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A well known classical theorem due to Bieberbach says that every discrete group I
of isometries of the n—dimensional Euclidean space R"™ with compact quotient I'\R"
contains a subgroup of finite index consisting of translations. In particular such a group
I' is virtually abelian, i.e. I' contains an abelian subgroup of finite index.

Let us now consider the group G, = Aff(R™) of affine transformations of R™ instead
of the group of isometries of R™. The group G, is the semidirect product GL,(R) x R"
where R" is identified with its group of translations. A subgroup I' of G, is said to act
properly discontinuously on R™ if for every compact subset K of R™ the set {g € T': gK'N
K # 0} is finite. If a discrete group I' consists of isometries then I' acts properly on R™.
But this is not true for an arbitrary discrete subgroup of G,,, e.g. for an infinite discrete
subgroup of G L, (R).

A subgroup T' of G,, is called crystallographic if ' acts properly discontinuously on
R™ and the orbit space T\R"™ is compact. In [Au] Auslander conjectured that every
crystallographic subgroup I' of (G, is virtually solvable, i.e. contains a solvable subgroup
of finite index. In [Mi] Milnor asked a question about the fundamental group of a complete

locally flat affine manifold which is equivalent to the question whether the statement of



Auslander’s conjecture is true without the assumption that the orbit space I'\NR" is
compact. Milnor’s question has a positive answer for n < 2 (easy for n = 2, trivial for

n = 1). But for n = 3 the answer to Milnor’s question is negative. In fact, the second
named author proved that there is a nonabelian free subgroup I' of Aff(R?) acting properly
discontinuously on R?* [Ma 1,2]. On the other hand, D. Fried and W. Goldman [FG] proved
Auslander’s conjecture for n = 3 using cohomological arguments. For higher dimensions
the known results confirming the Auslander conjecture are proved under the assumption
that the linear part [(I') of I belongs to certain special subgroups of GL,(R) where [ :
G, — GL,(R) denotes the natural homomorphism [GK, GrM] (see survey [A]).

Let B be a non degenerate quadratic form on R™ with signature (p,q), n = p + q.
Let O(B) (resp. SO(B)) denote the orthogonal (resp. special orthogonal) group of B.
The main results of this paper are the following theorems in which we assume that [(T")
belongs to O(B):

Theorem A. If |p— q| > 2 and the Zariski closure of I(T') contains SO(B), then T’

cannot act properly discontinuously on R".

We say that I" is co-compactly dense in SO(B) if the homogeneous space SO(B)/G
is compact where G is the Zariski closure of [(T").

Theorem B. If q is even and T" is co-compactly dense in SO(B) then T cannot act
properly discontinuously on R™.

As a corollary of these two theorems we prove the Auslander conjecture in the case
q="2.
Theorem C. If q =2 and T s a crystallographic group, then I is virtually solvable.

Remark. The proof of Theorem A and Theorem B are based on the substantial extension

of ideas using the dynamics of affine maps introduced in [Ma 1,2 | and [AMS 2,3 |. In the

proof of Theorem C we use both dynamical and cohomological arguments. The dynamical
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arguments in the proofs of these theorems are crucial in handling the cases where the
semisimple part of the Zariski closure of {(I') contains simple non-abelian subgroups of
real rank > 2.

Note that we have proved in [AMS 3] that if |p — g| = 1 and ¢ is odd then there exists
a subgroup I' of the affine group AffR™ such that (I) the linear part [(I") of I" is Zariski
dense in SO(B), (II) T" acts properly discontinuously on the affine space R™. By contrast
if ¢ is even there is no subgroup of AffR™ which fulfills (I) and (II).

We will explain now the main idea of our work . Let v be a hyperbolic element of the
group AffR™ whose linear part ¢() leaves a quadratic form B invariant ( for definitions
see chapter 1). Then there is a unique maximal ~y-invariant affine subspace C., such
that the restriction B, of B to C, is positive definite. Let e() be the restriction of v
to C,. Let us denote by Q(I') the set of all hyperbolic elements of I'. " We thus have
the following two sets. The set of Euclidean subspaces {C,}yecq(r); and their isometries
{e(7)}vea)y- The main idea of our work is to construct isometries C, — C5 between
the various Euclidean subspaces so that we can think of the transformations (e(7)) as
acting on the same Euclidean subspace. In this way, studying the dynamics of our affine
group I' is reduced to studying the dynamics of affine Euclidean maps, which is well
understood. First steps toward this reduction were done in [M] and then in [AMS 3].
These papers carried out the case when the corresponding Euclidean subspaces are lines
and their Euclidean transformations are just translations along these lines.

We now give an outline of the paper. In chapter one we consider a finite subset S of
e—hyperbolic, pairwise e—transversal elements of I'. The main goal of this chapter is to
show some geometrical estimations. Namely, let ry be the smallest eigenvalue greater then
1 of the elements of S and let dy = max{d(py,C,), v € S} where p, is a point in R™.
Then for any element v from the group generated by S the distance from C. to the given
point py € R™ is bounded by d(e, dy, 79) and the length of the projection of ypy — py onto



the Euclidean subspace C., is bounded by a linear function of the word length of v with
respect to the generating set S. Some of these results are generalizations of our previous
results (see [AMS 3]). An important step lies in finding an orthogonal transformation o(~)
and an anisotropic subspace A°(v) for any element ~ in the subgroup generated by S. In
chapter three we show how this can be read off for every « in the group generated by S
from the orthogonal transformations o(7y) and anisotropic subspaces A°(7) corresponding
to the elements v of the generating set. In order to do that we define a topology on
the set of pairs (W, g) where W is a maximal B—anisotropic subspace in R" and g is a
B-orthogonal transformation of W. We can thus speak of the limit set and describe in
it points in general position ( Lemma 3.5 and Lemma 3.6). This is crucial in particular
when dealing with co-compactly dense subgroup I' (for definition see chapter 1, n 1.1). In
chapter four we extend this construction to affine groups. We aim at information about
directions of translational parts of affine transformations in < S >. We obtain that we
get enough directions, which means that the zero-vector is contained in their convex hull,
lemma 4.2 and lemma 4.7. The most substantial part of our work is to show that there
exists a (0,e)— system ( see chapter 4, definition 4.4 ) in our group I'. The purpose of a
(0, e)—system is to have a collection of elements of I with enough directions of translational
parts so that we can fetch back far away points to a fixed compact set and thus obtain a
contradiction to proper discontinuity.
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1.Geometric properties of hyperbolic and transversal elements

1.1 Notation and terminology. In this section we introduce the terminology

we will use throughout the whole paper. We also prove some basic lemmas about the
geometry of hyperbolic elements. They are close in spirit to the methods of [AMS 3].

Let g be a semisimple element in GL(R™). Then the space R™ can be decomposed
into the direct sum of three subspaces A™(g), A=(g), A%(g) determined by the condition
that all eigenvalues of the restriction g | A™(g) (resp. g | A~ (g), g | A%(g) ) have absolute
value more than 1 ( resp. less than 1, equal to 1). Let now Dt (g) = A*(g) ® A%(g) and
D~(g) = A= (g9)®A%(g), then obviously D™ (¢g)ND~(g) = A%(g). Let s7(g) = max{|\|: X
is an eigenvalue of g of absolute value less than 1 }. Let s™(g) = s7(¢7!) and s(g) =
max{s*(g), s (9)}-

Let B be a quadratic form of signature (p,q), ¢ < p, and Hg = SO(B). The element
g is called hyperbolic if dim A°(g) = p — q. Two hyperbolic elements g and h are called
transversal, if AT(g) N A~(h) = {0} and A*(h) N A (g) = {0}. Let us denote the
subgroup {z € G, | l(z) € O(B)} of G,, by Gp. We will say that g € Gp is hyperbolic
if the linear part [(x) is hyperbolic. Two affine transformations g € Gg and h € Gp
are called transversal if their linear parts {(g) and [(h) are transversal. For an element
r € G, we write AT (x) (resp. A (z), A%(z)) instead of AT(I(x)) (resp. A~ (I(z)),
A%(I(x)). Consider a hyperbolic element g € G without fixed points. Then there exists



a g-invariant line L, and the restriction of g to L, is the translation by a non- zero vector
ty. Let us note that all such lines are parallel and vector ¢, does not depend on the choice
of Ly,. We will assume that we fixed once and for ever some point in the affine space R"
as an origin point and the line L, we define as a closest to the origin g —invariant line. We
denote the restriction of B to A%(g) by B,. The form B, is positive definite. Therefore
we can define 1°(g) = t,/B,(ty,t,)"/?. Tt is clear that B,(v°(g),v°(g)) = 1. Since, for
every vector v € R™, the vectors v° € R™ and I(g)v — v are orthogonal, B(gx — z,v°(g))

does not depend on x € R" and
B(gr — =, UO(Q)) = Byl(ty, tg)1/2

for any point x € R™. Let I' be a subgroup of G5 generated by ¢1,...,9n and let w : ' —

Z" be the word metric on I’ with respect to this set of generators. Put

It is clear that x(g;) = t4, for every i =1,...,m.

Let us define the following affine subspaces: Ef = D*(g) + Ly, E; = D (g) +
Ly, Ef NE; = C,. Let my : R* — A%(g) be the natural projection of R™ onto A°(g)
along the subspace A™(g) ® A= (g). Let 7, : R* — C,, be the natural projection of R"
onto Cy along the subspace A*(g) ® A (g).

Let g € G be a hyperbolic transformation . We define d,(a, b) as the distance between

7,(a) and 7,(b) with respect to the (positive definite) form B, that is
dy(a,b) = B,(v,v)"/?

where v = 7,(b)—7,(a) = m,(b—a). Put d,(a) = d,(a, g(a)). Define ||v||, = By(my(v), my(v))*/?
where v is a vector in R". Let us note, that d,(, ) (resp. || ||4) is a pseudometric (resp. a

pseudonorm) and d,(a, g(a)) = ||v||y, where v = g(a) — a.



Let || .|| and d denote the norm and metric on R™ corresponding to the standard inner

product on R™. For any two subsets A, B of R™ we put

d(A, B) = max {max min d(a, b), max min d(a, b)} :

beB acA acA bEB
Let us note that on the set of compact subsets d is a metric. This metric induces the

following metric d on the set of all subspaces of R", namely:

~

d(W1>W2) = d(S(Wl)aS(Wz)),

where Wy € R", Wy € R” and S(W) ={w € W | ||w| =1} for W € R™. A hyperbolic

element g € O(B) is called e-hyperbolic if d(A*(g), A~ (g)) > e. Two transversal elements

g and h are e—transversal if
d(A™(g),A"(h) ) 2 e and d(A™(9), A" (h) ) > ¢

Let T" be a subgroup of the group O(B) and let G be the Zariski closure of I'. The
group I' is said to be co—compactly dense in SO(B) ( or co—compactly dense if it will
cause no confusion ) if the vector space R" can be decomposed into a direct sum of two

B-orthogonal, I'-invariant subspaces V; and V5 such that
(1) G 2 SO(B) where B = By, ,
(2) the restriction of the form B to V; is positive definite .

It is obvious that in this case the connected component G° of G is a direct product G° =
SO(B) x K, where K < O(B) is a connected compact subgroup in GL(Vz). Observe that
if I" is dense in SO(B) then I' is co-compactly dense in SO(B). It is clear, that if I is
co—compactly dense in SO(B) then the Zariski closure of I' contains a normal subgroup
@G such that the factor space SO(B)/G is compact.

Let I' be a subgroup of Gg. The group I' is said to be a co-compactly dense in Gpg
if the linear part [(I") is co—compactly dense in SO(B). Suppose that I' is co-compactly
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dense. Let G be the Zariski closure of I(I'). Let us consider the decomposition of an
element g = hk according to the direct product decomposition G = G x K. We denote
by l; (resp. lz) the natural homomorphism [; : G — G (resp. Iy : G — K ). It is easy
to see, that g is hyperbolic (resp. e—hyperbolic) if and only if ;(g) is hyperbolic (resp.
e-hyperbolic). Two hyperbolic elements g and h are transversal (resp. e—transversal) if
and only if [;(g) and [;(h) are transversal (resp. e-transversal). Obviously A° = DT (g)N
D=(h) = (D*(l1(g)) N D= (I1(Rh))) ® V5 and A°%(g) = A°(I1(g)) @ V5. To shorten notation
we will write A%(g) (resp. D*(g)) instead of A°(l;(g)) (resp. D*(I1(g))). We have the
natural projection 7; of the affine space R" onto to the affine space A; = R"/V;, along
V5 and hence an induced homomorphism p; : G — Aff A; and similarly for A, = R"/V}
we have the natural projection 75 and an induced homomorphism p; : G — Aff A,. It is

clear that I(p;(g)) = li(g) for i = 1,2 and every element g € G. Set tf}l) = tp(g); th) =

toa(e)s X1(9) = x(p1(g)) and x2(g) = x(p2(g)) for every hyperbolic element g € G'p.

Let £ > 1 be a positive integer, and let fi, fo be functions defined on a subset F
of the direct product of k£ copies of the set of hyperbolic elements in Gg. We say that
f1 is dominated by fo and write f; < fo if for every ¢ > 0 there is a ¢(¢) > 0 such
that fi(g1,...,9x) < c(€)f2(g1,--.,gx) whenever (g1,...,9x) € E and the elements g;,i =
1,...,k, are pairwise e-transversal. If fi < fo and fo < f1 then we write f; ~ f; and
say that f; and f5 are equivalent.

It is clear that for a,b € R”
|dy(a) — dy(b)] < 2dy(a,b) < d(a,b) (1.1).
We will quite often use the following inequality (see [AMS 3])
d(z, E) < s(g)d(z,g ') (1.2).

Example. Let E be a subset of e-hyperbolic elements in Gg and let fi, fo ( resp. fs, f1)



be the following functions from E to the set of real valued functions on R™ ( resp. on
R™ < R") fi(g) = I - I, f2lg) = I - llg ( vesp. fs(g) = d(, ), fa(g) = dg(, ) ). 1t is easy
to see that f; ~ f3 and fo ~ f4.

