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Abstract. Let G be a finite group scheme over an algebraically closed field
k of characteristic p > 0. In this paper, we discuss the defining properties of
the representation-theoretic support space P (G) of p-points of G, introduced
by Friedlander-Pevtsova [22]. We then employ P (G) to obtain information on
the representation theory of G.

0. Introduction

Since its inception in the early 1980’s, the theory of support varieties and
rank varieties has played a prominent rôle in the modular representation theory
of finite groups and related classes of algebras. Aside from Quillen’s fundamental
work on the spectrum of the cohomology ring [34, 35], Chouinard’s projectivity
detection theorem [8] may be considered the starting point of the many fruitful
investigations concerning the representation-theoretic realization of cohomological
support varieties. In recent work [22], E. Friedlander and J. Pevtsova have unified
and generalized the previous approaches concerning finite groups and infinitesimal
group schemes by introducing the notion of a p-point of a finite group scheme
G. In view of the differences between the earlier theories for constant groups and
infinitesimal groups, this unification is perhaps somewhat surprising.

The notion of a p-point takes up early work by J. Carlson [6], who recognized the
importance of subalgebras of group algebras that do not inherit the Hopf structure
from the ambient algebra. On the other hand, tensor products do play an important
rôle in the theory, so one needs to create tools that are flexible enough to capture the
relevant representation-theoretic features without discarding too much information
encoded in the coalgebra structure. The clarification of the relevant aspects of this
interplay is one of the two main objectives of the present note.

In Section 1 we review elementary properties of the space of p-points of a
finite group scheme G, by focussing on the two defining properties, namely flat-
ness and factorization through abelian unipotent subgroups. By way of examples,
we illustrate how p-points interact with the block- and tensor product structure
of the relevant module categories. Two important features of p-points are their
amenability to computation, and the possibility of representing them locally by ho-
momorphisms of Hopf algebras. The former aspect is exploited in Section 2, where
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homological properties are investigated. We shall show that the flatness property of
p-points follows from their cohomological non-triviality, thereby rendering p-points
a natural model for the projective space of the cohomology ring H•(G, k). In this
fashion p-points detect important properties of the module category of G that are
reflected by the ideal structure of the cohomology ring H•(G, k), which a priori only
seems to provide information on the principal block of the “group algebra” kG.

In Section 3 we turn to applications concerning the representation theory of
kG. To each component Θ ⊂ Γs(G) of the stable Auslander-Reiten quiver of the
self-injective algebra kG we associate a support space and study structural features
of Θ via this correspondence. It turns out that only components with support of
dimension ≤ 1 are of interest, with those of finite Dynkin class and Euclidean class
being related to group schemes of finite and tame representation type, respectively.

I am indebted to J.C. Jantzen for commenting on an earlier version of this
paper.

1. The space of p-points

Throughout, we will be working over an algebraically closed field k of charac-
teristic char(k) = p > 0. Unless mentioned otherwise, all algebras and modules are
assumed to be finite dimensional k-spaces. We denote by

Ap := k[X ]/(Xp) = k[x] ; x := X + (Xp)

the p-truncated polynomial ring in one variable.
Given an associative k-algebraA, we let modA be the category of (finite dimen-

sional) left A-modules. Any homomorphism ϕ : A −→ B of k-algebras, induces,
via pull-back, an exact functor

ϕ∗ : modB −→ modA.

We will be mainly concerned with those homomorphisms, whose pull-back functors
send projectives to projectives.

Definition. Let A be an associative k-algebra, α, β : Ap −→ A be homomor-
phisms.

(1) α is a flat point of A if α is left flat, that is, if α∗(A) is projective.
(2) The homomorphisms α, β are equivalent (α ∼ β) if for every M ∈ modA

we have

α∗(M) is projective ⇔ β∗(M) is projective.

We let Fl(A) be the set of equivalence classes of flat points of A.

If ϕ : A −→ B is a homomorphism of finite dimensional k-algebras such that B is
a projective A-module, then ϕ induces a map

ϕ∗ : Fl(A) −→ Fl(B) ; [α] 7→ [ϕ ◦ α].

The following elementary Lemma studies the behaviour of flat points relative to
the block decomposition of an algebra.
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Lemma 1.1. If B1, B2 are finite dimensional k-algebras, then the canonical

projections pi : B1 ×B2 −→ Bi induce a bijection

Θ : Fl(B1 ×B2) −→ Fl(B1) × Fl(B2) ; [α] 7→ ([p1 ◦ α], [p2 ◦ α]).

Proof. Let α : Ap −→ B1 ×B2 be a flat point. Defining αi := pi ◦α, we have

α(r) = (α1(r), α2(r)) ∀ r ∈ Ap.

Setting e1 := (1, 0) and e2 := (0, 1), we see that the ei are central orthogonal
idempotents of B := B1×B2 and that every B-module M decomposes into a direct
sum M = e1M ⊕ e2M . Considering eiM a Bi-module, we obtain

r.(e1m1 + e2m2) = α(r)e1m1 + α(r)e2m2 = α1(r)e1m1 + α2(r)e2m2,

so that there is a decomposition

(∗) α∗(M) = α∗
1(e1M) ⊕ α∗

2(e2M).

Since Bi = eiB, it follows that αi : Ap −→ Bi is a flat point. Consequently,
[pi ◦ α] ∈ Fl(Bi) for 1 ≤ i ≤ 2.

Let α, β be flat points of B with α ∼ β. Let N be a Bi-module. Then p∗i (N)
is a B-module such that eip

∗
i (N) = N . Thus, α∗(p∗i (N)) = α∗

i (N) and similarly
β∗(p∗i (N)) = β∗

i (N). This readily implies pi ◦α ∼ pi ◦ β. As a result, the map Θ is
well-defined.

Given flat points αi : Ap −→ Bi, we consider the algebra homomorphism

α : Ap −→ B1 ×B2 ; r 7→ (α1(r), α2(r)).

In view of (∗), α is a flat point of B. Since Θ([α]) = ([α1], [α2]), we conclude that
Θ is surjective.

Now let α, β be flat points of B such that Θ([α]) = Θ([β]). Let M be a
B-module and write Mi := eiM . If α∗(M) is projective, then (∗) implies that
α∗

i (Mi) is projective for i = 1, 2. By assumption, we conclude the projectivity of
each β∗

i (Mi), and another application of (∗) shows that β∗(M) is projective. Thus
α ∼ β, so that Θ is injective. �

Let G be a finite group scheme (a finite algebraic group). By definition, G =
Speck(k[G]) is an affine group scheme, whose coordinate ring k[G] is finite dimen-
sional. Following [22], we denote by kG := k[G]∗ its algebra of measures, cf. [31,
(I.8.4)]. Recall that kG coincides with the group algebra kG(k) of the finite group
of k-rational points of G in case G is reduced, and with the algebra Dist(G) of dis-
tributions on G in case G is infinitesimal, see [31, (I.8.4),(I.8.5)]. In view of the
equivalence between the categories of G-modules and kG-modules (cf. [31, (I.8.6)]),
we shall henceforth use these two terms interchangeably.

Let X(G) := Algk(kG, k) be the character group of G, whose identity element is
the counit ε : kG −→ k of the cocommutative Hopf algebra kG. The unique block
B0(G) ⊂ kG with ε(B0(G)) 6= (0) is called the principal block of kG.

If the finite group scheme D is diagonalizable (that is, when k[D] = kX(D) is
the group algebra of a finite abelian group), then there are orthogonal primitive
idempotents {eλ ; λ ∈ X(D)} such that

kD =
⊕

λ∈X(D)

keλ and xeλ = λ(x)eλ ∀ x ∈ kD.
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Recall that every abelian group scheme is a direct product

C = U × D
with a unipotent subgroup U (whose algebra of measures is local) and a diagonaliz-
able subgroup D, cf. [31, (I.2.5)], [43, (9.5)]. We let pU : C −→ U be the canonical
projection and label the corresponding homomorphism kC −→ kU in the same way.

Lemma 1.2. Let C = U × D be a finite abelian group scheme.

(1) The decomposition kC =
⊕

λ∈X(D) kCeλ is the block decomposition of kC,

with kCeε being the principal block.

(2) For each λ ∈ X(D), the map ιλ : kU −→ kCeλ ; x 7→ xeλ is an isomor-

phism of k-algebras.
(3) Let pr0 : kC −→ B0(C) be the projection onto the principal block. Then we

have

pr0 = ιε ◦ pU .
In particular, pU is flat.

