POLYHEDRAL GROUPS, McKAY QUIVERS, AND THE FINITE ALGEBRAIC
GROUPS WITH TAME PRINCIPAL BLOCKS

ROLF FARNSTEINER

ABSTRACT. Given an algebraically closed field k of characteristic p > 3, we classify the finite
algebraic k-groups whose algebras of measures afford a principal block of tame representation type.
The structure of such a group G is largely determined by a linearly reductive subgroup scheme G of
SL(2), with the McKay quiver of G relative to its standard module being the Gabriel quiver of the
principal block Bo(G). The graphs underlying these quivers are extended Dynkin diagrams of type
A, D or E, and the tame blocks are Morita equivalent to generalizations of the trivial extensions of
the radical square zero tame hereditary algebras of the corresponding type.

0. INTRODUCTION

In his seminal paper [40], J. McKay associated to a finite group G and a complex G-module T a
quiver Y7 (G), whose vertices are the simple complex G-modules and whose arrows are given by the
transpose of the matrix describing the multiplication effected by T' in the complex Grothendieck
ring of GG. Subsequently, these quivers have made an appearance in various contexts, ranging from
abstract representation theory to rational singularities (cf. for instance [2, 3, 28, 38, 39]).

McKay’s construction exploits in an essential fashion the presence of a tensor product within
the category of G-modules. Tensor products occur in other contexts as well, and this paper elicits
the role of McKay quivers within the representation theory of cocommutative Hopf algebras. More
specifically, the McKay quivers associated to two-dimensional, self-dual representations of certain
linearly reductive finite algebraic groups are shown to give rise to the Gabriel quivers of blocks of
tame cocommutative Hopf algebras over algebraically closed fields of odd characteristic.

Let H be a finite-dimensional cocommutative Hopf algebra, defined over an algebraically closed
field k. If char(k) = 0, then Cartier’s Theorem implies that H = k[G] is the group algebra of a
finite group G. Thus, H is semisimple and the module category of H is completely determined
by the simple H-modules. By contrast, Nagata’s classical theorem shows that cocommutative
Hopf algebras over fields of positive characteristic are usually not semisimple. Accordingly, the
representation type of H becomes an important measure of the complexity of its module category.
By Drozd’s fundamental result [16], an associative k-algebra A is either representation-finite, tame,
or wild. In the first case A admits only finitely many isoclasses of indecomposable modules. A
representation-infinite algebra is tame if all but finitely many isoclasses of the indecomposables of
any given dimension occur in a finite number of continuous one-parameter families. If the module
category of A is at least as complicated as that of any other k-algebra, then a classification of the
indecomposable A-modules is deemed hopeless and A is said to be wild. We refer the reader to [17,
(I.4)] for the precise definitions.

For group algebras of finite groups the representation type of the blocks B C k[G] is governed by
the structure of their defect groups. A block is representation-finite if and only if the corresponding
defect groups are cyclic, while tame blocks only occur for char(k) = 2 and if the defect groups are
dihedral, semidihedral, or generalized quaternion (cf. [9, 29]). Thanks to the work by K. Erdmann
(cf. [17]) the basic algebras of the tame blocks are completely understood.
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Cocommutative Hopf algebras can also be interpreted as group algebras. More precisely, every
such algebra is the algebra H(G) of measures on a finite algebraic k-group G. By general theory,
the group scheme G can be written as a semidirect product

G =G % Grea,

of an infinitesimal normal subgroup G° and a reduced group Gyeq. Here G° is the connected com-
ponent of G, and G,oq is represented by the largest separable subalgebra of the function algebra
of G (cf. [64, (6.8)]). At the level of the corresponding cocommutative Hopf algebras the above
decomposition induces an identification

H(G) = H(G")[G(k)]

of H(G) with the skew group algebra H(G)[G(k)] relative to the finite group G(k) of rational points
of the group scheme G. In analogy with abstract groups the representation theories of G and H(G)
coincide, so that we will use the notions “G-modules” and “H(G)-modules” interchangeably.

The foregoing analogy notwithstanding, the representation theory of finite group schemes differs
significantly from its classical precursor concerning modular representations of finite groups, which
in our context are the reduced finite group schemes. There is no analogue for the notion of a defect
group, and the principal block is not necessarily the most complicated block of the Hopf algebra (cf.
[20, §8]). By Nagata’s aforementioned theorem (cf. [13, (IV,§3,3.6)]) the algebra H(G) is semisimple
if and only if the characteristic p of the ground field k does not divide ord(G(k)), and GY is a
multiplicative group scheme. The corresponding result for representation-finite Hopf algebras can
be found in [23]. Recently, the tame infinitesimal groups of characteristic p > 3 were determined in
[24, 20, 21] by combining geometric methods involving rank varieties and schemes of tori with those
from abstract representation theory. The main objective of this paper is the classification of the
finite algebraic groups G of odd characteristic, whose Hopf algebras H(G) possess a tame principal
block By(G). The structures of G and By(G) turn out to be largely determined by linearly reductive
subgroup schemes of PSL(2). Products of these polyhedral groups with the first Frobenius kernel of
SL(2), in the sequel referred to as amalgamated polyhedral groups, are shown to be basic building
blocks of tame groups. Our main results, which are formulated in greater detail in Section 7, also
provide a link between the structure of By(G) and linearly reductive subgroups of SL(2).

Theorem A. Let G be a finite algebraic group of characteristic p > 3, M C G° the multiplicative
center of the connected component G°, and denote by N := Centg(G°/ M) the centralizer of G°/ M
in G. If the principal block Bo(G) is tame, then G/N is an amalgamated polyhedral group, N°© =
M x (Wy)1 is the direct product of M with the first Frobenius kernel of a group W, of Witt vectors
of length £, and Nyeq is linearly reductive.

In fact, modulo its largest linearly reductive subgroup G, the group G is fairly completely deter-
mined by these data: except for infinitesimal groups of height 1, which correspond to the restricted
Lie algebras studied in [20], one can explicitly write down the possible isomorphism types (cf. The-
orem 7.1.5). Theorem A also enables us to associate to G a linearly reductive subgroup GC SL(2),
whose McKay quiver largely governs the representation theory of the principal block By(G) of H(G):

Theorem B. Suppose that p > 3. Let G be a finite algebraic k-group with tame principal block.
Then the Gabriel quiver of Bo(G) is isomorphic to the McKay quiver of the linearly reductive group G
relative to its two-dimensional, self-dual module. In particular, the underlying graph is an extended
Dynkin diagram of type A, D, or E.
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Accordingly, the graphs underlying the Gabriel quivers of the principal blocks are exactly those
occurring in the classification of the tame hereditary algebras (cf. [14]). In fact, the precise re-
lationship with these hereditary algebras is provided via the notion of a trivial extension of an
algebra by its dual bimodule: The tame blocks are certain generalizations of the trivial extensions
of the tame hereditary radical square zero algebras. Path algebras of affine quivers belong to the
particularly tractable class of domestic algebras, whose well understood representation theory [53]
was connected to binary polyhedral groups by Lusztig [39] in an explicit way.

Our paper can roughly be divided into two parts. In the first three sections we collect our basic
tools. Passage to factor groups defined by linearly reductive normal subgroups is shown to induce
isomorphisms of the corresponding principal blocks. Tensor products appear in Sections 2 and 3,
where we analyze their structure in case the constituents are simple or principal indecomposable
modules. In particular, we extend in Section 3 the classification of the binary polyhedral groups to
finite linearly reductive group schemes G C SL(2) (cf. (3.3)).

A combination of these results with methods from abstract representation theory leads in Section
4 to the identification of the representation type in a number of important instances. In default
of a general Brauer correspondence, we address in Section 5 the behaviour of tameness under
passage between groups and subgroups. While subgroups of tame infinitesimal groups may be
wild (cf. [20, §6]), principal blocks of normal subgroups containing the connected component do
inherit the representation type of the ambient group. In Section 6 we turn to the classification
of tame group schemes by investigating groups of automorphisms of tame infinitesimal groups.
We show that reduced linearly reductive groups of automorphisms always occur as subgroups of
the automorphism group Aut(SL(2);7;) of the product SL(2);T, of the first Frobenius kernel of
SL(2) with the r-th Frobenius kernel of the standard maximal torus 7' C SL(2). For r > 2 these
groups are readily seen to be cyclic or dihedral; the more complicated case r = 1 follows from the
classification of binary polyhedral groups. Using the results of the foregoing sections we prove the
linear reductivity of the reduced parts of groups affording a tame principal block.

In the final two sections we combine methods from the structure theory of algebraic groups with
those from abstract representation theory to obtain refinements of the results stated above. Since
the Gabriel quivers are certain McKay quivers, the detailed information given in [28] provides com-
plete control over the simple and principal indecomposable By(G)-modules as well as the structure
of the underlying basic algebra. For groups without non-trivial linearly reductive normal subgroups
the block structure of H(G) is completely understood. Contrary to infinitesimal groups, tame prin-
cipal blocks of finite group schemes are usually not special biserial. In fact, special biseriality occurs
precisely when a certain factor group of the finite group G(k) is cyclic.

I would like to thank Idun Reiten and Andrzej Skowronski for useful discussions on skew group
algebras and Helmut Lenzing for sending me a copy of his unpublished manuscript [38].

1. PASSAGE TO FACTOR GROUPS

Throughout this paper, we will be dealing with finite algebraic groups G, defined over an alge-
braically closed field k of characteristic p > 0. We refer the reader to [35, 64] concerning general
facts on affine group schemes and unexplained terminology. The connected component of G will be
denoted G°. Observe that G° is a closed, normal, infinitesimal subgroup of G. The unique block
By(G) C H(G) on which the co-unit € : H(G) — k does not vanish is called the principal block of
H(G). We denote by H(G) := kere the augmentation ideal of H(G).

Recall that dimg H(G) is also referred to as the order ord(G) of G. In case G is reduced, ord(G)
coincides with the order of the finite group G(k).
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A finite algebraic group is linearly reductive if its Hopf algebra is semisimple. Following Voigt [62,
(1.2.37)], we let G, be the unique largest linearly reductive normal subgroup of G. For a reduced
group G this subgroup coincides with the largest normal subgroup O, (G) of order prime to p.

Our first auxiliary result extends [24, (1.1)].

Proposition 1.1. Let N <G be a normal subgroup of G.
(1) We have N°<1G® and Niea<1Gred, and there is an isomorphism G /N =2 (G /N)x (Grea /Nred)-
(2) If By(G) is tame, then By(G/N) is tame or representation-finite.
(3) The canonical projection w: H(G) — H(G/Gy) induces an isomorphism

Bo(9) = Bo(G/Gn).-
(4) Bo(G) is isomorphic to the principal block of the augmented algebra Bo(G°)[G(k)].

Proof. (1) Let O(G) be the function algebra (coordinate ring) of the affine group scheme G. Ac-
cording to [64, (6.8)] the Hopf algebra O(G),eq := O(G)/+/(0) is the function algebra of Gyeq. This
readily implies that the restriction of the canonical inclusion N/ < G furnishes a closed embedding
Nied = Grea- There results a commutative diagram

N —— g

jvred R gred
with injective horizontal arrows. Since G° and N0 are the kernels of g and m, respectively, we
obtain N9 = G N N In particular, A is a normal subgroup of G°. In view of [64, (6.2)] closed
subgroups of reduced finite algebraic groups are reduced. Consequently, N'NG.eq = Nyeq is @ normal
subgroup of Geq.

Owing to [13, (I1,§5,1.1)] the connected component A/C is a characteristic subgroup of /. Conse-
quently, NV is normal in G, so that G,eq acts on the factor group G°/N? via conjugation. Note that
the canonical quotient map 7° : G° — GY/N? is G,eq-equivariant. Since MNoq operates trivially
on GY/N?, the above action factors through G,eq/N;eq. Consequently, the canonical quotient maps
70:G% — GO/N? and Treq : Gred — Gred/Nied induce a quotient map

e gO X Gred — (go/NO) Do (gred//\/red) 5 (ga h) = (Wo(g)aﬂred(h))7
with kernel N' = NV x M,eq. By the universal property of quotient maps, # gives rise to the desired
isomorphism
g/N = (gO/NO) X (gred/Med)'

(2) This follows exactly as in [24, (1.1)].

(3) Let n: H(G) — H(G) be the antipode of the cocommutative Hopf algebra H(G). We begin
by showing that the two-sided ideal H(G)H (Gy,)" is a block ideal of H(G). Since G, <G is a normal
subgroup, H(G) acts on H(Gy,) via the adjoint representation

hoa =Y hayan(he) Y heHG),zeHG).
(h)
This action satisfies
e(ha) = e(hay)e(@)e(n(he)) = > e(ha))e(@)e(he)) =e(h)e(z) ¥ h e H(G), = € H(Gy).
(h) (h)

By definition, the Hopf algebra H(G),) is semisimple. Thus, its principal block is one-dimensional,
and there exists a central idempotent ey € H(G,) such that

zeg = e(x)eg = egx YV x € H(Gy).
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Note that H(Gy)! = H(Gy)(1 — ep). Given h € H(G) and = € H(Gy,), we have

.%'(h.eo) = m(z h(l)eon(h(Q))) = Za(h(l))xh(g)eon(h(g)) = Zh(l)n(h(g))mh(g)eon(h(4))
(h) (h)

= ) by (n(he)-x)eon(h Z hayem(hz))-x)eon(hs))
(h)

= Z h(l)e’:‘(h@)) 6077 h(3 Z h 6077 )) = 8(1‘)(h.€0).
(h)

Consequently, h.ey belongs to By(G),) and there exists a linear map ¢ : H(G) — k such that
h.eg = ((h)eg V he H(G).

Since
e(h) = e(h)e(eo) = e(h-eo) = e(C(h)eo) = ¢(h) ¥V h e H(G),
we obtain for every element h € H(G)

hey = Z hayeoe(h(z)) = Z hayeon(he))hs) = Z(hu)-eo)h(z)
h (h) (h)
= ZE(h(l))eoh(Q) = eoh.
(h)

As a result, eg and 1 — eg are central idempotents of H(G). By virtue of H(G,)" = H(Gi)(1 — e),
it now follows that

H(G)H(Gi)" = H(G)(1 - ¢)
is a block ideal of H(G).

Since the canonical projection 7 : H(G) — H(G/Gy) has kernel H(G)H(G)T, it induces an
isomorphism H(G)eg — H(G/Gy) of augmented k-algebras. From the identity e(eg) = 1, we see
that the block By(G) is contained in the block ideal H(G)ep. Consequently, Byp(G) is mapped by
W’H(g)eo onto Bo(g/glr)

(4) The group G(k) of group-like elements of H(G) operates on H(G") via automorphisms of Hopf
algebras. This implies in particular that the central idempotent eq € H(G") defining the principal
block By(G?) is fixed by G(k). Hence we obtain a decomposition

H(G") = By(¢") & H(G")(1 — eo)
of G(k)-invariant block ideals. There results a decomposition
H(G) = H(G")[G(k)] = Bo(G")[G(k)] & (H(G")(1 — e0))[G (k)]

of H(G) by two-sided ideals, where the first summand is not annihilated by the co-unit of H(G).
Consequently, By(G) is isomorphic to the principal block of the augmented algebra By(G%)[G(k)]. O

Owing to (1.1(3)) the structure of the principal block of H(G) is not affected by the largest linearly
reductive normal subgroup of G. Thus, when dealing with principal blocks we may assume without
loss of generality that Gy, is trivial. It is therefore of interest to determine the infinitesimal and
reduced parts of this group.

By Nagata’s Theorem, the infinitesimal linearly reductive groups are the multiplicative groups.
By definition, an algebraic k-group is multiplicative or diagonalizable if its function algebra is a
group algebra. Given a finite algebraic k-group G, we let M = M(G?) be the unique largest
multiplicative normal subgroup of G°, the so-called multiplicative center of G°. It follows from [13,
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(IV,§3,1.1)] that M <1 G° is a characteristic subgroup of GY. In particular, M <1 G is a normal
subgroup of G. Consequently, G acts on G° /M and

Cg = Centg, ,(G°/M)
is a closed normal subgroup of Geq (cf. [35, (1.2.6(9))]).

Proposition 1.2. Let G be a finite algebraic k-group. Then we have
Gr = M -0y (Cg) = M x Oy (Cg).

Proof. Since M is a linearly reductive, normal subgroup of G, we have M C Gj,. On the other
hand, Nagata’s Theorem [13, (IV,§3,3.6)] implies that (Gy;)" is a multiplicative subgroup of Gy,. As
(Gr)? is a characteristic subgroup of Gy, [13, (I1,§5,1.1)], it is normal in G%; so that (G;)? = M.

We consider the factor group G’ := G/M = (G°/M) X Gyea (cf. (1.1(1))). The inverse image
N of G| under the quotient map G — G’ is a normal subgroup of G such that N'//M = G|
Thus, N is a linearly reductive normal subgroup of G, whence N’ C G;,. On the other hand, the
isomorphism G/N = G'/G| [13, (I11,§3,3.7)] yields Gi,/N = e;. We conclude that N’ = G, and
gl = G,/ (G1:)° = (Gi)req- In particular, G, is a reduced, linearly reductive normal subgroup of
G'. Consequently, G’° N G| = ex, so that the group (Gi)rea centralizes the group G°/M. Nagata’s
Theorem now shows (Gyy)rea C Oy (Cg), whence Giy = GP.(Giy)rea C MO, (Cg). By the same token,
MO, (Cg) is a linearly reductive, normal subgroup of G, so that

Gir = MOy (Cg) = M x Oy (Cg).

2. TENSOR PRODUCTS OF SIMPLE AND PRINCIPAL INDECOMPOSABLE MODULES

Let G be a finite algebraic k-group, N <1 G a closed, normal subgroup. Under favourable circum-
stances, which will be seen to obtain in all cases of interest, the simple and principal indecomposable
H(G)-modules are given by tensor products of the corresponding modules for H(N') and H(G/N).
In particular, the Gabriel quiver of H(G) turns out to be computable from the structure of tensor
products of simple H(G/N)-modules.

In the sequel we shall often view (G/AN)-modules as G-modules via pull-back along the canonical
quotient map G — G/N. We begin by studying the underlying set of vertices of the Gabriel quiver
of H(G) in a setting that will turn out to be appropriate for our purposes.

Lemma 2.1. Let N <G be a normal subgroup of the finite algebraic k-group G. If Ly, ..., L, are

simple G-modules such that {Ly|n, ..., Ln|n} is a complete set of representatives of the isoclassess
of simple N -modules, then every simple G-module S is of the form

for a unique i € {1,...,n} and a unique (up to isomorphism) simple (G/N')-module M.

Proof. Let Lq,...,L, and M,..., M, be complete sets of representatives of the isoclasses of the
simple A-modules and simple (G/N)-modules, respectively. By our current assumption each N/-
module L; is the restriction of a simple G-module, which we will also denote by L;. Given a simple
G-module S, there exists i € {1,...,n} such that L; — S|y. Consequently, the G-linear map

¢ : Hompy (L;, S) @ Ly — S 5 f@x— f(2)
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is surjective. The image im ¢ is the L;-isotypical component Sy, of the module S|y. By Schur’s
Lemma the N-module Sz, has dimension dimy Homp/(L;, S) @ L; (cf. [35, (2.14(3))]). As a result,
© is also injective, and
Note that Homas(L;, S) has the structure of a (G/N')-module, which is necessarily simple.

