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Abstract

We construct the non-equilibrium Glauber dynamics as a Markov
process in configuration space for an infinite particle system in contin-
uum with a general class of initial distributions. This class we define
in terms of correlation functions bounds and it is preserved during the
Markov evolution we constructed.
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1 Introduction

The theory of stochastic lattice gases on the cubic lattice Z¢,d € N is one
of the most important and well developed areas in the theory of interacting
particle systems. In the lattice gas model with spin space S = {0,1}, the
configuration space is defined as X = {0,1}%". For a given ¢ = {o(z) |z €
7%} € X we say that a lattice side y € Z? is free or occupied by a particle
depending on o(y) = 0 or o(y) = 1 respectively.

In the Glauber type stochastic dynamics of the lattice gas particles ran-
domly disappear from occupied sites or appear of free places of the lattice.
Obviously, this dynamics may be interpreted as a birth-and-death process
on Z®. The generator of this dynamics is given by

(L)) = Y alz,0)(Vaf)(o),

x€Z4

where
(Vaf)o) = f(o") = f(o),

o® denoting the configuration ¢ in which the particle at site x has changed
its spin value. The rate function a(z,o) is taken in such a way that an a
priori given measure on X (say, a Gibbs measure for the Ising model) be a
symmetrizing measure for the Glauber generator L, see, e.g., [17].

Let us consider a continuous particle system, i.e., a system of particles
which can take any position in the Euclidean space R%. The configuration
space I' for such system is the set of all locally finite subsets v € R%. An
analog of the discussed lattice stochastic dynamics should be a process in
which particles randomly appear and disappear in the space, i.e., a spatial
birth-and-death process. The generator of such a process is informally given
by the formula

(LF)(y) =) d(a,7)(D; F)(7) + ce DL F)(v) da,
ey

where

(D F)(7) = F(y\z) = F(y), (DfF)(v)=F(yuz)-F(7).

Here and below, for simplicity of notations, we just write z instead of {x}.
The coefficient d(z,~y) describes the rate at which the particle = of the con-
figuration ~ dies, while b(z,~y) describes the rate at which, given the config-
uration -, a new particle is born at x.

Spatial birth-and-death processes were first discussed by Preston in [19].
Under some conditions on the birth and death rates, Preston proved the



existence of such processes in a bounded domain in R?. Though the number
of particles can be arbitrarily large in this case, the total number of par-
ticles remains finite at any moment of time. The study of the problem of
construction of a spatial birth-and-death process in the infinite volume was
initiated by Holley and Stroock in [5]. In fact, in that paper, birth-and-
death processes in bounded domains were analyzed in detail. Only in a very
special case of nearest neighbor birth-and-death processes on the real line,
the existence of a corresponding process on the whole space was proved and
its properties were studied.

Glotzl [4] derived conditions on the coefficients d(zx,7), b(z,7), under
which the birth-and-death generators are symmetric in the space L?(p),
where p is a given Gibbs measure. Such generators is natural to call the
Glauber dynamics generators (corresponding to the equilibrium state ).
However, the problem of existence of such dynamics was left open. In the
paper [2], Bertini, Cancrini, and Cesi studied the problem of existence of a
spectral gap for the Glauber dynamics in a bounded domain in R%. Bertini
et al. considered the Glauber dynamics with death coefficient d(x,~) = 1.

By using the theory of Dirichlet forms, an analog of the Glauber dynamics
from [2], but on the whole space (thus, involving infinite configurations) and
for quite general pair potentials, has been constructed in [11]. A general class
of Glauber dynamics in continuum which admits much more wide family of
birth and death rates (again in the framework of the Dirichlet forms theory)
was considered in [12].

All mentioned papers are dealing with so-called equilibrium stochastic
dynamics that gives an existence result for a.a. starting configurations w.r.t.
the a priori given stationary measure. The latter means that we can start
our Markov process with any initial measure which is absolutely continuous
w.r.t. the symmetrizing one. In applications, however, we need to analyze
the time development for different classes of initial states of the system.
These states can be very far from the equilibrium ones and the equilibrium
stochastic dynamics (coming from the Dirichlet forms method) is not enough
for the construction of their evolution.

