MODIFIED LOG-SOBOLEV INEQUALITIES AND ISOPERIMETRY

ALEXANDER V. KOLESNIKOV

ABSTRACT. We find sufficient conditions for a probability measure p to satisfy an in-
equality of the type

/ sz(fiZ) dp<C f%*(m) dy + A/ 2y,
R fRd [2du Rd |f] R4
where F' is concave and ¢ (a cost function) is convex. In particular, for every convex pu

satisfying fRd esl?1” dy < oo for some € > 0, 1 < a < 2, we establish a family of tight
inequalities interpolating between the F-Sobolev and modified log-Sobolev inequalities.

1. INTRODUCTION

The celebrated logarithmic Sobolev inequality

(1) Ent,, f* := f210g( du < 20/ VI dp,
R4 R4

f2
fRd f2 dlu)
where ;1 = e~V dz is a probability measure, has numerous applications in probability
theory, mathematical physics, and geometry. It appeared first in the work of Gross [12],
where he established (1) for the standard Gaussian measure. Gross discovered that (1)
implies the hypercontractivity of the semigroup e** generated by L = A — <VV, V>.
The necessary and sufficient conditions for (1) have been intensively studied by many
authors (see [1]). It is well-known that for every probability measure satisfying (1) there
exists € > 0 such that

(2) e e L' (u).

It has been shown by Wang ([17]) that this assumption is sufficient provided p is convex,
i.e. has the form p = e™" dx, where V is a convex function. The Wang’s proof is based
on the properties of the associated diffusion semigroup. Bobkov [3] gave another proof of
this result by using the Prékopa—Leindler theorem and isoperimetric inequalities. There
exist non-convex measures satisfying (1). For example, there is a measure p -y such that
0 <a < p<band p satisfies (1).

Recall that (1) implies the well-known Poincaré inequality

3) Varfi= [ P ([ san) <c [ 9rpan

The log-Sobolev inequality can be considered as a Poincaré-type inequality for the
L?log L-Orlicz norm. By using this observation and some classical results on Hardy’s
inequality with weights, Bobkov and Gotze [4] established necessary and sufficient condi-
tions for (1) on the real line. Namely, p = pdx satisfies (1) if and only if

EEEF(:C) log<ng)> /xm % < 00,

:;11131(1 - F(;zc))log(1 — ;’(x)> /: p?; < 00,
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where F(z) = u((—oo,x}) and m is the median of p.

It is well-known that (1) (as well as the classical Sobolev inequalities) is closely related
to the isoperimetric inequalities. For A C R? we denote by pu*(A) the surface measure of

the boundary 0A:
p(A") — u(A)
h Y
where A" = {x : dist(x, A) < h} is the h-neighborhood of A. It was proved by Ledoux
[15] that the isoperimetric inequality of the Gaussian type

pH(A) = co(@7H (u(A)))

/’L+ (A) = h—mhﬂo

implies (1). Here

1 =2 r
fo) == @) = [ eo)is

Some sufficient conditions for (1) can be obtained by perturbation methods. For exam-
ple, using the log-Sobolev inequality

1
/leongdx§—2/ ]Vf\2dx,/f2d:c:1
R4 e Rd R4

for Lebesgue measure, Carlen and Loss proved in [8] that u = e~V dz satisfies (1) provided
that

1 1
Z|VV|2 — 5Av — e’V

is bounded from below and u satisfies (3) (see also [2], [7]).
It follows from (2) that p has a very fast decay. However, many distributions exhibit
some weaker, yet useful properties. Below we consider the following generalizations of

(1):

1) The defective log-Sobolev inequality

EntquSQC/ }Vf]QdquA/ f2dpu.
R4 R4

2) The F-Sobolev inequalities

[ rruansze [ (9rf e a
R4 Rd

where [., f>dp =1 and F is a concave function.
3) The modified log-Sobolev inequality

\Y
(4) Ent,f> < C [ f*c (M> dp
R /]
for some convex ¢ : R* — R*. Here ¢*(2) = sup,ep+ ((z,y) — c(y)).
Inequality of type 1) implies the hyperboundedness of the associated semigroups (see
[10]). A basic example for 2) and 3) is given by the following measure on the real line:

fho = Z.e1®° dx,
where 1 < a < 2. It was proved in [11] that p, satisfies (4) with