Next, we consider the G-module S := L; ®; M,. By the above, S contains a simple submodule
T = L; ®j M,. Upon restriction to N we obtain
so that ¢ = 5. Moreover, we have homomorphisms

My = Homp(L;, L; @ Ms) = Hompr(L;, T) — Homp(L;, S) = M,

of (G/N)-modules, so that r = s. As a result, the module S = L; ® M, is simple and the pair
(¢,7) is uniquely determined by S. O

The technical condition of (2.1) is known to hold for Frobenius kernels of semi-simple, simply
connected groups (cf. [35, (II3.15)]). In our projected applications the normal subgroup N will be
the first Frobenius kernel of the special linear group SL(2). The simple modules of this infinitesimal
group do not afford non-trivial self-extensions. The following subsidiary result shows how this fact
can be exploited in the computation of the Gabriel quiver of H(G).

Lemma 2.2. Let N <G be a normal subgroup of a finite algebraic k-group G. Suppose that
Ext}\/(S, S) = (0) for every simple N-module S. If Ly, Ly and My, My are simple G-modules and
(G/N)-modules, respectively, such that each L;|z is simple, then we have

Extg (M1, Ma) Ly = Ly

Exte(Ly @k My, Ly @ M. %{
g( 1k 22, 22 Sk 2) Homg/N(Ml,EXt}\/(Ll,Lz)®kM2) L17'¥L2

Proof. The five term sequence associated to the spectral sequence given in [35, (1.6.6(1))] yields the
following exact sequence

(0) — Extg p(My, Homp(Ly, Ly @ My)) — Extg(Ly @ My, Ly @ M)
—  Homg /n (M, Extjr(Ly, Ly ®p Ma)) — Exté/N(Ml,HomN(Ll,LQ ® My)).
Let X be a G-module, N a (G/N)-module. Direct computation shows that the functors
Y — Homp (X,Y @, N) and Y — Hompn(X,Y) ®r N

from modG to mod(G/N) are naturally equivalent. Since tensoring over k is exact, we obtain
isomorphisms
Exti (X, Y @) N) 2 Ext{ (X, V)@ N £>0

of (G/N)-modules.
If Ly % Lo, then Homps(Lq, Ly ® M) = (0), and there results an isomorphism

Ext§ (L1 ®), My, Ly ®), M) = Homg n(My, Extpr(L1, Lg) @ Ma).
Alternatively, L1 = Lo, and our general assumption implies
Extyr(L1, Ly ®) My) = Exty (L1, L) @5, My = (0),
so that we get an isomorphism

EXté(Ll R Ml, Lo R Mg) & EXtE/N(Ml,HOHlN(Ll, LQ) R Mg)
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Owing to Schur’s Lemma, the spaces Homas (L1, L1) and Homg(L1, L) are one-dimensional. Hence
they are equal and Homps(L1, L1) is the trivial (G/N)-module. Consequently, the right-hand side
is isomorphic to Exté/N(Ml, Ms). O

Our final result of this section provides a criterion for the construction of principal indecomposable
modules. For large p, condition (b) is known to hold in the classical context of Frobenius kernels

[5, 34].

Proposition 2.3. Let G be a finite algebraic group, N <0G a normal subgroup. Suppose that
(a) every simple N-module is the restriction of a G-module, and
(b) every principal indecomposable N -module is the restriction of a G-module.

Then the following statements hold:
(1) Let X,Y be G-modules, Q a projective (G/N)-module. Then we have isomorphisms

Ext§(X ® Q,Y @k N) = Homg /v (Q, Extiy(X,Y) @k N) V>0

for any (G/N)-module N.

(2) If Pp,...,P, are G-modules such that {Py|pr, ..., Py|n} is a complete set of representatives
of the isoclasses of principal indecomposable N -modules, and {Q1,...,Qm} is a complete set of
representatives of the isoclasses of the principal indecomposable (G/N')-modules, then the G-modules
(P ®k Qr)1<i<n, 1<r<m form a complete system of principal indecomposable G-modules.

Proof. Since @ is a projective (G/N)-module, the spectral sequence Ext’_g/ n(Q,Exti (X, V) =
Extgﬂ'"(X ®k Q,V) (cf. [35, (1.6.6(1))]) collapses to isomorphisms
(%) Ext§(X ® Q,V) = Homg /n(Q, Exti(X,V))  V£>0

for any G-module V.

(1) By the arguments of the proof of (2.2) we have isomorphisms

Exti (X, Y @, N) 2 Extl (X, V)@ N £>0

of (G/N)-modules. Our assertion now follows from (x).

(2) Setting X := P;, Q := @, and N := k in (1) immediately yields the projectivity of the
G-module P; ®j, Q,. By assumption (a) there exist simple G-modules Ly, ..., L, such that

(%) Top(P;|n) = Liln 1<i<n.

Setting M, := Top(Q,) for 1 < r < m we obtain a complete set {M, ..., M,,} of representatives
of the isoclasses of the simple (G/AN)-modules. Thanks to (2.1) the modules L; ®; M, completely
represent the isoclasses of the simple G-modules.

A surjection P; — L; ®j M, restricts to a surjection Pj|xr — (dimy M, )L;|n. According to
(%), this can only happen if i = j and dimy M, = 1. Thus, replacing L; by L; ®) M, for a
suitable M, ; with dimy M, ; = 1, we have in addition to (+*) the condition

(% * %) Homg(P;, L;) # (0) 1<i<n.
Now (1) implies
Homg (P; @k Qr, Lj @1 M) = Homg /zr(Qr, Homp (P, Lj|n) @ Ms).

Since P;|y is a principal indecomposable A'-module, the right-hand space is trivial unless i = j. In
that case, the G-module Homas(P;|ar, Li|n) = Homar(L;|ar, Li| o) is one-dimensional and contains
the by (* % %) non-zero space Homg(P;, L;). Consequently, Homa/(P;|r, Li|n) = Homg(P;, L;) is
the one-dimensional trivial G-module, so that

dimy, Homg /nr(Qr, Hompr (Pl nr, Lj|n) @k Ms) = 8i0rs.



FINITE ALGEBRAIC GROUPS OF TAME REPRESENTATION TYPE 9

Thus, P; ®; Q, is the projective cover of the simple G-module L; ®j M,.. O

3. LINEARLY REDUCTIVE SUBGROUPS OF SL(2)

In this section we consider linearly reductive, closed, finite subgroup schemes G of the group
scheme SL(2). If G is reduced, then this amounts to studying the finite subgroups of SL(2)(k),
whose orders are not divisible by the prime p. In the classical situation where k = C is the field
of complex numbers, these are just the binary polyhedral groups (cf. [15, (26.1)]), and it is easy to
see that the proof given there transfers verbatim to our situation. For our purposes it will be most
expedient to follow the approach expounded by Happel-Preiser-Ringel [28], in which the binary
polyhedral groups are characterized by means of their McKay graphs relative to a two-dimensional,
faithful, self-dual module. For the case of not necessarily self-dual modules we refer to [3, Thm.1].

Let G be a linearly reductive finite algebraic group, M1, ..., M,, a complete set of representatives
for the isoclasses of the simple G-modules. Since the algebra H(G) is semisimple, the tensor product
L ®j, M; of M; with a fixed G-module L decomposes into a direct sum of simple modules, and we
obtain an integral (n x n)-matrix A = (a;;) given by

n
L ® Mj = @ai]‘Mi.

i=1
The quiver with underlying vertex set {M;,..., M, } and a;; arrows from M; to M; is called the
McKay quiver Y1,(G) of G relative to L. In fact, our definition differs from McKay’s original one,
who considers the opposite quiver of Y1 (G) (cf. [40, 41]). As all our matrices will be symmetric,
there will result no confusion in the formulation of our main results. We begin by extending a
well-known fact from the representation theory of finite groups to our setting.

Lemma 3.1. Suppose that L is a faithful G-module. Then the McKay quiver Yr(G) is connected.

Proof. Let ¢ : H(G) — Endg(L) be the representation of the Hopf algebra H(G) associated
to the G-module L. If I C ker p is a Hopf ideal, then p factors through to a representation of
the cocommutative Hopf algebra H(G)/I. By general theory (cf. [64, (1.4)]), there exists a finite
algebraic group G’ and a homomorphism 7 : ¢ — G’ which induces the canonical projection
H(G) — H(G'). This implies that 7 is a quotient map, whose kernel we denote by A. It follows
that A is contained in the kernel of the representation G — GL(L) of the G-module L. As this
representation is faithful, we obtain N = e, as well as

I=HGHWN) = (0).

We may now apply [51, Cor.1] or [45, Cor.10] to see that for every j € {1,...,n} there exists
m; € N such that M; is a direct summand of L®™. Since the connected component of Y1, (G)
containing the trivial G-module k contains the simple direct summands of all tensor powers of L,
our assertion follows. O

If L is two-dimensional and self-dual, then the matrix A is symmetric, and C := 2I,, — A is a
generalized Cartan matriz in the sense of [28]. Writing d; := dimy M; and C = (¢;j) we obtain

n
Z dicij =0
=1

for every j € {1,...,n}, so that
d:{1,....n} — N ; i—d;
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is an additive function for C. Thanks to Lemma 3.1 the valued graph Y(G) associated to C, the
so-called McKay graph of G, is connected whenever L is a faithful G-module. As was shown in [28,
Theorem 2] the graph Y.(G) is a generalized Euclidean diagram in that case (see also Theorem
3.3 below). We refer the reader to [4, (VIL.3)] for more details concerning Cartan matrices and
additive functions.

We now turn to binary polyhedral groups and describe the linearly reductive finite algebraic sub-
groups of the smooth group scheme SL(2). As before, T' denotes standard maximal torus of diagonal
matrices. For m > 1 we let

Dy = (z,y | 2™ = 1=y yay ' =2 1)
and

Q= (z,y [ 2™ =y*; yay ' =27")

be the dihedral group of order 2m and the generalized quaternion group of order 4m, respectively.
In our context @, will occur as the subgroup of SL(2)(k) generated by the matrices

(41 me (5 &)

where (o, € k is a primitive 2m-th root of unity and (p,2m) = 1. We let T, O and I be the binary
tetrahedral group, the binary octahedral group, and the binary icosahedral group of orders 24, 48
and 120, respectively (cf. [56, (4.4)]). These groups can be realized as follows

T = (w,2(C),y(¢0)) 5 O:={wz(l)y(C) 5 I:=(wz()y()),
where
1 1 1

— 1 G+ G 1 )
e = <4—1<<4 —<4> nd v cg—cg( L G+ )

When considering these groups we tacitly assume p # 2,3 for T, O as well as p #2,3,5 for I. In
the sequel we will repeatedly use the following basic facts:

(): If g € SL(2)(k) \ T(k) satisfies gtg~* € T(k) for some t € T(k) \ {I2,—I>}, then there
exists a € k* such that

B 0 a) [ a O
9=\ a0 )70 ot )¥

(1): Let 8 € k*. Then we have

(0 )=(0 )% 5)

For m € N we consider the closed subgroup 7{,,) C T, given by

x

Ty = (( 5 ) o€ nn()

for every commutative k-algebra R. Note that T, is the unique closed subgroup of T' of order m.

Let h = < Cl4 Cl € GL(2)(k). Then Hy := h_lT(4)h is a reduced, closed subgroup of
4

SL(2) such that Hy(k) = (w) C Norgpo)x)(T(k)). Since T is reduced, an application of [35,
(I.2.6(11))] shows that the latter group coincides with Norgpo)(T)(k). As Hy is reduced, this
implies Hy C Norgp,(2) (T'). Thus, H4 normalizes every closed subgroup of T'; and we define

Nim) = T(m)Ha

for m > 2. The construction of the other subgroups of SL(2) requires a few preparatory remarks.
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When dealing with reduced algebraic group schemes we shall often make use of the fact that
such a group G is uniquely determined by its group of rational points. In fact

g —G(k)

defines an equivalence between the category of reduced algebraic group schemes and the category
of algebraic groups in the sense of [57]. Upon restriction to reduced finite algebraic groups, the
above functor provides an equivalence with the category of finite groups (cf. [62, (0.16),(0.17)] for
more details). Given a finite group G, we let G be the reduced finite algebraic group such that
Gr(k) = G.

Lemma 3.2. Let G and H be algebraic groups. Suppose that G is reduced and that there exists a
closed embedding ¢ : G(k) — H(k). Then there exists a closed embedding 1 : G — H of group
schemes such that ¥, = .

Proof. We let O(G) and O(H) denote the coordinate rings of G and H, respectively. Given a
commutative k-algebra R, we let R..q be the factor algebra of R by its nilpotent radical. Thus,
O(G)red and O(H);eq are the coordinate rings of the varieties G(k) and H(k), respectively.

By assumption, the morphism ¢ induces a surjective comorphism ¢* : O(H)req — O(G)req. As
G is reduced, we have O(G)req = O(G), and the composite " = ¢* o 7w of ¢* with the canonical
map 7 : O(H) — O(H)rea defines the desired closed embedding ¢ : G — H. O

~ A~ A

According to (3.2) there exist uniquely determined reduced subgroups ("), (O)x and () of SL(2)
satisfying (T)x(k) = T, (O)x(k) = O and (I),(k) = I, respectively. The proof of Theorem 3.3
below, which extends [28, Thm.1] to our context, shows in particular that N,) = (Qy,)r whenever
(p,2m) = 1.

Let G := Spec,(A) be an affine k-group. For r > 0 we let G be the affine k-group with function
algebra A, whose addition and multiplication coincide with that of A, and whose k-space structure
is given by

a-a:=a" a YVaek, ac A.
The homomorphism F” : G — G given by
FR(A)(a) = Ma)”

for every commutative k-algebra R, A € G(R) and a € A is called the r-th Frobenius homomorphism
of G. The normal subgroup

G, =ker I'"
is the r-th Frobenius kernel of G. If G is infinitesimal, then we have G = G, for some 7, and the
minimal nonnegative integer with this property is called the height ht(G) of G.

Given r > 1, we denote by a,r := Specy,(k[X]/(XP")) and p, := Specy(k[X]/(XP" — 1)) the
r-th Frobenius kernels of the additive group oy := Spec;, (k[X]) and the multiplicative group ux :=
Specy (k[ X, X 1), respectively.

Let m > 0. Following [28] we denote by L, the graph

with m + 1 vertices. In particular, Lo is the point with two loops.
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Theorem 3.3. Let G C SL(2) be a closed, linearly reductive subgroup of characteristic p > 3. Then
there exists g € SL(2)(k) such that gGg~' and its McKay graph relative to its standard module L
belong to the following list:

(M | Eo
(O Eq
(D Eg,

where (n,p) =1, r := ht(G°), and n +r # 1.

Proof. According to [35, (I1.2.5)] the two-dimensional, simple SL(2)-module L = L(1) is self-dual.
Consequently, L is also a faithful, self-dual G-module.

Recall that G = G° % Greq is a semidirect product of an infinitesimal group GY and a reduced
group Greq. Thanks to Nagata’s Theorem (cf. [13, (IV,§3,3.6)]), the connected component G is
multiplicative and p does not divide the order of G(k) = Gyeq(k). Since G° is diagonalizable, there
exists an element g € SL(2)(k) such that gG%~! C T. If ht(G°) = r, then we have gG%g~* C T, =
ppr. On the other hand, ord(G%) > p” (cf. [64, (2.2)]), so that gG%¢~! = T;.. Thus, replacing G by
a suitable conjugate group, we may assume that G° =T, = Tpry-

If r = 0, then the group G is reduced, and G is completely determined by the binary polyhedral
group G(k) C SL(2)(k). Directly from [56, (4.4)] we infer that G(k) is conjugate to ey, T(,)(k)
for n > 2, N, (k) for n > 2, T, 0, or I. As all groups involved are associated to reduced group
schemes, we obtain the left-hand column of our list. Thanks to [28, Thm.1] the McKay graphs of
these groups have the asserted structure.

If r > 1, then the identity G° = T, in conjunction with p # 2 and [35, (1.2.6(11))] implies that
G(k) C Norgy)(T7)(k) = T(k){w) = Norg,2)(k) (T(k)) = Norgy,()(T') (k).
Consequently, Greq C Norgy,2)(T), so that G C Norgy,2)(T'). There results an embedding G/(G N
T') — Norgy,2)(T)/T, with the latter group being the Weyl group of SL(2). In particular, G/(GNT)
has order < 2. The finite algebraic group G NT" coincides with 7{;,) for some n not divisible by
p. By our observations above, we have G° C GNT. If Gk) c T(k), then G =GNT = Tinpry-
Alternatively, (f) and (f) allow us to assume that Hy4(k) C G(k). As Hy is reduced, we conclude

that GNT C N(np'r) C G, so that G = N(npr).

It remains to identify the McKay graphs of T(,,ry and N(,pry. If G = T{;,,r), then G is abelian
with np” one-dimensional simple modules. Accordingly, [28, Thm.2] identifies /Nlnpr,l and f/npr,l
as the only possible McKay graphs of G. As in the proof of [28, Thm.1] it follows that np" —1 <1
in the latter case. Since p # 2, this implies » = 0, a contradiction.

Alternatively, G = N, and every simple G-module has dimension < 2. Let ky be a one-
dimensional G-module, corresponding to the character A : G — pg. Since A(t) = Mwtw™1) =
A(t™) = A(t) ! for every t € GNT, we see that A(t)* = 1 for every t € GNT. For t € T(,r) we also
have A\(t)?" = 1, which entails A(¢) = 1. Let = be a generator of Tinpry (k). Then 1 = Mz)? = Aw)?,
so that G possesses 4 one-dimensional modules. Wedderburn’s Theorem now shows that G has
np” — 1 two-dimensional simple modules. By [28, Thm.2] this readily implies that the McKay
graph of G is of the form anr+2. O
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4. SOME WILD GROUPS

In this section we collect a few examples of wild finite algebraic groups that figure in the proofs
of our main results. Each of these occurs as the final step of a reduction process, leading to groups
that are amenable to the methods from abstract representation theory. Throughout this section,
we assume that p > 3.

Lemma 4.1. Let F := (o X ppym) X P be a finite algebraic group such that P = (Z/(p))k, and with
ppm acting faithfully on oy,. Then By(F) is wild.

Proof. The subgroup «, is P(k)-invariant, and in view of [35, (I.2.6(8))] normal in F. As the
automorphism group Aut(ay) coincides with py, the conjugation action of F on «, induces a
homomorphism v : F — pu; whose restriction to p,= is injective. Since «,, is commutative, -
factors through to a homomorphism 4 : F/oj, — pi. The action of P on «a;, X p,m induces
an operation of P on p,m by automorphisms such that F/oy, = ppm x P (cf. (1.1)). Since the
restriction of the quotient map 7 : F — F/a, = pym X P to pym maps pym C F bijectively onto
fpm, our assumption concerning the p,m-action on oy, implies ker (¥ upm) = ep. Given r € p,m and
g € P, we have
A(r) = A(grg™) = 4lg - 1),

so that g -r = r. (By standard abuse of notation we will often write g € P instead of g € P(R) for
some commutative k-algebra R). Consequently, P acts trivially on p,m, and pym 3P = pym X P
is abelian. In particular, P is a normal subgroup of p,m x P = F /oy, and there results a quotient

map w : F — ppm X P — p,m with kernel V := a;, x P. As V is unipotent, w induces an
embedding jipm — pym, which, by equality of orders, is an isomorphism. Consequently, we have
F =2V x Hpm .

