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Abstract

The bounds for the Ly-norm, p > 2, for the Kolmogorov distance between spec-
tral distribution function of random matrix and semicircle distribution function are
obtained. It is shown that the rate of convergence almost surely has order O(n_%+"7),
for any n > 0.

1 Introduction and results

In this paper we investigate the rate of convergence to the semicircle law of the empirical
spectral distribution function. We consider bounds in the L,-norm of the Kolmogorov dis-
tance between the empirical spectral distribution function and the semicircle distribution
function. We obtain as well a rate of convergence almost surely for the empirical distribu-
tion function of random matrices as the dimension tends to infinity. In Gotze, Tikhomirov
([5] and [6]) the rate of convergence the expected spectral distribution function to the limit
distribution for the Wigner matrices and for the sample covariance matrices as well as the
rate of convergence in probability has been studied.
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Let Xj,1 < j < k < oo, be independent random variables with E X;; = 0 and
EX?k = 1l and let Xj; = Xj;, for 1 < j < k < oo. For a fixed n > 1, denote by
A1 < ... < )\, the eigenvalues of the symmetric n X n matrix

n 1 )
“U:OW)Mﬁ,I%k:;%Xﬂﬂm1§]§k§n

and define their spectral distribution function

1
Fn(‘r) = gZI{Ajgx},
j=1

where I;py denote the indicator of an event B. We investigate the almost sure rate of
convergence of the spectral distribution function F,(x) to the distribution function of
Wigner’s semicircle law.

Let g(z) and G(z) denote the density and the distribution function of the standard
semicircle law, that is

oa) = 5 VI= 2 Iy, G) = [ gu)du

—0o0

Set

Af =sup|Fy(z) — G(z)|, AP =E» (AL,

n

R:=R(z) = (W—2I,)},

where z = u + iv,v > 0 and I,, denote the n x n identity matrix. Denote by s(z) the
Stieltjes transform of the semicircle law, that is

Let My = sup;<; <, E[Xjx|?. Define

M,
MM (v) = ——d—
q (U) (’I’LU)%_I ) q

In what follows C' denote a general positive constant and by “<,” we denote an
inequality which holds up to a constant factor exponentially depending on p.
Our main results are the following

1
Theorem 1.1. Let p > 1. Then, for v > CMjpn_%, we have

CPptP (M4p+2 + MS(ZJ)A(U))
(nv)?|z + 2s(2)[*

1 1 2
E-ﬁR--EﬁRVg (1.1)
n n



Theorem 1.2. Let p > 2. Assume that

dp+4
Myprs = sup E[X; | <0, < .
1<j<k<n

Then - ) )
AP < Cp*(Mapis + Mi;iz;(vo)); n-z,

_1
2.

1
where vo = CMjpn
Theorem 1.3. Assume that for any integer p > 1,

M,= sup E|X;;] <C)< 0.
1<j<k<n

Then for any n > 0,
Ay =sup|F,(z) — G(z)| = o(n_%+’7) a.s.,
xT

b

where “¢, = o(an) a.s.” means that a; ‘&, — 0 a.s.

Note that the results of Theorems 1.1 and 1.2 for p = 1 were obtained in Goétze,
Tikhomirov ([5]). In Bai et al. ([1]) it was shown that A} = 0(717%“7). The rate of
convergence of expected spectral distribution function to semicircle law of order O(nfé)
was shown independently in Bai et al. ([1]), Girko ([4]) and Gotze, Tikhomirov ([5]). For
more details see for example Gotze, Tikhomirov ([5] and [6]) and references given there.

The paper is divided into six Sections. In Section 2 we collect results like the analog
of Berry-Esseen’s inequality for the Stieltjes transform proved in Gotze, Tikhomirov ([5]).
In Section 3 we formulated two main Lemmas which needed for the proof of Theorem 1.1.
In Section 4 we prove Theorems 1.1-1.3. Section 5 contains some auxiliary Lemmas. In
Section 6 and 7 we prove the main Lemmas.

2 Inequalities for the distance between distributions in terms
of their Stieltjes transform

We define the Stieltjes transform ¢(z) of a random variables £ with the distribution function
F(z) (the Stieltjes transform ¢(z) of the distribution function F'(x)) via

o) = B — /Oo L 1p@) tiv, ©>0
2) = = r), z=u-+iv, v>0.
E—2 o T — 2 '

Given ¢ > 0 introduce the intervals I. = [-2+¢,2 —¢] and I, = [-2+ 3&,2 — 1¢].



