
ON THE ERGODIC THEOREM IN THE KOZLOV{TRESHCHEVFORMV.I. BOGACHEV, A.V. KOROLEVAbstra
t. Given an ergodi
 semigroup of transformations Tt of a probabilityspa
e (X;A; �), we introdu
e and study measures on X indu
ed by mappingss 7! Ttsx from [0;+1) to X and probability measures on [0;+1). We obtainseveral results related the ergodi
 theorem in the form found re
ently by Kozlovand Tresh
hev.AMS Subje
t Classi�
ation: 28D10, 37A30Let (X;A; �) be a probability spa
e, let A� be the 
ompletion of A with respe
tto �, and let fTtgt�0 be a semigroup of transformations of the spa
e X (i.e., T0 = I,TtTs = Tt+s) preserving the measure �, and let the mapping(t; x) 7! Tt(x); [0;+1)�X ! X;be measurable with respe
t to the pair of �-algebras B([0;+1))
A� and A, whereB([0;+1)) is the Borel �-algebra of [0;+1). The semigroup fTtg is also 
alled asemi
ow. The invarian
e of the measure � with respe
t to Tt means that the imageof the measure � under the mapping Tt 
oin
ides with �, i.e., for every boundedA-measurable fun
tion ', one has the equalityZX '(Tt(x))�(dx) = ZX '(x)�(dx); t � 0:Let f be a bounded A-measurable fun
tion. In papers [1℄ and [2℄, V.V. Kozlovand D.V. Tresh
hev have shown that, for every absolutely 
ontinuous probabilitymeasure � on [0;+1) with a density % with respe
t to Lebesgue measure, thefun
tions Ft(x) := Z 10 f(Tts(x)) �(ds)
onverge to a limit f(x) for �-almost all x as t ! +1, where f is the fun
tionto whi
h, by the Birkho�{Khin
hin ergodi
 theorem (see [3℄, Ch. 1, x2), the timeaverages 1t Z t0 f(Ts(x)) ds
onverge for �-almost all x as t! +1. We re
all that f is the 
onditional expe
ta-tion of f with respe
t to the �-algebra T generated by all �-measurable fun
tions 'with the following property: for every � � 0, one has '(T� (x)) = '(x) for �-almostall x 2 X. If the dynami
 system under 
onsideration is ergodi
, then f is the
onstant equal to the integral of f with respe
t to the measure �, i.e.,limt!+1Z +10 f(Tts(x)) �(ds) = ZX f(y)�(dy): (1)1



2 V.I. BOGACHEV, A.V. KOROLEVAlthough this interesting result is readily dedu
ed from the individual ergodi
 the-orem (whi
h is equivalent to the 
ase where � is Lebesgue measure on the inter-val [0; 1℄), it is very unexpe
ted, sin
e, at the �rst glan
e, the 
hara
ter of averag-ing in it 
ompletely di�ers from the 
lassi
 uniform averaging. The observation ofV.V. Kozlov and D.V. Tresh
hev motivates a 
onsideration of the family of measures�t;x on X de�ned as follows: the measure �t;x is the image of the measure � underthe mapping St;x : [0;+1)! X; St;x(s) := Tts(x);i.e., the integral of any A-measurable bounded fun
tion ' against the measure �t;xis given by the formulaZX '(z) �t;x(dz) = Z 10 '(Tts(x)) �(ds):The aim of our work is a study of the 
hara
ter of 
onvergen
e of the measures�t;x to the measure �. In addition, we dis
uss the 
ase of not ne
essarily absolutely
ontinuous measures �. Finally, we obtain a relationship between the orders of theintegrability of the fun
tions f and % that ensures the validity of the 
on
lusion ofthe Kozlov{Tresh
hev theorem. In parti
ular, it turns out that the boundednessof f 
annot be removed without additional assumptions even if the density % hasbounded support; however, a simultaneous boundedness of the density % and of itssupport enables one to take any �-integrable fun
tions f .First we 
onsider several examples related to singular measures � and unboundedfun
tions f . It should be noted at on
e that the existen
e of atoms of the measure� ex
ludes 
onvergen
e of Ft(x) in many 
ases. For example, if � is Dira
's measureat the point 1, then Ft(x) = f(Tt(x)). If Tt is the rotation of the 
ir
le in an angle t,then there is no limit Tt(x) as t!1, hen
e it is easy to �nd a 
ontinuous fun
tionf for whi
h at no x has Ft(x) a limit. The 
ase of an atomless measure is moreinteresting.Example 1. Let X be the unit 
ir
le with its normalized Lebesgue measure � andlet Tt be the rotation of the 
ir
le in an angle �t. There exists an atomless singularBorel probability measure � on [0; 1℄ su
h that for the fun
tion f(z) = z, wherez = exp(i�), � 2 [0; 2�), for no z 2 X has the quantity Ft(z) a limit as t!1.Proof. It is known (see [4℄, x2.2) that there exists an atomless singular Borel prob-ability measure � on [0; 1℄ su
h that its Fourier transform b� has no limit at in�nity.It remains to observe that Ft(z) = p2�zb�(t). �The same system shows that a �nite limit of Ft(x) may not exist for an unboundedfun
tion f and an absolutely 
ontinuous measure �.Example 2. Let � and Tt be the same as in the previous example. There exist a �-integrable Borel fun
tion f on X and an absolutely 
ontinuous probability measure� with support in the interval [0; 1℄ su
h that we have lim supn!1 Fn(z) = +1 forall z.Proof. Let us de�ne a probability measure � by a density % 
on
entrated on the setS1k=4�k�1 � k�3; k�1� by letting%(s) := 
k2(ln k)�2 if s 2 �k�1 � k�3; k�1�, k � 4.At all other points in [0; 1℄ we set %(s) = 0; the 
onstant 
 is 
hosen in su
h a waythat � be a probability measure. Letf(z) = j sin �j�1(ln j sin �j � 1)�2 if z = exp(i�), � 2 [0; 2�).