Proof. (1),(2) Since C = U × D, the map

µ : kU ⊗k kD −→ kC ; a⊗ b 7→ ab

is an isomorphism of k-algebras. There results a decomposition

kC =
⊕

λ∈X(D)

kUeλ

of kC by ideals, with each summand being isomorphic to kU via x 7→ xeλ. Thus,
each constituent is a local algebra, and the decomposition is the block decomposition
of kC. Moreover, kCeλ = kUkDeλ ⊂ kUeλ, and ε(eε) = 1, implying that kCeε =
B0(C) is the principal block.

(3) Let a ∈ kU , b ∈ kD. By definition of pU , we have pU (ab) = aε(b), so that
for x =

∑

λ∈X(D) uλeλ with uλ ∈ kU we obtain pU(x) = uε, whence

pr0(x) = uεeε = (ιε ◦ pU)(x).

Since pr0 is flat, this also implies the flatness of pU . �

Let G be a finite algebraic group. In the sequel, we write Fl(G) for the set of flat
points of the algebra kG. By the foregoing result, the projection pU : C −→ U
induces a map

pU ,∗ : Fl(C) −→ Fl(U).

In view of (1.1) and (1.2(3)) this map will in general not be injective. The following
example illustrates this point.

Given r, n ∈ N, we denote by Ga(r) and µ(n) the r-th Frobenius kernel of the
additive group and the group of n-th roots of unity, respectively. The latter group
is diagonalizable, and for p ∤ n its algebra of measures coincides (as a Hopf algebra)
with the group algebra k(Z/(n)).
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Example. Consider the abelian group scheme

C = (Ga(1) × Ga(1)) × µ(2),

so that U = Ga(1) × Ga(1) and D = µ(2). By (1.2) we have

kC = k(Ga(1) × Ga(1))e0 ⊕ k(Ga(1) × Ga(1))e1,

with the first summand denoting the principal block. Let k(Ga(1) × Ga(1)) =
k[X0, X1]/(X

p
0 , X

p
1 ), and denote the generators by x0 and x1, respectively. We

define flat points

αi : Ap −→ k(Ga(1) × Ga(1)) ; x 7→ xi,

and consider the homomorphisms

α : Ap −→ kC ; r 7→ α0(r)e0 + α1(r)e1

as well as

β : Ap −→ kC ; r 7→ α0(r)e0 + α0(r)e1.

By the proof of (1.1) the maps α and β are flat points of C.
We now consider the kU-module M := k[X1]/(X

p
1 ) on which x0 and x1 act via

0 and left multiplication, respectively. In addition, we let µ(2) act via its non-trivial
character, so that M = e1M . For the module α∗(M) we have

x.xi
1 = α(x)xi

1 = α1(x)x
i
1 = xi+1

1 0 ≤ i ≤ p− 1,

while for m ∈ β∗(M) we obtain

x.m = β(x)m = α0(x)m = x0m = 0.

As a result, α∗(M) is free while β∗(M) is the trivial module. Consequently, α 6∼ β.
Since

pU ◦ α = α0 = pU ◦ β,
the map pU ,∗ is not injective.

In view of the example above, the “space” of flat points cannot serve as a represen-
tation-theoretic support space that reflects the properties of cohomological support
varieties. Since a diagonalizable group scheme has trivial cohomology, the Künneth
formula yields the bijectivity of the canonical map p∗U : H∗(U , k) −→ H∗(C, k).
Consequently, Fl(C) will usually be too big to describe the variety associated to the
even cohomology ring.

The following definition, which is motivated by earlier work on finite groups [6]
and infinitesimal groups [30, 20, 21, 42], rectifies this defect.

Definition ([22]). Let G be a finite group scheme. A flat homomorphism
α : Ap −→ kG is said to be a p-point if there exists an abelian, unipotent subgroup
U ⊂ G such that imα ⊂ kU . Let P (G) be the set of equivalence classes of p-points.

Since images of abelian unipotent groups are abelian and unipotent, a flat morphism
f : G −→ H of finite group schemes induces a map

f∗ : P (G) −→ P (H) ; [α] 7→ [f ◦ α].
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Lemma 1.3. Let C = U × D be a finite abelian group scheme with U unipotent

and D diagonalizable. Then the projection pU : C −→ U induces a bijection

pU ,∗ : P (C) −→ P (U) ; [α] 7→ [pU ◦ α].

Proof. Owing to (1.2(3)) the map pU : kC −→ kU is flat, so that pU ,∗ is well-
defined. Let ιU : kU −→ kC be the canonical inclusion. According to [31, (I.8.16)]
the homomorphism ιU is flat, so that we obtain a map ιU ,∗ : P (U) −→ P (C). Since
pU ,∗ ◦ ιU ,∗ = idP (U), the map pU ,∗ is surjective.

Now let α be a representative of an element of P (C). Then there exists a
unipotent subgroup Uα ⊂ C such that α(Ap) ⊂ kUα. Since D is diagonalizable,
the projection pD : C −→ D coincides with the trivial map on Uα. Thus, Uα ⊂
kerpD = U × ek, so that imα ⊂ im ιU . As a result, ιU ,∗ is surjective and pU ,∗ is
also injective. �

We take a closer look at finite abelian unipotent group schemes and their p-points.
Given such a group U , its algebra

kU = k[U♯]

is the coordinate ring of its Cartier dual U ♯, cf. [43, (2.4)]. Since kU is local, the
group scheme U♯ is connected, and [43, (14.4)] provides r := (r1, . . . , rn) ∈ Nn such
that the algebra

kU ∼= k[T1, . . . , Tn]/(T pr1

1 , . . . , T prn

n )

is a truncated polynomial ring. We denote the residue class of Ti by ti, and consider
the subalgebra

kE := k[tp
r1−1

1 , . . . , tp
rn−1

n ],

which assumes the rôle of a p-elementary abelian subgroup. For a, b ∈ Nn
0 , we write

• a ∗ b := (a1b1, . . . , anbn),
• a ≤ b :⇔ ai ≤ bi for all i,
• τ(a) := (pa1 − 1, . . . , pan − 1),
• 1 := (1, 1, . . . , 1).

With this notation, we have

kE =
⊕

0≤a≤τ(1)

k ta∗(τ(r−1)+1).

Given a finite dimensional k-algebra A, we denote by Rad(A) its nilpotent radical.

Lemma 1.4. (1) We have kU =
⊕

0≤b≤τ(r−1)(kE) tb.

(2) We have {u ∈ kU ; up = 0} =
⊕

0≤b≤τ(r−1) Rad(kE) tb.

Proof. (1) This follows from the fact that every element 0 ≤ q ≤ τ(r) has a
unique decomposition

q = a ∗ (τ(r − 1) + 1) + b,

with 0 ≤ a ≤ τ(1) and 0 ≤ b ≤ τ(r − 1).
(2) Note that vp = 0 for every v ∈ Rad(kE), so that the left-hand side contains

the right-hand side. For the other inclusion, we observe that (1) yields

kU =
⊕

0≤b≤τ(r−1)

Rad(kE) tb ⊕
⊕

0≤b≤τ(r−1)

k tb,
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with the p-power map being injective on the right-hand summand. �

The equivalence relation of flat points is not very tractable in general. For abelian
unipotent groups, however, we have the following criterion, which is an immediate
consequence of [22, (2.2)]:

Lemma 1.5. (1) Let α, β : Ap −→ kU be flat points. If

α(x) ≡ β(x) mod (Rad(kE)Rad(kU)),

then α ∼ β.

(2) Let A be a k-algebra. If f, g : A −→ kU are flat homomorphisms such that

f(a) ≡ g(a) mod(Rad(kE)Rad(kU)) for all a ∈ A with ap = 0, then the induced

maps f∗, g∗ : Fl(A) −→ P (U) are equal. 2

We let

prE :

{

kU −→ kE
∑

0≤b≤τ(r−1) vbt
b 7→ v0

be the projection along t0 = 1. (In the above presentation, we tacitly assume
vb ∈ kE.)

In view of (1.4(1)), the canonical inclusion

ιE : kE →֒ kU
is flat and prE ◦ ιE = idE . Given a homomorphism α : Ap −→ kU , we let

α(E) : Ap −→ kE

be the unique homomorphism such that α(E)(x) := prE(α(x)). (Strictly speaking,
α(E) also depends on the choice of the generator x of Ap.)

One salient feature of abelian unipotent group schemes resides in their support
varieties being independent of the coalgebra structure (cf. [3, (5.7.1)]). The third
part of the following Lemma provides a consequence of such a degree of freedom
within our context.

Lemma 1.6. Let U be a finite abelian unipotent group scheme.

(1) The projection prE : kU −→ kE induces a map

prE,∗ : P (U) −→ Fl(kE) ; [α] 7→ [α(E)].