In the present paper we propose a construction of the non-equilibrium
Glauber dynamics in continuum. Namely, we describe a set of initial distri-
butions on I' s.t. for any initial measure pg from this class there exists a
Markov process with considered Glauber generator X} € I' starting with
o- Moreover, the distribution p of this process at the time ¢ > 0 is again
in the same class of measures on I'. Our construction is based on a general
approach to the study of infinite particle dynamics using techniques of the
harmonic analysis on configuration spaces developed in [8]. More precisely,
we start with the Kolmogorov equation corresponding to our Glauber dy-
namics. That is an evolutional equation on functions defined on the configu-



ration space I' which are called observables in the terminology of mathemat-
ical physics. An application of the combinatorial Fourier transform from [8]
gives instead of this infinite dimensional evolution equation an infinite family
of finite dimensional equations for so-called quasi-observables. This infinite
system of equations admits a natural description in terms of a Fock-type
structure. This structure is nothing but a L'-Fock space with a fixed family
of weight functions. Taking properly these weights we are able to apply a
perturbation techniques to the considered evolution equation in the L'-Fock
space and to construct a related semigroup. The dual semigroup gives then
the time evolution of the correlation functions of the initial measure and
due to a reconstruction theorem from [8] we can obtain an evolution of the
initial measure. The latter solve the dual Kolmogorov equation and it is the
main step in the construction of the non-equilibrium Glauber dynamics we
are considering.

Note that the evolution of the correlation functions in the Glauber dy-
namics is describing by a system of equations which give a dynamical version
of the celebrated Kirkwood-Salsburg system of equations for an equilibrium
state of the model. Solving this system we need to check a property of a
positive definiteness for the solution in sense of [1], [8]. This moment is
usually outside of the attention in theoretical physics considerations of time
evolutions for correlation functions. But this positive definiteness is a nec-
essary (and together with a growth condition also sufficient) condition on
correlation functions which relates them to a measure on I'. Actually, the
verification of this condition is one of the main difficulties in the approach
described above.

Acknowledgements. We are grateful to Prof.Dr. M.Rockner for fruit-
ful and stimulating discussions concerning the subject of this paper. The
financial support of the DFG through the SFB 701 (Bielefeld University),
German-Russian Project 436 RUS 113/779 and German-Ukrainian Project
436 UKR 113/70 is gratefully acknowledged. E.Zh. gratefully acknowledges
the financial support of the ZIF (Bielefeld University) in the framework of
the Research Semester ”Modeling in the Sciences” and RFBR, 05-01-00449.

2 General facts and notations

Let R? be the d-dimensional Euclidean space. By O(R?), B(R?) we denote
the family of all open and Borel sets, respectively. Oy(R%), By(R?) denote
the system of all sets in O(R?), B(R?), respectively, which are bounded. The
space of n-point configuration is

F(()n) = F((;LRd = {77 C Rd‘ In| = n} , mneNy:=NuU{0},
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where |A| denotes the cardinality of the set A. Analogously the space F(()"K

is defined for A € B,(R?), which we denote for short by FXL).
For every A € By(RY) one can define a mapping Ny : F(()n) — Np;

Na(n) := [pNAJ. For short we write np :=nNA. As a set, F(()n) is equivalent
to the symmetrization of

~——

(RA)n = {(:El,...,a?n) e (RO zp # ay if k # z},
ie. (TRW/S,L, where S, is the permutation group over {1,...,n}. Hence
F(()") inherits the structure of an n - d-dimensional manifold. Applying this
we can introduce a topology O(Fén)) on Fén). The corresponding Borel o-
algebra B(Fg")) coincides with o (Ny |A € By(RY)) .
The space of finite configurations

Lo:= | | r”

n€Ng

is equipped with the topology of disjoint union O(I'y). A set B € B(T'y) (the
corresponding Borel o-algebra) is called bounded if there exists a A € By(R?)

and an NV € N such that B C |_|7]2[:0 FE\").
The configuration space

I:= {7 C Rd‘ |y N Al < oo, for all A € Bb(Rd)}
is equipped with the vague topology. The Borel o-algebra B(I") is equal to the

smallest o-algebra for which all the mappings Nj : I' — Ny, Np(7) := [yNA]
are measurable, i.e.,

B(I) =0 (NA ‘A € Bb(Rd)>
and filtration on I' given by

BA(D) i= o (NA,

N € By(RY), N ¢ A) .
For every A € By(RY) one can define a projection py : I' — Ty,

pA(Y) = A

and w.r.t. this projections I' is the projective limit of the spaces {PA}AeBb(Rd).

In the sequel we will use the following classes of function: L°(T'g) is the
set of all measurable functions on I'y and L,(Tg) is the set of measurable
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functions which have additionally a local support, i.e. G € L?S(Fo) if there
exists A € By(R?) such that G |ro\r,= 0. Li (o) denotes the class of
measurable functions with bounded support, B(I'g) the set of bounded mea-
surable functions and Bps(I'g) the set of bounded functions with bounded
support. For any A € By(R%), the class of functions G € By(Ty), whose
support is a subset of A we will denote by B{)\S(F 0)- The class of continuous
functions from B (To) we will denote by OB (T'p).

On T' we consider the set of a cylinder functions FL°(T), i.e. the set
of all measurable function G € L%(T) which are measurable w.r.t. Ba(T)
for some A € By(R%). These functions are characterized by the following
relation: F(y) = F [r, (7a).

Next we would like to describe some facts from Harmonic analysis on
configuration space based on [8, 9].