1.2 Lemma. There ezists an s(e) < 1 such that for any two e—hyperbolic e—transversal

elements g and h with s(g) < s(e), s(h) < s(e) we have

(1) the element gh is €/2-hyperbolic and is € /2—transversal to both g and h;
(2) d(A*(gh), A*(9) ) < 5(9);

(3) d(A~(gh), A~ (h)) < s(h);

(4) s(gh) < s(g)s(h).

1.3 Lemma. Let go, hq,...,h, be e-hyperbolic, pairwise e—transversal elements, s =

max{s(go),s(h1),...,s(hm)} and so = s'/2. Let g, = go - hil - B g # ik, L€,
>0 and My = |ny| + -+ + |ng|. Then there exists a constant b(e) < 1 such that if s <
b(e),
(1) s(ge) < :

(2) d(A*(ge-

(3) d(A*(g ), T(ge) <
(4) AL (ar), A () < 5ot
(5) d(A=(ge), A*(hi) U A= (i) > 5 for i s
(6) go is £ /2-hyperbolic.

[\]

These lemmas, except the statement (5) in Lemma 1.3, were proved in [AMS 3, Corollary
5.9 and Lemma 5.10] for p — g = 1. The proof in the general case is almost verbatim
repetition of the proofs given there. The proof of Lemma 1.3 (5) immediately follows from
Lemma 1.2 (3).

We begin with results which give us an estimations of d(qo, Cy) and d,(qo) where g is

a point in R™ and ¢ is a product of hyperbolic transversal elements.



1.4 Lemma. Let g and h be two e-hyperbolic e-transversal elements, such that gh s

e /2-hyperbolic and e /2—transversal to both g and h. Let qo be a point in the affine space

R™. Then there exists a constant d(e) such that

(1) (o, E2) < dlgo, B) + d(e)5(9) [dyao) + dldo, Cy) + 5()(dn(a) + (o, Ci))];

(2) d(qo, E,;,) < d(qo, E;) + d(g)s(h) [dn(qo) + d(qo, Ch) + s(g9)(dn(q0) + d(q0, Cy))] ;

(3) d(gqo, Cyn) < d(e)(s(h)+5(g))d(g0, Cy)+d(e) [d(ao, ;) + d(qo, Ch)) + 5(9)(dg(a0) + dn(0)] -

Proof. Put E'= E N E;f. Let po be a point in F such, that d(qo, E) = d(qo, po). Denote
p1 = hipg, p2 = gpo. Let q1 = mn(po), be the projection of py onto Cj, along the AT (h)
and let ¢ = m,(po) be the projection of py onto Cy along the A~ (g). It is clear, that

d(qo, E) < d(qo, Cy) + d(qo, Ch) (1.3)

and

d(qo, po) < d(qo, Cy) + d(qo, Cy) (1.4)

Since, d(qo, m,(q0)) < d(qo, Cr), d(mn(q0), 1) < d(mh(q0), qo)+d(qo, ¢1), we have d(mp,(qo), 1) <

d(ﬂ-h(QO>7 qO) + d(q07p0> + d(pOa QI)
It is easily seen that d(po, ¢1) < d(po, Cn) and d(po, Cp) < d(qo, Cn) + d(po, q). From
(1.3) and (1.4) we conclude that

d<7rh(q0)a Q1> < d(Q(b Cg) + d(q07 Ch) (15)
By definition, ¢; = 7, (po), then
d(h™'q1, 1) < d(h™ ma(po), h™ (o)) + d(h™'mn(g0), m(q0)) + d(mn (o), T (po))-

Since d(m(po), Th(q0)) < d(po, qo) and d(h_lﬂ'h<QO)a Th(q0)) < d(hmh(qo), mn(go)) we have
from (1.5)
d(h™'q1,q1) < dn(qo) + d(qo, Cy) + d(qo, Ch) (1.6)
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Then from (1.1) we have d(p1,h~1q1) = d(h~'pg, h"1q1) < s(h)d(po, Ch).
Therefore d(py, h~'q1) < s(h)(d(qo, C,) + d(qo, Cr)). Hence from (1.6) follows that

d(po, p1) < s(h)(d(qo, Cy) + d(qo, Cr)) + dn(qo) + d(qo, Cy) + d(qo, Ch) (1.7)

By a similar argument, we have

d(g g2, q2) <K dy(qo) + d(qo, Cy) + d(q, Ch) (1.8)

and
d(po, p2) < s(9)(d(qo, Cy) + d(qo, Cn)) + dg(qo) + d(qo, Cy) + d(qo, Ch) (1.9)

Therefore from (1.8), (1.9) we have d(ps,p1) < (dy(q0) + dn(qo) + d(qo, Cy) + d(qo, Ch).
Since d(p2, p1) = d(gpo, h"'po) = d(gh(h™'po), h"'po), by (1.1) we conclude that

Apr, Egp) < s(gh)[dy(90) + dn(ao) + (o, Cy) + dldo, )] (1.10).
It is an elementary geometric fact that
|d(qo. E,p) — d(qo, By, )| < sind(Eg,, Ey) d(qo, pr) + |d(p1, Egy) — d(p, ;)| (L11).

Then by (2) Lemma 1.2
sind (E,,, E,) < s(h) (1.12).

Therefore,

|d(0, Eg)=d(qo, E; )| < s(h)(d(qo, Cn)+dn(g0))+5(gh)(dg(q0)+dn(q0) +d(q0, Cy)+d(qo, Cn))
(1.13)
By (3) Lemma 1.2, s(gh) < s(g)s(h), therefore, there exists a constant d(¢) such that

d(qo, Egp) < d(go, E;) + d(€)s(h)[(d(go, Cn) + dn(g0)) + s(9)(dy(q0) + d(go, Cg))] (1.14).

If x is a hyperbolic element then E; = ET., d,(q0) = dy-1(q0) and s(z) = s(z71).
Therefore from (1.14) follows

dlqo, 1) < dlqo, ) + d(2)s(9) [(d(q0, Cy) + dy(a0)) + s(h)(dn(q0) + (g0, C1))] (L.15).
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Thus from (1.14), (1.15) and Cy, = E, N E_, we conclude that

d(go, Con) < d(€)(s(h)+5(9))d(qo, Cy)+d(e) [d(qo, E) + d(qo, Cn)) + 5(9)(dy(g0) + dn(qo)]
(1.16).
O

1.5 Lemma. Let g and h be two e-hyperbolic e—transversal elements, such that gh is

e/2-hyperbolic and e/2—transversal to both g, h. Let gy be a point in the affine space R™.

Then there is a constant d(g) such that

dgn(qo) < dg(qo) + d(e)[dn(qo) + s(h)dn(qo) + s(9)dy(q0) + d(qo, Cy) + d(qo, Ch)]

Proof. Put E = E, N E;f. Let po be a point in F, such that d(qo, E') = d(qo, po). Denote
@1 = h™'py and ¢ = gpo. Let p; be the projection of py onto Cj, along subspace A*(h)
and let py be the projection of py onto C, along subspace A~(g). From (1.1)

|dgn(q0) — dgn(q1)| < d(qo, q1) (1.17)

Put v; = pop — q1 and wy = p1 — h™'p1. Then d(po, ¢1) < d(po, Cr) + ||w1lln = d(po, Ch) +
dn(po). Since d(qo, po) < d(qo, Ch) + d(qo, Cy) and dp(po) — dn(qo) < d(qo, po), we have

d(qo, 1) < di(qo) + d(qo, Cn) + d(qo, Cy) (1.18).
Combining (1.17) with (1.18) we obtain
dgn(qo) — dgn(q1) < dn(qo) + d(qo, Cn) + d(qo, Cy) (1.19).

By definition dy,(¢1) = dgn(h ™ po, gh(h™'po)) = dgn(q1, q2). Then dgn(qr) < dgn(q1, po)+

dgn(po, q2). To estimate the first term dg; (g1, po) we note that

| dgn(a1;p0) = [[willgn| < d(po, Cn) (1.20).
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Let uy (resp. ug)be the projection of w; onto D (gh) along A~ (gh) (resp. A~(h)). Then
[urllgn = llurlln = dn(pr), luzllgn = llwillgn. From Lemma 1.2 (3) we deduce |[luslgn —

|luzllgn] < s(h)dp(p1). Therefore
| dgn (g1, po) — l[ullgn| < s(h)dn(p1) + d(po, C) (1.21)
The inequality d(qo,p1) < d(qo, po) + d(po, Cr) < d(go, Ch) + d(qo, Cy) and (1.1) yield
dn(p1) — dr(qo) < d(qo, Ch) + d(qo, Cy) (1.22).
Thus we conclude from (1.21) and (1.22) that
| dgn(q1,p0) — di(qo) | < s(h)dn(go) + dn(qo) + d(po, Cr) + d(go, Cy) (1.23).

Our next goal is to evaluate dgp(g2, po). Put va = g2 — po = gpo — po and wy = gps — po.
Let us (resp. u4) be the projection of we onto D~ (gh) along A™(g) (resp. AT (gh)). Then

llusllgn = [Juslly = dy(p2) and ||u4l|gn = ||wal/gh. From Lemma 1.2 (2) we deduce

sl = llaallgn | < s(g)dy(p2) (1.24)
- Since dgu(d2,p0) = vallyn and | [oallyn — [[wsllyn | < d(po, Cy) we have
[y (2. 7o) — sl | < dpo, C,) (1.25)

Combining (1.24) with (1.25) we get

| dgn (g2, po) — dg(p2)| < |dgn(az,p0) — lw2llgn | + [ |usllgn — luallgn |

Then
|dgn (g2, p0) — dy(p2)| < s(g)dy(p2) + d(po, Cy) (1.26).

From (1.1) we have |dy4(qo) —dg(p2)| < d(qo, p2). This together with d(qgo, p2) < d(qo, po) +

d(po, Cy) gives

|dgn (g2, po) — dg(qo)| < s(9)dy(qo) + d(qo, Cn) + d(qo, Cy) (1.27)
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Recall that dgn(q1) < dgn(q1,po) + dgn(po, g2). Therefore from (1.19), (1.23) and (1.27)

there exists a constant d(e) such that

dgn(g0) < dy(qo) + d(€)[dn(qo) + 5(h)dn(go) + s(9)dy(q0) + d(q0, Cg) + d(qo, Cn)]

which completes the proof. 0

Let go, h1, ..., h, be e-hyperbolic e-transversal elements. Fix a point ¢o € R™ and put

T = max{dg(q),dn, () - .- dn,(q) }, C = max{d(qo,Cy), d(qo,Ch,);--.,d(q0,Ch,.)}
and s = max {s(go), s(h1),...,s(hm)}. Let gr = gohi}! ... hi', where iy # ipy1, L €Z, £ >
0, My = |ny|+---+|ng|.According to Lemma 1.3 there exists a constant b(¢) < 1 such that
if s <b(e), i # ng element gpy1 = goh;" is €/2-hyperbolic and £/2-transversal to both
ge and . Put a; = d(qo, Ef,), a1 = d(qo, B, ), be = d(go, Cy,), bey1 = d(qo, Cy,,, ),

dy = dg,(qo) and de1 = dg,,,(qo) . We rewrite statements of Lemma 1.4 and Lemma 1.5

as follows:
g1 < ag + d(€)s(ge) [de + b+ 5 (b, )™ (Ing,, T + C)] :
b1 < d(e) <s(hie+1)|nie+1| + s(gg)> by +d(e)(ag+C + + s(ge)de + S(hiz+1)|me+1||nig+1 7).
dopy < dg+d(e)[ni,,, T + s (hiy,,) ies| 14, | T+ 5(ge)de + ag + CJ.

Recall that s = s3. There exists a constant b;(¢) such that if s < b;(g) then spd(e) < 1
M/2
and sMM < 51000 for all positive integers M and denote @) = 2d(¢)(T' + C). Then we can

simplify inequalities above as follows

apr1 < ag + SOMZ (dg + by + Q) (1.28)

b
bt < 1—3 +d(e)ag + so™Medy + Q (1.29)
dpp1 < dg+ e |Q + so™dy + d(e)ay (1.30)

1.6 Lemma. There exists a positive constant do() < 1 such that if s < dy(e) then, for

all l, ap < 1,0y < 1,d;, < M,
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Proof. Let ry = max{100d(¢)ay, 100Q, 10b,, 10d,/M,}. Then there exists dy(e) such that

for s < dy(e) we have from (1.30)
dpr1 < Myre/10 + |nggq|7¢/100 4 1r0/100 + 7,/100 < Myyq70/10 (1.31)
and from (1.28), we have
brat < 7¢/100 + 7/100 + 7/100 + 7/100 < 7,/10 (1.32)
We can assume that the constant do(¢) was chosen so that from (1.28) we have
100d(2)ag < 7 (1 + QMZSO?) (1.33)

Then
ress < T4 (1 + 2Mg30@> (1.34)

Put Qo(e) = 1.5, (1 + 2Mg$0%>. Then )y < co. This proves the statement of lemma.
]

2. Orientation on maximal anisotropic spaces

In this section we introduce orientations on maximal B—anisotropic subspaces. This
is a generalization of orientations introduced on the one-dimensional B—anisotropic sub-
spaces for the case p — ¢ =1 in [AMS 3].

Let us recall that our form B has signature (p,q), p < ¢g. Then there exists a basis

V1,02, ..., Vp, Wi, Ws,...,w, of R" such that for every vector v = zv1 + -+ + zpv, +
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Yyiwy + - - + Ygwy, We have
B(U,U)fo—i----—kxi—yf—-.._yg

Consider the set W of all maximal B-isotropic subspaces. Let X be the subspace spanned
by {v1,v2,...,v,} and Y be the subspace spanned by {w, ws, ..., w,}. It is clear, that
R" =X @Y. We have the two projections

mx :R" — X andnmy : R* — Y.

along Y and X respectively The restriction of 7y to V' € W is a linear isomorphism V' —
Y. Hence if we fix an orientation on Y we have also fixed an orientation on each V € W.
For V' € W let us denote the B-orthogonal complement of V by V+ = {2z € R"; B(2,V) =
0}. We have V C V+ since V is B-isotropic. We also have

dimV*+ =dimV + (p — q) = p.