Since Aut(ay,) = pg, the group P acts trivially on «p, so that the group scheme V is abelian and
unipotent. We may now use the methods of [24, §2] to compute the basic algebra of H(F): The

vertex set is Z/(p™), an there exists r € {0,...,p™ — 1} such that the arrows and relations are
given by

at—1+1 5 Giii—i+m,
and

Bit10i — QigrBi 5 Qipp1) Qi 5 Bigp—1)r Bis
respectively. (One can actually prove r = 0.) As was shown in [24, (2.4)], Galois covering techniques
then establish the wildness of the connected algebra H(F). O

The remaining examples are given by closed, finite subgroup schemes of SL(2) containing the first
Frobenius kernel SL(2);. For n > 0, we let L(n) be the simple SL(2)-module with highest weight
n. If n <p—1, then L(n) is also a simple module for the first Frobenius kernel SL(2); (cf. [35,
(I1.3.15)]). The projective cover of the simple H(SL(2);)-module L(n) will be denoted P(n).

Let M} be the category of commutative k-algebras. We begin by considering the group scheme
L : M, — Gr given by

c(R)::{<Z Z)eSL(Q)(R);apzlzdp, W=, =0}

for every R € Mj. Then L is a closed subgroup of SL(2) such that L(k) = {< (1) ll) ) ; belFp}t =

7./(p). Moreover, since £, = £° for some r > 1, we obtain £° = SL(2);. Consequently,
L= SL(2)1 X U,
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where, for every commutative k-algebra R, the R-points of I/ are the group

uw =y 7 )=

In the proof of the succeeding result we will identify modules of certain basic algebras with the
corresponding representations of their bound quivers. We refer the reader to [4, III] for the details.

Lemma 4.2. The principal block By(L) is wild.

Proof. Setting N := SL(2)1, we obtain that the factor group L/N = U = (Z/(p))x is unipotent.
Thus, a consecutive application of [35, (I1.3.15)] and (2.1) ensures that the restriction functor
M +— M]|y furnishes a bijection between the sets of isoclasses of simple £-modules and simple
N-modules, with the latter being represented by the SL(2)-modules L(0),...,L(p —1). Owing to
[48, Sect.1] and [25, Kap.1] the extension groups of the simple A-modules satisfy

dimy, Ext) (L(i), L(j)) = { I

otherwise.
Consequently, (2.2) implies
Ext}, (k, k) i=j
Exty(L(i), L(j)) = { Extj(L(i), Lp =2 —i)* 0<i<p—2j=p—2—i
(0) otherwise.

It follows that L(0) and L(p — 2) are the only simple modules that can belong to By(L£). In view
of [47, Theorem] we have isomorphisms

Ext)r(L(0), L(p — 2)) = L)Y = Ext}r(L(p - 2), L(0))
of SL(2)-modules, where L(1)!!l is the Frobenius twist of the simple SL(2)-module L(1) (cf. [35
(I1.3.16)]). Since the matrix ( (1) i > (k) acts non-trivially on L(1)[, we obtain

dimy, Ext}(L(0), L(p — 2)) = 1 = dimy Ext-(L(p — 2), L(0)).
-2)

As a result, L(0) and L(p
By(L) is given by

are the only simple By(£)-modules, and the Gabriel quiver I'(£) of

O

By Gabriel’s Theorem (cf. [6, (4.1.7)]) the basic algebra A of By(L) is isomorphic to the factor
algebra k[I'(L£)]/I of the path algebra k[I'(£)] by an ideal I which is generated by paths of length
> 2.

Since p > 3, the group £/N = U possesses a uniserial module of length 3 with L(0) = k as its
only composition factor. Accordingly, the algebra A enjoys the same property. This means that
the corresponding A-module M = M (0) & M (p—2) (with M (i) denoting the vector space attached
to the vertex 7) is concentrated in the vertex 0. Hence there exists m € M (0) such that a?m # 0,
while SM (0) = (0).

Suppose that the path o? is a summand of a generator of the ideal I. Then there exist paths
7; # a2 of length > 2 from 0 to 0 and a; € k such that

= Z a;m;  mod(I).
i=1
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Observe that either m; = o™ for some n; > 3, or m; = w;Ba™i for some path w; and some m; € Np.
Since M has length 3, paths of the first kind annihilate m. As (8 operates on M via 0, paths of the
second kind do so as well. Accordingly, the above congruence yields

0# a’m =0,

a contradiction. It follows that o is not a summand of a relation.

Now consider the projective cover P(p—2) of the simple H(SL(2);)-module L(p —2). According
to [36] the principal indecomposable module P(p — 2) has an SL(2)-structure which extends the
SL(2);-structure. Restriction to £ provides a L-structure with the same property. Owing to
[30, Thm.3] the SL(2)-module P(p — 2) has Loewy series L(p — 2), L(p), L(p — 2). Consequently,
rad(P(p — 2)) is an SL(2)-module of length 2 with Loewy series L(p), L(p — 2). Steinberg’s tensor
product theorem (cf. [35, (I1.3.17)]) provides an isomorphism L(p) = L(1)1 of SL(2)-modules. In
particular, N' = SL(2); operates trivially on L(p), and L(p)|, is a uniserial £L-module of length 2.
As Socg, () (P(p — 2)) = Socgyw)(P(p — 2)) = L(p — 2), the L-module rad(P(p — 2)) is uniserial
with composition factors (from top to bottom) L(0), L(0), L(p—2). Accordingly, the basic algebra
A also has such a module, which will be denoted N = N(0) & N(p — 2). Note that dimg N(0) = 2
and dimg N(p —2) = 1.

Since N(p —2) = Soca(N) the arrows ¢ and v operate trivially on N. Consider the two-
dimensional submodule N’ := aN(0) ® N(p — 2) of N. Since N’ is indecomposable, we have
BaN(0) # (0). Hence there exists a basis {e1,ea} of N(0) with ae; = ez, aea = 0 and fFey # 0.
We write N(p — 2) = kes with e3 = ey and obtain [Se; = aes for some a € k. The element
np := e; — aez € N(0) satisfies

(i) Bang # 0, and

Assume that Ba is a summand of a relation of A. As before, we write
n
fa = Z a;m;  mod([),
i=1

where a; € k and 7; # PBa is a path of length > 2 from 0 to p — 2. For each path m; there is a path
w; such that
wiadi ;i > 2
w;d B
wiyPa
wlﬂ.

Since 6 = 0 =« on N, the above relation in conjunction with (i) and (ii) implies

T =

n
0 # Bang = Zaﬂmo =0,
i=1
a contradiction.
As an upshot of the above, neither o nor o is a summand of a relation. We may now apply
[17, (I.10.9)] to see that the algebra A is wild. Consequently, the block By(£) is also wild. O

Remark. For p =2, (1.2) implies
[,11« =M= Cent(SL(Q)l) = H2.

Owing to (1.1), the block By(L) is isomorphic to the algebra of measures of the unipotent factor
group L' := L/Ly,. Direct computation shows that this local symmetric algebra has a presentation

H(L) =2 EX,Y)/(X2Y?% (XY)? - (YX)?),
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so that [17, (III.1(c))] ensures the tameness of By(L). (In view of [17, (II1.13)], our block is
isomorphic to the group algebra k[Dy] of the dihedral group of order 8).

Our next example concerns a finite algebraic subgroup of SL(2) that is the semidirect product of
SL(2); with the reduced subgroup of SL(2), whose group of rational points is the Chevalley group

SL(2.p) = SL2)(F)).
F:SL(2) — SL(2) ; (Z fl)H ( . Z’;)

Let
be the Frobenius endomorphism of SL(2). We consider the group scheme SL(2)3 1, which is given
by

SL(2)2,1(R) := {g € SL(2)(R) ; Fi(9) = Fr(9)}
for every R € Mj. Being the inverse image of the diagonal subgroup of SL(2) x SL(2) under the
morphism g — (F2(g), F(g)), SL(2)2,1 is a closed subgroup of SL(2) (cf. [35, (I.1.4))).

By definition, we have SL(2); C SL(2)2,1, whence SL(2); C SL(2)871. Now let g be an element of
SL(2)8’1. Since this group is infinitesimal, there exists r € N such that F"(g) = 1. As g € SL(2)2,1,
we have

F'(g) = F(9),
so that g € (SL(2)2,1)1 C SL(2)1. We thus obtain SL(2)J ; = SL(2);.
Let g = (gi;) be an element of SL(2)21(k), so that the entries of the matrix g satisfy

2
7 =i
Then we have X
0=yg; — g5 = (95 — 9i)"
so that g;; € F,. As a result, g € SL(2,p), proving SL(2)2,1(k) C SL(2,p). The reverse inclusion is
obvious.

Lemma 4.3. The algebra By(SL(2)2,1) is wild.

Proof. Let G := SL(2)2,1 and put N := SL(2);. As observed earlier, the modules {L(i)[y ; 0 <7 <
p — 1} form a ccomplete set of representatives of the simple N-modules. From the representation
theory of SL(2, p) (cf. [1, p.14f]) we see that G/N = SL(2, p), has simple modules M (0), ..., M(p—1)
with dimy, M (i) = i+1. We may now apply (2.1) to see that {L(i)®@x M (j) ; i,j € {0,...,p—1}}is
a complete set of representatives of the simple G-modules. (By Steinberg’s tensor product theorem,
these are just the restrictions L(i)|g for 0 <i < p* —1.)

Since the simple SL(2);-modules do not possess non-trivial self-extensions, Lemma 2.2 readily
implies that the simple By(G)-modules belong to the set {L(i)®xM(j) ; i € {0,p—2}, 0 < j < p—1}.

By earlier observations, we have isomorphisms

Extyr(L(0), L(p = 2)) = M(1) = Ext)(L(p - 2), L(0))
of SL(2, p)-modules. Setting M (—1) := {0}, we apply [1, (7.5)] to see that the tensor products of
simple SL(2, p)-modules are given by
M) @ ML) = M@G+1)@ M@ —1) for 0<i<p—2,

while

M(p —1) @, M(1) = P(p - 2)
is the projective cover of the SL(2, p)-module M (p—2) (see also [31, (7.2),(11.1)]). (The last identity

follows from the fact that dimy P(p—2) = 2p = dimy M (p—1)®x M (1), the projectivity of the tensor
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product, and Homg;, 2 ) (M (1) @ M (p—1), M (p—2)) = Homgy,(2 ) (M (p—1), M (1) @5, M (p—2)) #
(0).) The extension groups of the simple SL(2,p)-modules are computable from the structure of
their projective covers, as provided in [1, §7]. Setting G := SL(2,p) we have
1 i+je{p—1,p—3tand1<i<p-—3
dimy, Extg (M (i), M(5)) =< 1 (i,5) € {(0,p —3),(p — 2,1)}
0 otherwise.
The tensor product decomposition gives rise to
1 je{i—-1l,i+1}and0<j<p-—2
dimy, Home (M (z), M (1) @5 M(5)) = ¢ 1 (i,j)=(P—-2p-1)
0 otherwise.

These formulae in conjunction with Lemma 2.2 imply:
(a) The group algebra k[G] has three blocks consisting of the simple modules {M (2i) ; 0 <i <
33 {M(2i+1)0<i< P2} and {M(p—1)}.
(b) If L(i,7) := L(i) ®, M(j) belongs to By(G), so does L(i,¢) for any ¢ such that M (¢) and
M (j) belong to the same block of the group algebra k[G].
Let i € {0,p — 2}. Another application of Lemma 2.2 provides the following information:
(1) dimg Ext}(L(i,5), L(i,j)) = 1 whenever j € {£5°2, 2511
(2) dimy, Extg(L(i, 255, L(p — 2 — 4, T)) =1= dlmk Exty(L(p — 2 —i,252), L(i, 251)).
(3) dimy Exts(L(p —i— 2, p+1),L(z’, L)) =1.

Thus, the Gabriel quiver of H(G) has the following subquiver:

U=

L(p—2—i,25=

® L(p—2—i2fL).

Thanks to [17, (1.10.8(iv))] the block containing this subquiver is wild. Since L(0,0) and L(p—2,1)
both belong to the principal block, we see from (a) and (b) that L(0, £ ) belongs to By(G) if p;
is even, while L(p — 2,2 ) belongs to By(G) otherwise. Consequently, the block By(G) is wild. O

Lemma 4.4. Suppose that p =3 and let G C SL(2) be a closed subgroup such that
(a) G°=SL(2)1, and
(b) G(k) =2 SL(2,5).

Then By(G) is wild.

Proof. Thanks to [56, (4.4)] the subgroup G := G(k) C SL(2)(k) is conjugate to the binary icosahe-
dral group. It follows that the SL(2)(k)-modules L(0), L(1) and L(2) = s[(2) remain simple upon
restriction to G. Since G is not solvable, the Frobenius twist L(l)[l] is also a simple G-module,
If L(1)|qg = L(1)M|g, then Lang’s Theorem [57, (3.3.16)] provides an element gy € SL(2)(k) such
that goGgy ' C SL(2,3), a contradiction. Consequently, L(3) = L(1)[ 2 L(1) is another simple
G-module. Recall that the factor group G/C(G) of G by its center C(G) = Z/(2) is isomorphic
to the alternating group As. Thus, the group G affords five 3-regular classes, and by Brauer’s
Theorem [1, §3,Thm.2|, the group algebra k[G] therefore has exactly 5 simple modules. Since the
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permutation module of A5 has a 4-dimensional simple submodule, we conclude that the remaining
simple G-module has dimension 4.
We claim that L(4) = L(1) ®; L(1)M = L(1) ® L(3) is a simple G-module. Since the central

element ¢ := —I» € G acts on L(7) via the scalar (—1)", it operates trivially on L(4). Hence only
L(0) and L(2) can possibly occur as proper composition factors of the G-module L(4). Thanks to
[35, (I1.2.5)] every L(i) is a self-dual SL(2)(k)-module, so it is also a self-dual G-module. Thus, if
L(2) occurs as a composition factor, so does L(0), and in that case L(0) is a submodule of L(4).
Consequently, if L(4) is reducible, then L(0) is a submodule of L(4), and

(0) # L(4)“ 2 (L(1)* @ L(3))” = Homg/(L(1), L(3)) = (0),
a contradiction. As a result, L(4) is the remaining simple G-module.

Owing to [31, (10.2)] the principal indecomposable SL(2);-modules P(0), P(1) and P(2) = L(2)
are projective SL(2, 3)-modules. Since a Sylow-3-subgroup P = Z/(3) of G is contained in SL(2, 3),
we may apply [1, §9, Cor.3] to see that the P(i) are projective G-modules for 0 < i < 2. According
to [31, (11.1)] the composition factors of P(i) are (from top to bottom) L(i), L(1—i) @y L(1)M, L(3)
for i € {0,1}. Since the dimension of every projective G-module is a multiple of 3, it follows that the
P(i) are in fact principal indecomposable G-modules. In particular, L(4) belongs to the principal
block of k[G], and dimy, Ext{,(L(0), L(4)) = 1.

From general SL(2)-theory one obtains L(1) ® L(1) = L(0) & L(2), so that

Homg(L(1) @k L(2), (1)) = Homa(L(2), L(1) & L(1)) # (0).
As L(1)®y L(2) is a projective module of dimension 6, we obtain L(1)®L(2) = P(1). Consequently,
there are isomorphisms

L(1) @ L(4) = (L(1) @ L(1)) @ L(3) = (L(0) © L(2)) @& L(3) = L(3) & (L(2) @ L(3));

The module L(2) ®j L(3) is projective of dimension 6, with ¢ acting via —1. Hence only L(1) and
L(3) can occur as composition factors. Since

Homg (L(1), L(2) ® L(3)) = Homg (L(1) @y L(2), L(3)) = Homg (P(1), L(3)) = (0),
it follows that L(2) ®j L(3) is the projective cover P(3) of the G-module L(3). Consequently,
L(1) @k L(4) = L(3) © P(3).

Now let M(0), ..., M(4) be the simple G,cq-modules, which we view as G-modules by letting G° act
trivially. Thus, [47, Theorem] yields

Extg(L(1), L(0)) = M(3) = Extg(L(0), L(1)).
Adopting our earlier notation, we conclude from (2.1) that {L(i,5) ; 0 <i <2 ,0 <j <4} are the
simple G-modules. The above computations in conjunction with (2.2) now imply that
dimy, Ext$(L(0,0), L(0,4)) = dimy, Extg (M (0), M (4)) = 1
as well as
dimy, Ext$(L(1,1), L(0,4)) = dimy Homg(M (1), M(3) @5 M(4))

= dimy Homg (M (3), M (1) @ M(4))
= dimy Homg(M(3), M(3) & P(3)) =

As a result, the Gabriel quiver of By(G) contains the subquiver

2.

L(1,1) L(0,4) L(0,0).
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According to [17, (1.10.8(iii))] this entails the wildness of By(G). O

5. PASSAGE BETWEEN GROUPS AND SUBGROUPS

In this and the following Section we begin with the structural analysis of tame group schemes G
by providing results on their connected and reduced parts and by studying the conjugation action
of Greq 0N gO.

5.1. Block Descent. In contrast to the theory of finite groups, where Brauer’s Third Main Theo-
rem implies that the representation type of principal blocks transfers well to subgroups, the results
of [20] already indicate that infinitesimal groups may behave erratically. In this Section we consider
the problem of descending to normal subgroups containing the connected component, which will
turn out to be sufficient for our purposes.

In the following, a k-algebra is always meant to be a finite-dimensional associative algebra whose
unit element acts on all modules via the identity operator. A k-algebra A is said to be weakly tame
if for every d € N there exist finitely generated (A, k[T])-bimodules Mj, ..., Mgy such that each d-
dimensional indecomposable A-module is a direct summand of M; @7k for some i € {1,...,s(d)}
and some algebra homomorphism A : k[T] — k.

Our descent methods are based on the following subsidiary result, which is closely related to [9,
Prop.2].

Lemma 5.1.1. Let T' C A be k-algebras, Br and By blocks of T' and A, respectively. Suppose that
Br is isomorphic to a direct summand of the (I',T')-bimodule By. If By is tame, then Br is tame
or representation-finite.

Proof. By assumption, we have a decomposition
By=XaoY

of (I',T")-bimodules such that X = Br.

