ON THE ERGODIC THEOREM IN THE KOZLOV-TRESHCHEV
FORM
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ABSTRACT. Given an ergodic semigroup of transformations T} of a probability
space (X, A, u), we introduce and study measures on X induced by mappings
s = Tisx from [0,400) to X and probability measures on [0,4+00). We obtain
several results related the ergodic theorem in the form found recently by Kozlov
and Treshchev.
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Let (X, A, 1) be a probability space, let 4, be the completion of .4 with respect
to p1, and let {T}},>¢ be a semigroup of transformations of the space X (i.e., Tp = I,
T, Ty = T,y,) preserving the measure p, and let the mapping

(t,z) = Ty(x), [0,400) x X — X,

be measurable with respect to the pair of o-algebras B([0, +00)) ® A, and A, where
B([0,400)) is the Borel o-algebra of [0, +0c). The semigroup {7}} is also called a
semiflow. The invariance of the measure p with respect to 7; means that the image
of the measure p under the mapping 7; coincides with p, i.e., for every bounded
A-measurable function ¢, one has the equality

[ o) tin) = [ o ud). ¢>0

X X

Let f be a bounded A-measurable function. In papers [1] and [2], V.V. Kozlov
and D.V. Treshchev have shown that, for every absolutely continuous probability
measure v on [0,+o0c) with a density o with respect to Lebesgue measure, the
functions

Fz) = /U " H(Tu() (ds)

converge to a limit f(z) for p-almost all x as t — +o0o, where f is the function
to which, by the Birkhoff-Khinchin ergodic theorem (see [3], Ch. 1, §2), the time
averages

1 t
2 s i

converge for y-almost all z as ¢t — 4+o00. We recall that f is the conditional expecta-
tion of f with respect to the o-algebra 7 generated by all y-measurable functions ¢
with the following property: for every 7 > 0, one has ¢(T(z)) = ¢(z) for p-almost
all z € X. If the dynamic system under consideration is ergodic, then f is the
constant equal to the integral of f with respect to the measure p, i.e.,

+oo
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Although this interesting result is readily deduced from the individual ergodic the-
orem (which is equivalent to the case where v is Lebesgue measure on the inter-
val [0, 1]), it is very unexpected, since, at the first glance, the character of averag-
ing in it completely differs from the classic uniform averaging. The observation of
V.V. Kozlov and D.V. Treshchev motivates a consideration of the family of measures
v, on X defined as follows: the measure v, is the image of the measure v under
the mapping
Sta: [0,4+00) = X, Siu(s) = Tis(x),

i.e., the integral of any .4-measurable bounded function ¢ against the measure v,
is given by the formula

[ e mataz) = [ Tt vias)

The aim of our work is a study of the character of convergence of the measures
U,z to the measure p. In addition, we discuss the case of not necessarily absolutely
continuous measures v. Finally, we obtain a relationship between the orders of the
integrability of the functions f and o that ensures the validity of the conclusion of
the Kozlov—Treshchev theorem. In particular, it turns out that the boundedness
of f cannot be removed without additional assumptions even if the density p has
bounded support; however, a simultaneous boundedness of the density o and of its
support enables one to take any p-integrable functions f.

First we consider several examples related to singular measures v and unbounded
functions f. It should be noted at once that the existence of atoms of the measure
v excludes convergence of F;(z) in many cases. For example, if v is Dirac’s measure
at the point 1, then Fy(z) = f(Ty(x)). If T} is the rotation of the circle in an angle ¢,
then there is no limit T3(x) as ¢ — oo, hence it is easy to find a continuous function
f for which at no x has F;(z) a limit. The case of an atomless measure is more
interesting.

Example 1. Let X be the unit circle with its normalized Lebesgue measure 1 and
let T; be the rotation of the circle in an angle —t. There exists an atomless singular
Borel probability measure v on [0,1] such that for the function f(z) = z, where
z = exp(if), 0 € [0, 2m), for no z € X has the quantity F;(z) a limit as t — oo.

Proof. Tt is known (see [4], §2.2) that there exists an atomless singular Borel prob-
ability measure v on [0, 1] such that its Fourier transform 7 has no limit at infinity.
[t remains to observe that Fy(z) = V2mzU(t). O

The same system shows that a finite limit of F(x) may not exist for an unbounded
function f and an absolutely continuous measure v.

