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Preliminary note

Since the origin of quasi-regular Dirichlet forms on general state spaces, a fundamental
question has arisen, namely whether the associated Markov process is not just standard,
but moreover a so-called Hunt process. The difference lies mainly in the question, whether
its paths have left limits at the life time ζ, i.e. whether limt↗ζ Xt exists, in the state
space E enlarged by a cemetery ∆. Obviously, this question is crucial for localizing the
process when “it dies”. In case of a regular symmetric Dirichlet form on a locally compact
(separable metric) state space, i.e. in Fukushima’s classical framework (see [4]), and in the
case of Oshima’s time-dependent Dirichlet forms (see [7]), the answer is always yes. In the
framework of Ma/Röckner (see [5]), i.e. the case of a quasi-regular sectorial Dirichlet form
on a general topological state space the answer is no in general. But one can characterize
those Dirichlet forms for which the answer is yes by the notion of strict quasi-regularity
(cf. Chapter 5 in [5]).
Our main result is to generalize this charaterization to the class of (fully non-symmetric)
generalized Dirichlet forms as introduced by Stannat in [10]. However, due to an apparent

1This research has been financially supported by TMR grant HPMF-CT-2000-00942 of the European
Union.
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or existent lack of implicitly given structure in the domain of generalized Dirichlet forms
we will similarly to [10, IV.2] be obliged to assume an extra condition SD3 (cf. below) in
order to construct the associated Hunt process. This condition is an easy to check a priori
assumption as can be seen in the three classes of examples that we treat as applications.
It is trivially satisfied for any sectorial Dirichlet form.
Apart from additional theortical interest, the achieved results are expected to have impact
on the study of the asymptotic behavior of solutions to SPDEs with jump type noise which
by nature are usually fully non-symmetric.

New definitions and first results

The following notations will be the common notations of [10], [12], [13], [14]. Therefore
not all of them will be recalled explicitly.
Let E be a Hausdorff topological space such that σ(C(E)) = B(E), i.e. the Baire σ-
algebra coincides with the Borel σ-algebra. Let m be a σ-finite measure on (E,B(E))
and let (E ,F) be a generalized Dirichlet form on H := L2(E; m) with inner product (·, ·)
and coercive part (A,V) (see [10]). As usual we denote by | · |F the norm corresponding

to (E ,F), and by | · |V the norm corresponding to (A,V). Let (Ê , F̂) denote the coform.
Adjoining an extra point to the measurable space (E,B(E)) let E∆ := E ∪ {∆} and
B(E∆) = B(E) ∪ {B ∪ {∆}|B ∈ B(E)}. We will consider different topologies on E∆ :=
E ∪ {∆}. If E is a locally compact separable metric space but not compact, E∆ will
be the one point compactification of E, i.e. the open sets of E∆ are the open sets of
E together with the sets of the form E∆ \ K, K ⊂ E, K compact in E. Otherwise we
adjoin the cemetery ∆ to E as an isolated point. We extend m to (E∆,B(E∆)) by setting
m({∆}) = 0. As usual, any function f on E is considered as a function on E∆ with
f(∆) := 0. For A ⊂ E we set Ac = E \ A.
By B, B+, Bb, B+

b , we denote the Borel measurable, positive Borel measurable, bounded
Borel measurable, bounded Borel measurable and positive functions on E. Throughout
this article we fix ϕ ∈ L1(E, m) ∩ B with 0 < ϕ(z) ≤ 1 for every z ∈ E. Let (Gα)α>0

(resp. (Ĝα)α>0) be the resolvent (resp. the coresolvent) of E . Let P (resp. P̂) denote
the 1-excessive (resp. 1-coexcessive) elements of V where (A,V) is the coercive part of
(E ,F). We let V = H if A = 0. Let C,D ⊂ H. We define DC := {u ∈ D | ∃f ∈
C, u ≤ f}, Db := D ∩ L∞(E, m). For an arbitrary Borel set B ∈ B(E) and an element

u ∈ H such that {v ∈ H | v ≥ u · 1B} ∩ F 6= ∅ (resp. û ∈ P̂ bF) let uB := eu·1B
be

the 1-reduced function (resp. ûB := êû·1B
be the 1-coreduced function) of u · 1B (resp.

û · 1B) as defined in [10, III. Definition 1.8., p. 65]. Here we use the notation 1B for the
characteristic function of B. If B = E we rather write eu instead of uE. In general
only if B is open our definition of reduced function coincides with the one of [4, p. 92],
[5, III. Exercise 3.10(ii), p. 84]. In particular, if B ∈ B(E) is such that m(B) = 0, then
uB = 0. By [10, III. Proposition 1.7.(ii)] eu = u, uB ≤ vB, uA ≤ uB, wC∪D ≤ wC + wD for
any u, v, w ∈ PF , u ≤ v, A, B, C,D ∈ B(E), A ⊂ B.
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Definition 0.1 For U ⊂ E, U open, set

Cap1, bG1ϕ(U) := lim
k→∞

((kG1ϕ ∧ 1)U , ϕ).

If A ⊂ E arbitrary then Cap1, bG1ϕ(A) := inf{Cap1, bG1ϕ(U)|U ⊃ A, Uopen}.

We note that Cap1, bG1ϕ(U) exists as a bounded and increasing limit for any open set U .

The boundedness follows because of Cap1, bG1ϕ(E) = limk→∞(kG1ϕ∧ 1, ϕ) ≤
∫

ϕ dm < ∞.

Theorem 0.2 (i) Cap1, bG1ϕ is a (finite) Choquet capacity, i.e., it has the following prop-
erties:

(a) If (An)n∈N is an increasing sequence of arbitrary subsets of E then

Cap1, bG1ϕ(∪n∈NAn) = sup
n∈N

Cap1, bG1ϕ(An).

(b) If (Kn)n∈N is a decreasing sequence of compact subsets of E then

Cap1, bG1ϕ(∩n∈NKn) = inf
n∈N

Cap1, bG1ϕ(Kn).

(ii) For any sequence (An)n∈N of arbitrary subsets of E we have

Cap1, bG1ϕ(∪n∈NAn) ≤ Σn∈NCap1, bG1ϕ(An).

(iii) For U, V ⊂ E open we have (“strong subadditivity”)

Cap1, bG1ϕ(U ∩ V ) + Cap1, bG1ϕ(U ∪ V ) ≤ Cap1, bG1ϕ(U) + Cap1, bG1ϕ(V ).

Proof (iii) For fixed k it can be shown exactly as in the proof of [10, III.Lemma 2.7.(ii)]
that ((kG1ϕ∧1)U∪V +(kG1ϕ∧1)U∩V −(kG1ϕ∧1)U−(kG1ϕ∧1)V , ϕ) ≤ 0. Letting k →∞
we obtain the desired inequality.
(i) To prove (i)(a) and (i)(b) let first (Un)n∈N be an increasing sequence of open sets in E
and let U := ∪n∈NUn. Similarly to the proof of [10, III.Lemma 2.7.(i)] we show (kG1ϕ ∧
1)U = limn→∞(kG1ϕ∧ 1)Un in H for any k. Hence Cap1, bG1ϕ(U) = supk∈N supn∈N((kG1ϕ∧
1)Un , ϕ) = supn∈N Cap1, bG1ϕ(Un). Now (i)(a) and (i)(b) are an easy consequence of the just
proven and (iii) (cf. [5, III.Theorem 2.8]).
(ii) This is an easy consequence of (iii) and (i)(a).

�
Given an increasing sequence (Fk)k∈N of closed subsets of E, we define

C({Fk}) = {f : A → R |
⋃
k≥1

Fk ⊂ A ⊂ E, f|Fk
is continuous ∀k},

C∞({Fk}) = {f : A → R |
⋃
k≥1

Fk ⊂ A ⊂ E, f|Fk∪{∆} is continuous ∀k}.
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Obviously C∞({Fk}) ⊂ C({Fk}) and C∞({Fk}) only differs from C({Fk}) if E∆ is the one
point compactification since otherwise ∆ is an isolated point of E. Recall that C({Fk})
is a notion which is used in conjunction with quasi-regularity.

A subset N ⊂ E is called strictly E-exceptional if Cap1, bG1ϕ(N) = 0. An increasing se-
quence (Fk)k∈N of closed subsets of E is called a strict E-nest if Cap1, bG1ϕ(F c

k ) ↓ 0 as
k → ∞. A property of points in E holds strictly E-quasi-everywhere (s.E-q.e.) if the
property holds outside some strictly E-exceptional set. A function f defined up to some
strictly E-exceptional set N ⊂ E is called strictly E-quasi-continuous (s.E-q.c.) if there
exists a strict E-nest (Fk)k∈N, such that f ∈ C∞({Fk}). For a subset D ⊂ H denote by

D̃str all the strictly E-q.c. m-versions of elements in D.

Definition 0.3 The generalized Dirichlet form E is called strictly quasi-regular if:

(i) There exists a strict E-nest (Ek)k≥1 such that Ek ∪ {∆}, k ≥ 1, is compact in E∆.

(ii) There exists a dense subset of F whose elements have strictly E-q.c. m-versions.

(iii) There exist un ∈ F , n ∈ N, having strictly E-q.c. m-versions ũn, n ∈ N, and a
strictly E-exceptional set N ⊂ E such that {ũn | n ∈ N} separates the points of
E∆ \N .

Proposition 0.4 Let E be a locally compact separable metric space. Let the generalized
Dirichlet form (E ,F) be regular, i.e. C0(E) ∩ F is dense in F w.r.t. | · |F as well as in
C0(E) w.r.t. the uniform norm. Then it is strictly quasi-regular.

Proof (cf. [5, V. Proposition 2.12.(ii)]) Recall that either E is already compact, or E∆

is the one point compactitication. In any case Ek ≡ E, k ≥ 1, is a strict E-nest fulfilling
Definition 0.3(i). Since C0(E)∩F is dense in F Definition 0.3(ii) holds. Definition 0.3(iii)
holds because C0(E) ∩ F is dense in C0(E) and since E is separable.