The restriction of 7x to V* is a linear isomorphism V+ — X. Hence if we fix an
orientation on X we have also fixed an orientation on V* for each V € . Thus we have
orientations on both V and V+ and we have naturally induced an orientation on any
subspace W, such that V: =W @ V. If V, € ¥ and V, € ¥ are transversal then W =
V- N V5t is a subspace which is transversal to both V; and V5, therefore W @ V; = Vit
and W@V, = VQL. So there are two orientations w; and wy on W, where w; is defined if
we consider W as a subspace in VX, We have

2.1 Lemma. The orientations defined above on W are the same if q is even and are
opposite if q is odd.

Proof. One can easily show that there exists a basis {e1,...,eq, fi,..., fp,€1% ... €p—g"}
in R™ such that V; (resp. V2) is the linear span of (es,...,e,) (resp. of (fi,..., f,)) and

the form B with respect to this basis is given by the equation

_ 2 2
B (@1, s T Y153 Yg 2155 Zpeg) = —TaY1 0 — Tl + 27+ 2,
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Let us note that Vi- (resp. V3") is the linear span of {e1,...,e,,e1%, ..., e, } (vesp. of
{fi,.- . fpen®™,...,ep—g"}). Direct calculations show that, for every j,1 < j < ¢, and
every t € R, the transformation h;(t) defined by

ej+fj +COSt’(€j—fj) Sint~el*

9T 2 T
fio ej+[f; cost-(e;—f;) sint-e”
2 2 2

e;” — —sint - (e; — fj) +cost - e
belongs to SO(B). Thus if we denote hy(m) -~ - hy(m) by h, we have
he(ei) = fi, ha(fi) =€ and hgp(e]) = (—1)%;".
Since h;(0) = Id and h;(t) € SO(B) depends continuously on ¢ we have
h, € SO(B).

The orientations on V and V+ defined above depend continuously on V' € ¥. Hence these
orientations are invariant under the action of the group SO(B). Now assuming that the
basis {e1,...,e,} (resp. {e1,...,eqe1*, ..., e,—,"}) is positively oriented in Vi (resp. in
Vi-) we get from (1) and (2) that the basis {f1,..., f,} (resp. {e1,...,eq (=1)9e1*, ..., ep—4*})

is positively oriented in V5 (resp. in Vit). This immediately implies the desired state-

ment. O
Let V;,2 = 1,...,m be a sequence of pairwise transversal maximal B—isotropic sub-
spaces in R”. Let W;, 7 = 1,...,k be a sequence of pairwise transversal maximal B-

isotropic subspaces in R™. Assume that V; and W; are transversal. Let V' be a maximal
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B-isotropic subspace in R™ transversal to both V,, and Wj. Set VNV, = V0 for i =
1,...,m—1 and WfﬂWZﬂ;l =W fori=1,....,k—1. Put V° = VnWi. Fixa
maximal B-anisotropic subspace Vg in V+. Set Uy = V- NV, and Uy = VN W;,. Then
for every i = 2,...,m (resp. i = 2,...,k) we have the projection w;" : V2 — VP (
resp.m; : W2 — W2 ,) along V; (resp. W;). Let m] (resp. ;) be the projection of V
(resp. W}) onto V? along Vi (resp. W;). Let 7y (resp. 7o ) be the projection of Vj onto
Uy (vesp. Us) along V. Put 77 =7y ... w7 and 7= = 7 ... 7, 72. Then the following

1s true.

2.2 Lemma. Ifp— q is odd and q is even, then there exists vector v € VO such that

7T (—v) # 77 (v).

Proof. . Suppose contrary to our claim that 77 (—v) = 77 (v). Let e1,...,p — ¢ be a basis
in Vp. It follows from lemma 2.1 that the basis 77 (e1),...,77(ep,—) of V? has the same
orientation as the basis 77 (e1),..., 7 (ey,—,). By our assumption 77 (e;) = —7(e;) for all
i=1,...,p—q. Since p — q is odd we have a contradiction. O

The statement of the lemma 2.2 is not true for example if p = ¢ + 1 and ¢ is even

[AMS3].

3. A composition of Fuclidean parts of linear transformations

3.1 Notation. Let g and h be two hyperbolic transversal elements of O(B). We will

define an isometry 7,5 : A°(h) — A°(g). The term isometry is used with respect to the

positive definite form B|W, where W is a maximal B—anisotropic subspace. By definition,

A= (g) N AT(h) = {0} and D~ (g) = (A~ (g))* (resp. D (h) = (AT (h))1) therefore A=(g)
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(resp. A*(h)) is the unique maximal isotropic subspace of D~ (g) (resp. Dt (h)). Hence
D*(h) ® A~ (g) = R* and D~(g) ® A*(h) =R". Put A} /= D(g)" N D(h)". We define
isometries o, : A°(h) — A}, and o, : A)  — A%(g), namely the projections along
the isotropic subspaces A*(h) and A~ (g), respectively . Let 7, : A°(h) — A%(g) be
the composition of these two isometries. Similarly, D~ (h) ® A" (g) = R™ and D" (g) ®
A~(h) = R™. As g and h are transversal we have A), ® A™(g) = D*(g) and A), @
A~(h) = D~ (h). Therefore we also have an isometry 7, : A), — A%(h) ( resp. 7, :
A%(g) — A) ) namely the projection along A*(g) ( resp. along A~ (h)).

It is basic for our approach that any two hyperbolic transversal elements g and h of
O(B) yield an isometry 7,5 : A%(h) — A%(g) of their Euclidean subspaces A°(h) and
A%g). These maps, the restrictions h|%(h) and g|%(g) and composites of such maps give
a rich supply of orthogonal maps between the Euclidean subspaces A%(g). In the case
that the linear part of T' is Zariski dense in SO(B) these isometries of A%(g) contains a
dense subset of SO(A%(g)). More precise statements are contains in 3.3 and 3.5. Here
we use a result of Prasad and Rapinchuk [PR]. In the rest of the section it is described
how to approximate certain maximal anisotropic subspace and their isometries by data
of appropriate hyperbolic elements.

Next, consider a sequence S = {hy,...,ht} of hyperbolic elements of O(B), such
that each pair (h;, h;y1) is transversal. Recall that we denote by O(B,) the group of
isometries of A%(g) if ¢ is hyperbolic. The composition of the various isometries m, ., ,,
powers and inverses of h;|A%(h;) € O(By,) gives many elements of SO(By,). They ac-
tually form a dense subset of SO(B},) for appropriate sequence S. In more detail, set
T = Thyhg - Thyns © A%(R;) — A°(hy) for all i > 1. Define m as the identity
map. For § = {91, .., gx}, where g; = h!" with positive integers m;, we have m(g) =

m;i(S) for all i = 1,...,k. Therefore we will write m; instead of m;(S), if the set S is
fixed. Put o(g) = g | A%g) for every hyperbolic element g € O(B). Define o;(h;) =
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mo(hi)m ™t € O(By,) and o(S) = o01(hy)os(hy) . .. on(hi) € O(By,). If S is as above |

then o(S) = 01(g1)02(g2) . .. 0x(gx) = 01(h1)"™ 02(h2)™ ... 0k (h)™ € O(By,). Put o; =

0i(h;) € O(By,). For any k-tuple M = (my, ..., my) of positive integers m; we put o(M) =

m102m2 m

01 .. O

Let T" be a co—compactly dense subgroup of SO(B). By definition, the connected
component of the Zariski closure G of I' is a direct product of a connected compact group
K and § O(E) Recall that for a hyperbolic element g we denote by §g be the restriction
of the quadratic form B onto the subspace Eo(g).

Let g and h be a two hyperbolic, transversal elements in GG. The set {hy, ..., h;} of
hyperbolic, pairwise transversal elements in SO(B) is called a Dg(g, h)-set, if (1) h; is
transversal to both g and h for ¢ = 1,...k and (2) the closure of the set O(M) contains
SO(By,) x K.

It is clear that if {hq,..., hg} in SO(B) is Dgr(g, h)-set, go € SO(B) is hyperbolic ele-
ment transversal to each h;,i = 1,... k and to both g and h, then the sets {go, h1, ..., hx},
{h1,.. ., hg, g0} and {go, h1, ..., hx,g0} are Dg(g,h)-sets. For example, if {hy,... hi}
is Dgr(g, h)-set, then the sets {g,hi,...,hi}, {h1,..., hg,h} and {g, hy,..., hg, h} are
Dg(g, h)-sets.

3.2 Definition . A hyperbolic element g in a semisimple connected algebraic group

G is said to be R— irreducible if the subgroup generated by o(g) is dense in a mazimal

anisotropic torus in G

This definition was introduced by G.Prasad and A.Rapinchuk in [PR], where they have
proved result about R— irreducible elements of a Zariski dense semigroup in a semisimple
connected group which is extremely important for us and used below.

3.3 Lemma. Let I be a co-compactly dense subgroup in SO(B), such that its Zariski

closure G is a semisimple connected group. Let g and h be two hyperbolic transversal

elements in I'. Then there exists a Dg(g,h)-set in T,
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Proof. Tt was shows for example in [AMS 4] that for any sequence of hyperbolic pairwise
transversal elements {hq, ..., h;} from I there exists a hyperbolic element h;, 1 in I" which
is transversal to each h;,i = 1,...,t. Then there exists a sequence S = {hy, ho,..., hy}

of hyperbolic pairwise transversal elements of I" such that
(i) h; is transversal to both g and h for every i = 1,...  k,

Let Og be the closure (in the Euclidean topology) of the set O = {o(M)}. Og is a product

of tori and therefore Og is a manifold. We assume that
(ii) Og has maximal possible dimension.

We have to prove that Og = SO(By,) x K. Suppose that dim(Og) < dim(O(By,) x K).
The set Og is constructible and therefore there exist Zariski closed subsets K; and Zariski
open subsets U; of O(Ehl) x K ,where 1 <i <7, suchthat Og =Ul_, (K;NU;). Assume
that K is a proper subset of O(B\hl) x K for every i, i =1,...,r. The set of hyperbolic
elements in S O(E ) x K, which are transversal to any its finite set of hyperbolic elements
is Zariski open. It follows from [PR] that the set of R-irreducible elements in the group
I is Zariski dense in G = SO(B) x K. Therefore there is an R-irreducible element g
of I' which is transversal to each h;,7 = 1,...,r and to both g and h. Let R be the set
R={z € G |y=uzgzis transversal to every h;, i = 0,1, ..., 7 and 7( {o(y))) € K},
where K = U;_, K;, and m = m,m,,, and (o(y)) is the closure of the subgroup generated
by o(y) in O(éy) x K. It is clear that the set R is Zariski open. Let us show that this
set is nonempty. Put R, = {x € G |z is hyperbolic, A" (z) = A*(g9),A (z) = A (g9)
and w((o(y))) & K}, where y = zgz~! and 7 = m.m, . We clearly have (o(y)) =
o(z){o(g)) o(z)~! and m = m,mp, 4. Since (o(g)) is a maximal torus of O(Eg) x K, the set
{o(x) (o(g)) o(z)~',2 € R,} is an open subset of O(B,) x K. Therefore there exists an
r € R, such that 7((o(y))) & K. It is obvious that R, C R, so R is nonempty. Thus

RNT # @ since R is Zariski open and the subgroup I' is Zariski dense. Let =z € RNT
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and h,,; = xgz~'. Consider the new sequence S = {hy, ha, ..., hy, hyy1}, then dim Og >

d. This contradicts our assumption. O

Next we will define in the obvious way a topology on the set O(B) of pair (W, g)
where W is a maximal B—anisotropic vector subspace and g € O(By) (see definition
3.4). For every hyperbolic element g € G the pair X, = (A%g), o(g)) is in O(B). We
thus have a map X from the set of all hyperbolic elements of I" to O(B), X : v +— X,
whose image we denote by O(I'). The main result of this section, lemma 3.6, says that for
certain maximal B—anisotropic subspace W every element (W, 0) is a limit point of O(I)
for every o € SO(Byy). This is the case for all W of the form W = D*(g)N D~ (h), where
g and h are transversal hyperbolic elements of I'. For the approximating element X, we
can actually take an e-hyperbolic element with £ bounded below by a positive bound.
Let O(B) be the set of (W, 0), where W is a maximal B -anisotropic subspace, By is the
restriction of B to W and o € O(By). For any hyperbolic element g of O(B) we have
an element X, = (A%g), o(g)) € O(B). Let O(T') = {X,| g € I, g is hyperbolic } and
O(I') ={X,| g €T, g is e-hyperbolic }.

We define a distance d between elements of O(B). Recall the distance d between
subspaces of R", see (1.1).
3.4 Definition . Let X = (W,g) and Y = (U, h) be elements of O(B). Put

~ -~

AXY) = dW0) + _ max  {|lgta) = hO)| = a=bI[}  (31).

Observe that d is a metric on Of(T). Let { X, }nez be a sequence of elements from O(B).

We write X,, = X if d(X,,, X) — 0 for n — oo. Denote by O(I) (resp. O¢(I)) the
closure of O(I") (‘resp. O(I') )in O(B).
Recall that for any two hyperbolic transversal elements g € O(B) and h € O(B) the

intersection A° = D(g)* N D(h)™ is a maximal B-anisotropic subspace.
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3.5 Lemma Let T be a Zariski dense subgroup in SO(B). Let g € T' and h € T be

hyperbolic transversal elements, A = DT (g)N D~ (h) and let Bo be the restriction of the

form B to A°. Then there exists an €, such that (A% 0) € O(T) for every o € SO(Byo).

Let us first prove the following corollary of this lemma.

3.6 Lemma Let I be a Zariski dense subgroup in SO(B).

(1) If X = (W, go) € O(B) and W = A°(v) for some e-hyperbolic element v € T, then

(W, g) € O(T") for every g € SO(By).

(2) If X = (W, go) € O=(T"), then (W,g) € O(T") for every g € SO(By).

Proof. . Let g = h = . Then, g and h are e-transversal and D*(g) N D~ (h) = A°(y).
Therefore (W, z) € DE—(F) for every x € SO(By ), by Lemma 3.5. This proves (1).

Let us prove (2). It is clear that for every two maximal B-anisotropic subspaces W,
and Ws, such that |W; — Wa|| < &/2 and any « € O(By,) there exists y € O(By,) such
that || X — Y| < e, where X = (Wy,x) and Y = (Ws,y). Hence (2) follows from (1) by

using a diagonal process. O

The proof of lemma 3.5 will be divided into a sequence of lemmas.
Assume that g is an e-hyperbolic element. Let W be a vector subspace in R™ such that
W @ D~ (g) = R and d(W, D~ (g)) > ¢. Consider the ball U(0,8) = {t € W |d(t, 0) <
0}, Put Is.(a) =a+U(0,0), where a € D~ (g).