Lemma 2.1. Let F be a distribution function and let G denote the semicircle distribution
function. Denote their Stieltjes transforms by t(z) and s(z) respectively. Assume that
[ |F(z) — G(x)|dx < 0o. Let v >0 and a and ¢ be positive numbers such that

1 / 1 d 3
= — —_— u = -,
v ™ [u|<a u2+1 4

and
e>2va.

Then there exist some absolute constants C1, Co, Cg such that

sgp |F(x) — G(z)] < Cy sup |Im(/$ (t(z) — s(z))du)\ + Cov + C3%/2.

xell —00

A proof of Lemma 2.1 is given in Gotze, Tikhomirov (2003) called GT03 henceforth.
To prove the Theorem 1.2 we shall use a modification of this smoothing inequality.
Denote by t,(z) the Stieltjes transform of the spectral distribution function F,(z) and

put s,(z) = Et,(2).

Lemma 2.2. Let xg € I.. Then the following inequality holds

sup| () — G(z)|

< 01/ |(sp(u+ V) — s(u+iV) |du+ Cov + Cye3/?

v
+ Cy sup / (Sn(x + tu) — s(z + du)du
zell | Jo
* 11 , 1 .
+C’1/ ‘TrR(u—{—zV) ——ETrR(u+iV)) |du
o | n
Vi1 1
+C / —TrR(zo + iu) — —ETrR(zo + iu) |du
v |1 n

1 1
—TrR*(z + iu) — E —TrR?(x + iu) |dzdu, (2.1)
n n

|4
+ 02/ /
v zel;

where R := (W — zL,) .

3 The main Lemmas

Let z=wu+iv, v > 0. Recall that

s(z):/oo L dG(e) = —5(z V4, sn(z):/oo L 4BR(). (1)

—o0o L — X oo L —Z



By definition of F,,(z), we may write

su(z) =B [ L3 :lET&“R(z):%ZER(j,j). (3.2)
j=1

Let W(k) be the matrix obtained from W by deleting the kth row and kth column,
and let a% = (Xlk, e 7X(k:—l)k7 X(k—f—l)ka cee Xnk:),

Ry, = Ry(2) = (W(k) — 2L,-1) " = (Re(6, 1)) i jye (1, b1 b 1,.m)- Set

1 1,

e = ﬁka — —a) (W(k) - 2Lo1) ay + sn(2)
1 1 1 1
= %ka - (aﬁchak — TrRk) + - (TrR — TrRy) — - (rR-ETrR). (3.3)
Introduce
1o 1
Oon(z) = —— Ee¢; . 3.4
(2) n; K (24 sn(2))(2 + sn(z) —€5) (34)
By Lemma 3.1 GT03 and relations (3.2) and (3.3), we may write
1 1 €j
R ., ) = — = — — J
U:d) = =5 “e, 24 5n(2) (2t sn(2)(z+snl(z) — )
1 €j ..
=— R . 3.5
z+ sp(2) + z2+ sp(2) () (3:5)
This implies that
()= ‘ETR L 62 (3.6)
sp(2) = —ETrR = ———— + 0,(2). .
n Z + sn(2)
In order to simplify the exposition we shall follow the notation of GT03:
1 O)(RY .- L A ,
Ap(R) = E(TrR—ETrR>, AV(R) = E(TrR]—ETrRJ),
1 2 1 2 2
QJ(R) = E(a}Rjaj — TI"Rj), Q](R ) = E(a;-Rjaj — TI‘R,]->,
1
D(R) = —(DR-TrR; ),  an(2) = (su(2) + )7, bul2) i= 25u() + )7
Here we may introduce
1
&5 = i~ Qj(R) +Dj(R) — Ap(R). (3.7)

The proof of Theorem 1.1 is based on



1
Lemma 3.1. Forp > 1 and for v > Cprn_%, the following inequality holds

4p
2 p n
E‘AE(R)‘ P <<p W(MZPU2P+M5+Mip)(U)>’ (38)
where
n M
M) = e

Lemma 3.2. Assuming the conditions of Theorem 1.1, the following inequalities hold
4p

p A r(n
BIABRIY <y 1y [Maes + ML 0], (3.9)
4p+-2 P4p+2 T7(n)
E|ApR)|7P? <, )T [Mupi2 + Mgy, 4(v)], (3.10)
where
N )= — M
8p+4(v) = o)1 8p+4-