�

Remark 0.5 (i) The notion of strictly quasi-regular in the above definition crucially de-
pends on how ∆ is adjoined to E.
(ii) When dealing with quasi-regular generalized Dirichlet forms E-nests and E-exceptional
sets are determined by Capϕ (cf. [10, III. Proposition 2.10.]) where Capϕ(U) := ((G1ϕ)U , ϕ),
U open. Obviously Capϕ ≤ Cap1, bG1ϕ. Hence, the above strict notions w.r.t. Cap1, bG1ϕ are
at least not weaker than the corresponding notions E-q.e., E-q.c., E-nest, etc., w.r.t. Capϕ.
Furthermore, suppose that m is a positive Radon measure on (E,B(E)), that E is a regular
Dirichlet form, and that Cap denotes the capacity associated to E as defined in [4, p. 64].
By Proposition 0.4 E is strictly quasi-regular and it is easy to see that Cap1, bG1ϕ ≤ Cap
(see [5, III. Exercise 2.10.]).
(iii) Related statements in [10] (resp. [5]) may (and they do in nearly all cases) re-
main true if we replace Capϕ (resp. Caph,g) by Cap1, bG1ϕ, C({Fk}) by C∞({Fk}), and
add strict or strictly to quasi-regular, E-nest, E-quasi-uniformly, E-quasi-continuous, etc.
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We shall refer to these statements as “strict versions”. For instance [10, III. Lemma 3.5.],
[10, IV. Proposition 1.9.], are easily seen to have strict versions.
(iv) Under the assumption that each Ek in Definition 0.3(i) is metrizable it follows simi-
larly to [5,Remark 3.2.(iv)] that σ{ũn|n ∈ N} ⊃ B(E∆ \N) where N , ũn, n ∈ N, are as
in Definition 0.3(iii).

Let us now give a technical condition which we will use in order to compensate a lack
of implicitly given or a so far undisclosed structure in the domain F of the generalized
Dirichlet form. The following condition is trivially satisfied for any sectorial Dirichlet form.
Indeed, in this case it is enough to consider the bounded elements in the domain of the
sectorial form.

SD3 There exists an algebra of functions G ⊂ Hb such that G ∩ F is dense in F and
limα→∞ eu−αGαu + eαGαu−u = 0 in H for every u ∈ G.

We shall give here below among others the exact definition of a strictly m-tight Hunt
process. Denote by P (E∆) the set of all probability measures on (E∆,B(E∆)) and let
B(E∆)∗ be the σ-algebra of universally measurable sets.

Definition 0.6 (i) M = (Ω,M, (Xt)t≥0, (Px)x∈E∆
) is called a Hunt process with state

space E, life time ζ, and corresponding filtration (Mt)t≥0, if

(M.1) Xt : Ω → E∆ is Mt/B(E∆)- measurable for all t ≥ 0, and Xt(ω) = ∆ ⇔ t ≥ ζ(ω)
for all ω ∈ Ω, where (Mt)t≥0 is a filtration on (Ω,M) and ζ : Ω → [0,∞].

(M.2) For all t ≥ 0 there exists a map θt : Ω → Ω such that Xs ◦ θt = Xs+t for all s ≥ 0.

(M.3) (Px)x∈E∆
is a family of probability measures on (Ω,M), such that x 7→ Px[B] is

B(E∆)∗–measurable for all B ∈ M and B(E∆)–measurable for all B ∈ σ(Xt|t ≥ 0)
and P∆[X0 = ∆] = 1.

(M.4) For all A ∈ B(E∆), s, t ≥ 0, and x ∈ E∆

Px[Xt+s ∈ A|Mt] = PXt [Xs ∈ A] Px-a.s..

(M.5) Px[X0 = x] = 1 for all x ∈ E∆.

(M.6) t 7→ Xt(ω) is right continuous on [0,∞) for all ω ∈ Ω.

(M.7) (Mt)t≥0 is right continuous and for any (Mt)t≥0–stopping time τ and µ ∈ P(E∆)

Pµ[Xτ+s ∈ A|Mτ ] = PXτ [Xs ∈ A] Pµ-a.s..

for all A ∈ B(E∆), s ≥ 0, where for a positive measure ν on (E∆,B(E∆)) we set
Pν :=

∫
Px ν(dx).

(M.8) Xt− := lim s↑t
s<t

Xs exists in E∆ for all t ∈ (0,∞) Pµ-a.s. for all µ ∈ P (E∆).
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(M.9) limn→∞ Xτn = Xτ Pµ–a.s. on {τ < ∞} and Xτ is
∨

n≥1

FPµ
τn -measurable for every

increasing sequence (τn)n≥1 of (FPµ

t )t≥0-stopping times with limit τ and for all µ ∈
P (E∆), where for a sub-σ-algebra A ⊂M we let APµ be its Pµ-completion in M.

(ii) M is called a right process if it satisfies (M.1)− (M.7) above. M is called a m-Hunt
process if it is a right process and if it satisfies (M.8)−(M.9) but with “for all µ ∈ P (E∆)”
replaced by “for µ = ϕ ·m”. M is called a m-special standard process if it is a right process
and if it satisfies (M.8) − (M.9) but with “for all µ ∈ P (E∆)”, “∞”, “E∆”, replaced by
“for µ = ϕ ·m”, ”ζ”, “E”.
(iii) A right process M is said to be strictly m-tight if there exists an increasing sequence
(Kk)k∈N of compact metrizable sets in E∆ such that

Pϕ·m[ lim
k→∞

σE∆\Kk
< ∞] = 0.

M is said to be m-tight if it satisfies the above but with “∞”, “E∆”, replaced by ”ζ”, “E”.

Given a right process M = (Ω,M, (Xt)t≥0, (Px)x∈E∆
) with state space E. If µ is a pos-

itive measure on (E∆,B(E∆)) let Eµ be the expectation w.r.t. Pµ. The family (pt)t≥0

(resp. (Rα)α>0) of kernels on (E,B(E)) defined by ptf(x) := Ex[f(Xt)] (resp. Rαf(x) :=∫∞
0

e−αtptf(x)dt), x ∈ E, f ∈ Bb, is called the transition semigroup (resp. resolvent) of
M. Note that Rαf is well–defined and B(E)–measurable for all f ∈ Bb because of our
assumption B(E) = σ(C(E)). For a subset A ⊂ E∆ let σA := inf{t > 0 | Xt ∈ A} (resp.
DA = inf{t ≥ 0|Xt ∈ A}) be the first hitting time (resp. first entry time) w.r.t. M.

Definition 0.7 A right process M with resolvent (Rα)α>0 is called associated (in the
resolvent sense) with E if Rαf is an m-version of Gαf for all α > 0 and f ∈ Bb∩H. M is
called properly associated (in the resolvent sense) with E (resp. strictly properly associated
in the resolvent sense with E) if in addition Rαf is E-q.c. (resp. s.E-q.c.) for α > 0 and
f ∈ Bb ∩H.

Lemma 0.8 (i) Assume that there exists a m-tight m-special standard process M =
((Xt)t≥0, (Pz)z∈E∆

) that is associated with E. Let U ⊂ E, U open. Then

Cap1, bG1ϕ(U) = Eϕ·m(e−σU ).

(ii) Let M = (Ω, (Ft)t≥0, (Xt)t≥0, (Pz)z∈E∆
) be a strictly m-tight m-Hunt process which is

associated with E. Let B ∈ B(E). Then

Cap1, bG1ϕ(B) = Eϕ·m(e−DB) = Eϕ·m(e−SB)

and SB := inf{t ≥ 0|X t
0 ∩B 6= ∅}. Here X t

0 denotes the closure of {Xs| s ∈ [0, t]} in E∆.
In particular DB = SB Pϕ·m-a.e.
Moreover, if (Fk)k∈N is a strict E-nest then

Pz( lim
k→∞

σF c
k

= ∞) = 1 for s.E-q.e. z ∈ E.
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Proof (i) By [10, IV.Theorem3.1.] E is quasi-regular and M = ((Xt)t≥0, (Pz)z∈E∆
)

is properly associated in the resolvent sense with E . Let (Rα)α>0 be the resolvent of
M. Let v ∈ PF ∩ B and v := supα>0 αRα+1v. We will first show that m-a.e. vU :=

E·

[
e−σU v(XσU

)
]

= vU . Using the strong Markov property (M.7) it is easy to see that

vU is 1-excessive, i.e. αRα+1vU ≤ vU . By (M.5), (M.6), we have vU = v on U . Hence, by

[10, III.Proposition 1.7.(ii)] vU ≥ vU . By [10, IV.Proposition 3.4.] we know that E·

[
e−σU αRα+1v(XσU

)
]

is a m-version of (αGα+1v)U . We obtain vU = supα>0 E·

[
e−σU αRα+1v(XσU

)
]

= supα>0(αGα+1v)U ≤
vU using again [10, III.Proposition 1.7.(ii)] for the last inequality. Therefore vU = vU . Thus

(kG1ϕ ∧ 1)U = E·

[
e−σU kR1ϕ ∧ 1(XσU

)
]

m-a.e. Note that 0 < ϕ(z) ≤ 1 for every z ∈ E.

Hence 0 < R1ϕ(z) ≤ 1 for every z ∈ E by (M.5), (M.6). It follows kR1ϕ∧1 ↑ 1E pointwise
as k →∞. Noting that {σU < ζ} = {σU < ∞}, we obtain

Cap1, bG1ϕ(U) = sup
k≥1

sup
α≥1

(E·

[
e−σU αRα+1(kR1ϕ ∧ 1)(XσU

)
]
, ϕ)

= sup
α≥1

(E·

[
e−σU αRα+11E(XσU

)
]
, ϕ) = Eϕ·m

[
e−σU

]
.

(ii) By Theorem 0.2 the proof is the same as in [5, V. Lemma 2.19., Lemma 2.21.].

�

Proposition 0.9 Let E be strictly quasi-regular. Then:
(i) Every g ∈ F admits a s.E-q.c. m-version g̃. In particular, we have for any s.E-q.c.
m-version ũ of u ∈ F , ε > 0

Cap1, bG1ϕ({|ũ| > ε}) ≤ ε−1‖eu + e−u‖H‖ϕ‖H.

Let E additionally satisfy SD3. Then every g ∈ G admits a s.E-q.c. m-version g̃.
(ii) E is quasi-regular. If E additionally satisfies SD3, then there exists a strictly m-tight
(m-)special standard process M which is properly associated in the resolvent sense with E.

