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Summary. Introducing the corresponding strict capacity, we give necessary and suf-
ficient conditions for a generalized Dirichlet form to be associated with a Hunt process.
We also show that Borel measurable sets with strict capacity zero can be checked-out by
an appropriate subclass of smooth measures. In the last part of this article we present
applications to three classes of examples.
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Preliminary note

Since the origin of quasi-regular Dirichlet forms on general state spaces, a fundamental
question has arisen, namely whether the associated Markov process is not just standard,
but moreover a so-called Hunt process. The difference lies mainly in the question, whether
its paths have left limits at the life time ¢, i.e. whether lim, - X, exists, in the state
space E enlarged by a cemetery A. Obviously, this question is crucial for localizing the
process when “it dies”. In case of a regular symmetric Dirichlet form on a locally compact
(separable metric) state space, i.e. in Fukushima’s classical framework (see [4]), and in the
case of Oshima’s time-dependent Dirichlet forms (see [7]), the answer is always yes. In the
framework of Ma/Réckner (see [5]), i.e. the case of a quasi-regular sectorial Dirichlet form
on a general topological state space the answer is no in general. But one can characterize
those Dirichlet forms for which the answer is yes by the notion of strict quasi-regularity
(cf. Chapter 5 in [5]).

Our main result is to generalize this charaterization to the class of (fully non-symmetric)
generalized Dirichlet forms as introduced by Stannat in [10]. However, due to an apparent
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or existent lack of implicitly given structure in the domain of generalized Dirichlet forms
we will similarly to [10,1V.2] be obliged to assume an extra condition SD3 (cf. below) in
order to construct the associated Hunt process. This condition is an easy to check a priori
assumption as can be seen in the three classes of examples that we treat as applications.
It is trivially satisfied for any sectorial Dirichlet form.

Apart from additional theortical interest, the achieved results are expected to have impact
on the study of the asymptotic behavior of solutions to SPDEs with jump type noise which
by nature are usually fully non-symmetric.

New definitions and first results

The following notations will be the common notations of [10], [12], [13], [14]. Therefore
not all of them will be recalled explicitly.

Let E be a Hausdorff topological space such that o(C(FE)) = B(E), i.e. the Baire o-
algebra coincides with the Borel o-algebra. Let m be a o-finite measure on (£, B(E))
and let (€, F) be a generalized Dirichlet form on H := L?(E;m) with inner product (-, -)
and coercive part (A, V) (see [10]). As usual we denote by | - |# the norm corresponding
to (£, F), and by |- | the norm corresponding to (A, V). Let (€, F) denote the coform.
Adjoining an extra point to the measurable space (E,B(FE)) let En := E'U{A} and
B(EA) = B(E)U{BU{A}|B € B(E)}. We will consider different topologies on Ea :=
E U {A}. If E is a locally compact separable metric space but not compact, Fa will
be the one point compactification of E, i.e. the open sets of En are the open sets of
E together with the sets of the form EA \ K, K C E, K compact in E. Otherwise we
adjoin the cemetery A to E as an isolated point. We extend m to (Ea, B(Ea)) by setting
m({A}) = 0. As usual, any function f on E is considered as a function on Ex with
f(A):=0.For AC EF weset A= E\ A.

By B, BT, By, B;, we denote the Borel measurable, positive Borel measurable, bounded
Borel measurable, bounded Borel measurable and positive functions on E. Throughout
this article we fix ¢ € L'(E,m) N B with 0 < ¢(z) < 1 for every z € E. Let (Ga)a>o
(resp. (Ga)aso) be the resolvent (resp. the coresolvent) of £. Let P (resp. P) denote
the 1-excessive (resp. l-coexcessive) elements of V where (A,V) is the coercive part of
(E,F). Welet V = Hif A = 0. Let C,D C H. We define De := {u € D | 3f €
C, u< f}, Dy:= DN L>®(E,m). For an arbitrary Borel set B € B(F) and an element
w € H such that {v € H | v > u-1g} NF # 0 (resp. 0 € ﬁf) let up = e,1, be

the 1-reduced function (resp. Up := €41, be the 1-coreduced function) of u - 1p (resp.
G- 1p) as defined in [10, III. Definition 1.8., p. 65]. Here we use the notation 15 for the
characteristic function of B. If B = E we rather write e, instead of ug. In general

only if B is open our definition of reduced function coincides with the one of [4,p. 92],
[5, ITI. Exercise 3.10(ii), p. 84]. In particular, if B € B(FE) is such that m(B) = 0, then
up = 0. By [10, III. Proposition 1.7.(ii)| e, = u, up < vp, ua < ug, weup < we + wp for
any u,v,w € Pr,u <wv, A,B,C,D € B(F), AC B.



Definition 0.1 For U C E, U open, set
Cap, g,,(U) := lim (kGrp A )y, 9)-

If A C E arbitrary then Cap17§1¢(A) := inf{ C’aplﬁw(U)\ U D A,Uopen}.

We note that CaupL@1 SO(U ) exists as a bounded and increasing limit for any open set U.
The boundedness follows because of Caplﬁw(E) = limy oo (kG1o A1, 0) < [@dm < 0.

Theorem 0.2 (i) Cap, Grp 18 Q (finite) Choquet capacity, i.e., it has the following prop-
erties:

(a) If (An)nen is an increasing sequence of arbitrary subsets of E then

Capl,éw?(U”ENAn) = Sug Capl,@up(An).
ne

(b) If (K, )nen is a decreasing sequence of compact subsets of E then

Caplﬁw(mneNKn) = 71116112 Caplﬁw(Kn).

(ii) For any sequence (Ap)nen of arbitrary subsets of E we have
Cap, ,,(UnenAn) < EnenCap, g,,(An)-
(i1i) For U,V C E open we have (“strong subadditivity”)
Cap, 5,,(UNV)+ Cap, 5, ,(UUV) < Cap, & ,(U) + Cap, 5, (V).

Proof (iii) For fixed k it can be shown exactly as in the proof of [10, III.Lemma 2.7.(ii)]
that (kGieAD) oy +(EGieAD)yny — (EG1p ALy — (EGipAl)y, @) < 0. Letting k — oo
we obtain the desired inequality.

(i) To prove (i)(a) and (i)(b) let first (U, )nen be an increasing sequence of open sets in £
and let U := U, enU,. Similarly to the proof of [10, III.Lemma 2.7.(i)] we show (kG1p A
Do = limy oo (kG19 A1)y, in 'H for any k. Hence Cap, g, ,(U) = supjey sup,en((KG1gp A
D)v,., p) = sup,ey Cap, g,,(Un). Now (i)(a) and (i)(b) are an easy consequence of the just
proven and (iii) (cf. [5, III. Theorem 2.8]).

(ii) This is an easy consequence of (iii) and (i)(a).

Given an increasing sequence (Fj)ren of closed subsets of E, we define

CHF:})={f:A—-R| U F, C ACUE, fip, is continuous Yk},

k>1

Coo{Fi}) ={f:A—=R| U F, C ACE, firuay is continuous Vk}.

E>1



Obviously C ({F1}) C C({F})}) and Co ({ Fi}) only differs from C'({F}) if E is the one
point compactification since otherwise A is an isolated point of E. Recall that C({Fy})
is a notion which is used in conjunction with quasi-regularity.

A subset N C E is called strictly £-exceptional if Caplyéw(N ) = 0. An increasing se-
quence (Fj)ren of closed subsets of E is called a strict E-nest if Cap, g ,(Ff) | 0 as
k — oo. A property of points in E holds strictly £-quasi-everywhere (s.£-q.e.) if the
property holds outside some strictly £-exceptional set. A function f defined up to some
strictly E-exceptional set N C F is called strictly £-quasi-continuous (s.£-q.c.) if there
exists a strict E-nest (F)ren, such that f € Co({Fr}). For a subset D C H denote by

Ds" all the strictly £-q.c. m-versions of elements in D.

Definition 0.3 The generalized Dirichlet form £ s called strictly quasi-reqular if:
(i) There exists a strict E-nest (Ey)g>1 such that Ex U{A}, k > 1, is compact in En.
(ii) There exists a dense subset of F whose elements have strictly E-q.c. m-versions.

(iii) There exist u, € F, n € N, having strictly E-q.c. m-versions u,, n € N, and a
strictly E-exceptional set N C E such that {u, | n € N} separates the points of
Ex\ N.

Proposition 0.4 Let E be a locally compact separable metric space. Let the generalized
Dirichlet form (€, F) be regular, i.e. Co(E) N F is dense in F w.r.t. |- |z as well as in
Co(E) w.r.t. the uniform norm. Then it is strictly quasi-reqular.

Proof (cf. [5,V. Proposition 2.12.(ii)]) Recall that either F is already compact, or Fa
is the one point compactitication. In any case E, = E, k > 1, is a strict E-nest fulfilling
Definition 0.3(i). Since Cy(E) N F is dense in F Definition 0.3(ii) holds. Definition 0.3(iii)
holds because Cy(FE) N F is dense in Cy(F) and since E is separable.