Example 2. Let 1 and T; be the same as in the previous example. There exist a pu-
integrable Borel function f on X and an absolutely continuous probability measure
v with support in the interval [0, 1] such that we have limsup,_, . F,(z) = +oo for
all z.

Proof. Let us define a probability measure v by a density p concentrated on the set
Urea [k7" = k73, k"] by letting

o(s) :=ck’(Ink)™ ifse [k ' -k 3 k1], k>4

At all other points in [0, 1] we set o(s) = 0; the constant ¢ is chosen in such a way
that v be a probability measure. Let

f(2) = |sinf| *(In|sinf| — 1) ? if z = exp(if), 6 € [0, 27).
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Then
F.(z) = /0 f(exp(ins — i)) o(s) ds

1/k

=Y ek?(in k)‘Q/ [sin(ns — 0)~'(In | sin(ns — 6)] — 1)~2 ds

1/k—1/k3

k=4
o0 n/k
= ek?n(In k)‘Q/ [sin(u — 8) " (In| sin(u — 0)] — 1)"2 du.
k=4 n/k—n/k3

It is known (see [5], §8) that for every 6 € [0, 27), there exist infinitely many pairs
of natural numbers n and k for which |§ — n/k| < k2. For such 6,n, k we obtain
that n/k < 27+ 1 and |u— 0| < (27 +2)k2 < 9k~2 for all u € [n/k — n/k® n/k].
Therefore, we have

n/k
Fo(2) > ck’n™'(In k)_Q/ |sin(u — )| (In | sin(u — )| — 1) % du
n/k—n/k3
n/k
> ck*n !(In k)2/ 9 'k? In(9/k?) — 1|2 du
n/k—n/k3
= gk(ln k)= 19— 2Ink — 1|72,
Hence limsup,, ., F,(z) = +00. We can also take f(z) = |sinf| ™", p € (1/2,1), or
even f(z) = |sinf|7"/2(In|sin])® (however, see Theorem 3). O

Let us note that in the case of an ergodic system, the result of V.V. Kozlov and
D.V. Treshchev has some similarity with convergence of the measures v, to the
measure j in the topology of convergence on every set. However, there might be no
such convergence in its literal meaning, since we obtain convergence for almost all
x after integrating a fixed function f; so the corresponding measure zero set may
depend on f. For example, let us consider the ergodic group {T;} of shifts along the
trajectories of the differential equation dz;/dt = a1, dzy/dt = ay (with incommen-
surable a; and ay) on the two-dimensional torus S? with its normalized Lebesgue
measure i, which is invariant with respect to T;. For every Borel probability mea-
sure v on [0, +00), all measures v, are singular with respect to the measure pu,
since every measure v;, is concentrated on a curve of y-measure zero. Hence, for
no x, converge these measures to p on every set (although, for absolutely continu-
ous measures v, weak convergence holds, as we shall see below). It is interesting to
find sufficient conditions for convergence of the measures v;, to p in the topology
of convergence on every set or in the variation norm. Basic facts related to Radon
measures on topological spaces and weak convergence of measures that we use below
can be found in book [6], v. 2.

Theorem 1. Let pu be a Radon probability measure on a completely reqular topo-
logical space X such that all compact sets in X are metrizable. Suppose that the
semiflow {T;} is ergodic. Let the measure v be absolutely continuous. Then, for
p-almost all x, the measures v, , converge weakly to jv as t — 0o.

Proof. Let f be a bounded Borel function on X. By the ergodicity, for py-almost all
x we have

fim [ FE)nalds) = [ ) utds),

t—00

For every natural number n we choose a compact set K, such that u(X\ K,) < 27".
Letting f = Ik, we obtain that there exists a set Xy C X with the following
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property: (X;) = 1 and for every z € X; there exists ¢,(z) such that, for all
t > t,(x), the inequality v, (X \ K,) < 27" holds. Let us choose a countable family
{fur} of continuous functions on K, that is everywhere dense in the unit ball of
the space C'(K,). Since X is completely regular, we can extend f, ; to a continuous
function on X, denoted by the same symbol, that satisfies the condition | f, x(z)| < 1.
There exists a set Xq C X; such that u(Xo) = 1 and, for every x € X; and all n
and k, the integrals of the functions f,; with respect to the measure v;, converge
to the integral of the function f, ; with respect to the measure ;1 as ¢ — +oc. Let
us show that, for all x € X, the measures v,, converge weakly to p as ¢ — +oo.
Let f be a bounded continuous function on X with |f(z)| < 1. Let ¢ € (0,1). Let
us take n with 27" < e. One can find a number £ such that |f(z) — fox(2)| < e if
x € K,,. Then, whenever = € Xy and ¢t > t,(z), we have

/f — Fon(2) v (d2) < 22, /f (o) ) < 22

This yields the estimate

limsup/ f(2) vio(dz) / f(z < 4e,
t—+o00
which proves our assertion because ¢ is arbitrary. 0

The statement of this theorem may be true for some singular measures v as well.
However, we do not know whether there exists a continuous singular measure v
for which the Kozlov—Treshchev theorem remains valid for all bounded measurable
functions f (not necessarily continuous).