Proof (i) Assume that u ∈ F admits a s.E-q.c. m-version ũ ∈ C∞({Fk}) where (Fk)k∈N
is a strict E-nest. Then {|ũ| > ε} ∪ F c

k is open for each k and ε−1(eu + e−u) ≥ lG1ϕ ∧ 1
m-a.e. on {|ũ| > ε} for each l. Hence (for intermediate steps cf. e.g. the implementations
in [13, Section 2], or [14, Section 1])

Cap1, bG1ϕ({|ũ| > ε}) ≤ lim
k→∞

lim
l→∞

((lG1ϕ ∧ 1){|eu|>ε}∪F c
k
, ϕ)

≤ lim
l→∞

((lG1ϕ ∧ 1){|eu|>ε}, ϕ) + lim
k→∞

Cap1, bG1ϕ(F c
k )

≤ lim
l→∞

lim
α→∞

E1(lG1ϕ ∧ 1, (Ĝ1ϕ)α
{|eu|>ε})

≤ ε−1‖eu + e−u‖H‖ϕ‖H. (1)
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Therefore, using 0.3(ii) and the strict version of [10, III. Proposition 3.7.] we can construct
through a “locally”uniform approximation with s.E-q.c. m-versions of functions in a dense
subset of F a s.E-q.c. m-version for any u ∈ F . Now let u ∈ G and let E satisfy SD3.
Since αGαu ∈ F , it admits, as we just proved, a s.E-q.c. m-version for each α. Then, using
again the strict version of [10, III.Proposition 3.7.] and (1) we obtain that every u ∈ G
admits a s.E-q.c. m-version.
(ii) We first check [10, IV.1.7. (i)-(iii)], i.e. the quasi-regularity of E . Since Capϕ ≤ Cap1, bG1ϕ

0.3(ii),(iii) immediately imply [10, IV.1.7. (ii),(iii)]. If {∆} is an isolated point of E, then
Ek is compact if and only if Ek ∪ {∆} is compact. Hence, in this case 0.3(i) also implies
immediately [10, IV.1.7. (i)]. Thus, it remains to check [10, IV.1.7. (i)] if E∆ is the one

point compactification. By (i) G1ϕ has a s.E-q.c. m-version G̃1ϕ. Let G̃1ϕ ∈ C∞({Fk})
for some s.E-nest (Fk)k∈N. Because G̃1ϕ(∆) = 0 we have ∆ /∈ {G̃1ϕ ≥ k−1}. Then,

E ′
k := Fk ∩ {G̃1ϕ ≥ k−1} = (Fk ∪ {∆}) ∩ {G̃1ϕ ≥ k−1}, k ∈ N, is compact in E. We have

to check that (E ′
k)k≥1 is an E-nest. But (cf. again e.g. [13, Section 2], or [14, Section 1]

for intermediate steps)

lim
k→∞

Capϕ(E ′c
k ) ≤ lim

k→∞
Cap1, bG1ϕ(F c

k ) + lim
k→∞

E1(G1ϕ, (Ĝ1ϕ){ gG1ϕ<k−1})

≤ lim
k→∞

(G1ϕ ∧ k−1, ϕ) = 0

and we have shown that E is quasi-regular. Using the same arguments as in the proof of
[10, Proposition 2.1.] it is easy to see that condition SD3 implies condition D3 in [10, IV.2].
Hence, by [10, IV.Theorem2.2.] there exists a m-tight special standard process M which
properly associated in the resolvent sense with E . Finally we show that M is strictly
m-tight. Let (Ek)k≥1 be as in Definition 0.3. By Lemma 0.8(i) we have Cap1, bG1ϕ(Ec

k) =

Eϕ·m(e−σE∆\Ek∪{∆}). Hence Pϕ·m(limk→∞ σE∆\Kk
< ∞) = 0 where Kk := Ek ∪ {∆} and M

is strictly m-tight.

�

Proposition 0.10 Suppose that (E ,F) is a quasi-regular generalized Dirichlet form on
H such that 1 ∈ F and ∆ is adjoined to E as an isolated point of E∆. Then (E ,F) strictly
quasi-regular.

Proof In fact, comparing the definitions of quasi-regularity and strict quasi-regularity
and taking into account that ∆ is isolated it suffices to show that the ϕ-capacity which
determines quasi-regularity is equivalent to the strict capacity. We have to show that strict
E-nests and E-nests are the same. Of course any strict E-nest is an E-nest. So, let (Fk)k∈N
be an E-nest. By definition 1F c

k
→ 0 in H as k → ∞ (here 1F c

k
means “reduced”and not

“indicator”function !). We obtain

Cap1, bG1ϕ(F c
k ) := lim

k→∞
((kG1ϕ ∧ 1)F c

k
, ϕ) ≤ lim

k→∞
(1F c

k
, ϕ) = 0,

hence (Fk)k∈N is a strict E-nest and the result follows.

�
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When we assume that our generalized Dirichlet form is strictly quasi-regular we let
Y := ∪k∈NEk with Ek, k ∈ N, as in Definition 0.3(i). We may assume that each Ek

is metrizable w.r.t. the trace topology inherited from E (cf. [5, Remark 3.2.(iii)]). By
[9, Corollary 2, p.102] Y is a Lusin space. Since E \ Y is strictly E-exceptional it is E-
exceptional, hence m(E\Y ) = 0 and we may identify L2(E; m) with L2(Y, m) canonically.

Lemma 0.11 Let E be strictly quasi-regular. Let α > 0. There exists a kernel R̃α from
(E,B(E)) to (Y,B(Y )) such that

(i) R̃α(z, Y ) ≤ 1 for all z ∈ E.

(ii) R̃αf is a s.E-q.c. m-version of Gαf for all f ∈ H.

The kernel R̃α is unique in the sense that, if K is another kernel from (E,B(E)) to

(Y,B(Y )) satisfying (i) and (ii), it follows that K(z, ·) = R̃α(z, ·) s.E-q.e.

Proof Fix α > 0. Let sq(C(E)) denote the s.E-q.c. functions defined s.E-q.e. on E.

Let T : H → sq(C(E)), f 7→ G̃αf , where G̃αf denotes a s.E-q.c. m-version of Gαf .

G̃αf exists by Proposition 0.9(i). We will show that T is quasi-linear in the sense of [1,
Definition 1.2.]. Indeed, let c1, c2 ∈ R, f, g ∈ H. By Proposition 0.9(i) we have for any
ε > 0

Cap1, bG1ϕ({|G̃α(c1f + c2g)− c1G̃αf − c2G̃αg| > ε}) ≤ ε−1‖e0 + e−0‖H‖ϕ‖H = 0,

hence G̃α(c1f + c2g) = c1G̃αf + c2G̃αg s.E-q.e. If fn ↓ 0, fn ∈ H, n ∈ N, then fn →
0 in H. Hence eGαfn + e−Gαfn → 0 in H and therefore again by Proposition 0.9(i)

Cap1, bG1ϕ({|G̃αfn| > ε}) → 0 for any ε > 0 as n → ∞. Finally, if f ∈ H, f ≥ 0 m-

a.e., then G̃αf ≥ 0 s.E-q.e. Indeed,since Gαf ≥ 0 m-a.e. and G̃αf = Gαf m-a.e. we have
m(G̃αf < 0) = 0 and thus

Cap1, bG1ϕ({G̃αf < 0}) = lim
k→∞

lim
β→∞

E1(kG1ϕ ∧ 1, (Ĝ1ϕ)β

{ eGαf<0}
) = 0.

This completes the proof that T is quasi-linear. By [1, Theorem 4.2.] there exists then a
unique (up to quasi-equivalence) kernel K from (E,B(E)) to (Y,B(Y )) such that Kf =
Tf s.E-q.e. for all f ∈ H. Since m is σ-finite it follows in particular αK1Y = αT1Y =
αG̃α1Y ≤ 1 s.E-q.e. and hence there exists a strictly E-exceptional set N ∈ B(E) such

that αK(z, Y ) ≤ 1 for all z ∈ E \N . It suffices now to let R̃α(z, ·) := 1E\NK(z, ·).
�

Lemma 0.12 Let E be strictly quasi-regular and satisfy SD3. Let R̃α, α > 0, be as in
Lemma 0.11. Then there exists a countable family D of m-versions from elements in G∪Fb

and a strict E-nest (Fk)k∈N with the following properties:

(i) There exists a Q-algebra D2 such that D = D2 ∪ {R̃αu|u ∈ D2, α ∈ Q∗
+}.
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(ii) Fk ⊂ Ek for all k.

(iii) u ∈ C∞({Fk}) for all u ∈ D and there exists αn ∈ Q∗
+, n ∈ N, such that

limn→∞ αnR̃αnu(z) = u(z) for all u ∈ D2, z ∈ Y1 := ∪k≥1Fk.

(iv ) {R̃1u|u ∈ D2} separates the points of Y1∆ := Y1 ∪ {∆} and σ(D2) ⊃ B(Y1∆).

Proof Let D0 ⊂ G ∩F be a countable family which is both dense in H and in F . Using
Proposition 0.9(i) let us choose for each u ∈ D0 a s.E-q.c. m-version to obtain a countable
family D1 consisting of s.E-q.c. functions which are m-versions of elements in D0. Let D2

be the smallest family of bounded s.E-q.c. functions which is a Q-algebra containing D1.
Then D2 and consequently D := D2∪{R̃αu|u ∈ D2, α ∈ Q∗

+} is again a countable family.

Obviously G̃str ⊃ D2 because G̃str is in particular also a Q-algebra and contains D1. We
know that limα→∞ eu−αGαu + eαGαu−u = 0 in H for every u ∈ G. Hence as in the proof of
Proposition 0.9(i) we can use the strict version of [10, III. Proposition 3.7.] and then apply
the usual diagonal argument in order to obtain an increasing sequence (αn)n∈N ⊂ Q∗

+ and

a strictly E-exceptional set N1 such that limn→∞ αnR̃αnu(z) = u(z) for all u ∈ D2 and

all z ∈ E \ N1. Since D1 ⊂ D2 and D1 is dense in H we have that {R̃1u|u ∈ D2} is
dense in F . Thus, we can use the strict version of [10, IV. Proposition 1.9.(i)] (cf. Remark

0.5(iii)) to obtain a strictly E-exceptional set N2 such that {R̃1u|u ∈ D2} separates the
points of E∆ \N2. By Remark 0.5(iv) we can find a strictly E-exceptional set N3 such that
σ(D2) ⊃ B(E∆ \N3). Let (F1k)k∈N be a strict E-nest such that N1 ∪N2 ∪N3 ⊂ ∩k∈NF c

1k.
By the strict version of [10, III. Lemma 3.5.] there exists a strict E-nest (F2k)k∈N such that
u ∈ C∞({F2k}) for all u ∈ D. Then let Fk := F1k ∩ F2k ∩ Ek, k ∈ N (Ek as fixed right
before Lemma 0.11).