(2) The maps ιE,∗ and prE,∗ are bijective, with prE,∗ = ι−1
E,∗.

(3) There are Hopf algebra structures on Ap and kU such that every equivalence

class x ∈ P (U) is represented by a homomorphism αx : Ap −→ kU of Hopf algebras.

Proof. (1) Let β : Ap −→ kE be a homomorphism and set α := ιE ◦ β.
Lemma 1.4(1) provides an isomorphism

ι∗E(kU) ∼= (kE)m

for some m ∈ N. Consequently,

α∗(kU) = β∗(ι∗E(kU)) ∼= β∗(kE)m,

so that α is a p-point of kU if and only if β is a flat point of kE.
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Now let α : Ap −→ kU be a homomorphism. By applying (1.4(2)) to the
element u = α(x), we obtain elements vb ∈ Rad(kE) such that α(x) = ιE(α(E)(x))+
∑

06=b≤τ(r−1) vb t
b. Thus, (1.5(1)) implies

(∗) α ∼ ιE ◦ α(E).

Consequently, α 7→ α(E) sends p-points to flat points.
Let N be a kE-module. Directly from (1.4(1)) we obtain

ι∗E(kU ⊗kE N) ∼= Nm,

for somem ∈ N. Thus, if α and α′ are equivalent p-points of kU , then ιE◦α(E) ∼ ιE◦
α′

(E), and the projectivity of α∗
(E)(N) is equivalent to that of (ιE◦α(E))

∗(kU⊗kEN).

Since this also holds for α′, we conclude α(E) ∼ α′
(E). As a result, the map prE,∗ is

well-defined.
(2) The equivalence (∗) immediately yields ιE,∗ ◦ prE,∗ = idP (U). Given a flat

point β : Ap −→ kE, we have

prE((ιE ◦ β)(x)) = β(x),

so that prE,∗ ◦ ιE,∗ = idFl(kE).
(3) We endow Ap and kU with Hopf algebra structures by postulating that the

generators x and ti are primitive. Thus, Ap and kU are Hopf algebras of abelian
unipotent infinitesimal groups of height 1 with kE being a Hopf subalgebra of kU .

Let α : Ap −→ kU be a p-point. Thanks to (∗), we have [α] = [ιE ◦ α(E)]. In
view of (1.5(1)) there exists (ζ1, . . . , ζn) ∈ kn \ {0} such that the flat point α(E) is
equivalent to the flat point β : Ap −→ kE given by

β(x) =

n
∑

i=1

ζit
pri−1

i .

Consequently, α is equivalent to the p-point ιE ◦β. Since the element (ιE ◦β)(x) =
∑n

i=1 ζit
pri−1

i is primitive, the map ιE ◦ β has the requisite properties. �

The Hopf algebra structure defined in (1.6(3)) endows kU with the structure of a
restricted enveloping algebra. Recall that for every restricted Lie algebra (g, [p]),
the restricted enveloping algebra is the factor algebra

U0(g) := U(g)/({xp − x[p] ; x ∈ g})
of the ordinary enveloping algebra U(g) (cf. [10, (II,§7, no2-4)] and [41, (5.3)] for
more details).

In the situation of (1.6(3)) we see that

g :=

n
⊕

i=1

ri−1
⊕

ji=0

ktp
ji

i

is the restricted Lie algebra of primitive elements of kU , and kU ∼= U0(g). Thanks
to work by Jantzen [30] and Friedlander-Parshall [20] the nullcone

Vg := {x ∈ g ; x[p] = 0}
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of any restricted Lie algebra is a good representation-theoretic support space. In
our case, we have

Vg =

n
⊕

i=1

ktp
ri−1

i .

Owing to (1.5(1)) any equivalence class c ∈ Fl(kE) is represented by a map γc :
Ap −→ kE such that γc(x) ∈ Vg. Since for any v, w ∈ Vg \ {0}, the kE-module
Mv := kE ⊗k[v] k is k[w]-projective if and only if w 6∈ kv, the line kγc(x) only

depends on c, so that we obtain a bijection Fl(kE)
∼−→ Proj(Vg). Hence there also

is a bijection P (U)
∼−→ Proj(Vg). (See also [21, (2.7)] for the relationship with

support varieties in this context.)

We conclude this section by briefly discussing the interaction of p-points with tensor
products. Following Friedlander-Pevtsova [22], we associate to every G-module M
the set

P (G)M := {[α] ∈ P (G) ; α∗(M) is not projective}.
To illustrate the flexibility of p-points we provide a proof of the following formula
[22, (3.9)] concerning tensors products as well as an example showing that flat
points do not have such a property.

Lemma 1.7. Let G be a finite group scheme. Then we have

P (G)M⊗kN = P (G)M ∩ P (G)N

for all M,N ∈ mod kG.

Proof. Suppose first that G = U is abelian and unipotent. We denote by
∆0,∆1 : kU −→ kU ⊗k kU , the two comultiplications, with ∆0 being the originally
given one, and ∆1 the one defined in (1.6(3)). Since tensor products of projective
modules over Hopf algebras are projective, both maps are flat. The well-known
identity ∆0(u) ≡ u ⊗ 1 + 1 ⊗ u mod(Rad(kU) ⊗k Rad(kU)), in conjunction with
kU being generated by ∆1-primitive elements, yields

∆0(u) ≡ ∆1(u) mod(Rad(kU) ⊗k Rad(kU)) ∀ u ∈ kU .
In view of (1.4(2)), Lemma 1.5(2) therefore applies to ∆0 and ∆1. Consequently,

P (U)M⊗N = ∆−1
0,∗(P (kU ⊗k kU)M⊗kN ) = ∆−1

1,∗(P (kU ⊗k kU)M⊗kN ),

so that we may consider the tensor product relative to the Hopf structure given in
(1.6(3)).

Let [α] be an element of P (U). According to (1.6(3)) we may assume that
α : Ap −→ kU is a homomorphism of Hopf algebras, where Ap = U0(kv) is the
restricted enveloping algebra of the one-dimensional nil-cyclic Lie algebra kv. Thus,
the functor α∗ commutes with tensor products, and our result follows from the
representation theory of U0(kv).

In the general case, a p-point α : Ap −→ kG factors through an abelian, unipo-
tent subgroup U ⊂ G. Hence there exists a p-point β : Ap −→ kU such that
ιU ◦ β = α. Here ιU denotes the canonical inclusion, whose associated pull-back
functor commutes with tensor products. �

The following example shows that (1.7) does not hold for flat points.
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Example. Assuming p 6= 2, we consider the abelian group scheme

C = (Ga(1) × Ga(1)) × µ(2).

By (1.2) we have

kC = k(Ga(1) × Ga(1))e0 ⊕ k(Ga(1) × Ga(1))e1,

with the first summand denoting the principal block. Let k(Ga(1) × Ga(1)) =
k[X0, X1]/(X

p
0 , X

p
1 ), and denote the generators by x0 and x1, respectively. We

define p-points

αi : Ap −→ k(Ga(1) × Ga(1)) ; x 7→ xi,

and consider the homomorphism

α : Ap −→ kC ; r 7→ α0(r)e0 + α1(r)e1.

By the proof of (1.1) the map α is a p-point of C.
Recall that kµ(2) = k1 ⊕ kg is the group algebra of Z/(2) = 〈g〉. Direct

computation shows

e0 =
1

2
+

1

2
g ; e1 =

1

2
− 1

2
g,

which implies

∆(e0) = e0 ⊗ e0 + e1 ⊗ e1 ; ∆(e1) = e0 ⊗ e1 + e1 ⊗ e0.

Let η be the antipode of kC. Since g = g−1 we have

η(ei) = ei 0 ≤ i ≤ 1.

We now consider the k(Ga(1) × Ga(1))-module N = k[X0]/(X
p
0 ) on which x0 and

x1 act via left multiplication and 0, respectively. In addition, we let g act via −1,
so that N = e1N . In particular, α∗(N) is the p-dimensional trivial Ap-module.

Since

e1.(w ⊗ w′) = e0.w ⊗ e1.w
′ + e1.w ⊗ e0.w

′ ∀ w,w′ ∈ N

the module N ⊗k N belongs to the principal block of kC. Consequently,

α(r).v = α0(r)e0.v ∀ v ∈ N ⊗k N, r ∈ Ap,

whence

α(x).(w ⊗ w′) = ∆(x0)(e1 ⊗ e1)(w ⊗ w′) = (x0 ⊗ 1 + 1 ⊗ x0)(w ⊗ w′)

= x0.w ⊗ w′ + w ⊗ x0.w
′

for w,w′ ∈ N . As a result, the Ap-module α∗(N ⊗k N) is the 2-fold tensor power
of the principal indecomposable module of Ap

∼= kGa(1). Hence α∗(N ⊗kN) is pro-
jective, so that [α] ∈ Fl(kC)N \ Fl(kC)N⊗kN . (Here Fl(kC)N is defined analogously
to P (C)N .)