O

Remark 0.5 (i) The notion of strictly quasi-reqular in the above definition crucially de-
pends on how A is adjoined to E.

(ii) When dealing with quasi-reqular generalized Dirichlet forms E-nests and & -exceptional
sets are determined by Cap,, (cf. [10, II1. Proposition 2.10.]) where Cap,(U) := ((G19)u, ®),
U open. Obviously Cap,, < Capl’éw. Hence, the above strict notions w.r.t. Caplyaw are
at least not weaker than the corresponding notions £-q.e., £-q.c., E-nest, etc., w.r.t. Cap,.
Furthermore, suppose that m is a positive Radon measure on (E,B(F)), that € is a reqular
Dirichlet form, and that Cap denotes the capacity associated to € as defined in [4,p. 64].
By Proposition 0.4 £ is strictly quasi-reqular and it is easy to see that C’czplﬁ1 o = Cap
(see |5, II1. Exercise 2.10.]).

(i1i) Related statements in [10] (resp. [5]) may (and they do in nearly all cases) re-
main true if we replace Cap, (resp. Cap,,) by Cap, g,,, C({F}) by Coc({Fy}), and
add strict or strictly to quasi-reqular, £€-nest, €-quasi-uniformly, £-quasi-continuous, etc.
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We shall refer to these statements as “strict versions”. For instance [10, III. Lemma 3.5.],
[10, IV. Proposition 1.9.], are easily seen to have strict versions.

(iv) Under the assumption that each Ej in Definition 0.3(i) is metrizable it follows simi-
larly to [5, Remark 3.2.(iv)] that o{u,|n € N} D B(Ea \ N) where N, u,, n € N, are as
in Definition 0.3 (iii).

Let us now give a technical condition which we will use in order to compensate a lack
of implicitly given or a so far undisclosed structure in the domain F of the generalized
Dirichlet form. The following condition is trivially satisfied for any sectorial Dirichlet form.
Indeed, in this case it is enough to consider the bounded elements in the domain of the
sectorial form.

SD3 There exists an algebra of functions G C 'H, such that G N F is dense in F and
limy oo €u—aGou + CaGou—n = 0 in H for every u € G.

We shall give here below among others the exact definition of a strictly m-tight Hunt
process. Denote by P(FEA) the set of all probability measures on (Ea,B(EA)) and let
B(EA)* be the o-algebra of universally measurable sets.

Definition 0.6 (i) M = (Q, M, (X})i>0, (Pe)zer,) is called a Hunt process with state
space E, life time ¢, and corresponding filtration (My)i>o, if

(M.1) X; : Q — Ea is My/B(Ea)- measurable for allt > 0, and X;(w) = A <t > ((w)
for all w € Q, where (My)>0 is a filtration on (Q, M) and ¢ : Q — [0, o0].

(M.2) For allt > 0 there exists a map 0, : Q — Q such that X060, = X4y for all s > 0.

(M.3) (Py)zer, is a family of probability measures on (2, M), such that x — P,[B] is
B(EA)*~measurable for all B € M and B(Ea)-measurable for all B € o(X¢[t > 0)
and PA[Xo = A] = 1.

(M.4) For all A € B(EA),s,t >0, and x € Ep

Px[Xt—‘,-s S A|Mt] = PXt[Xs S A] Px—a.s..

(M.5) P.[Xo=2x] =1 forallx € Ea.

(M.6) t — Xy (w) is right continuous on [0,00) for all w € §.

(M.7) (My)i>o is right continuous and for any (M;)i>o—stopping time T and p € P(Ea)
P,[Xris € AIM;] = Px,[X; € A] P,-a.s..

for all A € B(EA), s > 0, where for a positive measure v on (Ea, B(Ea)) we set
P, := [ P,v(dx).

(M.8) X, = hmjli X exists in Ex for allt € (0,00) P,-a.s. for all p € P(Ea).



M.9) lim, oo X, = X, P,~a.s. on {17 < oo} and X, is fqi“—measumble or every
n 1

n>1
increasing sequence (Tp)p>1 Of (ftp“)tzo-stoppmg times with limit T and for all u €
P(En), where for a sub-c-algebra A C M we let A be its P,-completion in M.

(i) M is called a right process if it satisfies (M.1) — (M.7) above. M 1is called a m-Hunt
process if it is a right process and if it satisfies (M.8)—(M.9) but with “for all p € P(EA)”
replaced by “for u = p-m”. M is called a m-special standard process if it is a right process
and if it satisfies (M.8) — (M.9) but with “for all w € P(EA)”, “c0”, “Ea”, replaced by
(ffOT /,[/ — QD . m??, ?7C 777 ([E 77.

(iii) A right process M is said to be strictly m-tight if there exists an increasing sequence
(Ky)ken of compact metrizable sets in Ex such that

Plﬂm[]}ilgo OEA\K), < OO] =0.
M s said to be m-tight if it satisfies the above but with “c0”, “EA”, replaced by "C”7, “E”.

Given a right process M = (2, M, (X})1>0, (Py)zer,) With state space E. If p is a pos-
itive measure on (Ea,B(Ea)) let E, be the expectation w.r.t. P,. The family (p:)i>o
(resp. (Ra)as0) of kernels on (E,B(E)) defined by p;f(x) := E.[f(X;)] (vesp. Rof(z) :=
fooo e ¥p,f(x)dt), x € E, f € By, is called the transition semigroup (resp. resolvent) of
M. Note that R,f is well-defined and B(E)-measurable for all f € By, because of our
assumption B(E) = o(C(F)). For a subset A C Ea let 04 :=inf{t > 0| X; € A} (resp.
D, = inf{t > 0|X; € A}) be the first hitting time (vesp. first entry time) w.r.t. M.

Definition 0.7 A right process M with resolvent (Ry)as0 s called associated (in the
resolvent sense) with € if Ry f is an m-version of G f for alla > 0 and f € B,N'H. M is
called properly associated (in the resolvent sense) with £ (resp. strictly properly associated
in the resolvent sense with ) if in addition R.f is E-q.c. (resp. s.E-q.c.) for a > 0 and
feB,NH.

Lemma 0.8 (i) Assume that there exists a m-tight m-special standard process M =
((Xt)t>0, (P2)zep,) that is associated with €. Let U C E, U open. Then

Cap, &, ,(U) = Epm(e™7).

(7i) Let M = (Q, (Fi)i>0, (Xt)i>0, (P2)zery) be a strictly m-tight m-Hunt process which is
associated with €. Let B € B(E). Then

Cap1,él<p(B) = Etp-m<€7DB) = E@.m<€7SB)

and Sg := inf{t > 0| X{ N B # 0}. Here X}, denotes the closure of {X,|s € [0,t]} in Ex.
In particular Dg = Sp Py.p-a.e.
Moreover, if (Fi)ken is a strict E-nest then

PZ(kh—{EO ope =00) =1 fors&-qe z€ L.



Proof (i) By [10,IV.Theorem3.1.] £ is quasi-regular and M = ((X¢)i>0, (P:)zeE,)
is properly associated in the resolvent sense with £. Let (R,)a>o be the resolvent of
M. Let v € PrN B and U = sup,.q@Rat1v. We will first show that m-a.e. vy =

E. [e_”UE(XUU) = vy. Using the strong Markov property (M.7) it is easy to see that
vy is l-excessive, i.e. R, 110y < Uy. By (M.5), (M.6), we have Ty = T on U. Hence, by
[10, ITI.Proposition 1.7.(ii)] vy > vy. By [10, IV.Proposition 3.4.] we know that E. [e*"UaRaHv(XUU)

is a m-version of («Gp11v)y. We obtain oy = sup,.o F. [e“’UaRaHv(XUU) } = SUP,so(Gai10)y <
vy using again [10, IIT.Proposition 1.7.(ii)] for the last inequality. Therefore 7y = vy. Thus
(kGip A1)y = E. [e“’Ulego A 1(XUU)] m-a.e. Note that 0 < p(z) <1 for every z € E.

Hence 0 < Ryp(z) < 1forevery z € E by (M.5), (M.6). It follows kR1poA1 T 15 pointwise
as k — 0o. Noting that {oy < (} = {oy < oo}, we obtain

Cap, g,,(U) = supsup(E. [e"’UOcRaH(lego A1) (X, ) ] )

k>1 a>1

= sup(FE. [e“’UaRaHlE(XUU) ] ,0) = Epm [e‘”U ]

a>1

(ii) By Theorem 0.2 the proof is the same as in [5, V. Lemma 2.19., Lemma 2.21.].