�

Main results

Theorem 0.13 Assume that there exists a strictly m-tight m-Hunt process M with state
space E which is associated with E. Then E is strictly quasi-regular and M is strictly
properly associated with E.

Proof Using in particular Lemma 0.8(ii) the verification of Definition 0.3(i),(ii), as well
as the verification thatM is strictly properly associated with E , works in the same manner
as in the proof of [5, V. Proposition 2.18., Claim 1, Claim 2]. One only has to see that the
last argument in the proof of Claim 2 on p. 164 of [5] carries over because we use already
association in the resolvent sense (see Definition 0.7), and because {Gαf |f ∈ H, α > 0}
is dense in F (see [10, I. Remark 3.5.]). It remains to verify Definition 0.3(iii):
SinceM is strictly m-tight there exists an increasing sequence (Kk)k∈N of compact metriz-
able sets in E∆ such that

Pϕ·m( lim
k→∞

σE∆\Kk
< ∞) = 0.
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Hence (Fk := Kk \ {∆})k∈N is a strict E-nest of closed sets in E. Lemma 0.8(ii) implies
that there exists a strictly E-exceptional set N such that

Pz( lim
k→∞

σF c
k

= ∞) = 1 ∀z ∈ E \N.

Since Kk is compact and metrizable w.r.t. the topology inherited from E∆, there exist
open sets U∆

m ⊂ E∆, m ∈ N, such that (U∆
m ∩Kk)m∈N separates the points of Kk for each

k (i.e. for x, y ∈ Kk, x 6= y, there exist U , V ∈ {U∆
m |m ∈ N} such that U ∩Kk ∩ V = ∅

and x ∈ U , y ∈ V ). Of course U := {Um := U∆
m \ {∆}|m ∈ N} is then a family of open

subsets of E such that (Um ∩ Fk)m∈N separates the points of Fk for each k.

Now, we can show exactly as in [10, IV.Lemma3.11] that
(
R1ϕ− E·[

∫∞
σU

e−sϕ(Xs)ds]
)

U∈U
separates the points of

⋃
n∈N Fn ∩ (E \N). Since

lim
n→∞

nRn+1(R1ϕ− E·[

∫ ∞

σU

e−sϕ(Xs)ds])(x) = R1ϕ(x)− Ex[

∫ ∞

σU

e−sϕ(Xs)ds]

for all x we obtain that{
nRn+1(R1ϕ− E·[

∫ ∞

σU

e−sϕ(Xs)ds]) |U ∈ U , n ∈ N
}

separates also the points of
⋃

n∈N Fn ∩ (E \ N). Since M is strictly properly associated
with E we obtain 0.3(iii).

�

Theorem 0.14 Let E be a strictly quasi-regular generalized Dirichlet form satisfying
SD3. Then there exists a strictly m-tight Hunt process which is strictly properly asso-
ciated in the resolvent sense with E.

Proof By Proposition 0.9(ii) there exists a strictly m-tight m-special standard process
M which is properly associated in the resolvent sense with E . M is strictly properly
associated with E by [5, V. Proposition 2.18., Claim 2] which carries over to our more
general situation. Using Lemma 0.12 one can show exactly as in [5, V. Proposition 2.25]
that M is a strictly m-tight m-Hunt process. One only has to replace the D in the proof
of [5, V. Proposition 2.25] by our D2 of Lemma 0.12. By Theorem 0.13 M is then strictly
properly associated in the resolvent sense with E . Finally also [5, V. Proposition 2.26] can
be carried over to our situation. We replace again the D in [5, V. Proposition 2.26] by our
D2 of Lemma 0.12. In that way we can show that M is indeed a Hunt process up to a
modification on a strictly E-exceptional set. This completes the proof.

�

Corollary 0.15 Suppose that E is a locally compact separable metric space. Let (E ,F) be
a generalized Dirichlet form. Then a sufficient condition for (E ,F) to be associated with
a Hunt process is given by:

11



(i) C0(E) ∩ F contains an algebra of functions G which is dense in F .

(ii) There exists a countable set {un|n ∈ N} ⊂ C0(E)∩F separating the points of E∆ \N
for some strictly E-exceptional set N ⊂ E.

Proof It is easy to see that (i), (ii), imply (ii), (iii), of Definition 0.3. Clearly Ek := E,
k ≥ 1, is a strict E-nest such that Ek∪{∆}, k ≥ 1, is compact in E∆. Indeed, this holds if
E∆ is the one-point compactification. If E is already compact, then ∆ is an isolated point
and E ∪ {∆} is also compact. Hence Definition 0.3(i) is fulfilled. Furthermore, E satisfies
SD3 with G ⊂ C0(E) ∩ F by (i). We then apply Theorem 0.14.

�

Remark 0.16 If (E ,F) is a Dirichlet form then C0(E) ∩ F is always an algebra. Fur-
thermore, already in this case the conditions (i), (ii), of Corollary 0.15 are really weaker
than assuming the regularity of (E ,F), i.e. C0(E)∩F is dense both in F and C0(E) (see
[5, V.Exercise 2.17.]).

We will from now on up to the end of this section assume that our generalized Dirichlet
form (E ,F) is strictly quasi-regular. By strict quasi-regularity every element in F admits

a strictly E-q.c. m-version (see Proposition 0.9). For a subset D ⊂ H recall that D̃str

denotes the strictly E-q.c. m-versions of elements in D. In particular P̃str
F denotes the

set of all strictly E-q.c. m-versions of 1-excessive elements in V which are dominated by

elements of F . Note that F̃ ∩ P
str

⊂ P̃str
F and that P̃str

F − P̃str
F is a linear lattice, that is

ũ ∧ α ∈ P̃str
F − P̃str

F for all α ≥ 0 and all ũ ∈ P̃str
F − P̃str

F . We emphasize that an element
in PF not necessarily admits an strictly E-q.c. m-version.
Exactly as in [12, Theorem 2.3] we show the following integral representation theorem

for elements in P̂ bF . The only difference lies in the test functions which are now strictly
quasi-continuous instead of quasi-continuous.

Theorem 0.17 Let û ∈ P̂ bF . Then there exists a unique σ-finite and positive measure µstr
û

on (E,B(E)) charging no strictly E-exceptional set, such that∫
E

f̃ dµstr
û = lim

α→∞
E1(f, αĜα+1û) ∀f̃ ∈ P̃str

F − P̃str
F .

Since limα→∞ αRα+1(kG1ϕ∧1) = kR1ϕ∧1, limk→∞ kR1ϕ∧1 = 1E, s.E-q.e, and everything
is s.E-q.e. bounded, we obtain (for intermediate steps cf. e.g. [13, (9) on p. 416])

Cap1, bG1ϕ(U) = lim
k→∞

lim
α→∞

E1((kG1ϕ ∧ 1)α
U , Ĝ1ϕ)

= lim
k→∞

lim
α→∞

E1(kG1ϕ ∧ 1, (Ĝ1ϕ)α
U)

= lim
k→∞

lim
α→∞

E1(αGα+1(kG1ϕ ∧ 1), (Ĝ1ϕ)U)

= lim
k→∞

lim
α→∞

∫
E

αRα+1(kR1ϕ ∧ 1)dµstr
( bG1ϕ)U

= µstr
( bG1ϕ)U

(E).
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It is quite easy to see that the support of µstr
( bG1ϕ)U

is located in the topological closure U

of U (use e.g. the strict version of [12, Lemma 2.4]). Thus

Cap1, bG1ϕ(U) = µstr
( bG1ϕ)U

(U). (2)

We assume up to the end of this section that there exists a strictly m-tight Hunt process
M which is strictly properly associated in the resolvent sense with E . By 0.14 this is the
case if E satisfies SD3. In analogy to [12] we introduce the following class of measures

Ŝstr
00 := {µstr

û | û ∈ P̂ bG1H+
b

and µstr
û (E) < ∞}

where Ĝ1H+
b := {Ĝ1h | h ∈ H+

b }.

Theorem 0.18 For B ∈ B(E) the following conditions are equivalent:

(i) B is strictly E-exceptional.

(ii) µ(B) = 0 ∀µ ∈ Ŝstr
00 .

Proof (i) ⇒ (ii) is clear. We show ¬(i) ⇒ ¬(ii). If B is not strictly E-exceptional then
Cap1, bG1ϕ(B) > 0. Since Cap1, bG1ϕ is regular by Choquet’s capacibility theorem there exists
a compact K ⊂ B with Cap1, bG1ϕ(K) > 0.
Fix a strict E-nest (Fk)k∈N consisting of metrizable sets as in 0.3(i) and k0 ∈ N such that

Cap1, bG1ϕ(K ∩ Fk0)− Cap1, bG1ϕ(F c
k0

) > 0. (3)

Let ρFk0
be a metric on Fk0 which is compatible with the relative topology on Fk0 inherited

from E. Define for n ∈ N

Bn := {z ∈ Fk0 | ρFk0
(z, K ∩ Fk0) <

1

n
}, Bn := {z ∈ Fk0 | ρFk0

(z, K ∩ Fk0) ≤
1

n
}.

Then Bn ∪ F c
k0
⊂ E is open and contains K ∩ Fk0 for all n. Thus by (2)

Cap1, bG1ϕ(K ∩ Fk0) ≤ inf
n≥1

Cap1, bG1ϕ(Bn ∪ F c
k0

)

≤ inf
n≥1

µstr
( bG1ϕ)Bn

(E) + Cap1, bG1ϕ(F c
k0

)

Let (Ĝ1ϕ)∞ be the weak limit of ((Ĝ1ϕ)Bn
)n∈N in V . Note that (Ĝ1ϕ)∞ ∈ P̂ bG1H+

b
,

(Ĝ1ϕ)∞ ≤ (Ĝ1ϕ)Bn
for all n, and thus µstr

( bG1ϕ)∞
∈ Ŝstr

00 exists uniquely by Theorem 0.17.