() ) = canle) = {

2

= iffz] <A
Azell oy pg2ac2f g > 4
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for every A > 0. By the tensorization argument the result holds also in the multi-
dimensional case for the product measure Hle fa(dz;) and cost function cga.(x) =
% | caa(r;). On the other hand, by a result from [2], 1, satisfies

[ rwgtas - ([ Fanog(ie [ 2an) <c [1vitan

where < + % = 1. One can easily verify that ¢}, , = cag.
The case a > 2 has been considered in [6]. The probability measure

d
U= Zag H e " du;

i=1

on R? satisfies
Q S
Re

Among other generalizations of (1) let us mention an important result from [14] on
a family of inequalities interpolating between log-Sobolev and Poincaré. If 1 < a < 2,
1 < p <2, then for every smooth f

/Rd fPdug — (/Rd ‘f’pd’ua)Q/p < _p)Q(lfé) /Rd |Vf|2 it

For further development and connections with the F-Sobolev inequality, see in [2], [18].
Inequality (4) is closely related to the Talagrand transportation inequality

(7) We(p, f-p) < Ent,f,

where f - p is another probability measure and W, is the minimum of the Kantorovich
functional for the cost function ¢ (see [16] for details). In fact, under broad assumptions
on ¢, inequality (4) is stronger than (7). It was proved in [9] by the optimal transportation
method that (4) holds for measures of the type u = e~® dz, where ® satisfies

O(b) — ®(a) > (VP(a),b— a) + ac(b — a)

for some a > 0 and a proper choice of c.
In this paper we prove a sufficient condition for inequalities of the following type:

(8) /RdeF<fR%22du> dug(J/Rdf%*(%) du+A/Rdf2du,

where F is concave and ¢ : Rt — R* is convex (Theorem 2.1). This inequality unifies the
defective modified log-Sobolev inequalities and the F-Sobolev inequalities. Obviously, the
tight F-Sobolev inequality corresponds to the choice ¢ = |z]?, A = 0, and the modified
Sobolev inequality corresponds to the choice F' = log, A = 0. Our estimate is based on
the use of a special isoperimetric function

m

_ WAF ()
AEM, ﬂ+(A)
Here M, = {A: pu(A) = p({z : |z| > r})}. The main result can be roughly formulated in
the following way: integrability of ®(c(Ip)), where ® = (yF(y) — y)*, implies (8).
In Section 3 we prove sufficient conditions for the related tight inequalities. The case of
the F-inequality follows immediately from the main result (Theorem 3.1). Then, under
some additional assumptions, we prove a modification of (8), where fRd f?u is replaced

by Var, f (Theorem 3.3). In the proof we use some ideas from [11]. In Section 4 we apply
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our results to the case of convex measures. Following [11] we consider for every 1 < a < 2
the corresponding family of cost functions ¢4, given by (5).
We also consider the generalized entropies defined by

—5/’fF )

_Jlogz if0<z<e
Fr(x) {%(long—l)—l—l ifx>e,

where

and 7 < 1.

Theorem 1.1. Let i be a convex measure on R? such that

/d 71" dp < o0
R

for some 1 < a <2 ande > 0. Then for every 2(1 — é) < 71 <1 there exists C; > 0 such
that for every smooth f one has

f < s )duSC

e (IWI)d

/]

In particular,
2
’F S du < C / VfI2du,
) () 5 Gy 9T

i < O [ () =01 [ Peae () do

In particular, we generalize Wang’s criterion for convex measures as well as a result
from [11]. Note that unlike [11] we deal directly with multidimensional distributions and
use a different cost function for d > 2. However, the multidimensional result of [11] follows
from the one-dimensional ones by the standard tensorization argument. We also apply
the method developed in Theorem 2.1 to establish a weaker version of (6) for the case of
arbitrary convex measure (Theorem 4.3).