Let d > 0. Since By is tame, there exist (A, k[T])-bimodules My,..., M such that every in-
decomposable By-module of V' of dimension < ddimy A is of the form V' = M; @) kx for some
A k[T] — k. Let N be an indecomposable Br-module of dimension d. By the above, we have a
decomposition

BA@FNg(X(X)FN)EB(Y@FN)g(Bp@pN)@(Y@r‘N)

of I'-modules. Since N belongs to Br, the summand Br ®r N is isomorphic to N, so that N is a
direct summand of (By & N)|p. By the Theorem of Krull-Remak-Schmidt N is therefore also a
constituent of some (M;|r) @) kx. Accordingly, Br is weakly tame, and [46, (1.2.3)] shows that I
is tame or representation-finite. [l

We now consider an augmented k-algebra (A, ), and a finite group G operating on A via automor-
phisms such that € : A — k is G-equivariant. In this situation the map

EXAG] —k 5 > Mg > £(Xg)
geG geG
is an augmentation of the skew group algebra A[G], so that we can speak of the principal block
Bo(G) of A[G]. Given a normal subgroup N <G, we let A[N]¢ := A[N]®; A[N]°P be the enveloping
algebra of A[N] C A[G]. If X C G is a complete set of representatives of the right N-cosets, then

(%) AlGI = D ANy

geEXN
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is a decomposition of the A[N]°-module A[G].
Given an element g € GG, the map
Yg : AIN]® — A[N]® 5 a®b+ a® gbg*
is an automorphism of A[N]¢. For any A[N]¢-module V, we denote by V(9 the A[N]®-module with
underlying k-space V and action given by

A = y(A)v VA€ AN veV.

Lemma 5.1.2. If the principal block By(G) C A[G] is tame, then the principal block By(N) C A[N]
s tame or representation-finite.

Proof. We let G act on the algebra A[N] via conjugation. Since &(grg~!) = &(x) for z € A[N] and

g € G, it follows that this action, which permutes the blocks of A[N], stabilizes Bo(N). Thus, the

block decomposition of A[N] gives rise to a decomposition A[N] = By(NN) & C of G-invariant block

ideals. Accordingly, I := &P Bo(N)g and J := P, x, Cg are ideals of A[G] such that
AlGl=1aJ.

Since £(J) = (0) the unicity of the block decomposition of A[G] ensures that By(G) is a direct

summand of the ideal I. In particular, Bo(G)[s[nie is a direct summand of I|z(nje = D e x,, Bo(IV)g.

Direct computation shows that A — Ag furnishes an isomorphism By(N)@) = By(N)g of A[N]e-
modules for every g € G. As By(N) is an indecomposable A[N]|¢-module, the Theorem of Krull-
Remak-Schmidt implies the existence of gp € X and a A[N]°-module X such that

BO(G)’A[N]S = BQ(N)go b X.

Since By(G) is an ideal of A[G] we have By(G)g = By(G), so that the above map provides an
isomorphism By(G)9) = By(G) of A[N]*-modules. We now obtain

Bo(G) = Bo(@)9 ) = (By(N)'#) © X)) = By(N) & X140,
so that our result follows directly from (5.1.1). O

geEXN

In the context of finite algebraic groups of odd characteristic the foregoing result may be sharpened.
For normal subgroups containing the connected component, the tameness of the principal block is
inherited by the corresponding block of the subgroup. Recall that the Lie algebra g = Lie(G) of
an algebraic group G is a finite-dimensional restricted Lie algebra. By definition a restricted Lie
algebra is a pair (g, [p]) consisting of an ordinary Lie algebra g and a p-map

g—g; x—al

that satisfies the formal properties of a p-power operator of an associative k-algebra. Basic facts on
restricted Lie algebras can be found in [33, 58]. In this paper we shall only be concerned with finite-
dimensional restricted Lie algebras. The group G acts on Lie(G) via the adjoint representation, so
that we have a homomorphism

Ad: G — AUT (Lie(G))
from G to the automorphism scheme of Lie(G). The rational points of this scheme form the auto-
morphism group Aut,(g) of the restricted Lie algebra (g, [p]).

Lemma 5.1.3. Let G be a finite algebraic group such that Centg,,(G°) = ex, = Cent(Gy). Then
the adjoint representation furnishes an embedding G — AUT (Lie(G)).
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Proof. According to general theory (cf. [13, (IL,§7,4.2)]) N := Centg(G1) is a normal subgroup of
G, which coincides with the kernel of the adjoint representation. Since

N1 C Cent(Gy) = eg
we conclude that NV = ej,. Accordingly, A is a reduced, normal subgroup of G, whence
(GON) CG'NN = ey
Consequently, (1.1) implies N' C Centg,_,(G") = ek, as desired. O

A commutative, unipotent infinitesimal k-group U is called V -uniserial if the Verschiebung V34 (cf.
[13, (IV,§3,n0.4)]) induces an exact sequence

U &)L{—>ap — €.

According to [23, (2.6)] the V-uniserial groups are precisely the unipotent infinitesimal groups of
finite representation type.

Theorem 5.1.4. Let G be a finite algebraic group of odd characteristic and such that By(G) is
tame. If N' <1 G is a normal subgroup containing G°, then Bo(N) is tame.

Proof. By assumption, we have N’ = GY x Ajeq, so that, writing G := G(k), N := N(k) and
A = H(GY), we obtain

H(G) = AlG] ; H(N) = A[N].
We may now apply (5.1.2) to see that the block By(/N) is tame or representation-finite.

We first consider the case N' = G°, and suppose that G is a group of minimal order subject to
Bo(G) being tame and By(G") being representation-finite. Owing to (1.1) the group G’ := G/ M =
(G%/ M) x Gyeq gives rise to principal blocks By(G) = Bo(G') and By(G0) = By(GY), so that the
minimality of ord(G) forces M = ey.

If p does not divide the order of G, then [23, (3.1)] implies that By(G) is representation-finite, a

contradiction. As a result, the group G is not linearly reductive.
Thanks to [23, (2.7)] we have

G® 2 U X pym
with p,m acting faithfully on the V-uniserial group #. The assumption U = ej, implies Gl = fpm =
er. Thus, By(G) = By(G) is a tame principal block of a finite group of odd characteristic, a contra-
diction (cf. [9]). Since U’ := Vi (UP)) is a characteristic subgroup of U (cf. [13, (IV,§3,4.6,4.11)])
such that U /U' = «,, the minimality of ord(G) in conjunction with [23, (3.1)] implies U’ = ey.
Thus,

G% =y X ppm.
We now proceed in several steps.

(a) Let K := Centg,,(G°). Then K # ey and Grea/K is linearly reductive.

Suppose that I = e. Since p,m acts faithfully on «), the center of G is trivial and (5.1.3) furnishes
an embedding
G — AUT (Lie(G)).

Observe that g := Lie(G) is the two-dimensional non-abelian restricted Lie algebra. Its automor-
phism group Aut,(g) is readily seen to be isomorphic to (k,+) x k* with £* acting on (k,+) via
multiplication. As a result, G = F x C is a semidirect product of a p-elementary abelian group
E and a cyclic group C of order not divisible by p. Since By(G) is representation-finite (1.1),
the Sylow-p-subgroups of G are cyclic (cf. [6, (6.3.5)]), so that E = Z/(p). Hence there exists a
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normal subgroup P C Gyeq with P(k) = Z/(p). Owing to (5.1.2) the block By(G° x P) is tame or
representation-finite. We may now apply (4.1) to obtain a contradiction.

According to (1.1) the principal block By(G® % (Grea/K)) of the factor group G/K is tame or
representation-finite. Since I # e the choice of G implies the validity of the latter alternative.
The linear reductivity of Geq/K now follows directly from [23, (3.1)]. ¢

(b) The group G.eq acts trivially on G°.

Lemma 5.1.2, applied to the normal subgroup (G° x K) <1 G, ensures that By(G° x K) is tame or
representation-finite. Assume that Geq # K. The minimality of ord(G) in conjunction with [23,
(3.1)] implies the linear reductivity of . By (a) we conclude that G,eq is also linearly reductive, a
contradiction. ¢

In view of (b) we have H(G) = H(G°)®k[G]. Thanks to [23, (2.4)] the algebra H(G) is connected,
so that By(G) = H(G°) ® Bo(G). Since By(G) is not representation-finite, the group G is not
linearly reductive, and there exists a closed subgroup e; # P C Gyeq such that P := P(k) is
a Sylow-p-subgroup of G. Setting H := PCg(P), we invoke [1, (16.1)] to see that By(G) is a
Brauer correspondent of By(H). In particular, By(H) is a direct summand of By(G)|gxp. Thus,
H(G%) @3, Bo(H) is a two-sided direct summand of By(G). In view of Lemma 5.1.1 the algebra
H(G%) ®y, Bo(H) is tame or representation-finite. As [23, (3.1)] rules out the latter alternative, the
minimality of the order of G implies G = H = PCg(P). In particular, P is a normal subgroup
of G and the foregoing arguments yield G = P. Replacing P by a central subgroup of order p,
we finally arrive at G = Z/(p). Owing to (4.1) the algebra By(G) is wild, and we have reached a
contradiction.

We conclude that By(G°) is tame. In view of [23, (3.1)] the block By(N) is not representation-
finite, so that we also obtain the tameness of By(N). O

We end this subsection with the following application:

Corollary 5.1.5. Let H be a cocommutative Hopf algebra of characteristic p > 3. Then H does
not possess any tame, basic blocks.

Proof. Let G be the finite algebraic k-group associated to H, so that H = H(G). Suppose that
B C H(G) is a basic, tame block. The “translation principle” (cf. [24, (2.6)]) then implies that the
principal block By(G) also has these properties. In view of (1.1(3)) the same holds for By(G /Gy ),
so that we may assume G, = ej.

Owing to [62, (1.2.37)] the group G is trigonalizable. Hence G° is solvable, and [24, (2.4)] shows
that By(G°) is not tame. This, however, contradicts (5.1.4). O

5.2. Ascent. We continue by recording another subsidiary result concerning the representation
type of smash products. Let H be a finite dimensional Hopf algebra, A an H-module algebra. By
definition, A is a left H-module such that

(@) h.(ab) =3 4y (ha)-a)(h)-b) YV heH, abeAand

(b) h.l1=¢(h)l VY heH.
The smash product AfH will be denoted A[H], see [42, (4.1)] for more details. Recall that H is
referred to as cosemisimple if its dual algebra H* is semisimple.

Lemma 5.2.1. Let H be a finite dimensional Hopf algebra, A be a finite dimensional, tame H -
module algebra.

(1) If H is semisimple, then A[H] is tame or representation-finite.

(2) If H is semisimple and cosemisimple, then A[H] is tame.
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Proof. Recall that the left H-comodule H obtains the structure of a right H*-module via
hap = t(ha)he VheH, ¢eH"
(h)

Suppose that H is cosemisimple. Since k1 is a right H*-submodule of H we have a decomposition
H=klaV
of left H-comodules (see [42, (1.6.4)]). It follows that
A[H|ZA® (A, V)

is a decomposition of the A-bimodule A[H].

(1) Letting H* act canonically on H and trivially on A, the smash product A[H] obtains the
structure of an H*-module algebra. Thanks to Van den Bergh’s Theorem [61] (see also [42, p.167])
we have

A[H][H"] = A @ Endy,(H),
so that A[H|[H*] and A are Morita equivalent. Consequently, the smash product A[H|[H*] is tame.
Since H is semisimple, the Hopf algebra H* is cosemisimple, and the above remarks imply that
A[H] is a direct summand of the A[H]-bimodule A[H][H*]. The arguments of (5.1.1) now show
that A[H] is weakly tame, and hence tame or representation-finite (cf. [46, (1.2.3)]).

(2) If H is also cosemisimple, then A is a direct summand of the A-bimodule A[H]. Thus, if A[H]
is representation-finite, so is A (cf. [49, (1.3)]), a contradiction. Consequently, A[H] is tame. [

Remark. Let G be a finite group acting on an algebra A via algebra homomorphisms. Then A is
a k[G]-module algebra, and the smash product A[k[G]] is just the skew group algebra A[G]. Since
k[G]* = k|Gl the Hopf algebra k[G] is cosemisimple. If p := char(k) does not divide the order of
G, then Maschke’s Theorem shows that k[G] is semisimple. In that case, A[G] is tame whenever A
has this property (cf. also [9, Prop.2]).

The foregoing remark provides a simple recipe for the construction of finite algebraic groups, whose
Hopf algebras are tame. In view of [23, (3.1)] the principal blocks associated to these so-called
tame groups are also tame.

Examples. Let p > 3.
(a) For a natural number m € N we consider the finite algebraic groups

SC(m) = SL(Q)lT(m) and SQ(m) = SL(2)1N(m)

If m = np’ with (p,n) = 1, then (8Cm))° = SCrry = (SQ(my)° with 7 := max{¢,1}, so that
M = e in either case. Since SC () (k) = Ty (k) = Z/(n) and SQ ) (k) = T(ny(k)(w) = Qn, a
consecutive application of [24, (5.5)] and Lemma 5.2.1 yields the tameness of the groups SC ) and
SQ(m)-

(b) By the same token, the binary polyhedral groups (1), (O)i and (I); (cf. Section 3) define
finite algebraic groups

ST = SL(2)1(T)k ; SO = SL(2)1(O)k and Si = SL(2)1(f)k,

with M = e, and such that (G/Cg)(k) = A4, S4, and As, respectively. By the above arguments
these groups are tame.
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6. FINITE ALGEBRAIC GROUPS WITH TAME PRINCIPAL BLOCKS

6.1. Automorphisms of Tame Infinitesimal Groups. Throughout this section we assume that
p > 3. In view of (5.1.4) tameness of principal blocks is preserved under passage to the connected
component of a finite algebraic group. By results of [21] the structure of tame infinitesimal groups is
well understood, and we are led to the task of determining reduced subgroups of their automorphism
groups.

We begin by considering the special case where the group has height 1. According to general
theory (cf. [13, (I1,§7,4.2)]), this amounts to studying finite-dimensional restricted Lie algebras. To
a restricted Lie algebra (g, [p]) one associates its restricted enveloping algebra, which is defined to
be the quotient

Uo(g) := U(s)/({z* — "' ; & € g})
of the ordinary enveloping algebra U(g). We denote the principal block of the cocommutative Hopf
algebra Uy(g) by Bo(g).

If (g, [p]) is a restricted Lie algebra, then the maximal toral p-ideal of g will be denoted T'(g).
This ideal is contained in the center C'(g) of g and has the property that the p-map possesses no
non-trivial zeros on T'(g). Given n € Ny, we let n,, be the n-dimensional nil-cyclic Lie algebra, i.e.,

n—1
n, = @kx[p}i ool L g = g
=0

For a p-semilinear map ¢ : sl(2) — n,, we consider the central extension sl(2)j, := sl(2) & ny,
whose bracket and p-map are given by

(2, ), (y, )] = ([2,9],0) and (z, )" = (2!, 9)(x) + )

for all z,y € sl(2), ¢,d € n,, respectively.

We let {e, h, f} be the standard basis of s[(2), and denote by T' C SL(2) and Norgy,y) (T'(k)) C
SL(2)(k) the standard maximal torus of diagonal matrices and the normalizer of its group of rational
points, respectively.

Lemma 6.1.1. Let (g, [p]) be a restricted Lie algebra such that By(g) is tame and T'(g) = (0). Then
the following statements hold:

(1) There exists an embedding ¢ : Aut,(g) — PSL(2)(k).

(2) If g % sl(2), then im ¢ is contained in the image of Norsya)x)(T(k)) under the canonical
projection SL(2)(k) — PSL(2)(k).

Proof. (1) Thanks to [20, (7.4)] there exists a p-semilinear map v : s[(2) — n,, with ¢)(h) generating
the restricted Lie algebra n,, and such that g is isomorphic to s(2);}. By virtue of [21, (6.1)] every

n

automorphism g € Aut,(s((2)}}) is of the form

g(x;c) = (n(g)(x),~(9)(c));
where 7(g) € Aut,(sl(2)) and v(g) € Auty(n,) are automorphisms satisfying
Y =n(g)ovon(g) .
In particular, we obtain a homomorphism
Auty(sl(2)) — Auty(sl(2)) 5 g~ nlg)

of groups. By the above, the assumption 7(g) = idg9) implies y(g) o ¢ = 9. Since (h) generates
the restricted Lie algebra n,,, we see that v(g) = idy,. Accordingly, we have an embedding

Aut,(g) — Aut,(sl(2)) = PSL(2)(k),
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where the last isomorphism follows from [33, p.281ff].
(2) If sl(2)j, # sl(2), then we consider the factor algebra 5[(2)3; of s1(2);, which is given by

n = un/(nn)[p_} and the p-semilinear map 1 : s[(2) — ny induced by 1. Thanks to [20, (7.4)] w
also have ker v = ke @ kf. Moreover, the homomorphism Aut,(g) — PSL(2)(k) is readlly seen to
factor through Autp(5[(2)$) — PSL(2)(k). If g € Aut,(sl(2 ) ) then ¥(g) o1 on(g)~! = 1) implies

that 7(g) leaves ker 1 invariant. Since
kh = [ker ¢, ker 1]

the automorphism 7(g) stabilizes the subspace kh. Consequently, a pre-image of 7(g) under
SL(2)(k) — Auty(sl(2)) enjoys the same property and is thus contained in Stabgy,2)x)(kh) =
Norgy,2) () (T'(k))-

We now turn to automorphism groups of tame infinitesimal groups of height > 2. Given a finite
algebraic k-group G, we let X (G) be its character group. By definition, X (G) is the set of algebra
homomorphisms H(G) — k endowed with the convolution product

(A ) (h Z)\ hay)ilhe)) ¥ h e H(G).

When convenient, we will identify X (g) Wlth Hom(G, pg), the group of homomorphisms from G
to pg. If N <G is a normal subgroup, then X(G/N) can be identified with the subgroup of
X (G) consisting of those algebra homomorphisms that annihilate the augmentation ideal H(N)
of H(N).

As before, we let T' C SL(2) be the standard torus of diagonal matrices and consider, for r > 1,
the infinitesimal group

SC(pr) = SL(2)1TT C SL(Q).

According to [24, (5.5)] the groups SC
tame semisimple infinitesimal groups.

In our next result we shall use the following notational convention: If G is a group scheme and
R is a commutative k-algebra, then the image of a rational point g € G(k) under the canonical
homomorphism G(k) — G(R) will be denoted gr. In this fashion every element g belonging to
Norsr,2)(x)(T'(k)) induces, via conjugation, an automorphism ¢y, € Aut(SC,r)).

pr)» Which were denoted Q,) in [24, 21], are precisely the

Lemma 6.1.2. Suppose that r > 2. Then the homomorphism
v Norgr,2)) (T'(k)) — Aut(SCp,ry) 5 g 1y
18 surjective.
Proof. We denote the two-dimensional standard SC(,,--module by V.. Let ¢ € Aut(SC,)) be an au-

tomorphism. We consider the module V¥, whose underlying k-space is V and whose action is twisted
by ¢ (cf. [35, (1.2.15)]). By the results of [24, §5] there exists a character A € X(SC,ry/(SCpr))1)

such that V¥ 2V ®y k). Hence there is ¢’ € Mata(k) such that
drer(@)v = g\(q)grv VqeSCyy(R),veV R, Re My,
where M}, is the category of commutative k-algebras. Consequently, we can find g € SL(2)(k) such
that
or(9) = Mq)gragn" V q € 8C,ry(R), R € M.
As SCpry [ (SCpry)1 = pyr—1 We have
Ag)”

r—1

= 1 = det(pr(q)) = Mg)?
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which, by (2,p"~!) = 1, implies A\(¢) = 1. It thus remains to show that g € SL(2)(k) belongs to the
normalizer Norgr,2)(x)(T(k)).