ON THE ERGODIC THEOREM 3ThenFn(z) = Z 10 f(exp(ins� i�)) %(s) ds= 1Xk=4 
k2(lnk)�2 Z 1=k1=k�1=k3 j sin(ns� �)j�1(ln j sin(ns� �)j � 1)�2 ds= 1Xk=4 
k2n�1(ln k)�2 Z n=kn=k�n=k3 j sin(u� �)j�1(ln j sin(u� �)j � 1)�2 du:It is known (see [5℄, x8) that for every � 2 [0; 2�), there exist in�nitely many pairsof natural numbers n and k for whi
h j� � n=kj � k�2: For su
h �; n; k we obtainthat n=k � 2� + 1 and ju� �j � (2� + 2)k�2 � 9k�2 for all u 2 [n=k � n=k3; n=k℄.Therefore, we haveFn(z) � 
k2n�1(ln k)�2 Z n=kn=k�n=k3 j sin(u� �)j�1(ln j sin(u� �)j � 1)�2 du� 
k2n�1(ln k)�2 Z n=kn=k�n=k3 9�1k2j ln(9=k2)� 1j�2 du= 
9k(ln k)�2j ln 9� 2 ln k � 1j�2:Hen
e lim supn!1 Fn(z) = +1. We 
an also take f(z) = j sin �j�p, p 2 (1=2; 1), oreven f(z) = j sin �j�1=2(ln j sin �j)3 (however, see Theorem 3). �Let us note that in the 
ase of an ergodi
 system, the result of V.V. Kozlov andD.V. Tresh
hev has some similarity with 
onvergen
e of the measures �t;x to themeasure � in the topology of 
onvergen
e on every set. However, there might be nosu
h 
onvergen
e in its literal meaning, sin
e we obtain 
onvergen
e for almost allx after integrating a �xed fun
tion f ; so the 
orresponding measure zero set maydepend on f . For example, let us 
onsider the ergodi
 group fTtg of shifts along thetraje
tories of the di�erential equation dz1=dt = �1, dz2=dt = �2 (with in
ommen-surable �1 and �2) on the two-dimensional torus S2 with its normalized Lebesguemeasure �, whi
h is invariant with respe
t to Tt. For every Borel probability mea-sure � on [0;+1), all measures �t;x are singular with respe
t to the measure �,sin
e every measure �t;x is 
on
entrated on a 
urve of �-measure zero. Hen
e, forno x, 
onverge these measures to � on every set (although, for absolutely 
ontinu-ous measures �, weak 
onvergen
e holds, as we shall see below). It is interesting to�nd suÆ
ient 
onditions for 
onvergen
e of the measures �t;x to � in the topologyof 
onvergen
e on every set or in the variation norm. Basi
 fa
ts related to Radonmeasures on topologi
al spa
es and weak 
onvergen
e of measures that we use below
an be found in book [6℄, v. 2.Theorem 1. Let � be a Radon probability measure on a 
ompletely regular topo-logi
al spa
e X su
h that all 
ompa
t sets in X are metrizable. Suppose that thesemi
ow fTtg is ergodi
. Let the measure � be absolutely 
ontinuous. Then, for�-almost all x, the measures �t;x 
onverge weakly to � as t!1.Proof. Let f be a bounded Borel fun
tion on X. By the ergodi
ity, for �-almost allx we have limt!1 ZX f(z) �t;x(dz) = ZX f(z)�(dz):For every natural number n we 
hoose a 
ompa
t set Kn su
h that �(X nKn) < 2�n.Letting f = IKn we obtain that there exists a set X1 � X with the following