Proposition 0.9 Let £ be strictly quasi-reqular. Then:
(i) Every g € F admits a s.£-q.c. m-version g. In particular, we have for any s.E-q.c.
m-version u of u € F, € > 0

Capl,@up({’m > 5}) < 5_1||6u + e—uHHHSOHH-

Let £ additionally satisfy SD3. Then every g € G admits a s.E-q.c. m-version g.
(i1) € is quasi-reqular. If € additionally satisfies SD3, then there exists a strictly m-tight
(m-)special standard process M which is properly associated in the resolvent sense with E.

Proof (i) Assume that u € F admits a s.£-q.c. m-version u € Co({Fi}) where (Fj)gen
is a strict E-nest. Then {|u| > £} U FY is open for each k and e (e, + e_,) > IGip A 1
m-a.e. on {|u] > €} for each [. Hence (for intermediate steps cf. e.g. the implementations
in [13, Section 2], or [14, Section 1])

Cap, g, ,({[ul > ¢}) < lim lim ((IG1o A L)gasepurg, ©)

k—oo l—o0

IN

i ((1Grp A1) gagsey, ) + lim Cap, g, (F%)

IN

lim lim & (IGip A1, (614,0)?\a|>5})

l—00 a—00

5_1||6u+6—u||7-l||90”71' (1)

IN



Therefore, using 0.3(ii) and the strict version of [10, III. Proposition 3.7.] we can construct
through a “locally” uniform approximation with s.£-q.c. m-versions of functions in a dense
subset of F a s.£-q.c. m-version for any v € F. Now let © € G and let & satistfy SD3.
Since aG u € F, it admits, as we just proved, a s.£-q.c. m-version for each . Then, using
again the strict version of [10, III.Proposition3.7.] and (1) we obtain that every u € G
admits a s.£-q.c. m-version.

(ii) We first check [10,1IV.1.7. (i)-(iii)], i.e. the quasi-regularity of £. Since Cap,, < Cap, 5,
0.3(ii),(iil) immediately imply [10,1V.1.7.(ii),(iii)]. If {A} is an isolated point of F, then
E), is compact if and only if £ U {A} is compact. Hence, in this case 0.3(i) also implies
immediately [10,IV.1.7.(i)]. Thus, it remains to check [10,IV.1.7.(i)] if Ea is the one
point compactification. By (i) Gip has a s.E-q.c. m-version G1¢. Let G1o € Coo({F})
for some s.E-nest (F)ren. Because @(A) = 0 we have A ¢ {(/}\1?0 > k~'}. Then,
E, = F,N{Gip >k} = (F,U{A}) N{Gip > k™ '}, k € N, is compact in E. We have
to check that (E})g>1 is an E-nest. But (cf. again e.g. [13, Section 2], or [14, Section 1]
for intermediate steps)

Jm Cap, () < lim Capy g, (F) + im €11, (Gr)arapry)
< Jlim (Gip Ak 9) =0

and we have shown that £ is quasi-regular. Using the same arguments as in the proof of
[10, Proposition 2.1.] it is easy to see that condition SD3 implies condition D3 in [10,IV.2].
Hence, by [10,IV.Theorem 2.2.] there exists a m-tight special standard process M which
properly associated in the resolvent sense with £. Finally we show that M is strictly
m-tight. Let (Ek)r>1 be as in Definition 0.3. By Lemma 0.8(i) we have Cap, 5 ,(E}) =
Epm (e 7Ba\E18Y) Hence Py, (limg oo 0pa\k, < 00) = 0 where K, := E, U{A} and M
is strictly m-tight.

OJ

Proposition 0.10 Suppose that (€, F) is a quasi-reqular generalized Dirichlet form on
H such that 1 € F and A is adjoined to E as an isolated point of Ex. Then (E,F) strictly
quasi-regular.

Proof In fact, comparing the definitions of quasi-regularity and strict quasi-regularity
and taking into account that A is isolated it suffices to show that the -capacity which
determines quasi-regularity is equivalent to the strict capacity. We have to show that strict
E-nests and E-nests are the same. Of course any strict £-nest is an E-nest. So, let (F))ren
be an £-nest. By definition 1 Fe— 0in H as k — oo (here 1 Fe means “reduced” and not
“Indicator” function !). We obtain

Cap, g,,(Fy) == ,}Lfgo((kGﬂP A1)Fe, ) < ]}Ego(lF,g, p) =0,

hence (Fy)ken is a strict E-nest and the result follows.



When we assume that our generalized Dirichlet form is strictly quasi-regular we let
Y = UgenEr with Ey, k € N, as in Definition 0.3(i). We may assume that each Ej
is metrizable w.r.t. the trace topology inherited from E (cf. [5, Remark 3.2.(iii)]). By
9, Corollary 2,p.102] Y is a Lusin space. Since E \ Y is strictly £-exceptional it is &-
exceptional, hence m(E\Y) = 0 and we may identify L*(E;m) with L?(Y, m) canonically.

Lemma 0.11 Let £ be strictly quasi-reqular. Let o > 0. There exists a kernel éa from
(E,B(E)) to (Y,B(Y)) such that

(i) Ro(z,Y) <1 forallz € E.
(i1) Rof is a s.£-q.c. m-version of Gof for all f € H.

The kernel R, is unique in the sense that, if K is another kernel from (E,B(E)) to
(Y,B(Y)) satisfying (i) and (ii), it follows that K(z,-) = Ra(z,) s.£-q.e.

Proof Fix a > 0. Let sq(C(F)) denote the s.E-q.c. functions defined s.£-q.e. on E.
Let T : H — sq(C(E)), f — Gof, where Gof denotes a s.£-q.c. m-version of G, f.
Gof exists by Proposition 0.9(i). We will show that 7" is quasi-linear in the sense of [1,
Definition 1.2.]. Indeed, let ¢1,c5 € R, f,g € H. By Proposition 0.9(i) we have for any
e>0

Cap1,éw({|éa(01f +029) — a1Gaf — ©2Gagl > £}) < £ leo + eoll2ll ¢l = 0,

hence éa(clf + cag) = cléaf + czéag s.t-qe. If f, 1 0, f, € H, n € N, then f, —
0 in H. Hence eq.f, + €—g.s, — 0 in H and therefore again by Proposition 0.9(i)
Cap, g,,({|Gafnl > €}) — 0 for any € > 0 as n — oco. Finally, if f € H, f > 0 m-
a.e., then éaf > 0 s.£-q.e. Indeed,since G, f > 0 m-a.e. and éaf = Gof m-a.e. we have
m(Gyof < 0) =0 and thus

Capl,@w({é"‘f <0}) = khfolo Blingo E1(kGip A 1, (é\lsp)féako}) = 0.

This completes the proof that T' is quasi-linear. By [1, Theorem 4.2.] there exists then a
unique (up to quasi-equivalence) kernel K from (E,B(E)) to (Y,B(Y)) such that K f =
Tf s.E-q.e. for all f € H. Since m is o-finite it follows in particular aK1ly = aT'ly =
aG,ly <1 s.E-q.e. and hence there exists a strictly E-exceptional set N € B(FE) such
that aK(z,Y) <1 for all z € E\ N. It suffices now to let Ry(z, ) := IpwK(z,-).

O

Lemma 0.12 Let £ be strictly quasi-reqular and satisfy SD3. Let éa, a >0, be as in
Lemma 0.11. Then there exists a countable family D of m-versions from elements in GUF,
and a strict E-nest (Fy)gen with the following properties:

(i) There exists a Q-algebra Dy such that D = Dy U {Rau|u € Dy, v € QL}



(ii) Fy C Ey for all k.

(iii) u € Coo({Fi}) for all w € D and there evists o, € QY, n € N, such that
limy, 00 R, u(2) = u(z) for allu € Dy, z € Y} 1= Ug>1 Fy.

(iv ) {Ryu|u € Dy} separates the points of Yia = Y1 U{A} and o(Ds) D B(Y1a).

Proof Let Dy C GNF be a countable family which is both dense in ‘H and in F. Using
Proposition 0.9(i) let us choose for each u € Dy a s.£-q.c. m-version to obtain a countable
family D; consisting of s.£-q.c. functions which are m-versions of elements in Dy. Let Do
be the smallest family of bounded s.£-q.c. functions which is a Q-algebra containing D;.
Then D and consequently D := Dy U{R,u|u € Dy, 0 € Q7 } is again a countable family.
Obviously G*" 5 D, because G*'" is in particular also a Q-algebra and contains D;. We
know that lim, o €y—agou + €acou—vw = 0 in H for every u € G. Hence as in the proof of
Proposition 0.9(i) we can use the strict version of [10, III. Proposition 3.7.] and then apply
the usual diagonal argument in order to obtain an increasing sequence (a,)nen C ®F and

a strictly E-exceptional set Ny such that lim, e o Ra,u(z) = u(z) for all u € Dy and
all z € E'\ Ny. Since D; C D, and D; is dense in H we have that {§1u|u € Dy} is
dense in F. Thus, we can use the strict version of [10,IV. Proposition 1.9.(i)] (cf. Remark
0.5(iii)) to obtain a strictly £-exceptional set Ny such that {Ryu|u € Dy} separates the
points of Ea \ No. By Remark 0.5(iv) we can find a strictly £-exceptional set N3 such that
0(D2) D B(Ea \ N3). Let (Fig)ken be a strict E-nest such that Ny U Ny U N3y C NgenEFf.
By the strict version of [10, III. Lemma 3.5.] there exists a strict £-nest (Fay)gen such that
u € Coo({Fox}) for all w € D. Then let Fy, := Fip N Fop N Ey, k € N (E) as fixed right
before Lemma 0.11).