The following mapping between functions on Ty, e.g. L (Tp), and func-
tions on I', e.g. FLO(I"), plays a key role in our further considerations:

KG(7):=) G(), 7veT,

£&y

where G € L) (Tg), see e.g. [15, 16]. The summation in the latter expression
is extend over all finite subconfigurations of v, in symbols & € ~.
K is linear, positivity preserving, and invertible, with

K7F(p) == (-)IMF(E), el (1)
£Cn

It is easy to see that for all A € By(R?), F € FLY(T, Bx(I"))
K~'F(n) =1, (n)K~"F(n), Vne Ty (2)
One can introduce a convolution

*: L%(Tg) x L)(Tg) — L°(To) (3)
(G1,G2) = (G1%G2)(n)

= ) GiaU&) Ga(&UE),
(€1,62,63)€PS (1)

where 735’ (n) denotes the set of all partitions (&1, &2, &3) of 1 in 3 parts, i.e., all
triples (£1,&2,83) with § Cn, §NE; =0 if i # j, and §UEUE = 0. It has
the property that for G1,Gs € LIOS(FO) we have K (G1 xG3) = KG1 - KG».
Due to this convolution we can interpret K transform as Fourier transform
in configuration space analysis, see also [1].

Let M} (') be the set of all probability measures y which have finite
local moments of all orders, i.e. [u|va|"u(dy) < +oo for all A € By(RY)
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and n € Ng. A measure p on I'y is called locally finite iff p(A) < oo for all
bounded sets A from B(Iy), the set of such measures is denoted by Mig(T).
One can define a transform K* : M} (T') — Mys(Tp), which is dual to the
K-transform, i.e., for every pu € M} ('), G € Bys(T'g) we have

[ KGOt = | G (1w,
r Lo
pu = K*p we call the correlation measure corresponding to u.
As shown in [8] for p € ML (T) and any G € L*(To, p,) the series

KG(y):=)Y_G(n), (4)

ney

is p-a.s. absolutely convergent. Furthermore, KG € L'(T', 1) and

G(n) pu(dn) = /F (KG)() pu(d). (5)

1)

Fix a non-atomic and locally finite measure o on (R¢, B(R?)). For any

n € N the product measure 0®" can be considered by restriction as a measure

on (R4)™ and hence on F(()"). The measure on F(()") we denote by (™),

The Lebesque-Poisson measure A,, on 'y is defined as

[e.9] n

Ao 1= Z %U(”).

n=0

Here z > 0 is the so called activity parameter. The restriction of A,, to 'y
will be also denoted by A.,.

The Poisson measure m,, on (I',B(T")) is given as the projective limit
of the family of measures {72 } AeB,(rd): Where 7l is the measure on T'y
defined by 7 = e=20(M) .

A measure u € M} (T) is called locally absolutely continuous w.r.t. 7.,
iff up :=po péf is absolutely continuous with respect to 7 = 7., 0 pxl for
all A € BA(R?). In this case p, := K*p is absolutely continuous w.r.t A.,.
We denote by k(1) := g%(n), n € Ip.

The functions

K (RO)" — Ry (6)
sy o Bl )y i 1) € (RO
0, otherwise

are well known correlation functions of statistical physics, see e.g [22], [21].
Let us now recall the so-called Minlos lemma which plays very important
role in our calculations (cf., [13]).



Lemma 2.1 Letn € N, n > 2, and z > 0 be given. Then

/ G U U H (s i )dAs (1) - AN (1) =
To T'o

= G(T]) Z H(nla o 777n)d)‘z(77)

To (771777771)67)71(77)

for all measurable functions G : I'g — R and H : T'g X ... x I'g — R with
respect to which both sides of the equality make sense. Here P,(n) denotes
the set of all partitions of n in n parts, which may be empty.

3 Potential and Gibbs measures on configuration
spaces

A pair potential is a Borel, even function ¢ : R — R U {+o00}. We assume
that ¢ satisfies the following conditions.
(I) (Integrability) For any 8 > 0,

o(B) = /R 11— exp [ ()] dr < o

(P) (Positivity) ¢(z) > 0 for all z € R%.

For v € T' and 2 € R?\ ~, we define a relative energy of interaction as
follows:

E(z, ) = { Doyer P@—y), i3 [o(z —y)| < oo,

400, otherwise.

The energy of configuration 1 € I'g or Hamiltonian E? : Ty — RU {400}
which corresponds to potential ¢ is defined by

E°()= Y ¢z—y), neTo, In| >2.
{z,y}Cn

The Hamiltonian Ef\) : Ty — R for A € By(R?) which corresponds to
potential ¢ is defined by

E{m =Y é@—y), n€Ta, | >2.
{z,y}Cn

For fixed ¢ we will write for short E = E? and Ep = Ef\’
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For given &4 € I define the interaction energy between n € I'y and ype =
7N A¢, A =RNA as

Wity = Y, ol@—y).