The conceptual importance of (1.7) resides in the following result by Friedlander
and Pevtsova [22, (3.10)], that justifies the notion of a support space:

Theorem 1.8. Let G be a finite group scheme. Then

{P (G)M ; M ∈ mod kG}
is the set of closed subsets of a Noetherian topology on P (G). 2
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In subsequent work [23], the authors have endowed P (G) with the structure of a
ringed space that turns out to be isomorphic to the variety Proj(|G|) of the even
cohomology ring of G. For our purposes, however, the topological structure of P (G)
suffices.

2. p-Points and non-triviality

We consider a finitely generated, commutative, graded k-algebra

R =
⊕

n≥0

Rn ; R0 = k

and denote by R† :=
⊕

n≥1Rn the augmentation ideal of R. Let M := {I�R ; I (

R† , I =
√
I and I is homogeneous}. Then

Proj(R) := {I ∈ M ; I maximal}
is the projective space of R.

Let k[T ] be the polynomial ring in one variable. We call a degree zero al-
gebra homomorphism Φ : R −→ k[T ] non-trivial if Φ(R) 6= k, and denote by
Homgr(R, k[T ]) the set of all these homomorphisms. The canonical action

α.(
∑

i≥0

γiT
i) :=

∑

i≥0

αiγiT
i

of the multiplicative group k× on k[T ] induces an action on Homgr(R, k[T ]), such
that kerΦ = ker(α.Φ) for all α ∈ k× and Φ ∈ Homgr(R, k[T ]).

We recall the following basic result:

Proposition 2.1. Suppose that R is a finitely generated k-algebra. The map

Θ : Homgr(R, k[T ])/k× −→ Proj(R) ; [Φ] −→ kerΦ

is a bijection. 2

Given an augmented k-algebra (A, ε), and an A-module M , we put

H•(A,M) :=

{ ⊕

n≥0H
2n(A,M) for p 6= 2

⊕

n≥0H
n(A,M) for p = 2

.

Since a homomorphism α : Ap −→ A is compatible with the augmentations, we
have an induced homomorphism

α• : H•(A, k) −→ H•(Ap, k)

of graded k-algebras. Here the augmentation of Ap is defined by sending the gen-
erator x to 0.

Since H•(Ap, k) ∼= k[T ], with T having degree 2 for p 6= 2, certain flat points
give rise to elements of the projective space of the cohomology ring. This of course
requires finite generation, which, in the relevant case A = kG, follows from the
Friedlander-Suslin Theorem [24].

Our first Lemma elaborates on [22, (3.4)]:
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Lemma 2.2. Let G be a finite group scheme. Then the following statements

hold:

(1) If α : Ap −→ kG is a flat point, then imα• 6= k.
(2) If Fl(G) 6= ∅ and α : Ap −→ B0(G) is a flat point, then imα• 6= k.

Proof. (1) By assumption α∗(kG) is a projective Ap-module, so that we have
an isomorphism

H•(Ap, k) ∼= H•(G,HomAp
(kG, k))

of H•(G, k)-modules, with H•(G, k) operating on H•(Ap, k) via α•. Thanks to
the Friedlander-Suslin Theorem [24, (1.1)] (and its proof), H•(Ap, k) ∼= k[T ] is a
finitely generated H•(G, k)-module, so that imα• 6= k.

(2) Let pr : kG −→ B0(G) be the canonical projection. Owing to Lemma 1.1
we can find a flat point β : Ap −→ kG such that pr ◦ β = α. Since the G-module
k belongs to the principal block B0(G), the map pr• : H•(B0(G), k) −→ H•(G, k) is
an isomorphism. Thus, (1) implies imα• = im(β• ◦ pr•) = imβ• 6= k. �

The following example shows that converse of (2.2(1)) does not hold.

Example. Consider the abelian group scheme

C = Ga(1) × µ(2),

whose block decomposition is given by kC = kGa(1)e0 ⊕ kGa(1)e1, with the first
summand being B0(C). Let α : Ap −→ B0(C) be a flat point. As before, we let
pr : kC −→ B0(C) be the canonical projection. Since r 7→ ε(r)e1 is not a flat point
of kGa(1)e1, Lemma 1.1 ensures that the homomorphism

β : Ap −→ kC ; r 7→ α(r) + ε(r)e1

is not a flat point, while α = pr ◦ β is a flat point of B0(C). Using Lemma 2.2 we
conclude that k 6= imα• = im(β• ◦ pr•) = imβ•.

Let (B1, ε1), (B2, ε2) be two finite dimensional augmented k-algebras and consider
their tensor product B := B1 ⊗k B2 with the induced augmentation ε : B −→ k.
There are canonical algebra homomorphisms

ι1 : B1 −→ B ; b1 7→ b1 ⊗ 1 and π1 : B −→ B1 ; b1 ⊗ b2 7→ b1ε2(b2)

which satisfy
π1 ◦ ι1 = idB1 .

There are analogous maps

ι2 : B2 −→ B and π2 : B −→ B2.

Since all maps involved are homomorphisms of augmented algebras, we obtain
algebra homomorphisms

π∗
i : H∗(Bi, k) −→ H∗(B, k),

which, by virtue of idH∗(Bi,k) = ι∗i ◦ π∗
i , are injective. Consequently,

π∗
1 ⊗ π∗

2 : H∗(B1, k) ⊗k H
∗(B2, k) −→ H∗(B, k)

is an injective homomorphism of graded-commutative k-algebras. By the Künneth
formula, the finite dimensional homogeneous subspaces of the domain and the range
have the same dimension, so that π∗

1 ⊗ π∗
2 is bijective.
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Lemma 2.3. Let α : Ap −→ B be a homomorphism such that im(α• ◦ π•
i ) = k

for i = {1, 2}. Then we have imα• = k.

Proof. We only consider the case p 6= 2. Suppose that im(α• ◦ π•
i ) = k

for i ∈ {1, 2}. Setting Cj := π∗
1(Hj(B1, k)) and Dj := π∗

2(Hj(B2, k)), the above
observations imply

H2n(B, k) =
⊕

i+j=2n

CiDj ∀ n ≥ 0.

Let n ≥ 1. If i and j are odd, then an element y := c d, with c ∈ Ci and d ∈ Dj

satisfies
y2 ∈ π•

1(H•(B1, k))π
•
2(H•(B2, k)),

so that

α•(y)2 = α•(y2) ∈ α•(π•
1(H2i(B1, k))α

•(π•
2(H2j(B2, k)) = (0).

Since the algebra H•(Ap, k) = k[T ] is reduced, it follows that y ∈ kerα•. As a
result, we obtain

H•(B, k) = π•
1(H•(B1, k))π

•
2(H•(B2, k)) + kerα• ⊂ H0(B, k) + kerα•,

whence imα• = α•(H0(B, k)) = k. �

Theorem 2.4. Let G be a finite group scheme, α : Ap −→ kG be a homo-

morphism which factors through an abelian, unipotent subgroup U ⊂ G. Then the

following statements are equivalent:

(1) α is a p-point.

(2) imα• 6= k.

Proof. (1) ⇒ (2). This follows directly from (2.2).
(2) ⇒ (1). Let ιU : kU −→ kG be the canonical inclusion. By assumption,

there exists a homomorphism α̃ : Ap −→ kU such that α = ιU ◦ α̃. Consequently,

α• = α̃• ◦ ι•U ,
so that k ( imα• ⊂ im α̃•. According to [32, (2.6)] there exists n ∈ N such that
ι∗U (kG) ∼= kUn. Application of α̃∗ thus gives

α∗(kG) = α̃∗(ι∗U (kG)) ∼= α̃∗(kU)n,

so that α is flat whenever α̃ enjoys this property. We may therefore assume that
G = U is an abelian, unipotent group scheme.

As before, we can find r ∈ Nn with

kU = k[T1, . . . , Tn]/(T pr1

1 , . . . , T prn

n ).

We begin by considering the case where n = 1 and write kU := k[T ]/(T pr

) = k[t]
where t := T + (T pr−1). Then

kU∗ : · · · −→ kU dn−→ kU dn−1−→ kU −→ · · · −→ kU d1−→ kU ε−→ k −→ (0)

with

dn(u) :=

{

tu n odd
tp

r−1u n even

is a minimal projective resolution of the trivial kU-module k. We denote the differ-
entials of the corresponding resolution A∗

p for the trivial Ap-module by ∂n : Ap −→
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Ap. Upon applying the exact functor α∗ to kU∗, we obtain an exact complex
of Ap-modules. The comparison theorem [39, (6.9)] thus provides a chain map
(αn : Ap −→ α∗(kU))n≥0 with α0 = α. By definition, we have

α•(f2n) = f2n ◦ α2n ∀ f2n ∈ HomkU (kU , k) = H2n(kU , k).
In the following, we define an explicit chain map.