O

Main results

Theorem 0.13 Assume that there exists a strictly m-tight m-Hunt process M with state
space E which is associated with €. Then & is strictly quasi-regular and M is strictly
properly associated with .

Proof Using in particular Lemma 0.8(ii) the verification of Definition 0.3(i),(ii), as well
as the verification that M is strictly properly associated with &£, works in the same manner
as in the proof of [5, V. Proposition 2.18., Claim 1, Claim 2]. One only has to see that the
last argument in the proof of Claim 2 on p. 164 of [5] carries over because we use already
association in the resolvent sense (see Definition 0.7), and because {G.f|f € H,a > 0}
is dense in F (see [10, I. Remark 3.5.]). It remains to verify Definition 0.3(iii):
Since M is strictly m-tight there exists an increasing sequence (K} )ren of compact metriz-
able sets in E'a such that

P,

%m(khjgo OEA\K < OO) = 0.

10



Hence (Fy := K \ {A})ren is a strict E-nest of closed sets in £. Lemma 0.8(ii) implies
that there exists a strictly £-exceptional set N such that

Pz(kllrgang =oc0)=1 Vz€ E\N.

Since K} is compact and metrizable w.r.t. the topology inherited from FEx, there exist
open sets UX C Ea, m € N, such that (U2 N Kj)men separates the points of K for each
k (i.e. for z, y € Ky, ¥ # y, there exist U, V € {UZ|m € N} such that UN Kz NV = {)
and x € U, y € V). Of course U := {U,, := UL \ {A}|m € N} is then a family of open
subsets of E such that (U,, N Fy)men separates the points of F, for each k.

Now, we can show exactly as in [10,IV.Lemma 3.11] that <ng0 — [fo_"; e’sgo(Xs)dSD
separates the points of (J, .y Fn N (E'\ N). Since

veu

o0 o0

e~ p(X.)ds])(z) = Rup(z) — E| / e p(X,)ds]

ou

lim an—i—l(ngp —F [/

ou

for all x we obtain that

{anH(ngp _B [/OO e=o(X,)ds]) |U € U,n € N}

ou

separates also the points of J, .y Fn N (£\ N). Since M is strictly properly associated
with €& we obtain 0.3(iii).

0

Theorem 0.14 Let £ be a strictly quasi-reqular generalized Dirichlet form satisfying
SD3. Then there exists a strictly m-tight Hunt process which is strictly properly asso-
ciated in the resolvent sense with &.

Proof By Proposition 0.9(ii) there exists a strictly m-tight m-special standard process
M which is properly associated in the resolvent sense with £€. M is strictly properly
associated with £ by [5,V. Proposition 2.18., Claim 2| which carries over to our more
general situation. Using Lemma 0.12 one can show exactly as in [5, V. Proposition 2.25]
that M is a strictly m-tight m-Hunt process. One only has to replace the D in the proof
of [5, V. Proposition 2.25] by our Dy of Lemma 0.12. By Theorem 0.13 M is then strictly
properly associated in the resolvent sense with £. Finally also [5, V. Proposition 2.26] can
be carried over to our situation. We replace again the D in [5, V. Proposition 2.26] by our
Dy of Lemma 0.12. In that way we can show that M is indeed a Hunt process up to a
modification on a strictly £-exceptional set. This completes the proof.

O

Corollary 0.15 Suppose that E is a locally compact separable metric space. Let (€, F) be
a generalized Dirichlet form. Then a sufficient condition for (€,F) to be associated with
a Hunt process is given by:

11



(i) Co(E) N F contains an algebra of functions G which is dense in F.

(11) There exists a countable set {u,|n € N} C Co(E)NF separating the points of Ex\ N
for some strictly €-exceptional set N C E.

Proof It is easy to see that (i), (ii), imply (ii), (iii), of Definition 0.3. Clearly Ej := E,
k > 1, is a strict E-nest such that Ey U{A}, k > 1, is compact in Fa. Indeed, this holds if
EA is the one-point compactification. If E is already compact, then A is an isolated point
and £ U {A} is also compact. Hence Definition 0.3(i) is fulfilled. Furthermore, £ satisfies
SD3 with G C Cy(E) N F by (i). We then apply Theorem 0.14.

O

Remark 0.16 If (£,F) is a Dirichlet form then Co(E) N F is always an algebra. Fur-
thermore, already in this case the conditions (i), (ii), of Corollary 0.15 are really weaker
than assuming the reqularity of (£, F), i.e. Co(E)NF is dense both in F and Cy(E) (see
[5, V.Exercise 2.17.]).

We will from now on up to the end of this section assume that our generalized Dirichlet
form (£, F) is strictly quasi-reqular. By strict quasi-regularity every element in F admits
a strictly £-q.c. m-version (see Proposition 0.9). For a subset D C H recall that D"

denotes the strictly £-q.c. m-versions of elements in D. In particular P§" denotes the

set of all strictly £-q.c. m-versions of 1-excessive elements in ) which are dominated by

——~— str ~

elements of F. Note that FNP  C Py and that P — PsI" is a linear lattice, that is
uNa € 7’5;;7« — ﬁ}” for all « > 0 and all u € 'ﬁé" — ﬁ}” We emphasize that an element
in Pr not necessarily admits an strictly £-q.c. m-version.

Exactly as in [12, Theorem 2.3] we show the following integral representation theorem
for elements in 7/7} The only difference lies in the test functions which are now strictly

quasi-continuous instead of quasi-continuous.

str

Theorem 0.17 Letu € 73]3. Then there exists a unique o-finite and positive measure |t

on (E,B(FE)) charging no strictly £-exceptional set, such that
/ Fdps™ = lim E(f, aGasiat) Vf e P — P .
E a— 00

Since lim, oo @Ro11(kG1oAl) = ER1pAL, limy o kR1pAL = 1g, s.E-q.e, and everything
is s.£-q.e. bounded, we obtain (for intermediate steps cf. e.g. [13, (9) on p. 416])

Cap, ,,(U) = lim lim E1((kGio A DS, Gry)

k—o00 a—00

= lim lim & (kGip AL (Grp)2)

k—o00 a—00

= lim lim & (aGasi(kGro A1), (Gro)y)

k—o00 a—00

= lim lim aRy1(kRyp A 1)dufg = ,u?tr (E).

k—o0 a—00 E 19U éﬂp)U

12



It is quite easy to see that the support of ,us“” is located in the topological closure U

Plu
of U (use e.g. the strict version of [12, Lemma 2.4]). Thus

Cap, g, (U) = it (D). 2)

We assume up to the end of this section that there exists a strictly m-tight Hunt process
M which is strictly properly associated in the resolvent sense with £. By 0.14 this is the
case if &€ satisfies SD3. In analogy to [12] we introduce the following class of measures

SS’ST ={pd | ae 775 H and pi"(E) < oo}

where @17'[; = {Gih | h e H;

Theorem 0.18 For B € B(E) the following conditions are equivalent:
(i) B is strictly E-exceptional.

(ii) p(B) = 0 Y € S5

Proof (i) = (ii) is clear. We show —(i) = —(ii). If B is not strictly £-exceptional then
Cap, a4 & @(B) > 0. Since Cap, g Gy 18 regular by Choquet’s capacibility theorem there exists
a compact K C B with Caup1 & ¢<K) > 0.

Fix a strict £-nest (F},)ren consisting of metrizable sets as in 0.3(i) and ko € N such that

Cap17@1¢(K N Fy,) — Capl,@w(chO) > 0. (3)

Let pp,, be a metric on Fj, which is compatible with the relative topology on Fy, inherited
from E. Define for n € N

1 1
Bn::{zepkoyka0<zaKka0)<g}v _{ZEFkoprk (ZKkao)gg}

Then B, U F, C E is open and contains K N Fy, for all n. Thus by (2)

Cap, g,,(K N Fi,) inf Cap1 Gro(BrUTY)

<
< mf pf” o5, (E) + Cap, g,,(Fi,)

n>1

Let (élgp)oo be the weak limit of ((@190)§n)neN in V. Note that (algp)oo € 73@17{;,

(G1¢)s < (é’lgp)gn for all n, and thus ufgw) € S5 exists uniquely by Theorem 0.17.

