
In a similar manner one obtains upper bounds on |Vo|.

Proposition 3.3. Suppose that in Theorem 3.1 we have additionally ¢ € VV;C2 and
o|V®| € L®(R"), [b],|V®|,0,,a70,,®, La®, |AV®| € L' (1), r > 2n.
Then |Vo(z)| < CP(x)~ !,
Proof. The measure i satisfies the equation with the right-hand side
—(b, V)0 + 05,0”0,,P0 + 2LsPo + 2(AV®, Vo).

We know that ¢ and Vo are bounded. Hence the right-hand side is in L*(R") for any
s € (1,7/2], which yields ®p € W%2(R"), 1 < 6 < r/2. Therefore, V(®p) is bounded,
whence the claim follows. O

Example 3.4. Let p € P(R") satisfy the equation £ ,u = 0 and let A be uniformly
nondegenerate, uniformly Lipschitzian and uniformly bounded with |b|,divb € LP(u) for

some p > 2n.
(i) Let ®(z) = |z|*, k > 1, and let |x|™ € L(u1), where m > 2n(k — 1). Then

[Vo(x)| < C(1+[z])7.
(ii) Let ®(x) = exp(K|z|?) and let exp(M|z|?) € L' (u), where M > 2nK. Then
[Vo(x)| < Cexp(—K|z]%).

By using the method of Lyapunov functions, one can give effective conditions for the
existence of polynomial or exponential moments for pu. For example, if A(x) < Al and
(b(x),z) < —K < —An outside some ball, then letting V(z) = (x,2)” with 1 < v <
1 + E=Ar e obtain outside some ball

LapV(z) < 2v(z, ) [An+2(y = 1) + (b(z), z)] < —klz[ 72,

where k > 0. Hence |z|*~! € L'(u). Stronger decay of (b(z),z) yields exponential in-
tegrability (see [6], [17]). Certainly, the required integrability of the coefficients can be
also deduced from such estimates provided we know certain bounds on the coefficients.
There are cases where the LP-integrability of A and b with respect to 1 comes naturally
without any known bounds on A and b. For example, if we have a diffusion with an
invariant measure on an infinite dimensional space, say, R>, then, under broad assump-
tions, the projection of u on R” satisfies equation (1.1) whose coefficients are obtained by
taking projections and conditional expectations. Even if we had polynomial bounds on
the coefficients of the infinite dimensional diffusion, no such bounds can be guaranteed
after taking conditional expectations. However, the membership in LP is preserved by
conditional expectation. This also shows that the study of integrability with respect to u
is worthwile, since it can be much more adequate than with respect to Lebesgue measure.
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