4 V.I. BOGACHEV, A.V. KOROLEVproperty: �(X1) = 1 and for every x 2 X1 there exists tn(x) su
h that, for allt > tn(x), the inequality �t;x(X nKn) < 2�n holds. Let us 
hoose a 
ountable familyffn;kg of 
ontinuous fun
tions on Kn that is everywhere dense in the unit ball ofthe spa
e C(Kn). Sin
e X is 
ompletely regular, we 
an extend fn;k to a 
ontinuousfun
tion onX, denoted by the same symbol, that satis�es the 
ondition jfn;k(x)j � 1.There exists a set X0 � X1 su
h that �(X0) = 1 and, for every x 2 X0 and all nand k, the integrals of the fun
tions fn;k with respe
t to the measure �t;x 
onvergeto the integral of the fun
tion fn;k with respe
t to the measure � as t ! +1. Letus show that, for all x 2 X0, the measures �t;x 
onverge weakly to � as t ! +1.Let f be a bounded 
ontinuous fun
tion on X with jf(x)j � 1. Let " 2 (0; 1). Letus take n with 2�n � ". One 
an �nd a number k su
h that jf(x)� fn;k(x)j � " ifx 2 Kn. Then, whenever x 2 X0 and t > tn(x), we haveZX jf(z)� fn;k(z)j �t;x(dz) � 2"; ZX jf(z)� fn;k(z)j�(dz) � 2":This yields the estimatelim supt!+1 ����ZX f(z) �t;x(dz)� ZX f(z)�(dz)���� � 4";whi
h proves our assertion be
ause " is arbitrary. �The statement of this theorem may be true for some singular measures � as well.However, we do not know whether there exists a 
ontinuous singular measure �for whi
h the Kozlov{Tresh
hev theorem remains valid for all bounded measurablefun
tions f (not ne
essarily 
ontinuous).Example 3. In the situation of Example 1, there exists an atomless singular Borelprobability measure � on [0; 1℄ su
h that, for every x, the measures �t;x 
onvergeweakly to � as t!1.Proof. It is known that there exists an atomless singular Borel probability measure� on [0; 1℄ su
h that its Fourier transform b� tends to zero at in�nity (see [4℄, x2.2).This shows that for every fun
tion f of the form f(z) = �zk + �zm with k;m 2 N ,the equality limt!1ZX f(z) �t;x(dz) = 0holds for every x 2 X. Therefore, for every polynomial f in z and z, on a

ount ofthe equality zz = 1 on X, we obtain equality (1). This proves weak 
onvergen
e of�t;x to �. �Remark 1. Let � be a Radon measure on a 
ompletely regular spa
e X and let� be a Borel probability measure on the real line (possibly singular) su
h that, forevery bounded 
ontinuous fun
tion f on X, equality (1) holds for �-almost all x.Then, for every Borel fun
tion g 2 L1(�), one has the equalitylimt!+1ZX ����Z 10 g(Tts(x)) �(ds)� ZX g(z)�(dz)�����(dx) = 0:Indeed, let us �x " > 0. Let us �nd a bounded 
ontinuous fun
tion f on X su
hthat kf � gkL1(�) � ". It follows from our assumption and Lebesgue's dominated
onvergen
e theorem that there exists � > 0 su
h that for all t � � one has theinequality ZX����Z 10 f(Tts(x)) �(ds)� ZX f(z)�(dz)�����(dx) � ":