2. MAIN RESULT

Consider a probability measure p1 = pdx on R?. It will be assumed throughout the
paper that X := supp(p) is convex. In addition, without loss of generality we assume
that 0 € X. Set:

B, ={x:|z| <r}.
We denote by R(X) € (0, 00] the smallest number such that X C Bpg(x). For every non-

negative function f we denote by f the corresponding spherical rearrangement, i.e. the
function of the type f(x) = g(]x|) such that g is increasing and

po ft=pofh
This can be rewritten as
jp=prog !
and f, is the image of p under x — |z|. For a probability measure v

Fy(t) = v([0,1))

4
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and
G,(u) ={s: F,(s) > u}.
Then ¢ has the form
9) g=Gyu, 0F,,.
We denote by B¢ the complement of B, and by R; a number R; > 0 such that
p(lz] < Ry) =t, Ry = R(X).
Since X is convex and 0 € X, R; is well-defined. Set:
Hr) = u(BS) = 1— u(B,), 7 > 0.
For every F': Rt — R we define the corresponding isoperimetric function
HAVF (5ix)
Ip(r) = sup ———~22
F( ) AeAI/)lr M+(A)
where M, = {A ACRY p(A) = t(r)}. Equivalently,
t(r)F(%)
infaen, pt(A)°

We follow the agreement that Ir(R(X)) = 0.
In what follows we consider a convex cost function ¢ : R™ — R™. Let

, r>0

r > 0.

[F(T) =

c*(x) = sup ((z,y) — c(y))-
yeRTt
We recall that c is called superlinear if lim,_,, Cﬁfl‘) = 00. In what follows for the sake of

simplicity we set u(f?) = [pa [* dp.

Theorem 2.1. Let ¢ : RT™ — RT be a convex superlinear function such that ¢(0) = 0. Let
F be a function on RY with the following properties:

1) F is concave and increasing and F(1) =0
2) lim, o yF(y) =0, lim,_.o F(y) = oc.
Let K > 1. Assume that for R = R%

/c <I><4co IF(|m|)> du < oo,

where
®(z) = sup ((z,y) —yF(y) +y) = (YFy) —y) ().

yeR+
Then for some sufficiently big K > 1 there exist A > 0, C > 0 such that for every smooth
f the following estimates hold:

2
(10) /R d f2F<m) du < 4 /{ i f%*(%) dutA | 72y

(11) /Rd f2F<J;R%22dM> dp
< C/Rd(f—ﬂ(f))%*<%> dp+ A - Var, f.
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Proof. Let us fix some smooth Lipschitz function f. Without loss of generality we may
2

assume that f > ¢ > 0. Set v := g - u, where g = F(%) By a well-known result from

measure theory one has

[rr( ) = [ o= [ pa= [T > o

- /0 </{z:f2<x)>t} gdﬂ) .

We split this integral in the following two parts:

Ku(f?) o0
I = / (/ gdu) dt, Iy :/ (/ gdu) dt.
0 {z:f2(2)>1} Kp(f?) {2 f2(x)>t}

The estimation of I; is quite elementary. By the concavity of F' one has
f2
g< F(1 (— — 1).
@ pu(f?)
Hence

F{u) u(?f%/ (7= um) (] p

— (%)) min( 2, Kp(f?)) dp

—_

Rd

7)) [min( 12, Ku(12) = u(r)] du

The latter equals

e /{ N G u(r) du+ (- 1) /{ e (= )

The first term can be estimated in the following way:
1 / < 2 2\

— 5 Jr=nlf )) dp

w(I2) Jip<ury

< % /{f2<K,u(f2)} <f2 - ,u(f)2> dp+ —~ (fQ) [Varuf] i

< 4(K + 1)2/ (f — u(f))Q du + 2Var, f = (4(K +1)* + 2)Var, f.

Rd
Further we get

/{f2ZKu(f2)} (f2 - MfQ)) = /{fZZKu(F)} (f2 ey )2> dp.

One can easily check that

VE +1
T

|f + ()] < = nlh))

on {f*> Ku(f*}. Hence

2 2 \/_—I—
/{f2>Ku(f2)}<f — )> dp - VK -1 —=——Var,f.
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Finally we obtain
L < [(4(}( +1)242) + (VE + 1)2] F'(1)Var, f.
Let us estimate I5. Let us set
A ={x: f(x) >t}
By the concavity of F' one has

= /KO:(F) /Rd IAtF(fRd]}? dﬂ) el
= /Ku(f2) i) [F </At 11(At) fRd f? d,u> dﬂ} i
(e

Ku(f?)
:/Ku(fQ)M({x.f (x)>t})F<M({x:f2(x)>t}>>dt.