If ∆ is an isolated point then each Fk is compact in E hence B1 as a closed subspace
of Fk0 is also compact in E. If E is locally compact but not compact and E∆ is the one
point compactification of E then B1 is compact as a bounded closed neighborhood of the
compact set K ∩Fk0 . Hence, in any case B1 is compact in E. Now, similarly to the proof
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of [12, Theorem 2.5] we can show that there exists a subsequence (µstr
( bG1ϕ)Bnk

)k∈N which

converges weakly on B1 to µstr
( bG1ϕ)∞

and that supp(µ̂str
∞ ) ⊂ K ∩ Fk0 . It now follows from

(3) that

0 < µstr
( bG1ϕ)∞

(K ∩ Fk0).

�

Remark 0.19 It is now quite easy to understand why statements in [12] which are based
on the non strict version of Theorem 0.18 might be reformulated w.r.t. the strict capacity.
As before we refer to these reformulations as strict versions. For instance Theorem 3.1
and Theorem 4.5 in [12] have strict versions.

Applications

We apply here our previously achieved theoretical results to three different classes of ex-
amples. In example (a) we will use Theorem 0.14. In this case the G of condition SD3 will
not be a subset of F . Example (b), resp. example (c), is in the spirit of Corollary 0.15,
resp. Theorem 0.14. In both last cases G is a subset of F .

(a) Non-symmetric perturbations through divergence free vector fields

Let U be an open subset of Rd and 〈·, ·〉 the Euclidean inner product in Rd with norm

| · | = 〈·, ·〉 1
2 . Let H1,2

0 (U) be the closure of C∞
0 (U) in L2(U, dx) w.r.t. the norm given by∫

U
(|∇u|2 + u2) dx. Let H1,2

loc (U) be the space of all elements u such that uχ ∈ H1,2
0 (U) for

all χ ∈ C∞
0 (U). Let ρ ∈ H1,2

loc (U) such that the measure m := ρ2 dx on U has full support.
Similarly to the above H1,2

loc (U,m) is the space of all elements u such that uχ ∈ H1,2
0 (U,m)

for all χ ∈ C∞
0 (U) and H1,2

0 (U,m) is given as the closure of C∞
0 (U) in L2(U,m) w.r.t. the

norm given by
∫

U
(|∇u|2 + u2) dm.

Let A = (aij)1≤i,j≤d with aij ∈ H1,2
loc (U,m) be a symmetric matrix and locally uniformly

strictly elliptic, i.e. for any V relatively compact in U there exists νV > 0 such that

ν−1
V |h|2 ≤ 〈A(x)h, h〉 ≤ νV |h|2 for all h ∈ Rd, x ∈ V.

Consider the closure (cf. [5, II.2b] for the closability) of

E0(u, v) =
1

2

∫
〈A∇u,∇v〉 dm ; u, v ∈ C∞

0 (U)

on L2(U,m) which we denote by (E0, D(E0)). Let (L0, D(L0)) be the associated gen-
erator. By construction we have that C∞

0 (U) ⊂ D(L0) and L0u = 1
2

∑d
i,j=1 aij∂i∂ju +

1
2

∑d
i=1 β m

A,i∂iu, u ∈ C∞
0 (U), where β m

A = (β m
A,1, ..., β

m
A,d), β m

A,i =
∑d

j=1(∂jaij + 2aij∂jρ/ρ).
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Let B = (b1, ..., bd) ∈ L2
loc(U, Rd, m), i.e.

∫
V
〈B, B〉 dm < ∞ for all V relatively compact

in U , and such that ∫
〈B,∇u〉 dm = 0 for all u ∈ C∞

0 (U). (4)

For a subspace W ⊂ L2(U,m) let W0 denote the space of all u ∈ W such that supp(|u|m)
is compact in U and let W0,b = W0 ∩Wb. Define

Lu := L0u +
d∑

i,j=1

bi∂iu; u ∈ D(L0)0,b

There is no symmetric bilinear form associated with L. By [11, Theorem 1.5] there exists a
closed extension (L, D(L)) of (L, D(L0)0,b) on L1(U,m) generating a strongly continuous
resolvent (Gα)α>0 on L1(U,m) which is sub-Markovian. Furthermore we have D(L)b ⊂
D(E0) and

E0(u, v)−
∫
〈B,∇u〉v dm = −

∫
Lu v dm ; u ∈ D(L)b, v ∈ D(E0)0,b.

Moreover

E0(u, u) ≤ −
∫

Lu u dm ; u ∈ D(L)b .

Remark 0.20 Since −B satisfies the same assumptions as B similarly to (L, D(L)) we

can construct a closed extension (L
′
, D(L

′
)) of L0u− 〈B,∇u〉 generating a strongly con-

tinuous resolvent (G
′
α)α>0 which is sub-Markovian. It follows that∫
Gαu v dm =

∫
uG

′
αv dm for all u, v ∈ L1(U,m)b .

Note also that similarly to the case of symmetric Dirichlet operators which admit a carré
du champ (cf. [2, I.4]) D(L)b is an algebra.

Let (L, D(L)) be the part of (L, D(L)) in L2(U,m),i.e. D(L) = {f ∈ D(L)∩L2(G; m)|Lf ∈
L2(G; m)}, Lf := Lf , f ∈ D(L). Let (L

′
, D(L

′
)) be the adjoint operator of (L, D(L))

in L2(U,m). Let (Gα)α>0 (resp. (G′
α)α>0) be the associated resolvent to (L, D(L)) (resp.

(L′, D(L′))). (Gα)α>0 (resp. (G
′
α)α>0 ) and (Gα)α>0 (resp. (G′

α)α>0) coincide on L1(U,m)∩
L2(U,m). Let (·, ·) be the inner product in L2(U,m). According to [10, I.Example 4.9](ii)
(L, D(L)) is associated to a generalized Dirichlet form on D(L)× L2(U,m) ∪ L2(U,m)×
D(L′) by

E(u, v) :=

{
(−Lu, v) for u ∈ D(L), v ∈ L2(U,m);
(u,−L′v) for u ∈ L2(U,m), v ∈ D(L′).

In this case F = D(L). Let U∆ be the one point compactification of U . In the following
we will show that E is a strictly quasi-regular generalized Dirichlet form satisfying SD3.
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Hence by Theorem 0.14 there will exist a strictly m-tight Hunt process which is strictly
properly associated in the resolvent sense with E . Since by Remark 0.20 the co-form Ê
satisfies the same assumptions than E , analogously one can show the existence of a strictly
m-tight Hunt process which is strictly properly associated in the resolvent sense with Ê .

Theorem 0.21 There exists a strictly m-tight Hunt process which is strictly properly
associated in the resolvent sense with E.

Proof By Theorem 0.14 it is enough to show that E is strictly quasi-regular and satisfies
SD3. The latter holds with G := {u ∈ D(L)b| ∃f, g ∈ D(L) with u ≤ f,−u ≤ g}. Indeed,
by Remark 0.20 G is an algebra of bounded functions. Furthermore G ∩ D(L) = D(L)b

because (L, D(L)) is the part of (L, D(L)) in L2(U,m). Clearly D(L)b is dense in D(L)
because (L, D(L)) is a Dirichlet operator. Furthermore, by [11, Lemma 3.2(iii)] and the
strong continuity of (Gα)α>0 on L1(U,m) it follows limα→∞ eu−αGαu + eαGαu−u = 0 in H
for every u ∈ G. It remains hence to show the strict quasi-regularity of E .
Put Ek ≡ U ∪ {∆}, k ≥ 1. Then (Ek)k≥1 is a strict E-nest such that Ek ∪ {∆}, k ≥ 1,
is compact in U∆. Hence 0.3(i) is satisfied. Since C∞

0 (U) ⊂ D(L) we can easily see that
0.3(iii) is satisfied. In [10, Theorem 4.6.] the existence of a m-tight special standard process
M = (Xt, Pz) with lifetime ζ such that Rαf(z) := Ez

[∫∞
0

e−sf(Xs)ds
]

is an E-q.c. m-
version of Gαf for any f ∈ Bb ∩ L2(E; m), α > 0, has already been proved. In order to
show 0.3(ii) we will proceed in two steps:
step 1: Let (Vn)n∈N be an increasing sequence of open subsets relatively compact in U
such that V n ⊂ Vn+1, n ∈ N, and U =

⋃
n∈N Vn. Then RVn

1 f(z) := Ez

[∫ σV c
n

0
e−sf(Xs)ds

]
admits a s.E-q.c. m-version for all f ∈ Bb ∩ L2(E; m), n ∈ N.
For V ⊂ U , V arbitrary but open, let (E0,V , D(E0,V )) denote the closure of (E0, C∞

0 (V ))
in L2(V ; m). We first show RVn

1 f ∈ D(E0,U) = D(E0). Indeed, since

E0
1(αGα+1R

Vn
1 f, αGα+1R

Vn
1 f) ≤ E1(αGα+1R

Vn
1 f, RVn

1 f) ≤ E1(αGα+1R1f, R1f)

is uniformly bounded in α this follows from the usual arguments (see [5, I. Lemma 2.12.]).
Hence, there exists (uk)k∈N ⊂ C∞

0 (U) such that uk → RVn
1 f in D(E0) as k →∞. Denote by

‖ · ‖∞ (resp. | · |∞) the sup-norm (resp. m-essential sup-norm). Let ξ ∈ C∞
0 (R), ξ(x) = x

on [−|f |∞, |f |∞], w ∈ C∞
0 (Vn+2), w(x) = 1 on V n, supp(w) ⊂ V n+1. Then wk := ξ(uk)w ∈

C∞
0 (Vn+2) and wk → RVn

1 f in L2(Vn+2; m) as k →∞. By [4, Theorem1.4.2.(ii)] and since
normal contractions operate on D(E0,Vn+2)√

E0,Vn+2(wk, wk) =

√
E0(wk, wk) ≤‖ ξ ‖∞

√
E0(w, w)+ ‖ w ‖∞‖ ξ′ ‖∞

√
E0(uk, uk)

is uniformly bounded in k. Hence RVn
1 f ∈ D(E0,Vn+2). For V ⊂ U , V arbitrary but open,

let Cap0,V denote the capacity associated to the regular Dirichlet form (E0,V , D(E0,V )) as
defined in [4, p. 64]. Let Cap0

ϕ be the ϕ-capacity associated to the quasi-regular Dirichlet

form (E0, D(E0)). By [4, Theorem 2.1.3.] there exists a Cap0,Vn+2-nest (Fk)k∈N and a m-

version R̃Vn
1 f of RVn

1 f such that R̃Vn
1 f ∈ C∞({Fk}), i.e.