Setting kE := k[tp
r−1

], we obtain Rad(kE) = tp
r−1

(kE), and (1.4(2)) provides
an element u ∈ kU such that

α(x) = tp
r−1

u.

(i) There exists a chain map (αn : Ap −→ α∗(kU))n≥0 with α2n(1) = unp for

all n ≥ 0.

We proceed by induction on n, the case n = 0 being trivial. Assuming n ≥ 1
and α2n−2(1) = u(n−1)p, we define an Ap-linear map α2n−1 : Ap −→ α∗(kU) via

α2n−1(1) = tp
r−1−1u(n−1)p+1. This implies

α2n−2(∂2n−1(1)) = α2n−2(x) = α(x)α2n−2(1) = tp
r−1

uu(n−1)p = tα2n−1(1)

= d2n−1(α2n−1(1)),

where we have identified d2n−1 with α∗(d2n−1). Hence the definition α2n(1) := unp

gives rise to

α2n−1(∂2n(1)) = α2n−1(x
p−1) = α(x)p−1α2n−1(1)

= t(p−1)pr−1

up−1tp
r−1−1u(n−1)p+1

= tp
r−1unp = d2n(unp) = d2n(α2n(1)),

as desired. ⋄
(ii) Let α : Ap −→ k[T ]/(T pr

) be a homomorphism such that imα• 6= k. Then

α(E)(x) 6∈ Rad(kE)2.

In view of (i), the assumption imα• 6= k implies the existence of n ≥ 1 and
f2n ∈ HomkU (kU , k) such that

0 6= f2n(α2n(1)) = f2n(unp) = ε(u)f2n(unp−1).

Consequently, (1.4(1)) yields prE(u) = ζ1 + v with ζ ∈ k \ {0} and v ∈ Rad(kE).
As a result,

α(E)(x) = prE(α(x)) = tp
r−1

prE(u) ≡ ζtp
r−1

mod(Rad(kE)2),

as desired. ⋄
Returning to the general case, we set kUi := k[Ti]/(T

pri

i ) and put ti := Ti + (T pri

i ).

By abuse of notation, we denote the canonical generators Ti + (T pr1

1 , . . . , T prn

n ) in
the same way. The map

f : kU −→ kU1 ⊗k · · · ⊗k kUn ; ti 7→ 1 ⊗ · · · ⊗ 1 ⊗ ti ⊗ 1 ⊗ · · · ⊗ 1

is an isomorphism of augmented algebras. For i ∈ {1, . . . , n}, we consider the
algebra homomorphism

γi : kU −→ kUi ; tj 7→ δijti.

By definition, we have

(γi ◦ f−1)(a1 ⊗ · · · ⊗ an) = ε(a1) · · · ε(ai−1)aiε(ai+1) · · · ε(an).
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By applying Lemma 2.3 repeatedly, starting with the map f ◦ α, we find an index
i ∈ {1, . . . , n} such that

k 6= im[(f ◦ α)• ◦ (γi ◦ f−1)•] = im(α• ◦ γ•i ).

As before, we define kE := k[tp
r1−1

1 , . . . , tp
rn−1

n ] and set kEi := k[tp
ri−1

i ]. Using
(1.4(2)), we write

α(x) =
∑

0≤b≤τ(r−1)

vbt
b,

where vb ∈ Rad(kE). Setting αi := γi ◦ α, we obtain

αi(x) =
∑

0≤bi≤pri−1−1

v′bi
tbi

i ,

where v′bi
= γi(v(0,...,0,bi,0,...,0)). By virtue of (ii), the element v′0 = γi(v0) does

not belong to Rad(kEi)
2. Hence v0 does not belong to Rad(kE)2, and [22, (2.2)]

identifies α(E) as a flat point of kE. We may now apply Lemma 1.6 to see that
α ∼ ιE ◦ α(E) is a p-point of kU . �

Given M ∈ mod kG, we consider the algebra homomorphism

ΦM : H•(G, k) −→ Ext•G(M,M) ; [f ] 7→ [f ⊗ idM ].

The cohomological support variety is the zero locus

VG(M) := Z(kerΦM )

associated to the ideal kerΦM of the finitely generated commutative k-algebra
H•(G, k), cf. [22, (1.3)]. Since ΦM is a homomorphism of degree 0, the variety
VG(M) is conical. By the work of Friedlander-Pevtsova the corresponding projective
varieties can be characterized via support spaces:

Theorem 2.5 ([22],(4.11)). The map

ΨG :

{

P (G) −→ Proj(VG(k))
α 7→ kerα•

is a homeomorphism such that

Ψ−1
G (Proj(VG(M))) = P (G)M

for every M ∈ mod kG. 2

In particular, the singletons of the topological space P (G) are closed.
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3. Auslander-Reiten components for finite group schemes

Given a finite group scheme G, we denote by Γs(G) the stable Auslander-Reiten

quiver of the self-injective algebra kG. By definition, Γs(G) is a valued quiver,
whose vertices are the isomorphism classes of the non-projective indecomposable
G-modules, and whose arrows are induced by irreducible morphisms M −→ N . In
addition, Γs(G) is fitted with an automorphism τG : Γs(G) −→ Γs(G), which reflects
homological properties of mod kG. As kG is self-injective,

τG = NG ◦ Ω2
G = Ω2

G ◦ NG

is the composite of the square of the Heller operator ΩG with the Nakayama functor
NG , cf. [1, (IV.3.7)]. For Frobenius algebras, such as kG, NG is the twist by a
Nakayama automorphism ν of kG, so that

τG = ν∗ ◦ Ω2
G = Ω2

G ◦ ν∗.
If ζ : kG −→ k denotes the modular function of the Hopf algebra kG, then the
convolution

ν := ζ ∗ idkG

is a Nakayama automorphism of the Frobenius algebra kG (see [19, (1.5)]). In
particular, the Nakayama functor has order a divisor of dimk kG. We refer the
reader to [1, 2] for further details on Auslander-Reiten theory.

Recall that

P (G)M = {[α] ∈ P (G) ; α∗(M) is not projective}
is the support space of M . Our first subsidiary result shows that M 7→ P (G)M is
constant on the connected components of the quiver Γs(G).

Lemma 3.1. Let Θ ⊂ Γs(G) be a connected component. Then we have

P (G)M = P (G)N

for every [M ], [N ] ∈ Θ.

Proof. We begin by showing that P (G)M = P (G)τG(M). To that end, let
α : Ap −→ kG be a p-point. Then there exists an abelian, unipotent subgroup
U ⊂ G with imα ⊂ kU . Since U is unipotent, we have ζ|kU = ε|kU , so that

ν ◦ α = α.

We therefore obtain

P (G)τG(M) = P (G)Ω2
G
(M) = P (G)M ,

as desired.
Consider the almost split sequence

(0) −→ τG(N) −→ XN −→ N −→ (0)

terminating in N . By the above and [22, (5.6)], every direct summand M of XN

gives rise to inclusions

P (G)M ⊂ P (G)XN
⊂ P (G)τG(N) ∪ P (G)N = P (G)N .

Consequently,

P (G)M ⊂ P (G)N
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whenever there is an arrow [M ] → [N ] in Γs(G). Owing to [1, (V.1.12,V.5.3)] there
also is an arrow [τG(N)] → [M ], so that

P (G)N = P (G)τG(N) ⊂ P (G)M .

Our claim now follows from the connectedness of Θ. �

In view of Lemma 3.1, we define for a component Θ ⊂ Γs(G)

P (G)Θ := P (G)M ∀ [M ] ∈ Θ.

The quiver Γs(G) is a stable representation quiver in the sense of Riedtmann.
Thanks to [37, Struktursatz] a connected component Θ ⊂ Γs(G) is of the form

Θ ∼= Z[TΘ]/Π,

where Π is a directed tree and Π ⊂ Aut(Z[TΘ]) is an “admissible group”. Moreover,
the underlying graph T̄Θ of TΘ is uniquely determined by Θ, and is customarily
referred to as the tree class of Θ. If the underlying module category has enough
periodic modules, then the list of possible tree classes can be narrowed down con-
siderably. The following extension of Webb’s Theorem [44] to finite group schemes,
which can also be found in [11, (5.7)], illustrates this point.

