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1 Introduction

In this article we will describe certain new, so-called, symmetric cohomo-
logical operations in algebraic cobordisms introduced in [16]. We will show
that these operations are well-defined on 2* - see Theorem 2.24 (in [16] it
was shown only that they are well-defined on (Pre —(2)*), and prove various
properties. Among such properties we could mention: commutation with the
pull-back morphisms - Proposition 3.4, special behavior with respect to the
regular push-forwards - Proposition 3.1, triviality on the classes of embed-
dings - Proposition 3.2. The latter property shows that symmetric operations
provide an obstruction for the cobordism class to be represented by the em-
bedding. It is an interesting question to find out what other obstructions
exist. We will show also that our operation ® is a generator for the class of
operations with very natural defining properties - Theorem 3.8. The connec-
tion between symmetric operations and Landweber-Novikov operations will
be described - Proposition 2.13. We will show that symmetric operations
permit to work with algebraic cobordisms and Chow groups in a bit more
subtle way than the Landweber-Novikov operations do, since one does not
need to mode-out the 2-torsion elements. As a demonstration of this feature
we point out the applications to the computation of the algebraic cobordisms
of a Pfister quadric - Theorem 4.1, and to the questions of the rationality of
cycles under function field extensions - Theorem 4.3.
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was visiting Institute for Advanced Study at Princeton and Bielefeld Univer-
sity, and I want to thank both institutions for the support, excellent working
conditions and encouraging atmosphere. The support of the Weyl fund and
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2 Operations [ﬁ, 62, ¥ and .

2.1 Preliminaries on Algebraic Cobordisms.

Let k be a field of characteristic 0, and X be a smooth quasiprojective variety
over k.

In [6],[7] M.Levine and F.Morel have defined the ring of Algebraic cobor-
disms Q*(X). We will briefly remind this definition.

Let M*(X) denote the set of isomorphism classes of projective morphisms
of pure codimension from a smooth quasiprojective variety Y to X graded by
codimension. The disjoint union provides the structure of monoid on M*(X).
Let M*(X)™ be it’s group completion. The classes f: Y — X and g : Z —
X are called elementary cobordant if there exists a projective morphism h
from a smooth quasiprojective variety W to X x A! which is transversal to
X x {0} and X x {1} and such that it’s restrictions h~*(X x {0}) — X and
h='(X x {1}) — X are isomorphic to f and g, respectively. The quotient of
M*(X)* by such relations is denoted Pre-Q*(X).

If £ is an invertible sheaf on X generated by it’s global sections, one can
define the action ¢;(£) : Pre-Q"(X) — Pre-Q"™(X) as follows. For Y — X
we choose the section s : Y — FE(L|y) transversal to the zero-section, and
put: (L) - [Y — X] :=[Z — X|, where Z C Y is a smooth subvariety
defined by the equation s = 0.

Let Fyy(—, —) be the universal formal group law having the coefficients in
the Lazard ring L. The topological realization functor provides the surjec-
tion Pre-Q*(Spec(k)) — L. Let @, ; be any lifting of the universal coefficients
a;; € L satisfying a; ; = a;,. Let Q* be the quotient of Pre-Q*(X) by the re-
lations ¢ (L&OM) = Fz(c1(L), c1(M)) for all pairs £, M of invertible sheaves
generated by the global sections (notice that the action of ¢;(—) is nilpotent).
On the ring Q* there is natural action of ¢;(N) for arbitrary invertible sheaf
N and such an action satisfy the abovementioned rule with respect to tensor
product of sheaves. Finally, the ring of algebraic cobordisms Q*(X) is the
quotient of ©* by the relations generated by [Y — X] = ¢;(Nycx)[Idy],
where Y is a smooth codimension 1 subvariety of X and My cx is a normal
bundle.

The theory €2* has pull-backs for all morphisms between smooth quasipro-
jective varieties, and push-forwards for projective maps. Moreover, if the



morphisms f:Y — X and g : Z — X are transversal, and g is projective,
then for the cartesian diagram

Yxyx2Z -1 7

| s
Y — X,
f
f*g. = (¢)«(f")* (by [6, Axiom A3]). We will call such transversal squares
proper cartesian.
Also, Q* satisfies the homotopy invariance property, and has projective
bundle theorem.
The topological realization functor defines an isomorphism Q*(Spec(k)) =
L, where L is a Lazard ring, for arbitrary field k£ of characteristic 0, which
gives an action of IL on Q*(X) for arbitrary smooth quasiprojective X. There
is a natural ring homomorphism pry : Q*(X) — CH*(X) which is surjective,
and (by [7, Theorem 3.1]) its kernel is equal to L~ - Q*(X). In other words,

CH*(X) = Q"(X)/Lsg - Q*(X).

Finally, for a regular codimension d subvariety Z J, X with open complement
U - X one has (by [6, Theorem 2.2]) the exact sequence

O(2) LX) S U) — 0.

2.2 Basic objects

For a smooth morphism f :Y — X we will denote as O(Y/X) the relative
square Y X x Y, as ﬁ(Y/X) the blow-up variety Bloy) ay) and as 62(Y/X)
the quotient of O by the natural Z/2-action. Since the locus of fixed points
of this action is a smooth (special) divisor on ﬁ, such quotient is smooth.
When X = Spec(k), we will denote above varieties simply as O(Y), O(Y)
and C2(Y). Clearly, C2(Y) is just Hilby(Y) - the variety of subschemes of
degree 2 on Y.
We get commutative diagram with the left square cartesian:



Py (Ty,x) —— DO(Y/X) —2— C2(V/X)

‘| | |2 (1)

Y  —Oy/x) — X

q

Since p is a finite dominant morphism of smooth connected varieties, it
is flat. Following M.Rost, let us denote as £ the quotient p,(O)/O. 1t is
a natural line bundle on C%(Y/X) such that p*(£) = O(1) (see Proposition
5.4). We will denote ¢;(£71) € QYC2(Y)) as o, and ¢;(O(—1)) € QH(T(Y))
as p.

Examples:

1) OX][X/X)=X][X with O(1) = 0;
CAX[]X/X) =X with £ = O;

2) g(]Pm) = PGr(LPn)(Ta’U) X Gr(1,Pm) PGr(Lpn)(Tav) with 0(1) = O(—A),
C*(P") = Paypn) (S*(Tav)) with £ = O(—1).
Here Gr(1,P") is the grassmannian of projective lines on P, and Tav
is a 2-dimensional tautological vector bundle on it.

We have natural maps:

ow) Y amwyx) Y x.
c(f) D(f)

crw) = crawyx) = X
We will need the following

Lemma 2.1 Suppose f :' Y — X be a smooth morphism. Then for the
natural reqular embeddings A(f) : O(Y/X) — O(Y) and C(f) : C*(Y/X) —
(),

Nay = B(f) (Tx) ® O(1),  Ney = D(f)"(Tx) ® L,

where B(f), D(f) are the natural projection.



Proof: Consider the commutative diagram:

cCiy) <2 O) -2 0y)

cmT TA(f) Tk:

CAY)X) —— OY/X) — O/X).

Py/x Ty X
We know that Ny = ¢*(Tx), and the natural (interchange of factors) Z/2-
action on Ny acts as (—1) on ¢*(Tx). Then Ny = 73, ¢"(Tx) ® O(1), and
the natural Z/2-action on Ny restricted to the complement U of the special
fiber is still multiplication by (—1) on 7y v ¢*(Tx) ® O(1)|vy = 7y, x¢" (Tx)|v-
By PI“OpOSitiOIl 5.5, Nc(f) - NA(f)/(Z/Z) = D(f)*(Tx) X (O(l)/(Z/Q)),
where the action on O(1)|y = Oly is the multiplication by (—1). But
O(1)/(Z/2) with such action is exactly L - see Proposition 5.4, cf. [8, The-
orem 6.1].

]

2.3 Symmetric push-forwards

In this subsection we assign to each projective morphism f : Y — X of
smooth quasiprojective varieties some push-forward like maps between the
cobordisms of the respective varieties [J and C?, as well as some maps from
Q*(0(Y)) and Q*(C?*(Y)) to 2*(X). Then in Proposition 2.5 we describe
the composition formula for such maps.

Let a : Y — X be projective map between smooth quasiprojective va-
rieties. Decompose it as f o g, where f : Y — W is a regular embedding,
and g : W — X is a smooth projective map. In particular, we get regular
embeddings ((g) : O(Y) — O(W) and C?*(g) : C*(Y) — C*(W).

We have natural projective maps
b(f) =

~ a(f)
OW) & Blﬁ(W)ﬁ(W/X)

E\_/
=



Definition 2.2 Let us define the maps:
(O(a)). = b(f)sa(f)*D(g). : Q(AY)) — Qu(D(X));

(C*@)) 1= d(f)uc(f)* C2(g)s : Q(CHY)) — Qu(C(X));
Y(e) == B(f) A Dg)s : QB(Y)) — Quaimx) (X);
(

O(a) := D(f).C(f) C*(9). : Q(C*(Y)) = Qucaim(x)(X).

Proposition 2.3 The maps (O(a)),, (C2(a)),, T(), O(a) do not

the choice of the decomposition o = f o g.

depend on

Proof: We give the proof for C%(a),, the case of (J(«)), is completely

analogous.

If « = fiog, and a = fy0¢, are two such decompositions, we can form the
third one, where W3 = W, xx Wy and f3 = f1 X f2, g3 = g1 X g2. So, we can

reduce our question to the situation where there exists a smooth
morphism h : Wy — Wj such that fo = ho f; and g; = g5 0 h.
Consider the commutative diagram:

projective

C2(Y) — C2(Y) S C2(Y)
C2(g1) X (2) 2(g2)

~ d(h) c(h) ~

02(W1) BZCQ(WQ CQ(WQ/Wl) 02<W2)
c(f1) (3) c c(f2)

) €
Blaz gy c2omnyx)y < Bla) @ w.wd2wyx)y — Blazmw,)amx)

d(f1) d d(f2)

C%(X) S C%(X) S C%(X)

Since g1 = gsoh is a regular imbedding, the subvarieties C2(Y) and C2(Wa /W)
of C?(W5) are disjoint. This make it possible to define y and shows that the

square (2) is proper cartesian. The square (3) is proper cartesian
ment 5.12. Then,

d(f1), 0 c(f1)* 0 C*(g1): = du o € 0 c(fa)* 0 C*(gs)..

7
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Since €.[1p

1p | is supported on the

52(Wz),(C~'2(Wz//W1)752(W2/X))] N [ 5’2(W2),52(W2/)i)
proper preimage of C?*(W,/Wi) under c(fy), and C?(Y) is disjoint from
C?*(Wy/W1) in C?*(Wsy), we get that the latter expression is equal to

d(f2), 0 c(f2)" o 52(92)*~

For the remaining two maps, we treat only the case of O(«), the other
one is similar:

C2Y) —— C2(Y) — C%(Y)
C%(g1) X (2> C?(g2)
d(h) ~
CQ(WI) Blé?(Wz),éz(WﬂWﬂ Cz(WQ)
C(f1) (3) c C(f2)

~ 6/ 6/ ~
C2(W1/X) —— Blgew,yx) 62 waymn) — C*(Wa/X)

D(f1) D D(f2)

X _ X _ X.
Again, square (2) is proper cartesian by the evident reasons, and (3) is proper
cartesian by Statement 5.9. Then

D(fi)s 0 C(f1)" 0 C¥(g1). = D(f2). 0 C(£2)" 0 C*(g2)s,
since image(C2(g)) is disjoint from C2(W/Wh). ]

We have natural maps:
X & P(Ty) L 0(X).

Let us denote as i the composition P(7T'y) EX O(X) & C2(X).

Let Z 2 vV % X be projective morphisms of smooth quasiprojective
varieties.

Definition 2.4 For g(s) € *(Y)[[s]] define:
I (B) : Q(O(Z)) — Q(Y) as

TI(B)(2) =D - Y(B)(p' - 2), and

1>0



09)(8) : Q*(C*(2)) — Q*(Y) as

9= a0 7).
For h(s, u) = 32, o ms'u™ € Q(Y)[[s,u]] define:
2(3(2)) - @(O(X)) as

- Z pm ’ j*g*a*(hl,m ’ T(ﬁ)(pl ’ Z>>’

1,m>0

and O 1 ¥ (C*(2)) — Q*(C3(X)) as

Z 0™ - ihe hlm~@(ﬁ)(gl-z)).

1[,m>0

For a virtual vector bundle V = V; — V, on Y let us denote as ¢**(V)(t)
the expression H e Q" (V)[[t]][t '], where \;, p; € Q' are “roots” of
V; and Vs, respectively (notice, that A;, p1; are nilpotent).

Let also w be 1-form on Spec(LL[[¢]]) invariant under the universal formal
group law (with value dt at t = 0).

The following Proposition shows that although the maps ﬁ(—)* and

52(—)* do not form a functor, the composition of such push-forwards be-
haves in some controllable way.

Proposition 2.5 Let the maps o, 3 be as above. Then

(1) B o
O(cvo 8). = O(a). 0 O(B). + T35,

C* a0 B). = C*(a), 0 C*(B). + O35,

where

e CET0)w
Mo t) = = RS oDt —as)



T(owo B) = T(a) o O(B). + a0 TI(3),
O(ao ) = O(a) o C*(B). + a, 0 ©9)(B),

where

—To)(t) - w
(t—as)

Y
g(s) = —Res

Proof: We can always include morphisms « and ( into the diagram:

Z 2w, 2w

T

Y
X p— X,

where the upper right square is (proper) cartesian, morphisms f, f2, f are
smooth projective, and morphisms ¢, g2, g are regular embeddings. More-
over, we can assume that dim(W;) > 2dim(Z2).

(1) We consider the case of C2, the other one is analogous.