R̃Vn
1 f|Fk∪{∆} is continuous for all k.
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By [4, Theorem 4.4.3.(ii)] (Fk ∪ V c
n+2)k∈N is a Cap0,U -nest and hence by Remark 0.5(ii) a

Cap0
ϕ-nest. Since by [11, Lemma 4.5.] a Cap0

ϕ-nest is an E-nest (i.e. a Capϕ-nest) and vice
versa we obtain that (Fk ∪ V c

n+2)k∈N is a Capϕ-nest. Using in particular (2) and Theorem
0.17 we obtain

Cap1, bG1ϕ(F c
k ∩ Vn+2) ≤

∫
gdµstr

( bG1ϕ)Fc
k
∩Vn+2

= E1

(
g, (Ĝ1ϕ)F c

k∩Vn+2

)
for any g ∈ C∞

0 (U), g(x) = 1 on V n+2. Since (Fk∪V c
n+2)k∈N is an E-nest E1(g, (Ĝ1ϕ)F c

k∩V c
n+2

)
tends to zero as k → ∞. Thus limk→∞ Cap1, bG1ϕ(Fk ∪ V c

n+2) = 0 and (Fk ∪ V c
n+2)k∈N is a

strict E-nest. Since RVn
1 f is a m-version of R̃Vn

1 f ∈ C∞({Fk}), and RVn
1 f(z) = 0 for every

z ∈ V
c

n, by [4, Lemma 2.1.4.] we may assume that R̃Vn
1 f(z) = 0 for every z ∈ V

c

n. Hence

R̃Vn
1 f|Fk∪V c

n+2∪{∆} is continuous for all k.

The last just means that R̃Vn
1 f ∈ C∞({Fk ∪ V c

n+2}), thus R̃Vn
1 f is strictly E-q.c.

step 2: R1f admits a s.E-q.c. m-version for all f ∈ Bb ∩ L2(E; m).

Let m ≥ n, Un,m,ε := {|R̃Vn
1 f − R̃Vm

1 f | > ε}. Then

Cap1, bG1ϕ(Un,m,ε) ≤ ε−1 lim
α→∞

E1(|R̃Vn
1 f − R̃Vm

1 f |, (Ĝ1ϕ)α
Un,m,ε

)

≤ ε−1E1(αGα+1(E·[

∫ ∞

σV c
n

e−s|f |(Xs)ds]), (Ĝ1ϕ)Un,m,ε)

≤ ε−1(E·[

∫ ∞

σV c
n

e−s|f |(Xs)ds], ϕ).

Since (V n)n∈N is a Cap0
ϕ-nest it is an E-nest by [11, Lemma 4.5.]. Hence Pϕm(limn→∞ σV c

n
≥

ζ) = 1. Thus, we may choose a subsequence such that

Cap1, bG1ϕ({|R̃Vni+1

1 f − R̃
Vni
1 f | > 2−i}) ≤ 2−i for every i.

Set Ak :=
⋃

i≥k{|R̃
Vni+1

1 f − R̃
Vni
1 f | > 2−i}. Let (F ′

k)k∈N be a strict E-nest such that

R̃Vn
1 f ∈ C∞({F ′

k}), n ∈ N. Then Fk := F ′
k ∩ Ac

k, k ∈ N, is a strict E-nest and R̃
Vni
1 f

converges uniformly on Fk ∪ {∆} as i →∞. It then suffices to set

R̃1f(z) :=

{
limi→∞ R̃

Vni
1 f(z) for z ∈

⋃
k∈N Fk,

0 elsewhere.

Then R̃1f is a s.E-q.c. m-version of G1f . Since G1Hb ⊂ D(L) dense we obtain 0.3(ii).

�

(b) Monotonely moving domains

For the reader’s convenience let us here summarize what is developed in [8]. Anything
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corresponding to this framework that is not proved here is rigorously shown in [8].
If U is an open set in some Euclidean space let Ck(U) (resp. Ck

0 (U)) denote the k-times
continuously differentiable functions (resp. with compact support) in U . For F ⊂ Rn

closed let Ck(F ) (resp. Ck
0 (F )) denote the restrictions to F of functions in Ck(Rn) (resp.

Ck
0 (Rn)). For V ⊂ Rd+1 with usual Euclidean metric let C0(V ) be the continuous func-

tions on V with compact support in V .
Let A ⊂ Rn, n ≥ 1, be Borel measurable. We denote by 1A the characteristic function
of A. For a Borel measure ν on A, p ∈ [1,∞], we denote by Lp

loc(A, ν) the space of all
Borel measurable F on A for which 1KF ∈ Lp(A, ν) for any in compact subset K of A,
and Lp(A, ν) denotes as usual the p-fold integrable functions on A w.r.t. ν if p < ∞, and
the ν-essentially bounded functions on A if p = ∞. A function is called locally bounded,
if it is bounded on compact sets. We denote by | · | the Euclidean norm, by | · |∞ the
sup norm in the corresponding space, i.e. either the point-wise sup norm or the essential
sup norm w.r.t. a measure. Let A ⊂ E. We set Ac := E \A, i.e. the complement of A in E.

Let d ≥ 1, and dy = dxds be the Lebesgue measure on Rd+1, where dx is the Lebesgue
measure on Rd, ds the Lebesgue measure on R. Let E ⊂ [0,∞) × Rd be a closed space-
time domain where each Et := {x ∈ Rd|(t, x) ∈ E}, t ∈ [0,∞), is a closed, not necessarily
bounded subset of the Euclidean space Rd. We assume that Et moves monotonely, i.e.
either Es ⊂ Et, ∀s ≤ t, or Es ⊃ Et, ∀s ≤ t, s, t ∈ [0,∞). Let finally the boundary ∂E of
E have zero (d + 1)-dimensional Lebesgue measure.

Let aij = aji, ρ : E −→ R, 1 ≤ i, j ≤ d, be measurable functions with ρ ∈ L1
loc(E, dy),

ρ > 0 dy-a.e. on E. We let A = (aij)1≤i,j≤d be the symmetric matrix given by the functions
aij. For a function F we denote by ∂iF the i−th partial distributional derivative in space
direction, by ∇F the space gradient of F . Because dy(∂E) = 0 we will identify Lp(E, dy)
and Lp(E \ ∂E, dy). In connection with this we will consider a function F : E → R as
a function F : E\∂E → R and vice versa. We assume that either for some constant C ≥ 1

(A1) C−1
∑d

i=1 ξ2
i ≤

∑d
i,j=1 aij(y)ξiξj ≤ C

∑d
i=1 ξ2

i ; ∀(ξ1, ..., ξd) ∈ Rd, y ∈ E,

or

(A1′) E = [0,∞)× Rd, aij is locally bounded, ∂jaij ∈ L2
loc(E, ρdy), 1 ≤ i, j ≤ d, and

∑d
i,j=1 aij(y)ξiξj ≥ 0 ∀(ξ1, ..., ξd) ∈ Rd, y ∈ E.
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Let H := L2(E, ρdy) with norm |F |H :=
√∫

E
F (y)2ρ(y)dy, and inner product (·, ·)H. Let

c ∈ L∞(E, ρdy), c ≥ 0 ρdy-a.e, and consider the following bilinear form

A(F, G) :=
1

2

d∑
i,j=1

∫ ∞

0

∫
Es

aij(s, x)∂iF (s, x)∂jG(s, x)ρ(s, x)dxds.

+

∫ ∞

0

∫
Es

c(s, x)F (s, x)G(s, x)ρ(s, x)dxds; F, G ∈ C1
0(E)

Obviously C1
0(E) ⊂ H dense, so A is densely defined on H. We assume from now on

that it is closable in H, i.e. if (Fn)n∈N ⊂ C1
0(E) is an A-Cauchy sequence converging

to 0 in H, then we must have limn→∞A(Fn, Fn) = 0. We remark that conditions on ρ
in order to obtain closability are very mild. In case of (A1) it is for instance enough to
have a Hamza type condition for ρ. In case of (A1’) it is enough to have ρ = ϕ2 with
∂iϕ ∈ L2

loc([0,∞) × Rd, dxds), 1 ≤ i ≤ d. The closure (A,V) of (A, C1
0(E)) in H is a

regular symmetric Dirichlet form on H (cf. [4]). Let |F |V be the corresponding Dirichlet

norm, i.e. |F |V := (A(F, F ) + |F |2H)
1
2 , and Aα(·, ·) := A(·, ·) + α(·, ·)H.

At this point it will be convenient to recall some basic definitions of semigroups and
generators. A family (Tt)t≥0 of bounded linear operators from a Banach space W into W is
called a C0-semigroup on W if T0 = idW , TtTs = Tt+s for all t, s ≥ 0, and limt→0 TtF = F
in W for all F ∈ W . It is called a C0-semigroup of contractions on W if additionally
|TtF |W ≤ |F |W for any F ∈ W , t ≥ 0.
Let (Tt)t≥0 be a C0-semigroup on W . The linear operator LF := limt→0

1
t
(TtF − F ) with

domain

D(L,W) = {F ∈ W | ∃ lim
t→0

1

t
(TtF − F ) in W}

is called the (infinitesimal) generator of (Tt)t≥0.
A bounded linear operator U : W →W is called sub-Markovian if 0 ≤ UF ≤ 1 whenever
0 ≤ F ≤ 1, F ∈ W . A C0-semigroup (Tt)t≥0 on H is called sub-Markovian if Tt is sub-
Markovian for all t ≥ 0.

Let κ : [0,∞)×R+ → [0,∞), κ ∈ C1([0,∞)×R+), κ(s, 0) = s. We assume (κ(s, t), x) ∈ E
whenever (s, x) ∈ E, t ≥ 0, and

(A2) ∀s ∈ [0,∞), r, t ≥ 0 : κ(s, r + t) = κ(κ(s, r), t).

We will now define the C0-semigroup corresponding to the perturbation of A. For G ∈
C1

0(E), t ≥ 0, let first

UtG(y) := G(κ(s, t), x) for every y = (s, x) ∈ E, t ≥ 0.