Since f is continuous and X is convex, the function ¢ — pu(A;) is strictly increasing on

[inf, /(). sup /*(a)]

z€Rd

Hence one can find a nondecreasing function r(s) such that
p(As) = M(Bf(s))
and r(0) = 0, r(s) = R(X), if s > sup f2. Set
fu(z) = sup f(y)

{lz—y|<h}
and

Ly Ir(r(s)) ds, ¢ > Kp(f?)

Then by the definition of Ir we have
I < / I (r(0)) e (Ay) dt
Ku(f?)

0 hy
< h_m,HH/K " IF(T(t))M(At) . (A .
"

where {z € R?: f2(z) >t} = {z € R?: f2(x) > t}" = A", Applying the formula
[ [ vwuay
0

which holds for every increasing ® such that ®(0) = 0, we get

J(2) — J(f2
Ileith_,oJr/M

Rd
sz/ Ie(r(F2) £ f| dp
{f?>Ku(f?)}

7
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Let Rs ={t: po (f2)71(t) > 0} be the set of atoms of the measure o (f2)71. Note that
|V f| = 0 almost everywhere on D = {z : f*(x) € Rs}. Hence by the Young inequality
we find

1S
12 2 I 2 Vildu <2 2e¢ (L2011 ¢
(12) /{ﬂzmp)} (DAY die < /{fzwmf" () an

+2/ P lee Ie(r(f%)] du.
{f2=Ku(f3)nDe
Let Oy = {z: f?(x) > Ku(f?)} N D°. One has
Io, = Iipzru)y - Tes (%)
and

2 f2C([F(7’(f2))) dp =2 /Rd fQIOkC<IF<T(f2))) dp

Oy,

-5 [ [M(f ;2)] [4tocc(Tr(ir(rD) = T]du+ 5 [ 2

= %/]Rd fQ[F<,u(ff2)> - 1] d/vb—i-g Rdf2du
+ %u(fQ) /R <I><4Iokc(IF(r(f2))) _ T) dp.

Since f and f have the same laws considered as random variables on the probability space
(R?, 11), one has

/Rd (I><4lokc(lp(r(f2))) - T> dy = /Rd ¢<4fékc(fp(r(f2))) - T) dp
where Oy, = {z : f2(z) > Ku(f?)} N {z : f2(z) € R$}. By the definition of r we have
w(Bi) =y P2 > @) = n(ly: PP > @),

We observe that the function F,,(s2)-1 is continuous at every point = € {x : fQ(x) € R§}.
Then if follows from representation (9) that

w(B o) = nlly: P > P)}) = nfy: 1yl > lal}).

Hence r(f2)(z) = |z| on O. Moreover, if z € {f? > Ku(f?)}, then by the Chebyshev
inequality

,U( \cx|) = N(Bﬁ(fé)) < :u({f2 > K/L(fQ)}) < 1/K'
Hence |z| = r(f2(x)) > Rix_1y/x if @ € {2 > Ku(f?)}. Thus
Ok C {x : ‘Qf| 2 R(Kfl)/K}.
Hence

/Rd @(4]ékC(IF(T(f2))) — T) dp < ®(—T) +/

j <1>(4c(fp<lx!)) —T) d.

2
It follows from the properties of F that lim,_, ., ®(x) = 0. Hence there exists T > 0 such
that

/Rd (I)<4]Okc(]F(T(f2))) — T) dp <1

8



and T doesn’t depend on f. Thus for a sufficiently big T" one has

[Pl Gh) e

# 30 [ @(4lo,cl1n(r() =) dy

Lot e

12<g Pdu+ = /f2 ((f;))

Combining all the inequalities obtalned above, we get (10).
The proof of (11) is very similar and we just briefly describe the main difference. Instead
of (12) we use

and

2/ Ip(r(f))IFIIV £l dp <
{22 Ku(f2)}

! . 26* ‘Vf|
C 10 (=)

w0 [ (=) o Ie(rr)]

This follows from the Young inequality and the observation that
K 2
2
< = (f_

on {f2> Ku(f*}. In the same way as above we estimate the second term by Ent,, (f —

,u(f))2 and Var,f. Finally, we use (10) to estimate Ent,(f — ,u(f))Q. The proof is
complete. O

3. TIGHT ESTIMATES

In this section we establish some tight estimates, i.e. estimates whose right-hand sides
vanish on constant functions. The following theorem is a direct corollary of (11).