Consider commutative diagram:

C*(Z)
C?(g2)
~ (f2) a(f2) ~
C2(Wa) = Bleaw coqwaryy  — C*(Y)
() l & (ar)
~ () ap) ~
C*(W) — Bl ) a2wywy) - C*(Wh)
e(frof) ”T (4) (1)
c d
Blgzwy,ceowyx) < Blezaw) @mwywnazovrxy — Blagw) aongx)
d(fiof) d(f1)
C%(X) S C(X) S C%(X)

10



We have: C%(avo 3), = d(f1 o Fac(fo of)*éQ(g)*52(g2)*. Observe that
any element in the image of ¢(f;0 f)*C?(g).C?(g2)« has support of dimension
< 2dim(Z). On the other hand, the support of

(ce(1p ) — 1g

C2(W),(C2(W/Wy),CZ(W/X)) 52(W)»52(W/X)>

has codimension > dim(W;). Since dim(W;) > 2dim(Z2),

C*ao ). =d(fio f)esc’e(fro f)'C*g)C*(go)s =
d(f1).duc*c(fr 0 [)*C2(9).C?(g2)s = d(f1)ud b c(f)*C?(g).C?(g2)s

Since the square (4) is proper cartesian by Staitement 5.12, the latter expres-
sion is equal to d(f1)«c(f1)*d(f)«c(f)*C?*(9)C%(g2)s-

From Proposition 5.24,
&M@ O(1)) — (M)
c1(0(-1))

(1) Ca). = el o) e ey

where i : PG‘Q(WLWQ(N) — Bl a2wwy):

e: P62(W2/Y)((Ci(9/91))*/\/) - ]P)GQLW/Wl)(N)7

et Paopy, vy ((C*g/91))'N) — C*(W,/Y) are the natural maps, N =

Nezawwocazonry = Twn ® £, 7 = dim(W1) — dim(Y'), and M = Nycw, ® L.
Observe, that

d(f1).c(f1) d(f)rasc(f2) C*(g2)s =
d(f1)«c(f1)"C?(g1)wd(f2)<(f2) C?(g2)s = (C*())s 0 (C*(8))s-
Since the support of any element in the image of C( f2>*62(92>* has
dimension < 2dim(Z) — dim(Y’), and ¢,(M) has support of codimension

> dim(W;) — dim(Y"), which is greater, we can omit the corresponding term.
Consider commutative diagram

P (C*(9/91) Tws ® L) —— Py (T © L) —— Bloaqy), ez

ml Dl ld(f)

Py (97 Tw,) — Py, (Tw,) — C?(Wh)

el 1

11



We have: d(f).j«esx = (i1)«(€1)«(D2)«. We also have the diagram:

~ * Dy * €1
IED62(VV2/Y)(C2(9/91) Tw, ® L) —— Py(9iTw,) —— Pw,(Twy)

] | |-
C*(Wy/Y) m Y T Wi,

where both squares are proper cartesian (vertical maps are smooth). Then,

since (D2)*(O(1)) = O(1) ® €*(L), we get:

LM2O1) . (Do) Ny 2 O(1)
(DZ)*( - (O(-1)) '“‘))‘<D2>*<<<D2>*cl<o<—1>> =(0) “”)'

CQ
Let s(s,t) = W Then

(e (U2 O ey . ()

(i1).(e2).(Da). (K("(0), l(O(=1))) - °C(£2)" C2(g2). (1))
(i1)e D es(O(=1)"i (g0 (i - D(f)-C(£2) Cg)u(]- )
O (2]

Iym

Consider the diagram

Il d
Pw, (Twy) «—— BZPWI(Twl)wal(Twl/x) — Px(Tx)

| ! I

C*(Wh) W Blaw,) &2wi /x) W ),

where the left square is proper cartesian by Statement 5.13. Taking into
account that i} (o) = ¢;(O(—1)), we get:

d(f1)we(fr )*@g(;lt)([ ) =
Z(ix)*(d')*(d)*(el)*<C1(O(—1))m " (Rlym ' >)



From the commutative diagram

c d’
Pw,(Tw,) < Bley, (tw,)Pw, (1w, x) —— Px(Tx)

. g -

Py (91Tw,) A Ble(gi‘Twﬂ,PY(gTTwl/x) . Py (a™Tx)

where both square are proper cartesian by Lemma 5.3, we get: (d').(c')*(e1). =
(€2)«(d").(c")". Since Bley (gi7w,) Py (577w, /x)) = Poy(ar1y)(V), where V fits
into exact sequence 0 — (g1 o €")*Ty, )y — V — O(—1) — 0, and O(—1)
on Pp, (q+1)(V) is the pull-back (¢”)*(O(—1)) - see Statement 5.34, by the
Theorem 5.32 (Quillen’s formula), we get:

> (ix)e(d)a(e) (e2)e (1 (O(=1))" 5 (s - O(A[1] - €)) ) = OB (1],

I,m

where

_ —w - (=T,)(1)
h(s,u) = ft{:eos (—w~CQ(—TW1/X>(t)(U/—Qt) k(s t)) = E{:eos o) i—nt)
Here we used the fact that ([—1]g)*(w) = —w.
(2) Again, we consider the case of ©, the other one is analogous.
Consider commutative diagram:

C(2)
C2(g2)
=~ c(f2) d(f2) =~
C*(Wa)  —— Blegy, 2wy —— (V)
C2(g) al C%(g1)
=~ (f) d(f) =~
C*W)  —— Blawoww,) —— W)
C(fiof) BT (4) C(f)
_ o b~
CHW/X) —— Blesqyx) e2owpwyy —— C*(Wi/X)
D(f1of) D(f1)

13



We have: O(aof) = D(f1of)*C(Nflof)iéz(g)*az(gg)*. Observe that any
element in the image of C(f; o f)*C?(9).C?(g2)« has support of dimension
< 2dim(Z) — dim(X). On the other hand, the support of

<C*(13162<w/x),62(vv/w1)) —Leewx)

has codimension > dim(W;) — dim(X). Since dim(WW;) > 2dim(Z2),

O(ao B) = D(fi 0 [).C.C*C(fr 0 f)*C*(g):C?(g2)s =
D(f1).D.C*C(f1 0 f)*62(9)*62(92)* = D(fl)*D*B*C(f)*62(9)*52(92)*

Since the square (4) is proper cartesian by Statement 5.9, the latter expres-

sion is equal to D(f1).C(f1)*d(f)c(f)*C?(9)C?(g2)-.

As we saw above,

(f)*C2(g)s = auc(fo)* + iven ( e(M© O(1))

1
1(O(=1))

‘5*C(f2)*) ;

where 7 : PGQ(WLWI)(N) — B152(W),52(W/W1)7
e ]P)CZ(W2/Y)(( i(g/gl))*N) - IP)52,(}/I//W1)<'/\/’)’
et Payy, vy ((C%(g/91))'N) — C*(W/Y) are the natural maps, N' =
NGQ(W/WI)CGQ(W) =Ty, L, r= dlm(Wl) — dim(Y), and M = Nycw, ® L.
Observe, that
D(f1)-C(f1)*d(f)stuc(f2)C*(g2). =
D(f1).C(/1)*C*(g1)sd(f2)ec(f2)" C*(g2) = O() © (C*(B))n.

Again,
d(f>*l*€* (Crﬁi\(/loé?_?gi)) . *C(f2>*62(gg)*([v])> _ @gf;t)([y]L
where k(s,t) = W

Consider the diagram

Cl !
Py, (Tw,) < Pw, (Tw,/x) ¢

3 I+ H

CA:(Wy) —— C*(Wy/X) —— X,
C(f1) D(f1)

14



where the left square is proper cartesian by Statement 5.13. Taking into
account that ii(g) = ¢1(O(—1)), we get:

D(£1).C(f1) 055 (v]) =
> (D)) e (a(O=1)" o (k1 - OB) (] - ) ).

Im

And by the Theorem 5.32 (Quillen’s formula), the latter expression is equal
to @% > where

g(s) = Res ( —w- CQ(—Twl/X)(t)/i(s,t)> = Res = .(f _(;z;a)(t).

2.4 Symmetric operations
Let X be smooth quasiprojective variety, and
=w:V-oX]—-[u:U— X]

be arbitrary representative of some class from €2,.(X). Let us define

mor(z) :var(z) — X as UH Hu VHUHU—>X

In particular, if z = [v : V' — X] is effective, then mor(z) : var(z) — X is
just v: V — X. Let us also define

clea(z) € QU(C*(var(2))) as gy — laa,) + lonxen — Lvsin,

and clz(z2) € Q°(O(var(2))) as p*(clz=(2)). In particular, if z = [v: V — X]
is effectlve then clz(2) = 1ga(y), and clg(2) = 1.

Definition 2.6 Let q(t) € L[[t]]. Define the operations:
00 (2) := D(mor(2))u(clg, - ¢(p)) € A (O(X));
(CH"0(2) := C*(mor(2)).(clga, - a(0)) € X (C*(X)):
VIO (2) := T (mor(2)) (el - a(p)) € XV (X);
010 (2) 1= ©(mor(2))(clea(,) - (0)) € X (X);

15



The aim of the current subsection is to show that Ii, 52, U and ¢ are
well-defined operations on Q*(X).
We have the pairings:

(=, —)g : (X) @ Q1 (X) — Q*(O(X))

and
(= =)ae : 7(X) ©L (X)) = Q°(C°(X)),
where ([y], [2])g := 7*([y] % [2]), and ([y], [2]) = = p:([y], [2])55.
Let y [[ 2 = fog be decomposition such that g : Y [[ Z — W be a regular

embedding, and f : W — X be smooth projective. Then y x z: Y X Z —
O(W) is a regular embedding which does not meet the diagonal, and so can

be lifted to O(W). We get a class [Y x Z] € Q*(O(W)).

Proposition 2.7

(v, 2)g = 0(f)«a(f)* (Y x Z]), (y,2)eo = d(f)«c(f)"(p-[Y x Z]);

B(N)-AU)([Y x Z]) = D(f)CUf) (p[Y x Z]) = [y] - [2].

Proof: Consider the diagram

Q 16
Blay sw/xy —— Blow),owxy —— O(X)

] I [~

Ow) e o) W O(X)

Here foa =b(f) and [Y x Z] = mj, ([Y x Z]. Thus, b(f).a(f)*([Y x Z]) =

Beaare* ([Y x Z]) = ﬁ*(a*(lBlﬁ(m 6<W/x)) -e*([Y x Z])). But the difference
a*(lBlﬁ(W),ﬁ(W/X)) — 18154, 0w, x, 1S supported on the preimage £~ ' (A(W)),
and so Oé*(leﬁ(W) ﬁ(W/X)) ce*([Y x Z]) = e*([Y x Z]), since Y x Z does not
meet the diagonal. Since the right square is proper cartesian by Lemma 5.3,

Beet([Y x Z]) = mx0():([Y x Z]) = (v, 2)a-
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Consider the diagram

~ a(f) b(f)
OW) «—— Blﬁ(W),ﬁ(W/X) —— 0(X)

Pwl ﬁl px
~ c(f)
C*(W) «—— Bl (W),C2(W/X) 2, 02(X)

The left square here is proper cartesian by Statement 5.8. This implies that

d(f)c(f)" ((pw )Y x Z]) = (px)«(0(f)a(f)([Y X Z]) = (y, 2) -

Analogously, consider the diagram

Ow/x) 2% gwyx) 2V x

A | |4 |

O(w) e O@m) TN O(X).

Here O(f /id)omw,x = B(f), and the difference (1o x)—(mw/x )« (12 g/ x)))
is supported on the preimage A~'(A(W)). Thus,

B(f)AUS) (Y x Z] = B(f)AUf) mw ([Y x Z]) =
O(f /id)«(mwyx )« (mwyx ) AN([Y % 2]) = O(f /id) A*([Y x Z]).

And since the right square is proper cartesian, this is equal to [y] - [z]. Since
the left square in the diagram

ow) 22 gawyx) 2Y x

o e

2wy S crwyxy 29 x

is proper cartesian by Statement 5.8, we get: D(f).C(f)* (p.]Y x Z]) =
B(A) (Y x Z]) = [y] - [2]- O

17



Proposition 2.8 Let [y], [z] be formal differences [y1] —[y2], [z1] — [22], where
yi 1 Ys — X, z; 1 Z; — X be projective maps from smooth varieties of the
same dimension r. Then

O [y] + [2]) = B O([y]) + DO ([2]) + 4(0) - (1. [N + (2], Do)

(C*)™ O ([y) + [21) = (C)"([y]) + (C*)™([2]) + 4(0) - (9], [z
WO ([y] + [2]) = w7 ([y]) + @O ([=]) + 29(0) - [y] - [2];
7 ([y) + []) = 2" ([y]) + 7 ([2]) + ¢(0) - [y] - [=];

Proof: It is clearly sufficient to consider the case of effective [y] and
[z]. It remains to decompose y][[z as f o g, where g : Y][[Z — W is
regular embedding and f : W — X is smooth projective. Now the statement
follows from the definition of operations, Proposition 2.7, and the fact that

Y xZ]-p=0. O

Proposition 2.9 Let vy : Voj — X and vy : Vi — X are elementary cobor-
dant. Then

SO ol) = 5O (nl), (O fn]) = (EO (],

W1O([o]) = W1 ([vr])  and @7 ([vo]) = @7 ([va]).

And so, we get a well defined operations:

090 : (Pre —Q)*(X) — Q*(0O(X));
(52)q(t) . (Pre _Q)*(X) — Q*(GQ(X));
Wi (Pre —Q)*(X) — Q" (X);
)

1D : (Pre —Q)*(X) — Q*(X).

(
(

Proof: We give the proof for the operations C? and ®.

Since [vp] and [v;] are elementary cobordant, there exists projective map
t: T — X x A!, such that T is smooth quasiprojective, ¢ is transversal to
X x {O} and X x {1}, and Vo = t|t*1(X><{0})a V1 = t|t*1(X><{1})~

Since T' is quasi-projective, we have an embedding ¢ : T" — P"™. Take
W =P x X. Then the map (i,t) : T — W x A! is projective, transversal

18



to W x {0} and W x {1}, and it’s restrictions to the fibers over {0} and {1}
are the maps go := (ig,v9) : Vo — W and ¢y := (i1, v1) : Vi — W, where i
and i; are the compositions Vy — T - P, and V; — T = P, respectively.
Since the maps gg and g; are projective and embeddings simultaneously, these
are regular embeddings. From the construction, the classes [go] and [g;] are
elementary cobordant, and vy = f o gg, v1 = f 0 g1, where f: W — X is the
projection.

Lemma 2.10 Lett: T — W xA! be a reqular embedding of smooth quasipro-
jective varieties, which is transversal to W x {0} and W x {1}.

Let go : Vo — W, g1 : Vi — W be the restrictions to_the respective fibers.
Then [O(go)] is elementary cobordant to [((gy)] and [C*(go)] is elementary
cobordant to [C2(g1)].

Proof: The morphism v := proot : T — A'! is smooth in the neigh-
1

bourhood U of {0} and {1}. Let T(U) =t (U). Then E(T(U)/U) is
a smooth subvariety of (W x Al/AY) = O(W) x Al, and CX(T(U)/U)
is a smooth subvariety of C2(W x Al/A!) = C2(W) x Al. Moreover, if
(T (U)/U) and C2(T(U)/U) is the closure of the respective varieties, then
pro(O(T(U)/UND(T(U)/U)) and pry( CHT (V) JUNC*(T(U)/U)) belong to
ANU. Thus, for A and B the resolutions of singularities of J(T(U)/U) and
C2(T(U)/U), the natural maps a : A — O(W) x Al and b: B — C2(W) x Al
are transversal to the fibers over {0} and {1}, and the restrictions to those

fibers will be [J(go)] and [O(g1)], for a, and [C%(go)] and [C2(g1)], for b.

From Lemma 2.10, [6’2(90)] is elementary cobordant to [52(91)], and

(C*)O([vo]) = d(f)ac( ) ([C*(90)] - al0)) =
d(f)ec(£)*([C*(91)] - ale)) = (C*)*O([wn)),
and analogously,
@1 ([uo]) = D(£)-C(f)"(IC*(90)] - ale)) =
D(f).C(f)([C*(91)] - alo) = ¥1O([wn]),
Since (Pre —Q)*(X) is obtained from M*(X)" by moding out the sub-

group generated by the elementary cobordism relations, using Proposition
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2.8, we get that operations O, C%, ¥ and ® are well-defined on (Pre —Q)*(X).
]

From now on we will work only with the effective classes [v : V' — X].
Then our operations look simply as:

ViO([o]) = T(v)(a(p)), and @7 ([v]) = ©(v)(q(0));

(O ([0]) = @O@)(a(p)), and (C*)*([o]) = (C*(v)).(a(0)).

Proposition 2.11 Let v : Y — Y’ be a composition of the reqular and
open embedding of smooth varieties, and v' : V' — Y’ € (Pre —Q)*(Y") is
transversal to y. Let v € (Pre —=Q)*(Y') be it’s transversal preimage. Then

04O ([o]) = @) @), and (C*)O([o]) = (C*(7))"(C*)O([v])).
WIO([v]) = " (WO ([v]), and STO([o]) = +*(@1([])).