Let us consider the decomposition of a vector z = x* + 2 + 2~ according to the
direct sum decomposition A*(g) & A%g) & A~ (g). Now suppose that s(g) — 0. Then
grT expands exponentially to +o0o, gr~ contracts exponentially to 0 and ga® = o(g)z°

remains in a sphere with respect to the positive definite form Bjo(y). Furthermore g\ is
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close to A*(g) for every vector subspace W transversal to D~ (g) = A°(g) & A (g). Hence
for I5.(a) the image gls.(a) intersects every subspace transversal to A% (g) in particular it
will intersects D~ (g*) for every hyperbolic element ¢g* transversal to g. The image ¢g/;.(a)
contains a ball of fixed radius in a vector space close to A*(g) with a center at the point
of intersection. In the following lemmas we will give a quantitative version of this and
generalize it in a straightforward way to sequences of elements.

3.7 Lemma . Let S* ={q1,...,9k-1,9x} be a sequence of e~hyperbolic elements such that

gi and g;y1 are e-transversal for alli =1,... k. Let s = max{s(g1),...,5(gr-1),s(gx)}-
Fiz a vector a, € D™ (gx) and constants ¢, §. Let I, = I5.(ay). Then there exists a positive
number [ = [(e) < 1, vectors a; € D™ (g;), b; € A°(g;) and sets I; = I ;2 (a;,h;), j =
1,...(k—1) such that for s < 8 and 2 < j < k we have:

(1) g; (L) 2 Ij-1;
(2) g;.9;1(0(g5) (b)) = bj

(3) llaj—1 — 75 (0(g;) (b)) < s - [|ax]

Proof. Tt is enough to prove the lemma for two e-hyperbolic, e-transversal elements g,
and go. Let Is5.(az) = ag 4+ U(0,6), where the vector as belongs to D™ (gs) and let W
be the vector subspace such that U(0,9) C W and c/l\(VV, D~ (g2)) > ¢. The projection of
U(0,6) onto A (g2) along D~ (g2) contains a ball U(0,*) in At (gq), where 6 < 0*. Tt is
clear that go(U(0,6*)) 2 U(0, s(g2)10*). Therefore go(U(0, %)) contains a ball in AT (gs)
of a radius which tends to infinity for s(g2) — 0, uniformly in €. Recall that ¢ is fixed.
Similarly, d (go2W, A™(g2) ) < s(g2)c. Then goW tends to AT (ge) uniformly with e when
s(g2) tends to zero. Consequently there exists a positive number fy = fy(¢) < 1 such that
g2ls N D™ (g1) # @ for s(g2) < By. There exists a positive integer ; = (1(e) such that

~

d(g2W, D™ (g1)) < € and the image of the projection of g, onto A™(g;) along D~ (g)
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contains the ball U(0,d) in A% (g1) for s(g2) < B1. Put 8 = min{fy, £1}. This completes
the proof of (1).

Let by = 7y, (az). Then there is a unique vector by in A%(g;) such that by = 7, 4,(ba).
This proves (2).

There exists a point z € Iy such that go(z) € D~ (g1). Put a; = go(z). Then z = 2™ +
To+ x~, where 7 € AT (g2), 27 #0, 27 € A~ (ga), 7o € A%(g2). Tt is clear, that by = x
and gor = gox™ + 0(g2)T0 + g2~ . Since o (0(g2)(b2)) = gax™ + 0(g2)w0, we have |la; —
04,(0(92)(b2)[| < s(g2)||az]|. This finishes the proof. O

Lemma 3.8 . Let the set S* be as in Lemma 3.7. Assume that the elements g1 and

g are e—transversal. Let a be a vector in Agl,gk = D"(q1) N D™ (gx), b = 7,.(a), c =
7 (01(91)02(g2) - - - 0k (gr) (T (D)) and let § be a positive number. Then there exists a pos-

itive B = [(g) and a vector ¢ € D~ (gx) such that if s < f we have:
(1) g192 ... grdsc(a) D Isepa(c”)
(2) llem = el < s-lall

Proof. Let us consider the set {hy,ho,..., hyy1} where hy = g, and h; = g;_ for
2 <j<k+1 Puta =a, d=c [Itiseasy to verify that 7.7 (o(g1)(b1)) =

7_;;01 (gl)ﬂgl,QQO(QZ) (bQ> =

7 01(91) g1 420(92) 75, 43 T g1 g2.950(93) (b3) = T, 01(91)02(92) gy g50(g3) (b3) = - - - =

T (01(91)02(92) - - - Okt1(grr1) (Te41(b))) = ¢, bgyy = b and a; = ¢*. Then by lemma 3.7

(1), (3) we have precisely the assertion of the lemma. O

We now proceed to prove Lemma 3.5.

Proof. . Let S = {hy,...,hy} be a Dr(g,h)-set. As far as {g,hi,...,hn,, h} is also a
Dg(g, h)-set we will assume that g = hy,h = hy,. Fix an ¢ such that all elements in S

are 2e—hyperbolic and 2s—transversal.
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Consider a positive m-tuple L, i.e. L = (ly,05,...,0,) € Z™ where {; > 0,1 =
L,...,m. Put |L| = mini<j<,, ;. Recall that A’ = D¥(hy) N D~ (h,,) = A}, . Define
h(L) = h{'h% ... hlm. The idea is to find for every element 6 € SO(Byo) a sequence
{L"},en such that

(i) every element h(L™),r € N, is e-hyperbolic,

(ii) the sequence X, = X when r — oo, where X, = (A°(h(L™)),o(h(L™M))), X =
(4°,5).

Recall that mm = Ty hy - - Thy s hms T, @ A — A%(hy) and 7,7 0 A%(hy) — A°
The composition 7, 7,7, is an element in SO(Byo)as follows immediately from lemma
2.1 (3). Therefore, there exists an element o in SO(B o) such that 7,7 07, 7, = 0. Recall
that o(L) = of'...of. By lemma 3.3 (2), there exists a sequence {L)},cy such that
A°(R(LM)) — A" and o(L™) — o when r — oo. Hence 7} o(L™"))m,, 7, — 0 when
r — oo. For every i = 1,... m there exists a sequence {k;};en such that k; — oo and
Ofi — e since the group generated by o; is compact. Thus we can and will assume that
o(LM) — 0 and |L")| — oo when r — oo,

Put s2 = s. Fix B(g) as in lemma 1.3. It is clear that s(¢g") = s(g)"l for any
hyperbolic element g, n € Z. Then there exists a positive integer L, such that s(hfi) <
b(e) for |L")| > Ly. Therefore h(L()) is e-hyperbolic by lemma 1.3 (6), which proves (i).

Applying lemma 1.3 (3),(4) we obtain d(A*(h;), A+ (h(L™))) < est™") and
(A~ (hm), A~(R(L")))) < esg™). Since A%(g) = D*(g) N D~(g), D*(g) = (A*(g9))*
and D~ (g) = (A= (g))* for any hyperbolic element g, we conclude that

d(A (ML), A%) < 2] (3.2).

Fix a positive number d. From (3.2) we have that there exists a positive integer Ly such

that d(A°(h(LM)), A% < & for |L"| > L.
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To estimate the second term in (3.1) note, that for every hyperbolic element g the
projection of the vector space R™ onto A%(g) along A™(g) + A~ (g) is a g-equivariant map,
i.e. my(gv) = gm,(v). for every vector v € R™. Let us denote h(" = h(L™) and ||jv||, =
B(v,v)'? for any vector v € A°(h(™) and ||v||o = B(v,v)"? for any vector
ve A

Let a (resp. b) be a vector in S(A°(h™) (resp. € S(A)). Let b; be a vector in
A° such that 7, (b;) = a. Observe that by € D~ (h,,). Consider a ball U(0,4) in the
subspace A*(h(). Then by lemma 1.3 (5) b + U(0,6) = I;.(b1). Since U(0,0) C
A*(h")) then 7,0 (I5.(b1)) = a. Tt follows from lemma 1.3 (1) and lemma 3.9 (1) follows
that there exists a positive integer L; and a vector ¢* € D~ (h,,) such that h(T)L;,g(bl) D
Ise/o(c*) for [L| > Ly. Choose vector b in I5.(b1) such that A" (by) = ¢*. It is clear that
by — by] < 6. Let LO = (67, .. 65%). Set ¢ = 7 01(hn)4” . .0 (hn) ™ Ty (b). Tt
follows from lemma 1.3 (1) and lemma 3.9 (2) that there exists a positive integer Ly such
that ||c — ¢*|| < § for |L"| > L,. On the other hand, T,jlol(hl)zgﬂ . Om<hm)£$':>ﬂ'm7',;m =
o(L™). Hence ¢ = o(L™)(b;). Note that there exists a positive integer L3 such that
|o(L™) (b)) — o(by)|| < 6. Obviously a* = m,m(c*) = mum (R (b)) = R (70 (by)) =
h()(a). By definition h("(a) = o(h")(a). Set L = max{Lq, Ly, Lo, L3}. Then for |L"| >
L we have | [lo(h)(a) = o(b)]| = lla = bl | < [la* — A (B2)l| + [[[A7(b2) — (D) — [[b2 —
bl + fla = ball < 8-+ [le* — el + fle — BB — [Iba — bll| + 8 < 36 + (L) (by) — 3(by)I| +
1o(b1) — 0(b)|] — [lb1 — || + ||by — ba|| < 56. Thus for X, = (A°(R"),0(h()) and X =
(A% 5) we have X, = X when r — oo. O

Note that we have actually proved more, namely

3.9 Lemma Let I' be a Zariski dense subgroup in SO(B). Let g € T and h € T be

hyperbolic transversal elements, A® = DT (g) N D~ (h) and let Bao be the restriction of
the form B to A°. Let {g1,...,gr} be a Dgr(g,h) set. Consider a Dg(g,h) set S =
{h1,ha,h3, ... hp_1, hin} where m =k +2, hy = g, hyy = h, hiz1 = g;, i = 1,... k. Set
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h(L™) = k' hy ...k for a positive m-tuple L") = (ﬁgr),égr), . ,&?) ezm (" >

0,i=1,...,m, then
(i) d(A*(R(L™M)), A*(In)) = 0 for every sequence {L")},en, when |L| — oo
(i1) c/i\(A*(h(L(’”))), A7 (hy)) — 0 for every sequence {L"},cx , when |LM| — oo.
(iii ) for every element o € SO(Byo) there exists a sequence { L")}, en such that
(A°(R(L™)), o(h(L™))) = (A°, 0) when |LM| — cc.

(iv) there is a positive number sy < 1 such that s(h(L)) < SEL(”I

Let I be a co—compactly dense subgroup of SO(B) such that its Zariski closure is a
semisimple group. Then combining lemma 3.3, lemma 3.5 and lemma 3.9 we have

3.10 Lemma . Let g €T and h € T be hyperbolic transversal elements, A° = D*(g) N

D=(h). Let {g1,...,9x} be a Dr(g,h)-set. Consider a Dg(g,h)-set S = {hy,ha, hs,...
hm-1, him} where m =k + 2, hy = g, hyy = h, hiy1 = giyi = 1,..., k. Set h(L™M) =
(1) o) .
hil h? ...hﬁl) for a positive m-tuple L") = <€Y),€§T), . ,d,?) € Zm, KET) > 0,1 =
1,....m, then
(i) d(A*(h(LM)), A*(hy)) — 0 for every sequence {L"},en, when |L®)| = oo .
(ii) C/i\(A_ (R(L)), A= (hy)) — 0 for every sequence {L},cx , when |L7| — oc.
For every element o € SO(Byo) x K there exists a sequence {L"},en such that

(iti) (A°(R(L™)), o(h(L™))) = (A°, 0) when |L"| — oo

(iv) there is a positive number so < 1 such that s(h(L™)) < Sl)L(T”.

Recall that V%(g) = {v € R" |gv = v} where g is a hyperbolic element. It is clear
that V9(g) < A%g).
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3.11 Lemma . Let X = (W, g) be an element in O(T'). Set VO = {v € W|gv = v}.

Let {X, }ren be a sequence X, = (A%g,),0(g,)), g € T, such that X, = X. Set my =

maxy_oo{max,>y dim V°(g,)}. Then
(i) dimV?(g) = mq
(i) for every § there exists N = N(d,€) such that £(V°(g,),V°(g)) <& forr > N.

(#1) if go is a regular element, then for every & there exists an N = N(d,¢) such that

~

d(V9(gr), V°(g)) <0

Proof. (i). Assume that dim V°(g) < mgy. Without loss of generality we can assume that
dim V°(g,) = myg for all integers r. Then there exists a subspace Wy in A° such that
d(V°(g,), Wy) — 0 when r — oo. Thus dim Wy = m, there is a vector wy € S(Wy) which
is B-orthogonal to Vo. Consider a sequence of vectors {w\” }ren, w” € S(V°(g,)), such
that w(()r) — wo when r — oo. Since for every 0 there exists a positive integer Ny such that
lg(wo) = gr(wg™)| < llwo — w§” || + 6 and [Jwo — w(” || < 4, we have [|g(wo) — gr(w§ )] <
24. Hence, ||g(wo) —wyl| < ||gr(w(()r))—w(()r)||+35. By choice [|g(wo) —wp|| < 36. Therefore
wo € V9. This contradicts our assumption that wy € (A°)*.

(ii). Assume without loss of generality that there exists a § such that £(V°(g,),V°(g)) >
§ and dim V°(g,) is the same for all positive integers 7. Then there exists a subspace
VO in A° such that d(V°(g,), V%) — 0 when r — co. By assumption, there exists vector
v’ € S(V) such that min,ego(y)) £(v°, w) > 6. Thus there is a constant ¢ such that
lg(v?) — 00| > c. Let {v”},en be a sequence of vectors v\ € V9(g,) converging to v°.
Then by the same arguments as above for every 9, there is a positive integer N; such that
1g(1®) — 00| < ||g-(0) = v{?|| + & for all » > Ny. Therefore ||g(v°) — v°|| < &, contrary
to [lg(v°%) =" > e

(iii) immediately follows from (ii). O
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4. FEuclidean parts of affine transformations

In this section we take the translational parts of the elements of I' into account.
Remember that they are affine transformations. We show by using the orthogonal maps
of the last section that they go in all directions in the sense that their convex hull in its
interior. This will be crucial for going backwards by an element of I' in the section 5,
see in particular (5.1). The discussion is complicated by consider in the same time more
general case that I' is co-compactly dense.