Let
p
F:SL(2) — SL(2) : ( ‘ Z > - ( ‘ ZZ >

be the Frobenius homomorphism of SL(2). Since

(F o9)r(q) = Fr(gr)Fr(9)Fr(gg") Y g € SCury(R)
we see that the element h := Fy(g) € SL(2)(k) satisfies
hrFr(a)hy' € T,-1(R) V ¢ € SCiry(R), R € M.

Suppose that h € T'(k). Direct computation, using p # 2 and r > 2, yields

_ 0o B
h‘(—ﬂl 0)

for a suitably chosen 8 € k. Hence there exists a € k such that

o= 5)= (5 ) (50)

Thus, g € Norgy,2)x)(T'(k)), as desired. O

Having dealt with the special case G = SC(,r), we now turn to infinitesimal groups with tame
principal block and trivial multiplicative center. We shall see that the finite groups relevant for our
purposes can be embedded into the automorphism group of SC,r).

Lemma 6.1.3. Let G be a finite algebraic k-group, G C Aut(G) a finite subgroup of order not
divisible by p, whose elements fix a unipotent normal subgroup U <1 G. Then the canonical quotient
map G — G/U induces an embedding G — Aut(G/U).

Proof. Let m : G — G /U be the canonical quotient map. By assumption, every element ¢ € G
gives rise to an element I'(p) € Aut(G/U) such that
P(@)om=mogp.

Let ¢ be an element of the kernel of the resulting homomorphism I' : G — Aut(G/U). Then

c:G—U ; g p(g)g”"

is a morphism of schemes such that

plg)=0(9)g Vgegq.
As ply = idy we obtain
©"(9)=0(9)"9 VYgeg, neN.
Since U is unipotent, it can be embedded into a group of strictly upper triangular matrices (cf. [13,

(IV,82,2.5)]). Hence there exists ¢ with a(g)pl =1 for every g € G. Consequently, appl = idg, and
as the order of ¢ is prime to p, it follows that ¢ = idg, as desired. ]

We let W,, be the commutative unipotent group of Witt vectors of length m (cf. [13, (V,§1,1.6)]).
The center of an infinitesimal group G will be denoted Cent(G).
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Proposition 6.1.4. Suppose that G is an infinitesimal group with trivial multiplicative center and
tame principal block. Let G C Aut(G) be a finite subgroup such that p [ ord(G). Then there exists
an embedding G — Aut(SC,ry), where r := ht(G/Cent(G).

Proof. According to [21, (3.4)] there exist 7 > 1, m > 0 and an exact sequence
€ — (Wm)1 I Q L> SC(p'r) — €k,

with Wp,)1 = Cent(G). Thus, W,,)1 is invariant under Aut(G), so that every ¢ € Aut(G) gives
rise to a unique I'(p) € Aut(SC(,r)) such that

P(¢)or=rop.
Consider the resulting homomorphism
I':G— Aut(SC(pr)),

and suppose that ¢ € kerI'. Then ¢|g, is an automorphism of G; which induces the identity on
(SCpry)1 = SL(2)1. By virtue of [21, (3.4(1))], [13, (IL,§7,4.3)] and the proof of (6.1.1) we thus have
¢lg, =idg,. Consequently, (6.1.3) applies to H := kerI" and we conclude that H = {1}. O

6.2. Linear Reductivity of Reduced Groups. If G is a finite algebraic group with principal
block of finite representation type and such that By(G°) is not simple, then [23, (3.1)] implies the
linear reductivity of Gyeq. The example of the group scheme ag 1 C ay given by

a21(R) ={r e R; o = aP}

for every R € M), shows that for tame groups of characteristic p = 2 the analogous statement fails.
We shall see in this subsection that the case p = 2 is special in this regard.

Let G be a finite algebraic group, M a G-module. The complezity cxg(M) of M is the rate of
growth of a minimal projective resolution (P,)n>0 of M, i.e.,

cxg(M) := min{c € Ng U {00} ; 3\ > 0 such that dimy P, < ! Vn>1}.

We put cxg := cxg(k) and observe that [44, (2.6)] implies cxy < cxg for every closed subgroup
H C G. The reader is referred to [7, §5] for further details concerning this notion.

Proposition 6.2.1. Let G be a finite algebraic k-group of characteristic p > 3 such that By(G) is
tame. Then p ford(G(k)).

Proof. We shall verify our result in a series of steps, assuming G to be a counter-example of minimal
order. Since By(G) is tame, the principal block of the factor group G,eq is tame or representation-
finite. As H(Gyeq) = k[G] is the group algebra of the finite G := G(k) and p # 2, the results
of [9] ensure that the principal block of k[G] has finite representation type. In particular, the
Sylow-p-subgroups of G are cyclic (cf. [6, (6.3.5)]).

(a) We have an embedding G — PSL(2) with G° = SL(2);.

Let R(G°) be the solvable radical of the infinitesimal group G°. Since gR(G%)g~! = R(G) for every
g € G(k), an application of [35, (1.2.6(8))] shows that the reduced group Geq normalizes R(G°).
Consequently, R(G°) is a normal subgroup of G. If R(G°) # eg, then the minimality condition
implies that the principal block of the group G/R(G") =2 (G°/R(G)) x Greq is Tepresentation-finite.
Thus, a consecutive application of [23, (3.1)] and [23, (2.2)] yields the solvability of GY/R(GY).
Consequently, G° = R(GY) is solvable, and by [24, (2.4)] the principal block By(G°) is not tame.
Now (5.1.4) gives a contradiction.
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As a result, R(G°) = e, and G° is a semisimple, infinitesimal group with tame principal block
(cf. (5.1.4)). Thanks to [24, (5.4)]

G% = SL(2)1 T, = SCyr)

is a product of the first Frobenius kernel of SL(2) and the r-th Frobenius kernel of the standard
maximal torus 7" C SL(2) for some r > 1.

If 7 > 2, then (6.1.2) shows that the Sylow-p-subgroups of G act trivially on G°. Hence there
exists a closed subgroup P C Geq such that P 2 (Z/(p))x and with G° x P being a closed subgroup
of G. By the Kiinneth Formula we have cxgo,p = cxgo + cxp = 3, so that Rickard’s Theorem [50,
Thm.2] implies the wildness of By(G).

Consequently, G 22 SL(2);, and the conjugation action defines a homomorphism

G — AUT(SL(2);) = PSL(2).

Let C := Centg(SL(2);) be the kernel of this action. Then C° C G° is a normal subgroup of
SL(2);. As the latter group has trivial center, we obtain C° = ey, so that C = Cg is reduced. If
plord(C(k)), then the above arguments provide a subgroup of G of complexity 3, a contradiction.
Thus, C = O (Cg) = Gy, so that

Bo(G/C) = Bo(9)
is tame (1.1). Since plord((G/C)(k)) the minimality condition yields C = ej. Consequently, the
conjugation action induces an embedding G — PSL(2) that sends G° onto PSL(2); = SL(2);. ¢

(b) The Sylow-p-subgroups of G = G(k) are isomorphic to Z/(p).
Let P C G be a Sylow-p-subgroup. We let G c SL(2)(k) denote the double cover of G C PSL(2)(k)
and consider the pre-image P C SL(2)(k) of P under the canonical projection. Then P = Z/(2) x P,

and P is conjugate to a subgroup of strictly upper triangular matrices. Hence P is p-elementary
abelian. On the other hand, P is cyclic, whence P = Z/(p). o

(c) If N <G is a proper normal subgroup, then N C Oy (G).
By general theory, there exists a proper normal subgroup A <1 G containing G° and such that
N = N (k). Thanks to (5.1.4) the principal block By(N) is tame, so that the minimality of G forces
N cCOy(G). <

Let G € SL(2) be a covering of G ¢ PSL(2). We now apply Dickson’s Theorem [59, (II1.6.17)] to
the subgroup G := G(k) C SL(2)(k). Thanks to (b) and (c) only the following three cases arise:

(1) G=Z/(p), Z/(p) x Z/(2), or

(2) G =SL(2,p), or

(3) p=3and G = SL(2,5).
Since a subgroup of SL(2)(k) of order p is conjugate to L(k), alternative (1) yields that £ is a closed
normal subgroup of a group that is conjugate to G. According to (5.1.4) this implies the tameness
of By(L), which contradicts (4.2). If G = SL(2,p), then L(1) is the only two-dimensional simple
G-module. Since G is not trigonalizable, the Frobenius twist L(l)[l] is also a simple G—module,

whence L(1)|s = L(l)m|é. Lang’s Theorem [57, (3.3.16)] then provides an element gy € SL(2)(k)
such that goégal = SL(2,p). It now follows that ggggal C SL(2)2,1. By equality of orders these

two groups coincide, so that (4.3) ensures the wildness of

Bo(G) = Bo(G) = Bo(SL(2)2,1)-

As this contradicts (5.1.4) it remains to consider the case where p = 3 and G = SL(2,5), which can
be disposed of by invoking (4.4). O
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As a first consequence, we demonstrate that the representation type of a finite algebraic group
depends only on the structure of its reduced group and its second Frobenius kernel (see [23, (2.7),
(3.1)] for finite representation type).

Corollary 6.2.2. Let G be a finite algebraic group of characteristic p > 3. Then By(G) is tame if
and only if Bo(G1) is tame and (G2/G1) X Greq 18 linearly reductive.

Proof. Suppose that By(G) is tame. According to (5.1.4) the principal block By(G°) is tame. A
consecutive application of [21, (5.4)] and [21, (5.3)] now shows that By(G;) is tame and G2/G; is
multiplicative. In virtue of (6.2.1) the group G,eq is linearly reductive, and our assertion now follows
from Nagata’s Theorem [13, (IV,§3,3.6)].

For the converse we observe that p does not divide the order of G(k), so that (1.1(4)) and (5.2.1)
reduce our task to verifying the tameness of By(G"). In view of [21, (5.4)] it suffices to show this
for By(G2). By Nagata’s Theorem, the group Go/G; is multiplicative, so that [21, (5.3)] yields the
desired result. 0

7. CLASSIFICATION

In this section we shall prove and elaborate on the main results announced in the Introduction.
Both, the group structure of finite algebraic groups with tame principal blocks as well as the
bound quiver presentations of the blocks themselves rest on our earlier determination of the binary
polyhedral group schemes.

7.1. Group Structure. In the following, we let C'(G) be the center of an abstract group G. Recall
that M and Cg denote the multiplicative center and the centralizer Centg,_,(G°/M) associated to
a finite algebraic group G, respectively.

With (6.2.1) in hand, we are now in a position to establish the following recognition criterion.

Proposition 7.1.1. Let G be a finite algebraic group of characteristic p > 3. Then the following
statements are equivalent:

(1) The principal block By(G) is tame.

(2) The principal block By(G) is tame, p Jord(G(k)), and the finite group G(k)/Cg(k) is either
cyclic, dihedral, or isomorphic to A4, S4, or As, with the latter three groups occurring only if
GO/ M = SL(2);.

In either case, we have By(G) = Bo((G°/ M) x (Grea/Cg))-

Proof. (1) = (2) Owing to (6.2.1) the order of the finite group G(k) is not divisible by p, and the
tameness of By(G°) follows directly from (5.1.4). We apply (1.1(1),(2)) to the normal subgroup
MCg of G to see that the principal block of the group
(gO/M) X (gred/cg)

is tame or representation-finite. In the latter case, [23, (3.1)] and [23, (2.7)] show that B(G°
is representation-finite, a contradiction. Thanks to [13, (IIL,§1,1.15)] we have (Greq/Cg)(k) =
G(k)/Cg(k), so that it suffices to verify (2) under the additional assumption M = e = Cg.
In particular, the finite group G(k) may be considered a subgroup of the automorphism group
Aut(G2).

As By(G°) is tame, we have G° # e, whence ht(G%) > 1. Suppose first that ht(G%) > 2. A
consecutive application of (6.1.4) and (6.1.2) provides a finite subgroup G C Norgy,2)x)(T'(k))
containing Z := {Iz, —I2} such that G/Z = G(k). Since Norgp o)) (T(k)) = T(k){w) (see Section
3), it follows that G N T'(k) is a normal subgroup of G of index < 2. Suppose that G is not cyclic.
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Then there exists an element g € G\ GNT (k). If GNT(k) = Z, then G’ has order 4 and is
thus cyclic, a contradiction. Alternatively, properties () and (f) from Section 3 show that, upon
conjugation by some element of T'(k), we may assume w € G. Consequently, G = (G NT(k))(w) is
generalized quaternion. It now follows that G(k) is either cyclic or dihedral.

If ht(G°) = 1, then passage to the Lie algebra g := Lie(G°) (cf. [13, (IL,§7,n°4)]) yields an
embedding G(k) — Aut,(g) which, by virtue of (6.1.1), gives rise to an injective homomorphism
0: Grea — PSL(2). Let G’ C SL(2) be the inverse image of 9(Gyeq) under the canonical quotient map
SL(2) — PSL(2). Then G’ satisfies the hypotheses of (3.3), so that G'(k) is cyclic, generalized
quaternion, or G'(k)/C(G'(k)) = A4, Sy, As (cf. [15, (26.1)]). If G'(k) is cyclic, then G(k) =
G'(k)/C(SL(2)(k)) enjoys the same property. Alternatively, we have C(G'(k)) = C(SL(2)(k)) =
{I2, — 15}, and passage to G(k) = G'(k)/C(G'(k)) (cf. [13, (IIL,§1,1.15)]) shows that G(k) is dihedral
or isomorphic to A4, S; or As.

(2) = (1) According to (1.1(4)) and (5.2.1), By(G) is a block of the tame algebra By(G°)[G(k)].

Thus, it is tame or representation-finite, and (5.1.4) rules out the latter alternative.

Finally, the isomorphism Bo(G) = By ((G°/M) % (Greqa/Cg)) is an immediate consequence of (1.1(3))
and (1.2). O

Given a finite closed subgroup scheme G C SL(2), we consider the corresponding factor group PG :=
G/(GNZ), where Z := Cent(SL(2)) denotes the center of SL(2). Since Z(R) = { g 2 ca? =1}

for every commutative k-algebra R, Z is a reduced group of order 2. Consequently, we either have
GNZ=¢,or ZCG. As Z is reduced, the latter case gives rise to Z C Gyeq- Lemma 1.1 now
shows that PG = G or PG = GY x (Grea/Z). As Z is linearly reductive, the arguments of (1.1(3))
imply Bo(PG) = By(9).
We apply this to the groups defined in §5.2 and obtain tame finite algebraic groups
PSC(y, PSQ(yy, PST, PSO, and PSI

which will be referred to as amalgamated polyhedral groups. The following result provides an
abstract characterization of these groups.

Proposition 7.1.2. Let G be a finite algebraic k-group of characteristic p > 3 such that Centg(G°)
= eg. Then By(G) is tame if and only if G is isomorphic to an amalgamated polyhedral group.

Proof. One direction being clear, we suppose that By(G) is tame. By our general assumption and
(7.1.1), G° is an infinitesimal group with trivial center and tame principal block. Thanks to [21,
(3.4)] we thus obtain an isomorphism G° 2 SC,r) for a suitable r > 1, so that G; = SL(2);.

We consider the closed normal subgroup H := Centg(G;) C G. Since H; = G1N'H = Cent(G;) =
Cent(SL(2)1) = ek, we obtain H" = ey, so that H = Hyeq is reduced. As Centg(G°) = e, the
conjugation action induces an embedding

H(/{?) — Aut(SC(pr)).

Let h be an element of H(k) and suppose that r > 2. According to (6.1.2) there exists an element
g € Norgy,2)k) (T'(k)) such that

hzh ' =gzg™t Vze SCpry-

Consequently, grg~! =z V 2 € SL(2)1, whence g = 4-I5. This shows that h € Centg(G°)(k) = {1}.
As a result, H is the trivial group for every r > 1, and there results an embedding

G« AUT(SL(2)1) = PSL(2).
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Let G be the inverse image of G under the canonical quotient map SL(2) — PSL(2), so that G =
PG. By our above observations the principal block By(G) is tame. Owing to (6.2.1) Greq C SL(2)
is a linearly reductive group.

If 7 = 1, then (3.3) provides an element g € SL(2)(k) such that gG.eqg~" is one of the reduced
binary polyhedral groups listed there. As G = SL(2)1Qred, it follows that ggAg_1 belongs to the
list of groups given by the examples of §5.2. Accordingly, G = PG is an amalgamated polyhedral
group.

Alternatively, » > 2 and Lemma 6.1.2 implies the inclusion G(k) C Norgr, o)) (T'(k)). This
readily yields Gyeq (k) = T(ny (), Niny(k) for some n with (n,p) = 1, whence Gred = Tinys Niny- As

a result, we obtain isomorphisms G = §C ), SQ () for m = np", as desired. U

Let G be a finite algebraic k-group with multiplicative center M. Then
N == N(G) := Centg(G°/ M)
is a normal subgroup of G. Thanks to (1.2)
N = Centgo(G"/M) x Cg

contains the maximal normal linearly reductive subgroup G, of G.

Proposition 7.1.3. Let G be a finite algebraic group of characteristic p > 3. If Bo(G) is tame, then
G/N is an amalgamated polyhedral group and there exists £ > 0 such that N = (M x (W;)1) x Cg.

Proof. According to (7.1.1) the principal block By(G°) is tame. Since N? = Centgo(G°/ M) is
a solvable, normal subgroup of G° containing Cent(G°), [21, (3.5)] provides ¢ > 0 with N? =
Cent(G%) =2 M x (Wy)1. Consequently, N' = (M x (W;)1) x Cg.

Let G’ := G/N and denote by m : G — G’ the canonical quotient map. Directly from (1.1) we
obtain

G' = (G°/Cent(G")) % (Grea/Cg).-
Thanks to [21, (3.5)] this implies M(G') = ex, so that N'(G') = Centg/(G"). The inverse image
H C G of N(G') under 7 is a normal subgroup of G. Thus, H is a normal subgroup of G°, whose
derived group (H°, H?) is contained in Cent(G"). As a result, the group H? is solvable and, by [21,
(3.5)], therefore contained in Cent(G°) = NY.

Let h be an element of H (k). Then h operates on G°/M via an automorphism in such a way,
that the induced action on G 2 SC,ry (cf. [21, (3.5)]) is trivial. Proposition 6.1.4 shows that h
operates trivially on G/ M. As a result, H,q is a reduced subgroup of G such that H,eq(k) C Cg (k).
Consequently, Hyeq C Cg C N.

As an upshot of our discussion above, we have H C N, whence Centg/(G"°) = N(G') = e;. We
may now apply (7.1.2) to see that G’ is an amalgamated polyhedral group. O

Remarks. Suppose that By(G) is tame.

(1) In view of (7.1.3) and [23, (3.1),(2.7)] the normal subgroup N <1 G has finite representation
type. Moreover, (7.1.1) implies that A" = G, is linearly reductive if G,eq/Cg = A4, Sy or As.

(2) Thanks to (7.1.3) the exact sequence

€k —W\//glr — G/Gir —>Q/N—> ek

defines an extension of an amalgamated polyhedral group by the first Frobenius kernel of the group
W, of Witt vectors of length 2.