Theorem 3.1. Let F and p satisfy the assumptions of Theorem 2.1 for ¢ = ||z||*. Then
for every smooth f one has

N 2
/ f (fRdFd )dugc/RdWﬂ dji+ A - Varf,
Unlike the F-Sobolev inequality, the case of tight modified log-Sobolev inequalities is
more difficult. We use an idea from [11] and consider two cases: the case of large entropy
and the case of small entropy. The large entropy case follows immediately from our main
result. In the case of small entropy we reduce the problem to the F-inequality.
Recall the following Cheeger isoperimetric inequality:

(13) min(u(A), 1 — p(A)) < Kpu*(A).

This is equivalent to the following L!-Poincaré-type inequality:

(14) L= [ raan< s [ vside
9



In fact, (14) is stronger than the classical L*-Poincaré¢ inequality (see [5]). It is known
that every convex measure satisfies (14) for some K (see [13] and [5]).

Lemma 3.2. Let F satisfy the assumptions of Theorem 2.1. Suppose, in addition, that
yF(y) is convex and ® < a+ fP’. Then for all f and g one has

() s [F () o e [ 20

Proof. Since ® = (yF(y) — y)*, we get by the well-known relation for convex conjugated
functions that

(15) y=o(yF(y) —y) = ' (F(y) +yF'(y) - 1).
Set
‘T F<uiqg?)> * ﬂ?gQ)F,<u(92)> !
Then
[LreGi)ans [ s [ o
L[ im i) - )

/Rdfzdu/ Wi+ [

/ f F( {;2)) dp + df2du<a+ﬂ [ () dﬂ).
It remains to observe that [p, ®'(u)dp =1 by (15). O

Below we will use some additional assumptions on F. We say that ¢ : [0,00) — o0
satisfies assumptions A1)-A2) if

A1) g is concave and increasing
A2) zg(z) is convex, lim, . g(z) = 00, g(1) = 0 and

hH(l) zg(z) = 0.

Theorem 3.3. Let F, ¢, u, and K satisfy the assumptions of Theorem 2.1 for some
K > 2. Assume that v = ¢*(\/x) is convex and superlinear. Assume that there exists W
satisfying A1)-A2) such that

1) U has the form ¥ = p(F(x)) on [K,00), where 70 is increasing on [F(K), ),

P(x

T
lim

z—o0 (T )

and for every e > 0 there exist &' > 0 such that
x

(16) v* <€/M

)< -

forx > K
2) for some § >0 and R = Rx_

/ U (6]Iy[?) du < o0
Bgr

10



where

U(z) = {Sglo)}(@ ) —y¥(y) +y) = (y¥(y) —y) (2),

3) there exist a, B > 0 such that
U < a+ 0
forx > K.

In addition, we assume that F satisfies A1)-A2) and u satisfies the Cheeger inequality.
Then for some M > 1 there exist N, A,C such that the following modified F-Sobolev
inequality holds:

17) [ ()
v/

gc/ fc(M )d + A - Var,f.
(/2K fya 12 du} |/

Proof. We follow the arguments from [11]. The case 7 = 2(1 — —) follows by Theorem

3.1. Let 7 > 2(1 — l). Consider a smooth function f Without loss of generality one

can assume that f > e > 0. If f satisfies [, f*du < 2A wa [2F (u(f2 >du (A=A(K) is

the same as in (10)), then (17) follows directly from Theorem 2.1. Hence one can assume
that

(18) / e ( fkdﬁ dus2a [

Note that if sup,cga f2 < Kpu(f?), then by the concavity of F

/ f F<fRd];2d )d,ugC(K)Varf

(see the reasoning in Theorem 2.1). Hence without loss of generality one can assume that

there exists zg such that f(zg) = \/Ku(f?). Set

ﬂ@zf@@+ﬁ@%ﬁh@ﬁP(

IR Lo e

Obviously, g > f since £ is increasing. In addition, since \If is increasing, we get by the
Cauchy inequality

2
/Rd g2 dp < Oy (K)( | Pdut /{FEKW» f2F<M{f2)>>.