Recall that G'p is the subgroup of the affine group AffR™ consisting of those elements
g whose linear part belongs to O(B), where B is a non degenerate quadratic from on R"
with signature (p,q), p+ g = n. By definition, an element g in G is called hyperbolic
( resp. e-hyperbolic) if the linear part ¢(g) of g is hyperbolic ( resp. e-hyperbolic). Two
elements g and h in G are called transversal (resp. e-transversal) if their linear parts
¢(g) and £(h) are transversal (resp. e—transversal). Set o(g) = o({(g)), where a ¢ is a
hyperbolic element in Gg (see (1.1)).

Unless otherwise stated we will assume that I' is a co—compactly dense subgroup of
Gp. Let G be the Zariski closure of the group I'. Recall that by definition the vector
space R" is the direct sum of B-orthogonal, ¢(I")-invariant subspaces V; and V. There
are two natural affine spaces A; = R"/V, and Ay = R"/V, projections 7, : R" — R"/V,
and 75 : R" — R"/Vj, induced homomorphisms p; : I' — Aff Ay po : I' — Aff Ay and
Up1(g)) = t1(g), €(p2(g)) = l2(g). Recall that for a hyperbolic element g we defined ¢ =

bpsie)s 1= 1,2.

Now we extend some definitions given in the previous chapter for linear transforma-

tions to affine transformations. Let O,(B) be the set of all (X, v) where X = (W, {(g)) €
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O(B), ve W, {(g)(v) =v and B(v,v) = 1. We endow 9,(B) with the topology induced
from the product O(B) x W. Namely, we say that the sequence {(X,,v,) }nen in Dq(B)
converges to (X,v) € O,(B) if X,, = X and v, — v. Put O(I") = O(¢(T")) and O(I") =
O=({(I")) for a subgroup I' in Gp. Define D,(T') = {(X,,v0) | Xy € O(T), g a hyperbolic
element of I'} and D°,(T) = {(X,,v)) | X, € O(T), g an e hyperbolic element of I'}.

Assume that g and h are hyperbolic, transversal elements of I'. Set A° = Ag,h =
D*(g) N D~ (h). Let vy and vy be two non-zero vectors from A°. We define the convex
cone Congyy in A% by Congy, .y = {v € A°|B(v,v1) > 0,B(v,v2) < 0}. Let 7, :
A’(h) — A and 7 : A°(g) — A° be the isometry defined in (3.1). Set Congyny =
COn (w0 (g))mr (0}

Let gy € I" be a hyperbolic element transversal to both g and k. Consequently we have
the following maximal B- anisotropic subspaces A?g,ggl} = D (g) N D¥(gy"), A?go’h} =
D~ (go) N DT(h), A° = D*(g) N D~(g). We conclude by repeating the arguments given
before lemma 2.2 that there exist two isometries ¢ : A%(gg) — A% and ¢ : A%(go) —
A", Namely, ¢}
A?g,go’l} along A*(g; "), A({)g,ggl} — A%g) along A=(g) and A%g) — A° along A™(g)
(resp. A%go) — AY , along A™(go), A?gmh} — A%R) along AT(h) and A%°h) — A°
along A~(h)). Recall that A*(g;") = A (go) and D*(gy") = D~ (go). Define a con-

(resp. <,,) is the composition of the following projections A°(go) —

{g0,h

vex cone Congg ny(g0) by Conggny(g0) = C’on{%( )y and set Conggny(90) =

v0(g5 ")) 590 (0 (g0
Conggny(go) N Vi. It is easily seen that Conggny(go) = Congy,(g),o0 ()3 (P1(90))-
Recall that a, = bab™'.

4.1 Lemma. (A) Let g and h be hyperbolic elements in I'. Assume that T is Zariski

dense in Gp and p —q > 2. Then the set Ry(h) = {x € G|h, is transversal to g,
Conggn,y # 0} is a Zariski open non-empty subset of G.

(B) Assume that q is even and I is co-compactly dense in Gp. Let g and h be two
hyperbolic transversal elements of I'. Let gy € ' be a hyperbolic element such that t(gi) # 0.
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Then the set Ry p1(g0) = {x € G |xgox™" is a hyperbolic element transversal to both g and h,
50\71{97;@ (zgox™t) # 0} is a Zariski open non-empty subset of G.

Proof. 1t is well known (see [AMS 3]) that if {go, g1, ..., 9m} € O(B) is a set of hyperbolic
elements and G < O(B) is an irreducible subgroup then the set {z € G |zgoz™! and g;
are transversal for ¢ = 1,...,m} is a non-empty Zariski open subset of G.

(A). Let 7, (resp. 7;7) be the projection 7, : A°h,) — A% along A~ (h,)(resp. 7, :
A%g) — AY along AT (g)) where AY = D*(g)ND~(h,). Then R,(h) = {z € G |7/ (v°(g)) #
7.7 (v°(hy)), h, is transversal to g}. Observe that this set is Zariski open. We claim that
this set is non-empty . Indeed, since p — ¢ > 2 the group SO(B},) acts transitively on
A%(h) there exists t € O(B) such that 7.7 (v%(g)) # 7, (tv°(h)). Let x € Gy be a hyper-
bolic element such that A*(z) = A*(h),{(z) = t. Then v°(h,) = tv°(h), 7,7 = 7,7, 7, =
7, . Therefore x belongs to R,(h) and the proof of (A) is completed.

(B). Since C/(;z{g,h}(go) = Congp,(g),p ()3 (p1(g0)) we can and will assume that A; = R™,
p+q=n and ¢(I") is Zariski dense in SO(B). Let gy be a hyperbolic element, transversal
to both g and h. Since ¢(g,) has a fixed vector then p — ¢ is an odd number. From lemma
2.2 we conclude that there exists a vector v € A°(go) such that ¢ (—v) # ¢ (v). Therefore
if p—q = 1 we have even more, namely, ¢t (—v°(go)) = —¢,, (v°(g0)). Since ¢, (v°(gy ")) =
s (=v%(go) we have ¢ (°(go 1)) # S0 (0°(90)). Consequently e € Rygny(g0) when p —q =
1. If p — ¢ > 2 there exists an element t € SO(B,,) N G such that tv°(gp) = v. Then
t19(gy ') = —v. There is element 2 € G such that £(z) = t, A*(z) = A*(go). Write g, =
zgor~". Therefore v°(g,) = v,0%(g;") = —v and ¢ (v°(g; ")) # <,.(v°(g2)). Hence the
element x belongs to the subset Ry, 51(g0) Thus, the Zariski open subset Ry, y(g0) of G

is non-empty set. O

Let g and h be two hyperbolic transversal elements. We will say that the set of affine
transformations {hy,...h,} is Dg(g, h)-set if and only if the set of their linear parts
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{l(hy),... (hy)} forms a Dg(¢(g),{(h))-set.

Let hi,...,h, be a Dg(g,h)-set. As usually we can and will assume that h; = g,
hm = h. Recall that h(L) = R ... hi for positive m-tuples L = (¢y,...,¢y) € Z™. We
claim that the following is true.

4.2 Lemma. Assume that the linear part of I' is Zariski dense in SO(B). Let g and

h be two hyperbolic transversal elements of I' such that the convex cone Conygypy is non-
empty. Let v° € Conggpy, B(v°, 0°) =1 and let o be a regular element of SO(Bao) such
that o(v®) = v°. Put X = (A% o). Then there exist sequences {LS:)}%N and {L Y, en
such that

(i) |LS:)| — 00 when r — o0
(ii) L") = oo when r — oo.

0 0
(iii) (Xh(Lip)’vh(L(j))) = (X, ") when r — oc.

(0) (X80, ) = 06 —08) when 7 — o

Proof. It follows from lemma 3.9 that there exists an infinite sequence of m—tuples
{L"}, ey such that (A?I(L(T)), o(h(L(T)))> = (A% 0) and |L")| — oo when r — oo. Recall
that L) = (EY), e ,E(mr)) Let us first show that for every ¢ = 1,..., m there exists a
subsequence {LET)}TGN of {L"M},cn such that

(1) |L7| = oo when r — oo

(2) (A2 00 0(R(L))) = (A°,0)

(3) 770" 0 for 1 <k <m,k+#i.
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It suffices to show, that a sequence which fulfills the properties (1) and (2) can be changed

in such a way that it will also have property (3). It is clear that for every i = 1,...,m
there exists a sequence of positive m- tuples <31(T), e sf,?) such that

(a) o(hk)slir) —eforr—occand k=1,...,m

(b) s,S") —ooforr—ocoandk=1,....m

@) (s 4+ 657 +67) = 0 for r — 0o and k £4,1 < k < m.

Put 2;; = s,ir) + é,(:) and LZ(-T) = (Z(f), e ,E(T,Z)). It is easy to see that the sequence
(L), i fulfills the properties (1), (2) and (3).

The proof will be completed by showing that v°(h(L{")) — v° and vO(h(L$))) — —°
when 7 — o0.

Denote L{” = L and L) = L. Let LY = <€Y), . ,f%)) - Set g (L) = hfy) and
(L) = Clearly MLY) = gu(LD)ga( L), Now for LY = (e, ¢7)
set gi(L7) = B9 RS and go(L0) = B Clearly A(L)) = gu(L)ga(LT)). We
have dim Vo(h(L(T )) > 1, since p — ¢ is an odd integer. On the other hand dim V°(0) =
1, since o is a regular element in SO(B4o). Then c?( VO(R(L™)),V%0)) — 0 when r —

oo by lemma 3.10 (ii). Therefore the sequence {vh( L(T))},.eN converges to the vector av?,

where |a] = 1. It thus remain to show that the sequence {USL(LM)}TEN converges to a
+
vector v? and the sequence {Uh(L T))}reN converges to —v°.
Let € be a positive number such that the elements h;,7 = 1,...,m, are 2e-hyperbolic

and the elements h;, h;, 1 <i,7 < m are 2e-transversal. Fix a point g, in the affine space

R™. Consider the sequence {LS:)}%N. Let C, = E_(L(’”>) NnE" (L) and let po(r) be the
g1l

point in C, with d(qo, po(r)) = d(qo, C;). Let gl(Lif))po( ) =p(r ) and gg(LJ:)) Ipo(r) =
p2(r). Set w(r) = pi(r) — pa(r) and vi(r) = pi(r) — po(r) and va(r) = po(r) — pa(r). By
lemma 1.3 (1), (5) and (6) there exists a positive integer N; such that for |[L")| > N,
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()
the elements hf" ;1 =1,...,m, fulfill the hypotheses of the main lemma 1.6. Therefore,

d(po(r), Oy, 1)) < L, dy, o) (po(r)) ~ o, d(po(r), O, ) < Land dy ;0 (po(r)) <
05 4+ 65 when |L@| > Ny. Hence [[oy(r)]|/lo(r)]] — 1 and [[os(r)]|/[o(r)]] — 0
when r — oo, by (3). It is immediate that v(r)/[|v(r)]| — v°(hi) when r — oo. Recall

that hy = g. Thus

vu(r)/|l(r)ll — "(9) (4.1)
when 7 — oco. As p — ¢ is odd we have dim V°(z) = 1 for every regular element z €
SO(B o). Therefore dim V(o) = 1. Since by lemma 3.12, £V°(0), VO(h(L{")) — 0 when
r — oo we have v°(h(L)) — a1®, where o = £1. From the definition of the vector
vO(h(L)) follows that B(v°(h(L{)),v(r)) > 0. Hence from (4.1) we obtain a = 1. This
proves that (XLY),UO(}L(LS:)))) = (X,v%). By similar arguments, (XL(I),'UO(h(L(_T)))> =
(X, —Y). O

Let T be the group generated by hq,...,h, and let w : [ — Z* be the corresponding
word metric. Since there exists an N € N such that hY¥, ... hY freely generate a free group

we have w(h(L)) =0, +...4,, for |[L| > N. It is possible to show that

(L) = B(r (tg), ') (42)
and
X(H(LD)) = Bl (ta), 02" (4.3)
when r — oo.
Let V' be a vector space a subset of non-zero vectors {vy, ..., v,} of V is called convex —
full if
(i) span{vi,..., v} =V
(ii) there exist positive numbers ay, ..., a.;, such that > "o, =1 and E7'oyv; =0
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Let V' be a Euclidean space. It is clear that a subset {vy,...,v,,} of V is convex—full
if and only if a subset {v/||vi|],- .., vm/l|vm||} of V is convex—full. Recall that if ¢ is
a hyperbolic element then we consider A°(g) as a Euclidean space with respect to the
positive definite quadratic form By = B|ao(y).

Here is an elementary property of the concept of convex—full subset.

4.3 Lemma. Let g be a hyperbolic element and {vy,...,v,} be a convex—full subset of

A%g). Then there is a constant ¥ = V(vy, ..., vy) < 1 such that for every non-zero vector
v € A%g) the following is true : there exists an index ig such that cos £(v,v;,) < 0 and

sin £ (v, vy,) < 9.

Proof. We can assume that ||v;]| =1 foralli =1,...,m. Put (v) = 37" By(v;,v)? where
v e S(A%g)). The number 0, = inf,cg(a0(9)) >,y By(vi,v)? is positive since S(A%(g)) is
compact. Set ) = (1—6;)/2. Hence, if cos £ (v, v;) # 0 then sin £ (v, v;) < 9. By definition
there exist positive numbers oy, ..., a,, such that > " oyv; = 0. Hence > 7" o By(v;,v) =
0. Thus there is an index iy such that B,(v;,,v) < 0. Then cos£(v,v;,) < 0 and
sin £ (v, v,) < 9. O

We need the following
4.4 Definition. Let g and h be two 2e-hyperbolic, 2¢-transversal elements. We call a

sequence S ={g1,...,gx} of e-hyperbolic, pairwise e-transversal elements a (6,<)-system

for g and h if for every hyperbolic element gy we have

(1) if go is 2e—transversal to both g and h, then gy is e-transversal to every element

giuizla"wk;

(2) if v is an arbitrary vector in A(go) then there exists an index iy, 1 < iy < k, such

that cos&(vy, , g, g0(v)) < —0.
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When it will case no confusion we will say briefly S = {g1,...,gx} is a (0, e)-system.