Proposition 3.2. Let Θ ⊂ Γs(G) be a component of the stable Auslander-

Reiten quiver. Then the tree class T̄Θ is either a finite or infinite Dynkin diagram,

or a Euclidean diagram.

Proof. Since P (G)Θ 6= ∅, we can find a p-point α such that α∗(M) is not
projective for every [M ] ∈ Θ. Consider the module Mα := kG ⊗Ap

k. Since α
factors through an abelian, unipotent subgroup U ⊂ G, and kG is a free right kU-
module (cf. [32, (2.6)]), kG is a projective right Ap-module. By general properties
of the Heller operator, we thus have

Mα
∼= Ω2

G(Mα) ⊕ (proj).

Observing ν ◦ α = α, we obtain ν∗(Mα) ∼= Mα, whence

Mα = τG(Mα) ⊕ (proj).

Let [M ] be an element of Θ. Frobenius reciprocity in conjunction with our choice
of α implies

Ext1G(Mα,M) ∼= Ext1Ap
(k,M) 6= (0),

rendering our result a consequence of [12, (3.2)]. �

In view of (3.2) one would like to know, which components actually appear, and
how the occurrence of certain types of components is related to structural features
of the group scheme G. For finite groups, Euclidean tree classes only occur for p = 2
[33], and in that case the corresponding block B ⊂ kG is Morita equivalent to the
group algebra of the Klein 4-group [5]. Among the finite Dynkin diagrams, only
An occurs (see [38] and [4, (3.7)]), while all of the infinite tree classes (A∞, A

∞
∞,

D∞) actually appear, cf. also [12, (4.2),(4.3)].
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Before addressing these issues within the context of finite group schemes, let
us characterize certain components via their support spaces. Recall that an inde-
composable G-module is said to be periodic if there exists n ∈ N such that

Ωn
G(M) ∼= M.

For instance, if the algebra kG has finite representation type (that is, when mod kG
possesses up to isomorphism only finitely many indecomposable objects), then every
non-projective indecomposable G-module is periodic. Since the Nakayama functor
of mod kG has finite order, periodic modules are also periodic with respect to the
Auslander-Reiten translation τG . The infinite periodic components consisting of
periodic modules are called infinite tubes. In view of [26], they are of the form

Z[A∞]/(τm) m ≥ 1,

where τ denotes the translation of the stable representation quiver Z[A∞].

Theorem 3.3. Let M be a non-projective indecomposable G-module, Θ ⊂ Γs(G)
be a component.

(1) The topological space P (G)M is connected.

(2) If |P (G)M | = 1, then M is periodic.

(3) |P (G)Θ| = 1 if and only if either T̄Θ is a finite Dynkin diagram, or Θ is

an infinite tube.

(4) If Θ 6∼= Z[A∞], then |P (G)Θ| = 1 or dimP (G)Θ = 1.

Proof. (1) If [ζ] ∈ Hn(G, k) is a homogeneous element of H•(G, k) and Lζ is
the kernel of the corresponding map Ωn

G(M) −→ k, then [17, (2.1)] yields

(∗) Z(ζ) = VG(Lζ).

Thus, [7, (2.3)] also holds for finite group schemes, and the arguments of [7, §3] show
that Proj(VG(M)) is connected. Owing to Theorem 2.5 the spaces Proj(VG(M))
and P (G)M are homeomorphic, so that P (G)M is also connected.

(2) Let N be a G-module. According to (2.5) the dimension of the Noetherian
space P (G)N is given by

(∗∗) dimP (G)N = dimVG(N) − 1.

Thus, dimVG(M) = 1, and there exists [ζ] ∈ Hn(G, k) such that Z(ζ) ∩ VG(M) =
{0}. In view of (∗) we may now adopt the arguments of [3, (5.10.4)].

(3) Suppose that |P (G)Θ| = 1 and let [N ] ∈ Θ be a vertex. Then (2) ensures the
periodicity of N . As a result, Θ contains a τG-periodic module and [26, Theorem]
yields the desired conclusion.

In view of (1), we may complete the proof of (3) by showing that the stated
conditions on Θ imply dimP (G)Θ = 0. As in [14, (2.1)], it follows that Θ contains
a periodic vertex [N ], so that dimVG(N) = 1.

(4) This statement follows by adopting the arguments of [14, (2.2)] mutatis
mutandis. �

By the foregoing result, components of type Z[A∞] usually occur most frequently.
We shall illustrate below that components of other types naturally appear for blocks
of finite and tame representation type, respectively.
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Let G be a finite group scheme. Then

G = G0 ⋊ Gred

decomposes into a semidirect product with an infinitesimal, normal subgroup G0

and a reduced group Gred, cf. [43, (6.8)]. There results an isomorphism

kG ∼= (kG0)[G(k)],

where the right-hand side denotes the skew group algebra defined by kG0 and the
finite group G(k) of k-rational points of G. If G0 has height 1, then kG0 ∼= U0(g) is
the restricted enveloping algebra of the restricted Lie algebra g := Lie(G), cf. [10,
(II,§7,4.2)].

Let G ⊂ SL(2)(k) be a finite group such that p ∤ |G|. These groups were classi-
fied by Klein and are known to be the binary polyhedral groups. Each such group
G is completely determined by its McKay quiver ∆G relative to its 2-dimensional
standard module, with the underlying graph ∆̄G being a Euclidean diagram of type
Ãn, D̃n, Ẽ6,7,8, see [40, 27]. Note that adjoint representation induces an action of
G on U0(sl(2)) via automorphisms.

Proposition 3.4. Suppose that p ≥ 3. Let G ⊂ SL(2)(k) be a binary polyhedral

group, and consider the skew group algebra

Λ := U0(sl(2))[G].

Then Λ is the algebra of measures of a finite group scheme GG, and if ∆̄G is a tree,

then Γs(GG) contains 2 components of tree class ∆̄G. In particular, components

with Euclidean tree classes D̃n, Ẽ6,7,8 occur.

Proof. Let Ĝ := Spec(kG∗) be the reduced group scheme, whose group of

k-rational points coincides with G. In view of [16, (3.2)] we may consider Ĝ a

closed subgroup of SL(2). Since Ĝ(k) = G,

GG := SL(2)1Ĝ ∼= SL(2)1 ⋊ Ĝ

is the desired finite group scheme. According to [16, (6.2.2)], the principal block
B0(GG) has tame representation type, and [16, (7.3.1)] provides a Morita equiva-
lence

B0(GG) ∼M HG ⋉H∗
G,

between B0(GG) and the trivial extension of HG by its dual bimodule. Here HG =

k[∆̃G] is the path algebra of a quiver with underlying graph ∆̄G, oriented such

that there are no paths of length 2. (This requires n to be odd if ∆̄G = Ãn.)
Owing to [25, (V.3.2)] the stable Auslander-Reiten quiver of the symmetric algebra

HG ⋉ H∗
G has two components of type Z[∆̃G]. The tree class of this component

is ∆̄G, whenever ∆G is a tree. In the exceptional cases (Ãn)n≥2, the tree class is
A∞

∞. �

We turn to components Θ ⊂ Γs(G), whose tree classes T̄Θ are finite Dynkin di-
agrams. In view of (3.3) such components are necessarily finite, and Auslander’s
Theorem (cf. [1, (VII.2.1)] or [2, (4.13.6)]) implies the existence of a representation-
finite block B ⊂ kG such that Θ consists of the set of non-projective, indecompos-
able B-modules. In case G is infinitesimal of height 1, or a Frobenius kernel of
a smooth group, such blocks are Nakayama algebras (cf. [13, (3.2)], [15, (3.1)]),
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so that T̄Θ
∼= An for some n ∈ N0. Moreover, there exists m ∈ N such that

Θ ∼= Z[An]/(τm), see [1, p. 253] for more details.
Given a finite group scheme G = G0 ⋊ Gred, we let ι : kG0 −→ kG and

j : kGred −→ kG be the corresponding inclusions. As noted earlier, these ho-
momorphisms induce maps

ι∗ : P (G0) −→ P (G) and j∗ : P (Gred) −→ P (G),

respectively. We have

ι∗(P (G0)ι∗(M)) ⊂ P (G)M ∀ M ∈ mod kG
with the anologous inclusion holding for j∗. We denote by π : kG −→ kGred the
canonical projection, so that π ◦ j = idkGred

.
Let ϕ : kG −→ kG be an automorphism of the k-algebra kG. Given a kG-

module M , we let M (ϕ) be the kG-module with underlying k-space M , and twisted
action

a.m := ϕ−1(a)m ∀ a ∈ kG, m ∈M.