Proof: We consider the case of 2 and ®, the over two are similar. Let
v' = f'og, where ¢ : V' — W' is a regular embedding, and ' : W' — Y’
be a smooth projective morphism. Then f’ is transversal to v, and we get
a decomposition v = g o f, where W is the preimage of WW’/. Consider the
diagram:

C? 2y S g N AW, ey
- (W) —— cwy,cwyyy T (Y)

éwwl léz(’YlW) lc lé%)

C2V") —— C2(W') ——— Bl on ~areimrom —— C2(Y").
(V") o (W) o Blewnczovyvny 0 (Y")

Since the first and the last square here are proper cartesian, by Statements
5.7 and 5.10, and C*(y|y)*(ov') = ov, the statement for C* follows.

For @ consider the diagram:
C%(g)
—_—

) D(f)
— —

C2(V) C2(W) C2(W/Y) Y
52(w|v>l 52(’Y|W)l Jézmm/m) lw

CAH V) —— C2(W') —— C*(W')Y') —— Y.
&2(g") o) D(f")
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Again, the statement follows from the fact that the first and the last
square are proper cartesian (by Statement 5.11). O

In algebraic cobordisms we have the action of the Landweber-Novikov
operations. Usually such operations are parametrized by partitions, that

is, non-ordered sets of natural numbers @ = (ay,...,a,). To such set one
can assign a minimal symmetric polynomial Rg(oy,...,0,) containing the
monomial z]* - ... - x%. Then the respective Landweber-Novikov operation
acts as:

ST (v V = X]) = v.(Ralcr, ... en)[1v]),

where ¢; = ¢;(—Ty + v*(Tx)). It gives an operation Q*(X) — Q*+ll(X),
where |a| = ), a;. For us it will be more convenient to use other parametriza-
tion

Definition 2.12 Let g € Q*(X)[oy, ..., 0], be some polynomial. Denote as
ST _n QX)) — Q(X) the Landweber-Novikov operation

S/%—N.([U V= X]) = U*(g<01, C2, - )[1V])7

where ¢; = ¢;(=Ty+v*(Tx)). Clearly, it is just the Q*(X)-linear combination
of ST._n.’s-

If h(u) € O (X)[o1,...,0,)[[u]], denote as SI™, + Q*(X) — Q*(O(X))
the sum 3>, p' - j.e* ST, where p = ¢1(O(—1)), and the maps are from the
diagram (1).

The following statement shows that the operations O and U are ex-
pressible in terms of the operation (internal and external) square and the
Landweber-Novikov operations.

Let [v:V — X] € Q4(X) be some representative of the cobordism class.
I o)
5" (e 1)’
Ai, pb; are formal nilpotent parameters. It clearly depends only on dim(X)
and dim(V'), and can be presented as an element of L[[oy, .. .]][[t]][t}], where
0, is the i-th coefficient of the series [[,(1 4 ;) - [];(1 + p;) "

Let us denote as ¢(—T)(t) the following expression: where

Proposition 2.13

WO ([o]) = g(0) - [o]? + S _y.([t]), where g = — Res q@f)C”(—tT) (t) - w
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90 ([u]) = q(0)-m* (D)) +SL . ([v]), where h(u) = — Res & t(u-ot)
U-q

Proof: Let v = f o g, where g : V — W is a regular embedding, and
f: W — X is asmooth projective morphism. We can assume that dim(W) >
2dim(V'). We have commutative diagram:

Ow) 22 gwy A9 gavyx) 29 x

o e

(V) 5 OW) —— OW/X) —— X.

By Proposition 5.24,

El(g)*(lﬁ(v)) = W%D(g)*(lm(v)) + (.]W)*(gl)* (CT(NQ Gjlf)(,gz)_)lg)cr(j\/g)) 7

where 7 = dim(N,), Py (¢*Tw) 2 P (Tw) o (W) are the natural maps.
Since r = dim(W) —dim(V') > dim(V), the term with ¢, (V) can be omitted.
Then, since O(g)*(pw) = pv,

O(g)«(q(p)) = 73, 0(9)«1ogn)-a(p)+Gw )« (1)« (Q(Cl(o(lgfgo?_(.i\% ® (’)(1))) |

B(f)-A(f) (alp) - 7 B(9)+ (1)) = B(f)+(a(p) - (mw)x)"A"D(g)(1ow))) =
B.((mwyx)+(a(p)) - A"D(g)+ (1) ))-

By Theorem 5.22, the element (1gwy/x) — (Twyx)«(1guy)x))), as well
as the elements (mw,x).(p™), for m > 0, have support of codimension
> dim(W) — dim(X). On the other hand, A*00(g).(1nv)) has support of
dimension < 2dim(V) — dim(X), which is smaller. Thus, the latter ex-
pression is equal to ¢(0) - B,A*0(g).(1owy). and from the proper cartesian
square:

OW) —— O(W/X)



this is equal to ¢(0) - A%O(f).0(9)«(1opn) = q(0) - [v]*.
Consider the diagram

Py (9" Twx) —2— P (Tw/x) —25 O(W/X)

.l o

Py (9" Tw) - Pw (Tw) 7 Ow)

with both squares proper cartesian (by Lemma 5.3). We have:

B(S) A () (91)- (q<01<0<122(-9?_<f1\)f§ ® 0(1)))

w1 oo (12 E).

which, by Theorem 5.32 (Quillen’s formula), is equal to v4(g'), where

) — Res UNCETIOCCET)O 0 g T)(0) -w

t=0 t t=0 t

Y

which is equal to S7 _ ([v]), with ¢ = — Res;—g w. The first for-
mula is proven.
We have commutative diagram:

~ O = a(f) 4 LA
Ov) — OW) «—— BZE(W),E(W/X) Blow) owyx) O(X)
ﬂvl lﬂ'w Tr1l J{ﬂ'z WXl
LV OW) —— (W s — (W — U(X).
(V) o 0w) (W) W) o O

with the right square proper cartesian (by Lemma 5.3). Again,

ﬁ(g)*(q(p)) = 71 0(9)« (o)) -a(p)+(w )« (91)- (9(01(0(121)20?;(/1\)% ® O(l))) .

By the Theorem 5.22, the element (1Blm(W),u(W/x> —(b’)*(lglﬁ<w)ﬁ(w/x))), as

well as the elements (b').a(f)*(p™), for m > 0, have support on (ms) "L (A(W)).
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A
Since O(g).(1ov)) has support of dimension 2 dim(V') < codim(W c O(W)),
we have:

b(f)walf) (a(p) - miyD(9)«(1ow))) = a(0) - (07).m30(9)+ (1)) = ¢(0) - w5 (B([v])).

Consider commutative diagram

* a b *
Py(g"Tw) «——  Bley(gTu)Pv(gTwx) —— Pr(v*Tx)

o (1) E [

b

Pw (Tw) —— BZPW(TW)JP)W(TW/X) — Py (f*Tx)
jwl (3) l; ljx
ow) -« o) Bli(W),i(W/X) —’b(f) B(X),

where square (1) is proper cartesian by evident reasons, and square (3) is
proper cartesian by Lemma 5.3 (applied twice). We get:

(c1(0(1))) - er(Ny ® 0(1))) _
c1(O(-1))
(c1(0(1))) - er(Ny ® O(U))
c1(O(-1)) '

The variety Blpy (4*Tyy) Py (9 Ty, x) 1S isomorphic to Pp, (ve1y)(X), where
the bundle O(1) on the latter isomorphic to a3(O(1)), and X fits into the
exact sequence 0 — *¢g*Tyy/x — X — O(=1) — 0, wheree : Py (v*'Tx) = V
is the projection (see Statement 5.34). Thus, by Theorem 5.32, the latter
expression is equal to (7x)«(g3)«(h (c1(O(-1)))), where
q()g"(*(=Tp) (1) (=T,)(#) - w g(t)cM(=T,)(t) - w

t

~-R
=0 (u-ot)

b(f).alF) () (91)- (q

() (g0)- () (a2)" (q

So, our expression is equal to SZ(Z)N([U]), where

e AT w
h(u) = 11:5{:0 (uat) :

The second formula is proven. O
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Corollary 2.14 Operations 0% and W) are well-defined on .

The following proposition establishes the relation between the operations

O and 52, and between ¥ and ®.

Proposition 2.15
p.o (E)10 = (En0FEY

2l )
t .

\Ijh(t) — (I)h(t)-

Proof: Let py : J(Z) — C2(Z) be the natural map.
Since (pz) * (Og4))/Ogz(z) = L, it follows from Proposition 5.15 that

Statement 2.16
2]a(t)

(pz) * (16(2)) = T(Q) : 152(2)'

Let v : V — Y be some representative from (Pre —Q)(Y), and v = f oy,
where g : V' — W is regular embedding, and f : W — X is smooth projective

morphism. Consider the diagram:

~ O¢) ~ a(f)
OW) —— OW) «—— BZE(W),EI(W/Y)

w | o | | S

~ C2(9) o(f) af)
C*(V) —= C*(W) <= Blaauy) ceqwyy) —— C*(Y)

b(f) ﬁ(y)

Since the middle square is proper cartesian by Statement 5.8, we get:

o
—~
~
SN—
*
e
—
-
N—
*
0
—
s
S~—
*
—~
=
—~
S
S~—
S~—
Il

(pv)- (@O ([0))) =(py)-

d(f)«c(1)*C*(9)-(pv )+ (hlp))
since p},(0) = p. And the latter expression is equal to (52)“’5)'%%([@]) by

the Statement 2.16.
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For operations ¥ and ®, analogously, consider the diagram:

o) 29 gy A2 govyyy 22y

S

52(‘/) C%(9) 52(W> c(f) 52<W/Y> D(f) Y.

Again, the middle square is proper cartesian by Statement 5.8, and
O ([o]) = T(v)(h(p)) = B(f).A(f)'D(9)+(h(p)) =

DU.CUY ). (h@ - mjg’) — 6(v) (h@) - mj’f’))) — g0 28 ().

O]

Corollary 2.17 (1) Let X be smooth quasi-projective variety such that
Q*(X) has no 2-torsion. Then operations ®1Y are well-defined on
0"(X).

(2) Let X be smooth quasi-projective variety such that Q*(C*(X)) has no
2-torsion. Then operations (C?)1® are well-defined on Q*(X).

Proof: Let ¢(t) be divisible by ¢". Use decreasing induction on n. For
large n, operations ®4® and (C2)4® will be zero by dimensional considera-
tions, and so, well-defined. Now, by Proposition 2.16, 2- ®4*) — ye®) = §7(®)
and similarly, 2 - (C2)4® — p, 0090 = (C2)"® where r(¢) is divisible by "L,
By induction hypothesis, 2- ®7® and 2- (C2)7® are well-defined. Since there
is no 2-torsion, operations ®¥*) and (52)‘1(” are also well-defined. ]

We say that the variety X/k is of type P, if there exists a sequence
Spec(k) = Py «— P, «— ... «— P, = X, with maps 7, ; : P, — F; such that
Py =Pp(V;), where V; = @lL:(ll)ﬁu, where L;; = @;<im;(O(ni5);)-

The proof of the following statement is due to A.Kuznetsov.

Proposition 2.18 If X is of type P, then X and GQ(X) are cellular vari-
eties.
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Proof: The fact that X itself is cellular is trivial, since X is a consecutive
projective bundle.

The proof of the C?(X) part is based on the following result of Brosnan,
Bialynicki-Birula, Hesselink and Iversen:

Theorem 2.19 (]2, Theorem 3.3]) Let X be smooth projective with the ac-
tion of G,, having isolated k-rational fived points. Then X is cellular.

We have:

Lemma 2.20 Let X be of type P. Then on X there is action of G, which
has only isolated k-rational fixed points, and for each such point x, the induced
action on P(Tx ) has the same property.

Proof: Let us prove by the induction on 4 that on the system V;,j < ¢
we have a G,,-action, such that it is linear on V;, commutes with the maps
V; — P;, and with the maps (V;\so(P;)) — Pj+1, and it has only isolated
k-rational fixed points on P, and on P(Tp,,) for z-fixed (the latter means
that all eigenvalues on T, , are different).

Base of induction (i = 0) is trivial.

Induction step (¢ = ¢+ 1): Suppose we have such action for V;,j < i.
Let us denote it as p;. It induces the action on O(n,;;); for all j < i, and
hence some action on V; which we still denote as p;. Let zx,1 < k < M be
all fixed points of p; on P, and P(¢,,),1 < n < Q(k) be all fixed points of
Pi on P(TPz‘,Ik)'

Let p; acts on L], as A +— -)\S(l’k), and on t, as A\ — AR et
N € N be such that N/3 > maz(|s(l, k)|, |r(k,n)]|).

Define new action p; 41 on £;; as p;- AV, Then, for fixed k, the eigenvalues
of piy1on L), 1 <1< L(:) will all be different, and thus p;; will have only
isolated k-rational fixed points yy; == P(Li]s,), 1 ST < L(i);1 < k< M on
P,

We have short exact sequence: 0 — Tiper — Tp 4,
where the eigenvalues of the p;1; on Tp, ,, are N(En) and on T'tiper such eigen-
values are AWK =sGRINE=0 “where I # 1. Since N > [s(I, k)| + |s(1, k)| +
|r(k,n)|, all these eigenvalues are pairwise different. The induction step is
proven. O

- TPZ,Ik - 07
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Now, we just observe that G,,-action on X gives an action on 52(X )
whose fixed points are either the non ordered pair (x,y) of fixed points on
X, or the pair (z,P(t)), where z is a fixed point on x, and P(t) is a fixed
point on P(Tx ;). Since we have only finitely many such pairs, and they are
k-rational, by Theorem 2.19, C2(X) is cellular. O

Corollary 2.21 Let X be smooth projective of type P. Then Q*(X) and
O*(C*(X)) is a free (finitely generated) L-module.
In particular, it has no L-torsion, and the operations ®1®  (C?)1®) gre

well defined on Q*(X).

Proof: The fact that 2* of a cellular variety is a free IL-module follows
from the [9, Theorem 6.5], or [18, Corollary 2.9]. The rest follows from the
Corollary 2.17. ]

Lemma 2.22 Let V be smooth quasi-projective variety, v : U — V be
smooth divisor, and O(U) = L1 @ (L2)*!, where Ly and Ly are generated
by global sections. Let ' : U — V is c1(Ly) £q c1(L2) € (Pre —Q)1(V).
Then

(1) 1O ([u]) = 21O ([u]);
(2) (C?O([u]) = (C*)*O([u]).

Proof: Let £ be some ample line bundle on V. The triple (£, Ly, £)
givesamap 3 :V — P := PN xPM x Pl which is a composition of a regular
and open embedding such that O(U) = 3*(O(1); ® (O(1)3)*!). This gives a
proper cartesian diagram:

Py (O(U) ® O) —— Pp(O(1): @ (0(1)2)* @ O)

w | |

1% — P.
B

Let ¢ : Q@ — P be c1(O(1)1) £q ¢1(O(1)3). We have a section s : V —
Py (O(U) @ O) such that s is transversal to the 0-section sy := P(O(U)),
s*([so(V)]) = [U], and which does not meat oo-section s, := P(O).
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Consider [so(V)] 4+q [m:(U")] € (Pre—Q)'(Py(O(U) & O)). This is
a transversal preimage under 7 of [so(P)] +q [7p(Q')]. And [so(V)] is a
transversal preimage under 7 of [so(P)]. By Proposition 2.11,

D1 ([s50 (V)] 45 [75.(U7)]) = 77O ([s00 (P)] 40 [75(Q)]), and
10 ([so(V)]) = 72" ([s0(P)]). Analogously,
(C)0) ([se(V)] +a [ (T)]) = C2(1)* (G210 ([0 (P)] 45 [7(@)]), and

(" ([s0(V)]) = C* (1) (C*)™O ([s0(P)).