Example 3. In the situation of Example 1, there exists an atomless singular Borel
probability measure v on [0,1] such that, for every z, the measures v, converge
weakly to p as t — oc.

Proof. 1t is known that there exists an atomless singular Borel probability measure
v on [0, 1] such that its Fourier transform 7 tends to zero at infinity (see [4], §2.2).
This shows that for every function f of the form f(z) = az* + 2™ with k,m € N,
the equality

lim / (=) via(dz) = 0

t—o00 X

holds for every = € X. Therefore, for every polynomial f in z and Z, on account of
the equality 2z = 1 on X, we obtain equality (1). This proves weak convergence of
Vg tO L. O

Remark 1. Let g be a Radon measure on a completely regular space X and let
v be a Borel probability measure on the real line (possibly singular) such that, for
every bounded continuous function f on X, equality (1) holds for p-almost all .
Then, for every Borel function g € L' (1), one has the equality

/ " g(Tu(w)) v(ds) - | s ntaz)

Indeed, let us fix ¢ > 0. Let us find a bounded continuous function f on X such
that ||f — gl < e. It follows from our assumption and Lebesgue’s dominated
convergence theorem that there exists 7 > 0 such that for all ¢ > 7 one has the

inequality
| s vt = [ ) u
x1Jo

p(dx) <
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It remains to use the estimate

/X/OVOO |f(Tts(x)) — g(Tts(aj))‘ y(ds) ,u(d:r) <e

which follows from Fubini’s theorem and the invariance of y. In the situation under
consideration, one can choose a sequence t, increasing to infinity such that, as
n — +oc, the sequence F, () will converge u-almost everywhere to the integral of
the function f against the measure .

Remark 2. Suppose that X is a locally compact space in which all compact sets
are metrizable. Let y be a Radon probability measure and let the semiflow {7;} be
ergodic. Let v be a Borel probability measure on the real line (possibly singular)
such that, for every bounded continuous function f on X, equality (1) holds for
p-almost all . Then, for p-almost all z, the measures v, converge weakly to the
measure g as t — +oo. This is clear from the proof of Theorem 1 taking into
account that here, too, there exist compact sets K, with the property that, for u-
almost every z, there exists ¢,(z) such that for all £ > ¢,(x) one has the inequality
V(X \ K,) < 27" Indeed, by the local compactness of X, there exist continuous
functions ¢,: X — [0,1] with compact supports K, such that the integral of 1,
with respect to the measure p tends to 1.

We recall that a family M of nonnegative Borel measures on a topological space
is called uniformly tight if, for every r > 0, there exists a compact set K, C X such
that m(X\K,) < r for all m € M.

Theorem 2. Suppose that X is a Souslin (or metric) space and p is a Radon
probability measure. Let the semiflow {T;} be ergodic. Let the measure v be absolutely
continuous. Then, for every £ > 0, there exists a compact set X, C X such that
w(X:) > 1 — ¢ and the family of measures vy, with t > € and x € X, is uniformly
tight.

Proof. Since the measure v can be approximated in the variation norm by a sequence
of measures with bounded support and bounded densities, it suffices to prove our
claim for the normalized Lebesgue measure on the interval [0,a]. For notational
simplicity we shall assume that a = 1. Let ¢ < 1. Let us find compact sets K,, such
that u(K,) > 1—=224"". It follows by the ergodicity of {T;} that, for p-almost all z,
we have

lim sup |1, (K,) — u(K,)| = 0.

m—+oC ¢>m

By Egoroft’s theorem, there exist compact sets €, C X and numbers m,, such that
w(Cy) >1—=2%47" y,(K,) >1—4™" ifx € C,, t>m,.