ZTEN, YEYAC

The interaction energy is said to be well-defined if for any A € Bj(R9),
n €'y and 4 € I it is finite or +oo.
For 3 > 0 we define

Ex(ny) = Ex(n) +Wa(nly)

and

Z0(7) = /F exp {—BEx (1] 7)}=(dn)

the so-called partition function.
Let A € By(R%), 3 > 0 be arbitrary, and let 4 € I'. The finite volume
Gibbs measure on the space I'y with boundary configuration 7 is defined by

_ exp{~BEA(] 7)}

Pa,5(dn) ZA ()

Az (dn).

When 5 = 0, let Py ¢(dn) =: Pa(dn).
Let {ma} denote the specification associated with z and the Hamiltonian
E (see [18]) which is defined by

masld) = [ Pasin)

where A’ ={neTpr: nU (jac) € A}, A€ B(I') and 5 € T.
A probability measure p on I' is called a Gibbs measure for F and z if

p(ma,5(A)) = p(A)

for every A € B(T') and every A € By(RY).

This relation is the well-known (DLR)-equation (Dobrushin-Lanford-
Ruelle equation), see [3] for more details.

The set of all Gibbs measures which corresponds to the potential ¢,
activity parameter z > 0, and inverse temperature 3 > 0 will be denoted by
G(o, z, #). For fixed potential ¢ we will write G(z, 3) instead of G(¢, z, ().

Remark 3.1 The set G(¢, z, 3) is non-empty for all z > 0, B> 0 and any
potential ¢ satisfying (P) and (1), see [14].



4 Generators. The symbol of the Glauber gener-
ator on the space of finite configurations

We consider a Markov pre-generator on the configuration space I', the action
of which is given by
(LEF)() == (Lpa)F(7) =

—Zdl”}/\ VD, F(v /bva*’F()d
xey
where D F(y) = F(y\ z) — F(7) and D F(y) = F(yUz) — F(y).
It is known that the Gibbs measure p € G(z, () is reversible with respect
to the Markov process associated with the generator L (i.e. the operator L

is symmetrical in L2(T, u)) iff the following condition on coefficients b and
d (birth and death rates) holds:

bz, ) = ze” PP d(x, 7). (7)

In the sequel we will be interesting only in particular cases of birth and
death rates, which play an essential role in the study of some problems of
mathematical physics:

bz, 7) = ze”PP@d(z, 5) = 1.

Such model was investigated by many authors, see e.g. [13], [11]. The
corresponding Markov generator we denote by the same symbol L.

For the technical reasons we will be also interesting in the birth and
death rates localized in some volume A € B(R?). Namely

bA(‘Ta fY) = ZﬂA(x)e_ﬁE(w’fm)a dA(‘Ta ’Y) = HA('Z')

Corresponding Markov generator we denote by Ly .

In the recent paper [13], the authors have shown that in the case of
equilibrium Glauber dynamics with invariant measure p € G(z, f3), corre-
sponding to the pair potential, the image of L under the K-transform (or
symbol of the operator L) has the following form:

(LG)(n) == (K"'LKG)(n) = LoG(n) + L1G (1), G € Bys(To)

where

LoG(n) == —[n|G(n)

and

LiG(n _ZZ/ G(EU ) ( —Bo(z—y) He—ﬁqb:cy

§Cn yen\§ TS
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Analogously, one can show that the symbol of Ly has form:
(LAG)(n) = (K~ LyK G)(n) = ~|na| G (n)+
> / G(eua) [[ (e#4ems® —1) T e #4"d, G € Bya(Ty).
A

£Cn yen\§ VASIIN

5 Construction of a semigroup of the symbol.

Let A be the Lebesgue-Poisson measure on I'g with activity parameter equal
to 1. In the whole section we suppose that potential ¢ satisfies condition
(P) and (I).
For arbitrary and fixed C' > 0 and 8 > 0, we consider operator L as
a pre-generator of some non-equilibrium Markov process in the functional
space
L, g = L} (Lo, CMePEM \(dnp)). (8)
In this section, symbol || || stands for the norm of the space (8) and symbol

2, denote strong convergence in L¢ g.
For any A € By(R%) we set

£y 3={GeLcg| G lrpr,=0}. 9)
It is not difficult to show that £é7 5 1s a closed linear subset in (L¢3, || -])-
Therefore, (E[C"ﬁ, || - ||) is a subspace of (Lc 3, || - |])-

For any w > 0 we introduce a set H(w,0) of all densely defined closed
operators T on L¢ g, the resolvent set p(T") of which contains sector

Sect(%—i—u}) = {CE(C\ \argg“\<g+w}, w>0

and for any € > 0

M,
I =¢m7H < 75 largdl < 5 +w—e,
where M. does not depend on (.
Let H(w, #), 6 € R denote the set of all operators of the form T'= Ty + 6

with Ty € H(w,0).