ON THE ERGODIC THEOREM 5It remains to use the estimateZX Z 10 jf(Tts(x))� g(Tts(x))j �(ds)�(dx) � ";whi
h follows from Fubini's theorem and the invarian
e of �. In the situation under
onsideration, one 
an 
hoose a sequen
e tn in
reasing to in�nity su
h that, asn! +1, the sequen
e Ftn(x) will 
onverge �-almost everywhere to the integral ofthe fun
tion f against the measure �.Remark 2. Suppose that X is a lo
ally 
ompa
t spa
e in whi
h all 
ompa
t setsare metrizable. Let � be a Radon probability measure and let the semi
ow fTtg beergodi
. Let � be a Borel probability measure on the real line (possibly singular)su
h that, for every bounded 
ontinuous fun
tion f on X, equality (1) holds for�-almost all x. Then, for �-almost all x, the measures �t;x 
onverge weakly to themeasure � as t ! +1. This is 
lear from the proof of Theorem 1 taking intoa

ount that here, too, there exist 
ompa
t sets Kn with the property that, for �-almost every x, there exists tn(x) su
h that for all t > tn(x) one has the inequality�t;x(X nKn) < 2�n: Indeed, by the lo
al 
ompa
tness of X, there exist 
ontinuousfun
tions  n : X ! [0; 1℄ with 
ompa
t supports Kn su
h that the integral of  nwith respe
t to the measure � tends to 1.We re
all that a familyM of nonnegative Borel measures on a topologi
al spa
eis 
alled uniformly tight if, for every r > 0, there exists a 
ompa
t set Kr � X su
hthat m(XnKr) < r for all m 2 M.Theorem 2. Suppose that X is a Souslin (or metri
) spa
e and � is a Radonprobability measure. Let the semi
ow fTtg be ergodi
. Let the measure � be absolutely
ontinuous. Then, for every " > 0, there exists a 
ompa
t set X" � X su
h that�(X") > 1 � " and the family of measures �t;x with t � " and x 2 X" is uniformlytight.Proof. Sin
e the measure � 
an be approximated in the variation norm by a sequen
eof measures with bounded support and bounded densities, it suÆ
es to prove our
laim for the normalized Lebesgue measure on the interval [0; a℄. For notationalsimpli
ity we shall assume that a = 1. Let " < 1. Let us �nd 
ompa
t sets Kn su
hthat �(Kn) > 1� "24�n. It follows by the ergodi
ity of fTtg that, for �-almost all x,we have limm!+1 supt�m j�t;x(Kn)� �(Kn)j = 0:By Egoro�'s theorem, there exist 
ompa
t sets Cn � X and numbers mn su
h that�(Cn) > 1� "24�n; �t;x(Kn) > 1� "24�n if x 2 Cn, t � mn.Let us �x n and set � = mn. Let t 2 [0; � ℄, x 2 X. Let � denote Lebesgue measureon [0; � ℄. Let us 
onsider the mapping F : (t; x) 7! Tt(x). By Lusin's theorem (whi
his appli
able be
ause every Borel measure on the Souslin spa
e X, in parti
ular, theimage of the measure � 
 � under the mapping F , is 
on
entrated on a 
ountableunion of metrizable 
ompa
t sets), there exists 
ompa
t sets Qn � [0; � ℄ � X su
hthat the mapping F is 
ontinuous on Qn and�
 �(Qn) > � � "24�n:The set F (Qn) is 
ompa
t. Let Qxn := ft : (t; x) 2 Qng. There exist 
ompa
tsets En � X with �(En) > 1 � "2�n su
h that, for every x 2 En, the inequality