But in *(Pp(O(1)1 @ (O(1)2)*' & 0)), [s0(P)] = [sac(P)] +0 [r5(Q")]. Since
variety Pp(O(1); ® (O(1)2)! @ O) is of type P, by Corollary 2.21,

1 ([so(P)]) = 21O ([s50(P)] +a [15(Q")]), and

()" ([so(P)]) = (C*)*D ([s0e(P)] +a [Tp(Q")-
Consequently, ®10) ([so(V)]) = 1) ([s50(V)] +a [75(U")]), and

(CH)T([s0(V)]) = (C2)1D([500 (V)] +a [ (U)]).
Since s : V — Py (O(U) ® O) is transversal to [s« (V)] +q [75(U’)] and to
[so(V)], and the transversal preimages under s are [U’] and [ ], respectively,

we have: @90 ([u]) = &90([u]), and (C?)20)([u]) = ()7 ([u]). O

Lemma 2.23 Under the conditions of Lemma 2.22, let v : V — X be a
projective map of smooth quasi-projective varieties. Then

(1) 27O([vou]) = 21O([vou]);

(2) (CH([vou]) = (CH1([vou]).
Proof: Follows immediately from Lemma 2.22 and Proposition 2.5. [
Now, we can prove:

Theorem 2.24 Operations (C2)%0) and 41O are well-defined on 0*(X).
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Proof: One could observe that Q*(X) is obtained from (Pre —2)*(X) by
moding out the following relations. Let v : V' — X is projective map from a
smooth variety, and v : U — V be smooth divisor on V. Let O(U) = £; ®
(L)*!, where L1, Ly are generated by the global sections, and v/ : U' — V is
c1(Ly) £qei(Ly) € (Pre —Q)Y (V). Then, in Q*(X), [vou] = [vou/]. Tt follows
from the Lemma 2.23 that the value of (C2)7® and &) on such elements
coincide. Hence, these operations are well-defined on 2*. ]

3 Some properties of ¥V and ¢

3.1 Pull-backs and regular push-forwards

Proposition 3.1 Let X Y bea reqular imbedding of smooth varieties.
Then for arbitrary [v:V — X]|, and for arbitrary q(t) € L[[t]], we have:

@11 ([u])) = (&1 (o]

Proof: We can find such smooth projective morphism fy : Wy — Y that

v can be decomposed as V' &5 Wy X x , where gx is an embedding, and fx
is the pull-back of fy under j. Consider commutative diagram:

) — W)
C%(9x) C?(gv)
Cvy) S Gy
C(fx) C(fy)

C2(Wy/x) L9, G2y )y

D(fx) D(fy)

J

Notice, that the middle square is cartesian.
By Lemma 2.1, Ne(sy) = pr*(Tx) ® L, Neggyy = pr*(Ty) ® L, and thus,
02<jw/j)*Nc(fy)/Nc(fX) = D(fx)*<./\[j)®£ Let d = cod’im(X C Y) Then,
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by the Excess Intersection Formula (Theorem 5.16),

C(fy)* 0 C*(jw)s(a) = C*(Gw [5)+(C(fx)*(a) - ca(D(fx)*(N;) @ L)),
where ¢i(D(fx)*(N;) ® £) = ¢*(N)(0). Thus,

"0 (5 ([v])) = (D(fv))<(ale) - C(fv)* o (gv):[le
(D(fy))s(al0) - C(fy)" o C*(w)s  (9x): (L

(D(fv))« 0 C*(iw /5)-("(N)(0) - al0) - C(fx)" o (9x)-[1g
Jx 0 D(fx)«(¢"(N;)(0) - ale) - C(fx)" o (g )*[
Ju(@T

2(V ]
J)(”([v]))-
O

The following statement shows that the nontriviality of the symmetric
operations provide an obstruction for the cobordism class to be represented
by the smooth subvariety.

Proposition 3.2 Operations ®1), W) gre trivial on the classes of embed-
dings

Proof: If v : V — X is a regular embedding, we can take W = X, and
observe that the varieties J(X/X) and C*(X/X) are empty. O

Question 3.3 What other obstructions exist?

Proposition 3.4 Let h : X — Y be a morphism of smooth quasiprojective
varieties, and q(t) € L[[t]]. Then

P10 o h* = h* o IOV,

Proof: Any morphism of smooth quasiprojective varieties can be decom-
posed into the composition of the open embedding, regular imbedding and a
smooth projective morphism.

1) The case of an open embedding is clear from the construction.

2) Let 7 : X — Y be smooth projective morphism, and [v : V — Y]
be the morphism of smooth projective varieties representing some class in
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Q4(Y). Decompose v : V — Y into the composition V <& W EN Y, where
g is a regular imbedding and f is smooth projective morphism. Let Wy :=
W xy X, and Vx := V xy X. Then, for arbitrary ¢(¢) € L[[t]], ®?®([v]) =

D(f). o C(f)*C*(9).(a(0))-

Consider commutative diagram:

= d(mv) ) =

CQ(V) Y Blaz(VX)752(Vx/V) — CQ(VX)
C2(g) (1) a C2(gx)

d(mw) c(mw) ~

CH(W) = Blaogy oo —— C*(Wx)
o) 3 (4) C(fx)
~ d(m ~ ~
Yy & G X)) C2(Wy/X)
D(f) (5) D(fx) D(fx)

The squares (1),(5) and (4) in this diagram are proper cartesian, by State-
ments 5.10, 5.11 and Lemma 5.3, respectively (notice, that C*(Wx /W) and
C*(Wx/X) do not intersect). Also, d(mw,y)* o C(f)*(ow) = C(fx)*(owy).
We get:

7 (@1O([v])) = 7" 0 D(f). 0 C(f) (alow) - C*(9)[Lr)) =
D(fx)«(alowy/x) - B o s o d(ﬂv)*[l(ﬁ(v)]) =
D(fx)« o C(fx)" (q(owy) - 62(9X)* © C(WW)*[13552(vx),62<vx/w])-
By [5, Proposition 3.2] (Proposition 5.22),
62(9)()*(0(7‘-‘/)*[13152(‘/)(),52(‘,)(/‘,)] - [15‘2(VX)])

is supported on 52(,WX/W) But, subvarieties 6’2(WX/W) and 52(WX/X)
do not intersect in C*(Wx). Thus,

C(fX)* © 52(93()*(C(WV)*[1Bl52(vx)752(vx/v)] - [IGQ(VX)D =0,

and our expression is equal to

D(fx)« 0 C(fx) (alowy) - C*(gx)s[leay]) = 7O (r"[0]).
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3) It remains to consider the case of a regular embedding: j: X — Y.

Lemma 3.5 Let B be smooth quasiprojective variety, and 7w : Ag(N) — B
be an affine bundle for certain vector bundle N with zero section i : B —
Ap(N). Then i* commutes with the operation ®I*).

Proof: By the homotopy invariance, the map 7* : Q*(B) — Q*(Ag(N))
is an isomorphism. Since m o i = id, and 7 is a composition of an open

embedding and a smooth projective morphism, we have: i*®1® (7*([v])) =
@10 ([v]) = @10 ([v]) = @10 (7 ([v])). O

Lemma 3.6 Let f : B — A be regular embedding of smooth quasiprojective
varieties, f = f xid: Bx P! — Ax P andi =id x {1} : A — A x PL.
Then for arbitrary [v] € Q*(A),

YO (Fri([o])) = F "I (i([0])).

Proof: Consider the standard deformation to the normal cone construc-
tion. R R
Let A := BlAXIPl,BX{O}’ B = BZBXIP’I,BX{O} =B x Pl, D = ]P)B(NB s> O),

and C' := Blx{oy,Bx{0y = Bla,p. Notice, that C' does not meet B. We have
natural proper cartesian squares:

B _*.,p. /2 p

i

D—— A« A
[35) 1A

where the left objects live over {0}, right ones over {1}, and j is given by
the embedding of Pg(O) into Pg(N; @ O). Let 7 : A — A be the natural
projection, and u := 7*(v). Then v = (i4)*(u). Let n : A — P! be the
projection.

Since n*(O(1)) = O(D)®0O(C), the difference 6 := (¢, (n*O(1))—c1(O(D)))
is supported on C'.

Since ®9®) commutes with the pull-backs for open embeddings, the sup-
port of ®4"(x) belongs to the support of x. Since C' does not meet B,
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F(6-2) =0and f*®1O(§ - z) = 0. Thus,

O F*((i4)(0) = 7O f*(u can(O) = &1 f*(u - e
U (f*(ip).(ip)*(u)) = " ((kp).j

By Proposition 3.1 and Lemma 3.5, this is equal to

(k) @720 (5 (ip) " () = (kp).j* @7 OED20((ip)* (u))
(i) @7 P 20 ((ip)* (u) = [ ((ip).(ip)" () =
fro1(u- e (O(D))) = &7 - er(17(0(1))))
Fro1O((i)u(ia) () = F @ ((ia).(v)).

<o —~
*
—
-~
T
N—
*
—~
<
N~—
SN—

Let v := (7,n) : A — A x P'. Since the maps i4 and v are transversal,
v o, = (ia)s

Q1 (i, (v) = @10 ((ip) v7is(v)) = D1 ((ip)" (ia)s(v)) =
(i5) ®" ((i)(v) = (i5) @" (i (v)),

And the latter expression is equal to f**®40 (i, (v)) = F 10 (i,(v)) by
Proposition 2.11, since v is transversal to any map of the form 7 o v. ]

We immediately get:

Lemma 3.7 Let f: B — A be arbitrary reqular embedding, and q(t) € L[[t]]
be divisible by t. Then f*®11(v) = ®I®) f*(v).

Proof: Let A= A x P!, B = B x P with the projections 74 : A — A,
p:A— A embeddings e4 =id x {1} : A - A, eg =idx {1} : B— B
and the map f = f xid: A — B.
We have proper cartesian square:

€B
«——

s

|
«—

B
|7
A

|

%
eA
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From Lemma 3.6 we have: for any p(t) € L[[t]],
OO (F (ea)n(v)) = f 2" ((en).(v)).

But ‘I)p ( ( 4):(v)) = @"9((ep).f*(v)) = (_2 PP @) et (f(y)) =
() @020 (f*(v)), and [ @ V((ea):(v)) = [ (ea) @@ OO0 () =
(ep)« f*@p (e OW)-at)(y) = (ep), f*OPOCat)(y). Since (ep), is injective, we
get: PPOCD(f*(y)) = f*dPMtet(y). The Lemma follows. O

It remains to treat the case of ®!.

Here we consider some modification of the deformation to the normal
cone construction.

Consider two projective lines IP;, P, on projective plane P?, whose inter-
section is the point {0}. Let {1} be some other point on PL.

Let A = Blaxp2,pxp1 A= Blaxp: Bx {0} B = Blpxp2,pxpy = B X P2,
B, = BleIP}D,BX{O} = B x ]P)glm D = ]P)BxP;(Nf ®0), C = BleP;,BxP; =

Blap X IP);, and Ey —BNnD=DBx IP);. Notice that C' does not meet B.
We have natural commutative diagram

B, .5 p .w g

I

D — A A —— A,
ip ia A

with all squares proper cartesian, where the very right objects live over {1}.

Denote as 1 : A — P? the projection. Then y*(O(1)) = O(A) :p(ﬁ) ®
O(C). This implies that the element § := (c1(1*(O(1))) — c1(O(D))) has
support on C. Since ®¢® commutes with pull-backs for open eﬂbeddings,
the elements of the form ®¢®) (;5\2) have also support on C. Thus, f (zg) =0
and ?*(I)q“)(z .0) = 0. R

Finally, we have natural projections 7oA /L imd 7:A— A Let v be
arbitrary element of Q*(A). Let us denote: w :=7 (v), u = 7"(v). Clearly,
u =% (w), and i’ (u) = v.
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Using Proposition 3.1, Lemma 3.5 and proper cartesian diagrams above,
we get:

() () = 9'(F (w- e (u(O1)))) = 8'(F (w- er(O(D))

o~

)
)

N2 (ip) (w)) =
)
)

~

)
7 0w (i (O)) = T B((Fa)(ia) (w)) = F B ((Fa). (u

From Lemma 3.7 and the fact that (/i\B)* is injective, we get:
q>01(u*(0(1)))(]?*(u)) — f*q)q(u*(o(l)))(u)_

But then (again, using Lemma 3.5):

(
Frlia)(ia) @t (u) =
Since (ip). is injective, we get:

OH(f*(v) = [P (v).

Proposition 3.4 is proven. ]

3.2 The generating property of ¢

It follows from Proposition 3.4, Proposition 3.1, Proposition 3.2, and Propo-
sition 2.8, that ®4*) give the operation Q*(X) — Q*(X) for smooth quasipro-
jective varieties over k satisfying the following properties (with o = 1):

(1) R commutes with the pull-backs;
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(2) For the regular embedding j : X — Y,
RIO(.([o])) = j.(R1O DO (u]));

(3) RIM(1) = 0.
(4) There exists ro € L such that

R1D(a +b) = R1D(a) + RY(b) 4 q(0) - 7o - a - b.

It appears, that all such operations are expressible in terms of ®.

Theorem 3.8 There is one-to-one correspondence between the operations
R satisfying conditions (1) — (4) above, and the set of power series rz(t) €
L[[t] given by:

RI®) — prr®)a)

Proof: Let us show that any operation R satisfying above conditions
can be presented in the form ®"#®)®) for certain rz(t).

Considering R — ®™0'9") we can assume that 79 = 0, and the operation
R® is linear.

Lemma 3.9 Operation R satisfying (1) — (4) is uniquely determined by
ROy,

Proof: We need to show that for arbitrary smooth quasiprojective X,
and for arbitrary [v : V — X], RI®([v]) is determined by the action on the
Lazard ring. By the result of Hironaka ([3]) and [6, Theorem 2.2], we can
assume that X is an open subvariety of a smooth projective variety X, and
v is the restriction of some cobordism class from X. From the condition (1),
it is enough to consider the case X-projective. Let U = image(v). Use the
induction on dim(U) (for all varieties X simultaneously). For dim(U) < 0,
U is empty, and so, the value is 0. Let now U be nonempty.

By the result of Hironaka, there exists the consecutive blow up
p 2 X — X with smooth centers having dimensions smaller than U, such
that the proper preimage of U under p is a regular subvariety U of X. Let
a € L be the fiber of v over k(U). Then [v] — p.[u] - a € Q*(X) has support
of dimension less than the dimension of U. So, the value of R?® on this
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element is determined. Thus, we need only to show that the value on p.[u]-a
is determined. Since (1) € Q°(X) is invertible by [6, Lemma 1.6], by the
projection formula, p* : *(X) — Q*(X) is injective. From property (1), it is
sufficient to check that the value on p*p.[u] - a is determined. Let i : B — A
be regular embedding, and

Ps(N;) —— Bip

B — A
the blow-up diagram. Then it follows from the proof of Corollary 5.23 that
for any x € Q*(Blap), 7" m.(x) —x = j.(y), for some y € Q*(Pg(N;)). And y
can be expressed as a polynomial in ¢;(O(—1)) with coefficients in £*Q*(B).
So, if dim(B) < dim(U), by inductive assumptions, the value on (7*m,(x)—x)
is determined. Since the dimension of our centers is smaller than that of U,
we get that the value on the element (p*u.[u] — [@]) - a is determined. Thus,
we need only to show that the value of RY® on [u] - a is determined. But
due to the condition (2), this value is equal to RIO<"WVaO(f*(q)), where
f U — Spec(k) is the projection. Due to the condition (1) this value is
determined by the values on a. ]

Let us extend the operation R to Q*(X) @z Q by linearity.

