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1 Introduction

Throughout this paper X, Xo,... and Y7,Y5,... are two independent sequence of i.i.d.
Bernoulli variables with parameter 0.5 > ¢ > 0:

Let X := X1X5... X, and let Y :=Y1Y,...Y,. The longest common subsequence (LCS)
of X and Y is any common subsequence that has the longest possible length. The length
of LCS is denoted L,,. Formally, L,, is the biggest k such that there exists two subsets of in-
dices {i1, ... ik}, {J1,- -, Je} C{1,...,n} satisfying iy <ip < ... <ip, J1 < Jo <...<Jk
and X;, =Y, X, =Y,,..., X;, =Y. The main result of this paper is, that for e > 0
small enough, the order of the standard deviation of L,, is \/n.
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LCS’s are a very important tool in computational biology, where they are used for com-
paring DNA- and protein-alignments (see, e.g. [12, 14, 2]). They are also used in com-
putational linguistics, speech recognition and so on. In all these applications, two strings
with a relatively long LCS, are deemed related.

Example. Let us give an example of the practical use of LCS’s. Take the two words: X = fanthastic
and Y = fntastique. These two words are very similar. They were obtained from the English word

“fantastic” and the French word “fantastique” by adding spelling mistakes. We would like the computer
to recognize the similarity. If the computer compares letter by letter,

flaln|t|hlals|t|h]a]s|t]i]ec
floltlalstlilalule] [ ] ]

it finds that only one letter coincides. Comparing the i-th letter of the first word with the i-th letter
of the second word for all the letters is not a good way to recognize any similarity. The reason are the
missing letters. The original position of the letters in the words gets changed.

To take into account the missing letters or added letters, we align the two words allowing for gaps. We
allow only same letters to be matched with each other. In such a way, we obtain a sequence of letters
that is contained in X as well as in Y. Such a sequence is a common subsequence of X and Y. Hence,
the longest common subsequence is the maximum number of same letters we can align allowing gaps. In
our example the maximum is given by the alignment

Holaleirlofelelslel | )

FI o Inle] Talslefi] [afufe
Hence f,n,t,a,s,t,iis the longest common subsequence of the two words and the length of the longest

common subsequence, L,, is 7. This indicates that the two words are very similar.

To distinguish related pairs of strings from unrelated via the LCS-method, we need to
assess the order of the fluctuation of the LCS. For this reason the random variable L,, has
received a lot of attention. Non the less, many questions remain open. In their pioneering
paper [7], Chvatal and Sankoff prove that the limit

. FEL,
v := lim

n—oo n

(1.2)

exists. In [1], Alexander investigated the rate of the convergence in (1.2) and showed that
for a constant C', EL, — ny > Cvnlnn. Moreover, by a sub-additivity argument

Ly,
— — vy asandin L. (1.3)
n

(see, e.g. [1, 14]). The constant ~ is called the Chvatal-Sankoff constant and its value
is unknown for even as simple cases as i.i.d. Bernoulli sequences. In this case, the value
of v obviously depends on the Bernoulli parameter e. When € = 0.5, the various bounds
indicate that v ~ 0.81 [11, 9, 3]. For a smaller €, 7 is even bigger. Hence, a common
subsequence of two independent Bernoulli sequences typically makes up large part of the
total length. This implies that to make some inference, the size of the variance Var|L,]
is essential. Unfortunately, not much is known about Var[L,| and its asymptotic order is
one of the central open problems in string matching theory.

Monte-Carlo simulations lead Chvatal and Sankoff in [7] to conjecture for e = 0.5 that



Var[L,] = o(n3). Using an Efron-Stein type of inequality, Stecle [11] proved Var[L,] <
2¢(1 — €)n. In [13], Waterman asks whether this linear bound can be improved. His
simulations show that this is not the case and Var(L,) grows linearly. Boutet de Monvel
[6] interprets his simulation the same way.

In a series of papers, we investigate the asymptotic behavior of Var[L,] in various setup.
Our goal is to find out, whether there exists a constant ¢ > 0 (not depending on n) such
that Var[L,] > en. Together with Steele’s bound, this means that ecn < Var[L,] < n,
i.e. Var[L,] = ©(n) (a sequence a, is of order O(n), if, for some constants 0 < ¢ <
C < 00, en < a, < Cn for all n large enough). Simulations [5] indicate that Var[L,| =
©(n) when € is not close to 0.5. In [4], Bonetto and Matzinger consider the asymmetric
situation where the random variables in X are Bernoulli with 1/2, but Y is a random
iid. string with 3 symbols. They obtain that in this setting Var[ 2] = O(n). In
[8], Houdre, Lember and Matzinger investigate the asymptotic behavior of the longest
common increasing subsequence of two independent Bernoulli sequences. They find that
under this additional restriction n='/2(L, — EL,) converges in law to a functional of
two Brownian motions implying that Var[L,] = ©(n) holds again (here L,, designates the
length of the longest common increasing subsequence). Durringer, Lember and Matzinger
[10] show that Var[L,] = ©(n) when Y is a non-random periodic binary sequence and X
is i.i.d. Bernoulli 1/2 sequence.

The relatively long history shows that determining the exact order of the fluctuation of
L, is a difficult problem. In fact, as noted in [1, 2|, the LCS-problem can be reformulated
as a Last Passage Percolation (LPP) problem with correlated weights. But for standard
LPP and First Passage Percolation, the question of the exact order of the fluctuation has
been open for decades.

2 Main result

The main result of this paper, Theorem 2.1, asserts that when € > 0 is small, the fluc-
tuation of L, is of order \/n. In fact, the theorem gives only a lower linear bound for
the variance of L,. The upper linear bound comes from the result of Steele [11]. Hence,
Theorem 2.1 implies that Var[L,] = ©(n).

Theorem 2.1 There exists ¢¢ > 0 such that for every e < ey, there exists a constant
¢ > 0 depending on € but not depending on n, that satisfies

VAR[L,) > c-n, Vn.
One of the main tools in this paper is a map that picks a one in the text X or Y at
random and changes it into a zero. Let X and Y designate the texts obtained in this way.

Example. Let n = 6, X = 001000 and Y = 101000. The total number of ones in the two texts is
3. Hence, we pick one of these three ones at random with equal probability and switch it into a zero.
Assume we pick the second one in text Y. Then X = 001000 and Y = 100000.



Let us define X and Y rigorously. For a binary string « = 2125 . .. z,, we denote by NY
the total number of ones in x. So NY := 7", 2;. Similarly, N{ is the total number of

ones in y = Y14 . .. Yn. Lhe binary random strings X and Y are defined by the following
equations:

S x5y - { DR 0
=1 9

Z<X o= { b TR0 >0
e
PO =Y 0

Let L, denote the length of the longest common subsequence of X and Y. When we
change one bit in X or Y and flip it to the opposite value, then the length of the LCS
changes by at most one. The next theorem shows that in this case the length of the LCS
L,, is more likely to increase by one unit than to decrease by one unit.

Theorem 2.2 There exist constants oy and oy, ap > e and a set B, C {0,1}" x {0, 1}"
such that for all (z,y) € B,

P(L-L=1X=uxY =%)>a, (2.1)
P(L-L=-1X=xzY =) < a,. (2.2)

Moreover, there exists an €y > 0 such that for every 0 < e <,
P(X,)Y)eB,) >1—e 9", (2.3)
where ¢; > 0 does not depend on n, but may depend on e.

In Section, 7 we prove that Theorem 2.2 implies Theorem 2.1. Let us briefly explain
the main ideas behind the proof. We define two sequences of random binary strings
XY X2 .., X% and Y, Y2,...,Y? all of them having the length n. The strings X*
and Y* are define by induction on k: X?" and Y?" consist only of ones; X*~! and Y*~!
are obtained by choosing a one at random in X*Y* and replacing it by a zero. Hence we
use the random map ~. We designate by L(k) the length of the LCS of X* and Y*. Note
that the total number of ones in the string X* and Y* is k. Let (X,Y) be independent of
and Y. Tt is not hard to see that (X*, Y*) has the same distribution as (X,Y’) conditional
on Ny = k. This implies that L(N;) has same distribution, as L,,. The standard deviation
of Ny is of order y/n. Moreover, from Theorem 2.2 directly follows that the (random)



map k — L(k) tends to increase linearly on a certain scale. These two facts together im-
ply immediately that the standard deviation of L(N;) and hence also of L, is of order /n.

Let us now give a heuristic argument why Theorem 2.2 holds. Recall that in this pa-
per, we consider the situation where one has a small, but fixed probability. Hence, in
the texts X and Y, there is a small proportions of ones. This implies that only a small
percentage of ones can figure in a LCS. It will turn out that the number of ones in a LCS
is typically of order e?n. This is much less than the total number of ones in the texts
X and Y, which is of order 2en. It follows that the majority of ones in the texts X and
Y constitute a “net loss” for the score L,,. Hence the number of ones tends to influence
the score L, negatively. Changing a randomly picked one into zero is not very likely to
decrease the score. It can decrease the score only if the chosen one is used in a LCS. But
the additional zero obtained in this way will in many cases increase the score.