Let us fix n and set 7 = m,,. Let t € [0,7], z € X. Let A denote Lebesgue measure
on [0, 7]. Let us consider the mapping F': (¢,z) — T;(z). By Lusin’s theorem (which
is applicable because every Borel measure on the Souslin space X, in particular, the
image of the measure A ® p under the mapping F', is concentrated on a countable
union of metrizable compact sets), there exists compact sets @, C [0,7] x X such
that the mapping F' is continuous on (), and

A® u(Qy) > 1 — 24",

The set F(Q,) is compact. Let Q¥ := {t: (t,z) € Q,}. There exist compact
sets B, C X with u(E,) > 1 — 27" such that, for every x € E,, the inequality
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AMQE) > 7 — 27" holds. Indeed, let @ be a measurable set in [0, 7] x X with
(A® p)(Q) > 7 —r and let

E:={zeX: NQ") >7—r}, re(0,1).
Fubini’s theorem yields

Tu(E) + (1 = r)(1 = u(E)) > 7 —r,
whence the inequality u(E) > 1 — /r follows. Let us set
X =N (E,NCy).
We obtain a compact set of measure at least 1 — e. Let x € X,.. We show that the
measure v, with 2 € X, and ¢ > ¢ are uniformly tight. Let us fix » > 0. We take
n such that 27" < r. Since X. C C,, we have v;,(K,) > 1 —r for all z € X, and

all ¢ > m,. Let us consider points ¢ in [¢, 7], where 7 = m,,. Set K = F(Q,). For
all t € [e,7] and x € X,, by the inclusion z € E,, we have the inequality

A(s€[0,1]: ts€ Q) =As€[0,1]: s€Qi/t)>1—e2"/e>1—r,
since if a set A C [0, 7] has Lebesgue measure less than «, then the intersection of

A/t with [0, 1] has measure less than a/t. Finally, we obtain the following estimate
for all t € [e,7] and z € X.:

vae(K)=v(s€0,1]: T(z) e K) >v(s€[0,1]: ts€Qf)>1—r.

As a common compact set K, for all measures v, with ¢ € [¢,00) and = € X, we
take the set K, U K. 0

We recall (see [7], Ch. 1) that a continuous nonnegative convex function M on
[0, +00) is called an N-function if the equalities

limM(t)/t =0 and lm M(t)/t = +o0
t—0 t—+oc

hold. TIts derivative M’ increases and has a right inverse function v (if M’ is con-
tinuous and strictly increases, then v is the usual inverse function). The function

t
M*(t) = / v(s) ds, which is an N-function as well, is called the adjoint N-function
0

for M. Young’s inequality uv < M(u) + M*(v) holds. For a positive measure 7
on a measurable space (2, B), let Ly;(n) denote the Orlicz class of all n-measurable
functions ¢ such that M o || € L'(n). For ¢ € Ly (n), let

||<,0||M:=Sup{/990(w)¢(w)n(dw)t AM*(¢(w))n(dW)§1}.

For all ¢ € Ly (n) we have ||¢|[xm < oo (see [7], §9). We shall say that an N-function
M satisfies the Ay-condition if, for some k& > 0 and ¢y > 0, we have M (2t) < kM (t)
for all t > t,. A sufficient condition for this is the concavity of the function M’ on
some ray. If M satisfies the Ay-condition, then Ly, (n) is a linear space. It is known
(see [7], §8) that, for every u-integrable function f, one can find an N-function M
satisfying the A,-condition such that M o |f| € L'(u), i.e., f € Las(p).

Theorem 3. Let f be an A-measurable p-integrable function and let M be an N-
function satisfying the Ag-condition such that f € Ly(p). If the density o of the
measure v has support in the interval [a,b] and o € Ly (N\), where X is Lebesque
measure on [a,b], then, for p-almost all x € X, we have

“+oc

lim f(Tis(2)) ols) ds = E f(x), (2)

t—+4o0 0
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where BT is the conditional expectation with respect to the o-algebra T introduced
above. In particular, if the semiflow {T;} is ergodic, then equality (1) holds.