Over the ring L ®z Q, the universal formal group law x +q y is equivalent
to the additive one. That is, there exists a power series log(z) € L ®z Q[[z]]
with formal inverse exp(z), such that x +qy = exp(log(z) + log(y)). Then

dlog(t) = w - the unique invariant differential form on Spec(L([[t]]) satisfying
w(0) = dt. By the result of Mischenko, log(z) =3 s %xi“. Let us denote:
pi = Zﬂ% By the result of Quillen, L ®z Q = Q[p1, p2, . - ..

Proposition 3.10 Let z be the class of the smooth divisor on X, and [v] €
Q" (X) be arbitrary element. Let R be linear operation, satisfying (1)—(3).
Then we have the following identity:

RIO(v- log(=)) = RIO 9 ([]) - log 2).
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Proof: Let ¢(t) be fixed, u := log(c;(O(1))) € QYP>), and T'(u) :=
RIO([v] - u) € Q*(X x P*) = Q*(X)|[u]].

Applying condition (1) to the Segre embedding X x P® x P* — X x P>,
we get:

T(up) + T(uy) = wa([v] : <log(61((')(1)1)) —{—log(cl((’)(l)Q)))) _
RO (0] - log (e1(O(1)1) + e1(0(1)2)) ) = B[] - tog (e1(0(1)1 © O(1)2) ))

Q

T(Ul + Ug).

Thus, the function T'(u) is linear, and so, RI®([v] - u) = A - u, for certain
A e QN (X).

Recounting that [v]-log(z) = [v] - + [v] - p12® + .. ., and using conditions
(1) and (2), we get the equality:

RIO- 2tz ([y)) 4 RIO@2® ([y] . py 4 = X (x4 pa®+...).

Comparing coefficients at z, we get: A = Rt ([y]). So, we proved the
formula for the case = ¢;(O(1)) on X x P*. In reality, this equality is
equivalent to the certain set of linear relations among R ([v] - p;) for all r
and i - these are just coefficients at ™ for various m in the relation above.
Now, the equality for arbitrary z (the class of a smooth divisor) follows from
the obtained relations, by adding them with coefficients 2™ with given z. —

In the remaining part of the proof of Theorem 3.8 let s will denote (-q t),
and our operation will be R7(*) (just different choice of the uniformizer). The
difference will be that the condition (2) will now look as (we just need the
special case of a divisor):

(2") For the smooth divisor j : D — X,

RO (0])) = Ju (RO 200 o))

Lemma 3.11 Let R be the additive operation satisfying conditions (1) —
(3). Then the restriction R¥®)|y, is determined by the set R'(p;) and R*(p;), i >
1.

Proof: Since L®zQ = Q[p1, po, . . .] has Q-basis consisting of monomials
pr = [I;c; pi» where I is the collection of natural numbers (with multiplicity),
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we need to show that R*"(p;), for all m > 0 is determined by R!(p;) and
R*(pi).-

. 7(7.'.+1)
Let us denote o; := degledTp)) _ )

w = e and ar = [l ai

Sublemma 3.12 Let R®) be the additive operation satisfying conditions
(1) — (3). Then for arbitrary p; and arbitrary m > 0, the difference

Sm+2' s
R (pr - pj) — ;R (pr)

is a linear combination with Lwo-coefficients of R*" (p; - p1) with n > m + 21
and l < j.

Proof: For the homogeneous element a € L, and m > 0 let us call the
degree of the monomial term R*" (a) the number 2dim(a) — m.

From Proposition 3.10 and properties (1) and (2') we have the identities
(for k > 0):

Y RUCTe T (] gy = R () - pi- 2t

i>0 i>0

Take [v] = pr, m < k < m + j — 1 and consider the coefficient at x**2.
This coefficient will be the L-linear combination of monomials R*"(p; - p;) of
degree < degree of R*" (pr), where [ < j, n > m. Moreover, the only term
with [ = j will be B*" (p; - p;), and the terms of degree = degree of R*" (p;)

will look as: '
J .

> & (7))

N Jj—i

i=[j/2]
Adding these equations for m < k < m+ j — 1 with appropriate coefficients,
we get that there exists A € Z such that (R*"" (p; - p;) — A - R (pr)) is a
[L-o-linear combination of monomials R*" (p;-p;) of smaller degree with | < j.
It remains to find .

Clearly, A does not depend on m. If I is empty, then R*" (p;) = R¥" (1) =

0, by the condition (3), and the statement follows. Otherwise, take m =
2dim(py) — 1. Observe that the same identities will be valid for any other
additive operation satisfying (1) — (3). In particular, for ®*/() and W=/(*),
Then the degree of U*" (p;) is zero, so the terms of smaller degree will
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disappear (this time (for ® and U), the degree is equal to the dimension),

and we )get the equality: \IJSZdIm@I'pj)(pI ) — AU () = 0. Since
2dim(X aryj

e ([X]) = deg(caimx)(=Tx)), A = == = a;. -

oy

Sublemma 3.13 Let R®) be the additive operation satisfying conditions
(1) — (3). Then for arbitrary homogeneous a € L, R*" (a) = 0, for arbitrary
m > 2dim(a).

Proof: If we would assume operation R/(®) graded (with s of degree —1,
and R' of the same degree as operation square), then (at least, for m >
2dim(a)) the statement would follow just from dimensional consideration
(since Lo = 0). But, the point is, this triviality is, anyway, encoded in the
conditions (1) — (3). Really, using the induction on dim(py), it immediately
follows from the Sublemma 3.12 that for m > 2dim(a), R*" (p;) is a L-linear
combination of R*" (1) for certain nonnegative k, which is zero. Since p; form
a Q-basis of L ®z Q, the statement follows. ]

Let us show now that for arbitrary n > 0, and for arbitrary I, R*"(p;)
is expressed in terms of R'(p;) and R*(p;). Use induction on the degree of
R*"(p;). It follows from the Sublemma 3.13, that for the degree < 0, R*" (p;)
is zero. To make induction step, apply Sublemma 3.12, which shows that,
modulo terms of smaller degree, R*™" (p; - p;) is expressed through R*" (p;),
and vise-versa. Thus, all terms R (p;) of the given degree are expressed,
modulo smaller terms, through any given one. Since the terms R'(p;), R*(p;),
for ¢« > 1 cover all positive degrees, we are done.

Lemma 3.11 is proven. ]

Let us now inductively define r; € L ®7 Q as

o R (pry1) — Pratttrant® (Prs1)

Rl (pk:—i—l) _ (I)Tlt+~-+7"2k+1t2k+1 (pk+1)

T2k+2 *= G20+ (py 1)
Notice, that the denominator here is just %(_,(ﬁ“lm) € £N. We obtain the

power series 7g(t) := rit + rat? + ... € L ®z Q[[t]].
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Then the operation S .= ®rr®)®) gatisfy: S'(p;) = RY(p;), and
St(p;) = RY(p;). By Lemmas 3.9 and 3.11, operations R‘® and S%® co-
incide.

It remains to check that r; belongs to IL, and not just to L ®z Q. Use
induction on 7. Suppose, for j < i, r; € L. Since RID|, : L — L, we have:
Pt (it +rieat™ (L) takes values in L. In particular, for arbitrary n > i/2,
@"*"([P"]) belongs to L. But this element is equal to r; - l(_(T;’Ll)). Since

2
for any given prime p, %(_(ij l+1)) is not divisible by p, and we can choose [

such that p! > i/2, we get that r; € L.

Thus, we have proved that any operation R : Q*(X) — Q*(X) satis-
fying (1) — (4) can be expressed in the form ®"&®)4®) for certain rg(t) =
ro + it + ... € L[[t]] (we easily return to the general (non-additive) case).

It remains to notice, that different power series r(t) give different oper-
ations. Really, let rz(t) # 0, and ryt' - the first nonzero term. Then, for any
n > 1/2, @O ([P1)) =y - (7)) £ 0. Thus, the operation is nonzero.

Theorem 3.8 is proven.

]

3.3 Chow traces

Denote as 97® : Q*(X) — CH*(X) and ¢?® : Q*(X) — CH*(X) the Chow
traces of operations W and ®, respectively. For [v] € Q*(X) let us denote as
pr([v]) € CH*(X) its Chow trace.

The following statement follows immediately from Propositions 2.13 and

2.15. Notice the discrepancy in notations between [16] and the current article:
@ of [16] is now dLed)”,

Proposition 3.14 ([16, Propositions 3.8,3.9])

(1) O(e]) = 4(0) - (pr(w]))? — pr o S]_y., where g = 5,(~1)'ar - o
and d = codim([v]).

(2) I = 2. p1®),

For a smooth projective variety X, M.Rost defines invariant n,(X) € Z
as the degree of zero-cycle c1(£)24mX) . [C2(X)]. This is nothing else, but
™ (1X]) € Qo(Spec(k)) = Z. M.Rost showed (see [8, Theorem 6.1])that
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deg(cgim(x)(—Tx))

5 . One can see it from

this number can also be expressed as
Proposition 3.14.

Let [v:V — X] € Q(X), and [u : U — Spec(k)] € L. The following
Proposition shows that if you have at your disposal the element [u] - [v], then
you can get, may be, not [v] itself, but, at least, up to the multiple 1, (U),
Chow-traces of certain Landweber-Novikov operations from [v]. One can get
analogous result just with the help of the Landweber-Novikov operations,
but then the multiple will be 21, (U), which is crusial, if one studies 2-torsion

effects.

Proposition 3.15 Let r = (codim(v) — 2dim(u)). Then
¢"O([v] - [u]) = —m(U) - pr o SE_y.([v]),
where h = Zi2max(r;0)(_1)i_rqi71ﬂ e

Proof: We have the composition V' x U Ly X, ®IO([v] - [u]) =
O©(vo f)(q(e)). From Proposition 2.5,

O(vo B) = O(v) o C*(B). + v.(07)(B)),

< (=T)(t

where g(s) = — Res;—o (T Consequently,
¢"O([v] - [u]) = pr o ©(v) 0 C*(B).(q(0)) + v-(pr 0 O (B)(4(0))),
where f(s) = — Res;—g W = Y0 (1) (=T,)s%, where

d = codim(v). Let us first study the second summand. Let

D(B)

(v xU) L 2w xuvy=vxcxu) v

be the standard maps. Then

v, (pr o ©7(8)(q(0))) = vilpr o O(B)(f(0) - (o))
v.(pr o D(B).C(B)"(f(0) - a(0))) = vi(pr o D(B).((f - a)(ecHu)))

d
U ((f - @)2dim@y - m2(U) - [V]) = —vi(ne(U Z @ dim(u)—ati - (—T0)[V])

=0
d

—12(U) - pro Z(—l)d%%dim(w—dﬂ' - Ston. (D),

=0

43



where St _ is the Landweber-Novikov operation, corresponding to the char-
acteristic number ¢;, and we assume ¢; = 0, for 57 < 0.

Let us denote as C2(—)H ©(—)CH, ete. .- the maps analogous to
C?(=)., ©(—), ..., but defined for Chow groups.
To study the first term of our equation, we will need the following lemma.

Lemma 3.16
~ " 0, if m < 2dim(U);
OB () = { :

i 2p(U) - pi” ™) otherwise.

C(8)" (at) = {0’ )

. (V) - 0> ™) otherwise.

Proof: We have natural maps

~ b
O(V x U) BZD(VxU VB LN OV) x OW) = 0O(V),

where by is blow-down map with the center Z = Py (Ty) x U — O(V) x O(U),
and by 0 by = b(3). Moreover, a(3)*(O(—p)) = O(b;*(Z)), and
biH(Z2) = Py(X), where X = O(-1) & Ty.

Since dim(U) > 0, clearly, () CH(1) = 0 by dimensional reasons. For
m >0, B(B)% (o) = joneel (—1)"en(O(1))57 [P (X)), where
e:Pz(X) — Z,n: Z =Py(Tv) x U — Py(V) are the projections, and
J :Py(Tv) — O(V) is the standard embedding. So, we get:

j*n*((_l)mcgf_ll_dim((]) (—X) [Z]) =
deg(Camu)(=Tv)[U]) - 7.((=1)" e (O(1)ym— =24,

and the latter expression is zero for m < 2dim(U), and equal to 2ny(U) -
ng;lem(U), for m > 2dim(U). The first formula is proven.

Let now V' be such that CH*(V') has no 2-torsion. Consider commutative
diagram:

= a(B) b(B)
OV xU) «—— Bli(VxU),in(U) — OWV)

prco | |7 [

C? (V xU) LN Bl (VxU)VxC2(U) — C*(V),
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with the left square proper cartesian (by Statement 5.8). Then

52(5)51{(2 - 00y) = 52(5)5H((vaU)*(ng)) = (pV)*ﬁ(ﬂ)*CH(pE”H) _
2ne(U) - (pv)*(prcn?dim(U)) — () - Q%Qdim(m

Since CH*(V') has no 2-torsion, we are done.

Let now V' be arbitrary smooth quasi-projective variety. Let ¢ : V — W
be the composition of open and regular embedding into some variety having
no 2-torsion in Chow groups (say, W = P¥). We have commutative diagram:

~ c(8) ap) =
CHV xU) «—— Blea vy vxezw (V)

(
| ¢ It

=~ (8" B N
C*(W x U) —— Blé?(WxU),Wx@(U) — C*(W),

where the right square is proper cartesian (by Statement 5.10). Then,
CHB) M (o) = C*(B)TM ((01)*(e8m)) = (ia)" C*(B) ™ (o) =
(13)*<Q7g}—12 dim(U)) _ 97(7;192 dim(U)

The second formula is proven. O

Consider standard maps: Py, (Ty,) _J, ﬁ(v) SN 62(\/)‘ Then

[j] = c(0(=1)) = p € Q1D(V)), and [po j] = [2lalo) € 2(C*(V)).

Since p*(o) = p, we have 2@73;12dim(U) — . (pgb;IQdim(U))’ and

O(v) " (207" ™) = T () (0™ ™) =
o () = (1) o SO (L),

by Proposition 3.14

O(v)M o CXB) M (alocm)) =m(U) - O@)( 3 2500 ") =
j>2dim(U)
—m(U) - Y (=1Pg - pro ST ().

j>2dim(U)
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Putting things together, we get:

o"([o] - [u]) = =1(U) - Y (=)' ars2aimw)-a - pr o Sp_y ([v])-

=0

3.4 Few words about [

Here I just wanted to mention that the operation O can be used to construct
Steenrod operations (mod2).

Theorem 3.17 ([16, Theorem 2.2]) We have the following commutative di-
agram:

j*o(O)t
—

Q*(X) (Px(Tx))

pr/2 lm’ﬂ
CH*(X)/2 — CH*(Px(Tx))/2,

where S(z) = &L p?'S!(2), d = codim(z), and S' is the Steenrod operation

(see [20] and [1]).

4 Some applications

4.1 Algebraic cobordisms of a Pfister quadric

The Pfister quadric is a rare example of noncellular variety for which the
ring of algebraic cobordisms is computed - see [18]. This was possible since
the extension of scalars map is injective in this case. So, one needs only
to find out which elements over algebraic closure are defined over the base
field. But the proof of injectivity from [18, Proposition 4.4] uses the original
computation by M.Rost of the Chow groups of a Pfister quadric (in the case
of MGL** there is an independent computation, using motivic homotopy
theory - see [18, Theorem 7.2]). In the current subsection we would like
to give another proof of this fact, which is based on symmetric operations,
does not use the computations of M.Rost, and, in turn, gives a new way to
compute the Chow groups.
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Let a = {ay,...,a,} € KM(k)/2 be a pure symbol. Let @Q, be corre-
sponding Pfister quadric.