(A2) implies the semigroup property of (Ut)t≥0. In order to have UtC
1
0(E) ⊂ C1

0(E), t ≥ 0,
we assume that G(κ(·, t), ·) ∈ C1

0(E) whenever G ∈ C1
0(E), t ≥ 0. Let G ∈ C1

0(E). We
suppose for any T > 0 the existence of a compact set K such that the support of UtG−G,
t ∈ [0, T ], is located in K. We assume further
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(A3)
∫

E
G(κ(s, t), x)ρ(s, x) dxds ≤

∫
E

G(s, x)ρ(s, x) dxds ∀G ∈ C1
0(E)

+
, t ≥ 0.

and the existence of constants M ≥ 1, ω ≥ 0, such that

(A4) A(UtG, UtG) ≤ MeωtA(G, G) ∀G ∈ C1
0(E), t ≥ 0.

Note that (A3), resp. (A4), is in particular a condition on ρ, resp. c. Concrete examples
for (aij)1≤i,j≤d, E, ρ, κ, c satisfying (A1), (A2), (A3),(A4), or (A1’), (A2), (A3), and (A4),
can be found in [8].

Using (A3) we obtain |UtG|H ≤ |G|H for any G ∈ C1
0(E). Since C1

0(E) ⊂ H dense,
Ut induces a (linear) contraction on H which we also denote by Ut. For s ∈ [0,∞) let

κ′(s, 0) := lim
t→0

κ(s, t)− κ(s, 0)

t
.

It can easily be shown that (Ut)t≥0 is a sub-Markovian C0-semigroup of contractions on H,
and that the corresponding generator (Λ, D(Λ,H)) is an extension of ΛF = κ′(·, 0)∂tF ,
F ∈ C1

0(E). Furthermore, by (A4) (Ut)t≥0 can be restricted to a C0-semigroup on V .

We denote by (Λ, D(Λ,V)) the generator corresponding to the restriction of (Ut)t≥0 on V ,

and let (Ût)t≥0 be the adjoint semigroup of (Ut)t≥0 in H, i.e. Ût is the adjoint operator
(on H) of Ut for every t ≥ 0.

Although in general (Ût)t≥0 cannot be restricted to a C0-semigroup on V we have that

(Ût)t≥0 is sub-Markovian. Indeed, this is an easy consequence of (A3). Thus (Λ, D(Λ,H))
is the generator of a C0-semigroup of contractions on H that can be restricted to a C0-
semigroup on V . Hence [10, I.Lemma 2.3.] implies that

Λ : D(Λ,H) ∩ V → V ′

is closable as an operator from V to V ′. Let (Λ,F) denote its closure. For the following
up to the definition of the generalized Dirichlet form see [10]. F is a real Hilbert space
with norm

|F |F :=
(
|F |2V + |ΛF |2V ′

) 1
2 .

(Ût)t≥0 can be extended to a C0-semigroup on V ′. The corresponding generator (Λ̂, D(Λ̂,V ′))
is the dual operator of (Λ, D(Λ,V)). F̂ := D(Λ̂,V ′)∩ V is a real Hilbert space with norm

|F | bF :=
(
|F |2V + |Λ̂F |2V ′

) 1
2
.

Let 〈·, ·〉 be the dualization between V ′ and V . The generalized Dirichlet form is now given
through
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E(F, G) :=

{
A(F, G)− 〈ΛF, G〉 for F ∈ F , G ∈ V
A(F, G)− 〈Λ̂G, F 〉 for G ∈ F̂ , F ∈ V .

Note that 〈·, ·〉 when restricted to H×V coincides with (·, ·)H. Let Eα(F, G) := E(F, G)+
α(F, G)H for α > 0. It follows, from [10, I.Proposition 3.4, p.19], that for all α > 0

there exist continuous, linear bijections Wα : V ′ → F and Ŵα : V ′ → F̂ such that
Eα(WαF, G) = 〈F, G〉 = Eα(G, ŴαF ), ∀F ∈ V ′, G ∈ V. Furthermore (Wα)α>0 and

(Ŵα)α>0 satisfy the resolvent equation

Wα −Wβ = (β − α)WαWβ and Ŵα − Ŵβ = (β − α)ŴαŴβ.

Restricting Wα to H we get a strongly continuous contraction resolvent (Gα)α>0 on H
satisfying limα→∞ αGαF = F in V for all F ∈ V . The resolvent (Gα)α>0 is called the

resolvent associated with E . Let (Ĝα)α>0 be the adjoint of (Gα)α>0 in H. (Ĝα)α>0 is called
the coresolvent associated with E .
The resolvent (Gα)α>0 and the coresovent (Ĝα)α>0 associated with E are sub-Markovian,

i.e. 0 ≤ αGαF ≤ 1 (resp. 0 ≤ αĜαF ≤ 1) whenever 0 ≤ F ≤ 1, F ∈ H, α > 0.

This follows from [10, I. Proposition 4.3] since (Ut)t≥0, (Ût)t≥0, are sub-Markovian, thus
semigroups corresponding to Dirichlet operators. We have now the following:

Lemma 0.22 We have C1
0(E) ⊂ F dense.

Proof Since D(Λ,V) ⊂ F dense by [10, I.2 Lemma 2.5.] it is enough to show that
C1

0(E) ⊂ D(Λ,V) dense w.r.t. the graph norm. Since (Λ, D(Λ,V)) is the generator of
the C0-semigroup (Ut)t≥0 on V , UtF ∈ C1

0(E), for any F ∈ C1
0(E), t ≥ 0, i.e. C1

0(E) is
invariant under (Ut)t≥0, and C1

0(E) ⊂ V dense, we can apply [3, 1.7Proposition] in order
to obtain that C1

0(E) ⊂ D(Λ,V) dense w.r.t. the graph norm.

�

Since (E ,F) is regular, i.e. C0(E) ∩ F is dense in C0(E) w.r.t. the uniform norm as
well as in F , it follows that (E ,F) is a strictly quasi-regular generalized Dirichlet form on
E (see Proposition 0.4). On the other hand we can see from Lemma 0.22 that G := C1

0(E)
satisfies the condition SD3. Hence, the following theorem is an immediate consequence of
Corollary 0.15 or Theorem 0.14.

Theorem 0.23 There exists a Hunt processM = (Ω, (Ft)t≥0, (Yt)t≥0, (Py)y∈E∆
) with state

space E, life time ζ, such that RαF (y) :=
∫∞

0

∫
Ω

e−αtF (Yt(ω))dPydt is a s.E-q.c. ρdy-
version of GαF for any α > 0 and any F ∈ Hb.

Using Theorem 0.18 the proof of the following theorem is similar to [13, Theorem 3.3], or
[14, Theorem 2.5]. We therefore omit it. Note however that due to the here refined poten-
tial theory (see Remark 0.19) we obtain statements w.r.t. the strict capacity defined above.
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Theorem 0.24 There exists a strictly E-exceptional set N ⊂ E such that

Py (t 7→ Yt is continuous on [0, ζ)) = 1 for every y ∈ E \N.

The generator corresponding to the diffusion Yt has the following informal expression in
the interior of E:

LF =
1

2
ρ−1

d∑
i,j=1

∂i(aijρ∂jF ) + cF + κ′(·, 0)∂tF.

(c) Time inhomogenous parametrized diffusions on infinite dimensional space

Let E be a separable real Banach space with norm ‖ · ‖E. Let B(E) denote its Borel
σ-algebra and let E ′ with operator norm ‖ · ‖E′ denote the dual of E. In particular
B(E) = σ(E ′). Let (H, 〈·, ·〉H) a separable real Hilbert space such that H ⊂ E densely
and continuously. Identifying H with its topological dual H ′ we obtain that E ′ ⊂ H ⊂ E
densely and continuously. The corresponding dualization E′〈·, ·〉E : E ′×E → R restricted
to E ′ ×H coincides with 〈·, ·〉H .
Let C1

0,b(R×Rm) denote the one times continuously differentiable functions on R×Rm with
all partial derivatives in space bounded and compact support in time. Let C1

0,b([0,∞)×Rm)
denote the restrictions to [0,∞)×Rm of the functions in C1

0,b(R×Rm). Let us define the
finitely based time-dependent functions as

FT C1
0,b := {f(t, l1(z), ..., lm(z))|m ∈ N, f ∈ C1

0,b([0,∞)× Rm), l1, ..., lm ∈ E ′}.

For u ∈ FT C1
0,b, k ∈ E, let

∂u

∂k
(t, z) :=

d

ds
u(t, z + sk) |s=0, (t, z) ∈ [0,∞)× E.

If u(t, z) = f(t, l1(z), ..., lm(z)), then

∂u

∂k
(t, z) =

m∑
i=1

∂f

∂xi

(t, l1(z), ..., lm(z))E′〈li, k〉E.

Thus, if k ∈ H, there exists by the Riesz lemma a unique element ∇Hu(t, z) ∈ H with

〈∇Hu(t, z), k〉H =
∂u

∂k
(t, z).

Let ds denote the Lebesgue measure on [0,∞). Let µ be finite positive measure with
full support on (E,B(E)), i.e. we assume that µ(U) > 0 for any non-empty open subset
U ⊂ E. Let ρ : [0,∞) × E → R be B([0,∞)) ⊗ B(E)-measurable, ρ > 0 dµds-a.e, and∫

K

∫
E

ρ(s, z)µ(dz)ds < ∞ for any K ⊂ [0,∞), K compact.
Let C1

0([0,∞)) consist of the restrictions to [0,∞) of the one times continuously differen-
tialble functions with compact support on R. Note that FT C1

0,b contains functions of the
form fg, f ∈ C1

0([0,∞)), g ∈ FC∞b , where FC∞b are the so-called finitely based smooth
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functions (see [5, II.3, p.54]). Since FC∞b separates by Hahn-Banach theorem the points
of E, it is clear that FT C1

0,b separates the points of [0,∞) × E. Furthermore FT C1
0,b is

an algebra of functions. Thus, by monotone class arguments

FT C1
0,b ⊂ H := L2 ([0,∞)× E, ρdµds) densely.