4.5 Lemma Let g and h be two 2e—hyperbolic 2e—transversal elements and {vy, ..., Upn}

be a conver—full subset in A° = DT (g) N D~ (h). Let {hl(r)}reN,i =1,...,m be sequences

of hyperbolic elements such that when r — oo for each it =1,...,m we have
(1) d(A* (1), A*(9) = 0
(2) d(A= (), A=(h)) = 0
(3) (") = v; .

Then there exist a positive N = N(g) and 0 = 6(g,h) < 1 such that if r > N the subset
{hﬁ”, o h%)} is a (0,¢€)-system for g and h.

Proof. Let O(v) = 31" B(vi, T4 (v))? where v € S(A%(g)). Then by the same arguments

as in the proof of lemma 4.3 there exists a positive constant 6; = #; < 1 such that

inf 0 > 0 4.4).
veS(lAO(go)) <U>_ ! ( )

By (1) and (2), there exists a positive integer R; = R;(¢) such that for » > Ry and all

1=1,...,m,
d(A=(h{"), A*(g)) < ¢/6 (4.5)
d(A°, A°(R")) < /6 (4.6)
lv; — ° (W] < e/6 (4.7)

Let go be a hyperbolic element 2s—transversal to both g and h and § < ¢, then gy is
e—transversal to each h\” i = 1,...,m and r > Ry. We also conclude from (1) and (2)
that for » > R; the element hz(»r) is e— hyperbolic for ¢ = 1,...,m. Therefore for all i =
1,...,m and all » > R; the isometries T g, and 7y, 4, are defined. It follows from (4.5)

and (4.6) that foralli=1,...,m
17,01 g (¥) = Tgo (W) — O (4.8)
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for every vector v in S(A%go)). Consider the functions

m

07 () =" BO(W"), 7,0

1

(v)*

90

where 7 € N and v € S(A%gp)). It follows easily from (4.8) that for every § there exists

a positive integer Ry = Ry(e) such that for r > Ry
6(0) — 0 ()] < 6 (49)

for all v € S(A%(go)). Combining (4.9) and (4.4) we conclude that there exists a number
R3 = R3(¢) such that for all » > R, we have

inf 67 (v) > 6,/2 4.10

st =0 410

Assume that there exists a subsequence {ry}ren such that B(v?(h{™), w0 (V) =
0 for all i = 1,...,m. Let ay,...q, be positive integers such that » "a; = 1 and

> 1 av; = 0. Let ap = minf{ay, ..., }. Then from (4.10) follows, that

Y @B (), 700 (v) > agbh /2 (4.11)

1
for all v € S(A%gp)) and i = 1,...,m. On the other hand from (4.8) follows that there

exists a positive integer Rs = Rj(¢) such that for r > R5 and all v € S(A%(gg)) we have

D @B ) m0, 00) = Y B g @) Sacdh/4 (112)
1 1

Then combining (4.11) and (4.12) we have

0= @B Thg() > aB(h{"), T, (V) + b /4> agbh /4 (4.13)
1 1
a contradiction. Therefore, for every r > max{Ry,..., R5} there exists an index iy such

that B(Uo(hl(-;)), T, () go(v)) < 0. It follows from (4.10) that B(vo(h(r)), T g (v))? > 0,/2.
o’ i’

10

This completes the proof. n
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4.6 Lemma. Assume that the linear part of I' is Zariski dense in SO(B). Let g and h

be a 2e-hyperbolic 2e —transversal elements of I such that Conggpy # 0. Then there exists
a positive number 0 = 0(g,h) < 1 and a sequence of e— hyperbolic, pairwise e—transversal

elements {g1,...,gx} in the group I such that {g1,...,gx} is a (0,¢)-system for g and h

Proof. Let {hy,...,hy,} bea Dg(g, h)-set. We can and will assume that hy = g and h,,, =
h. Set h(L) = hi* ... him for positive m-tuples L = (£y,...,0,) € Z™. Let vy, vy, ..., 0p_4
be a basis of A%. Assume that B(v;,v;) = 1 for alli = 1,...,p — ¢q. It is obvious that
{v1, —v1, .., Vp_g, —Up_y } is a convex—full subset of A°.

By Lemma 4.2 for every vector v;, ¢ = 1,...,p — ¢, there exist two sequences of
positive m—tuples {L”},en and {M7},cn such that (Xh(LE’”))’U?L(LE’“)Q = (X,v;) and
(Xh(MfT))’UZ(M}”)) = (X, —v;) when r — oo where Xty = (A%h(LE-”)),O(h(LE”)))
and X, o)) = (Ao(h(]\/[i(r))), o(h(]\/[i(r)))). It follows from lemma 4.5 that there exists a
positive integer N = N () and a positive 6 < 1 such that sequence {h(L{"), h(M"), ..., h(LI(Qq),
h(M;;)q)} is a (0,e)-system for g and h when r > N. The lemma is proved. O

Our next goal is to show that under some restriction on the quadratic form B for any
two 2e—hyperbolic 2e—transversal elements g and h of a co-compactly dense subgroup I"
of G there exists a (0, c)-system for g and h for some 6 = 0(g,h) < 1. We will follow
the same strategy we used in the proof of lemma 4.6. Namely, we will first construct
sequences of hyperbolic elements {g;(L"))},cx, i = 1,...,m such that for i = 1,...,m
and 7 — oo, A%(g;(LM)) — A® and v°(g;(L")) — v; where {v1,...,v,,} is a convex—full
system in A = D*(g) N D~ (h). Then the existence of a (6, ¢)-system will follow from
lemma 4.5.

Let g, h and gy be 2e-hyperbolic pairwise transversal elements of I" such that

(1) Conggn(g90) # @
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(2) go is R-irreducible element.

Let S = {g1,...,9x} be a Dgr(g,h)-set such that for every i = 1,...,k the element g;
transversal to go. Hence we can add elements g, h, gy to the set S and will have a Dg(g, h)—
set {hy,...,hy} where hy = g, hy = go' hs = g1, P2 = hie, Bn—1 = Go, hn = h.
Set h(L) = k' ...kl for positive m-tuples L = ({1, ..., 0n) € Z™. Let 09 be a vector in
C/C;”L{g,h} (g.) such that B(v?, 1) = 1. There exists a regular element 0, € SO(Byo) such

that o;(v)) = v?. Let 0y be the linear part of py(go). Set 0 = 0105. Define

v =B}, ¢ (t4)) 0] — &) (4.14)
and
v_ = —|B(v?,§g’O(t§?)|v? + t;? (4.15).

Set o = vy /[Jog ||, o™ = v_/|Ju_]||. Obviously v'", v € A°.

Let us make a remark before we will start to prove the next lemma. To realize our
objective we have to be able to calculate lim,_o, v*(h(L)) for a certain sequence L(").
Since the group I' is co—compactly dense its action on the affine space R™ splits into to
two actions: one on the affine space A; and the other on A,. Unfortunately, v°(h(L()) #
v (p1 (R(L)))+0°(p2(h(LM))). Fortunately since the two vectors v°(h(L™)) and x(h(L™M))
have the same direction it is enough to calculate lim,_ . x(h(L™)). Let x1(h(L™M)) =
(L)) and ya(A(L™)) = x(pa(A(L™))).Known that the elements {17 ,..., hti
freely generate free group I', for r greater than some positive integer N. From this we
will conclude that for » > N the restriction of p;,7 = 1,2 to [, is an isometry with respect
to the corresponding word metric. Therefore x(h(L™)) = x1(h(L™)) 4+ x2(h(L™)). This
makes it possible to calculate lim,_o x(h(L™)).

4.7 Lemma. Set X = (A% 0). Then there exist sequences {LS:)}reN, (L} en such

that:
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(i) \L ]—>oo when r — 00
(11) |L(f)] — 00 when r — 0.
(iii) X(h(LY")) = v,
(iv) ( WLy (LS:))) = (X, v$)> when r — 0.
(0) x(W(L)) = v
(vi) ( WL Vhir (r))) = (X, v(,l)) when r — 00.

Proof. Let {L")},cx be a sequence which fulfills the hypotheses of the lemma 3.10 such
that (A°(h(L™)), o(h(L™M))) = (A° 0) when r — co. It follows from lemma 3.11 that
v0(g") — ard or v°(g™) — Bv) when r — oo, where |a] = |3| = 1. The subset
{h3y.. . hm—2} ={91,--.,9x} is a Dr(g, h)-set. Therefore we can and will additionally
assume that 0<hi)e§” — e when r — oo for i = 1,2,m — 1,m. We can now proceed

analogously as in the proof of lemma 4.2 (a),(b) and (c¢) and conclude that there are two

subsequences {LS:)}TGN and {L@}TGN of {L"},ey such that for (&7, ... ¢5)) = L(J:)

| L(“)| — 00
we have when » — oo and
& > 6" for i >3 (4.16)
(07 <67 < (@) (4.17)
in particular EET)/EQ) — 0 for i # 2
and for the subsequence (EY), . ,E(mr)) = L") we have
(10 for i <m —2 (4.18)
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and

(602 < 6% < (603 (4.19)

m —

in particulary El(»r) /Ei,?_l — 0 for ¢ # m — 1. Since for every transformation v we have
x(7) = [lx(7)][v°(7) it is enough to prove (iii) and (v). The proof falls naturally into two
parts.
Part 1. Put g™ = p;(h(L")). Recall that for every hyperbolic element v € I we have
AF(pi(y)) = AF(y), A%(7) = A%(y) @ Vo, A°(y) = A%(pi(7)) and A° = D*(pi(9)) N
D~ (pu(h)).

We claim that: (I) lim,_. X(gg)) = |B(1Y, ¢ N0 1) lim,s x(g") =
—[BY, 55 (t5s))] .

(") 4 @) .

Let us first show (I). Set ") = py (k' b )and ¢ = b ... hf;%”) where (67, 05

L. Clearly ¢ = g(r) g(r). Fix a point gy on the p;(go) invariant line L . Let C") =
+ 1 92 P p1(g0)

Ep_l(hz)

projection of ¢; onto ng. It follows from lemma 1.6 that d(qo,q1) < 1 and d(q1, q2) <
2

N E;Er) and let q; be the projection of gy onto C™) along A~ (p1(hs)). Let g3 be the

. o _ ~
1 for sufficiently large r. Let pg = p1(hy* )qo. Set E = E;rl(hg) NE - Let @ (resp.
Po ) be the projection of gy ( resp. pg) onto E along A (pi(hs)). Let q; (resp. py ) be
)

the projection of gy (resp. py) onto Cp,n,) along A~ (pi(h1)). Let p”) = pl(hg2 )q1 and

let p{") be the projection of p™ onto E o,y along A% (pi(hs)). It is clear that there is a

5

point p; such that the vector v = p; — ¢ € AT (p1(h2)) and py(hy> )p1 = p™. Obviously
ol < s(ha) (4.20)

and d(po, p™) < s(hg)ér). Hence d(py,p™) < S(hg)eg”. Since all projections considered
above are isometries with respect to the quadratic form B, we have d(p1, ¢1) < d(qo, po) <
05 Therefore

(r) (r ) (r
d(pr(hy VB, pr (Y )p) < s(pa (b)) 65 (4.21)
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Let U[()T) = 51 — al' Then
47\~ 67\~ 40 )
pr(hy' )pr = pi(hy' )qy + E(pr(ha))™ (vg”) (4.22)
(r) T r
It follows from d(q,q0) < 1 that d(pi(h ). @) < €. Since [|€(p1(h1))8 v <
1057 < Ilpo — qo| < €5 we deduce from (4.21) and (4.22) that
BV — @l < 60 + 6 4.23
lor(hy' )P — @il <67 + & (4.23)
o ~r) (r) 67\ ~(r) . L ~
As pi(hy? )p1 = p\") we have g; 'p1 = p1(hy* )p'"). Combining this with d(q;,p;) < 1 we
conclude that

19" D1 — | < €7 + 65 (4.24)

Applying (4.16) and (4.17) to (4.20), we see that d((¢{”) 'p1, (¢5) ') < 1. Tt
follows from lemma 1.6 that |lg; — (¢8”) '] < s ¢"). Therefore

lpr — (o) ol < Y 6 (4.25)
3

Set v = ¢p; — (B8 pyJw(g™). Then v = ¢z — z/w(g™), where z =
(¢87)"'py.  Combining (4.17) with (4.24) and (4.25) we conclude that the sequence
{[[v™ || }sen is bounded. By definition tym = B(g™z — z,0°(9"))v(¢")) where z is
an arbitrary point in the affine space 4; and x(¢") = t,m/w(g). Since the se-
quence {||v]/},en is bounded and v°(¢™) — av? where a = +1, we assert that the
sequences {B(v™,v°(g"))v° (¢ }en and {B(™), v))v)},cn converge to the same vec-
tor. It thus remains to show that the sequence {B(v™, v))v)},cn converges to the vector
|B(v?, < (té[lj)))| v). Consequently we have to prove that B(v™,v}) — [B(v, ¢f ()]

when r — oco. Let v\ = p; — (gér))_lpl/w(gm). It follows immediately from (4.17) and

(4.25) that [|v{”|| — 0 when r — oco. Therefore it is remain to estimate B(vS”,1?), where
(r)
o§ = gMpy — pyJw(g™). Since ¢\"py = pr(hy )P it follows from (4.21) that

r A )y (r
(g p1, pr (B )P1) < s(pa(hn)) @6 (4.26)
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Applying (4.17), (4.22) to (4.26) we assert that

Z("")

1gPp1 — 1) — (B2 )G — @) — @ — p1) — L ()Y W) < 1. (4.27)

(")
As [lpy(hy )iy — @ll < 67, d(@,p1) < 1 we have from (4.27) that [|(¢")py — p1) —

E(pl(hl))f(lr) (W) < 7. Since €(p1(h1)) = o(pi(h1) we can rewrite the last inequality
as follows

(r) r r
(g p1 — p1) — o(pa (k)" (0§ < £, (4.29)

Let w( = o(pl(hl))zy)(v(()r))/w(g(”)). It follows from (4.17) and (4.29) that the proof of