If A is an isolated point then each F} is compact in E hence B; as a closed subspace
of Fj, is also compact in E. If E is locally compact but not compact and E is the one
point compactification of E then B; is compact as a bounded closed neighborhood of the
compact set K N F},,. Hence, in any case B, is compact in E. Now, similarly to the proof

13



of [12, Theorem 2.5] we can show that there exists a subsequence (pfgw)i Jken Which
J— Bnk
converges weakly on B; to ufgw) and that supp(5) € K N F,. It now follows from
(3) that
str
0 < M(GMO)OQ(KOFICO)'
UJ

Remark 0.19 [t is now quite easy to understand why statements in [12] which are based
on the non strict version of Theorem 0.18 might be reformulated w.r.t. the strict capacity.
As before we refer to these reformulations as strict versions. For instance Theorem 3.1
and Theorem 4.5 in [12] have strict versions.

Applications

We apply here our previously achieved theoretical results to three different classes of ex-
amples. In example (a) we will use Theorem 0.14. In this case the G of condition SD3 will
not be a subset of F. Example (b), resp. example (c), is in the spirit of Corollary 0.15,
resp. Theorem 0.14. In both last cases G is a subset of F.

(a) Non-symmetric perturbations through divergence free vector fields

Let U be an open subset of R and (-,-) the Euclidean inner product in R? with norm
|| = (-,-)2. Let Hi2(U) be the closure of C°(U) in L*(U, dz) w.r.t. the norm given by
[, (IVul?> +u?) dz. Let H;;2(U) be the space of all elements u such that ux € Hy?(U) for

loc

all x € C°(U). Let p € HS?(U) such that the measure m := p? dz on U has full support.
Similarly to the above H,>2(U, m) is the space of all elements u such that uy € Hy*(U, m)
for all x € CS°(U) and Hy”(U,m) is given as the closure of C5°(U) in L*(U,m) w.r.t. the
norm given by [,,(|Vul? 4+ u?) dm.

Let A = (a;;)1<ij<a with a;; € H>(U,m) be a symmetric matrix and locally uniformly
strictly elliptic, i.e. for any V relatively compact in U there exists vy, > 0 such that

v |h|? < (A(z)h, h) < vy |h|* for all h € R 2 € V.
Consider the closure (cf. [5, I1.2b] for the closability) of
1
E%u,v) = 3 /(AVU,VU) dm ; u,v € Cg°(U)
on L*(U,m) which we denote by (£° D(€°)). Let (L°, D(L")) be the associated gen-

erator. By construction we have that C3°(U) C D(L°) and Lou = %szzl a;;0;0;u +
d m o8] m m m m d
%Zi:l ﬁA,iaiuv u € C5°(U), where 31" = (ﬁA,l? ---7514,[1)7 BA,i = Zj:l(ajaij + 2a;0;p/p).
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Let B = (by,...,bq) € L2 (U, R% m), i.e. fv<§, B)dm < oo for all V relatively compact
in U, and such that

/(E, Vu)dm =0 for all u € C5°(U). (4)

For a subspace W C L*(U, m) let W, denote the space of all u € W such that supp(|u|m)
is compact in U and let Wy, = Wy N W,,. Define

d
Lu:= L’u + Z biOu; u € D(LO)O,b

1,j=1

There is no symmetric bilinear form associated with L. By [11, Theorem 1.5] there exists a
closed extension (L, D(L)) of (L, D(L°)y;) on L'(U, m) generating a strongly continuous
resolvent (Gg)aso on LY(U,m) which is sub-Markovian. Furthermore we have D(L), C
D(E°%) and

E%u,v) — /(E, Vu)vdm = — /fu vdm ; u € D(L)y, v € D(E%) gy

Moreover
E%u,u) < —/fu wdm ; u € D(L), .

Remark 0.20 Since —B satisfies the same assumptions as B similarly to (L, D(L)) we
can construct a closed extension (L', D(L')) of Lo — (B, Vu) generating a strongly con-

—/

tinuous resolvent (G,)as0 which is sub-Markovian. It follows that

/aauvdm = /ua;v dm for all u,v € L*(U,m),, .

Note also that similarly to the case of symmetric Dirichlet operators which admit a carré
du champ (cf. [2, 1.4]) D(L)y is an algebra.

Let (L, D(L)) be the part of (L, D(L)) in L?>(U,m),i.e. D(L) = {f € D(L)NL*(G;m)|Lf €
L*(G;m)}, Lf == Lf, f € D(L). Let (z/,D(f/)) be the adjoint operator of (L, D(L))
in L?(U,m). Let (Ga)aso (resp. (G)as0) be the associated resolvent to (L, D(L)) (resp.
(L', D(I))). (Ga)aso (resp. (G.)as0 ) and (Ga)aso (resp. (G )aso) coincide on L (U, m) N
L*(U,m). Let (+,-) be the inner product in L*(U, m). According to [10,.Example 4.9](ii)
(L, D(L)) is associated to a generalized Dirichlet form on D(L) x L*(U,m) U L*(U,m) x
D(L') by

E(u,v) = (—Lu,v) for u € D(L), v € L*(U,m);
U (w, — L) for u € L*(U,m), v € D(L).

In this case F = D(L). Let Ua be the one point compactification of U. In the following
we will show that £ is a strictly quasi-regular generalized Dirichlet form satisfying SD3.
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Hence by Theorem 0.14 there will exist a strictly m-tight Hunt process which is strictly
properly associated in the resolvent sense with £. Since by Remark 0.20 the co-form £
satisfies the same assumptions than £, analogously one can show the existence of a strictly
m-tight Hunt process which is strictly properly associated in the resolvent sense with &£.

Theorem 0.21 There exists a strictly m-tight Hunt process which is strictly properly
associated in the resolvent sense with &£.

Proof By Theorem 0.14 it is enough to show that £ is strictly quasi-regular and satisfies
SD3. The latter holds with G := {u € D(L)y|3f,g € D(L) with u < f, —u < g}. Indeed,
by Remark 0.20 G is an algebra of bounded functions. Furthermore G N D(L) = D(L),
because (L, D(L)) is the part of (L, D(L)) in L*(U,m). Clearly D(L);, is dense in D(L)
because (L, D(L)) is a Dirichlet operator. Furthermore, by [11, Lemma 3.2(iii)] and the
strong continuity of (Gy)aso on LY(U, m) it follows limg 00 €u—aGuu + CaGou—u = 0 in H
for every u € G. It remains hence to show the strict quasi-regularity of £.

Put B, = UU{A}, k > 1. Then (Ej)r>1 is a strict E-nest such that £, U {A}, k > 1,
is compact in Ux. Hence 0.3(i) is satisfied. Since C§°(U) C D(L) we can easily see that
0.3(iii) is satisfied. In [10, Theorem 4.6.] the existence of a m-tight special standard process
M = (X, P.) with lifetime ¢ such that R, f(2) := E. [[; e~ f(X,)ds] is an E-q.c. m-
version of G, f for any f € B, N L?*(E;m), a > 0, has already been proved. In order to
show 0.3(ii) we will proceed in two steps:

step 1: Let (Vi)nen be an increasing sequence of open subsets relatively compact in U
such that V,, C Vi1, n € N, and U = |J, oy Var- Then RY" f(2) := E, [ [ e7* f(X,)ds]

neN "1 0
admits a s.E-q.c. m-version for all f € B, N L*(E;m), n € N.
For V C U, V arbitrary but open, let (£%Y, D(£%Y)) denote the closure of (£°,C5(V))

in L2(V;m). We first show R"f € D(EY) = D(E°). Indeed, since
ENGar 1R [, 0GR ) < E1(aGon1R{™ f, RY" f) < E1(aGor1Rif, Rif)

is uniformly bounded in « this follows from the usual arguments (see [5, I. Lemma 2.12.]).
Hence, there exists (ux)reny C C3°(U) such that ug — RY" f in D(E°) as k — oo. Denote by
| - lloo (resp. | - |) the sup-norm (resp. m-essential sup-norm). Let £ € Cg°(R), &(z) =«
on [—|floos [ floo)s w € C§°(Viya), w(x) =1 on V,,, supp(w) C V1. Then wy, := &(ug)w €
C°(Vyyo) and wy, — Ry f in L*(V,,49;m) as k — co. By [4, Theorem 1.4.2.(ii)] and since
normal contractions operate on D(E£%"+?)

VER 2wy we) = /€ (wrwn) </ lloo \/E (@, 0)+ | 0 llcll € oo /€t )

is uniformly bounded in k. Hence R}"f € D(E%Y"+2). For V C U, V arbitrary but open,
let Cap”" denote the capacity associated to the regular Dirichlet form (£%Y, D(£%")) as
defined in [4, p. 64]. Let Capg, be the ¢-capacity associated to the quasi-regular Dirichlet
form (€% D(EY)). By [4, Theorem 2.1.3.] there exists a Cap”'"*>-nest (F})zey and a m-
version RY" f of RY" f such that R\" f € Coo({F}}), i.e.