Lemma 3.3. Assuming the conditions of Theorem 1.1 the following inequality holds
4p
p
< e |

E|Ap(R)["! Mapsz + M), (v)]. (3.11)

Lemma 3.4. Let 1 < g < p. Under the conditions of Theorem 1.1 assume that, for

p'? <M4p+2 + Mg(gi4(v)>

2p+28—2+k
E|Ag(R)| <p (022 1 25(2) B2k (3.12)
Then
4p (M M(n)
p apt2 + Mgy 4(v)
E|Ap(R)[?+25-2 « v (3.13)
7 (nv)?|z + 25(2) [P 2812
4 The proofs of the Theorems
Proof of Theorem 1.1. According to Lemmas 3.2 and 3.3, we have, for £ = 0,1,
E|L(T'R - ETrR)|** < P M M 4.1
’ﬁ( rn-—= rR)| = |Z+2S(z)|k(nv)2p[ 4p+2 + 8p+4(”)]- (4.1)
Applying recurrently Lemma 3.4, for k = 2,...,2p, we get
E|L(T'R-ETrR)|” < P M YA 4.2
[ (IR = BTR)Y < s s s (Mips2 + My (v)]. (4.2)
This completes the proof of Theorem 1.1. O



Proof of Theorem 1.2. Applying the result of Lemma 2.1, we obtain

E» sup |Fy(z) — G(z)|P < Cvp + / |sn(u+1iV) — s(u+iV)|du

—00

v
+Csup/ |sn(z +iv) — s(z + iv)|dv

zel. Vo

+CE§(/

—0o0

o

ITrR(u +iV) — ETrR(u + iV)|du)p

1 v p
L CE? (/ ITeR (20 + iv) — BTrR(xg + iv) | do )

v
1%
+CE%></ / ITrR?(z + v) —ETrR2($+iv)|dvdx)p.
xzel. Jug
(4.3)
In the sequel we shall use the following

Theorem 4.1. Let (X1, Fi, 1) and (Xo, Fa, u2) be positive measure spaces. Let K be a
11 X pe-integrable function on Fy X Fa. Then for ¢ > 1

(/Xz ( v |K($173?2)M(d@))pﬂfz(d@));

< /X1 < b \K(xl,xg)]pug(dx2)>p pi(dxy).

See for example (Dunford, Schwartz [2], Part 1, v.6.11.13, p.580). Applying Theorem
4.1 to the r.hus. of inequality (4.3), we get
oo

E 7 sup | Fp(z) — G(z)]P < Cuo + / Isn(u + V) — s(u+iV)|du

—00

1%
—i—C’sup/ |sn(z + 1v) — s(x + iv)|dv

z€l: Jug

+ C(/ E#|TrR(u+iV) — ETrR(u + iV)|pdu>

—0o0

1%
+C</ E #|TrR(zo + iv) —ETrR(a:0+iv)\pdv)

vo
1%
+C’</ / E%]TrRQ(x—l—iv)—ETrR2(a:+iv)]pdvda:>.
z€l: Jvg
(4.4)



Using inequalities (4.30), (5.64), (5.65) from GT03, we obtain

/Oo |sn(u+iV) — s(u+iV)|du

—00

N|=

v 1
+ Csup/ |sn(z + iv) — s(z + iv)|dv < CMgn™ 2.

z€ele Jug

Furthermore, similar to inequality (7.7) from GT03 we may show that

0 1
| ®
—00

Applying Theorem 1.1, we get

1
(TrR(u +iV) — ETrR(u + iV)[Pdu < Cn~2 M3

S|

\%
/ / E%|TrR2(a:+w) —ETrR?(z + iv)[Pdvdx
xel:. Jug

< O (Mo 4 TF™ (o) [ S A

< Op™(Mapi1 + Mypi5(v))7 /:EEIE /vo [z + 25(2)| nv? o
1 T r(n 1

< Cn’EpQ(M2p+1 + Mipj)q('UO))”-

Theorem 1.1 yields as well

vo

Inequalities (4.3)—(4.8) together complete the proof.