Example. Let X = 00010000100000000000001, Y = 00010000000010000100000. The longest common
subsequence Z is Z = 000100000000000000000. An alignment corresponding to Z is

X400 01 0 0 O0O0OT1O0O0TO0O 0 0 0O 0 0
Y||I0 00 1 00 00 00 001O0O0O0O0OT1O00O0
Z10 0 0 1 0 0 0 O 0 0 0 O 0 0 0O 0 0

1

0 0 0
0 0 0
0 0 0

The optimal solution is obtained by matching all the zeros, and the first one in both texts, but discarding
all other ones. We see the general phenomena: since there are few ones, sometimes by chance some ones
appear in respective positions in the two texts where they can be matched. The other ones in text X
and Y appear in places in the text where we can not match them with a one. If we would match them

we would loose too many zeros. That is why, most ones can not be used in the LCS.

The argument in the previous numerical example gives a first idea of what is happening.
However, proving anything rigorously is difficult. The reason is as follows. We take € small
but fixed and let then n tend to infinity. The optimal alignment (optimal alignment is the
alignment which defines the LCS) is then going to be a global alignment. Which means
that typically some parts of the text X will be connected with parts of the text Y that are
"far away”. This introduces complicated correlations between the different parts of the
optimal alignment. Microscopically it is easy to understand the approximate behavior of
the optimal alignment. Macroscopically however, little is understood about the optimal
alignment. It seems that there are complicated long range interactions between all the
different parts.

3 Aligning the ones

Introducing the right notation to describe the alignments is a key ingredient to the solution
of our problem. Throughout this paper only consider alignments which align a symbol
with a gap or with the same symbol in the other text. We exclude alignments which align
different symbols with each other. We start with a simple example.

Example. Take the two texts X = 1000001 and Y = 1001. The LCS of X and Y is Z = 1001. It is
obtained by aligning the first one in both text and the last one and for the rest aligning as many zeros



as possible. Text X contains 5 zeros and text Y contains 2. The maximum number of aligned zeros is
thus min{2,5} = 2. There are many alignments corresponding to the LCS Z = 1001. Let us present two
alignments corresponding to this LCS:

X|1{0]0(0|0|0]|1
Y

or another possibility:
Xi|1{0{0(0]0]0
Y || 1 0(0]1

How the zeros are aligned between the ones is not important as long as we align the maximum number
of zeros between the ones. Hence in general we will only describe which ones are aligned and assume the
between ones we align the maximum number of zeros. Let us give a further example to illustrate this.
Take the sequences:

X =101010101
Y =11010001

A LCS of X and Y is 1101001. This LCS can be obtained with the following alignment:

(3.1)

We call the portions between pairs of aligned ones cell.
The first cell of alignment (3.1) is:
1
1

The first cell is an exception. It is the only cell which is not comprised between two pairs of aligned ones.
Instead it consists of the first pair of aligned ones and everything to the left there of. We only introduce
this special cell in order to simplify notations later on.

The second cell of alignment (3.1) is

01
1
The third cell of alignment (3.1) is
01
01
The fourth cell of alignment (3.1) is
of [1]oj1]
ofof [of1]

Note that the second cell has one more zero in the X-part than in the Y-part. The third cell has the
same amount of zeros in both parts. The fourth cell has two zeros in the X-part and three zeros in the
Y-part. Hence the X-part has one zero less. The difference of zeros between the X-part and the Y-part
for cell 2,3 and 4 in this order is 1, 0 and —1. Cell number 1 has no zeros. Hence the difference of zeros
for cell number number 1 is equal to zero. Let v; denote the difference of zeros of cell i. We will represent
alignments as the sequence of differences of zeros of their cells. For the alignment (3.1), this gives the

representation (v1,ve, vs,v4) = (0,1,0, —1). This sequence uniquely defines the alignment of the ones.

Let X = X;...X, and Y = Y]...Y, be given. As explained above, to every optimal
alignment corresponds a vector v := (vy,...,v;) that shows the number of cells in the



alignment (k) and the difference of zeros in the cells. In every cell, the maximum amount
of zeros is aligned. On the other hand, to every vector v = (vy,...,v;) € Z* corresponds
a (possible empty) family of alignments. All of them have the same pairs of aligned ones
and between consecutive pairs of aligned ones, the maximum number of zeros is aligned.
The alignments corresponding to v can differ only in the way the zeros between aligned
ones (inside cells) are aligned. Since all the alignments associated with v have the same
score (the same number of aligned zeros and ones), we do not care how the zeros inside a
cell are aligned (as long as the maximal number of them is aligned). Therefore, in a slight
imprecision we will speak of one alignment for the whole family associated with v. In
other words, we identify each vector v with an alignment. In this alignment, the number
of aligned ones (cells) is k, the difference in the number of zero’s in cell number i is v; and
inside a cell, the maximal number of zeros is aligned. So, in a sense, it is the “smallest”
alignment which aligns exactly k pairs of ones with each other and has the difference of
zeros in cell i equal to v;, for all ¢ € {1,2,..., k}.

We write |v| for the length of v. If v € R* then |v| = k. Let us next define rigor-
ously the alighment associated with v = (vy,...,v) € ZF.

Definition 3.1 Let k € N and let v = (vy,...,v) € ZF. Define n(i),v(i) by induction
on i:

o start with w(0) = v(0) = 0;

o fori <k, once w(i),v(i) is defined, let (w(i+1),v(i+1)) be the smallest (s,t) such
that all of the following three conditions are satisfied.

1. 7(i) < s and v(i) < t;
2 X,=Y,=1;

3. the difference between the number of zeros of X in the interval [n(i), s| and the
number of zeros of Y in the interval [v(i),t] is equal to viy1. Hence,

v = ((s=m@) = Y X;) = (t=v(@) = 3 V).
j=m(i) j=v(i)
If no such (s,t) exists, then w(i+1)=---=mn(k) ;=00 and v(i+ 1) =--- = v(k) := c0.
The cell number i is equal to the pair of strings:
C<Z) = ((Xﬂ(i,1)+1, <o 7X7T(i))7 (Yy(i,1)+1, SRR YI/(Z))) .
We define the alignment v as any alignment, if exists, such that:

o X ) is aligned with Y,y for everyi=1,... k;



o the number of aligned zeros in the cell C(i), denoted by S,(i), is the minimum
between the number of zeros in the string X i—1)11Xx@)+1 - - - Xr@) and the number
of zeros in the string Y,i—1)+1Yu@)+1 - - Yo);

o after aligning Xrxy with Y, ), we align as many zeros as possible. Let that number
be r.

Hence, the number of aligned zeros up to the last pair of aligned ones equal to

(i) 0
S(i) :=min { (7(i) —w(i — 1)) — X, wi)—vi-1)- > Y

j=m(i—1)+1 j=v(i—1)+1
To show that all 7(i), v (i), C(i), S(i) depend on v, we write also
(1) = (7)), 1,(1) == v(i), Cp(i) == C(i), Sy(i) := S(i), ry :=1.

To summarize: every v € Z* defines an alignment. This alignment corresponds to aligning
Xr,5) With Y, ), for each @ = 1,2,... k. These are the aligned pairs of ones: X ;) =
Y,.@) = 1. Between the aligned pairs of ones we assume that we align as many zeros as
possible. Hence in cell number 4, we align S, (¢) zeros (maximum possible amount). After
last pair of aligned ones, we align as many zeros as possible. The length of the common
subsequence defined by alignment v can now be computed as follows:

Each cell gives one aligned pair of ones. Hence, this part contributes |v|. Then we add for
each cell the number of zeros aligned. This sums up to Zlﬂl Sy (7). Finally we need to add
the remaining amount of zeros r, which can be aligned but which come after the last cell.
When v € Z* is such that 7,(k), v, (k) < n, then r, is the minimum between the number
of zeros in the string X ) ... X, and the number of zeros in the string Y, ) ...Y,. The
length of the common subsequence defined by the alignment v is now equal to:

The number S, is also called the score of the alignment v. This is the length of the
common subsequence corresponding to v.

Of course, it can be that given X = X;...X,, and Y = Y;...Y, there might not be
any alignment corresponding to v. In this case (k) = v(k) = oo. On the other hand,
if an alignment corresponding to v exists, then 7,(k) < n and v,(k) < n. A vector
v € ZF satisfying the previous condition is called admissible. Let V designate the set of
all admissible alignments, i.e.

V= {v € UpsoZ" : (|v]), v(Jv]) < n}. (3.2)

The set V', obviously, depends on X and Y. The next statement trivially holds.

8



Proposition 3.1

Kl

L, = max |v|+;Sv(z)+Rv . (3.3)

We say an admissible alignment v is optimal if S, = L,,.