Remark 5.1 It is well-known (see e.g., [7]), that any T € H(w,0) is a
generator of a semigroup U(t) which is holomorphic in the sector |argt| <
w. The function U(t) is not necessary uniformly bounded, but it is quasi-
bounded, i.e.

U] < const ||

in any sector of the form |argt| <w —e.
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Proposition 5.1 For any C > 0 and 8 > 0, the operator
(LoG)(n) = =[nlG(n), D(Lo) ={G € L¢,g| [nlG(n) € L, 5}

is a generator of contraction semigroup on Lc, g. Moreover, Ly € H(w,0),
for allw € (0, ).

Proof. 1t is not difficult to show that Lg is a densely defined and closed
operator in L¢, 3.
Let 0 < w < § be arbitrary and fixed. Clear, that for all ¢ € Sect (% + w)

Therefore, for any ¢ € Sect (3 + w) the inverse operator (Ly — (11)™!, the
action of which is given by

1

|m+<Gm% (10)

(Lo — ¢1) " G](n) = —

is well defined on the whole space L g. Moreover, it is bounded operator in
this space and

‘—1‘, if Re¢ >0,
(Lo —¢1) 71| < (11)
%,ER%<Q

where constant M does not depend on (.
The case Re( > 0 is a direct consequence of (10) and inequality

In| + Re¢ > Re > 0.
We prove now bound (11) in the case Re ( < 0. Using (10), we have

<l

490 = @ [aee]|

(20— cm) el = |
Since (¢ € Sect (5 +w),
[Im¢| = ¢l [sin (5 +w)| =[] cosw.
Hence,

[ S

=M
[l +<¢I = Im(| ~ cosw

and (11) is fulfilled.
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The rest statement of the lemma follows now directly from the theorem
of Hille-Tosida (see e.g., [7]). [

Let k > 0 be the parameter of the considering model.

We now consider operator

(L1G)(n) = (L1,5,xG)(n) =

= H}Z G (EUx) H (e7B9@=v) _1) e PE@ gy G e D(Ly)
£Cn yen\§

with domain D(Lj) := D(Lg). The well-definiteness of this operator will be
clear from the lemma below. -
For the symbol of the operator L we will write sometimes Lg , instead

of L to stress the dependence of this operator on £ > 0 and 8 > 0.

Lemma 5.1 For any 6 > 0 there exists ko = ko(d) > 0 such that for all
K < kg the following estimate holds

1L, 8,x Gl < al|LoG|| +b]|G[, G € D(Lo) = D(L), (12)
with a = a(k) < 0 and b =b(k) < 0.
Proof. As 1 belong to the resolvent set of Ly we have

|L1(Lo — 1) 'G| = H/r |Ly(Lo — 1) G(n)| CMe PED \(dn).  (13)

Define
)= [ le?@ ¥ —1], zeR?, peTy,

yeEN\z

then by modulus property (13) can be estimated by

.

By Minlos lemma, (14) is equal to

S | e IGE UK € P da e ),
R4

0¢Cp
(14)

1
K —— |G(EU )| K (=, ¢ PE@, &) 10 CMVEl c=BEMIE) \ (dYN\(dn).
(AwﬁmédKUx++ﬂ (€U )| K (z,m) (d€)\(dn)

Using again Minlos lemma we bound the latter expression by

1 — xr x x — x
,{/ / LGOS K, n)ePE@ QD I = SEGUED ) (dg) A ().
o Jro €]+ 1 p=r

12



Since
E(z, £\ z) = E(§) — E(§\ )
and since positivity of ¢ implies

E(mU(E\z) - E(E\z) >0

we have

IL1(Lo — 1)7'G| <

€l g=BE() nU(E\e)|— €]
: ”/po g Hlewle Z/ K (z,7)C A(dn)A(de) <

el

1€l g—BE() Inl—1
<n [ Eegicele > | EGmCht @)

rel
Finally,
121(Lo = 1)7'G < kC™ 1P |G
Therefore,
I1L:G|| < kC™e“ PO |(Lo — 1)G| < al|[LoGl| + bIIGI,
where

a=b:=nrC 1V,

Clear, that taking
Ko = §Ce=CBC

we obtain that a, b < 4. [ |
Theorem 5.1 For any C > 0, and for oll k, B > 0 which satisfy

2rkexp (C(B)C) < C, (15)

the operator L/g\ﬁ is a generator of a holomorphic semigroup in Lc, g.