6 V.I. BOGACHEV, A.V. KOROLEV�(Qxn) > � � "2�n holds. Indeed, let Q be a measurable set in [0; � ℄ � X with(�
 �)(Q) > � � r and letE := fx 2 X : �(Qx) > � �prg; r 2 (0; 1):Fubini's theorem yields��(E) + (� �pr)(1� �(E)) > � � r;when
e the inequality �(E) > 1�pr follows. Let us setX" := T1n=1(En \ Cn):We obtain a 
ompa
t set of measure at least 1� ". Let x 2 X". We show that themeasure �t;x with x 2 X" and t � " are uniformly tight. Let us �x r > 0. We taken su
h that 2�n < r. Sin
e X" � Cn, we have �t;x(Kn) > 1 � r for all x 2 X" andall t � mn. Let us 
onsider points t in ["; � ℄, where � = mn. Set K = F (Qn). Forall t 2 ["; � ℄ and x 2 X", by the in
lusion x 2 En we have the inequality�(s 2 [0; 1℄ : ts 2 Qxn) = �(s 2 [0; 1℄ : s 2 Qxn=t) � 1� "2�n=" � 1� r;sin
e if a set A � [0; � ℄ has Lebesgue measure less than �, then the interse
tion ofA=t with [0; 1℄ has measure less than �=t. Finally, we obtain the following estimatefor all t 2 ["; � ℄ and x 2 X":�t;x(K) = ��s 2 [0; 1℄ : Tts(x) 2 K� � ��s 2 [0; 1℄ : ts 2 Qxn� � 1� r:As a 
ommon 
ompa
t set Kr for all measures �t;x with t 2 [";1) and x 2 X" wetake the set Kn [K. �We re
all (see [7℄, Ch. 1) that a 
ontinuous nonnegative 
onvex fun
tion M on[0;+1) is 
alled an N-fun
tion if the equalitieslimt!0M(t)=t = 0 and limt!+1M(t)=t = +1hold. Its derivative M 0 in
reases and has a right inverse fun
tion v (if M 0 is 
on-tinuous and stri
tly in
reases, then v is the usual inverse fun
tion). The fun
tionM�(t) = Z t0 v(s) ds; whi
h is an N-fun
tion as well, is 
alled the adjoint N-fun
tionfor M . Young's inequality uv � M(u) +M�(v) holds. For a positive measure �on a measurable spa
e (
;B), let LM(�) denote the Orli
z 
lass of all �-measurablefun
tions ' su
h that M Æ j'j 2 L1(�). For ' 2 LM(�), letk'kM := sup�Z
 '(!) (!) �(d!) : Z
M�(j (!)j) �(d!) � 1�:For all ' 2 LM(�) we have k'kM <1 (see [7℄, x9). We shall say that an N-fun
tionM satis�es the �2-
ondition if, for some k > 0 and t0 > 0, we have M(2t) � kM(t)for all t � t0. A suÆ
ient 
ondition for this is the 
on
avity of the fun
tion M 0 onsome ray. If M satis�es the �2-
ondition, then LM(�) is a linear spa
e. It is known(see [7℄, x8) that, for every �-integrable fun
tion f , one 
an �nd an N-fun
tion Msatisfying the �2-
ondition su
h that M Æ jf j 2 L1(�), i.e., f 2 LM(�).Theorem 3. Let f be an A-measurable �-integrable fun
tion and let M be an N-fun
tion satisfying the �2-
ondition su
h that f 2 LM(�). If the density % of themeasure � has support in the interval [a; b℄ and % 2 LM�(�), where � is Lebesguemeasure on [a; b℄, then, for �-almost all x 2 X, we havelimt!+1 Z +10 f(Tts(x)) %(s) ds = E T f(x); (2)



ON THE ERGODIC THEOREM 7where E T is the 
onditional expe
tation with respe
t to the �-algebra T introdu
edabove. In parti
ular, if the semi
ow fTtg is ergodi
, then equality (1) holds.Proof. We may assume that f � 0. Let fN = min(f;N) and gN = f � fN . For thebounded fun
tions fN our assertion is true, hen
e, for �-almost all x and all N , wehave (2) for fN in pla
e of f . Let ht;x;N(s) = gN(Tts(x)). Let us apply the inequalityZ ba gN(Tts(x))%(s) ds � kht;x;NkMk%kM� (3)(see [7℄, x9). By the �-integrability of the fun
tion y 7!M(gN (y)), we havelimt!1 Z ba M(gN (Tts(x))) ds = (b� a)E T (M Æ gN)(x)for �-almost all x. Let " > 0 be �xed. Sin
eM satis�es the �2-
ondition, a

ordingto Theorem 9.4 in [7℄, there exists Æ > 0 su
h that k'kM � " if ' 2 LM(�) andthe integral of M('(s)) over [a; b℄ does not ex
eed Æ. Sin
e limN!1 E T gN(x) = 0 andlimN!1 E T (M Æ gN)(x) = 0 for �-almost all x, there exist N and a set E 2 A with�(E) > 1� " su
h that(b� a)E T (M Æ gN)(x) < Æ; E T gN(x) < "; x 2 E:A

ording to what has been said above, for �-almost all x 2 E, there exists T (x; ")su
h that for all t � T (x; "), we have the inequality����Z ba fN (Tts(x)) %(s)ds� E T fN(x)���� < "; Z ba M(gN(Tts(x))) ds < Æ:The latter estimate yields the inequality kht;x;NkM � ". A