In the same way as in Lemma 3.3(iii) in [11] the convexity of 2 F'(z) implies that
f? 2 S
19 / f?F dp < Cy(K f*F d.
) (P22 Ku(f)} ( (f2)> ) R <M(f2)>

Hence by (18) there exists M = M (K) such that

/deuéM/ [ dp.
R4 R4

11

f2

where




Taking into account that g > f, one gets

/Rd([g B g(IO)]”Z\I](%;)) dp = 4 (lo - 9(5130)]+)2\IJ<M/{(2f2)> dp
2 2 5
= gy Jo U~ 10 <ff2)> <Mﬂ(f i) &z

f
(u(fz))

= a > 0. Hence

By the concavity of ¥ one has inf,>op ‘I’E;(/:CM )

)
/Rd([g - 9(960)]+)2‘I’(%;)> dp >
J(1r- f(l‘o)]+)2F<Mf ) du

t/M ’

K<t<2M

Thus for some A; = A;(K) > 0 one has

[0 = st P (s i<
A [ (o= ste )0 () duck s [ (= 1ol dn

We observe that the second term on the right-hand side can be estimated by Var, f, since
(f = f=o ) ‘f w(f } By Lemma 3.2 and Assumption 3) we obtain

[ (o= st (=LY du <

/Rd([g ~9(wo)l) \Ij<u(({[g g<(xx(;>)]]i>)22>> dp+ (o + ) /Rd([g - 9($0])+)2 dp.

Since p(z : g(z) > g(zo)) = plz : f(z) > flzo)) < & < 3, g(xo) is the median of g.
According to [5], it follows from the Cheeger inequahty that

/Rd([g — g(xo)]4) " dp < Ay /Rd\VQIQdu-

By Assumption 2) and Theorem 3.1 the measure pu satisfies the W-Sobolev inequality

/Rd([g — g(wo)]+)2‘lf(/f([‘[gg__g;gﬂ]?)z) dp < As /Rd [Vg|* dp.

Combining the estimates obtained above, we get

= s (LY aw < ([ 190 s Var,r),

We recall that ¥ = ¢(F'). One has

Let us estimate Vg. Set h =

u(f2
(= f@)), P FY(F)F f
Vo= o e ) W) v

h
+ [I{fo(mo)}%} V/[.

12



Let us show that for some B > 0 one has
IVg|* < BP*(h)|V fI.
It sufficient to verify that

(f—f(xo))+< F' Fy/(F)F
Py \Y(F)  (EF)

is bounded. Since % < h and P? = F/¢(F), we have to estimate

2p(F) ( P FW(F)F’) _aF w(F)F_ xF (1 - FW(F))
FoAQ(F) () w(F)

F Y(F) F
This quantity is uniformly bounded. Indeed, since ﬁ and 1 are increasing, if follows

/ ’ /
from the inequality (ﬁ) >0 that 0 < %g) < 1. The boundedness of % follows by

the concavity of F. Finally, we obtain
2 F(h
[ = sy Fwa<c | VIPem
R tezuy V()
The right-hand side can be estimated by

IV f]? ) F(h)
C/{fQZKu(fQ)} fQU<N2 f? >d'u+0/{f2zl<u(f2)} fiv [%@/}(F (h))} o

for arbitrary N. Hence by (16) for arbitrary € > 0 and sufficiently big N the latter doesn’t
exceed

2
c/ 2 (NQ‘ /] )d;htCe/ 2 (h) dp.
(P> Ku(f2)} f (2>Ku(f?)}

Hence by (19) one has

[ 0= s p(Ls) an

v/ %
SC/{FEKM e (Vg 7] ) dte / df2F<u<f2>>d"’

where &' can be chosen arbitrarily small. It remains to prove that

/RdeF< {;2)>du§A-Varuf

B [ (- VR F (L) i

This was proved in [11] (see (20), (30) and the proof of Proposition 3.6) for the partial

case pu(f?) = 1, K = 2 and a more special choice of F. However, the estimate can be

easily generalized to our case, which completes the proof. O
13




4. APPLICATION TO CONVEX MEASURES

Ilog (T‘)
T

Lemma 4.1. Let j1 be a convexr measure. Then SUD, >R, < 00.