Let c ∈ L∞([0,∞) × E, ρdµds), c ≥ 0, and assume that the following densely defined
positive definite symmetric bilinear form

A(u, v) :=
1

2

∫ ∞

0

∫
E

〈∇Hu(s, z),∇Hv(s, z)〉Hρ(s, z) µ(dz)ds

+

∫ ∞

0

∫
E

c(s, z)u(s, z)v(s, z)ρ(s, z) µ(dz)ds; u, v ∈ FT C1
0,b

is closable on H. The closure (A,V) is then a symmetric Dirichlet form.

Remark 0.25 The closability of (A,FT C1
0,b) in H is fulfilled, if there exists an orthonor-

mal basis K0 ⊂ H, and βk ∈ H, k ∈ K0, such that for all u, v in FT C1
0,b, and k ∈ K0,∫ ∞

0

∫
E

∂u

∂k
(s, z)ρ(s, z)µ(dz)ds = −

∫ ∞

0

∫
E

u(s, z)βk(s, z)ρ(s, z)µ(dz)ds.

Indeed, this is an easy consequence of the results obtained in [5, II.3].

Let us now define the semigroup corresponding to the perturbation of A. Let d ≥ 0 be a
constant. For u(s, z) = f(s, l1(z), ..., lm(z)) let first either

Utu(s, z) := f(sedt, l1(z), ..., lm(z)); t ≥ 0,

or
Utu(s, z) := u(s + t, z); t ≥ 0.

It is easily seen that (Ut)t≥0 defined in such a way has the semigroup property on FT C1
0,b,

i.e. U0 is the identity operator, and

Ut′+tu = Ut′Utu; u ∈ FT C1
0,b, t′, t ≥ 0.

Also (Ut)t≥0 leaves FT C1
0,b invariant, i.e. Utu ∈ FT C1

0,b whenever u ∈ FT C1
0,b, t ≥ 0.

Furthermore 0 ≤ Utu ≤ 1 whenever u ∈ FT C1
0,b, 0 ≤ u ≤ 1 , t ≥ 0 (”submarkovianity“).

Let us make the assumptions

ρ(s, ·) ≤ ρ(t, ·) µ-a.e. ∀s ≤ t. (5)

and

c(s, ·)ρ(s, ·) ≤ c(t, ·)ρ(t, ·) µ-a.e. ∀s ≤ t. (6)
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In case of choice of the first semigroup we have the following contraction property for
u ∈ FT C1

0,b∫ ∞

0

∫
E

Utu(s, z)2ρ(s, z) µ(dz)ds =

∫ ∞

0

∫
E

f(sedt, l1(z), ..., lm(z))2ρ(s, z) µ(dz)ds

=

∫ ∞

0

∫
E

u(s, z)2e−dtρ(se−dt, z) µ(dz)ds

≤
∫ ∞

0

∫
E

u(s, z)2ρ(s, z) µ(dz)ds

where we used in particular (5) for the last inequality. In the second case Utu(s, z) :=
u(s + t, z) the contraction property is even easier to see. Since FT C1

0,b ⊂ H densely,
(Ut)t≥0 above induces a sub-Markovian semigroup of contractions on H which we also
denote by (Ut)t≥0. This semigroup is easily seen to be a C0-semgroup on H. Indeed, in
the first case we have

|Utu(s, z)− u(s, z)| = |f(sedt, l1(z), ..., lm(z))− f(s, l1(z), ..., lm(z))|

and |Utu(s, z) − u(s, z)| converges pointwise to zero as t → 0. Let the support of f
be contained in K × E, with K ⊂ [0,∞), K compact. For any t ≥ 0, the support of
f(sedt, l1(z), ..., lm(z)) is also contained in K ×E since d is a positive constant. Therefore
|Utu − u| is bounded by the integrable function 2|f |∞1K×E. As a consequence (Ut)t≥0 is
strongly continuous on H. In the case Utu(s, z) := u(s+t, z) the strong continuity is again
even easier to see. One can easily see that the corresponding generator (Λ, D(Λ,H)) on
H is an extension of

Λu(t, z) = td∂tu(t, z)

on FT C1
0,b in the first case and of

Λu(t, z) = ∂tu(t, z)

in the second case.
Furthermore, (Ut)t≥0 can be restricted to a C0-semigroup on V . The last clearly follows
from

|Utu|2V ≤ |u|2V
which is easily derived from (5) and (6). As in example (b) we obtain a generalized
Dirichlet form corresponding to A and Λ. We maintain the notations of example (b). Let

us show that the adjoint semigroup (Ût)t≥0 on H is sub-Markovian. Therefore, it suffices

to show that for u ∈ FT C1
0,b, 0 ≤ u ≤ 1, and t ≥ 0, we have 0 ≤ Ûtu ≤ 1. Clearly 0 ≤ Ûtu,

because for any v ∈ FT C1
0,b, v ≥ 0, we have Utv ≥ 0, and hence∫ ∞

0

∫
E

Ûtu vρdµds =

∫ ∞

0

∫
E

uUtvρdµds ≥ 0.
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On the other hand for any v ∈ FT C1
0,b, v ≥ 0,∫ ∞

0

∫
E

(1− Ûtu)vρdµds ≥
∫ ∞

0

∫
E

(v − Utv)ρdµds

=

∫ ∞

0

∫
E

v
(
ρ(s, z)− ρ(se−dt, z)

)
µ(dz)ds ≥ 0

by (5), and the result follows. Exactly as in example (b) we obtain FT C1
0,b ⊂ F densely,

where F is the domain of the correponding generalized Dirichlet form.

Proposition 0.26 Let Λ = ∂t. Then (E ,F) is quasi-regular.

Proof Since FT C1
0,b ⊂ F densely, property (ii) of Definition 0.3 is satisfied. Using in

particular Hahn-Banach theorem, there exists ln ∈ E ′, n ∈ N, such that {sin(ln)|n ∈ N}
separates the points of E. Let i(s) = s, and fn ∈ C∞

0 [0,∞), fn ≡ 1 on [0, n]. Let
gn := i · fn. Then {gm · sin(ln)|m, n ∈ N} is a countable set of functions in F which
separates the points of [0,∞) × E. Thus property (iii) of Definition 0.3 is satisfied. In
order to show that property (i) of Definition 0.3 is satisfied we proceed as follows:
Since E is separable we may choose a countable dense set {ym|m ∈ N} in E. By the Hahn-
Banach theorem we can find lm ∈ E ′ so that ‖ lm ‖E′= 1 and lm(ym) =‖ ym ‖E.Then
‖ z ‖E= supm∈N lm(z). Let ϕ ∈ C∞

b (R), ϕ increasing with ϕ(t) = t for all t ∈ [−1, 1],
|ϕ′|∞ ≤ 1, and for any m ∈ N define vm : E → R by vm := ϕ(‖ z − ym ‖E). Then

wn := inf
m≤n

vm, z ∈ E, n ∈ N,

is continuous and positive. In the same way as before choose {sm|m ∈ N} which is dense
in [0,∞). Put gn(t) := infm≤n ϕ(|t−sm|), and un := max(gn, wn) = 1

2
(gn +wn + |gn−wn|).

We fix 0 < ε < 1. Then

Fn := {un ≤ ε} = {gn ≤ ε} × {wn ≤ ε} =
⋃

m≤n

{|t− sm| ≤ ε} ×
⋃

m≤n

{‖ z − ym ‖E≤ ε}

is compact and increasing in n since gn, wn ↓ 0. One can show unG1ϕ ∈ F for any n ∈ N.
We have unG1ϕ → 0 in H. Additionnally |unG1ϕ|V , |∂t(unG1ϕ)|V ′ , stays bounded in n.
Hence by Banach/Alaoglu/Saks there exists a subsequence nk, such that 1

n

∑n
k=1 unk

G1ϕ
converges strongly to zero in F . But since un is decreasing we obtain

unnG1ϕ ≤
1

n

n∑
k=1

unk
G1ϕ.

Note further that |Ĝ1ϕ−(Ĝ1ϕ){un>ε}|2V ≤ E1(Ĝ1ϕ, Ĝ1ϕ), hence |(Ĝ1ϕ){un>ε}|V is bounded
in n. Therefore

Capϕ(F c
nn

) ≤ ε−1E1(unnG1ϕ, (Ĝ1ϕ){unn>ε})

≤ ε−12

∣∣∣∣∣ 1n
n∑

k=1

unk
G1ϕ

∣∣∣∣∣
F

∣∣∣(Ĝ1ϕ){un>ε}

∣∣∣
V
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converges to zero as n →∞. It follows that (Fn)n∈N is an E-nest of compacts.

�

Proposition 0.27 Let Λ = ∂t, and 1 ∈ F . Then (E ,F) is strictly quasi-regular and there
exists a Hunt process M = (Ω, (Ft)t≥0, (Yt)t≥0, (P(s,z))(s,z)∈E∆

) with state space [0,∞)×E,
life time ζ, such that RαF (s, z) :=

∫∞
0

∫
Ω

e−αtF (Yt(ω))dP(s,z)dt is a s.E-q.c. ρdµds-version
of GαF for any α > 0 and any F ∈ Hb.

Proof If Λ = ∂t, and 1 ∈ F , then (E ,F) is strictly quasi-regular by Proposition 0.26 and
0.10. Since furthermore G := FT C1

0,b satisfies the condition SD3 the result follows from
Theorem 0.14.

�
Assume that the condition assuring closability in Remark 0.25 is fulfilled. Let as before
u(t, z) = f(t, l1(z), ..., lm(z)) ∈ FT C1

0,b. Let l1,...,lm, be in the linear span of k1,...,kn ∈ K0.
The generator L related to E has the expression

Lu(t, z) =
1

2

n∑
i=1

(
∂

∂ki

(
∂u

∂ki

(t, z)

)
+ βki

(t, z)
∂u

∂ki

(t, z)

)
+ (Λ− c)u(t, z).

References

[1] Albeverio, S., Ma, Z.M.: A note on quasicontinuous kernels representing quasi-
linear positive maps, Forum Math. 3 (1991), 389–400.

[2] Bouleau, N., Hirsch, F.: Dirichlet forms and Analysis on Wiener space, Walter de
Gruyter, Berlin, 1991.

[3] Engel, K.-J., Nagel R.: One-Parameter Semigroups for Linear Evolution Equa-
tions. New-York: Springer 2000.

[4] Fukushima, M., Oshima, Y., Takeda, M.: Dirichlet forms and Symmetric Markov
processes. Berlin-New York: Walter de Gruyter 1994.
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