Thus, M (ϕ) = (ϕ−1)∗(M) and direct computation shows that

P (G)M(ϕ) = ϕ∗(P (G)M ) ∀ M ∈ mod kG.
If M (ϕ) ∼= M , then P (G)M is ϕ∗-invariant. By applying this to the automorphism
of kG0 effected by an element g ∈ G(k), we see that G(k) acts on the fibres of the
map ι∗.

Lemma 3.5. The following statements hold:

(1) The fibres of ι∗ are the G(k)-orbits of P (G0).
(2) The map j∗ is injective.

(3) ι∗(P (G0)) ∩ j∗(P (Gred)) = ∅.
Proof. (1) This follows directly from [22, (5.2)].
(2) Let α, β : Ap −→ Gred be p-points such that j∗([α]) = j∗([β]). Given a

Gred-module M , we have

(j ◦ α)∗(π∗(M)) = α∗(M).

Consequently, j ◦ α ∼ j ◦ β implies α ∼ β, as desired.
(3) Let P be a projective kGred-module. Then kG0 acts trivially on π∗(P ). If

α : Ap −→ kG0 and β : Ap −→ kGred are p-points, then α∗(ι∗(π∗(P ))) is a trivial
Ap-module, while β∗(j∗(π∗(P ))) = β∗(P ) is projective. Consequently, ι◦α 6∼ j ◦β,
so that im ι∗ ∩ im j∗ = ∅. �

Proposition 3.6. Let B ⊂ kG be a block.

(1) There exists a block CB ⊂ kG0 such that B is Morita equivalent to a block

of the skew group algebra CB[GB], given by the stabilizer GB := {g ∈ G(k) ; g(CB) =
CB}.

(2) For every simple B-module S, there exists a simple CB-submodule TS ⊂ S,

a subset RTS
⊂ G(k) and mS ∈ N such that

S|kG0
∼=

⊕

g∈RTS

mST
(g)
S .

(3) If π(B) 6= (0), then CB = B0(G) and GB = G(k).
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(4) If B is representation-finite, then one of the following statements holds:

(a) CB
∼= Matn(k) is simple, with n dividing the dimension of any simple

B-module.

(b) For every simple B-module S, the restriction j∗(S) is projective. In

particular, if π(B) 6= (0), then the block ideal π(B)�kGred is a semi-simple algebra,

and kG0 is representation-finite.

Proof. (1),(2) Set Λ = kG0 and decompose Λ into its blocks

Λ = Λe1 ⊕ · · · ⊕ Λen.

The finite group G := G(k) acts on the set {e1, . . . , en} of central, orthogonal,
primitive idempotents of Λ, and we may assume without loss of generality that
e1, . . . , em (m ≤ n) are the orbit representatives. Setting Λi :=

⊕

e∈Gei
Λe for

i ∈ {1, . . . ,m}, we obtain a decomposition

Λ[G] =

m
⊕

i=1

Λi[G]

of Λ[G] into two-sided ideals. Thus, there exists i0 ∈ {1, . . . ,m} such that B is
a summand (block) of Λi0 [G]. Thanks to [36, (1.6)] the algebra Λi0 [G] is Morita
equivalent to CB[GB], where CB is the block Λei0 of kG0.

Given a Λ-module T , we let

GT := {g ∈ G ; T (g) ∼= T }

be its inertia group.
Let S be a simple B-module, T ⊂ S a simple Λ-submodule. Clifford theory (cf.

[2, (3.13)]) then provides m ∈ N such that

(∗) S|Λ ∼=
⊕

g∈R

mT (g),

where R ⊂ G is a complete set of left coset representatives of GT .
Since Λi0 [G].S 6= (0), we conclude that Λi0 .S 6= (0). Hence there is an element

g′ ∈ R with Λi0T
(g′) 6= (0). This in turn provides g ∈ G such that g(ei0)T 6= (0).

Consequently, the simple Λ-submodule T ′ := g−1T ∼= T (g−1) of S belongs to CB, so
that assertion (2) follows by applying (∗) to T ′.

(3) The image π(e) of the central idempotent defining B is a central idempotent
of kGred such that π(B) = kGredπ(e). Consequently, π(B) is a block ideal, which is
an algebra whenever π(B) 6= (0). In that case, let V be a simple π(B)-module. Then
S := π∗(V ) is a simple Λ-module belonging to B, whose restriction S|Λ is a direct
sum of copies of the trivial Λ-module k. Consequently, we have TS = k, so that
CB = B0(G0) is the principal block of kG0. As G(k) acts on kG0 via automorphisms
of Hopf algebras, the principal block B0(G0) is G(k)-invariant, whence GB = G(k).

(4) Let S(B) be a complete set of representatives for the simple B-modules.
Since B has finite representation type, B is simple or every simple module S ∈ S(B)
is periodic [28]. In view of (3.3) we thus have

|P (G)S | ≤ 1 ∀ S ∈ S(B).
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Let S ∈ S(B) be a simple B-module. Basic properties of support spaces [22, (5.6)]
in conjunction with (2) imply

⋃

g∈RTS

ι∗(g∗(P (G0)TS
)) = ι∗(P (G0)ι∗(S)) ⊂ P (G)S .

Suppose first that P (G0)TS
= ∅, so that TS is a projective CB-module, cf. [22, (5.6)].

Wedderburn’s Theorem provides an isomorphism CB ∼= Matn(k) with n := dimk TS.
Owing to (2), the number n divides the dimension of any simple B-module.

Alternatively, we may assume that ι∗(P (G0)ι∗(S)) 6= ∅ for every S ∈ S(B).
Thanks to (3.3(3)), P (G)S is a singleton, and Lemma 3.5(3) implies P (Gred)j∗(S) =
∅, so that the first part of (b) holds. If T is a simple π(B)-module, then S := π∗(T )
is a simple B-module, whose restriction

j∗(S) = (π ◦ j)∗(T ) = T

is projective. Consequently, π(B) is semi-simple. By the arguments of (3), we have
TS = k, CB = B0(k) and GB = G(k). Since ι∗(S) is a trivial module, (3.5(1)) shows
that P (G0) is finite. By virtue of (2.5) and [18, (2.7)] the algebra kG0 has finite
representation type. �

Remark. By the proof of (3.6) the block CB and the group GB are unique
up to G(k)-conjugacy. Moreover, the CB-module TS is unique up to twist by an
element of GB.

The main shortfall of the foregoing result is the lack of information concerning
CB and GB. There are special cases, where more is known. If G0 is a group of
height 1, then the existence of a simple CB-module T with finite support space
P (G0)T already forces CB to be a Nakayama algebra (cf. [22, (5.6)] and [13, (3.2)]).
Another tractable case pertains to the principal block B0(G), enabling us to retrieve
[18, (3.1)]:

Corollary 3.7. Suppose that B0(G) has finite representation type. Then kG0

and kGred have finite representation type, and at least one of these algebras is semi-

simple.

Proof. Since the idempotent e0 of kG0 is not contained in the augmentation
ideal (kG)† of kG, we have e0 6∈ kerπ = kG(kG0)† ⊂ (kG)†. Owing to (3.6(3))
we obtain CB0(G) = B0(G0) and GB0(G) = G(k). Thanks to (3.6(2)) condition (a)

of (3.6(4)) implies that k is a projective kG0-module, so that kG0 is semi-simple.
Nagata’s Theorem [10, (IV,§3,3.6)] now shows that G0 is diagonalizable and [16,
(1.1)] yields

B0(G) ∼= B0(Gred).

According to standard defect theory (cf. [2, (6.1.2),(6.3.5),(4.4.4)]), the group
algebra kG(k) = kGred is representation-finite.

Alternatively, (3.6(4b)) ensures the semi-simplicity of π(B0(G)), so that k is a
projective kGred-module. Consequently, the group algebra kGred is semi-simple. By
the same token, the algebra kG0 is representation-finite. �
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Proposition 3.8. Let B ⊂ kG be a block. Assume there exists a simple B-

module S such that S|kG0 is projective. Then the following statements hold:

(1) If dimk TS = pm, then TS possesses a kG0[GB]-structure that extends the

given G0-structure.

(2) If the kG0-structure of TS can be extended to kG0[GB], then B is Morita

equivalent to the principal block of the group algebra kGB.