32 ROLF FARNSTEINER

Given £ > 1, we let ng := @f;é kv([)p]i ; U([)p I #0= v([]p ) be the ¢-dimensional nil-cyclic restricted
Lie algebra. Using the standard basis {e, &, f} of s[(2), we define a p-semilinear map 9% : s[(2) — n,
via

vse) =0=w3(f) 5 vi(h) =0
The adjoint action of SL(2) on sl(2) gives rise to a character x : Norgy,(2)(7") — p such that

Ad(g)(h®1) =x(g9)(h®1)

for every g € Norgpo)(T)(R) and every commutative k-algebra R. We let v : Norgp ) (T) —
AUT (n,) be the homomorphism given by

Y(g)(vo ® 1) = x(g9)(vo® 1) Vg€ Norgr)(T)(R), R € M.
Since T C ker y, the maps x and ~ factor through to homomorphisms
X : Norgp,2)(1)/2 — py and n: Norgyo)(T)/2 — AUT (ny),

respectively. By definition, the map ¢! : s[(2) — ny is Norg,(2)(T)-equivariant, and the group
Norgp,(2)(T') acts on the restricted Lie algebra s[(2)8 == sl(2)y, (cf. §6.1) via automorphisms:

g-(z,v) == (Ad(g)(x),v(9)(v))-

Following [21, §6] we denote by SL(2){ the infinitesimal group of height 1 corresponding to the
restricted Lie algebra s[(2)¢. In view of [13, (I1,§7,4.3)] the above action induces an operation

Norgy,()(T) x SL(2)] — SL(2){ : (g,2) = g
of Norgr,(2)(T") on SL(2){ via automorphisms. For m € N we consider the algebraic groups
SL(2){ X T(m) and SL(Q){ X N(m),

that are defined via this action. The factor groups of these groups by their largest normal linearly
reductive subgroups will be denoted

PSCiypm and PSQp s

respectively. Let P = PSC(,,), PSQy) be an amalgamated polyhedral group, r := ht(P°). Then
the r-th Frobenius kernel T} of the standard maximal torus 7' C SL(2) is contained in P9 & SCpry,
and the reduced group Preq acts on T, = T(,r) via conjugation. Accordingly, T, x Preq is a closed
subgroup of P such that P = SL(2)1 - (T X Preqd) = P1 - (T1 X Pred)-

Our goal in this subsection is to show that “most” finite algebraic groups with tame principal
blocks are either amalgamated polyhedral groups, or of types PSCy ), PSQ(,y,). To that end we
require the following generalization of [21, (6.3)]. As before, we let ht(G) := ht(G°) be the height
of a finite algebraic group G.

Lemma 7.1.4. Let e, — (W;))1 — G —— P — e}, be an exact sequence of finite algebraic
groups with P being an amalgamated polyhedral group of type PSC ) or PSQ . If P % SL(2)1,
then the following statements hold:

(1) Letr:=ht(P). There exists a closed embedding o : Ty X Preq — G such mo o = idr, up, s
and G = Gy - 0(T X Preq)-

(2) Let o be as in (1). The block By(G) is tame if and only if there exists an isomorphism
® : SL(2){ — Gy such that ®(q.x) = o(q)®(z)a(q)~" for every q € Ty x Preq and x € SL(2).
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Proof. (1) Since (W,); is connected, we have (W;); C G° and (1.1) yields
P =G/ (Wo)i = (G°/(We)1) % Grea-

In particular, g4 : Gred — Pred is an isomorphism. Since ht(P) = r, we have SC(,r) = PO =~

GY/We)1. As SC(,ry is semisimple and the automorphism scheme AUT ((W;)1) is solvable, our
exact sequence defines a central extension

e — Wi — G° M SC(pr) — €.

Thus, setting H := 7~ 1(T}. x Preq) We obtain an extension

() e— W — H T, % Pra — e,
with T} = (T}, x Preq)? operating trivially on (W,);. Thanks to [13, (II1,§6,6.5)] the canonical map
E-%l(lpreda (Wf)l) - E'%I(TT X Preda (Wf)l)

is bijective. In view of [13, (III1,§6,4.5)] the left-hand side is trivial. As a result, the extension (x)
splits, and we obtain a closed embedding o : T} X Preq — G such that 7 o 0 = id7, wp, . In
particular, 7|go o o|p. = idr, and [21, (6.3)] yields G° = G; - o(T}). A comparison of orders now
implies G = Gy - 0(T} X Pred)-

(2) Suppose that By(G) is tame. If £ = 0, then the assertion follows from the isomorphism G = P.
Alternatively, [21, (3.4)] implies that

(0) — ny — Lie(G) 2% s1(2) — (0)

is an exact sequence of restricted Lie algebras such that dr(Ad(g)(u)) = Ad(w(g))(dn(u)) for g € G
and u € Lie(G). By general theory (cf. [20, §1]), there exists a p-semilinear form ¢ : sl[(2) — ny
such that Lie(G) = 5[(2)5 (cf. §6.1 for the definition). The adjont action of G leaves sl(2) =
[Lie(G), Lie(G)] and ny = Lie((W;)1) invariant. Since (Wy); acts trivially on Lie(G), the group P
operates on Lie(G) such that

m(g).v = Ad(g)(v) Vg€ g, ve Lie(G).

Let 5[(2)(1) be the G-module with underlying group s[(2) and k-action given by ax = a%x. Accord-
ing to [21, (3.3)], the linear map ¥ : s[(2))) — n, is G'-equivariant. The same arguments imply
the G(k)-equivariance of v, so that 1 is a homomorphism of G-modules. A consecutive application
of [21, (5.3)] and [20, (7.4)] shows that ¢(h) generates n, as a restricted Lie algebra. Since P(k)
operates on ki(h) via the restriction of the character xy, : (Norgy,2)(7)/Z)(k) — k>, we conclude
that T, x Preq acts on ny via

q.v = 77((1)(”) V q €T, X Preq, v ENy.
Accordingly, we have
Ad(o(q))(z,v) = (Ad(g)(x),n(q)(v)))
for ¢ € T} X Preq, * € 6l(2), and v € ny.
Note that ke@®kf and kh are (T} xPreq)-submodules of 5[(2)(1). Let T := T//Z. Since P # SL(2);,
the group P NT acts non-trivially on ke and kf and trivially on ny, so that ke @ kf C kert. As
1 (h) generates the restricted Lie algebra ny, there exist o € k \ {0} and ¢ € an | such that

P(h) = avg + c.

Since g.1(h) = xx(m(g))y(h) for every g € G(k), the automorphism A of ny that sends vy to avg +c
is G-equivariant and satisfies

Aoy = ¢
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According to [21, (6.1)] we obtain an isomorphism
psl(2); — sl2)y 5 (2,0) = (2,A(v))
of restricted Lie algebras such that

plg-(z,v)) = @(Ad(g)(x),n(g)(v)) = (Ad(g)(2), A(n(q)(v))) = (Ad(g)(x),n(q)(A(v)))
= Ad(o(9))(z; AM(v)) = Ad(o(q))(p(x, v))
for every q € T ¥ Preq and v € ny. Passage to the corresponding infinitesimal groups yields the
desired isomorphism @ : SL(2){ — G;.

Suppose conversely that we have an isomorphism ® : SL(2){ — G; such that ®(g.z) =
o(g)®(x)o(g)~t. Thanks to [20, (7.4)] the principal block By(G1) = Bo(SL(2)%) is tame, and
by (1) the factor group G°/G; is multiplicative. According to [21, (5.3)] the group G° also has a
tame principal block. Since Gyeq = Preq is a polyhedral group, Proposition 7.1.1 ensures that By(G)
is tame. g

Theorem 7.1.5. Let G be a finite algebraic k-group such that G, = ey, and G # G1. Then By(G) is
tame if and only if G is either an amalgamated polyhedral group, or there exist £,m > 1 such that

g= PSCV’m], PSQ[Z,m} .

Proof. As noted earlier, every amalgamated polyhedral group has tame representation type. To
prove the tameness of Bo(PSCyy ) and Bo(PSQy,yy,)), We consider the groups

Giem) = SL(2){ % Ty, SL(2)§ % Ny as well as Mg := M(Gie,my)-
If m = np” with (n,p) = 1, then we have
g&,m} = SL(2){ x T,
so that (1.2) gives
Gie.m) = Gie.n)/ Gpeam)ie = (SL2)T % T0)/ Mig1m) % (Gpem))red/Copemy)-

An application of [21, (6.4)] now ensures the tameness of BO(Q[OZ m]). Thanks to (7.1.1) the block
Bo(g_[g,m]) is also tame, and the identification .C’;[g,m] = PSCip )y PSQm) yields our assertion.
Now let G # G be an algebraic group with trivial linearly reductive radical and tame principal
block. Owing to (7.1.3) there exists an amalgamated polyhedral group P and an exact sequence
ek — Wi)1 — G — P — e

such that (W,); C Cent(G%). If £ = 0, then our assertion follows. Alternatively, G° % SL(2)1,
and (7.1.1) shows that G(k) = P(k) is cyclic or dihedral. Hence there exist m € N with P =
PSC (), PSQ(y)- The assumption P = SL(2); implies that G is an infinitesimal group with tame
principal block, which is a central extension of SL(2); by (W;)1. A consecutive application of [21,
(5.3)] and [21, (1.5)] then yields G = Gj, a contradiction. Accordingly, Lemma 7.1.4 provides a
closed embedding o : T}, X Preq — G such that G = Gy - 0(T}, X Preq) as well as an isomorphism
®:SL(2)Y — G

satisfying ®(q.z) = o(q)®(x)o(q)™! V ¢ € T X Pred, = € SL(2)4. Consequently,

W2 SL(2)] % (T; % Prea) — G 5 (2,9) = D(2)o(g)
is a homomorphism of group schemes, which is readily seen to be a quotient map. Moreover, the
canonical map SL(2)4 x (T} X Preq) — T} X Preq induces an isomorphism

ker ¥ — T7,
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so that ker ¥ C Q& m] is a multiplicative normal subgroup of order p, which therefore coincides
with Mg ;). By definition, the reduced part Preq of P = PSCp,), PSQy,) acts faithfully on
(SL(2){ x T0.) /Mg 1) Thus, Mg = (SL(2)§ % (T, % Preq))1r» and ¥ induces an isomorphism

Giem) = G-
The desired result now follows from the isomorphism .C’;[gvm} = PSCipm)y PSQpp.m)- O

Remark. The tame infinitesimal groups of height 1 with trivial multiplicative center were described
in [20, (7.4)]. In contrast to the above result, there are usually infinitely many non-isomorphic such
groups with unipotent center of length £.

7.2. The Gabriel Quiver. Recall that the separated quiver Qs of a quiver ) with vertex set
{1,...,n} has 2n vertices {1,...,n,1',...,n'} and an arrow ¢ — m/ for every arrow £ — m of Q
(cf. [4, p.350]). The following well-known result, whose proof also provides first evidence for the
importance of tame hereditary algebras, underscores the importance of separated quivers.

Theorem 7.2.1. Let A be a finite dimensional k-algebra. If A is tame, then the separated quiver
['(A)s of the Gabriel quiver Il(A)~ of A is a union of simply laced Dynkin diagrams or extended
Dynkin diagrams of types A, D, E.

Proof. Let J be the Jacobson radical of A. Then the algebra A’ := A/J? is representation-finite
or tame, has Jacobson radical J' = J/J? and Gabriel quiver T'(A’) = T'(A). According to [4,
(I11.2.5),(I11.2.7)] the triangular matrix algebra

s (N/T0
=7 N

is hereditary with Gabriel quiver I'(X) 2 I'(A’)s. Thanks to [4, (I111.2.2),(X.2.1)] the functor

M/J'M >

F:mod ' — mod ¥ ; M+—>< M

reflects isomorphisms and indecomposability. By the same token, F' reaches all but finitely many
indecomposable Y-modules. Since F' is right exact and commutes with direct sums, Watts’ Theorem
(cf. [54, (3.33)]) implies that F is equivalent to a functor of the form X ®,,— for the (3, A’)-bimodule
X = F(A’). As X is a direct summand of 3, the algebra 3 is weakly tame or of finite representation
type. Our assertion now follows from [46, (I.2.3)] and the classification of tame and representation-
finite hereditary algebras over algebraically closed fields (cf. [6, (4.7.1)] and [4, (VIIL.5.5)]). O

For each of the extended Dynkin diagrams (An)nZL (Dn)n24, and (Ey,)e<n<s, we denote by the
same letter the quiver in which each bond e — e is replaced by a pair of arrows e : o. In particular,

A is the quiver of the principal block of H(SL(2)1), which is also often denoted Aj. Observe that
in each case the separated quiver is the union of at most two Diagrams of the same type, in which
every vertex is either only a source or only a sink.

For future reference we record the following technical result.



36 ROLF FARNSTEINER

Lemma 7.2.2. LetU<1G be a unipotent normal subgroup of a finite algebraic k-group G, and denote
by m: H(G) — H(G/U) the canonical projection. Suppose that B C H(G) and C C H(G/U) are
blocks such that

(a) the Gabriel quiver T'(C) of C is of type A,, Dy, Eg, Ey, or Eg, and

(b) the block B is tame, and C is a direct summand of the the block ideal m(B) C H(G/U).
Then the natural map

Extg (S, T) — Ext§(S,T)

is bijective for any two simple B-modules S,T. In particular, we have T'(B) = T'(C) for the Gabriel
quivers of B and C.

Proof. Since U is unipotent, G and its factor group G/U have the same simple modules. Given two
such modules S, T', the cohomology-five-term sequence of the spectral sequence H*(G /U, Ext},(S,T))
= Extsg+t(5, T) (cf. [35, (1.6.6)]) gives rise to an embedding

Extg (S, T) — Extg(5,T).

Thus, by (b), I'(C) is a subquiver of the connected quiver I'(B). By virtue of assumption (a), the
former quiver is of type A,, Dy, Eg, Er, or Eg. Consequently, adding an arrow to I'(C) yields
a quiver, whose associated separated quiver is not a union of simply laced Dynkin diagrams or

extended Dynkin diagrams of types A, D, E. As B is tame, this contradicts (7.2.1), and we obtain
I'(B) 2 T(G). O

We now turn to the proof of a more precise formulation of Theorem B. Recall that M C GY denotes
the multiplicative center of the connected component of a finite algebraic k-group G. Since M <G
is normal in G, the group Geq acts on G°/M via conjugation. As before, we let Cg denote the
kernel of this action.

Recall the Frobenius endomorphism F' : SL(2) — SL(2), defined by raising each matrix entry
to its p-th power. Given an SL(2)-module M, we denote by MU the Frobenius twist of M (cf. [35,
(I1.3.16)]). In our next result, we let D,, be the dihedral group of order 2n.

Theorem 7.2.3. Let G be a finite algebraic group of characteristic p > 3 with tame principal block.
Then there exists a linearly reductive group G C SL(2) such that the Gabriel quiver I'(G) of Bo(G)
is isomorphic to the McKay quiver Y 1y(G). Moreover, T'(G) belongs to the following list:

G(k)/Cg(k) | T(9)
Z/(n) %anT_lfl

D, Dypr149
Ay Es ’
Sy Er
As Eg

where 1 := ht(G°/ M) > 1 and (n,p) = 1. Quivers of type E occur only if G°/M = SL(2);.

Remark. As in Section 3, the groups in the left-hand column are assumed to be linearly reductive.
Thus, we have p # 2,3 for Ay, Sy, and p # 2,3,5 for As.

Proof. According to (6.2.1) the finite group has order prime to p, so that (1.2) yields G, = MCg.
In view of (1.1) we thus have By(G) =2 By((G° /M) x (Grea/Cg)) and we may assume that the groups
M and Cg are trivial. Thanks to (5.1.4), the principal block By(G°) is tame, and [21, (3.4)] provides
r > 1 and an exact sequence

e — Cent(go) — g — SCpry — €k,
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where the center Cent(G°) is isomorphic to (W;); for a suitable £ > 0.
We begin by considering the case ¢ = 0, that is, G0 = SCpry- Since (SCpr))1 = SL(2); the
conjugation action furnishes a homomorphism
0:G — AUT(SL(2);) = PSL(2)

from G to the automorphism scheme AUT (SL(2);) of SL(2);. Setting N := ker p, our current
assumption implies NV = ¢, for » = 1. Alternatively, we consider an element A € N (k). Since
Greq acts faithfully on G°, we have G(k) C Aut(SC,ry), whence Alsy,2), = idgp),- By virtue of
(6.1.2) there exists an element g € T'(k)(w) such that A = ¢;. We obtain g € {I, —I>} so that
A = 1. Accordingly, N (k) = {1}, and the group N is infinitesimal. As p > 3 the Frobenius kernel
N1 = NNG; = Cent(SL(2)) is trivial, whence V' = e;. Consequently, ¢ is a closed embedding, and
we may consider G a closed subgroup of PSL(2). Hence there exists a closed subgroup GcC SL(2),
and a quotient map 7 : G — G, whose kernel A is a reduced group of order 2. In particular, ™
induces an isomorphism G° 2 G°. Consequently, (1.1(1)) yields

(*) g/gl = (go/gl) Do gred = (go/gl) X gred = Hpr—1 X gred’

so that G /Ql is linearly reductive and operates faithfully on the Frobenius twist L(1)[!) of the
standard SL(2)-module. Since the group SL(2) is defined over F,, the Frobenius homomorphism
induces an isomorphism SL(2)/SL(2); = SL(2) (cf. [35, (1.9.5)]). Thus, we have an embedding
F:G/G1 — SL(2)/SL(2); 2 SL(2),

which induces an isomorphism TL ) (F (G/G1)) T aym (G/G1). Now (3.3) in conjunction with ()
and the isomorphism G(k) = G(k)/N (k) (cf. [13, (IT1,§1,1.15)]) yields the asserted table, provided
we show that I'(G) = Y7 (G/G1).

Let {Mj,...,M,} be a complete set of representatives of the simple (G/G1)-modules. Directly
from our table we see that the McKay graph T L)l (G/G1) has vertex chromatic number 2 (cf. [8,
V,81]). Hence there exists a 2-colouring

{1 ....,n} —{0,p—2}
such that f(j) = 0 if and only if M is linked to M; = k by a path of even length.
Thanks to [35, (I1.3.15)] and [36] the group G and its normal subgroup G; = SL(2); satisfy

the hypotheses of (2.1) and (2.3). The simple G;-modules are given by the simple SL(2)-modules
L(0),...,L(p —1). Owing to [47, Theorem] we have

i rron e J LOOW ipj=p—2
Extg, (L), L(5)) = { (0) otherwise.
Since G /G is linearly reductive, (2.3(1)) now yields

. (1] i i=p—

FxtL(L(i) ®x My, L(j) @5 My) Homyg ¢ (Ms, L(1)" ®p My) i+ p 2

g (0) otherwise.
As G/Gi acts faithfully on L(1)[" we may apply (3.1) to see that the McKay quiver T p (G/G1)
is connected. This shows that the Gabriel quiver T'(G) of the principal block By(G) has vertex set
{L(f(i)) ® M; ; 1 <i <n} and that

Yoo (G/G1) — T(G) 5 M;— L(f(i) @ M;

induces an isomorphism of quivers. Since N has order 2, (1.1(3)) provides an isomorphism By (G) =
By(G). As aresult, the Gabriel quiver I'(G) is isomorphic to Y, 1(G/G1).
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If £ # 0, then the group C := Cent(G") = (W),); is unipotent. By the first part of our proof,
the quiver I'(G/C) is of type A,, D,, Es, Erz, or Eg. As By(G) is tame, Lemma 7.2.2 implies
r(g/c) = 1(@).