ording to (3) we obtainZ ba gN(Tts(x))%(s) ds � "k%kM�:Thus, for �-almost all x 2 E, if t � T (x; "), then we have����Z ba f(Tts(x)) %(s)ds� E T f(x)���� < 2"+ "k%kM�;whi
h proves our assertion. �Corollary 1. Suppose that the density % has bounded support in an interval [a; b℄.Let a fun
tion f 2 Lp(�) be A-measurable and let % 2 Lq[a; b℄, where p 2 [1;+1℄,q = p=(p � 1) and q = 1 if p = 1. Then, for �-almost all x 2 X, equality (2)holds. In parti
ular, for any bounded density % with bounded support and every A-measurable �-integrable fun
tion f , this equality is true �-almost everywhere. In theergodi
 
ase, this gives (1).The assumption of the boundedness of the support of % 
an be removed if werequire a suÆ
ient de
ay at in�nity.Proposition 1. Suppose that the density % of the measure � satis�es the following
ondition: there exist positive numbers a(n) su
h that %(t) � a(n) if t 2 [n; n + 1),n = 0; 1; : : :, andP1n=1 na(n) <1. Let f be an A-measurable �-integrable fun
tion.Then, for �-almost all x 2 X, equality (2) holds; if the semi
ow fTtg is ergodi
,then (1) holds.



8 V.I. BOGACHEV, A.V. KOROLEVProof. Let f � 0 and " 2 (0; 1). As above, we write f in the form f = fN + gN .There exist N 2 N and a set A 2 A with �(A) > 1� " su
h that, for every x 2 A,the relationshipslimt!+1Z +10 fN(Tts(x)) %(s) ds = E T fN(x) > E T f(x)� ";limt!+1 Z 21 gN(Tts(x)) ds = limt!+1Z 10 gN(Tts(x)) ds = E T gN(x) < "hold. Keeping x 2 A �xed, we 
hoose � > 1 su
h that, for all t � � , the 
onvergentquantities in the above expressions di�er from the 
orresponding limits in at most ".Noti
e thatZ n+1n gN(Tts(x)) %(s) ds � a(n)t�1 Z t(n+1)tn gN(Tu(x)) du� a(n)t�1 Z 2tntn gN(Tu(x)) du = a(n)n Z 21 gN(Ttns(x)) ds � 2"a(n)nwhenever t � � . Therefore,Z +10 gN(Tts(x)) %(s) ds � 2"a(0) + 2" 1Xn=1 na(n);whi
h yields our assertion. �For periodi
 systems, the 
ondition on % 
an be further weakened by requiringonly 
onvergen
e of the series P1n=1 a(n). It is un
lear whether the boundedness of% alone is suÆ
ient. It is 
lear from our reasoning that in order to have (1) in theergodi
 
ase, it suÆ
es to have an estimate of the formlim supt!1 ZX jf(z)j �t;x(dz) � ZX jf(z)j�(dz)for �-almost all x.Remark 3. (i) In the 
ase where the system is not ergodi
, we 
an pass to thede
omposition into ergodi
 
omponents. If (X;A; �) is a Lebesgue{Rohlin spa
e(see [6℄, x9.4), then, a

ording to [8℄, there is a measurable partition of the spa
e Xinto elements C equipped with 
onditional probability measures �C su
h that, foralmost every (with respe
t to the measure on the fa
tor-spa
e) partition element C,the semigroup fTtg a
ts in C and is ergodi
 with respe
t to the measure �C . Then,for almost every partition element C and �C-almost every x 2 C, Theorem 1 andTheorem 2 hold for the measures �t;x provided that the measure � in their statementsis repla
ed by �C . If X is a Souslin spa
e, then the elements C 
an be 
hosen Souslinas well.(ii) The result of V.V. Kozlov and D.V. Tresh
hev, as well as our Theorem 3,remain valid with the same proofs in more general situations where the individualergodi
 theorem holds: see, for example, Theorem 5 in x7 of Chapter VIII in book [9℄,where one deals with semigroups on L1(�).This work was supported by the RFBR proje
ts 04-01-00748 and 05-01-02941, theDFG Grant 436 RUS 113/343/0(R), the INTAS Grant 03-51-5018, Fors
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he Dynamik and the SFB 701 at the Universityof Bielefeld.
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