Proof. The statement of theorem follows directly from the theorem about
perturbation of holomorphic semigroup (see, e.g. [7]). For the reader’s
convenience, below we give its formulation:

for any T € H(w, 0) and for any € > 0 there exists positive constants e,
0 such that if operator A satisfies

[Aul| < a||Tul| + bllul|, we D(T)C D(A),
with a < 0, b <, then T+ A € H(w — ¢, €).
In particular, if 6 =0 and b=0, then T+ A € H(w — ¢, 0). [ ]

13



Remark 5.2 Applying the proof of the theorem about perturbation of the
generator of a holomorphic semigroup (see, e.g. [7]) to our case and taking
into account the fact that Ly € H(w, 0), for any w € (0, §), one can
conclude that § in this theorem can be chosen to be %

For our further purposes we have to show that holomorphic semigroup
constructed in Theorem 5.1 can be approximated by the semigroups localized
in bounded volumes.

Let A € By(R?) be arbitrary and fixed. Then all results proved in this

section hold true for the operator L, acting in the functional space Eé 3
with domain

D(La) :={G € Lo,p | |-a1G() € L 5.
Namely, the main result can be formulated as follows

Theorem 5.2 For any A € By(R?), and any triple of constants C, k > 0,
and 8 > 0 which satisfy

2kexp (C(B)C) < C,
the operator I/;\ is a generator of a holomorphic semigroup in Eé’ﬁ.

Remark 5.3 The arguments, analogous to those which were proposed in the
proof of Lemma 5.1, imply the fulfilment of (12) for the operators

Lo, AG(n) := nalG(n)

and
L/L\AG(U) = KZ/ G(EUx) H (e Pol—v)Ialy) _ 1) H o—B@—y) g
with

D(Lo.a) = D(Lia) = {G € L g| |-A|G() € LB 5).

Moreover, bound (12) in this case will be uniform with respect to the
A € By(RY), i.e. coefficients a > 0 and b > 0 in (12) can be chosen A
independent.

Fix any triple of positive constants C, x and  which satisfies (15) and
any A € By(RY).
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Remark 5.4 Let &?‘(C,B, k) be holomorphic semigroup generated by oper-
ator (E\, D(ﬂ)) on Eéﬁ. Then UMC, B,k) o Py, >0, where

PAG(n) :=1p,(n)G(n), Ge€Lesp
is a semigroup on Lc, g generated by the operator f//\x o Py with domain
D(Lyo Py):={G € Leg||-allr,()G() € Leyg} -

Remark 5.5 The theorem about perturbation of the generator of a holomor-
phic semigroup, mentioned before in this section (see also [7]), implies that
for any A € By(RY) and ¢ > 0 there exists ¢ > 0 and constant M > 0 which
is not depend on A such that for any ¢ > € the following bound holds

—~ _ ™
[(LaoPy—¢)7H| < jarg (=)l = 5 +w—e

M.
I —el’
Let {Ay, }n>1 be a sequence of Borel sets such that A,, C A4, foralln e

N, and Un21 A, = R?% Now, we formulate the following approximation
theorem.

Theorem 5.3 Let /U\t(C’,ﬁ, k) and {UtA”(C,ﬁ, K), n > 1} be holomorphic

semigroups generated by L/’;ﬁ and {me n > 1} in the spaces Lc, g and
56 8 respectively. Then,

U (C.B3,k) 0 Pa, = Ti(C, B, k), n— oo
uniformly on any finite interval of t > 0.

Proof. Using approximation theorem for quasi-bounded semigroups (see e.g.
[7]), it is enough to show that

(Lan,p,r 0 Pry = Q)7 = (Lgs — )7

for some ¢ € C such that Re{ > 6.
Let ¢ € C, Re( > 0 be arbitrary and fixed. For any G € L¢ g it holds

I(Lan. g0 Pan —O)7'G = (L — ) 7'G| =

— [(Eaon o Pay = 7 [Loe = Lo P, (L = Q7' (16)
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For any G € D(fﬁ\n) = D(Ly)

Lo — Ligon o Pa| Gln) = =l [1 = Ty, ()] G+

- /A Geua) I [ -] [T e vdo +

€Cn = n yeN\E y'e€
5D / G(eua) ] [eolen) — 1] oy
£Cn /A yeEN\E

X [1 - ﬂFAn (Eu 5E)HFAn n\§) eﬁE(x’EA%) } dz,

where A = R\ A,,.
Using fact, that for any ¢ € I'y and = € R?

Ir,, (€U @) PP@s) =1, (U ),
simple inequality

1=y, (Olry, (M| < [1 =Ty, (O +[1 =1y, ()], & 7€ To,

and estimates analogous to those which were proposed in Lemma 5.1 we
obtain

H {L/ij — L 6m 0 PAn] G(n)H <
< (14 xmax{1, ¢ D) || [L-1r,, ()] |- 1G0)]| +
+r max{1, C_l}ec(ﬁ)c H | Ac ]G()H +
Fmax{L, O, GO [ By, (KO, m)C A
All of the summands in the right-hanti side of the last inequality definitely
tends to zero, when n — oo.