Proof of Theorem 1.3. It is enough to show that the series

[e.e]
> P{A; > Cn~ 217} < oo

n=1

converges. Using Chebyshev’s inequality and the result of Theorem 1.1, we get

[e.9] [eo]
SOP{A, > Cn T <> 0 pPp( Mg+ M),

n=1 n=1

Choosing p = % + 1, we obtain the result.

5 Auxiliary Lemmas

In this Section we prove some additional inequalities for resolvent matrices.

V —~
/ E 7| Tr Rz + iv) — ETrR(wo + iv)[Pdo < Cn=2p* (Mapya + ML, (v0))7.

(4.5)



1
Lemma 5.1. For p > 1 and for v > Cprn_%, the following inequality holds

p*
(nw)P
Proof. Using Rosenthal’s inequality for quadratic forms (see the Appendix GTO03), we
obtain

1
E ‘ (a;»Rjaj — TI"Rj)Fp <<p

n

[Mf + Maypo™ + M (v)]. (5.1)

E !a;Rjaj — TI‘Rj|2p

n n—1
< (E S Rk B)(XE - DT+ E| D Ry(k, l)Xijﬂ\Qp>
k=1

— k=1
k#j k#l
n—1 » P
<o 0% | MYB (D Ry (k. b)) + Moyo™E | SR (k)
k=1 k#l
n—1
+ Muy, > B[Rk, K)PP + M3, > B[R (k, 1) | (52)
k=1 k#l
Using the inequalities |R;(k, k)| < v~! and Tr|R;|* < v~} TrR;|, we get
E|a/R;a; — TrR;|”
n—1
<p PP | (MF + M3po®)E (Tr[R;*)” + My =242 Y "B R;(k, k)|
k=1

+ M2 " E|R;(k, 1)|2]
k£l

1 P
<, 72| (M + Mayo™)E (;]TerD + My~ P PE Tr | R,

+ M22pv72p+2E Tr|R; ]2] .

Furthermore, applying the inequalities [TrR;| < [TrR| + v~ ! and |[TrR| < n|Ag(R)

+



n|ETrR|, we obtain
E ‘a;Rjaj - Ter‘Qp

<, p?P

(M} + Mapo™ )0 PETRIP + (M + Mapo™ o=

+ Mypv PP E TrR;| + Myyv™ 2

<p p2p <<Mf -+ M2p02p>v_pan |AE(R)|p

+ (Mf + Mgpazp)v_pnp + M4pv_2p+1n + M4pv_2p> . (5.3)

Inequality (5.3) implies

1

@E }a;-Rjaj — TI‘Rj‘2p

<, ¥ MY+ M2p02p MY+ M2p02
P nPuP (nv)P

pE |AE(R)P + ﬁ%) (5.4)

By Burkholder’s inequality for martingales (see Hall and Heyde (1980), p. 24) we obtain

pp n
j=1

where the martingale differences 7, are defined as in the proof of Lemma 4.2 in GTO03
(about the martingale differences method for the random matrices see Girko [3] as well).

E|ApR)|" <, -

1
Since |v;| < 2, for v > Cprn_%, we get

LAY (5.5)

E|As(R)]" <, P =

Substituting (5.5) in (5.4), we obtain

1 , % p*P (MY + Mo,a®P)  p* My,
—5 B |a/Rja; — TrR,|™ <, (o) ()21
p* [ % (n)
<<p W M4 + Mgpa + M4p (1)) . (56)

O

Proof of Lemma 3.1. By Burkholder’s inequality for martingales (see Hall and Heyde [7],
p. 24) we obtain

p2p . 2
— > Elyl”. (5.7)

E|ApR)|” <, g

J=1

10



Furthermore,
1
E |7 <, <E ‘H(a;R?aj - TrR]?) " —E |e]|2p> (5.8)

where the martingale differences v; are defined in the proof of Lemma 4.2 in GT03.
Using definition (3.7) of €; and Lemma 3.3, we get

1 2p
Els|” <, (E ||+ BIQR) 4 BID(R)” + B |AE<R>|2p)
A4ép p2p P 2p (n) 1 2p
< (F + ol [M4 + Mapo™ + M (v)} + Gy T BRI ). (59)
Lemma 5.1 yields
1 ¥ p¥ n
E ’E(agR]zaj - TrRJ?)‘ < o [Mf + M (v) + sza%’} . (5.10)