Proof. (1) By assumption, the simple G0-module TS is projective, so that
CB ∼= Matn(k). In view of the Noether-Skolem Theorem, any automorphism of
CB is inner, thereby providing a homomorphism ϕ : GB −→ PGL(n)(k) satisfying
g.x = ϕ(g)xϕ(g)−1 ∀ g ∈ GB, x ∈ CB. Our current assumption implies n = pm,
whence GL(n)(k) = SL(n)(k) × k×, so that there exists a homomorphism ψ :
GB −→ C×

B with

g.x = ψ(g)xψ(g)−1 ∀ g ∈ GB, x ∈ CB.
Consequently,

(λg).t := λψ(g)t ∀ λ ∈ kG0, g ∈ GB, t ∈ TS

defines an action of kG0[GB] on TS that extends the given one.
(2) We let eB ∈ kG and eC ∈ kG0 be the central idempotents defining the blocks

B ⊂ kG and CB ⊂ kG0, respectively. Let GB := Spec((kGB)∗) be the reduced group
such that GB(k) ∼= GB. Owing to [16, (3.2)] we may consider GB a closed subgroup
of Gred. Thus, the finite group scheme

Ḡ := G0 ⋊ GB

has algebra of measures kḠ ∼= kG0[GB], and TS is a simple Ḡ-module. Consequently,
g.eC = eC for every g ∈ GB, implying that eC is a central idempotent of kḠ.

Let modGB and mod(eCḠ) be the category of GB-modules and the full subcate-
gory of Ḡ-modules V satisfying eCV = V , respectively. As eC is a central idempotent
of kḠ, mod(eCḠ) is a sum of blocks of mod kG. In analogy with [31, (II.10.4)] we
claim that

modGB −→ mod(eCḠ) ; M 7→ M ⊗k TS

is an equivalence. Here, M ∈ modGB is considered a Ḡ-module with trivial G0-
action. This readily implies that the above functor is well-defined.

We consider the functor

mod(eCḠ) −→ modGB ; V 7→ HomG0(TS , V ).

Owing to [31, (I.2.14(3))] the natural transformation

ϕV : HomG0(TS , V ) ⊗k TS −→ V ; f ⊗ t 7→ f(t)

is an isomorphism for every V ∈ mod(eCḠ). Given M ∈ modGB, the map

ψM : M −→ HomG0(TS ,M ⊗k TS) ; ψM (m)(t) = m⊗ t

is injective, and thus, for dimension reasons, bijective.
As mod(eCḠ) is a sum of blocks of mod kG, the above equivalence sends the

category modB0(GB) to the block of mod kḠ containing the simple Ḡ-module TS.
By the proof of [36, (1.6)] we have

CB[GB] = eCkGeC ,
as well as a Morita equivalence B ∼M eCBeC. Thus, eCS is a simple eCBeC-module.
Since GB is the inertia group of TS , Proposition 3.6(2) provides an isomorphism
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eCS ∼= mSTS of G0-modules, so that the Ḡ-module TS belongs to eCBeC. As a
result, B is Morita equivalent to B0(GB) ∼= B0(GB). �

Suppose that G ⊂ H is a closed finite algebraic subgroup of a smooth reductive
group H such that G0 = Hr is the r-th Frobenius kernel of H. The r-th Steinberg

module Str is known to be an H-module such that Str|Hr
is simple and projective

(cf. [31, (II.10.2)]). If B ⊂ kG is the block containing Str|G , then Proposition 3.8
provides a Morita equivalence between B and B0(G(k)).

Our concluding results refine Corollary 3.7 to obtain the structure of those
stable Auslander-Reiten components of Dynkin type that contain a one-dimensional
module kλ, given by a character λ ∈ X(G). We denote a block and a component
containing such a module by Bλ(G) and Θλ, respectively. (Since the principal block
corresponds to the neutral element ε of the abelian group X(G), we write B0(G) in
that case.) The reader is referred to [2, §4.18] for the definition and basic properties
of Brauer graph algebras.

Theorem 3.9. Let G be a finite group scheme, λ ∈ X(G) be a character.

(1) If Bλ(G) has finite representation type, then Bλ(G) is a Brauer tree algebra

or a Nakayama algebra.

(2) If the tree class T̄Θλ
is a Dynkin diagram, then T̄Θλ

∼= An for some n ∈ N
and there exists m ∈ N with Θλ

∼= Z[An]/(τm).

Proof. Since the convolution

λ ∗ idkG : kG −→ kG ; h 7→
∑

(h)

λ(h(1))h(2)

is an automorphism of kG such that ε ◦ (λ ∗ idkG) = λ, it sends Bλ(G) onto B0(G).
It thus suffices to verify both statements for the case λ = ε.

(1) According to (3.7) we first assume kG0 to be semi-simple. Then G0 is
diagonalizable, and

B0(G) ∼= B0(Gred)

is a representation-finite block of the group algebra kG(k) ∼= kGred. In view of [2,
(6.3.5),(6.5.5)], the block B0(G) is a Brauer tree algebra.

Alternatively, kG(k) is semi-simple and the group G0 is representation-finite.
Owing to [18, (2.7)] we have an isomorphism

G0/M ∼= U ⋊ µ(pr),

where M is the diagonalizable part of the center of G0, and U is abelian unipotent
such that kU is a Nakayama algebra. Since M is a characteristic subgroup of G0

(cf. [10, (IV,§3,1.1)]), it is normal in G, and the proof of [16, (1.1(3))] provides an
isomorphism B0(G) ∼= B0(G/M). We may therefore assume M = ek.

Thus, U is a unipotent normal subgroup of G such that G/U ∼= µ(pr) ⋊ Gred is

linearly reductive. As a result, J := kG(kU)† = (kU)†kG is the Jacobson radical of
kG. By the above, the augmentation ideal (kU)† of the commutative algebra kU is
generated by an element u ∈ (kU)†, whence

J = (kG)u = u(kG).

Morita’s Theorem [9, (62.26)] now implies that kG is a Nakayama algebra, so that
B0(G) also enjoys this property.
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(2) If T̄Θ0 is a Dynkin diagram, then Θ0 is finite and B0(G) has finite represen-
tation type. The result now follows from (1), [4, (3.7)] and [1, (VII.4)]. �

Remark. There is an alternative proof of (1) that follows the methods em-
ployed in the investigation of tame principal blocks [16]. By general principles, the
Gabriel quiver of k(G/M) coincides with the McKay quiver of the linearly reduc-
tive group µ(pr) ⋊ Gred relative to the one-dimensional module H1(U , k). Hence

the connected components are oriented cycles of type Ãn, which implies that the
algebra B0(G) is a Nakayama algebra (cf. [29, Thm. 9]).

A finite group scheme is called trigonalizable if every simple G-module is one-
dimensional. Thus, trigonalizable groups give rise to algebras of measures that
are basic. By Gabriel’s Theorem such algebras are isomorphic to bound quiver
algebras (cf. [1, (II.1.10)]).

Corollary 3.10. Let G be a trigonalizable finite group scheme.

(1) If B ⊂ kG is a representation-finite block, then B is a Nakayama algebra.

(2) If Θ ⊂ Γs(G) is a finite component, then Θ ∼= Z[An]/(τm) for n,m ∈ N.

Proof. (1) As in (3.9) we may assume that B = B0(G) is the principal block
of kG. If G0 is diagonalizable, then

B0(G) ∼= B0(Gred)

is the principal block of the finite, trigonalizable group G := G(k). Since the Sylow-
p-subgroup of G is normal, [2, (6.5.4)] implies that B0(Gred) is a Nakayama algebra.

Alternatively, the arguments of (3.9) yield the desired conclusion.
(2) This follows from a consecutive application of Auslander’s Theorem [1,

(VII.2.1)] and (1). �

References

[1] M. Auslander, I. Reiten, and S. Smalø, Representation Theory of Artin Algebras. Cambridge
Studies in Advanced Mathematics 36. Cambridge University Press, 1995

[2] D. Benson, Representations and Cohomology, I. Cambridge Studies in Advanced Mathematics
30. Cambridge University Press, 1991

[3] , Representations and Cohomology, II. Cambridge Studies in Advanced Mathematics
31. Cambridge University Press, 1991

[4] C. Bessenrodt, Modular representation theory for blocks with cyclic defect groups via the

Auslander-Reiten quiver. J. Algebra 140 (1991), 247–262
[5] , The Auslander-Reiten quiver of a modular group algebra revisited. Math. Z. 206

(1991), 25–34
[6] J. Carlson, The varieties and the cohomology ring of a module. J. Algebra 85 (1983), 104–143
[7] , The variety of an indecomposable module is connected. Invent. math. 77 (1984),

291–299
[8] L. Chouinard, Projectivity and relative projectivity over group rings. J. Pure Appl. Algebra

7 (1976), 287–303

[9] C. Curtis and I. Reiner, Methods of Representation Theory, II. John Wiley and Sons, 1987.
[10] M. Demazure and P. Gabriel, Groupes Algébriques. Masson & Cie, Paris 1970
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