Using Remark 5.5 and equality (16) we easily conclude that difference in
(16) also tends to zero when n — oo. ]

6 Construction of a non-equilibrium Markov pro-
cess

Fix any triple of positive constants C, x and ( which satisfies (15). Let
U:(C, B, k) be holomorphic semigroup generated by Lg ,, and let

Ke g = {k :To — Ry | k(-) C~HePEO ¢ LOO(FO,)\)} (17)
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be the set of ”so-called correlation functions”. Note that K¢ 3 is a Banach
space.

We introduce the following duality between quasi-observables G € L¢, g
and functions k € K¢, g

(G, k) = (G, Koy, zy - (18)

Let us mention that G € L¢3 means that G(-)Clle PF() ¢ LY(Ty, ).
Therefore, the duality

(G, Biawon = [ GO PEOR(pCeIED)ax () < o
1)
is well-defined.
Note, also that k(-) C~I1efE() € L°(I'y, \) means that function k satis-
fies the following bound

k(n) < const CMe=BEM (19)

which is known as generalized Ruelle bound, see e.g. [10].

Using duality (18) one can easily show that semigroup /U\t(C, B, k) deter-
mines corresponding semigroup ﬁ} (C,B,k) on K¢ .

Next, we solve the following problem: suppose that kg € K¢ g is a
correlation function which means, that there exists a probability measure
Lo € M}cm(l—‘ ), locally absolutely continuous with respect to Poisson mea-
sure, whose correlation function is exactly kg. Does evolution of kg with
respect to the semigroup [/]} (C, B, k) preserve the property described above?
Namely, will ﬁ} (C, B, K)ko, for any moment of time ¢t > 0, be a correlation
function or not?

In order to answer this problem, one can apply, for example, the theo-
rem about characterization of correlation functions, proposed in [8]. In the
model under consideration, the conditions of this theorem, which must to be
checked are the following:

for any t>0: <<G*G, @(C’,ﬁ,/ﬁ)k‘o>>20, V G € Byps(Ty).

Further explanations will be devoted to the verifying of the latter condi-
tion.

Let 1 € G(B, 2) and {m) p}rcp,me) denote the specification with empty
boundary conditions corresponding to the Gibbs measure pu. We define

E(F, G) = /F S Dy F(4)D; G()maldy, 0), F, G € K CBL(T).

rey

Now we would like to list some facts the proofs of which are completely
analogous to the proposed in [11].
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Lemma 6.1 The set K CBJ (L) is dense in L2(T', mpg) for any A € By(RY).

Lemma 6.2 Let A € By(R?) be arbitrary and fived. Then (£, K CBX,(Ty))
is a well-defined bilinear form on L*(T', my g).

Lemma 6.3 Let A € By(R?) be arbitrary and fived. Suppose that conditions
(1) and (P) are satisfied. Then (La, K CB{ (o)) is an operator associated
with bilinear form (£, K OB (Lo)) in LA(T, mayp), i.e

8P G) = [ INFOIG)maa(dy). F. G € K CB(T)

Lemma 6.4 Let A € By(R?) be arbitrary and fived. Suppose that conditions
(1) and (P) are satisfied and i € G(z, B). Then there exists a self-adjoint

positive Friedrichs’ extension (Ly, D( A)) of the operator (La, K CBA (To))

in L*(T', my ). Moreover, (LA, D(LA)) is a generator of a contraction semi-
group which preserves 1 in L2(T, TA,p), associated with some Markov pro-
cess.

Remark 6.1 It is well known (see e.g. [20]) that under condition of Lemma
6.4 the semigroup generated by (Lx, D(Ly)) can be extended to the L)(T A, Q)
For any A € Bb(Rd) the extension of this semigroup in L'(T, my ) we will
denote by (UA)t>0 For the e generator of this semigroup we will use notation
(LA, Dl(LA)), where Dl(LA) D D(LA) is a domain of Ly in LY, mpp)-

Now, we introduce one of the crucial lemma about the evolution of the
”so-called correlation functions”.

Lemma 6.5 Let positive constants C, k and [ which satisfy (15) be ar-

bitrary and fized. The semigroup ﬁ} (C,B,k) on K¢, preserves positive
semi-definiteness, i.e. for anyt >0

(GG, THC.B,m)k)) >0, VG € Byu(To)
iff
(GG, k) >0, (20)
for any G € Byg(Ty).

Remark 6.2 Let M¢, g stands for the set of all probability measures on I,
locally absolutely continuous with respect to Poisson measure, with locally
finite moments, whose correlation functions satisfies bound (19). As it was
pointed out at the beginning of this section, the condition (20) on function
k € K¢, g, insures an existence of a unique measure ke Mc, g whose
correlation function is k, see [8].