Combining (5.1) — (5.10), we get

E \AE(R)}Qp(l o )

nPy2p

1
P + Mi;)(v) + M2p0'2p:| + W) (511)

L i [
pP (nv)?P ~ n2Py3p

_1
2,

1
The last inequality implies, for v > C M} pn

4p
2 p
E|ApR)|" <, 2oy <Mff + My () + M2p02p>-
O
1
Lemma 5.2. Forv > C’prnfé, the following inequality holds
5N " 2 2 1)
- Y E|R(,j)|" <p (M + Mapo™ + Mg (v)).
j=1
1
Proof. We shall prove that, for v > CM}p %
liE!R(' ')‘2p<B(liE|R(' ')\21’)%+D (5.12)
n 4 J5J > n < J5J ) .
Jj=1 j=1
where B = B(n,v,p), D = D(n,v,p). Solving this inequality with respect to % 2?21 E|R(j,7)|*,
1
2,

we obtain, for v > C’M4 pn-

n
% STE|R(G. )" < B2+ 2D,
j=1

11



which proves Lemma 5.2.

Let us check now that inequality (5.12) holds. By equalities (3.7) and (3.6), we have

1 1 &
LS UBIRGAT < lan2) P (14 S Bl IRG, )I)

j=1 =t

<<p<1qL ZE‘f ]J’ |R(j, )] 2p+ ZE]QJ )| R, )|
41 ZE[D | RG, 5 +EZE\AE<R>|%\R@,J‘>F”).
=1

Note that |R(j,j)| < v~!. It is obvious that

2p

| - 1 ¢ )
n B[ ‘R(W>‘2p§MZE\XJJ-F”\R@,J)V”
J:

N[=

( ZE\RJ M)
Using the inequality [TrR — TrR;| < v™!, we get
1 5 lx=q |1 22
=S B[D®)|7RGA)T = - Y B[ (TR - TR)| | RG)|”
j=1 =1
S (’I’L2p U4p)_1.
1
Applying Lemma 3.1 and Cauchy’s inequality, we obtain , for v > C M} pnfé,

%EZ;E\A R)[”|R(j, j 2p<_< ZE\A ) ( ZE\R” QP)

4p 3 1
b 4 2 (n 2p\ 2
< =y <M4pa P+ M+ Mgy (v > ( ZE\R 7.9)] )

Lemma 5.1 gives
1 & 2
F 3l < 5 SR
Jj=1

ip( ZE‘—aRa] TrR;) ‘ ) < ZE[R” )

2p 1
<p fzp[M4pa4p+pr+Mg ]2( ZE\R” 2p)

=

| N

D=

12

a 'R,; jaj — Ter)rpE%}R(j,j)‘Qp

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)



From inequalities (5.13)—(5.17) we conclude that (5.12) holds with

1
Mj, PP 2 3
b= (nvfp npPy2p M4p T M4pa4p ™ Méz)(v)] ’
D=1+

n2pydp’

1
This implies that, for v > CM} p?fé7

M. P
B?+2D <C ( (n0§2p n£304p [M4po'4p + M + Még) (v)])
p4p 4 2p ( ) (v
The last inequality completes the proof. O

=

1
Proof of Lemma 3.2. According to Lemma 3.1, we have, for v > CMZpn™2,

P
(n2v3)2p
4p
p
<p —(n )

<p

E|ApR)|7 <, <M4p + M+ MY (v)>

<M4p + M+ MO >
ﬂ <M4 + " v))
(nv) P 8p

p*

Mgp 4
% <M4p+2 + gp 1) (5.19)

< o)

Analogously, we obtain

8p+4
4p+2 p 2p+1
B[ 88| ™" < sy (Mivea + M+ ML)

p4p+2
(nv) 2p+1

Ap+2 M.
R — <M4p+2 + mf—“‘*) (5.20)

<p <M4p+2 + M8p+4(m)_2p>

(nv)2rtl

The Lemma is proved. U

6 Proof of main Lemma. 1

Proof of Lemma 3.3. Using the representation (3.5), we get

AL B AR

:Bl+BQ+B3—|—B4—|—B5, (61)

13



where

At first we note that
Bs = Bs1 + Bsa,

with

4p—1

Bsi = —an(2)s,()E [Ap(R)["", Bsy = an(2)E|Ap(R)|" Ap(R).