Let v € JyoqZ* be non-random and define |v| random cells Cy(1),...,Cy(|v]) as in
Definition 3.1. One of the main advantages of defining alignments the way described
above is that the cells C,(1), C,(2),...,Cy(|v]) are independent so that we can use large
deviation techniques.

3.1 An useful approach

In the sequel, we are often going to use the following way of modeling random sequences
X1, Xo,...and Y1, Ys, ... Let &, &, ... be the sequence of iid random variables with the
distribution of £ being following:

PE=0)=1—¢ PEl=1)=¢l—¢),...P=n)=¢€"(1—¢),....

The distribution of &; is geometric. The random variables & model the number of 1’s
between the 0’s: & is the number of ones before the first 0, & is the number of ones between
the first and second 0 and so on. For example, if (£1,&2,&3,64,65,&) = (0,2,0,0,1,0),
then the corresponding sequence Xy, Xs, ... begins with

®’O72’07®707®7071707®70:0717]‘7070707]‘7070’

Similarly, let 71,79, ... model the sequence Y7,Y5,.... With such construction, it is rel-
atively easy to model cells. Indeed, to get a 0 cell, we look for the smallest time i such
that & # 0, n; # (0. So, the length of a 0-cell is modeled by the random variable T', where

T:=min{i=1,2,...: & # 0,n # 0}. (3.4)

To model a —u cell (u > 0), we look for the smallest time T such that & # 0 and 1, # 0.
So, the length of a —u-cell is modeled by the random variable T', where

T:=min{i=1,2,...:& # 0,10, # 0}. (3.5)

In other words a cell with v; = u can be viewed in the following way: we first set u zeros
aside on side X if u > 0 and on side Y otherwise. Then we align consecutive pairs of
zeros, until we meet for the first time a pair of aligned zeros both directly followed by a
one. Let us look at a numerical example:

Example. Take v; = u = 2. Let X = 000101... and Y = 001.... We put a side the first two zeros in

X. From there, we align all the zeros until we meet two zeros both followed directly by a one. And, this
gives the cell:




3.2 Optimal alignment contained in V,,

In Section 5, we will show that with high probability L, is larger by 0.1€2n than half of
the total amount of zeros in X or in Y. Let us briefly explain the use of this fact.
When

Ln > % + a,

2

where Ny is the total number of zeros in X and Y and a > 0, there are two immediate
consequences: 1) In any optimal alignment v there need to be at least a pairs of aligned
ones. Hence, any optimal alignment v needs to be contained in the set UysqZ".
2) Any optimal alignment v in Z*, satisfies

k
> ol < 2k (3.6)
=1

Otherwise the un-matched zeros (at least S°F_ |v;]) would out-number the aligned ones
(the number of aligned ones is 2k) bringing the score below an alignment with only zeros
aligned. Indeed, the number of non-aligned zeros in the alignment v is at least Zle lvil,
so the number of aligned zeros is at most

k
Ny — Zi:l |vi]
2

and (3.6) follows from the inequalities

k
No <L, No = >oiq [vil
2 2

IN

+ k.

When we take 0.1¢2n for a, conditions 1) and 2) can be expressed by saying that any
optimal alignment v is necessarily contained in the set V,,, where

Vo= |J V(k), (3.7)

k>0.1€2n
and V (k) C Z* is defined as follows
V(k) == {(v1,09,...,08) EZ | ||+ ...+ |vk| < 2k}. (3.8)

The fact that optimal alignment is typically contained in V,, is very useful. The set V,,
is relatively small (see the bound (5.7)). So, whenever we want to prove the likeliness of
a property for the optimal alignment, we prove the property to hold typically for every
alignment in V,,. The tremendous advantage of this approach is that for every (non-
random) v € V,,, the alignment associated with v has a simple distribution: the cells
are independent. This allows us to use large deviation. For the optimal alignment on
the other hand, the cells are correlated among each other in an complicated and poorly
understood manner.

10



4 The effect of changing a one into a zero

4.1 The events B,, and A,

This subsection is dedicated to proving theorem 2.2. We want to show that typically,
when changing a randomly picked one into a zero, the score L,, is likelier to increase than
to decrease. More precisely, we want the conditional probability of an increase in score
to be above «q, whilst the conditional probability of a decrease should be below as. The
constants o and as, do not depend on n and satisfy a; > as. By “conditional”, we mean
conditional on X and Y.

Example. Take the two texts X = 01000001 and Y = 10010101. An optimal alignment is given by

X| | [oJt]o] JojojoJo]1
vitfofoftfoftfo[ [ [ [1
The first cell in this alignment is
01
11001

whilst the second cell is:
0| |o]ojolo]|1]
oftfof [ [ [1]

Assume that the one which we switch into a zero is Yg. This is a “non-aligned” one contained in the
Y -part of cell number two. By switching Yy into a zero the LCS increases by one unit. The reason is that
in cell number two, we can now align three zeros instead of only two. The new cell number two (after
switching Y5) looks as follows:

0jolofofo]1]

ofofof[ [ Jt]

The score gets increased because Yg is on the side of the cell with strictly less zeros. We say that Yj is

on the side of a cell with less zeros. Hence switching a one into a zero on that side increases the score
by one unit. Let us imagine next that instead of Ys the one chosen would be Xg. This one is “used” in
the alignment and hence switching it could result (and does in this case) in decreasing the optimal score
L,, by one unit. (This is not always necessary though, as can be seen with Xo. When we flip X5 into a
zero, the score remains the same.) Finally note that changing Y7 into a zero leaves the score unchanged.
This, is because Y7, unlike Yg, is on the side of a cell with more zeros. We call the ones which are “used”
in the alignment, ones that are matched by the alignment. In our example, Xy is matched with Y; and
Xg is matched with Yg, Y5 is not matched, nor is Y;.

In the present situation, we have six ones. Each one has a probability to get picked of 1/6. Ouly Yj
increases the score when picked. Hence the probability of an increase in score is equal to 1/6. Four ones,
X2, X3, Yy and Ys could potentially decrease the score. (In our example only Xg, Yy and Yz actually
do). The conditional probability of a decrease is 3/6. Since, in general, with longer sequences we can
not look in detail at every realization, we will use as upper-bound for the probability of a decrease: the
proportions of matched ones to total number of ones. In our case, this gives 4/6 as upper bound for the

probability of a decrease in score.

From our example, it becomes clear what we need to do. We need to prove that typ-
ically there exists an optimal alignment v for which:

11



1) The proportion of ones that are matched among all ones in X and Y, is below .

2) The proportion of ones that are on a side of a cell with less zeros among all ones in X
and Y is above aj.

In other words, we need to show that there exists an optimal alignment, with much less
aligned ones than ones that are on a side of a cell with less zeros.

Let N, (i) denote the number of ones on the side with less zeros in cell number ¢. Formally,
let k€ N and let v = (vy,...,v) € Z* be admissible. For i € [0, k], we define

0, if v; = 0 (there is no side with less zeros);
N, (i) :== ZV(H % Y;, ifv; >0 (Y part has less zeros);

1)—1
(3)+1

Z (+(1§+1 X;, if v; <0 (X part has less zeros).

The total number of ones on sides with less zeros is

Kl

=D N ()
i=1
Fix some constants aq, as. Let A,, be the event that there exists an optimal alignment v

such that

1. The proportion of aligned ones is below as: 2|v| < asNy, where Ny is the total
number of ones in X and Y.

2. The proportions of ones on sides with less zeros is above a;. Hence, N, > a1 V.

Obviously, A depends on chosen a7y, as. From what we explained it follows directly that
on A,, the desired inequalities hold:

P(L-L=1X,Y)>a and P(L — L= —1|X,Y) < as.

What is left to prove is that there exists a; > as > 0 such that the event A, has
probability close to one:

P(A,) > 1—exp|—cin|, where ¢; > 0. (4.1)

To be consistent with the notation in Theorem 2.2, let B,, designate the set of pairs of
strings (z,y) for which A, holds. Hence, (z,y) € B, if and only if

{r=X,y=Y} CA,.

We have A,, ;== {(X,Y) € B,} and for (z,y) € B,, inequalities (2.1) and (2.2) hold.