18



Proof of Lemma 6.5. Under assumptions of the lemma we have to show that
for any t > 0

<</U\t(C,B, k) (G G), k>> >0, VG e Bu(lo) (21)
But G x G € Byps(I'g) for any G € Bypg(I'g). Therefore, due to Theorem 5.3

it is enough to show that for any ¢ > 0 and any G € Byg(I'g) there exists
A" € By(R?) such that for all A € By(RY), A > A

<<6§A(C,5, 7)o PA(G % G), k) ) > 0. (22)
Let A € By(R?) be arbitrary and fixed. We set
Ur = KUMC, B, )) K™Y, ¢>0.
(UM)i>0 is a semigroup on
(£ = KLG g0 || [ =K Mlec )

which is the Banach space. Moreover, it is not difficult to show that a
generator of this semigroup coincide with (Ly, K D(Ly)).

Proposition 6.1 For any F € £} C LY, mpp),
UM =UPFE, t>0 in LT, mp ).

Proof. The fact that (Ly, KD(Z/\X)) is a generator of (U)o in (L2 |]-]]1)
means the following (see e.g. [6])

— 0, n— oo, forall FEE?.
1

A t "
UMF—(~Ly-1) F

Because || - ||t > || - ||, the latter fact implies

—0, n—oo, forall Fecl (23)

t —n
UMF — <—LA — 11) F
n

Analogously, the fact that (E\, Dl(f;\)) is a generator of (U})i>0 gives us

—0, n—oo, forall Fel (24)

—~ t — -n
UM — <—LA - 11> F
n
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As was shown before, there exists € > 0 such that for any real { > € and any
Fer)

(Lr ) P F= (Lo c1) [y L] (Lo - ) B

The function F¢ := (Lp — (1) 'F e KD(EX) Hence, [LA - E\} Fr = 0.
The latter fact means that

—_— t — -n
UMF — (—LA - 11> F
n

—0, n—oo, forall Fefld (25

—~ t -n
UMF — <—LA - 11) F
n

The convergence (23) and (24) imply the assertion of the proposition. W

Corollary 6.1 Lemma 6.4 implies that for any moment of time t > 0
UMF >0, for all F>0 in LYT, 7y ). (26)

Let t > 0 and G € Bys(I'o) be arbitrary and fixed. Suppose that N € N
and A’ € By(R?) are such that

GxG| 0.

FO\U,IX;OFES) o

Then, K(Gx G) = |KG|? € L} for all A € By(RY), A D A’. Moreover,
P\|KG|* = |[KG2.

Hence, the left-hand side of (22) for any A € By(R%), A D A’ is equal to
the following expression

((TM €A o PG G). 1)) = [ KTNG* G ) =

— [ UMK+ G (a) = / UMEG ()5 (),
T T'a

where ,uﬁ is a projection of u* on T'y. Let us mention that measure p* is
locally absolutely continuous with respect to Poisson measure 7. Therefore,

(TR0 0 Pr(Gx G, K)) = [ URKGRO) A ()i,

Corollary 6.1 implies that there exist set S C I', m) ¢(S) = 0 such that for
ally eI\ S:
UHEG(y) 2 0.
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But 7, ¢ is absolutely continuous with respect to m. Furthermore, the cor-
responding Radon-Nikodim derivative is positive almost surely with respect
to mp. Hence, mp(Sp) = 0, where Sy is a projection of the set S to I'y, and

((Thc.pmon@a.r)) = [ . UtArKGP(v)%(w)m(dn) > 0.

The latter proof the assertion of Lemma 6.5. |
The result obtained in Lemma 6.5 and fact about characterization of
correlation functions from [8] imply the following corollary.

Corollary 6.2 Let positive constants C, k and (3 which satisfy (15) be ar-
bitrary and fized. Let k € K¢ g be such that ((G*G, k)) > 0, for any
G € Bys(I'g). Then for any t > 0 there exists unique measure [, € Mc g

whose correlation function is [/]}(C,B, K)k.

Let us denote in Corollary 6.2 the evolution of the measure y in time by
U (C, B, k)i := pg. One can easily show that (U (C, 3, k))i>0 is a semigroup
on Mc g. This leads us directly to the construction of the non-equilibrium
Markov process (or rather Markov function) on T

Theorem 6.1 Suppose that conditions (I) and (P) are satisfied. For any
triple of positive constants C, k and [ which satisfy (15) and any p € Mc, 3
there exists Markov process X|' € T with initial distribution p associated
with generator Lg .

Proof. Let n € N, functions 0 < Fy, Fy,..., F,, € L>®(I') and moments
of time 0 < tg < t; < ... < t, be any and fixed. Then there exists a
process, defined on some probability space (€2, F, P), the finite-dimensional
distribution of which is given by the following formula:

/QFO(Xt’f))...Fn(Xt’i)dP ::/Fan...Ut*l_to(C,/{,n)(Fou)

Eventually, we have constructed the non-equilibrium Markov process. |
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