Theorem 4.1 ([18, Proposition 4.4]) Let E/F/k be any extension of fields.
Then the map

Q*(Qa‘F) - Q*(Qa‘E>

18 1njective.

Proof: It was shown by M.Rost (see [14]) that the Chow motive of @), de-
composes into simpler, so-called, Rost motives: MPH (Q,) = @&, ~ M, (i)[24],
where M, is indecomposable, and M, |z = Z® Z(2" ! —1)[2" — 2]. It follows
from [18, Corollary 2.8] that the same kind of decomposition exists for the
cobordism motive: M(Qn) = ®Z, ~' M2(3)[2i)].

Clearly, it is sufficient to prove injectivity for Q*(M$). Use induction on
n.

(n = 0) M? = M%(Spec(ky/ar), and Q*(M,) is either L, or L & L,
depending on: if \/a; € k, or not.

(n = 1) MY = M%(Cfay.a,3), Where Cyg, 4,3 =: C is a conic. By [5,
Theorem 2.2|, we have exact sequence:

Bpe(cl) 0 (Spec(L(p))) —— (Clr) —— Q(L(C)) —— 0

Since Qy(C|r) = CHo(C|L) = Z with generator - the class of the point py of
degree either 1, or 2, we get commutative diagram

L —1 Q/(Cl,) > L 0

~|

L :

with exact row and 7, o j be either multiplication by 1, or by 2 (7 here is
the projection C'|;, — Spec(L)). Thus, the map (e*,7,) : Q*(C|,) - Lo L
is injective. Hence, the extension of scalars map is injective too.
(1<n=n+1)Let o« ={ay,...,an+1}. Consider 5 = {ai,...,a,}. The
motive M ﬁQ is a direct summand in M®(P), where P is 2"~! — 1-dimensional
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(norm-)quadric. Moreover, the projection M®(P) — M%(Spec(k)) = L can
be decomposed as: M?(P) EN M§ % L. Consider the diagram:

O (M2]p) —L— (ML ® M$|r) —L— Q (M2 @ M2(P)|r)

| ¢ I

V(M |p) —— (M ® MF|p) — O (Mg @ M®(P)|p)

Since M{* @ M§H = MF? @ MGH (2" — 1)[2"*! — 2], the same is true for
cobordism-motives due to [18, Corollary 2.8]. By inductive hypothesis, i is
injective, and Ker(i;) C Ker(g*) C Ker((go f)*). Let x € Q,(M£}) belongs to
Ker(i;). Then 0 = m.n*(z) = « - [P], where m : P — Spec(k). If r = 0, then
)y = CHy and the absence of the kernel follows from the theorem of Swan.
If r > 0, then 2dim(P) > codim(x), and we can apply Proposition 3.15:
0=¢" (- [P]) = (-1 (P) - pr(a).

Notice, that dim(P) > 0. Since 79(P) is odd, this implies: pr(z) = 0.
Consequently, Ker(i;) C Ly - Q*(M$|r). Hence,

CH* (Ma|r) = Q*<M3\F)/L>o : Q*(M;Z’F) = image(i1) /Lo - image(iy),

and taking £ = F, we get the Rost’s description of the Chow groups of
M, from [18, Theorem 3.4]. Now we can proceed as in the proof of [18,
Proposition 4.4]. More precisely, it immediately follows from [18, Proposi-
tion 4.3] that there is an (L-module) section image(iy) — Q*(MS|r). Or,
in other words, Ker(i;) is a direct summand of Q*(M$|r). Consequently,
Ker(i1)/Lso - Ker(i;) = 0, which implies: i; is injective for E = F. Since,
if both ' and E are algebraically closed, then i; is an isomorphism, we get
that 4; is monomorphic for arbitrary extension F/F. ]

Let e* : Q*(M) — L* be the restriction to the generic point, and T, :
Q. (M) — L, be the projection to the point. One gets:

Theorem 4.2 ([18, Theorem 3.4,Proposition 4.4]) The map
(e*, ) : (MY - LeL

is injective, and it’s image is equal to L & I1(2,n — 2), where I(2,n — 2) -
the ideal in I generated by the classes of quadrics of dimensions from 0 to
=2 1.
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4.2 Rationality of cycles

Let Y be smooth quasiprojective variety over the field k. In many situ-
ations one needs to compute the image of the restriction of scalars map:
ac : CH™(Y) — CH™(Y|y). If ¥ € image(ac) we say that y is k-rational.
It appears, that sometimes this condition may be checked over some bigger
field k(Q)/k, where the situation could be simpler. For example, it is a stan-
dard application of the Rost degree formula, that if p is a prime number, and
Q is a v,-variety of dimension p"~! — 1, then for arbitrary Y of dimension
< dim(Q), Y has a zero cycle of degree prime to p if and only if Y|y does.
For quadrics this gives: if dim(Q) > 2" — 1 > dim(Y’), then the existence of
points of odd degree on Y and Y|[y(g) is equivalent. Moreover this condition
on the dimension is the optimal one. Operation ® permits to address similar
questions about the cycles of arbitrary dimension. We have the following:

Theorem 4.3 ([17, Corollary 3.5]) Let Y be a smooth quasiprojective variety
over a field of characteristic 0, and Q) be a smooth projective quadric. Suppose
ye CH™(Y|;)/2, and m < [dim(Q) + 1/2]. Then ¥ is rational if and only if

There is a generalization of the above result, which roughly speaking says
that even if the condition m < [dim(Q) + 1/2] is not satisfied, but |z is
rational, you still get some rational cycles over k: certain Steenrod operations
applied to .

The difference with [17, Corollary 3.5] is that using ® instead of the
Landweber-Novikov operations, one gets the statement about CH*, and not
about CH := CH* /(2 — torsion).

The proof is exactly the same, but instead of using the multiplicative
properties of the Landweber-Novikov operations and [16, Propositions 3.8,3.9]
(our Proposition 3.14) one should use Proposition 3.15.

5 Appendix

The aim of this appendix is to provide the proof of certain facts we use in the
main part of the paper which were not contained in the original version of [5].
Since then some of these facts, probably, appeared somewhere, but I decided
to provide independent proofs here to make the article more self-contained.
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5.1 Transversality

Let me remind that the pair of morphisms Y L x & Zis called transversal,
ifforanyy € Y, z € Z, such that f(y) = v = ¢g(z), the map Ty, BTz, — Tx s
is surjective.

The following straightforward Lemma helps to check transversality

Lemma 5.1 Let Y L X & 7 be the pair of morphisms. Suppose on X
there is a pair of filtrations XY C ... C X{ =X =X;D...D X?. LetY;,
and Zj,, be the irreducible components of f~'(X\X},,), and g7 (X7\X7,,),
respectively. Suppose

) f:Y, — X)\XY and g: Z;, — X\X7,, are smooth.
2) X} and X7 are transversal on X.
Then f and g are transversal.
The following observation is evident:

Observation 5.2 Let in the diagram

-

both small squares are proper cartesian. Then the large square (containing
A,B,E and F) is proper cartesian too.

Below we will establish the proper cartesian property for various types of
diagrams. We have the following statements.

Lemma 5.3 Let B L A & O be the pair of maps of smooth quasiprojective
varieties, where f is a reqular embeddings, and D := B x 4 C. Then the right
square in the following diagram is always proper cartesian, and the left one
s proper cartesian provided f and g are transversal.

A <7F—A BZA,B <j—A PB(NB)

o] o | [or

C +—— BZC’D — ]PD(ND)

yel Jc
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Proof: The statement about the right square is clear.

Transversality of g and w4 can be checked separately on B and A\B.
Finally, the fact that the left square is cartesian follows from the fact that
9*Zp = Ip, where I, Ip are sheaves of ideals of B and D, respectively.

Proposition 5.4 Let A be smooth quasiprojective variety equipped with (Z/2)-

action, such that the locus of fized points is smooth divisor Ry. Let A =
A/(Z)2). Then A is smooth, p : A — A is flat of degree 2, and for
Uy = p.(0)/O, p*(Us) = O(—R4). Moreover, O(—R4) has natural (Z/2)-
action, which is equal to (—id) outside Ra (where O(—R,) is naturally iso-
morphic to O), and such that O(—Ra)/(Z/2) = Ua.

Proof: From the results of D.Mumford we know that the quotient exists.
Outside R, the action will be free, and so p|a\g, is étale of degree 2. If
r € Ra, then in Oy, the equation ¢; defining R4 can be chosen as one
of the local parameters. The action splits O4, into (+1) and (—1) k(x)-
eigenspaces Vo @ V. If f € Vi, then f € Zp,. That is, f is divisible by ¢;.
Hence, -t; : Vj — Vi is an isomorphism. This shows that p is flat of degree
2. Let n be the maximal ideal of Vj. Since m' is preserved under the action,
we can decompose Vy = k(z) @ Vit @ VY, where Vj' € m, and V]’ = V; N m?
Then it is not difficult to see that V3 and ¢ generate n/n* Hence, V} is a
smooth local ring. Thus, A is smooth.

Since p is flat of degree 2, p,.(O) =: V4 is a two-dimensional vector bundle
on A. On A we have a natural map @ — V4 which identifies the image with
the (+1)-eigensubbundle, and V4 = O & Uy, where the latter is a (—1)-
eigensubbundle.

Then A = Specz(Va), and the multiplicative structure on V4 is given by

the map U§2 4 O. We have natural map

Pr(Ua) = (O3 BUL) Qo Un =Us U D Uy 0 O

of O4 = (05 ® Us)-modules. The zeroes of this map is exactly the fixed
point divisor R4. Thus, p*(Ua) = Zr, = O(—Ra).

To prove the last statement, define the action on O(—R4) = p*(Ua) =
Uy ©UT? as (id) on the first summand, and (—id) on the second. Then,
clearly, O(—R4)/(Z/2) = U4, and the action otside R4 (under the natural
identification id @ p : Zr, — O4) will be (—id). O
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Proposition 5.5 Let A, B be smooth quasiprojective varieties equipped with
(Z/2)-action, such that the locuses of fized points are smooth divisors R4 and
Rp. Suppose f: B — A is a (Z/2)-equivariant map which is transversal to
Ra. Then Rg = f~Y(R,), and for A = A/(Z/2), B := B/(Z/2) the natural
diagram

f
%

Sy

PA—
=
o

N
e

sy

%
f
18 proper cartesian.

Proof: BY Proposition 5.4, we know that A and B are smooth, and
A = SpecA(VA) B = S*pecB(VB) for VA = (pA) (O) VB I: (pB) (O)
Then A x4 B = Specg(f (Va)). Morphism f gives a map 7 : F(Va) = Vg,
which decomposes as id®e, where ¢ : f (U4) — Up is certain map. We would
want to show that it is an isomorphism. Really, multiplicative structure in
V4 and Vg is given by certain maps fi4 : L{I?Q — O and up : Z/{jg92 — O, which
should fit in the commutative diagram

T*(UA)‘@Q M)

Uz —— 0.
“B

But the zeroes of 114 and pp are exactly the images R4, R of the fixed points
divisors. These will be again smooth divisors on A and B, and the map f
will be transversal to A. In particular, ?_I(R_A) will be a smooth divisor
on B, which coinside with the divisor of zeroes of T*M 4. This implies that
such zeroes have multiplicity one, and thus, €2 have no zeroes at all (since
they would have even multlphclty) Consequently, € is an isomorphism, and
Rp = f~Y(R,4). Hence, B = A x4 B. The transversality of the maps p4 and
f can be checked separately on R4 and A\Ry4. ]

The following proposition shows that to construct a proper cartesian
square for C%’s one just need to construct one for [’s.
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Proposition 5.6 Let A, B,C, D are smooth quasiprojective varieties equipped
with the (Z/2)-action, with the locuses of fized point the smooth divisors
Ra, Rp, Re, Rp, and smooth quotient-varieties A, B,C, D. Suppose, they fit
into the proper cartesian diagram:

A#B

ol

of (Z/2)-equivariant maps, and:

b

(

(a) either f and g are transversal to Ra,
) or f is transversal to Ra and f' is transversal to Rc,
)

(
(¢) or g is transversal to Ra and ¢’ is transversal to Rp.
Then the quotients also fit into the proper cartesian diagram:

f

A—— B

1T

C—TD
!

Proof: First of all, let us show that condition (a) imply (b) and (c).
Really, since f and R4 are transversal, by Proposition 5.5, Rg = f~'(R,).
And since g, f and R, are all pairwise transversal, ¢ will be transversal
to f71(R4) = Rp. From the symmetry we can assume that we are in the
situation (c¢). Thus we can apply Proposition 5.5 to morphisms g, and ¢’. We
have: C = Cx5A, and D = Bx5D. We have a natural map v : D — Bx5C.
Then p4(v) : D = B x5 D — B x5 B x4 C. We want to show that this is
an isomorphism. Really, we have B x5 B x5C = Bx5C = Bx4 Ax5C =
B x4 C = D, and it is not difficult to follow, what is happeneing to the map
p(v) under these transformations: it is just given by the only natural maps
to the factors. So, in the end we get an identity, and pj(v) is an isomorphism.
Since pp is flat, v is an isomorphism. Thus, our square is indeed cartesian.
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The transversality of f and § can be checked separately on R4 and A\Ry.
L]

Now we can prove the proper cartesian property for various squares we
are using in the text.

Statement 5.7 Let X % Y & Z be transversal reqular embeddings of

smooth quasiprojective varieties, and U = X Xy Z. Then the following nat-
ural squares are proper cartesian:

o) < gz cay) S G
E(Q)T Tﬁ(g’) and 52(9)T Ta%@?’)
0O(X) —— OW) CHX) —— C*(U)
) C2(R)

Proof: Transversality of [(g) and (k) can be checked separately on
Py (Ty ), where it follows from the transversality of Px(Tx) and P,(Ty), and
on O(Y)\Py (Ty ), where it follows from the transversality of ((g) and O(h).
The easy inspection shows that the intersection of O(X) and 0(Z) is O(U),
thus, the left square is proper cartesian. For the right square one needs to
apply Proposition 5.6, and observe that (J(g) and O(h) are transversal to the
fixed point locus Py (7y) by Lemma 5.3. 0O

Statement 5.8 Let Z > Y % X be the smooth morphisms of smooth
quasiprojective varieties. Then the following natural squares are proper carte-
s A(t/9) (+/9)

~ g ~ a g

OZz)y) — 0(Z/X) «——— Blli(Z/X),ﬁ(Z/Y)

pZ/YJ( pZ/Xl J{;ﬁ

Z)Y) —— C*Z/X) —— Bl
/Y C(f/9) (2/%) (f/9)

In particular, Blgs(y)x) &2(2/vy = Blazx) aizvy/ (Z/2)-

C2(2/X),C2(Z]Y)

Proof: The left square is proper cartesian by Proposition 5.5, since
A(f/g):0(Z2)Y) — 0O(Z/X) is transversal to the fixed point set Reyx) =
P,(Ty/x). For the right one, it remains to apply Lemma 5.3. O
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Statement 5.9 Let Z %V L X be smooth morphisms of smooth quasipro-
jective varieties. Then the following natural squares are proper cartesian:

b(h) d(h)

Oy) «—— Bli(z),i(Z/y) C*(Y) BlC’Q(Z)ﬁ?(Z/Y)
A(f)T TA and C(f)T TC
O(Y/X) — BZE(Z/X),E(Z/Y) C*(Y/X) d Bl@Q(Z/X)ﬁ?(Z/Y)

Proof: Let us start with the first square. We have:

Bl 5 f12/v) = Blow)a@) oz iy

BlBin z) oizvy Ba e Ty) = BZ(E(Y)XD(Y)D(Z)),IP’z(h*Ty)’

where the embedding P4 (h*Ty) — (3(Y ) x ow)3(Z)) is given on both factors
by P (h*Ty) — Py (Ty) — O(Y), and P4 (h*Ty) — Z 3 [(Z), respectively.