We next show that Centg,_, (G°)(k) = Centg,, (G"/C)(k). One inclusion being trivial, we let g be
an element of the right-hand group. This means that the inner automorphism ¢, € Aut(G°) effected
by g induces the identity on G°/C. Since the order of g is prime to p, the arguments employed in
the proof of (6.1.3) imply ¢, = idgo, so that g € Centg,_, (G°)(k).

Thanks to [21, (5.3),(1.5)] the infinitesimal groups G and GY/C have the same height. O

Remarks. (1) By combining the proof of (7.2.3) with [21, (3.5)] we see that the linearly reductive
group G is isomorphic to H/H1, where H is a covering of the group H := G/(Cent(G°)G,).

(2) The foregoing proof in conjunction with [28, Theorem2| also gives the dimensions and the
positions of the simple By(G)-modules within the quiver I'(G). For instance, if I'(G) is not of type
A, then the trivial module k = L(0) ® M; is located at an end of I'(G). By the same token, the
maximal possible dimension of a simple By(G)-module is 6(p — 1).

(3) McKay quivers also occur in the representation theory of quantized function algebras and half-
quantum groups [10]. If G is an abelian group whose order is not divisible by p, and V' = @;_, n; k,
is a faithful G-module, then the characater group X (G) is generated by R := {—X;,...,—\,} and
the McKay quiver Uy (G) is a multiply-edged Cayley graph of X(G) relative to R. Accordingly,
[10, (6.7),(7.4)] can also be interpreted via McKay quivers.

Ezamples. (a) For a natural number m € N we consider the finite algebraic groups

If m = np’ with (p,n) = 1, then (8Cm))° = SCry = (SQ ))? with 7 := max{/,1}, so that
M = e, in either case. Since SC,) (k) = T(,,(k) = Z/(n) and SQum) (k) = Ty (k)(w) = Qn,
Theorem 7.2.3 implies

A2np’"_171 n odd

Appr-1_1 1 even.

I'(SQ(m)) = Dypr-149 and T(SC(y)) :{

For n # 1 the principal blocks Bo(SC ;) and Bo(SQ;,) are properly contained in the skew group
algebras Bo(SC,,r))[Z/(n)] and Bo(SC ,ry)[@n], respectively (cf. (1.1(4)).

(b) By the same token, the prlnmpal blocks of the tame finite algebraic groups ST, SO and SI
have Gabriel quivers Eg, Fr, and Fg, respectively.

7.3. Basic Algebras and Block Structure. Turning to the determination of the basic algebras of
the tame principal blocks, we let @ be one of the quivers A, (n > 2), D, (n > 4) or E,(6 <n < 8).
Given a path ¢ in the path algebra k[Q], let s(q) and t(q) be its starting point and terminal
point, respectively. We consider the set Q(2) of paths of length 2 as well as Q(2). C Q(2), the
subset of oriented cycles. For an element ¢ € Q(2)., we let m(q) be its midpoint. Set Q(2)c, :=

{(q1 — QZ)pf P 4 € Q(2)c 5 s(q1) = s(g2)} for every £ € No.

We let ¢ : D,, — D,, be an automorphism of order 2 fixing the branchpoints and not fixing
any of the endpoints. (Unless n = 4, these properties uniquely determine ¢.) Set Dn(Z)é ={q €

Dn(2)\ Du(2)e 5 t(g) = C(s(0)}, Du(2)¢ == {q1 — a2 @i € Dn(2)e 1ma2) = C(m(qr)) # mla)},

as well as 9 = quDn(Z)é
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For ¢ € Ny, we define the ideal J(Q,¢) < k[Q)] via

J(Q 5) L <(Q(2) \ Q(Q)c) U Q(z)c,é> A , if Q 7'\§ Dn or ! =0
) (@) (Q(2)C UQ(2)c) UR(2)e e UQ(2)C U {qg b otherwise.

We put S(Q,¢) == k[Q]/J(Q,¢), and (due to the occurrence of multiple arrows) define S(Ay, /) by
“lenghtening” the commutativity relations of the trivial extension of the Kronecker algebra by p’
(see [20, §7] for the precise definition). For type A,, we require the number n to be odd, cf. Theorem
7.2.3. As before, we denote by I'(G) the Gabriel quiver of the principal block By(G).

Theorem 7.3.1. Let G be a finite algebraic group of characteristic p > 3. If Bo(G) has tame
representation type, then Bo(G) is Morita equivalent to S(I'(G),¢), where € is the length of the
unipotent group Cent(G°)/ M.

Remark. In view of (7.2.3) we have Cent(G°)/M = e, for quivers of type E,, so that £ = 0 in that
case (see also §7.4 below).

Proof. In virtue of (7.1.1) the algebras By(G) and By((G°/M) x (Grea/Cg)) are isomorphic, so we
may assume that M = e = Cg. A consecutive application of (5.1.4) and [21, (3.4)] provides r > 1
and ¢ > 0 such that

G%/Cent(G%) 2 SC(,ry and Cent(G%) = (W);.

We write C := Cent(G°) and observe that H(C) = u(ny) = k‘[X]/(XpZ) is a truncated polynomial
ring.

The goup G(k) acts on G; and C C Gy by conjugation. According to [13, (IL,§7,n°4)] the former
action is equivalent to the adjoint action of G(k) on the Lie algebra g := Lie(G) of G. Since
the principal block By(g) of the restricted enveloping algebra Up(g) is tame (cf. [21, (5.3)]) and
T(g) = (0), [20, (7.4)] provides p-semilinear map 1) : s[(2) — ny such that g = 5[(2)3. In view of
[21, (6.1)] the map 1 is a homomorphism of G(k)-modules if we let o € k act on s[(2) via ar. As
before, we denote by {e, h, f} the standard basis of s((2).

If ¢ # 0, then (6.1.1(2)) implies that ky(h) C ny is a one-dimensional G(k)-submodule of n,. We
put vy := ¥(h) and let ¢ : k[G(k)] — k be the character corresponding to the one-dimensional
G(k)-module kvg. By (6.1.1(2)) and (7.2.3) the homomorphism ( is trivial if T'(G) = A,,, and of
order 2 if I'(G) = D,,. Moreover, ( is trivial on the unique normal cyclic subgroup of index 2 in
case G(k) = D,, for some n > 3. We also define ( := ¢ for £ = 0.

Owing to [20, (7.4)] the element vy generates the restricted Lie algebra ny. Thus, the algebra
H(C) = u(ny) is also generated by vy, and

H(GH(C)' = H(G)vo
is a principal ideal of H(G).
Setting G := G/C = (G°/C) % Gyreq, We obtain
H(G) = H(G"/0)[G(k)],
so that ¢ defines a character ¢ : H (,C’;) — k via (| H(g°/c) = €. When convenient, we shall view ¢

as a character of H(G) that vanishes on the augmentation ideal H(C)' of H(C).
Every character w : H(G) — k induces via the convolution product id H(g) *w an automorphism
of H(G). By definition, we have

(idprg) * w)(h) =D hayw(hz)
(h)
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for every h € H(G). Note that w + idg(g)*w defines an injective homomorphism from the character
group X (G) into the automorphism group of the associative algebra H(G).

(7.3.1.1) Let P be a principal indecomposable H(G)-module. Then P/vyP is a principal indecom-

posable H(G)-module, and left multiplication by vy induces isomorphisms

(P/voP) @ kic — vy P/vit P 0<i<p'—1

Since the principal ideal H(G)H(C) is nilpotent, the algebras H(G) and H(G) afford the same

simple modules. This readily implies that P/vyP is a principal indecomposable H(G)-module. As
vp lies in the center of H(G), the definition of the character ¢ readily implies

hoh = v (idpr(g) * (i¢))(h) vV he H(G).
For 0 < i < p’ — 1 we consider the surjective k-linear map

Vit (P/UOP) ®k kl( — Uép/vé+1p ) (1’ + UOP) R S Svéx + Ué+1p.

The above formula implies that v; is H(G)-linear. Moreover, since P is projective and H(G) is a
projective H(C)-module (cf. [35, (I1.8.16(3))]), the module P|g ) is a projective module over the
local algebra H(C). Hence P|g ) is free, so that P|g ey = k[vo]™ for some m > 1. Consequently,

véP/véHP =~ k™ for 0 < i < p* — 1, implying that ; is an isomorphism. <&
(7.3.1.2) Let P and @Q be principal indecomposable H(G)-modules such that
Homg (P/vo P, (Q/v0Q) @ ki¢) = (0)

for every i € {0,...,p" —1}. Then we have Homg(P, Q) = (0).

Let f be an element of Homg(P, Q). If f(P) C v{Q for some i € {0, ... ,p* — 1}, then f gives rise
to a unique homomorphism ¥(f) € Homg(P/voP,vQ/ v5TQ) such that

U(f)omp=mgo f.
1+1

Here 7mp and mg denote the natural maps P — P/vgP and véQ — véQ Jvg" " @, respectively. In
view of (7.3.1.1) and our current assumption, we have ¥(f) = 0, whence f(P) C ker g = v5™ Q.

Since vg[ =0, we conclude that f =0. <

We next consider the group G, which amounts to assuming ¢ = 0. The arguments of (7.2.3) now
show that we may assume that G C PSL(2) is a closed subgroup, whose first Frobenius kernel
coincides with SL(2);. Its pre-image in SL(2) has the same principal block, so we consider the case
where G is a closed subgroup of SL(2) with G; = SL(2);. By the same token, the factor group G/G;
is linearly reductive, and the Gabriel quiver of Bo(g) is the McKay quiver of G / Ql relative to the
faithful (G/G1)-module L(1)M1.

As noted earlier, the assumptions of (2.3) hold for the simple Gi-modules L(i) and their projective
covers P(i). Thus, letting {M,..., M,} be a complete set of representatives of the isoclasses of
the simple (G/G;)-modules, the modules P j := P(i)®, M; 0<i<p, 1<j<n form a complete

set of representatives of the isoclasses of the principal indecomposable H(G)-modules.

(7.3.1.3) Leti € {0,...,p— 1}. Then we have Homg(P; ;, Piy) = (0) forj #t.
Let i € {0,...,p —2}. Owing to [30, Thm.3] each module P(7) has an SL(2)-composition series
with composition factors

(x)  L(i), Lip — 2 — i) ®x LM, L(0).
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Since G = SL(2)1, we have
dimy Homg (P(i), P(i)) = 2.

In view of (%) we see that the same holds for the spaces of G-homomorphisms. The resulting identity
Homg (P (i), P(i)) = Homg (P(i), P(i)),

implies in particular that G / G acts trivially on the latter space. We therefore obtain

Homg(Pyj, By) = (P(i)* @ M] @ P(i) © My)9 = (Homg, (P(i), P(i)) @k M @5, M,)9/%
=~ Homg, (P(i), P(i)) @k (M} @i M;)9/%
= HOIIl(j1 (P(Z), P(Z)) Rk Homg/gl (Mj, Mt).

Thus, Homg(Pi,j,pi,t) = (0) for j # t. Since P(p —1) = L(p — 1) Lemma 2.1 ensures that the
foregoing identity also holds for i = p — 1. &

(7.3.1.4) The algebra H(G) is symmetric.

Let G C SL(2) be the covering group of G € PSL(2). By virtue of (2.3) the module P(0) is the
projective cover of the trivial H(G)-module. Directly from (%) we obtain Soc(P(0)) = L(0) =
Top(P(0)). Since By(G) = Bo(G), the top and socle of the projective cover of the trivial G-module
are also isomorphic. In view of [35, (1.8.13)] this implies that the modular function & : H(G) —
k coincides with the co-unit. Thanks to [26, (1.5)] the convolution & x idH(g) is a Nakayama

automorphism of the Frobenius algebra H(G), so that H(G) is symmetric. <
According to (7.3.1.1) the principal indecomposable H(G)-modules {P;; ; 0 <i<p, 1 <j <n}

satisfy P;; = P, ;/voP; ;. Moreover, by (7.2.2), we have I'(G) = T'(G) for the Gabriel quivers of
Bo(G) and By(G). Thus, (7.2.3) implies that the graph I'(G) has vertex chromatic number 2, and
there exists a function
f:{1....,n} —{0,p — 2}
such that
(a) f(j4) =0 if and only if M; is linked to M; = k by a path of even length, and

() {Pray1s---» Pramyn} and {Pf(l),l, . ,Pf(n),n} are complete sets of representatives of the

isomorphism classes of the principal indecomposable modules for By(G) and By(G), respectively.

Thanks to (b) the module Py := @, Py(;); is a progenerator for By(G), so that Endg(Py)°P is
the basic algebra of By(G) (cf. [4, (I1.2.6)]). Since the antipode 1 : H(G) — H(G) and the co-unit
e : H(G) — k satisfy e on = ¢, it follows that n(By(G)) = Bo(G). Consequently, the duality
M — M* induces an isomorphism Endg(P,) = Endg(P,)°®. We may therefore complete the proof
by showing that A := Endg(P,) is isomorphic to S(I'(G), ¢).

Let J be the Jacobson radical of H(G). Since I'(G) is the Gabriel quiver of A, [4, (II1.1.10)]

provides a surjective homomorphism
Q:k[L(G)] — A,

sending an idempotent e; to idp,, , € Homg (P45, Priy,i)) € A and an arrow « : i +— j to a
homomorphism Q(a) € Homg (Py),i, J P(j),5) \ Homg(Pr) i JQPf(j)J). We propose to show that
J(I'(G),¥) C ker Q.

Recall the character ¢ : H(G) — k which is trivial unless £ # 0 and T'(G) is of type D,,. Observe
that tensoring with k¢ induces an automorphism 6 of order 2 of the McKay quiver I'(G) = D,.
The automorphism ¢ of I'(G) does not fix any of the endpoints of I'(G), as these correspond to one-
dimensional modules (cf. [28]). Moreover, since ( is trivial on the unique normal cyclic subgroup
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N of G(k) = D, (n > 3), and all two-dimensional simple D,-modules are induced from one-
dimensional N-modules, an application of [6, (3.3.3)] implies that the isomorphism ¢ fixes all
two-dimensional simple G(k)-modules. If n = 2, then D,, has exactly one two-dimensional simple
module, so that we arrive at the same result.

By abuse of notation, we denote by ¢ : k[['(G)] — k[I'(G)] the corresponding automorphism of
the path algebra. The auto-equivalence M +— M ®y, k¢ also induces an automorphism ¢ : A — A
such that

e o =Qo(.
(7.3.1.5) If p € k[['(G)] is a path of length 2 which is not a cycle, then p € ker Q2 unless £ # 0,

I'(G) = Dy and t(p) = ((s(p))-

Suppose that p = «a;a;, where o; and «a; are arrows from the vertex i to the vertex j and from j
to s, respectively. Thus, Q(p) = Q(a;) o Q(;) is an element of Homg (P, i, J2 P s), where f(i) =
m = f(s). A consecutive application of (7.3.1.3) and (7.3.1.2) implies Homg (P, i, Pm.s) = (0),
unless there is an element ¢ € {0,..., pt — 1} such that M, = M; ®j, k. By assumption, we have
5 # i so that Q(p) = 0 holds whenever t¢ = . Recall that ¢ = ¢ if £ = 0 or I'(G) = A,,, and that
¢ has order 2 if T'(G) = D,,. Accordingly, we only need to consider the case where £ # 0, 'g) is
an extended Dynkin diagram of type D,,, and ¢ = ¢¢. Since s # i, the assumption M, = M; @y, k¢

~

thus implies t(p) = s = (i) = {(s(p)). <
(7.3.1.6) We have ]_~?n(2)6 C ker Q.
Let q1, g2 be oriented cycles of D,, originating in a branchpoint i and passing through j and ¢ (J) # 4,

~

respectively. Since the path go is uniquely determined by the given properties, we have ((q1) =
q2. For the corresponding elements of A we thus obtain Q(g2) = v¥¢(2(q1)). However, since
Priyi @n ke = Py i, it follows that 1¢(2(q1)) = Q(q1), so that g1 — g2 € ker Q. O

Given a projective By(G)-module P, we consider the projective By(G)-module P := P/ugP. The
canonical map o

Vp : Homg(P, P) — Homg(P, P)
is surjective, and ker Wp = {f € Homg (P, P) ; f(P) C voP}. By considering the progenerator P,

we obtain a surjection A — A between the basic algebras of By(G) and By(G).
(7.3.1.7) We have qé’[ € ker Q.

Given ¢ € Dn(Q)CA, it follows from (7.3.1.3) that Wp, (Q(¢)) = 0. Consequently, (gz)(Fy) C voly,
so that Q(q?z) = Q(qé)pz =0. <

(7.3.1.8) Let T(G) # A1. If q1, qo € T(G)c(2) are oriented cycles such that s(q1) = s(q2), then we
have (g1 — q2)P" € ker €Q.

We let J be the Jacobson radical of By(G) and observe that the maps Vp, (€2(q1)), ¥p,(2(q2))

belong to Homg~(15f(j),j, J2]5f(j),j) for some j € {1,...,n}. In view of (x) (see (7.3.1.3)) the latter
space coincides with

Homg (P55, L(f(§)) @k M;) 2= Homg(L(f (5)) @k Mj, L(f(5)) @k M;).
Since q1,q2 & ker(¥p, 0 Q) (cf. (7.3.1.1)), there exists a scalar a € &k \ {0} such that
Up, (Qg2)) = ¥ p, (Qqr))-

By re-scaling an arrow, we may assume « = 1. If F(g) 2 A, is a tree, then this can be done suc-
cessively in such a way that all scalars equal 1 while retaining (7.3.1.6) and (7.3.1.7). Alternatively,
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the quiver I'(G) has vertex set Z/(n) for some n > 3, and arrows «; : i +— i+ 1 and 3; : i +— i — 1.
Thus, we have for every i € Z/(n) = {0,...,n — 1} cycles

i = Pit10s and i := oi10;.
After re-scaling, we can assume that the corresponding elements z; := W¥p, (2(g;)) and Z; :=
Up, (2(g;)) of A satisfy
=2 0<i<n—2 ; Ip1=aTp_1

for some a € k\ {0}. Thanks to (7.3.1.4) the algebra By(G) is symmetric, so that A also enjoys this
property (cf. [17, (1.3.3)]). Hence there exists a linear form v : A — k such that

(a) y(zy) = v(yx) for z,y € A, and

(b) ker~ contains no non-zero left ideals of A.
In view of (x) we have J% = (0), so that I := kx,_; is a nonzero left ideal of A. Thus, condition
(b) yields v(z,,—1) # 0. Moreover, writing p; := ¥p, ((c;)) and v; := ¥p, (2(3;)) we obtain from
(a) the identities

Y(&i) = y(pi1vi) = y(Wipi-1) = y(xi-1) 0<i<n-—1.
Moving around the circle, we see that
ay(zn-1) = V(Zn-1) = Y(@Tn-2) = ¥(@n—2) = - - = ¥(Z0) = V(Tn-1),

whence a = 1. Consequently, all scalars are equal to 1 in this case as well.
4
We conclude that f := Q(g1 — g2) belongs to ker Wp,. Thus f(Py) C voP, and £ (Py) Cvl Py =
(0), as desired. <

Let P and @ be principal indecomposable By(G)-modules and put P = P/uyP, Q:=Q JvoQ. In
view of (7.3.1.1) we have

pi-1 pi-1
dimy Homg (P, Q) = Z dimy Homg (P, vjQ/vs™ Q) = Z dimy, Homg (P, (Q/v0Q) @k kic)
i=0 =0
pi-1
= Z dimy, HOIng(P/UoP, (Q/UQQ) Rk kiC)
=0
pi+1 P -

. 5 A 1. 5 A
= 5 dimy, Homg (P, Q) + dimy, Homg (P, Q ® k¢).