By Lemma 3.2, we have

P 1)
| Bsa| <p ()% [Mupiz + Mgy (v)].

Now we consider By. Using equality (3.5) again, we represent By as

By = —By1 + Baa — B4z + By — Bys,

14

(6.3)

(6.4)

(6.5)

(6.6)



with

B = ZE\AE )| AL (R)D; (R) X5 R0, ),
Bus = (an(z ZE!A )| AER)D;H(R)Q;(R)R( ).

Bu = <an<z>>2% ZE AR ¥ BERIDAR)R(, ),

Bys = ZE |Ap(R)[* D (R)R(., ).
(6.7)
It is easy to see that
Ap—2 1
p n 1—5=
Bul < oAl < < oy Maps2 + ML (0], (6.8)
We have the following bound for the term Bys
4 -2
|Byo| < \/_vm)nZE‘A P72 X550 (6.9)

Using the equality Ag(R) = A(j)(R) + Dj(R) — ED;(R) and the bound |Ag)(R) +

D;(R) —ED;(R)| < |[AY(R)| + 2, we get
n 4p—2 k
C 11 : o 2
Bul< L1 S of LEIAY R HELG (2 ) (6.10)
j=1 k=0

Note that for 1 <g<4p-—1

q k q
i 2 2
Blag®r <Y @t (2) < (a2

nv
k=0

-

1
The two last inequalities together imply that for v > CMZpn™2
C 1\"? _ ¢ 4\
|Bya| < — <A4p1 + —) < — <A4p + —> : (6.11)
nv nv nv nv

15



Using the result of Lemma 3.2, we obtain

4p

p n R
Bl < 7 [Mape + MY ()] (6.12)
Furthermore, we consider Bys.
P 2 \* () 1o [4p—2—
Buj< S 1 Z > cho(2) BAY @ e mIRGL (613
=1 k=0

Conditioning with respect to o-algebra F; and applying Holder’s inequality, we get, for

E|AYR)|"Q;(R HRUJ|<EHA“ R)|’E: (|Q;(R)|*|F;) E 2 (IR(j.J)]*| )
< = B[AP®)" (Js| + 2P ®)]) B} (R
< o (BlaRm)" ) T ® RGP
+ o (BlAP R ) (© 1RGP (644

Analogously to inequality (6.10) we obtain

Bl < e (i + ) P2 (Mg + T, (0)
+ %%(A@l + %)41)_%(M4p+2 + 1\7514(”))&
< O (it A (Mo + MG, ()%
+ %%(Am T %)4%%(]‘/[4%2 + Mégj)%(”))ﬁ' (6.15)

Using Lemma 3.2 again, we get

4p

p 17 (n
Bl < 0 (Mapsz + MG (v)) - (6.16)

Furthermore, we have the obvious bound for the term Byy

4p-2 ap-2 P -2 (n)
|Bua| < A —.A <M4p+2+M8p+4( )) (6.17)

= (o)

16



Consider now the term Bys. We may write

471
|B45r<WZE\A "Ry

1

C
EE‘AE( 4p 1( Z| 332)

IA

11 2
< E|AzR)[" T [=TrR
< m}\f E[Ap(R)[™ | =~Tr
C _
< B lAe®)Y 1<|sn<z>\+|A<R>|>%
C  ap C  ap-
< = P
- nv\/EAzlp*l—FnU\/_A@

Using Lemma 3.2, we get

C 4p—1 Cp4p
Bys| < P
|Bus| < nuy/o” Pt + (nv)?p
C ap-1 Cp4p T7(n
< To T o) (M4p+2 + Mép)+4(v))
Cp™
~ (nv)?

(M + ML)

<M4p+2 + Méﬁ@(v)) :
Inequalities (6.8), (6.12), (6.16), (6.17), and (6.19) together imply

C 4p
(nv)?