Since Pz (h*Ty) is transversal to (O(Y/X) xpw/x) O(Z/X)), and the
intersection is Pz (h*Ty,x). Applying Lemma 5.3, we get that

Bl@w g e ety Xay) BY/X) =
Blaw)x) o xonz/x) 2201y, = Blozxozvy
and the respective (our first) square is proper cartesian.

To show that the second square is proper cartesian, by Proposition 5.6
and the last claim of Statement 5.8, it is sufficient to check that A(f) is
transversal to the locus of fixed points on [J(Z) and A is transversal to the
locus of fixed points on Blg, 5,y But such locuses are Py (Ty) and the
special divisor on Bl(ﬁ(y) Both transversalities follow from

xom)H(2)),Pz(h*Ty )
Lemma 5.3. ]

Statement 5.10 Let X % Y <& Z be morphisms of smooth quasiprojec-
tive varieties, where g is a reqular embedding, h is a smooth morphism, and
U= X xy Z. Then the following natural squares are proper cartesian:
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~ b(h) =~ d(h)

O) —— Bl mzy) CHY) —— Blez(z) 22)v)
) 6 and o | &)
OX) o Blawawx) CX) o Blew e

Proof: The proof is the same as for the Statement 5.9. One should just

observe, that the subvariety Pz (h*Ty) of (O(Y) xgry 0(Z)) is transversal
to (O(X) xpox) O(U)), and the intersection is Py ((h')*Tx). The facts that

—_—~—

O(g) and O(g) are transversal to the locuses of fixed points again follows
from Lemma 5.3. ]

Statement 5.11 Let X %Y <&~ Z be morphisms of smooth quasiprojective
varieties, where g is a reqular embedding, h is a smooth morphism, and U =
X Xy Z. Then the following natural squares are proper cartesian:

y 29 7z y 2 G2 gy

QT Tﬁ(g//g) and QT T52(9’/9)

X —— OW/X X —— CYU/X
o (U/X) oo C*(U/X)

Proof: The morphisms B(h) and D(h) are smooth. Thus, it remains only
to observe that the preimage of X is O(U/X) and C*(U/X), respectively.

Statement 5.12 Let Z 25V L5 X be smooth morphisms of smooth quasipro-
jective varieties. Then the following natural squares are proper cartesian:

~ b(h)
‘ Bleyz) Bz

a(f)T Ta and

Blayy ayyxy < Bla @z bex)

~ d(h)
C*(Y) — Bl (7 202y

C(f)T TC

Blgay eavyxy < Blaaz)@2z/v),622/x))
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Proof: This follows directly from Proposition 5.9 and Lemma 5.3. Take
A =0(Y), B =0(Y/X), C = Blg 4 gy for the first square, and A =

C2(Y), B=C2(Y/X), C = Blgs 7y @27y for the second. O
Finally, we need one more square.
Statement 5.13 Let Y L X be the smooth morphism of smooth quasipro-

jective varieties. Then the following natural squares are proper cartesian:

E(f e(f
Py (Tyyx) —2 Py(Ty) <2 Bloy(rypy

iY/xJ iyl lz

C2(Y/X) —— C*(Y) —— BI
(Y/X) c(f) ¥) o(f)

Ty x)

C2(Y),C?(Y/X)
Proof: Our left square is the large square of the diagram

Py(Ty) -2 OF) -2 C4Y)

E(fﬁ A(fﬁ Tom ,

Py (Ty,x) —— O(Y/X) —— C*(Y/X)

Jy/x Py/x

where the left small square is proper cartesian by Lemma 5.3, and the right
one is proper cartesian by Statement 5.8. Now one needs to apply the Ob-
servation 5.2. Our right square is proper cartesian by Lemma 5.3. ]

5.2 Morphisms of degree 2

Let 7 : Y — Z be a finite morphism of degree 2 between smooth vari-
eties. The 7 is automatically flat. The aim of this subsection is to compute
m([1y]) € Q°(Z). Similar computation was earlier independently performed
by M.Rost and A.Smirnov.

The direct image m,(Oy) =: V is a 2-dimensional vector bundle on Z
which has a structure of the sheaf of commutative O -algebras. It has natural
subbundle Oy generated by the unit section, and the quotient is an invertible
bundle which we denote U.
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Consider the symmetric Oz-algebra S*(V). Then Spec(S*(V)) is just the
total space of the bundle V*. We have a projection pr’ : Spec(S*(V)) — Z,
and there is natural closed embedding 7’ : Y — Spec(S*(V)) such that © =
pr’oj’. This embedding is given by the surjective O z-algebra homomorphism
S*(V) — V which sends the zero-degree component to the subbundle Oy of
V', and the first-degree component identically to V. The image of j' is disjoint
from the zero section of pr. Indeed, the intersection of the two closed subsets
is given by the ideal which contains the augmentation ideal of S*(V) as well
as the zero-degree component, since the image of the latter in the algebra V'
is contained in the image of the component of degree 1. Thus, the map 7 :
Y — Z factors through the well-defined map j : Y — Proj(S*(V)) = P(V").

Let us compute j.([1y]) € QY (P(V")).

Proposition 5.14 j,([1y]) = 1 (U2(2))[1pn)-

Proof: The image of j is given by the homogeneous sheaf of ideals of
S*(V) which is generated by the relations image(id—1®,u) : S*(V) — S*(V),
where p @ S*(V) — V is a multiplication map in V, 1 is considered as an
element of S'(V) =V, and ®; is a product in S*(V).

Notice that (id — 1 ®; p)(Oz ®s V) = 0. Thus, our ideal is generated
by (id — 1 ®, p)(S?(V)/(0Oz @, V)) = (id — 1 @, p)(S*U)). So, our Y is
just zeroes of some linear map U? — (O(2). Or, which is the same, of some
linear map Oppny — U?(2). Since Y is smooth, by [5, Definition 2.2(Sect)],

J«([ly]) = eaU72(2)) [Lpeom))- ]

Theorem 5.15 7. ([1y]) = B20 (¢, @4~1))[1,], where [2]a(t) is the multipli-

cation by 2 in the sense of the universal formal group law Fg,.

Proof: Since the characteristic of the base-field is not equal to 2, the
sequence 0 — Oy — V — U — 0 is split by the trace/2 : V — Oz map,
and so is the sequence 0 — U=t — V* — O, — 0. Then we have a closed
embedding i : P(Oz) — P(V"), and i.([1pi0,)]) = c1(U~(1))[1pan)]. Notice
that P(Oy) can be naturally identified with Z and, under this identification,
proi: Z — Z is the identity. At the same time, U ™' (1)|po,) is identified
with /=1 on Z. Then

m([ly]) = prio ju([ly]) = proci U (2))[1eon)] =

prFaley @ (1), el W) o] = 22 e @)
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5.3 Excess Intersection Formula

Consider cartesian square

with f, f' - regular embeddings, and (¢')*(Npca)/Npce =: M the vector
bundle of dimension d.

Theorem 5.16
g fo(v) = filcalM) - (') (v));  [7g.(u) = gi(ca(M) - (f)"(u)).

Proof: Consider particular case of our diagram. Namely,

p - Pp(Npce @ O)

.| |

B —— Pp(Npca® O).

J

Lemma 5.17 Theorem 5.16 is valid for this diagram.

Proof: Let 0 — £ — N — M — 0 be the short exact sequence of vector
bundles. Then the class [P(£) — P(N)] is given by caimay (M @ O(1)).

Let Ngca and Npcc have dimensions dg and dp, respectively. Denoting
as €p : Pg(Npca @ O) — B and €p : Pp(Npce @ O) — D the natural
projections, we get:

"3+ (v) = g (€p(v) - cay (N ® O(1))) =

9 €p(v) - §*(cay Np ©@ O(1))) = Ep(9)(v) - ca5 ((9')"(Nr))
ep(9)(v) - cap(Np ® O(1))) - ca(M @ O(1)) =
Ji(g)(v) - caM @ O(1)) = 7.(()"(v) - (7') (ca(M ® O(1)))) =
7((g)"(v) - ca(M)).
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In a similar way,

7Gx (u) = (€p)x(gx(u) - cay(Np ® O(1
(EB)«gx(u - " (cay(Np ® O(1)

Gu(Ep)«(u - cay(Np @ O(1)) - cy M @ O(1
9:(3")" (- ca M ® O(1))) = g, ((5)" (u) - cal

Consider the diagram

B 1 PN @ O) L Pr(Np @ O)

] £

A — C

Lemma 5.18
9T = ig*]* and j*77g. :j*g*(T/)*'

Proof: Consider the standard deformation to the normal cone construc-
tion. R

Let A := Ble]pl ,Bx{0}> B = BZBXI[M,BX{O} :BX]P)17 RA = PB(NB@O),
and Sa := Blax{oy,Bx{0y = Blap.

Analogously, let C = Blexpt pxgoys D= Blpxpt,pxioy = D X P!, Rq =
]IDD(ND S5 O) and S¢ = BZCX{U},DX{O} = BZQD

We have commutative diagram with all squares proper cartesian (we will
need this property only for the left and the right ones):

~ .7

B—- Ry R —~— D
N N
B-1.4. ¢ . p
B T) A . C - D



where the upper objects live over {0}, and lower ones over {1}.
Since 73 (0(1)) = O(Ra) ® O(54), and n5(O(1)) = O(Rc) ® O(Sc),
the differences d4 = (c1(n3O(1)) — c1(O(R4))) and d¢ = (c1(nEO(1)) —
c1(O(R¢))) are supported on S4 and S¢, respectively.
Notice, that S4 does not meet B and SC does not meet D.
This implies that 64 - f,(2) = 0; 0 - §*fu(2) = 0; f*(64 - 2) = 0; and

f*?(éo - z) = 0. Using the first two equalities, we have:

G7.5:(0) = g (i) fer(v) = ¢* () liny)u(iny)* fnh(v) =
g (14)e(c1(O(RA)) - ﬁjyv)) = ¢" (1) (1 (150(1)) - fij< v)) =
G fory(v) = 6" i (v) = (10). (1 (nEO(1)) - §* fury(v)) =
- o

(m¢)(c1(O(Re)) - G oy (v)) = (m6)u(ing ) (ine ) T fry (v
7). (in,)* Fers () = (7).57 5 (v).

~ ~

Tags(w) = (TB)f" (i) (14) g+ (u

TB) f*ﬁ*( 1(n 2(0( ) - me(u))

= Re)+(ire ) Te (1)
(T5)- f(ZRA)*g*( ) (u) = j7g:(7")

77 (u) = i wag.(w) = (7)u(c1(O(Ra)) - [mig.(u))
(2 (O( ) ) =

"(u).
]
The Theorem now follows, since, by Lemmas 5.17 and 5.18
g f*<1)) = T*J*( )_ *g ]*( )—
TJu(CaM) - (¢)(v) = (f)s(calM) - (g)"(v)).
Analogously,
frge(u) = 5779, (u) = jg.(7')" (u) =
gi(ca(M) - ()" (71)" () = gilea(M) - (f)"(w)).
O
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5.4 Blow-up formula

The aim of this subsection is to prove Proposition 5.24.

Let us start with some preliminary results.

Let NV be a vector bundle of dimension d on some variety B, and ¢ :
P(N) — B be the corresponding projective bundle. Let K = N /O(—1) be
the natural quotient.

Proposition 5.19 The class of the diagonal on P(N') x g P(N) is equal to

ca1(K1@0(1)2) = (K1) (e1(O(1)2)) = caa ()X 14+ va-1-ix(e1(O(=1)))',

i>1
for certain ; € QI (P(N)).

Proof: The diagonal A(P(N)) is just Ppyr), (O(—1)) for the natural sub-
bundle O(—1) C Np),. Thus, the respective class in Q7 (Ppy), (N)) is
equal to cg_1((N1/O(=1);) @ O(1)s) = (K1) (c1(O(1)2)). The leading term
will be ¢;_1(K) x 1. Finally, we can rewrite the power series in terms of
c1(O(—1)) instead of ¢, (O(1)). O

Corollary 5.20 There are such v; € Q/(P(N)), j =d —2,...,—00, such
that for any u € Q*(P(N')) we have the following identities:

u=cq1(K)-e"eu(u) + Z’Yd—l—ﬁ*é'*(u e (O(=1)));

j>1

u=c"e(u-cg_1(K)) + Z cl(O(=1)Ye*eu(u-va-1-;).

i>1
Proof: Consider the diagram: P(N) & P(N)@5P(N) = P(N). Clearly,

(1)« (A (2)* () = u = (£2)«(A - (e1)*(u)). Now it remains to apply Propo-
sition 5.19 and the projection formula. ]

Let f : B — A be a regular embedding of smooth quasiprojective vari-
eties, and V be a it’s normal sheaf. Then we have the following cartesian
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diagram:

B — A

Proposition 5.21 The following sequence is split exact:
0 — QW) V57 0 (Blag) @ 07 (B) TS 0 (4) — 0.

Proof: Since the diagram above is commutative, our sequence is a com-
plex. Let us construct a contracting homotopy for it.
We denote respective maps as:

AL Q(B) — Q(PN)); Az Q(Blag) — Q(P(N));

A3t U(A) = Q(B); A\ : Q' (A) = Q°(Blag).

Take: Ay = 7% Ag = G - f*, with § = &, ( o ) where £: Py(N @ O) —

B is the projection; A\; = ¢4_1(K) - £*, and, finally, \y = F o j*, where
Fu) =350 m-2-j€ea(u- 01(0(—1))j). Let us check that this is indeed a
contracting homotopy.

Recall the following formula of M.Levine-F.Morel:

*

Proposition 5.22 ([6, Lemma 1.6)) Let f : Z C X be a reqular embedding.
We have the natural maps

7 & Py(Ngex ® O) and Blyy 5 X.

c1(0(1)) )

1(0(=1))
1) From Proposition 5.22, d o A3 + d o )4 is equal to the identity.
2) (do X + Ao d)(v) = v (exleas () — calM) - & (55 ).

ci1(

Then
ﬂ-*(]'BlX,Z) =1lx + f*g* <

By the Excess Intersection Formula (Theorem 5.16),
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eulea1(K)) = eulcar () - °(1) = frma(1) = (1 + L2 (25H)) =
1+ cg(N) - & ( (EQ(( R)) Thus, our expression is equal to v.

3) (Apod+ A od)(u)=F(u-c1(O(=1))) + cqg1(K) - e*cs(u) =
(350 Ya—2—j - €*eu(u - 1 (O(=1))*)) + c4-1(K) - eeu(u) = u, by Corollary
5.20.

4) From the commutative diagram with exact rows

O(PN)) —2— Q*(Blag) —— Q*(Blag\P(N)) —— 0

“] H

(A ——  Qf(A\B)  —— 0

i*

we see that the map (j.,7*) : Q*(P(NV)) & Q*(A) — Q*(Bla p) is surjective.
So, we can check our condition separately for elements of the form j,(u), and
of the form 7*(v).

(do Xy + Ag0d)(ju(u) = juF'(u- c1(O(=1))) + 7' mjiu(u) =
Je(u = a1 (K) - e%eu(w) + 7 faeu(w),

by Corollary 5.20. By the Excess Intersection Formula, 7* f.e.(u) = j.(cq—1(K)-
e*e.(u)), and our expression is equal to j.(u).