EY" fiF.ugay is continuous for all k.
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By [4, Theorem 4.4.3.(ii)] (F}, U V,¢ 5 )ken is a Cap”Y-nest and hence by Remark 0.5(ii) a
Cap,-nest. Since by [11, Lemma 4.5.] a Cap)-nest is an E-nest (i.e. a Cap -nest) and vice
versa we obtain that (Fj, UV, ,)ren is a Cap -nest. Using in particular (2) and Theorem
0.17 we obtain

Caplyé’lw(ch N Vn+2> < /gdustr = 51 (.97 (@180)F,§mvn+2)

(Gl‘P)FﬁﬁVn+2

for any g € C5°(U), g(x) = Lon V,,42. Since (FUV,, 5 )ken is an E-nest &4 (g, (élgo)FﬁW;H)
tends to zero as k — oo. Thus limy_.. Cap, g, (Fr U V,) = 0 and (Fp U Vi ,)ken is a

strict E-nest. Since RY" f is a m-version of RY" f € Cso({F,}), and RY" f(z) = 0 for every
z € V., by [4, Lemma 2.1.4.] we may assume that R\ f(z) = 0 for every z € V. Hence

RY" fi FUVe,,u{a} 1S continuous for all k.

The last just means that RY" f € Coo({F}, U Ve o}), thus RY" f is strictly €-q.c.
step 2: R, f admits a s.£-q.c. m-version for all f € B, N L2(E;m).

Let m > n, Up e == {|RV"f — RY" f| > }. Then
CapLéw(Un,m,a) < et 0111—%0 51(|§¥nf_ ]Sbi/mf ’(é\l@)gn,m,E)
< SEGan (B[ e UIXD. G,
ove

IA

el " (X ds), o).

Viy

Since (V,)nen is a Cap,-nest it is an E-nest by [11, Lemma 4.5.]. Hence Py, (limy, o0 oy >
() = 1. Thus, we may choose a subsequence such that

CapLéW({’éYniﬂf — R™ f] >27"}) <27 for every i.

Set Ay = UiZk{|}N%¥"i“f — R™f| > 271}, Let (Fl)pen be a strict E-nest such that

RV"f € Cw({FL}), n € N. Then Fy, := F, N A}, k € N, is a strict £-nest and }TZY”Zf

converges uniformly on Fj, U {A} as i — oo. It then suffices to set

Rif(z) = { lim; oo R, f(2) for z € Upen Fr,

0 elsewhere.

Then R, f is a s.E-q.c. m-version of Gy f. Since GiH, C D(L) dense we obtain 0.3(ii).
0

(b) Monotonely moving domains
For the reader’s convenience let us here summarize what is developed in [8]. Anything
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corresponding to this framework that is not proved here is rigorously shown in [§].

If U is an open set in some Euclidean space let C*(U) (resp. C¥(U)) denote the k-times
continuously differentiable functions (resp. with compact support) in U. For F C R”
closed let C*(F) (resp. C¥(F)) denote the restrictions to F' of functions in C*(R") (resp.
CE(R™)). For V C R4 with usual Euclidean metric let Co(V') be the continuous func-
tions on V with compact support in V.

Let A C R", n > 1, be Borel measurable. We denote by 1,4 the characteristic function
of A. For a Borel measure v on A, p € [1,00], we denote by L7 (A,v) the space of all
Borel measurable ' on A for which 1xF € LP(A,v) for any in compact subset K of A,
and LP(A,v) denotes as usual the p-fold integrable functions on A w.r.t. v if p < oo, and
the v-essentially bounded functions on A if p = co. A function is called locally bounded,
if it is bounded on compact sets. We denote by | - | the Euclidean norm, by | - | the
sup norm in the corresponding space, i.e. either the point-wise sup norm or the essential
sup norm w.r.t. a measure. Let A C E. We set A°:= E'\ A, i.e. the complement of A in F.

Let d > 1, and dy = dzds be the Lebesgue measure on R where dx is the Lebesgue
measure on R?, ds the Lebesgue measure on R. Let E C [0,00) x R? be a closed space-
time domain where each E; := {x € RY|(t,z) € E}, t € [0,00), is a closed, not necessarily
bounded subset of the Euclidean space R?. We assume that F, moves monotonely, i.e.
either Fs C Ey, Vs <t, or Es D E;, Vs <t, s,t € [0,00). Let finally the boundary 0F of
E have zero (d + 1)-dimensional Lebesgue measure.

Let a;; = aji,p: E — R, 1 < 4,5 < d, be measurable functions with p € L .(E,dy),
p > 0dy-a.e.on E. Welet A = (a;j)1<; j<q be the symmetric matrix given by the functions
a;j. For a function F' we denote by 0;F the i—th partial distributional derivative in space
direction, by VF' the space gradient of F'. Because dy(OF) = 0 we will identify LP(E,dy)
and LP(E \ OF,dy). In connection with this we will consider a function F' : E' — R as
a function F': E\OF — R and vice versa. We assume that either for some constant C' > 1

(Al) C_l E?:l £z2 S ZZQ’:I al](@/)ézgj S ngzl £z27 v(fb "'7£d) S Rd? y S E,
or

(A1) FE =10,00) x R?, a;; is locally bounded, 8;a;; € L2 .(E,pdy), 1 <i,j < d, and

loc

221:1 aij(y)&& >0 V(& ....&) ERYy € E.
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Let H := L*(E, pdy) with norm |F|s := \/fE F(y)?p(y)dy, and inner product (-, -)y. Let
c € L™®(E, pdy), ¢ > 0 pdy-a.e, and consider the following bilinear form

d )
A(F,G) = %Z/o /aij(s,x)@iF(s,x)ajG(s,x)p(s,x)da:ds.

ij=1

+/Ooo /E c(s,2)F(s,2)G(s,x)p(s, x)dzds; F,G € C}(E)

Obviously C}(E) C ‘H dense, so A is densely defined on H. We assume from now on
that it is closable in H, i.e. if (F,)ney C C3(F) is an A-Cauchy sequence converging
to 0 in H, then we must have lim,, .., A(F,, F,,) = 0. We remark that conditions on p
in order to obtain closability are very mild. In case of (A1) it is for instance enough to
have a Hamza type condition for p. In case of (A1’) it is enough to have p = ¢? with
Oip € L2 ([0,00) x R% dzds), 1 < i < d. The closure (A, V) of (A,CL(E)) in H is a
regular symmetric Dirichlet form on H (cf. [4]). Let |F|, be the corresponding Dirichlet
norm, ie. |F|y = (A(F, F) + |F3,)2, and A.(-,-) == A(,-) + a(-, ).

At this point it will be convenient to recall some basic definitions of semigroups and
generators. A family (7});>0 of bounded linear operators from a Banach space W into W is
called a Cy-semigroup on W if Ty = idyy, T;Ts = Ty, s for all t,s > 0, and lim; o T F = F
in W for all ' € W. It is called a Cy-semigroup of contractions on VW if additionally
|TiF|w < |F|w for any FF € W, t > 0.

Let (T3)i>0 be a Cy-semigroup on W. The linear operator LF := lim;_, %(TtF — F) with
domain

D(L,W) = {F € wyaln%%(np_p) in W)

is called the (infinitesimal) generator of (T})i>o.

A bounded linear operator U : W — W is called sub-Markovian if 0 < UF < 1 whenever
0< F <1, FeW.A Cysemigroup (T})i>0 on H is called sub-Markovian if T; is sub-
Markovian for all ¢ > 0.

Let s : [0,00) x RT — [0,00), k € C*([0,00) x RT), k(s,0) = s. We assume (r(s,t),z) € E
whenever (s,z) € E, t > 0, and
(A2) Vs € [0,00),r,t >0: k(s,r+1t)=r(k(s,1),1).
We will now define the Cy-semigroup corresponding to the perturbation of A. For G €
CJ(E), t >0, let first

U;G(y) := G(k(s,t),x) for every y = (s,x) € E,t > 0.

(A2) implies the semigroup property of (U;);>o. In order to have U;C}(FE) C CA(E), t > 0,
we assume that G(k(-,t),-) € C}(FE) whenever G € C}(E), t > 0. Let G € C}(E). We
suppose for any T > 0 the existence of a compact set K such that the support of U,G — G,
t €10,TY, is located in K. We assume further
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(A3) [, G(k(s,t),2)p(s,x)drds < [, G(s,2)p(s,x)dxds VG € CHE)", t > 0.
and the existence of constants M > 1, w > 0, such that
(A4) AUG,UG) < Me** A(G, G) VG e CY(E), t > 0.

Note that (A3), resp. (A4), is in particular a condition on p, resp. ¢. Concrete examples
for (aij)1<ij<a; E, p, k, c satisfying (A1), (A2), (A3),(A4), or (A1%), (A2), (A3), and (A4),
can be found in [8].

Using (A3) we obtain |U;Gly < |Gy for any G € CJ(E). Since C}(E) C H dense,
U induces a (linear) contraction on H which we also denote by U,. For s € [0, 00) let
k(s,t) — k(s,0)

/ NERT
K'(s,0) == 1{1(1) ; .