Now we bound the term Bs. Using the representation (3.5) again, we obtain

[Ba| < o (Mapss + Mspra(v))

B3 = B31 + B3z + Bss + B3y + Bss,

where

Bz = ZE\A )77 Ap(R)Q;(R),

B32:_(an(z))2mZE|AE( 4p 3A ( )Q;( )ijR(jaj)a

B3z = ZE\AE )77 Ap(R)Q;(R)’R(j, ),

17

(6.18)

(6.19)

(6.20)

(6.21)



Bs4=f(an(z>)2%ZE!AE( R)["7% Ap(R)Q;(R)D;(R)R(j, ),
jfl
Bs; = (an(z ZE|A )7 Q;(R)R(, 5)-

First note that B3y = —By3. The bound for this term is given in (6.16). The term Bss is
decomposed using again (3.5).

B35 = Bss1 + B3so + Bssz + B3ss + Bsss, (6.22)

where

Bss1 = — ZE AR Q;(R),
B3y = (%(@Vm ZE |Ap(R)[*P! Q;(R)Xj;R(4, ),
=1

Byss = —(an()*- Y B |Ap(R)[" Q(R)R(,j),
j=1

n

Bgsa = (an(Z))Q% > _E [ApR)[¥ Q;(R)D;(R)R(, ),
j=1

n

1 _ .

Bsss = —(an(z))QE > E ApR)|" Ap(R)Q;(R)R(), §).
j=1
(6.23)
Conditioning given F}; and using Hélder’s inequality, we get
- ) ko1 2
| Bsss| < _ch4p E ’AE (R)‘ E: (|1Q;(R)|F;)
7=1 k=0
1 .
x E2 (|R(j, )| Fy)

Hence, we arrived

| B3ss| < Tr

e (i) el

x B (|R(j, )| F}) -

18



Using [ TrR;| < 5,j(2) + |AY (R)], we get

Oyt (2) e ] (o + 20w

7=1 k=0

>%

| B3ss|

IN

x B2 (|R(j, )| F)

= ny/nv Zn:zc‘”’ < > ’A ‘4p_k (‘Snj(z)’ * ‘Ag)(R)

7=1k=0

=

)

x B2 (|R(j,)||F}) -
(6.24)

Applying Hélder’s inequality again, we get

| Bss| § iZCMD ( ) E ’A?(R)‘@-k (’Snj(z)] + ’Ag)(R)

=1 k=0

)%

x E 7 (|R(j, )| F})

1

1 n W
NE——

=1

4\" ) ()
< C <-A4p+2 + E) (M4p+2 + M8p+4( ))

4 4p+2 ’v(n) ﬁ
C | Agpy2 + o (M4p+2 + M8p+4(v)) .

(6.25)
The last inequality and Lemma 3.2 together imply
C’p4p A7 (n
| Bsss| < W <M4p—|—2 + Mép_),_4(v)) . (6.26)

Furthermore, note that

!BsB4I<——i4p2104p1<) Ba®)|" 1Qim)1RG.)

=1 k=0

n 4p—1 . p— 1 1
<2 2 O () a2 0" B GampiE) B ()

nv
=1 k=0

19



Since

B (IQR)P[F) < TRyl < [sns(2)] + [AP (R)]. (6.27)

we get

Bysal < nfnZZ L (2) ] (e + 2 )

E > (|R(j,j)||F;)

1
C 4 4p_1 1 n o 4p+2
< o («44p+2 + ) (nZER(]7])2p+1)

j=1
1
1 ip+2
C AN (1 &
—_ = - EI|R(i. 2p+1
+— <A4p+2+ nv) n; |R(j. )]
(6.28)
Applying Lemma 3.2, we obtain
Cp*

Bisal < (i (Mapea + MG (0)) (6.29)

Using that |R(j,7)| < v™!, we get

| Bss2| < \/_vn ZE [ApR)[*7HQ;(R)| Xy

n 4P 1 ) dp—1—k
iy ya ( ) e [agm)| " o mr
j=1 k=0

Conditioning and applying (6.27), we conclude that

n 4p—1

Bysal < ——= Z Nk < - ) B [AD®R)|" (js ()] + AP ®))
=1 k=0

C 4\t ¢ 4\ 2
< — — — — . )
= Vv (A“p + nv) Vo (A4p * nv> (6.30)

Analogously to inequality (6.29) we obtain

SIS

Cp*?
(nv)?