Proof. We apply the following estimate from [3]:

20)  200%(4) 2 p(A) og s+ (1= p(A)) log s +log o — | < 1}

which holds for every convex measure pu, every set A, every point xg, and any r > 0. Let
w(A) <1/2 — ¢, where € > 0. Choose r in such a way that pu(A) = u(B¢). Then

(21) (1 = pu(A))log

Pick 0 = () such that

1—;%4) +log p(B,) = u(B) log (B, ).

Then

Therefore,

(L O(A) g s+ (B og () = () (g H7H ) > o

Hence by (21) we obtain
1
1—0)u(A)log
(1= 8y log

and % pt(A) > p(A)log

+log puf|r — xo[ <7} >0

+ (1= pA)) log =

. It remains to show that

]1 r
R1/2§7’§Rl/2+a r

1
p(A)

But this follows easily from (20). One has to pick a sufficiently big number R such that

inf (1/2+ 7)log +log u({z : |z < R}) > 0.

0<7<e /2471

Then Tpe(r) < R. The proof is complete. O

Corollary 4.2. For every convex measure and 0 < 3 < 1 there exist Ry > 0 and C' > 0
such that

Lo (r) < Crlog”™ (%)

on [Ry,00). In particular, if e1*1° € L*(u), € > 0, the Chebyshev inequality implies
Lo (1) < Crl=el-A),

Now we are ready to prove Theorem 1.1. The functions F; and cy4, are defined in the
introduction. It is easy to check that

(22) eyt < (zF-(z) —2)"(y) < My™

for sufficiently big y and some M > m > 0.
14



Proof of Theorem 1.1: The result follows by Theorem 3.3, Theorem 3.1, Corollary
4.2; and (22). We set F' = F, and ¥ = F%, where f = =%=. Thus % is an increasing

a—1

function such that F s = (F;). One can easily compute that
v ={ 5
= g([l—FT(m—l)]%—l)%—l, r>1
and

c=0-cap,

for some 6 > 0, where (3, = (%)* is the Holder dual to =%. We have to check that

hypothese of Theorem 3.3 are fulfilled for a sufficiently big K and small §. The details of
the proof are quite obvious and we omit them here. The key estimate establishes that the
growth of ®(4c(Ir)) is dominated by e1*I* and follows directly from Corollary 4.2 and
(22). Recall that every convex measure satisfies the Cheeger inequality according to [13]

and [5]. O
Finally, we prove an inequality of the type (6).

Theorem 4.3. Let i1 be a conver measure such that fRd e dy < oo for some 1 <
and € > 0. Then the following inequality holds:

B
Ent,|f|° < C[/d IV f1P dp + Var,| f|2].
R

Proof. Set: g* = |f|°. Apply Theorem 2.1 to g2 in place of f2. Following the proof we
get

Ent,|f|° < CVatl | + C / Tog (r(F) 117119 £ dp

[F1P>Ku(lf17)

for some K > 1. By the Holder inequality for every 6 > 0 there exists N(C,d) > 0 such
that

c / Tog (F() |F1° 1V f dp < N / V1 dyt
[fIP>Ku(]f|8) Rd
B
5 127 (r () 1P ds
|FIB>Ku(|f]5)

Since |f| < C(K, B)|f — u(f)| on {|f|® > Ku(|f|?)}, we get by the same arguments as in
Theorem 2.1

B
5 / 157 (r(£2) 1P du
IF18>Ku(]f]P)

<OC(RL) [T (PN = )P do
1

SEnt,|f — ()P,

SC/RdIf—u(f)lﬁduvL

J

where C' < oo whenever

8
exp (5[@; (|x|))> dp < o0

15
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5
for R = Rx_1. By Corollary 4.2 one has Loy (lz]) < C’|r]% = C'r®. Hence, choosing a

sufficiently small §, we obtain

8
/ exp(é[lﬁ; (]a:|)) dp < 0.
BC

R

Since pu satisfies the Cheeger inequality, one has

L5 =utnPan<co [ 1957
R4 Ré

(see [5] for the proof). Finally, we arrive at the estimate

8 , 1
(23) But,|f1* < CVarl 3 N [ VA7 du-+ 5Bt f = (I

In particular, applying this estimate to f — u(f), we get:
But|f — u(7)f* <20 [ 17— p()P 42 [ 96 dus
R R

(2CC(B) +2N’)/ IV f1? du
R4
and we get the claim by (23). O
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