Proof. We may assume that f > 0. Let fy = min(f, N) and gy = f — fn. For the
bounded functions fy our assertion is true, hence, for py-almost all z and all N, we
have (2) for fy in place of f. Let hyy n(s) = gn(Tys(z)). Let us apply the inequality

/ gn(Tis(x))o(s) ds < |heenlarll 0llar- (3)

(see [7], §9). By the p-integrability of the function y — M (gn(y)), we have
b
lim M(QN(Tts( ))) ds = (b= a)E” (M o gn)(x)

t—o0

for p-almost all z. Let € > 0 be fixed. Since M satisfies the A,-condition, according

to Theorem 9.4 in [7], there exists 6 > 0 such that ||¢||y < e if ¢ € Ly()\) and

the integral of M(¢(s)) over [a,b] does not exceed §. Since A}im E” gn(z) = 0 and
—00

A;im E” (M o gy)(z) = 0 for p-almost all z, there exist N and a set £ € A with
— 00
p(E) > 1 — e such that

(b—a)ET (Mogy)(z) <6, Elgy(x)<e, x€kE.

According to what has been said above, for p-almost all x € E, there exists T'(z, )
such that for all t > T'(x,e), we have the inequality

(T,s()) o(s)ds — BT fy(z) / M (gn(Tys())) ds < 6.

The latter estimate yields the inequality ||h; . v||m < €. According to (3) we obtain

/ gn(Tys(z))o(s) ds < el o|| ar+-

Thus, for p-almost all z € E, if t > T(x,¢), then we have

/ F (T (@) o(s)ds — B f()] < 22 + =0l -,

which proves our assertion. 0

Corollary 1. Suppose that the density o has bounded support in an interval [a, b].
Let a function f € LP(u) be A-measurable and let o € Li[a,b], where p € [1, 400,
q=p/(p—1) and ¢ = oo if p = 1. Then, for p-almost all x € X, equality (2)
holds. In particular, for any bounded density o with bounded support and every A-
measurable p-integrable function f, this equality is true p-almost everywhere. In the
ergodic case, this gives (1).

The assumption of the boundedness of the support of p can be removed if we
require a sufficient decay at infinity:.

Proposition 1. Suppose that the density o of the measure v satisfies the following
condition: there exist positive numbers a(n) such that o(t) < a(n) if t € [n,n + 1),
n=0,1,..., and Y ", na(n) < oo. Let f be an A-measurable y-integrable function.
Then, for p-almost all x € X, equality (2) holds; if the semiflow {T;} is ergodic,
then (1) holds.
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Proof. Let f > 0 and £ € (0,1). As above, we write f in the form f = fy + gn.
There exist N € N and a set A € A with pu(A) > 1 — £ such that, for every x € A,
the relationships

+oo

tLiEloo fn(Tis(2)) o(s) ds =BT fx(2) > B f(x) e,
0
lim 2 gy (Tis(x)) ds = lim 1 gn(Tis(x))ds = B gy(z) < €
=400 Jy t—+o00 0

hold. Keeping = € A fixed, we choose 7 > 1 such that, for all ¢ > 7, the convergent
quantities in the above expressions differ from the corresponding limits in at most €.
Notice that

t(n+1)

[ @) eyds < ot [ an(Tule) du

tn

< a(n)t_l/t ngN(Tu(x)) du = a(n)n/1 gn (Tins()) ds < 2za(n)n

n

whenever ¢ > 7. Therefore,

/0 h gn(Tis(x)) o(s) ds < 2ea(0) + 2¢ Z na(n),

which yields our assertion. 0

For periodic systems, the condition on p can be further weakened by requiring
only convergence of the series > >°  a(n). It is unclear whether the boundedness of
o alone is sufficient. It is clear from our reasoning that in order to have (1) in the
ergodic case, it suffices to have an estimate of the form

lim sup /X (2)] vhaldz) < /X ()] ld2)

t—00

for p-almost all z.

Remark 3. (i) In the case where the system is not ergodic, we can pass to the
decomposition into ergodic components. If (X, A, u) is a Lebesgue—Rohlin space
(see [6], §9.4), then, according to [8], there is a measurable partition of the space X
into elements C' equipped with conditional probability measures e such that, for
almost every (with respect to the measure on the factor-space) partition element C,
the semigroup {7;} acts in C' and is ergodic with respect to the measure p. Then,
for almost every partition element C' and pc-almost every x € C', Theorem 1 and
Theorem 2 hold for the measures v, , provided that the measure . in their statements
is replaced by pc. If X is a Souslin space, then the elements C' can be chosen Souslin
as well.

(ii) The result of V.V. Kozlov and D.V. Treshchev, as well as our Theorem 3,
remain valid with the same proofs in more general situations where the individual
ergodic theorem holds: see, for example, Theorem 5 in §7 of Chapter VIII in book [9],
where one deals with semigroups on L'(p).
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