(a) will be completed if we will show that lim, . B(w,v0) = |B(1Y, ¢ (9], Let w

be a vector in A%(p1(hy)) and let ¢ : A%(pi(hy)) — A° be the projection onto A along

AT (p1(h1)). Then B(w,v?Y) = B(u(w),v?). Tt is easy to check that for w(()r) = po — Qo We
(r) (r)

have (vy”) = ¢ (wy”), since g = hy, gy = hy. Thus we have

B(w,08) = B(w®),08) = B(to(pr (b))% 1) (wl), 08) /(g (4.30)

ggo

The point g belongs to the p;(go)-invariant line L, (5 and gy ' = ho therefore wg") =

¢t . Since o(p1(h 4" 5 ¢ when r — 0o we conclude combining (4.30) with (4.17
2 90

that lim, o B(w™,v?) = B(r} (t961)’ v)). The vector ty-1 has the same direction as the
vector 1°(gy'). By our assumption v{ € @gﬁ(go). Hence B(7} (tgo—l),/l]?) is a positive
number. Thus B(7}(t,-1),v7) = [B(7(t,1),v9)| = |B(7,f (t4),v})|- This completes the

proof of (I). To prove (II) consider (f({), . ,E%)) = L) and set ¢ = pl(h(L(T))),gy) =

(r) ") I
pl(hil hf,;"_’j) and gér) = pl(hfgff hf,%”)) Repeating the arguments given in the proof

of (I) leads to a proof of (II).
Part 2. Our next objective is to show that lim,_,« XQ(h(LS:))) =~ and
lim, oo X2(A(L") = t57).
Since A, is a Euclidean space we have d(a, v172a) < d(a,71a) + d(a,ya) for any two

Euclidean transformations v; and 9 of Aff As and any point @ € Ay . Hence there is
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constant C' = C(a, hq,. .., h,,) such that for every element 7 in the group generated by
p2(h1), ..., pa(hy) we have
d(a,va) < Cw(y). (4.31)

Let VO(y) = {v | 4(y)(v) = v} be the subspace of y—fixed vectors, where v € Aff Ay. Let
¢, be the projection ¢, : Vo — V() onto V() along the B-orthogonal complement to

VO(v). Tt is easy to check that for every v € Aff Ay we have
(va—a)=t,, (4.32)

where a is an arbitrary point in As. Let (EY), . ,ég,’;)) = LS:)' Set BN = pz(h(LS:))), hgr) _
) o .

pa (b 1E) amd B = o5 B ).

Fix a point gy on a pa(go)-invariant line L,y ,). Recall that hy = g;'. Then v(r) =
(r)

P2(h§2 )q0 — —f(r tos(hs)- Therefore

, (r) (r)
W g0 — g0 = (pa(hy )ao — go) + E(pa (RS Yo(r). (4.33)

(r)
Since o(hi1 ) — e when r — oo applying (4.17), (4.31) to (4.33) we conclude that

(W g0 — qo) Jw (")) — t,

when r — 0.

On the other hand from (4.31) follows that

(q0 — (BS) " q0) Jw(h™)) — 0

(7“))—1

when r — oco. Set a = (hy qo, then

(ha — a)/w(h™) — tp, (4.34)

when r — co. We choose the sequence {L(} such that the linear part of A" converges

to the linear part of py(go). Then d(VO(R(™), V(pa(go))) — 0 when 7 — oo by lemma
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3.11 since gg is R-irreducible. Thus x(h") = ¢, (hMa — a/w(h(”))) — tp, when r — oo.
This completes the proof of (iii) since tp, = —,,(5) = —t$2. Let (0, 65y = L7 Set

(r)

) _ (r) (r) _ ¢ b2 _ S )
h p2(h(L")), hy p2(hyt .. k7YY and h2 p2(h Lh;m") By verbatim repeti

tion the above proof we come to the conclusion that x(h(") = ¢, (h"a — a/w(h™)) —

th,,_, when r — oo. This completes a proof of (v) since ty,,,_, = ty,(g) = té%). O

m—1

In the next lemma we assume that I" is co-compactly dense subgroup in G and there
is a hyperbolic element v € I' such that .
4.8 Lemma. Let g and h be 2s—hyperbolic 2e—transversal elements in I'. Let gy € I' be

a 2e-hyperbolic element 2e—transversal to both g and h such that
(1) C/O\n{g,h}(g()) # O
(2) go is R—irreducible element
(8) the set {E(x)té? |z € T'} does not belong to any proper I'— invariant subspace of Vs.

Then there ezist positive constants 0 = 60(g,h) < 1, s < 1 and a sequence of e— hyperbolic,
pairwise e—transversal elements {g1, ..., gr} in the group T such that s(g;) < s for all i =

Sk and {g1,...,gx} is a (0,¢)-system for g and h .

Proof. Let v? and w? be two different vectors from the cone Con{g ny(9o) such that

| B(Gg (tgo)s 01| = [ B(G (tgo), wh) (4.35).
Then by simple geometrical arguments |B(s, (tg,),0)] = |B(s} (tg,), wf)|. Set ky =
|B(sj (tgo) vD)| and sy = |B(s (tg,), v9)|. Define vy = ryvd — tge), vy = —rotf) + 53, v =
Raw) — té%) and vy = —krow) + t%). It follows from lemma 4.6 that there are sequences

L' such that the following is true y(h(L{")) — v; for 1 < < 4. Tt is clear that kv, +

7

K1V + Kiwy + kows = 0. Observe that x; > 0 for 1 < i < 4 and span{vy, vy, wy, we} 2

46



{v?,w?,t%)}. Consider another pair of vectors in the cone C’/o\n{g,h}(go) which fulfills
(4.35). Repeating the above procedure enables us to construct sequences LET),i =1,...,1
such that if v; = lim, X(h(LET))). Then the following is true:

(1) there are positive numbers ; such that Y% a;v; = 0

2) the set span{vq,...v;} contains a basis of the vector space A° and the vector ¢.2).
g0

By our assumption (3) the set {ﬁ(x)t%) |z € I'} contains a basis of V. Therefore for any

proper space W of V, the set {z € I'| Z(I)té? ¢ W} is a non-empty Zariski open set.

Combining this with lemma 4.1 we conclude that there are elements z; € I'; i = 1,...m

such that for the elements g; = z;goz; " the following is true
(3) spcm{té,%), . .té?} =1,
(4) the cone 50\71{97,1} (g:) is non-empty for every i = 1,...,m.

Repeating the previous argument and replacing gg by g; leads to sequences {E@}%N such

that for every i, 1 <i <m, X(%ET)) — v; when r — oo and
(5) there are positive number «; such that ZT a;v; =0
(6> Span{vlu s 7,0771} ) ‘/2

Collect these sequences together with sequences which fulfill properties (1) and (2). Then
the set of their limit vectors will be a convex—full system in A° & Vy. This together with

lemma 4.5. completes the proof. O
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5. Main results

Fix a point ¢ in the affine space R". Let I' be a co—compactly dense subgroup in Gp
and let S be a set of hyperbolic elements of I'. Set Q. 4(S) ={v €I'| d(q,C,) <d, v
is £/2-hyperbolic, £ /2-transversal to every element in S}.

5.1 Lemma. Let S = {g1,...,gx} be a (0,¢)-system for some hyperbolic transversal

elements. Then there are constants o = a(e,d) < 1, s* = s*(e,d), d* = d*(e,d), Ly =

Lo(e,d) such that if
(1) s(g;) < s* foralli=1,... k,
(2) g & Qs,d<g>h)7 8(9) < s* and dg(QO) > LO

then there exist an index iy, 1 < ig < k, and a positive integer m < d,(qo) with the
following property
dgz’-gg(QO) < adg(qo) +d. (5.1)

Proof. Denote s = max{s(g1),...,s(gx),s(g9)} and sy = s'/2.

Take a positive constant
do(e) as in lemma 1.6. Assume that s < do(¢). Then the set {gi,..., gk, g} satisfies the

hypotheses of the lemma 1.6 and lemma 1.3. It follows from lemma 1.6 that
d(qo, Cymg) < 1 (5.2)

and from lemma 1.3 that

~

d(A*(g"g), A" ()

d(A(g"9), A~ (9))

IN

Ol DN M

(5.3)

w
3

IN

(5.4)

v2)
o

for all positive integers m and all i =1, ..., k.
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It then follows from (1.1) that it is sufficient to prove the lemma for a point p such
that d(p,q) < d(e). Let g1 be a point in CJ such that d(qo, ¢1) = d(qo, Cy). It is clear that
d(qo, ¢1) < d(e). Put p; = gg1. By definition 4.4 there exists an index i such that

IN

9 (5.5)

Cos (U.(q]zo ? ﬂ-gio 90 (U))

where v = p; — ¢;. Set C° = Eg N EF C) = E;;O N E; . Recall that Ag,gio =D (g)N
D% (gs,). Let g2 be the projection of ¢; onto C° along the subspace A*(g). Let py be the
projection of p; onto CY along the subspace AT (g). For positive integers ¢ set p3(t) =
gi.p2. Let pg (resp. ¢3(t) ) be the projection of p, (vesp. ps(t) ) onto C’gio along the
subspace A~ (g;,). From (5.5) we conclude that there exists a positive integer m < ||v||,
such that |B(w,w)| < 0||v|l, + t,, , where w = g3(m) — gs3. Note that ||v[|; = dy(q1). Put
T =max{t,,..., ty,}. Then

|B(w,w)| < 0dy(q1) +T (5.6)

Recall that Tgmg is the projection of the vector space R" onto A°(g;,g) along the subspace
At (grg) DA (97"g). Let wy be the projection of w onto Ag,gio along the subspace A*(g;,).
As this projection is an isometry, we have B(w,w) = B(wy,w;). It follows from (5.3) and
(5.6), that

[7gmg (w) — wi || < s5'dg(qn) (5.7)

It is clear that there is a constant d; = dy(e,d) such that d(gs3,q1) < dy. There is a
constant dy = dy(e, d) such that

| ||7Tg?(;g(w2)|| - ||7Tg§gg(w)|| | < dy (5.8).

for wy = q3(m) — q. Define a vector ws = p3(m) — g 'ps. It follows easily that

d(g3(m),p3s(m)) < s5'dy(q1) and d(pa, g~ p2) < Sody(q1). Therefore

[ws — w3 < s5°dyg(q1) + sody(q1) (5.9).
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By definition, B(Wg;gg(w;;),ﬂg;gg(wg))l/Q = dgirgg(gfpo). Hence from (1.1) follows that
there is a constant d3 = d3(e, d) such that

[dgzng (1) = B(mggng(wa), mgmg(w2))?| < sody(qn) + dy (5.10).
Combining (5.7) and (5.8) we conclude that there is a constant dy = d4(e,d) such that
’B(Wgzgg(@U?)’ ”g?gg(w2))1/2 — B(wy, w1)"?| < du(sg'dy(qr) + da) (5.11).
Since B(w,w) = B(wy,w;), combining (5.10), (5.11) and (5.6) we have that
dg{gg(‘ll) < Ody(q1) + da(s'dg(q1) + do) + T + sody(qr) + ds.

We rewrite this inequality as
dypra(@1) < (0 + dasiidy(ar) + s0)dy(ar) + dads + s + T (5.12)

Let s; be a positive number, such that 6 + dys'/2d,(q,) + s/2 < 1. Put s* = min(sy, dp)
and ds = dy + d3 + dady + T. Tt follows from (5.12) that if s < s*, 50 = s/ and a = 6 +
dasi'dy(qr) + so then

dg{gg<QI) < ady(q1) + dy

and the proof is completed. O]

5.2 Lemma. Let{gi,...,qgrx} be a(0,c)-system. Assume that the constants ¢, a, s*, Ly

and d* are as in lemma 5.1. Suppose that the element gy € e /2.4(S) and the {0, e} —system
{91, -, gx} fulfill the hypotheses of lemma 5.1. Then there are Ly = Lq(e,d) and § <
1, such that if dg,(qo) > Ly then there exists a positive integer m < dy,(qo) and an index

10,1 < ig < k, such that

dgrgo(q0) < Bilgy(qo) (4.21)
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Proof. 1t follows from lemma 5.1 that there exists a constant Ly = Ly(e) such that if
dys(qo) > Lo, then dg;ggo(qo) < ady,(qo) + d* for some index ig,1 < iy < k, and some
positive integer m < dy,(qo). Let r be a positive integer such that a + o” < 1. Put L =

max(L,, o~ "d*) and § = o + . Assume that d, (qo) > Li. Then from (4.10) follows
that dg?ggo (q0) < adgy(qo) + " dgy(qo0) < Belge (o) O

Our proof of Theorem A and Theorem B is based on the following
5.3 Lemma. Let " be a subgroup of Gg such that there exist 2e—hyperbolic, pairwise

2e—transversal elements g, h, go and a (0,¢)-system for g and h. Then I' can not act

properly discontinuously on the affine space R™.