It can easily be shown that (Uy);>0 is a sub-Markovian Cy-semigroup of contractions on H,
and that the corresponding generator (A, D(A,H)) is an extension of AF = £/(-,0)0,F,
F € C}(F). Furthermore, by (A4) (U)o can be restricted to a Cp-semigroup on V.

We denote by (A, D(A,V)) the generator corresponding to the restriction of (Uy)¢> on V,
and let (ﬁt>t20 be the adjoint semigroup of (U;);>0 in H, i.e. (Aft is the adjoint operator
(on H) of U, for every t > 0.

Although in general (ﬁt)tzo cannot be restricted to a Cy-semigroup on ¥V we have that
(ﬁt)tzo is sub-Markovian. Indeed, this is an easy consequence of (A3). Thus (A, D(A,H))
is the generator of a Cy-semigroup of contractions on H that can be restricted to a Cy-
semigroup on V. Hence [10,I.Lemma 2.3.] implies that

A:DAH)NY =V

is closable as an operator from V to V'. Let (A, F) denote its closure. For the following
up to the definition of the generalized Dirichlet form see [10]. F is a real Hilbert space
with norm )

|[Flr = (IFR +[AF[y)* .

(U)o can be extended to a Cy-semigroup on V'. The corresponding generator (A, D(A, "))
is the dual operator of (A, D(A,V)). F := D(A, V') NV is a real Hilbert space with norm

~ o
Flz = (1FF + RFR)"

Let (-,-) be the dualization between V' and V. The generalized Dirichlet form is now given
through
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e [ ARGO (ARG T FeF Gev
T A(F,G) — (AGLF) forGeF, FeV.

Note that (-,-) when restricted to H x V coincides with (-, ). Let £,(F,G) := E(F,G) +
a(F,G)y for a > 0. It follows, from [10,I.Proposition 3.4, p.19], that for all &« > 0

there exist continuous, linear bijections W, : V — Fand W, : V — F such that
ELWLF,G) = (F,G) = E,(G,W,F), VF € V', G € V. Furthermore (W,)s>0 and

—

(Wa)a>0 satisfy the resolvent equation
Wo —Ws = (8—a)WW5 and W, —Ws=(8— a)W.Wp.

Restricting W, to ‘H we get a strongly continuous contraction resolvent (Gg)as0 on H
satisfying lim, ... G, F = F in V for all F' € V. The resolvent (G, )a>0 is called the
resolvent associated with €. Let (Ga)aso be the adjoint of (Ga)aso in H. (Ga)aso is called
the coresolvent associated with &. R

The resolvent (G,).>0 and the coresovent (G, )a~0 associated with £ are sub-Markovian,
ie. 0 < aGF < 1 (resp. 0 < a@aF < 1) whenever 0 < FF < 1, F € H, a > 0.
This follows from [10, I. Proposition 4.3] since (U;);=0, (Uj)i>0, are sub-Markovian, thus
semigroups corresponding to Dirichlet operators. We have now the following:

Lemma 0.22 We have CJ(E) C F dense.

Proof Since D(A,V) C F dense by [10,1.2 Lemma 2.5.] it is enough to show that
C3(FE) € D(A,V) dense w.r.t. the graph norm. Since (A, D(A,V)) is the generator of
the Cy-semigroup (Uy)i>o on V, U;F € CMH(E), for any F € C}(E), t > 0, i.e. C3(E) is
invariant under (U,);>0, and C}(E) C V dense, we can apply [3, 1.7 Proposition] in order
to obtain that C3(E) C D(A,V) dense w.r.t. the graph norm.

0

Since (£,F) is regular, i.e. Co(E) N F is dense in Cy(E) w.r.t. the uniform norm as
well as in F, it follows that (£, F) is a strictly quasi-regular generalized Dirichlet form on
FE (see Proposition 0.4). On the other hand we can see from Lemma 0.22 that G := Cj(F)
satisfies the condition SD3. Hence, the following theorem is an immediate consequence of
Corollary 0.15 or Theorem 0.14.

Theorem 0.23 There exists a Hunt process M = (2, (Ft)i>0, (Yi)t>0, (Py)yers) with state
space E, life time ¢, such that R F(y) = [~ [ye *F(Y,(w))dP,dt is a s.E-q.c. pdy-
version of GoF' for any a > 0 and any F € H,.

Using Theorem 0.18 the proof of the following theorem is similar to [13, Theorem 3.3|, or
[14, Theorem 2.5]. We therefore omit it. Note however that due to the here refined poten-
tial theory (see Remark 0.19) we obtain statements w.r.t. the strict capacity defined above.
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Theorem 0.24 There exists a strictly £-exceptional set N C E such that
P, (t — Y; is continuous on [0,()) =1 for everyy € E'\ N.

The generator corresponding to the diffusion Y; has the following informal expression in
the interior of E:

d
1 _
LF = 5p7' Y 0iaypd; F) + cF + k(- 0)0;F.

1,j=1

(c) Time inhomogenous parametrized diffusions on infinite dimensional space

Let E be a separable real Banach space with norm || - ||g. Let B(E) denote its Borel
o-algebra and let E’ with operator norm || - ||z denote the dual of E. In particular
B(E) = o(FE'"). Let (H,(-,-)y) a separable real Hilbert space such that H C FE densely
and continuously. Identifying H with its topological dual H' we obtain that E' C H C E
densely and continuously. The corresponding dualization g/ (-, -)p : E' x E — R restricted
to E' x H coincides with (-, ) 5.

Let Cj ,(RxR™) denote the one times continuously differentiable functions on R xR™ with
all partial derivatives in space bounded and compact support in time. Let C&,b([O, 00) X R™)
denote the restrictions to [0,00) x R™ of the functions in C,(R x R™). Let us define the
finitely based time-dependent functions as

FTChy :={f(t,1(2), ... Ln(2))lm €N, f € Cj,([0,00) x R™), 11, ..., 1, € E'}.
For u € ]:TC(l),b, ke FE, let

ou d
%(t, z) = Eu(t,qu sk) |s=o, (t,2) € [0,00) x E.

Ifu(t,z) = f(t,11(2), ... Ln(2)), then

Ju =0
%(t, Z) a—i<t7l1(2),,lm(Z))El<lZ,]€>E

i=1
Thus, if k € H, there exists by the Riesz lemma a unique element Vyu(t, z) € H with

(Vgu(t,z),k)g = %(t, 2).

Let ds denote the Lebesgue measure on [0,00). Let p be finite positive measure with
full support on (F,B(FE)), i.e. we assume that p(U) > 0 for any non-empty open subset
UCE. Let p:[0,00) x E — R be B([0,00)) ® B(E)-measurable, p > 0 duds-a.e, and
S [ p(s,2)p(dz)ds < oo for any K C [0,00), K compact.

Let C;([0,00)) consist of the restrictions to [0, 00) of the one times continuously differen-
tialble functions with compact support on R. Note that F TCé,b contains functions of the
form fg, f € C}([0,00)), g € FC,”, where FC, are the so-called finitely based smooth
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functions (see [5, 1.3, p.54]). Since FC, separates by Hahn-Banach theorem the points
of E, it is clear that F7Cg, scparates the points of [0,00) x E. Furthermore FTCy, is
an algebra of functions. Thus, by monotone class arguments

FTCy, CH:=L?([0,00) x E, pduds) densely.

Let ¢ € L*(]0,00) X E, pduds), ¢ > 0, and assume that the following densely defined
positive definite symmetric bilinear form

A(u,v) = %/OOO/E<VHU<S,Z>,VHU<S,Z>>Hp(S,Z) w(dz)ds
+/OOO/Ec(s,z)u(s,z)v(s,z)p(s,z)u(dz)ds; U, v E]—"TCéjb

is closable on H. The closure (A, V) is then a symmetric Dirichlet form.

Remark 0.25 The closability of (A, FTC(I)jb) in H is fulfilled, if there exists an orthonor-
mal basis Ko C H, and By € H, k € Ky, such that for all u, v in ]:’]'C[l)yb, and k € Ky,

Kﬁég%“W“ﬁwwﬁz—Améwawmamwﬁmwm&

Indeed, this is an easy consequence of the results obtained in [5, 11.5].

Let us now define the semigroup corresponding to the perturbation of A. Let d > 0 be a
constant. For u(s, z) = f(s,{1(2), ..., (2)) let first either

Usa(s,2) 1= f(se™,13(2), oo Ln(2)); £ 2 0,

or
Upu(s, 2) = u(s +1,2); t > 0.

It is easily seen that (Uy):>o defined in such a way has the semigroup property on F7° Cé’b,
i.e. Uy is the identity operator, and

Ut/+tu = Ut/UtU; u € JTTC(I)’b, t/,t Z 0.