12



4.2 Breaking cells

In the previous section we argued, that we need an optimal alignment with enough ones
in cell-sides with less zeros. The problem is that many optimal alignments can have most
cells with the same number of zeros on both sides. For such alignments there will also be
few ones on cell-sides with less zeros. This problem is circumvent by taking an optimal
alignment with most cells having same number of zeros on both sides and applying some
surgery, so as to create enough cells with different numbers of zeros on the sides. This is
done in such a manner that the patient after operation is still an optimal alignment. Let
us first look at an example.
Example. Take the texts X = 00101001001001 and Y = 00100100010101. Take the following optimal
alignment
XJolo|1]o]1]o] Jo]1]o]O]1 1
vofoftfo[ JoJtfo[ JoJoftfo[1]o]1

The first cell is

The second cell is

The third cell is
0 01
0[1/0]1
All the cell in the above alignment have the same number of zeros. Hence N, = 0. Now there is a way
to remedy to this problem. Take cell number two. There are two ones which are “quasi” aligned: Xg and
Ys. These two ones are only one position away from being aligned. So, if we align them, instead of the
pair of zeros X7 and Y7, the score remains the same. When we align the pair of ones Xg and Yj instead
of the pair of zeros X7 and Y7, we split cell number two into two cells. This is how cell number two looks
after this transformation:

OJtjojoft]ofo] |1]

of Jol [rfofofoft]
Instead of the old cell number two, we observe the new cell number 2 followed by the new cell number

3. The old cell number three does not change but is renamed and becomes cell number 4. The new cell
number two is equal to:

0jtjojojL)
1

00| |1
00011

The advantage of breaking up a cell into two in this way, is that the new cells have different number of

The new cell number three is

zeros on each side. Hence, N increases in the process whilst L, remains the same. The breaking up pro-

cess helps up get ride of the problem of having to many cells with the same number of zeros on both sides.

Let us define what we saw in the previous numerical example in a precise fashion.

Definition 4.1 Let k € N, v € Z¥ NV, i <k and v; = 0. We say that cell i of v can be
broken up if there exists j and j' satisfying all of the following

13



1. X;=Y, =1

2. m(i)<j<m(i+1)andv(i) <j <wv(i+1)

3. The difference between the number of zeros in the strings
X7r(z')+1X7r(i)+2 .- -Xjfl and Yl/(z')JrlYu(i)JrQ .. -Y}ul

18 one or minus one. Hence

1:‘(j—7r(i)— i X)) — (' —v(i) - ]Z Y})‘

I=m(i)+1 I=v(i)+1

A cell which has different number of zeros in its X-part and in its Y-part is called a
non-zero cell. We say that an alignment v € Z* has more than 1% non-zero cells if

i€ [1k]|v#0}| > 001k

Recall the definition of V,, in (3.7). Let V¢ be the subset of V,, consisting of the alignments
which have at least 1% of non-zero cells, i.e.

Vig := {v € V,, | v has more than 1% non — zero cells} .

Let
Vig, == Vi, — Vig.

4.3 The events

Recall that for a vector v we associate |v| random cells C,(1),...,C,(|v|) defined as a
function of random i.i.d, Bernoulli random sequences Xi, Xs,... and Y7,Y5,.... In the
following we define some events that capture the typical behavior of these random cells.
Recall that N; denotes the total number of ones in X and Y, Ny =" | (X; +Y;). Let
v be an admissible alignment, i.e. v € V or, equivalently, m,(|v|), v,(|v|) < n.

Let Ny, designate the number of ones up to the last cell of v:

o ([v]) vo(|vl)
o (3 %+ 3 m)
j=1 j=1
Finally, we define the number of ones after the last cell
R,= > X;+ Y Y.
j=m(lv))+1 j=v(jv)+1

Definition 4.2

14



o Let E, designate the event that every optimal alignment belongs to the set V.

o Let D be the event that for all v € V{5, at least 1% of the cells can be broken up.

So,
D:= () D.,
veVy,
where D, is the event that at least 1% of the cells Cy(1),...,Cy(|v|) can be broken
up.

o Let F be the event that every v € Vig has at least 200% of ones in Cy(1),...Cy(|v])
on a side of less zeros. Hence,

UEVl%
where F, is the event that
NJ Z 20{1va.
o Let G be the event that every v € Vig has not more than as% of matched ones.
Hence
G .= ﬂ Gy,
veVl%
where G, is the event that
2‘U| < OégNlU.

o Let K be the event that for every optimal alignment v, the number of ones after the
last cell is less than 0.1a1% of the total number of ones. Hence,

K=()K,

veV*

where V* is the set of optimal alignments and K, is the event that

Rv S 0.10{1N1.

In the next section, we shall prove that all the defined events hold with high probability.
Note the importance of the breaking up notion. The events F' and G together with the
event K basically prove (2.1) and (2.2) for the case when the optimal alignment has at
least 1% non-zero cell, i.e it belongs to Viy. But every optimal alignment need not belong
to Vig. However, the event D ensures that for every alignment from V[, there exists
another alignment v' € Vig with the same score. So, when the events E; and D both
hold, then there exists an optimal alignment in Vjg. To this optimal alignment we can
apply F', G and K and get the inequalities (2.1) and (2.2). These considerations lead to
the next lemma, which is our main combinatorial lemma:

15



Lemma 4.1
EsNnDNFNGNK CA,,. (4.2)

Proof. Let v designate an optimal alignment, that is an alignment such that L, = L,,.
When FE, holds, then v is contained in the set V,,. Assume that v contains less than 1% of
cells with different number of zeros on their sides, i.e. v € V|5,. Then, the event D assures
that we can break up v so that it gets more than 1% of non-zero cells and still remains
optimal. Hence, there exists an optimal alignment w in V,, with at least 1% of non-zero
cells. The event GG guarantees that for such an alignment w there is a proportion of less
than a»% matched ones. In fact, the proportion in G is taken for the ones contained in
cells, only, and not all the ones in X and Y. The proportion among all ones (hence 2|w|/N;
instead of 2|w|/Ny,,) is even smaller. Hence we get that the proportion of matched ones
to IV} is less or equal to as%.

The events F' applies to w. Hence

— > 204
1w
and thus NN
Vuf : N—;} > 20 (4.3)
The event K implies that
R, <0.1a; V. (4.4)

Since w is admissible, Ny = Ny, + R,,. Using the last equality with (4.4) and (4.3) yields

N; 1

N S g0 45
N, 1—01a =M (4.5)

Since ay < 2/3 we have that 1/(1 — 0.1aq) is less than 2. In this manner, equation (4.5)
becomes

Nw >
e 1.
N1 =™

Summarizing: the alignment w is optimal. Its number of matched ones to V; is less equal

than as. The proportion of ones on sides with less zeros to N; is above «;. Hence the
event A, holds. We have just finished proving the inclusion (4.2). m

4.4 Proof of Theorem 2.2
iFrom (4.2) it follows that
P(A;) <P(E]) +P(D°) +P(F°) +P(G°) + P(K"). (4.6)

So, the proof of Theorem 2.2 is accomplished, if we show that there exists a; > g > 0
and €y such that the events P(EY), P(D°), P(F°), P(G°) and P(K°) are exponentially
small in n, provided € < €. In Lemma 6.7, we prove the existence of constants a; > 0
and Cp, not depending on ¢, as well as a constant cg(€) such that P(F¢) < Cp exp[—cpn].
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In Lemma 6.9, we prove that for every 0 < as < g, there exists ¢y, depending on as,
such that for every e < ey, P(G°) < Cg exp|—cgn], where Cg and cg are some constants
(possibly depending on €). In Lemmas 5.2, 6.3 and 6.10, we prove the existence of finite
constants cg, cp, cx as well as Cg, Cp, Ck, possibly depending on ¢, such that

P(D°) < Cpexpl—cpn|, P(E]) < Cgexp|—cgn], P(K°) < Ckexp[—cgn].
This finishes the proof of theorem 2.2.
The proofs that D¢, F¢ G° and K¢ all have exponentially small probability in n uses
the representation of alignments as elements of V,,. All these events state that a certain
property holds for every alignment in V,,. The proof that they have high probability goes
as follows: For one non-random alignment v € V,,, the cells are independent. Hence, one

can use large deviation. It then only remains to prove that the large deviation rate beats
the number of elements in the set V,,.

5 Preliminary bounds

A rough lower bound for the typical length of the LCS, is obtained as follows.

1. First only align all the zeros you can. You get approximately a common subsequence
of length (1 — €)n consisting only of zero’s.

2. Having aligned as many zeros as you could in 1, take the ones which can be aligned
without disturbing the already aligned zeros. The sequence X has approximatively
en one’s. The probability that a one in X can be matched with a one in Y without
disturbing the already existing alignment of zero’s is €. Hence, the number of ones
we get to align in this way is about €*n.

In the way described above we get a common subsequence of length about
(1 —¢€) + €éYn. (5.1)

To stay on the safe side, we bound L,, by a quantity that is little smaller than (5.1); we
take [(1 — €) + 0.9¢*|n.
Let E denote the event that the LCS is longer than ((1 — €) 4 0.9¢%)n, i.e.

E:={L,> ((1—¢)+0.9¢)n}.
Lemma 5.1 For every 0.5 > ¢ > 0 there exist a constant a(e) > 0 such that
P(E)>1—8e ",
Proof. Let a € (0,0.5). Define the events (they depend on «)

ES = {|ZX, —ne| < aen} EY = {|ZY, —ne| < aen}.
1=1 i=1
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When EJ holds, then X7, ..., X, has at least (1 — (1 + «a)e)n zeros and at least €(1 —a)n
ones. On EJ, the same holds for Yi,...,Y,,. Let

E, = EX N EY.