(do g+ Apod)(m"(v)) = Ju(F (5" (v))) + m*m7™(v) =

JEEF )+t o f2 (%))

and by the Excess Intersection Formula and the definition of F', this is equal

to 7 (0)(1+ ju(ca1(K) - ' (EGH) + Xyno v 2e(ea(O(=1)))).
Notice, that by Proposition 5.19,

? 1 — Cg—1\/\1
(El)*( (1) = car (1)

t

Z Yd—2—j '5*8*(01(0(—1)>j) =

>0

(@(O(-12)).
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Let us denote P(N); as D with the natural maps: n: Pp(N) — D,
n:Pp(N ®O)— D. Then

ca—1(K) - g%, (%) + Z’Yd—ij e'e (e (0(-1))) =
(a0 L 0 - ),
(easth) - (S )+ (=B 01

By the Quillen’s formula (Theorem 5.32), this is equal to

R (@Q(;c)(ti ._Csfcé/\}gm)(_w)) + Res ((‘Q .t) : cd1<iC>(—w)>

(-) _ Res )
Res <t~ (c1(O(=1)) - t)) = <(‘Q t) - (c(O(=1)) - t))

(notice, that we have —w = (-)*(w) here since our parameter is ¢;(O(—1))
and not ¢;(O(1))). And the latter expression (by the same Quillen’s for-
mula) is just (;}%’E‘_%), where p : Pp(O(—1) & O(1)) — D is the pro-
jection. But D is a smooth divisor on X = Bl g, and by Proposition 5.22,

Jilbs <Cf1(g9((_li;)> is equal to [Blx p — X| — [id : X — X], which is zero.

Thus,(d o Ay + Ay o d)(7*(v)) = 7*(v), and the proposition is proven.

Remark: Notice, that the exactness of our sequence would follow auto-
matically, if we would know that 0* extends to the generalized cohomology
theory in the sense of [10] (with the excision axiom, etc.). Such theory is
expected to be MGL**, but to my knowledge, currently it is not known.
But another reason to have the above proof is to obtain the exact form of
the contracting homotopy. For example, we use it in the following:

Corollary 5.23 The map (7). & (j)* : Q*(Blag) — Q*(A4) & Q*(P(N)) is
mjective.

Proof: We just need to mention that idp;, , = T o, + j. o Floj*.
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B 1.4
Suppose that we have a cartesian diagram Tg’ QT where f, f',g9,9
D T) C,
are regular embeddings of smooth quasi-projective varieties. It induces the
commutative diagram

A PRIE . BZA,B <L PB(NBcA) E—B> B

T R ¢

C «™“— Blep e Pp(Npce) —— D,
€D

where the middle square is proper cartesian. Let also

Pp(Npce) SN Pp((¢')* Npca) . Pp(Npca)

aDl l (2) JEB

D = D — B

be the natural maps.

Proposition 5.24

MEOW) — M) .
A (O(-1)) () ) ’

where M = (¢')*(Npca)/Npce, and d = dim(M) = dim(A) + dim(D) —
dim(B) — dim(C).

* * . C,
(9B1)+7C = Tags — (Ja)shx < ol

Proof: Denote as 7{?,%, €D, €, ep the maps analogous to k, h,ep, &, g, but
with A/ changed everywhere to N’ @ O.

c1(O(1))
c1(0(=1))

We want to show that the values of (74). and (j4)* on both parts of our
equation are the same. It follows from Proposition 5.22 that

(ma)+(gB1)+(m0)" (V) = gu(me)(mc)™ (v) = gu(v - (1 + (f)(€D)+(0))).

Denote also the element ( ) as o.
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Analogously,

(Ta)«(74)"92(v) = gu(v) - (1 + fu(€B)+(9))-

Thus,

(ma)«((gB1)+(mc)*(v) = (ma) g4 (v)) =
f+9.(ep)-((eD)"(f)*(v) - 6) — fu(€B)+((€B)" ["gs(v) - 0)

By the Excess Intersection Formula (Theorem 5.16),

[g:(v) = gilca(M) - (f')"(v))-

B (7 gm0 (70)" () — (7). (0) =
FE) R0 () (0) ) — £ EB) R :
(@), ({AME O AT 2y

The latter expression is clearly equal to

rtea).h, (AMETD Iy ) -
ma i (PSS ).

Now, apply (ja)* to our equation. Since the square (2) is proper cartesian,
and k.k* is given by the multiplication by ¢;(M ® O(1)), we get

(14)"(gm1)mc(v) = (9)- (Jc) o(v) = (@)«(en)"(f)"(v) =
ha(ca(M @ O(1)) - " ()" (v)).

Using Excess Intersection Formula, we get:

(74) Tag.(v) = (€8)"f"9:(v) = (eB)"gilca(M) - (f)"(v)) =
hae"(ca(M) - (f)"(v)).
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On the other hand,

Gy G (AHE NS o)

ha(ca(M @ O(1)) = ca(M)) - €°(f)"(v))

Thus, we have proven that the value of ((74)s, (ja)*) on the left and the
right hand side of our formula is the same. It remains to apply Corollary
5.23. —

5.5 The formula of Quillen

The aim of this subsection is to prove the algebraic analog of the formula of
Quillen expressing the class of the projective bundle in the cobordism ring
of the base.

Let R be some commutative ring with a ring homomorphism L. — R.
Consider the ring A := R[[\1, ..., \,]] of Tailor power series. In the ring A
we can add and subtract elements in the sense of universal formal group law.
We will denote the corresponding operations as +q and -o. The proof of the
following statement is straightforward.

Statement 5.25 The element (\;-q A;), for i # j is not a zero-divisor in
A.

Les S be the multiplicative system in A generated by (A\;-q A;) for all
1 < i # j < n. Denote as B the localization A[S™!]. Tt follows from the
Statement 5.25 that the map A — B is injective.

Let f(t) € R[[t]] be arbitrary power series. Consider the following element

of B:
(FY AL, A Zf H/\ A)
JFi

Let X := x,P>*. Let us denote as L; the linear bundle O(1);. Then
O (X) ®L R is exactly A, if we identify ¢;(£;) with A\;. Let E := @& ,0(1);
be the standard vector bundle, and Y := P(E) = X be it’s projectivization.
The following result permits to compute the class of Y in the cobordism ring
of X.

68



Proposition 5.26 For arbitrary f(t) € R][[t]]:

(1) The element p,(f) belongs to A.
(2) m(f(ea(O(1))) - [Iv]) = pa(f) € (X) @1 R.

Proof: Use induction on n. For n = 1, the projection 7 : ¥ — X is
an isomorphism, and 7*(Ox(—1)) = O(1). Thus, m.(f(c:(O(1))) - [1y]) =
f(Ox(=1)) = p1(f). So, both conditions are satisfied. Suppose the state-
ments are known for (n — 1).

Let us check condition (2) for n. We work inside B. Let us denote
c1(O(1)) as p. For arbitrary subset I C {1,...,n} let us denote as E; the
vector subbundle @,-;L; of E, and as Y7 the corresponding projective bundle.
Let u; : Y7 — Y will be respective embedding, and 7y - the composition mou;.
Clearly,

(w).tvy]= J[ a@WecL)= ]] (nt X)) € HOY). (2)

(1 +a An)-a(p+a An-1)
()\n -Q /\n—l)

G a4 G A

(1 t+aAn)-alp+o A1) = (L+arn) — (o pi-0An1)
(1 +a An) (4o A1)
Using (2), and applying the inductive assumptions to:

1) Rl = R, Al = Rl[[)\la ceey /\n—l]]y f1<t) = f(t),
2) Rs = R[[M1]], Aa = Ro[[M1, -, Ao, Al fa(t) = f(2) - 0t +oin-1)

(t‘H—Z )\n—l) )
and

Sy]) -

et An) (et Aner))-

3) R3 = R[P\nfla An]]))\ AS = R)i\’)[[)\la oo 7))\\7172“7 \
t n)-a(t n1)—(t n)—(c0 t-q An
f3(t) = f(¢t) - (t+ao An)-al J(rtQJm )\:Lg(t(‘i’:;?\n—l)) (at-o 1)7
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we can rewrite the above expression as:

(pnfl(fl)()‘h cey )‘nfl) + pn71<f2>(>‘17 ceey )\n727 An) + pn72<f3>(>‘17 R )‘n*Q))

()‘n Q)‘n 1)
f( f ] -0 An 1)
iz an;«él#j(/\l Q/\ Zl Hbé )\l Q)\) +
Fead)  (Ona ) = Cnza ) = y-p dt))
(n 12;@# L (A-a A)) =PalH)0 - A

The second statement is proven. Since m,(f(u)[ly]) € Q*(X) ®L R = A, we
get the first statement too. ]

On the ring A we have the natural action of the symmetric group S,,, and
the element p,(f) is stable under this action. Thus, p,(f) can be expressed
as a power series q,(f)(o1,...,0,), where o; is i-th elementary symmetric
function. Now we can get the algebro-geometric analog of the formula of
Quillen ([13, Theorem 1]). This algebro-gemetric analog appeared first in
[12, Formula (24)]. We will provide independent proof here.

Theorem 5.27 Let X be smooth quasiprojective variety, and V' be some n-
dimensional vector bundle on X. Let Y :=P(V) 5 X, and f(t) € Q*(X)[[t]]
be some power series. Then:

T (e (OM))[1y]) = @n(f)(cr(V), ..., (V).

Proof: One can observe that the proof of Proposition 5.26 works for
arbitrary X and Y =P(V) as long as V = @,L;, and (¢1(£;) - c1(L;)) is not
a zero divisor in Q*(X) for all ¢ # j. In particular, we get:

Lemma 5.28 Theorem 5.27 is true for X = (xj_;P>) x (x7_;P*>), and
Y = P(V), where V = @?:1(0(1)2'71 X O(_]_)Z’Q)

It is clear that the statement of Theorem 5.27 is sufficient to check for

f(t) = t", for all r. Suppose ¢ : A — B be map of smooth projective
varieties, and V' be a vector bundle on B. Then the following diagram is
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proper cartesian.

Also, v*(O(1)) = O(1). Then

Tax (1 (O(M))" - [Mearvp]) = mas 0 v ((e1(O(1)))" - [lepn)]) =
o mp.((c1(O(1)))" - [legw)))-

We get:

Lemma 5.29 (1) If Theorem 5.27 is true for the pair (B,V), then it is
true for the pair (A,n*(V)).

(2) If the map n* : Q*(B) — Q*(A) is injective, and Theorem 5.27 is true
for the pair (A,n*(V')), then it is true for the pair (B, V).

For the smooth projective variety X, and a linear bundle £ on it, there
exist ample line bundles £;, £y such that £ = £; ® L. That means, that
there exists a map 1, : X — P> x P> such that £ = n}(O(1); ® O(—1),).
From Lemmas 5.28 and 5.29(1) we get:

Lemma 5.30 Theorem 5.27 is true for arbitrary smooth projective variety
X, and V. = &;L;, where L; are linear bundles.

Let X be arbitrary smooth quasiprojective variety. Then, by the result of
Hironaka (char(k) = 0), there exists smooth projective variety X’ so that X
is an open subvariety of X’. Since the map CH'(X’) — CH'(X) is surjective,
for arbitrary linear bundle £ on X there exists linear bundle £ on X’ such
that £'|x = L£. If V' is arbitrary vector bundle on X', and V = V'|y,
then 7 (f(c1(O(1))) - [Iey,(vnDlx = m(f(c1(O(1))) - [lpx(v)]), and thus, if
Theorem 5.27 is true for the pair (X', V’), then it is true for the pair (X, V).
In particular, Lemma 5.30 is true for arbitrary X - smooth quasiprojective.

Lemma 5.31 Let X be smooth quasiprojective variety, and V be a vector
bundle on X equipped with the filtration Vi C ... C V,, = V with linear
subfactors V;/V;_1. Then the Theorem 5.27 is true for the pair (X, V).
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Proof: Using the trick of I.Panin-A.Smirnov ([11]), we can find a com-
position of affine bundles n : X’ — X such that n*(V) is a sum of linear
bundles. From the extended homotopy property for algebraic cobordism ([5,
Corollary 9.3]), the map n* : Q*(X) — Q*(X’) is an isomorphism. It remains
to apply the Lemma 5.29(2). O

Now, the general case can be reduced to that of Lemma 5.31 if we consider
the variety of complete flags Fix(V'), and use the Lemma 5.29(2). ]

Let F(z,y) be any 1-dimensional (commutative) formal group law with
coefficients in R. Then there exists unique invariant 1-form wp on Spec(R|[x]])

such that wp(0) = dz. Such form is given by: wp = <86—§\y:0)_ dx. In the
case of the universal formal group law on L we denote such form simply as
w.

We can give a formulation of Theorem 5.27 in a more familiar Quillen’s
form:

Theorem 5.32 Let X be smooth quasiprojective variety, V' be some n-dimensional

vector bundle on X, and 7 : Px (V) — X be the corresponding projective bun-
dle. Let f(t) € Q*(X)[[t]]. Then

o ) w
T (@O =R 7o

where \; are roots of V.

Proof: By the projection formula, it is sufficient to prove the Theorem
for the case f(t) € L[[t]]. We know from Theorem 5.27 that

T (f(e1(O(1)))) = pu(f) A1, -5 An).

In the formula for Res one should understand m simply as
1 by 1 (—1)IA
—1 _thAz _1:— ZGt/\il
(128G A)) T = 5 S G A,
1>0
where z4+qy = 4+ y - G(z,y). Thus, Res;—o % is certain universal

formula on \;’s, that is, some power series 7, (f)(A1, ..., A\n) € L{[A1, ..., A\l
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We just need to check that r,(f) = p,(f). Since we have an embedding
L{[A1, .., )] CL®z Q[[A1, ..., An]], we can check the equality in the latter
ring. But over L. ®z Q the universal formal group law is equivalent to the
additive one. That is, there exist power series «a(t), 5(t) € L ®z Q[[t]] such

that a(t) = t+ast?+. .., B(t) = t+bot*+.. ( ( ) =tand a(z) +oa(y) =
a(x +y). Let s = (t). Then w = ds. Let v(z) € L ®z Q[[z]]. Then
po 0w o fals) w o @) s+ A0) - ds
=0 [L(ttar) =0 [La(s+B0N) s [Li(s + B(A))
Lemma 5.33

g(s)ds  _ 9(=mi)
[Ti(s + i) [Ty — i)

Proof: By definition, Res;—q H (s+m = Gitn—1- Zlﬁ +ln—lH (—pi)ti.
Due to the identity:

€S
s=0 -
i

l+n 1

O T R Dl | 10
Hﬁéz 1 = i) Litotln=l i
(—pi)
the latter expression is equal to ), —Hm Qs —r) ]

It follows from Lemma 5.33 that our expression is equal to

5 Fla(=BO) TT;v(=50) + 6(A)) _ RN
Hj;éi(_ﬁ()‘i) + 50‘])) i Hj;éi()\j Q >\i) '

i

5.6 Miscellaneous

Let o - U — V — W — 0 be the short exact sequence of vector bundles on
X. Let 7 : Blppypy — P(V) be the blow-down map, and € : P(W) — X be
the projection. The proof of the following statement is straightforward.

Statement 5.34 Blpy)pw) s isomorphic to Ppoy)(X), where the bundle
O(1) on the latter is isomorphic to 7*(O(1)) and X fits into the exact se-
quence: 0 — e*(U) — X — O(—1) — 0.
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