Also (Uyp)iso leaves FTCy, invariant, i.e. Uu € FTCj, whenever u € FTCj,, t > 0.
Furthermore 0 < U;u < 1 whenever u € FTC(I)’b, 0<u<1,t>0 ("submarkovianity“).
Let us make the assumptions

p(s,) S plt,)  pae. Vs <t (5)
and

c(s,)p(s, ) <clt, )p(t,:) pae Vs<t. (6)
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In case of choice of the first semigroup we have the following contraction property for
ue FTCy,

/0 ) /E Usu(s, 2)°p(s, z) p(dz)ds = /O N /E Flse® 1(2), .. Ln(2))2p(s, 2) p(dz)ds
= [T [ ats e tptse 2 utazyas

/O‘” /E u(s, 2)*p(s, 2) p(dz)ds

where we used in particular (5) for the last inequality. In the second case Usu(s,z) =
u(s + t,z) the contraction property is even easier to see. Since fTC%Lb C 'H densely,
(Ut)t>0 above induces a sub-Markovian semigroup of contractions on H which we also
denote by (Uy)i>o. This semigroup is easily seen to be a Cy-semgroup on H. Indeed, in
the first case we have

|Uau(s, 2) —u(s,2)] = |f(se™, 11(2),....m(2)) = f(5,11(2), ..., Im(2))]

IN

and |Uyu(s,z) — u(s, z)| converges pointwise to zero as t — 0. Let the support of f
be contained in K x E, with K C [0,00), K compact. For any ¢t > 0, the support of
f(se? 11(2), ..., 1,,(2)) is also contained in K x E since d is a positive constant. Therefore
|Uyu — u| is bounded by the integrable function 2|f|.lxxg. As a consequence (U)o is
strongly continuous on H. In the case Uyu(s, z) := u(s+t, z) the strong continuity is again
even easier to see. One can easily see that the corresponding generator (A, D(A,H)) on
'H is an extension of

Au(t, z) = tdowu(t, z)
on F ’]'C(lw in the first case and of

Au(t, z) = Owu(t, 2)

in the second case.
Furthermore, (U;):>0 can be restricted to a Cy-semigroup on V. The last clearly follows
from

Upulyy < [uly
which is easily derived from (5) and (6). As in example (b) we obtain a generalized
Dirichlet form corresponding to .4 and A. We maintain the notations of example (b). Let
us show that the adjoint semigroup (ﬁt)tzo on ‘H is sub-Markovian. Therefore, it suffices
to show that for v € fTC(ILb, 0<u<l1l,andt >0, we have 0 < (/]\tu < 1. Clearly 0 < ﬁtu,
because for any v € .FTCéjb, v > 0, we have U;v > 0, and hence

/ / ﬁtuv,oduds :/ /uUtvpduds > 0.
o JE o JE
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On the other hand for any v € F7C} 0 =0,

/ / (1 — Dyw)vopduds > / / (v — Up)pduds
= [ [ o ots2) = plse . 2) utde)as = 0

by (5), and the result follows. Exactly as in example (b) we obtain F7C;, C F densely,
where F is the domain of the correponding generalized Dirichlet form.

Proposition 0.26 Let A = 0;,. Then (£, F) is quasi-regular.

Proof Since ]:TC(I),Z, C F densely, property (ii) of Definition 0.3 is satisfied. Using in
particular Hahn-Banach theorem, there exists I, € £, n € N, such that {sin(l,)|n € N}
separates the points of E. Let i(s) = s, and f, € C§°[0,00), f, = 1 on [0,n]. Let
Gn = 1 fn. Then {g,, - sin(l,)|m,n € N} is a countable set of functions in F which
separates the points of [0,00) x E. Thus property (iii) of Definition 0.3 is satisfied. In
order to show that property (i) of Definition 0.3 is satisfied we proceed as follows:
Since F is separable we may choose a countable dense set {y,,|m € N} in E. By the Hahn-
Banach theorem we can find [, € E’ so that || I, ||[g= 1 and 0,,(y) = Ym ||z-Then
| 2 [|[E= sup,en lm(2). Let ¢ € C9°(R), ¢ increasing with ¢(t) = t for all ¢ € [—1, 1],
|¢'|oo < 1, and for any m € N define v,, : E — R by vy, := (|| 2 — ym ||£). Then

Wy, = %nfnvm, ze E,neN,
is continuous and positive. In the same way as before choose {s,,|m € N} which is dense
in [0, 00). Put g, (t) := infy, ([t — 5m|), and w, := max(gn, wy) = 3(gn+ W+ [gn — wal).
We fix 0 < ¢ < 1. Then

Foi={uy <} = {ga <} x {wa <} = | J{It = sml <} x |l 2 =y [l£< €}

is compact and increasing in n since g,,w, | 0. One can show u,G1p € F for any n € N.
We have u,G1p — 0 in H. Additionnally |u,G1¢ly, [0(u,G19)|yr, stays bounded in n.
Hence by Banach/Alaoglu/Saks there exists a subsequence ny, such that + >0 | u,, Gi¢
converges strongly to zero in F. But since u,, is decreasing we obtain

1 n
unnGISD S E ZunkGlgo
k=1

Note further that |CA¥1cp— (élgo){unx}ﬁ) < El(élgo, @mp), hence |(@1g0){un>€}|y is bounded
in n. Therefore

Cap@(an) < 5_151<unnG190, (6190>{unn>8}>
< 12 ‘ ;

1 n
—ZunkGﬂO (GIQO
n k=1 F

) {un>e} g
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converges to zero as n — o00. It follows that (F},),en is an E-nest of compacts.
O

Proposition 0.27 Let A = 0;, and 1 € F. Then (E,F) is strictly quasi-regular and there
exists a Hunt process M = (Q, (F¢)i=0, (Ye)t>0, (Pls,2)) (s,2)eBa ) With state space [0, 00) x E,
life time ¢, such that RoF (s, z) := [ [, e " F(Yy(w))d P dt is a s.E-q.c. pduds-version
of GoF' for any a > 0 and any F' € H,.

Proof If A =0, and 1 € F, then (&, F) is strictly quasi-regular by Proposition 0.26 and
0.10. Since furthermore G := F TC(l)J, satisfies the condition SD3 the result follows from
Theorem 0.14.

O
Assume that the condition assuring closability in Remark 0.25 is fulfilled. Let as before
u(t,z) = f(t,11(2), ..., lm(2)) € FTCq,. Let ly,..., Ly, be in the linear span of ki,....k, € Ky.
The generator L related to £ has the expression

Lu(t, ) — %zn: (5‘?@ (g—;i(t, z)) + 5ki(t,z)§; (t,z)> + (A= oJult, 2).

i=1

References

[1] Albeverio, S., Ma, Z.M.: A note on quasicontinuous kernels representing quasi-
linear positive maps, Forum Math. 3 (1991), 389-400.

[2] Bouleau, N., Hirsch, F.: Dirichlet forms and Analysis on Wiener space, Walter de
Gruyter, Berlin, 1991.

[3] Engel, K.-J., Nagel R.: One-Parameter Semigroups for Linear Evolution Equa-
tions. New-York: Springer 2000.

[4] Fukushima, M., Oshima, Y., Takeda, M.: Dirichlet forms and Symmetric Markov
processes. Berlin-New York: Walter de Gruyter 1994.

[5] Ma, Z.M., Réckner, M.: Introduction to the Theory of (Non-Symmetric) Dirichlet
Forms. Berlin: Springer 1992.

[6] Oshima, Y.: Lectures on Dirichlet forms. Preprint Erlangen-Niirnberg 1988.

[7] Oshima, Y.: Time-dependent Dirichlet forms and related stochastic calculus, Infin.
Dimens. Anal. Quantum Probab. Relat. Top. Vol. 7, No. 2 (2004) 281-316

[8] Russo, F., Trutnau, G.: About a construction and some analysis of time inhomo-
geneous diffusions on monotonely moving domains, J. Funct. Anal. (2005), Vol.
221, No. 1, 37-82.

26



[9]

[10]

Schwartz, L.: Radon measures on arbitrary topological spaces and cylindrical mea-
sures. London: Oxford University press 1973.

Stannat, W.: The theory of generalized Dirichlet forms and its applications in
analysis and stochastics, Memoirs of the AMS, Vol. 142, No. 678, 1999.

Stannat, W.: (Nonsymmetric) Dirichlet operators on L': Existence, Uniqueness
and associated Markov processes, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), Vol.
28, No. 1, 99-140, 1999.

Trutnau, G.: Stochastic calculus of generalized Dirichlet forms and applications to
stochastic differential equations in infinite dimensions, Osaka J. Math. 37 (2000),
315-343.

Trutnau, G.: On a class of non-symmetric diffusions containing fully non-
symmetric distorted Brownian motions, Forum Math. (2003), Vol. 15, No. 3, 409—
437.

Trutnau, G.: Skorokhod decomposition of reflected diffusions on bounded Lipschitz
domains with singular non-reflection part, Prob. Theory Relat. Fields 127 (4),
455-495, (2003).

27