When E, holds, then the longest common subsequence is at least (1 — (14 «)e)n, because
at least so many zeros can be aligned.

Let 7, be the position of the last 0 in Xy,..., X, let 7, be the position of the last 0 in
Yy, ..., Y,. Define

Ef :={n—m, <aen}, E{:={n-71,<aen}, E,:=EfNE}.

When E; N E; holds, then X and Y both have at least ¢(1 — a)n ones and at least
m = €(1 — 2a)n of them are located before the last 0. In terms of &;’s and 7;” as defined
in Subsection 3.1, it means that

NG Ng
BfNE; C{) &=m}, E{NE;C{) m=m}, (5:2)
i=1

i=1

where N§ and N{ are the number of zero’s in X and Y respectively. Here () is identified
with 0. We are interested in calculating the probability that among these m ones at least
¢(1—a)m can be aligned without destroying the already existing alignment of zero’s. This
event is Ey := Ef N EY, where

Ng Ng

By = {> mlgeey = me(l—a)}, EY:={D nilig<y) > me(l—a)}.

i=1 i=1

(here, again ) is identified with 0). The event EF states that before the last zero in X,
at least €(1 — a)m ones can be aligned and the event EY states that before the last zero
in Y, at least €(1 — a)m ones can be aligned. If they both hold, then at least e(1 — a)m
ones before the last aligned zero can be aligned, so

ExNE;NE;C{L,>(1—-(1+a)e)n+e(l —a)m} =: E(a).

Let us bound the probabilities. Clearly, for an integer a > 0, P(n—7, > a) = €*, implying
that

P(EY) = P(E®) =1 — @) — 1 — cexp[(In€)aen] > 1 — exp[—2(ae)?n,
where the last inequality follows from the fact that ¢ < % By Hoffding’s inequality,
P((E3)°)< 2exp[—2(ce)’n], P((EY)°)< 2exp[—2(ae)’n).

Let X be such that at least m one’s are located before the last zero. Then, it is not hard
to see that .
P((E5)X) = P(3 G < me(1 — ) < expl-2(ca)?m],

i=1
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where (; are i.i.d. Bernoulli random variable with parameter €. The last inequality follows
from Hoffding’s inequality. Hence, from (5.2), it follows that P((E3)° N Ef N E5) <
exp[—2(ea)?m] and

P((E)°) < exp[—2(ea)*m]+P(E5)+P(E{°) < exp[—2(ea)’e(1—2a)n]+3 exp[—2(ae)’n).
By symmetry, the same bound holds for P ((EY)°) and so

P(E(a)) < 2-3exp|[—2(ae)’n] + 2 exp[—2(ea)?e(1 — 2a)n]
< 8exp[—2(ea)?e(1 — 2a)n).

Let a,(€) be so small that (1 — (14 a)e)n+e(1 —a)e(l —2a) > 1 —e+0.96%, if @ < a,,.
So, if @ < a,, then F(«a) C E and

P(E°) < 8exp[—2(ea)?¢(1 — 2a)n] = 8 exp[—an],
where a(e) = 2(ea)?¢(1 — 2a). m

Note that Lemma 5.1 gives a lower bound for the Chvatal-Sankoff constant: (1 — €) + €.

For e = 0.5, the lover bound is 0.75.

If 0 < a <0.8¢, then on Ey
Ng <n[(1—€) +08€%, N <n[(1—¢)+0.8¢, (5.3)

where Nj and N{ are the number of zeros in X and Y, respectively. In this case, hence,

% < n[(1 —€) + 0.8¢%], (5.4)

where Ny is the number of 0’s in X and Y. On the other hand, if E holds, then
L, > n[(1 —€) + 0.9¢2. (5.5)
So, if 0 < @ < 0.8 and E(«a) N E hold, then

N,
70 +(0.1)é*n < L,. (5.6)

As explained in Subsection 3.2, (5.6) implies (3.6), i.e. S.F, |vi| < 2k. We also showed
that (5.6) implies that in any optimal alignment there are at least (0.1)e*n pears of aligned
ones. Thus, if 0 < @ < 0.8 and E(a) N E hold, then any optimal alignment must belong
to V,,, where the set of alignments V,, has been defined in (3.7). Recall that E, designates
the event that every optimal alignment belongs to V,.

Lemma 5.2
P(E,) > 1 — 8exp[—an] — 4 exp[—2(0.8¢)?%en].
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Proof. We saw that E5(0.8¢) N E C E,. Proposition 3.1 now finishes the proof. m

Lemma 5.3
IV (k)| < 2*C3* < 16", (5.7)

Proof. Let
V) ={(v1,...,0) €ZF t vy + -+ + v < 2k},

where Z* = {0,1,...}. Thus, |V (k)| is the number of k-dimensional vectors with non-
negative integer entries and summing up to at most 2k. By adding one more component,
we get that |[V1(k)| is equal to the number of k+ 1-dimensional vectors with non-negative
integer entries and summing up to exactly 2k. The number of such vectors is C’,zﬁﬁl’l =
C#. Tt follows that

(k)| = O3 < 23,

For every k-dimensional vector, there are at most 2* ways to assign the signs of the entries.
This then yields
V (k)| < 2FC¥ < 2% = 16"

6 Bounding the probabilities

6.1 Combinatorics

Let
I(vy,...,v) = [{i €{0,...,k} :v; # 0}

Lemma 6.1

Vi, (k)| < exp[(2.01-0.0315+ 0.7 - 0.01)k] = exp[(0.063315 + 0.007)k] = exp[0.070315k],
(6.1)
where

Vig (k) ==V (k)N {(v1,...,vx) € Z: I(vq,...,v;) <0.01k}.

Proof. Without loss of generality assume that 0.01k is an integer. Consider the set of
0.01k-dimensional vectors with non-negative integer entries and summing up to at most
2k. Let this set be

0.01k
W+(k) = {(wl, . 7w0_01k) c Z+0.01k : Z w; S 2]{7}

i=1
We know that

- 0.01
(W (k)| = C2er00lk1-1 — o201k Céf—g())}l?zm)k < 920LkH(S8) _ 92.0LH(0.005)k

Y
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where H is the binary entropy function. There is 2°°'% ways to assign the signs. Thus,

we find:
W (k)| = 2((20D)H(0.005)+0.01)k

)

where
0.01k
W(k) :={(wy, ..., wo01x) € 7001k . Z lw;| < 2k}.
i=1
Obviously,
[Viow (R)| = W (k)|.
So

Vi, (k)| = 2(@ODHO005)L0.00F _ o1y 9(2.01H (0.005) + 0.01)k]
= exp|(2.01H.(0.005) 4+ In 2(0.01))k].

Since (In2)H (0.005) = H.(0.005) < 0.0315 and In2 < 0.7, we get (6.1). m

6.2 The event D

Recall that D, denotes the event that 1% of the cells of the alignment v can be broken
up.

Lemma 6.2 Letv € Vg, (k). Then
P(D¢) < exp[—0.089K]. (6.2)

Proof. Let us calculate the probability that a O-cell is breakable. For this, we use the
approach introduced in Subsection 3.1. Recall the definition of 7" in (3.4). With this
construction, being breakable means the existence of (&;,7;), (§i+1,mi+1) such that

&E#0D,mi=0,601=0,m#0

or
E=0,m # 0,601 #0,m =0.
Let
Upi=min{i=2,...: &1 # 0, = 0,6 =0,m # 0}
Up:=min{i =2,...:&§_1 =0, #0,& #0,m = 0},
UI:Ul/\UQ.
Let

X:={0,1,2,...}, Xt:={1,2,...}.

With those stopping times, the probability that a 0 cell is breakable is P(U < T'). Let us
estimate it (from below).
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An easy way is to consider the disjoint pairs of indexes (1, 2), (3,4),...,(27—1,27),... and
restrict the stopping time U take the even integers only. So, we define the independent
random vectors

Zi = (§25-1,m2j-1,&25.Mm25), = 1,2, . ..

U{ L= mln{j = 172,... : §2j*1 # (Z),T]Qj,l = @7£2j = (Z),T]Qj % @} = mln{j = 1,27... : ZJ € Al}
Ué L= mm{z = ]_,2,... : €2j—1 = @,7’]2]‘_1 7é @,ggj 7& @,772]‘ = @} = mln{] = ]_,2,... : Zj S AQ},
UI:U{/\Uézmln{jzl,2,ZJ EAQUAl},
T,Z:{j:1,2,...2ZjEBlLJBQ},
where
Al = XTXOXOxXT, Ay i=0xXTxXTx0, By = XTxXTxXXxX, By =XxXxXT"xXT.
Clearly,
U>U PU<T)>PU <T)=PU <T).