In the following, we let (a;j)1<s,j<n be the incidence matrix of the McKay quiver Ty (G/G1) of

the linearly reductive group G / G1. Thanks to (*) the principal indecomposable module Py(jy; has
a filtration

L(f () @ Mj, L(p—2— f(j)) @ (LM @) M;), L(f(j)) @k M;.

The second factor of the middle term decomposes into

n
L(l)[l] Rk Mj = EBaijMi.
=1
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As a result, the Cartan invariants of By(G) are given by

P+l

dimy, Homg (Py(;.i, Py(j),;) dimy, Homg (Py ;.45 Py(j),5)

p-1

+ dimy, Homg(ﬁf(i),i, pf(j),j ®r k¢)

0 4
o p+1 p—1
= 5 (265 + aij) + T(%ié(j) + aié(j))'

Thus, the principal indecomposable A-module Homg (Py;);, Py) corresponding to the vertex i has
dimension

pl+1 . pl—1

5 (2+n(3)) + 5
where n(i) = Y%, a;j = > 7, a;; is the number of arrows originating in the vertex(f (i), i) of the
McKay quiver Yy (G/G).

Turning to the algebra S(I'(G),¢), we denote by P; the principal indecomposable S(I'(G), ¢)-
module belonging to the vertex i € {1,...,n}. Under the general hypothesis I'(G) % A;, we first
consider the case where ¢ = 0 or I'(G) 2 D,,. Then the relations given in (7.3.1.5) and (7.3.1.8)
imply

(2 +n(i) = p"(2 + n(0)),

dimg Homg (Py;y 4, Py) =

dimy, P; = 2+ n(i)(2p° — 1).
Thanks to Theorem 7.2.3 the quiver I'(G) is of type A or D whenever ¢ % 0. In view of our
current assumption we thus have £ = 0 or n(i) = 2. In each of these instances we obtain dimy b, =
P (2 + n(i)). )

Next, we assume that ¢ > 0 and I'(G) = D,,. If n(i) = 2, then ¢ is neither a branchpoint nor
an endpoint, and the above reasoning shows that dimy, P; = p’(2 4+ n(i)). Alternatively, detailed
computations using (7.3.1.5-7.3.1.8) also yield this result.

As an upshot of our discussion, we obtain dimy A = dimg S(I'(G), £). Thanks to (7.3.1.5-7.3.1.8)
the algebra A is a factor of S(I'(G),) whenever I'(G) % A;. Consequently, both algebras are
isomorphic in all these cases.

If I'(G) = Ay, then (7.2.3) in conjunction with our assumption M = ¢, = Cg implies that G is
an infinitesimal group of height 1, and our assertion follows from [20, (7.1)]. O

Remarks. We collect a few data resulting from the proof of (7.3.1).

(1) The hearts (see Section 7.4 for the definition) of principal indecomposable By(G)-modules
may have up to three summands.

(2) Let S(G) be the set of isoclasses of simple By(G)-modules. Then the length of the projective
cover P(S) of S € §(G) is given by

I(P(S) =p'(2+ D dimExt{(S,T)).
TeS(G)

3) Consider the finite algebraic group SC(sy. Then we have I'(SC(y)) = As and SC¥,, = SL(2);.
() 2) 2)
The proof of (7.3.1) implies

dimk BO (SC(Q)) =2 dimk Bo(SL(Q)l).

thu(s,)‘;he block By(SC(z)) is properly contained in Bo(SL(2)1)[SC2)(k)] = Bo(SL(2)1)[Z/(4)] (cf.
1.1(4)).
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If the finite algebraic group G does not possess a non-trivial linearly reductive normal subgroup,
then the foregoing arguments enable us to determine the block structure of the Hopf algebra H(G).
As we shall see, the representation-finite blocks of H(G) are Nakayama algebras. Thanks to [37,
Satz 8] an indecomposable self-injective Nakayama algebra is uniquely determined by its Loewy
length and the number and dimensions of its simple modules. Accordingly, every such algebra is
Morita equivalent to the unique indecomposable self-injective basic Nakayama algebra N (n,m) of
Loewy length m and with n simple modules.

There are two approaches leading to our next result. Translation functors provide a conceptual
background explaining the uniformity of the asserted block distribution. Rather than working out
the details, we shall be content with the observation that the arguments employed in (7.3.1) do in
fact apply to an entire class of blocks. We let [] be the ceiling function.

Theorem 7.3.2. Let G be a finite algebraic group of characteristic p > 3 with tame principal block.
If Gy = ey, then the block structure of H(G) is given as follows:
(1) The algebra H(G) possesses exactly p%l tame blocks By, . ..,Bo-3, each of which is Morita
2

equivalent to the principal block By = By(G).

(2) All other blocks of H(G) are Nakayama algebras of Loewy length p, where £ is the length of
the unipotent group Cent(G%). If f : T(G) — {0,1} is a 2-colouring of T'(G) which assigns 0 to the
trivial module, then H(G) possesses |f~1(0)| blocks of Morita type N'(1,p%) if £ =0 or I'(G) is not
of type D. Alternatively, T(G) = Dy and there are [552] blocks of Morita type N'(1,p') having a

2
simple module of dimension 2p and 3+ plocks of Morita type N'(2,p") with two simple modules

2
of dimension p.

In particular, the algebra H(G) is tame.

Proof. We adopt the notation of (7.3.1). According to (7.1.1) the order of G(k) is not divisible by
p, so that our assumption in conjunction with (1.2) yields Cg = ex. By the same token, By(G°) is
tame and [21, (3.4)] provides £ > 0 and r > 1 such that

C :=Cent(G°) = (Wy)1 and G/C = SC(,n.

We begin by assuming ¢ = 0, and denote by G C SL(2) the covering group of the amalgamated
polyhedral group G C PSL(2) (cf. (7.1.2)). As before, we let {Mi,..., M,} be a complete set of
representatives of the isomorphism classes of the linearly reductive group G / G1. Recall that the
simple G-modules are of the form L(i) @, Mg for 0 <i<p—1and 1 <s<mn. As noted in (7.2.3)
the extensions between these modules are given by

Homg g, (My, L)W @4 My) i+ j=p—2

Exty (L(i) @, My, L(j) @ M;) =
Xg( (i) ®x (j) ®k M) { (0) otherwise.

For each i € {0,...,p — 2} we let f; : TL(l)[l](Q/Ql) — {i,p — 2 — i} be the 2-colouring that
assigns ¢ to the vertex M; = k. By the above formula, the connected component C; of the

Gabriel quiver of H(G) containing the simple module L(i) & L(i) ®j M; has underlying vertex set
{L(fi(s)) ®x Ms; 1 <s<mn} and

Yy (G/G1) — Ci 5 My L(fi(s)) @5 M,

induces an isomorphism of quivers. In this fashion we obtain p — 1 blocks Bo, e ,BAp,g of H (Q),
each having Gabriel quiver I'(G) = I'(G). Thanks to [30, Thm. 3] the arguments of (7.3.1) show
that each B; is Morita equivalent to S(I'(G),0). The remaining n blocks of H(G) are simple, each

affording an irreducible module L(p — 1) ®; M for some s € {1,...,n}.
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Recall that G/N = G, where N = Cent(SL(2)) is a reduced subgroup of order 2. The arguments
of (1.1(3)) now show that the blocks of H(G) are exactly those blocks of H(G) on which A acts
trivially. Since the centralizer Centar(M) of an N-module M is a closed subgroup of N satisfying
Centr(M)(k) = Centry (M) (cf. [35, (1.2.6(9),(12))]), the reducedness of N implies Centar (M) =

-1 0
0 -1
exactly those blocks among Bo, ... ,Bp_g containing L(2i) for some 0 < i < 7%3 occur as blocks of
H(G).

To determine the simple blocks of H(G) we consider the colouring f := fy of T'(G) = I'(G). Since
N is reduced, the canonical quotient map Q — Q / Ql induces an embedding N — Q / Ql By our
above observations the element ¢ acts on L(1)[!] via —1. Thus, if ¢ acts on M, via «, then it acts
on L(1 )[1} ®r M via —a, so that —q is the only eigenvalue of ¢ on any neighbour of M, within the
McKay quiver T, (1)l (g / gl) As a result, only those simple blocks corresponding to modules of
the form L(p — 1) ® My with f(s) = 0 occur in H(G). This concludes the proof for the case ¢ = 0.

We now consider the case £ # 0 and put G:=¢ /C, where C := Cent(go) Since C is unipotent,
the groups G and G have the same simple modules. Thanks to the first part of our proof, the
algebra H(G) has tame blocks By, . . Bp s with B; containing the simple module L(2i). For each

ied0,..., T?’} we let B; be the block of H(G) having L(2i) as a simple module. Since By(G°) is
tame and M = e we obtain from [21, (7.1)] and (5.2.1) the tameness of H(G). The first part of
our proof ensures that the conditions of Lemma 7.2.2 apply to B; and B;. Thus, the Gabriel quiver
I'(B;) is canonically isomorphic to I'(B;). In particular, the blocks B; are distinct. Owing to [35,
(I1.3.13)] each L(i) is a self-dual SL(2)-module. It follows that M — M™* restricts to a duality of
mod B;. Consequently, the arguments of (7.3.1) may be adopted mutatis mutandis to establish a
Morita equivalence between B; and S(I'(G), ¢).

Let S,T be simple G-modules belonging to the remaining blocks of H(G), i.e., S,T € {L(p —
1) ® My ; 1 < s <mn}. By the first part of our proof, S and T are projective G-modules, and the
spectral sequence H*(G, Ext4(S,T)) = Ext8+t(S T) yields isomorphisms

N if and only if the element ¢ := ) operates trivially on M. As c acts on L(i) via (—1)°

Ext$ (S, T) & Ext:(5,T)9 = (H'(C, k) ), Homy (S, T))7.

By general theory, the one-dimensional G-module H'(C, k) is isomorphic to the dual of the adjoint
module H(C)T/(H(C)')? 2 k¢, where ¢ € X(G) is the character defined in the proof of (7.3.1).

Consequently, Schur’s Lemma yields

0 otherwise.

dimy, Ext§ (S, T) = {

If T'(G) is not of type D, then ¢ is trivial, and each block corresponding to a module of type
L(p — 1) ® My has one simple module. Alternatively, [28, Theorem 2] implies that all but four of
the modules M have dimension 2. Since tensoring with k¢ fixes the two-dimensional modules, our
assertions concerning the number of simple modules in a block and the number of blocks follow. In
view of [32, Thm. 9] the above formula for the extension groups identifies each of these blocks as

a Nakayama algebra. The statement concerning the Loewy length is now a direct consequence of
(7.3.1.1). O

Remark. Since By(G) = Byo(G/Gir), Theorem 7.3.2 gives the block structure of the algebra H(G/Gy,),
which, by the proof of (1.1(3)), is a block ideal of H(G).



FINITE ALGEBRAIC GROUPS OF TAME REPRESENTATION TYPE 47

7.4. Concluding Remarks. The foregoing results have a number of consequences and motivate
further investigations concerning the Auslander-Reiten theory of tame Hopf algebras. We shall
only touch upon a few issues, which are related to earlier work on infinitesimal groups (cf. [21, 22]).

Proposition 7.4.1. Let G be a finite algebraic group of characteristic p > 3. If Bo(G) is tame,
then H(G) is symmetric.

Proof. Let P(0) be the projective cover of the trivial G-module. We propose to show that
Top(P(0)) = Soc(P(0)).

According to (1.1(3)) we may assume that G, = e;. Owing to (7.1.1) and (1.2) the component G
is an infinitesimal group with tame principal block and trivial multiplicative center. Thus, by [21,
(3.4)] there exists £ > 0 such that C := Cent(G") = (W,);.

For ¢ = 0 the assertion follows from (7.3.1.4). Alternatively, we write H(C)" = H(G)vy and
consider the character ¢ : H(G) — k of order < 2. Thanks to (7.3.1.1) there is an isomorphism

o HP(0) = (P(0) /00 P(0)) @k Ky 1) = P(0) /10 P(0)

of G-modules. Since P(0)/voP(0) is the projective cover of the trivial G/C-module (cf. (7.3.1.1)),
we obtain

Soc(P(0)) = Soc(vf ™' P(0)) 2 Soc(P(0) /ug P(0)) = Top(P(0) /vy P(0)) = Top(P(0)),

as desired. As observed before, this implies that the co-unit ¢ is the modular function of H(G) and
[26, (1.5)] now yields the assertion. O

Let A be a k-algebra, M a A-module. Then Ht(M) := Rad(M)/Soc(M) is called the heart of M.
Recall that a self-injective algebra A is biserial if the heart Ht(P) of every principal indecomposable
A-module P is a direct sum of at most two uniserial modules. Following [55, p.174] we refer to A
as special biserial if A is Morita equivalent to the bound quiver algebra k[Q]/I, where the bound
quiver (Q, I) satisfies the following conditions:

(SB1) Each vertex of @ is the starting point and end point of at most two arrows.

(SB2) For any arrow « of () there is at most one arrow (3 and one arrow - such that af, ya & I.
According to [55, Lemma 1] special biserial algebras are biserial. In the modular representation
theory of finite groups special biserial algebras occur in conjunction with 2-blocks with dihedral
defect groups, see [17, VI].

Proposition 7.4.2. Let G be a finite algebraic k-group of characteristic p > 3, P(0) the projective
cover of the trivial G-module. Then the following statements are equivalent:

(1) The algebra By(G) is special biserial.

(2) The algebra By(G) is tame, and Ht(P(0)) is decomposable.

(3) The algebra By(G) is tame, p Jord(G(k)), and G(k)/Cg(k) is cyclic.

Proof. (1) = (2) Suppose that By(G) is special biserial. Thanks to [63, (2.4)] and [55, Lemma 1] the
algebra By(G) is tame and biserial. Accordingly, Ht(P(0)) is a direct sum of at most two uniserial
modules. If Ht(P(0)) is indecomposable, then there is exactly one arrow originating in the vertex
k of the Gabriel quiver I'(G). Owing to (7.2.3) there then also exists a vertex which is the starting
point of at least three arrows. Thus, By(G) is not special biserial, a contradiction.

(2) = (3) Since Ht(P(0)) is decomposable, its top Rad(P(0))/Rad?(P(0)) is not simple. Hence
there are at least two arrows originating in the vertex of I'(G) corresponding to the trivial module.
From (7.2.3) and [28, Theorem 2] it now follows that I'(G) is an extended Dynkin diagram of type
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A,,. By the same token, the group G(k)/Cg (k) is cyclic, and the remaining assertions follow from
(7.1.1).

(3) = (1) According to (7.1.1) the algebra By(G) is tame. As G(k)/Cg(k) is cyclic, (7.2.3) shows
that I'(G) is an extended Dynkin diagram of type A,. The assertion now follows from (7.3.1). O

The class of tame algebras may be further subdivided according to the number of parametrizing
families needed in each dimension. A representation-infinite k-algebra A is domestic if there exists
a natural number n € N with the property that for each d > 0 there exist at most n (A, k[T))-
bimodules Xi,..., Xy4) that are free k[T]-modules of rank d, such that all but finitely many
isoclasses of indecomposable A-modules of dimension d are of the form [X; k(1] k)] for some
i€ {l,...,4(d)} and some algebra homomorphism A : k[T] — k. In view of [11], this is equivalent
to Ringel’s original definition, cf. [52]. Examples of domestic algebras include the tame hereditary
algebras ([12, 43]), 2-blocks of group algebras with defect a Klein four group (cf. [18]), as well as
the tame blocks of the distribution algebras associated to Frobenius kernels of smooth groups (see
19)).

Given an algebra H, we denote by T'(H) := H x D(H ) the trivial extension of H by its bimodule
D(H) := H*. Note that each basic algebra S(Q,0) is isomorphic to the trivial extension of a
radical square zero hereditary algebra of type ). Trivial extensions are easily seen to be symmetric
algebras, cf. [27, (V.1.1)].

A detailed analysis shows that there are analogs of (5.1.4) and (5.2.1) for domestic algebras. By
combining the results of the foregoing subsections with those of [22], we thus arrive at the following
characterization of domestic algebraic groups:

Proposition 7.4.3. Let G be a finite algebraic group of characteristic p > 3. Then the following
statements are equivalent:

(1) The principal block By(G) is domestic.

(2) The algebra By(G) is Morita equivalent to the trivial extension T'(H) of a radical square zero
tame hereditary algebra H.

(3) The Hopf algebra H(G) is domestic.

Proof. (1) = (2) The abovementioned result ensures that Bo(G?) is domestic or representation
finite. Since [23, (3.1)] excludes the latter alternative, we may apply [22, (5.1)] to see that the
group Cent(G°)/M is trivial. Thus, (7.3.1) provides a Morita equivalence between By(G) and
S(I'(9),0), with the latter algebra being a trivial extension of a radical square zero tame hereditary
algebra.

(2) = (3) Thanks to [12, 43] every tame hereditary algebra is domestic. In view of [60] this also
holds for the trivial extensions of these algebras. Consequently, By(G) is domestic. Thus, By(G°)
also enjoys this property and [22, (5.1)] yields the domesticity of H(G?). Thanks to (6.2.1) the
characteristic of k does not divide the order of G(k), so that the analog of (5.2.1) implies that
H(G) = H(G")[G(k)] is domestic.

(3) = (1) By general theory, the block By(G) is domestic or representation-finite. In the latter
case, [23, (3.1)] shows that H(G) is of finite representation type, a contradiction. O

Remarks. (1) By the remark following (7.3.1), groups satisfying I'(G) = E,, are domestic.

(2) The Auslander-Reiten theory of trivial extensions of hereditary algebras is well-understood
(cf. [53, 60] and [27, (V.3.2)]). Let A be a Euclidean diagram, k[A] a corresponding radical square
zero hereditary algebra. The stable Auslander-Reiten quiver of T'(k[A]) has two components of
Euclidean type Z[A], infinitely many components of type Z[As]/(7) (homogeneous tubes), and
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two exceptional tubes of each type Z[A]/(7™). Here the n; constitute the tubular type of k[A]
(see [53, (3.6.5)]). These numbers also occur in the classification of the binary polyhedral groups

(cf.

[56, (4.4)]); the precise connection was given by Lusztig in [39]. According to [22, (4.1)] the

tubular type of a domestic infinitesimal group G is (p"~%,p"~1), where r := ht(G/M(G)) is the
height of the factor group G/M(G). The number 2p"~! is the maximal degree of a homogeneous
system of parameters of the even cohomology ring HV(G, k).
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