Proof. On the contrary suppose that I" acts properly discontinuously. Let S = {g1,...,gx}
be a (6,¢)-system for g and h. By definition 4.4 the elements gy and g; are e-transversal
for every i = 1,..., k. Since for every positive integer N the set {gi',..., g~ } is (0,¢)—
system and g} is e-transversal to g for every i = 1,...,k we can and will suppose
that s(g;) < dy(e) for all i = 0,1,...,k, where do(¢) as in lemma 1.6. Then there is a
positive integer M such that {g},gM,..., gM} freely generate a free group (see [AMS
3]). Therefore we will assume that {go, g1, .., gx} freely generate a free group and fulfill
the hypotheses of lemma 1.3 and 1.6. Let I'(S) be the semigroup generated by S =
{g1,...,9x}. For every positive integer | set Iy = {wgl, w € T'(S)}. It follows from
lemma 1.3 that every element v € I is £/2-hyperbolic and e/2— transversal to g; for
every ¢ = 1,...,k . From lemma 1.6 we conclude that there exists a positive number b =
b(e) such that I'; € €Q./94(5). Observe that since { go,g1,...,9x } freely generate a free
group we have I'y N T, = 0 for [ # m. Let [ = UrenI';. We claim that for every positive
ctheset T, ={yeTl] d(qo) < c} is finite. Suppose contrary to our claim that this set
is infinite for some ¢;. Let g, be the point in C, such that d(qo, ¢,) = d(qo, C,) where v €
.. By (1.1) for every £/2-hyperbolic clement 5 we have |dy(qy) — dy(q0)] < d(qo,qy)-
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Thus d(qo, vq,) < d(go, ¢5) +d(qy,v¢,) < 1 for all 4 € T, by (1.1). Since Ty, is an infinite
set this contradicts our assumption that the group I' acts properly discontinuously. Let
¢, = inf ep, dy(qo). The set {y € I'/|d,(q) < ¢ + 1} is finite for every positive integer [.
Therefore for every [ there exists an element g; from I'; such that d,(qo) = inf,er, d,(qo)-
Assume that the set {d;};en is bounded and let ¢ be a positive number such that d; < ¢
for all . The set §C is infinite since the sets I'; are disjoint a contradiction. Thus d; —
oo when | — oo. Let L; be a constant as in lemma 5.2. Choose a positive integer [y such
that dj, > L; + 1. Take 7, € I'; . Since dw0 (o) > L1 + 1 it follows from lemma 5.2, that
there exists an index ig such that dg;gwo(qo) < fBd,, (qo), where 3 < 1. Then dgpy, (q0) <
dy, (q0)- Since dy, (qo) = infser, dy(go) and gj) v, € I't, we have a contradiction and the

lemma is proved. O

Theorem A. If |p— q| > 2 and the Zariski closure of I(I') contains SO(B), then T’

cannot act properly discontinuously on R™.

Proof. Let G be the Zariski closure of I'. Suppose that ¢(I") contains SO(B). Since every
subgroup of the group I' acts properly discontinuously we may assume that ¢(I") is Zariski
dense in SO(B) and I' has no torsion. Suppose that a hyperbolic element v € " has a
fixed point gq. Since I' has no torsion, it does not act properly discontinuously. Hence the
group I" fulfills the hypotheses (i), (ii) chapter 4. It is well known (see [A]), that the set
of hyperbolic pairwise transversal elements of I' is infinite. Denote this set as Q(I"). Let
g, h and gy be elements of }(I'). We claim that we can assume that the cone Conggpy #
(0. Indeed, let g € Q(I") and h € Q(T"). Then by lemma 4.1 (A) the set Ry(h) = {z €
G|zhaz™'is transversal to g and Conggp,y # 0} is Zariski open and non-empty. The
set R = {x € G|zhz™" and g, are transversal } is Zariski open non-empty set. Therefore
I'NRy(h)NR# (. Take x € T'N Ry(h) N R and consider zhz~! € Q(T) instead of h.

There exists an € such that g, h and gy are 2¢s—hyperbolic, pairwise 2¢—transversal
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elements. Since Congypy # 0 it follows from lemma 4.6 that there exists a positive
number 0§ = 0(g,h) < 1 and a sequence of e- hyperbolic, pairwise e-transversal elements
{91, .., 9x} in the group I" such that {g1,...,gx} is a (0, e)-system for g and h . Thus by

lemma 5.3 the group I' can not act properly discontinuously on the affine space R". [

5.4 Lemma Let B be a quadratic form. (A) Assume that B is a positive definite quadratic

form. Let gi,...,gm be an elements of G such that the translation t,, = 0 for all i =
1,...,m. Then there exists a positive number R = R(q1,...,gm) such that gyU(po, R) N
U(po, R) # 0 for every m-tuple N = {nq,...,n,}, where gy = gi*...g". (B) Assume
that B is not positive definite. Let ¢, ..., gmn be hyperbolic pairwise transversal elements
of Gp such that t,, = 0 for allt =1,...,m. Then there exist constants so < 1 and R =
R(g1,...,9m) such that if s(g;) < so,i = 1,...,m then gyU(po, R) N U(pg, R) # O for

every m-tuple N ={ny,...,nn}, where gy = g7* ... g and n; >0 fori=1,...,m.

Proof. . (A) The proof is straightforward. (B). It follows from our assumption that every
element g;,i = 1,...,m, has a fixed point p;. Let d = max;<; j<m{d(pi,p;)}. Define
C; = E;; NE,. ,i=1,...,m—1 Since for hyperbolic elements gi,..., gn are pairwise
transversal there exists a constant di = dy(g1, ..., gm) such that d(C;,C;) < d; for 1 <
1,7 < m, we will assume that d < d;. Our proof starts with the following observation. Let
¢; be a point from Cy,. Let p; be the projection of p; onto C; along A*(g;) and let ;11 be

the projection of p; onto C,, ., along A= (g;+1). Put 7,11 = d(pi+1,¢i+1). Then there exists

git1
a positive number s; = s;(d;) such that if max{s(g;),s(gi+1))} < s; then g;+16:U(ps, ) N
U(pit1,0 +1iv1) # 0.

Put sp = max{s;,i = 1,...m}. Assume that s(g;) < so for all ¢ = 1,...m. Then if
we will start with the ball U(py, ), we will have gyU(py,71) N U(pm, B) # 0 where R =

Yo ri. Thus if R = R+ d(po, p1) + d(popm) we have gyU(po, R) N U (po, R) # 0 . L
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Now we will prove that the following is true for group I' which is co-compactly dense
in G B

Theorem B. If q is even, then I cannot act properly discontinuously on R™.

Proof. The proof of theorem B will be divided into few steps.

Step 1. We will show here that for any hyperbolic element v from I' the element p;(7)
has no fixed point. Recall that p;(7) is one part of the decomposition. To obtain a
contradiction suppose that p;(7y) has a fixed point where 7 is a hyperbolic element in
[. It follows from [AMS 3] that there are elements x,..., x4, of I" and a positive inte-
ger N such that the elements 7; = zyyx; ' are pairwise transversal and freely generate a
free group I' . Observe that since p (7) has a fixed point then every element p;(v;), i =
1,...,4n, has a fixed point. Since for every positive integer M every element py (yM), i =
1,...,4n has a fixed point and these elements freely generate a free subgroup which still
co—compactly dense in Gp we can and will assume, that s(p1(;)) < so for every i =
1,...,4n, where sy as in lemma 5.4 and p;(7;), ¢ = 1,...,4n freely generate a free group.
Hence ¢\ = ton(yy =0 foralli=1,... 4n. Let Sy = {yi" ... A 1" = N£; > 0,i =
1,...,4n}. Set v ) = %Y) . .fyﬁj(‘}) where L") = (EY), e ,éff;l)). It is easily checked that
8(Sn) = () > (N/2)*". Let ¢ be a point in R" and put ¢ = 71(qo), g2 = 72(qo). For
the Euclidean transformations ps(7;), i = 1,...,4n, denote T = max{“t(ﬁ)H, ce ||t%)n||}
where t(yz) = tp(y)- Then po(vr)g2 € U(ge, TN). Since for the volume of the ball
U(ge, TN) we have vol(U(qy, TN)) < C(TN)" where C' = C(R") and #(Sy) > (N/2)*"
there exist two elements ;1) and v, of Sy such d(pa(y.0)q2, p2(V@)q) < 1/N2
Then d(pg(vL(z))71p2(7L(1))q2,q2) < 1/N?%. Let v,y = ghy and 7.2 = gho where h; =
gflil ...gfzs,s <dn, hy = gffl ...gfﬁr,r < 4n and i; # ji. Let hy = hy'hy. It follows from
lemma 5.4 that there exists a constant R = R(g1, ..., gan, n) such that p;(hn)U(q1, R) N
U(q, R) # 0. Let Ky be a compact set such that ¢o € Ky, U(q, R) = 7(Ky) and
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U(gq2,1/N?) = 1(Ky). Combining this with d(pa2(hn)g2,q2) < 1/N? we have hyqo €
Ky for every N. Since q, € Ky this contradicts our assumption that I' acts properly
discontinuously.

Step 2. Suppose that the assertion of the theorem is false and the dimension n of our
affine space is minimal among the counterexamples to our theorem. Let us fist show that
for every hyperbolic element v € I" the set {t;i)x,l, x € I'} contains a basis of the subspace
V5. Recall that t(f) = t,,(y)- Denote by W the subspace defined by W = span { t:(jy)x_l’ x €
['}. Assume that W # V5. Let V3 = W @ V7. We have a natural projection of the affine
space R" onto the affine space A3 = R"/V3 along V3 and hence an induced homomorphism
ps  Af(R") — Aff(As). Let T be the group generated by the set {zyaz~', z € T}. The
group ps(y) is compact since ¢, € V3 for every v € T. Therefore p3(T") is a compact group.
Hence there is a fixed point go for p3(I') in A3. Then the affine subspace A = gy + V3 of
dimension dim V3 < n is [ invariant. Since T is co—compactly dense in G and [ acts
properly discontinuously on A this contradicts our assumption.

Let g and h be two hyperbolic transversal elements of I'. Let gy be an R—irreducible
element of I'. We claim that we may assume that gy is transversal to both g and h and
C/o\n{gﬁ} (go) # 0. Indeed, let G be the Zariski closure of I'. Since ¢ 0 from lemma 4.1
(B) follows that the Zariski open set Ry p1(g0) = {z € G |zgoz™" is transversal to both g
and h and the set 50\71{97;1} (zgox™') # 0} is a non-empty subset of G. Take z € Ryyn3(g0)N

1

I and consider xgox™" instead of gg. Therefore we may assume that C’/o\n{g,h} (g0) # 0. Fix

an € such that g, h and go are 2e—hyperbolic, pairwise 2e—transversal elements. It follows
from lemma 4.8 that there exist a # < 1 and (6, ¢)-system for g and h. Consequently the

group I' cannot act properly discontinuously on R” by lemma 5.2 . O

Theorem C. If q=2 and I is a crystallographic group, then I is virtually solvable.

We have to show that ¢(T") is virtually solvable, since the kernel of ¢ is abelian, or equiv-
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alently that the Zariski closure of ¢(T") is virtually solvable. The proof is done by con-
tradiction, so we will assume from this point on that the Zariski closure of ¢(I") is not
solvable. Since a subgroup of finite index of crystallographic group is a crystallographic
group, we can also assume that the Zariski closure G of ¢(I") is connected.

5.5 Lemma Assume that B is a quadratic form of a signature (n — 2,2) and G is a
connected simple subgroup of O(B) and rankgG = 2, then I' is co—compactly dense in

SO(B).

Proof. Let g be the Lie algebra of O(B). We will use the following matrix realization of
the Lie algebra g. Let J be the following matrix

0 0 01

0 0 10
J = S

01 0 0

10 0 0

Then g= {4 € M,(R), AJ = JA'}. There exists a maximal R- split torus 7" in O(B),
whose Lie algebra t is the following set t={t € M,,(R),e; € R,e5 € R} where

er 0 0 0

0 & 0 0
t= Op_s

0 0 —5 0

00 ... 0 —g

Therefore all positive roots are the following: a = ¢y, B =&y, a+ =146, a—F =61 —
£9. The dimensions of the corresponding root spaces are as follows dimV, = dimVj =

n—2, dimVyyg =dimV,_g = 1.
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We can assume that T'< G. Let Gy be the smallest connected simple subgroup of O(B),
containing T'. Then Gg < G. Let g, be the Lie algebra of GGo. Then the simple algebra
go contains t and therefore all the following root spaces Voig, V_(a+8), Va—gs V-(a—p). Let
Ut be the sum Ut =V, + Vg and U~ = V_, + V_3. Let g be the Lie algebra of G, then
gNU*T # {0}. This intersection is T—invariant, therefore g NV, # {0} and g NV #
{0}. There exists an element w; in the Weyl group of Gy such that w,Vyw; ™' = Vj .
Therefore, w1 (Vo Ng) wi™! = VzNg. Let K be the centralizer of T, K = Zo(p)(T). This
group acts transitively on U' and U~. There exists an element w, in the Weyl group of
Gy such that woUTws~! = U~. Therefore one can find a connected co-compactly dense
subgroup G in SO(B) such that if g is the Lie algebra of G then gNU* = gNU™* and
gNU~ =gnNU~. Thus, the sets of unipotent elements in G and G are the same. Hence

G= G since both of them are generated by their unipotent elements. O

Actually, using the same idea, one can prove that if the signature of a quadratic form
Bis (n — k,k) and G is a connected simple subgroup in O(B) of real rank k, then G is
co—compactly dense in SO(B).

5.6 Lemma Assume G contains a simple group of real rank 2. Then the group G is a

reductive group.

Proof. Let U be the unipotent radical of G and let S be a semisimple part of G. There
is one connected simple normal subgroup S; of S with real rank 2. From the previous
lemma follows, that there are two S—invariant B-orthogonal subspaces V; and V5, such
that S|y, = O(B|y,), and the restriction B|y, is a positive definite quadratic form. Let
Vo={veV|tv=uv forallt € U} and let V5 be the orthogonal complement to V. Put
Wy = VOL N V. It is obvious that the subspace W, is G—invariant and B- isotropic. Hence
the projection of Wy onto V; along V5 is injective. Let w be a vector from W, and let

the w = w; + wy be the decomposition of w according to the direct sum decomposition
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V =V, & V,. We have gv = v for every g € S; and v € V5. Therefore gw — w € V; for
every element g from S;. Thus gw —w € Vi N Wy = {0}. Hence gw = w for every g €
Sy and w € Wy. Combining gw; = w; and gw = w we have gwy = w, for all g € 5;.
Therefore wy = 0 and Wy = {0}. Then V = V; & Vi~ There exists a non-zero vector v
from Vi~ such that tv — v € V; for every element ¢ from the unipotent group U. Since
tv —v € V5- we have tv = v for all t € U. Therefore u € V. Thus u € Vo NVt = {0}. A
contradiction, hence U = {1} O

Now we will prove the Theorem C.

Proof. Let G be the Zariski closure of £(T"). If the real rank of every semisimple subgroup
of G is < 1, then group I is virtually solvable (see [A]). Assume that there is a connected
simple subgroup of GG of a real rank 2. Then by the previous lemma group G is reductive.
Obviously [¢(T'), ¢(I")] is Zariski dense in [G, G| and [G, G] is a semisimple group. It
follows from lemma 5.5 that the group [T', I'| is co—compactly dense in Gp and acts

properly discontinuously on the affine space R™. From theorem B follows that this is

impossible. This contradiction completes the proof . O
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