Since the random variables Z; are independent, the latter probability is easy to calculate:

P(Z1 € AQ U Al) - 262(1 — 6)2 o 2(]_ — 6)2
(Z1 € AyUA) +P(Z € BbUB;) 221 —€)2 422 ¢t 2(1—e)2 42—

P/T/:
U <T) =5

It is easy to check that the function

2(1 —¢)?
2(1 —€)?2+2—¢?

e qe) ==

is decreasing in [0, 1], which implies

2(1)? 2
(3)2+2-(3)
Let v = (vq,...,v) € Vi%,. This means that the number of zero cells m is at least 0.99%.

Let J be the index set of zero-cells and let for every j € J, I; be the Bernoulli variable
that is one if and only if the cell v; is breakable. Clearly, the random variables I; are iid
and p(e) := P(I; =1) > q(e). Let

2
c(e) :==q(e) — 0.01 > g 0.01 =:c.

With this notation, using Hoffding’s inequality

P(DS) = P(# < 0.01) - P(% — pe) < 0.01 — p(e)>
< P(% ~ple) <0.01 — q(e)) - P(# ~ple) < —c(e)) < exp[—2¢*(e)m]

< exp[—2c*(€)0.99k] = exp[—1.98¢%(e)k] < exp[—1.98¢’k] < exp[—0.089k].
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Lemma 6.3 There exists Cp < oo such that
P (D) < Cpexp[—0.018685(0.1¢*)n]. (6.3)

Proof.
D(k):= () D

eV, (k)

With (6.1) and (6.2), we get

P(D°(k)) < Y P(D5) < exp[(0.070315 — 0.089)k] = exp[—0.018685k].

vEV G, (k)
Since k > (0.1€?*)n, we find:

P(D)< > PDk)< Y exp[-0.018685k] = Cp exp[—0.018685(0.1€*)n],

E>(0.1€2)n k>(0.1€2)n

where
Cp == (1 — exp[—0.018685]) .

6.3 The event F

The following large deviation result is proven in the Appendix.

Lemma 6.4 (Large deviation for geometric random variables)
Let Gy, ...,Gy be iid random wvariables with geometric distribution G(p). There exists
0 < ag < 1, not depending on p, such that for every a < «q, the inequality

- o
P( G; < —m) < exp|—300m|, Vm 6.4
; p [ ] (6.4)
holds. Moreover, for every C > 0 there exists 1 < Ag(C) < oo, such that for every A > Ay
P(Zm: G; > ém) < exp[-Cm], VYm (6.5)
i=1 o - ’ . .

Let u be a non-negative integer. Let us model an —u-cell. Recall the random variables
¢ and 7; as in Subsection 3.1 and recall the random variable T as in (3.5), which is the
smallest time T such that & # () and n,,; # (0. Let T,(j) be the index of j-th & such that

& # 0. So

T.(1)=min{i >1:& #0}, ..., T.(j+1)=min{i > T,(j):& #0}.
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Let
p-=min{j =1,2,...: fusr,) # 0} (6.6)
Hence p~ is the number of &;’s (in the cell) that are not (). With this notation,
T =T.(p").

For an —u cell, the number of 0-s in X is smaller then the number of 0’s in Y. Let us
estimate (from below) the number of 1’s in the X-side, N;. This number is clearly at
least p~, so N; > p~, where the equality holds if and only if

ng(j):]-a jzl,...,pi.

The random variable p~ has geometric distribution with parameter €. Indeed, since X
and Y are independent, from the right side of (6.6) follows

Plp~ =n) =Pusrny =0, - . Dusrune1) = 0, Qusron) # 0) = (1 — €)" e

Let v = (v1,...,v;). Let N, be the number of ones on the sides with fewer 0’s of non-0
cells. At first, we give a lower bound on N, .

Lemma 6.5 There exists ay > 0, not depending on €, such that for everyv = (vy,...,vx) €
Vie, it holds

P(F},) <exp[-3k], where Fy, ={N, > lk:} (6.7)
€

Proof. Let v = (vq,...,v;) € Vig. Let I be the index set of non 0O-cells, |7| > 0.01k. Let
us estimate (below) the number of 1’s in the side of fewer 0’s:

|l

N; = ZN;(z').

For a cell v; # 0, we have that N, (i) > p;, where p;, i € I are i.i.d. Geometrically
distributed random variables with parameter € as in (6.6). So,

Ny =D o7 (6.8)

iel
Let «, be as in Lemma 6.4. It does not depend on e. Take

m = 0.01k, ~:=100q,.
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and apply Lemma 6.4:

;QI

IN
)
==
[
N—

Let

veVig NV (k) k=(0.1e?)n
By (5.7) and (6.7),

P(Fi(k)°) < Z P(F°) < 16" exp[—3k] = exp[(In 16 — 3)k] < exp[—0.2k].
veV (k)

Hence
P(F))< Y PR(k))< Y exp[-0.2k] = Cypexp[-0.2(0.1%)n],  (6.9)
k>(0.1e2)n k>(0.1e2)n

where
Chp = (1 —exp[-0.2])7".

Let v = (vy,...,v) € V(k) be given. Let Cy(1),...,C,(k) be the corresponding cells.
Let p1,...,pr be the number of non-empty &’ s in the cell C,(i). Clearly pi, ..., px are
independent. The distribution of p; is geometric with parameter e, if v, < 0. Otherwise,
there exists a Geometric random variable with parameter €, say p; such that p; <
p; < pj + vy Since v € V(k), > [vj| < 2k. Let us estimate from above the quantity

Pov = Zk Pj-

Lemma 6.6 There exist a constant B such that for every v = (vy,...,v) € Vig we have

B
P(F;) <exp[—(In16 + 1)k|, where Fy, := {pv < —k}.
€
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Proof. Let B be such that B —1> Ay(In16 4+ 1). By (6.5),

Let
F(k) = () {pv<§k}, F:= () Bk

Then, similarly to (6.9),

P(F;,) < Y P(Fj) <exp[—k((In16 + 1) — In16)] = exp[—A]
veV (k)
P(F%) < Cop exp[—0.1€%n),
where
Cop = (1 —exp[-1])7",
Next, using Lemma 6.6, we estimate from above the random number of ones in the X-side

of the cells Cyy(1), ..., Cy(|v]).

Lemma 6.7 There exists a constant A < oo, independent of €, such that for every v =
(v1,...,08) € Vigg, we have

(k)
P(ZX]» > E(lAf 6)> < 2exp|—(In16 + 1)A].

j=1

Proof. Let v = (v1,...,v;) € Vig. Note that

P& =kl&#0) =1 1-¢), kE=1,2,....
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The number of 1’ s on the X-side of the cell C,(j) is

payen (6.10)

where G; are i.i.d. Geometrically distributed r.v-s with parameter 1 — ¢ independent of
p(7). Hence,
w(k

) Pv
X; =) G (6.11)
=1

j=1

Let B be as in the previous lemma and let A be large enough so that

A o4 ((ln16—|—1)>

B B
and define 5,
N A
Fou = {;Gl = e(1— e)k}
From Lemma 6.4 with m = %k
2 2

P(r5) =P(3 G > E(lAfe)) = P(;Gi > (11)%%)

i=1
— P(iGi mA ) < eXp[_wm]
i=1

>
~ B(l—¢) B
In16 + 1
< exp[—(n‘%)em] = exp[—(In 16 + 1)k].
Due to (6.11), for every v,
(k)
Ak
P By € {3 X; < b= Fu.
% 3w © ]Zl T e(1—¢) 4

Lemma 6.6 finishes the proof. m

Let
Fy(k):== () Fuw, Fi= () Fs(k)
veV (k) k>(0.1e2)n
Then, by analogue of (6.9),
P(F;(k)) < 2exp[—k((In16 4+ 1) — In 16)] = 2 exp[—K] (6.12)
P(Fy) < 2Cyr exp[—0.1(e*)n). (6.13)
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Lemma 6.8 There exists a; > 0, independent of €, such that for a constant C'r < 00
P(F°) < Cpexp|—0.02¢*n].

Proof. It holds
(k)

-, (d—ey
Fio By € {N; 2 — > X}

J=1

So,

AR () A)n (N Fe)= N (FenF)

vevl% UEVl% UEVI%
oL~ R
S ARG e DR S
UEVl% .7:1

and by (6.9) and (6.13)
P(F¢) < P(FY) + P(FY) < Cpy exp[—0.02¢°n] + 205, exp[—0.1¢*n].

By symmetry, P(Fy) < Cpy exp[—0.02¢*n] + 2Cp; exp[—0.1€*n], where

(-
0!
7j=1
Thus
(1—ey R
Rk c{oNy > =S G+ ) < (N 22w} = F
j=1
where (1 )
gl —€)y
WTeA =T 4 (6.14)

provided € < 0.5 and

P(F°) < 20p; exp[—0.02¢’n] 4+ 4Cps exp[—0.162n] < (2051 + 4Cry) exp[—0.02€%n).

6.4 The event GG

We use the notations introduced in the previous subsection. Let a;y be as in (6.14). Fix
0< g < 0.

Lemma 6.9 There ezists an constant Cg < 0o and €,(az) > 0 such that for every e < e,

P(G°) < Cgexp|[—(300 — In 16)(0.1)e*n).
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Proof. Let v € V(k). From (6.11)

Po k k
ZX Y Gizp=> p=> p;.
j=1 i=1 i=1
Let
(k) L pv
GU :{k’<O[QZXj}: Q—SZGZ}
7j=1 2 =1
Then

P(GC) <P<Zp <—): (ij <a—22k>

Let «, be as in Lemma 6.4. Let €, < a9 be such that

€o
— = Q,.
%)

Recall that p; are iid random variables with G(¢) distribution. Then, by Lemma 6.4, for
every € < €,,

P(G:) < exp[—300k].
Let

(k)

- NG () ak=ackc N {|v|<a22X}

veV (k) k>0.1€2 vEVy, vEVig;
There exists a constant 0.5Cq such that, for € < ¢,
P(GS(k)) < exp[—(300 —In16)k], P(GS) < 0.5C exp[—(300 — In 16)(0.1€*)n].
Similarly P(G) < 0.5C¢ exp[—(300 — In 16)(0.1€*)n], where

(k)

- N {|v|<a22Y}

U€V117

Since G := G, N G, we have that
P(F°) < Cgexp[—(300 — In16)(0.1€*)n],

provided e <¢€,. m
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6.5 The event K

Lemma 6.10 There exists a constant Cx such that
P(K°) < Ck exp[—ckn),
where cx > 0 1s an constant, depending on e.

Proof. Let v be an optimal alignment of X and Y. Consider the sequences after the last
cell:
Xr(op)+1s Xn(op42s - s Xn - and  Yyo)+1, Yo(o)42s - - > Yo (6.15)

Writing these sequences in terms of & and 7;, we note that there are no 7 such that n; # 0
and & # (). Otherwise there would be one more cell, which contradicts the optimality of
V. Hence, Xﬂ(‘v‘)Jrl, XW(|U|)+2, c. ,Xn and Yu(|v|)+17 Yl,(|v|)+2, c. ,Yn can be written as

§17O7£2707"'7£Uz and ?71707772707"'777Uy

respectively, where U, and U, are the random times that satisfy U, < T and U, < T with
T being as in (3.4). Hence, conditioning on v, the random number of ones in (6.15),

R:= zn: Xi+ zn: Y;,

i=n(jo])+1 i=v(fo])+1

is bounded by the number of ones in 0-cells, i.e. P(R > rjv) < P(( >7r),r=0,1,2,..,

where
T

Ci= (& +m).

i=1
(Here, by summing () is identified with 0). Since the random variable R does not depend
on v, it follows that

P(R>r)<P((>r) VreN (6.16)
Recall that
m(Jvl) v(|v])
Ni=) X+ Y.
i=1 i=1

Hence, the total number of ones in X and Y, Ny = Ny, + R. Clearly, R < a1 N; =
a1 (N1, + R) holds if and only if

651

R<
_1—041

Niyp.

Obviously Ny, > 2|v|, implying that

P(K°) < P<R > 12_0‘;1 m).
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If £, holds, then every optimal v satisfies [v| > (0.1)e*n. Hence, by (6.16),

20, 20

P(E,NK°) < P(R >

(0.1)62n> < P(C > (0.1)6%)% 0.

— l—ozl

So

20(1

P(K°) < P(C > - (0.1)62n> +P(E).

By Lemma 5.2, there is a constant a > 0, depending on ¢, such that

P(ES) < 8exp[—an] — 4 exp[—2(0.8¢)en).

It remains to show that

P(¢ > 0.1

(¢ > T (02)¢n)

decays exponentially fast. Since T corresponds to O-cell, the number of non-empty &’s
before T', p, has G(¢) distribution. By (6.10),

T p
i=1 i=1
where G1, Gy, . .. are i.i.d. random variables with G(1 — ¢) distribution independent of p.
Let Ap(1) be as in Lemma 6.4 and define
B(1—¢) 20 2
= = 1 .
V= Sam VT i, O
So
~. 0 S S
P(Y &>5n)=P(dGi>1n) <P P(3Gi>Cn).
;§>2n ;G>2n <P(p>dn)+ ;G>2n
Clearly

P(p > on) = exp[In(1 — €)on]
and by Lemma 6.4,

én én
P(Z1 G; > gn) = P(Z; G; > %ue)an) < exp[—dn].
Similarly,

P(Z n; > §n> < exp[ln(1 — €)on] + exp[—dn],

i=1

implying that

P(¢ > pn) < 2exp[ln(l — €)on] + 2 exp[—on] < 4exp[ln(l — €)on].
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7 Theorem 2.2 implies theorem 2.1. The proof

In this section, we prove that theorem 2.2 implies theorem 2.1. We use some of the
techniques developed in [4].

Recall that N; is the total number of ones in the two strings X and Y. We already
mentioned briefly the definition of the random pair of strings (X*, Y*) for k € [0,2n].
Let us give more details. Both strings X* and Y* are binary strings of length n. We
proceed recursively on k. The strings X" and Y?" consist only of 1’s. We pick a 1 in the
strings X?"Y?" at random and change it into a 0. This way we obtain (X?"~1 Y2"=1) For
general k, we obtain (X*~1 Y*~1) from (X*, Y*) by choosing a 1 at random in X*Y* and
changing it to the opposite value. Each one has the same probability to get chosen. We
request that conditional on (X* Y*), which one in (X*, Y*) gets chosen, is independent
of {(X",Y") }ick2n)- In other words, we apply the transformation ~, so that

Xt 1= Xk and YHli=YE
The distribution of (X*, Y*) is equal to the distribution of (X,Y’) conditional on Ny = k:
LIX*YF) = L(X,Y|N, = k), (7.1)

where L(W) designates the distribution of the random variable W.
Let L(k) designate the length of the LCS of X* and Y*.

Example. Take n = 3. Then
X6 =111, Y% =111, L(6) =3.

We chose in X®Y® a one at random and flip it. There are 6 ones, and hence each one has a probability
of 1/6 to get chosen. Assume that the first bit of X gets chosen. Then, we get that

X5 =011, Y° =111, L(5) =2.

There are now five ones and so each one has probability 1/5 to get chosen. Assume it is this time the
last bit of Y® which gets chosen. This leads to

X*=011, Y* =110, L(4) =2.

We assume that {X k,Yk}ke[Ogn] are independent of the random variable N;. Picking
N; according to its distribution gives us random strings (X1, Y1) that have the same
distribution as (X,Y’). Therefore, the length L(N;) of the LCS of (X Y™1) has the

same distribution as L,,. Hence
Var|L,] = Var[L(N;)].

Recall that our aim is to prove that Var[L(N;)] it at least of order n. This follows from
two facts: 1) the order of Var[Vq] is n; 2) the (random) map k — L(k) typically decreases
linearly on a certain scale.

The second point follows rather directly from Theorem 2.2 and is proven in Lemma 7.2.
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This section is dedicated to showing that the 1) and 2) above imply the linear lower
bound for Var[L(N;)]. There are two little technical difficulties: a) the map k — L(k)
does not increase in every point, but only on a certain scale; b) the increasing slope on
a certain scale only holds in a domain where typically N; takes values, but not everywhere.

Recall that for any variables V and W,
Var[V] = Var[E[V|W]] + E[Var[V|W]] > E[Var[V|W]], (7.2)

where Var[V|W] designate the variance of the conditional distribution £(V|W). Applying
(7.2) to our case, we find:

Var[L(Ny)] > E[Var[L(Ny) |L(.)]], (7.3)

where L(+) is the (random) map k +— L(k). Note that NN; is independent of L(-).
Let I be the interval

I:=[2en — \/€e(1 —¢€)2n,2en + /(1 — €)2n]. (7.4)

Let N; be a random variable, independent of L(-) and having the distribution of N
conditioned on the interval I. From (7.2) follows for every fixed L that

Var[L(N;)] > Var[L(Ny)|Ny € I|P(N; € I) = Var[L(N,)|P(N; € I).
Hence, since L and N, are independent,
E[VarL(NDIL()]] 2 E[VarL(F)|LOP(N; € ). (75)
Assume that f : R — R is map such that, for a constant ¢ > 0, f'(z) > ¢ for all x € R.
Then, for any random variable Y, we have

Var[f(Y)] > ¢*Var[Y]. (7.6)

(See [4] for the proof). Hence, if the map L(-) would have positive slope everywhere larger
than ¢ > 0, it would follow that Var[L(N;)] > ¢- Var[N;]. Typically, the (random) map
k +— L(k) does not strictly increase for every k € [0,2n|. But it is likely that in [ it
increases by a linear quantity. We are next going to formulate a lemma, proven on [4],
which is a modification of inequality (7.6), for when the map k +— f(k) does not increase
every k, but has a tendency to increase on some scale.

Lemma 7.1 Let ¢c,m > 0 be two constants. Let f : Z — Z be a non decreasing map that
satisfies the following conditions

fO)=f@)<(G—i), Vi<j (7.7)
fG)—=fG@)>c-(j—1i), WVi,j such thati+m <j. 7.8
Let B be an integer-valued random variable such that E|f(B)| < co. Then

2m

cy/ Var|B|
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Recall the definition of I in (7.4). Let a; and ay be the constants from Theorem 2.2 and

let EZ},. designate the event that Vi, j € I, such that i 4 n®' < j, it holds
L(j) = L(i) = asli = jl, (7.10)
where
a1 — Q9
Qa3 = B .

In other words, the event EJj, . says that L() has a slope of at least az on I, when we

look only at points which are at least n%! away from each other. The next lemma shows
that the event E” _ has high probability, provided Theorem 2.2 holds.

slope

Lemma 7.2 For a constant ¢y > 0,

0.1

P(E", ) >1—esn”

slope

(7.11)

provided n is sufficiently big.

Proof. Let A* denote the event that the random vector (X*, Y*) takes the values in the
set B,, defined in Theorem 2.2. So

Ab = L(X* YR C B,

Let A be the event
A= (1) Af.

kel

Let
AF— { L(k —1) = L(k), when A} holds;

1 else.

)

Let ¢ < j and consider the random variable
J
Yo AR i<y
k=i+1
When (X* Y*) = (z,y) € BY, i.e. AF holds, then Theorem 2.2 says that

P(A* =1|XF =2, Y* =9) > ay,
P(AF = —1|X* =2,V =y) < a,

implying that E[AF AR X* Y*] > a; — as. Since E[AF|(AF)] =1 > a; — ag, we get
E(A X5, Y?) > a) — as. (7.12)
Let, for every k =2n+1,...,2,

Frp = o(X? Y2 XML YR,
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These o-algebras perform a (reversed) filtration, because
f2n+1 C JTQn C - C Fo.

The random variable Ay is Fp-measurable. Hence, V; := Ay — E[A|Fi11] are reversed
martingale-differences. Since —1 < A, < 1, we can use Hoffding-Azuma’s inequality to
obtain

P( 3o A= S BANF] < —c) < expl-—25 . (7.13)

k=i+1 k=i+1 4(j — 1)

The inequality (7.12) means
E[Ap|Frg1] > a1 — oz
implying that
J
> BAHF] = (a1 —a2)(j — ). (7.14)

k=i+1

With ¢ = (%5%2)(j — i), (7.13) and (7.14) yield

P(Y AF< (M) <
k=i+1
P(D AF = 3 BlAMFu] < (B2~ 1)) < expl—aj - i),

, , 2
k=i+1 k=1+1

where a = £(%522)2 So
J
P< 3 AR <ay(j- i)) < exp[—a(j — 1)]. (7.15)
k=i+1
Let EX jope be the event that Vi, j € I, such that 2en < i < j < 2en++/n and i+n*' < j,
we have:

J
> AR > asli— j|. (7.16)
By (7.15), for n big enough, there exists a constant ¢y > 0 such that

P ((E2 uope)”) < nexp[—(@)n] < exp[—c - 0],

and hence
.1
P(EZ slope) >1- 6702.”0 ) (717)
When the event A2! holds, then Efope and EX g, are equivalent. Hence

AZH N EZ slope C Ej

slope?
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which implies

P(Ej5e) < P((AY)Y) + P(ERope)- (7.18)
Note that
P((AM)) < 3 P(A) = PN =y < 3 S (7)
kel kel o P(Ni=1k)
where
A, ={(X,Y) € B,}. (7.20)
By the local central limit theorem, there exists ¢3 > 0 such that for all k €
P(N, =k) > L\/%B

Applying the last inequality to (7.19), yields
P((A2M°) < V2neP(AS). (7.21)
Now the inequalities (7.17), (7.21) and (7.18) yield

0.1

P(E ) < V2nesP(AS) + e (7.22)

slope

By Theorem 2.2, we have that P(A$) < Ce™“". Applying this to (7.22) gives

0.1

P(E ) < c3/2ne " 4 e~

slope

which finishes the proof. m

When E”

slope

holds, then the map
L: I—N

satisfies the conditions of lemma 7.1 with m = n®'. Hence, when L € E} .,

then

~ 2n 01 ~
Var[L(Ny)] > as?| 1 — — | Var[V,].
azy/ Var[V ]
Conditioning on E? _ using the fact that the variance is non negative and Ny and L are

slope?’
independent,

slope) :

EWmuMmMﬂZEWMMMW%@Pw&Qz%{k o

\/ Var[Ny]

)Var[Nl]P(E"

Plugging the last inequality into (7.5) yields

E[Var[L(Ny)|L(+)]] > as? (1 - &) Var[Nl]P(Egope)P(Nl el). (7.23)
agy/ Var[ V]
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By the central limit theorem, P(N; € I) converges to
P(N(0,1) € [-1,1]) > 0.

as n — oo. (Here N(0,1) designate the standard normal variable.)
Note that NV; is a binomial variable with parameters 2n and €. Hence, by the central limit
theorem,

Var[Ni]  Var[N;|N; € I]

n n

— 2¢(1 — ¢ P(N(0,1) € [-1,1])) " /1 o(z)x dw,

where ¢ is the standard normal density. Together with Lemma 7.2, this implies that the
right side of inequality (7.23) divided by n converges to

1
a32¢(1 — e)/ ¢(z)x*dx > 0.
-1

The inequality (7.3) now finishes the proof.

8 Appendix

Proof of lemma 6.4 Let us recall a large deviation result for Bernoulli random variables.
Let X; ~ B(1,p) be i.i.d. Then

P(;:;Xi—np>ne) gexp[—<(p+e)lnp;€ +(1—(p+e))ln%p;€))n]. (8.1)

If p > «, then (6.4) trivially holds. If p = «, then the probability in (6.4) equals

p™ = exp[(Ina)m] = exp[—In Lm]. Hence, we consider only the case p < a < 1. We have
that,

p(éaiggm):P(imm):p(imgmg), 82)

where Y; are iid Bernoulli random variables with parameter p. With n = %m and
P =p+e<1, we have

1— 1 —2
(p+e)lnp+€+(1—(p+e))ln1(+;€>zglnaJr(l—g)ln1_;, p <o
The right side of (8.1) is
p+e 1—(p+e) 1« 1-£
exp[—(p—i—e In +(1—(p+e lni)n]:exp[—(ln——l— ——1)In O‘)m].
prom 1o 5 +C -
Let | _»
a _p
L(a,p) =In—+(——1)In &,
(@.9) & -y



Since

a4, 1—§_1—pg( —g) “La-p)+(a-2) ~1
dp 1-p 1-Zdp\i—p) (1-pa-2  (1-pa-2)
we have
d ey g 12 ((-D(1-1) 4 1, 1-1
—L = ((==1)1 o) = (=-1)1 o P ol — |
ap?) (( )nl—p> S ([ R A Ty 2 ey

because for y > 1, lni > 1 —y (follows from Inz <z — 1) and so

1 —2 ptoi
In le_ a:p<°‘ )
1-Z 1—p 1—p

For every a < 1, the function p — L(a,p), p € [0,a] is increasing with a maximum at
L(o,a) = In< and a minimum at L(e,0) =In L + a — 1. Take o := exp[—301]. Then,
if o < a, we have that L(e,p) > L(a,0) =Ing +a—1>Ins —1>In_- —1=300.

By large deviation, for A > 1

P (i G; > %m) =P (z’"‘: G; — ém > O) < exp|—p(A, p, s)m], (8.3)

i=1 p
where p(A,p,s) = —In My p(s), s < In ﬁ and M ,(s) is the moment generating function
of G1 - é,
p
pes(k%) pef%
.]\4,47 (S) = = .
P I1—(1—-ples e=*—(1—p)
Hence
p pe‘é
My, By=—P°*
) = i)
Since
-5 / -5 _(1— Pe—h _ -5(1+2)_1
( Ppe : > ::e_ée - <p p)+_2€ TP ::e_é ‘ i< +_2) <0,
ez —(1-p) (e72 — (1 -p))? (e72 — (1 -p))?

(because e” > 1+ z, for x > 0) the function p — M, (%) is non-increasing. Since

A
) D ) pe 2 1
p pe_é
lim Ma,(2) = lim —25 2 — 9%,
p—0 A,p<2) p—0 e 5 — (1 _p)

we have that the right side of (8.3) is smaller than exp[—C'm] as soon as A is so big that
2 exp[—4] < exp[—C].
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