Byl < oo (Mapa + ML, (v) (6.31)

20



We investigate now the behavior of the term Bss;. Since

1 -
[Bssi| < > B ApR)["7HQ;(R)], (6.32)

j=1
we obtain the same bound as above

Cp?

D 17 (n
| B3s1| < W <M4p+2 + Mép)+4(v)) . (6.33)

Finally, we bound Bzs3. Conditioning given F}; , we get

n 4p—1 ) Ap—1—Fk l .
| Bsss| < —Z > Cha < > E ‘AE (R)‘ B2 (]Q;R)[*|F))

7=1 k=0
< B} (RGIPIE)

n 4p—1 k
c C 2 ) jAp1-k 1
= (—) E‘Ag)(R)) <]$nj\—|—’ETr j)

nuv
xE? (IR, )| Fj)

IN

4p+2

IN

C 4N 1 & -
- - — io7)|4P
— (we+ =) (2 3 BIRG)

C AN? (1 z”: e
+ & <A4p+2 + —) LS BRG] (6.34)
RV nv nuv n j:1

The last inequality yields

C’p4p Fr(n
| Bsss| < (nv) <M4p+2 + M§p4)r4(v)> . (6.35)

Inequalities (6.26), (6.29), (6.31), (6.33), (6.35) together imply

Cp*
(nv)?

| Bss| <

(Mapz + ML 4 () (6.36)

To bound B34 we note that

[Baa] < mZE Ap(R)[7 (R R(.j)]

n 42 dp—2—k
SngZ@p?() APm)[" B (oym)PE)

=1 k=0
< E2 (IR(j,5)]]).
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Using inequality |R(j,j)| < v~! and (6.27), we get

C 1 1< 2 dp—2—k
]B34|§—\/_ Eg Cffp2<n> ‘AJ) )
j=1

1

) EE (1RG))
C 4 4p—2 1
— (A4p + H) (M4p+z + M4 (v )) o

Cp4p ar(n
< (M4p+2 + Mégp4)r4(v)> : (6.37)

% (Isni(2)] + [ (R

IN
|

To bound Bss we use the representation (3.5) again. We may write

B33 = B331 + B33z + Bsss + B33y + B3ss, (6.38)
where
1 n
Ban = (o))" LB IAs(R)Y B S(R)
J:
1 " g ..
Bs3o = (an(Z))Zm ;E |IARR)|*? BAE(R)Q?(R)XJ']'R(.]L]):
1 n
33332—(%(@)2;213@15( )73 Ap(R)QHR)R(, ),
1 n
Bs34=(an(z))2gZE\AE( )72 Ap(R)Q3(R)D;(R)R(5, ),
=1
1 & _ o
B3gs = —(an(z))QE ZE AR QF(R)R(], ).
(6.39)
Note that
n 4p—2 k
¢ 1 ko (2 )y [P 2H RV 5
Bual < 523 Cha () B AP @R[ (10 1) B
C1 T, 2 O R[> )
v 1 . . j
< com 2o 2 Ol (n ) AP®)|T (@) + [P ®R)).
7j=1 k=0
(6.40)
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Analogously

n 4p—2 k ) _9_
| Bag1] < % Z Ch_s <n2U> E ‘A(EJ)(R)’@ ’ kE (IQ]-(R)]2 \FJ>
=1 k=0
C n 4p—2 k ) _o_ .
A Y (i) B AP @[" (b + [ w0
j=1 k=0
(6.41)

In addition,

C1¢ dp—2 2
Bl < 7, DB ARR) Y QR (6.42)
Inequalities (6.40), (6.41) and (6.42) together imply
M) (6.43)

Cp
max{|Bs31|, |Bas2| |B3sa|} < (o) <M4p+2 - M8p+4(v)> :

Consider now Bss3. We have

n 4p—2 ) Ap—2—k l 6
B < €303 ¢l (2 ) Blafm®)|" " B (0 m)1|F)

7=1 k=0

This inequality and inequality (6.27) together imply

n_ 4p—2 k ) Ap—2—k
\3333!< %fzzc4p 2( ) E’AE (R)‘

7j=1 k=0

Applying Holder inequality, Lemma 3.2 and the binomial formula, we obtain

C 4 4 i
| B3ss| < W(Azip + n_) 2 (M4p+2 + M8(p-)|—4( ))
C 4 n P
m(A4p+1 +— o ) <M4p+2 + MS(p-)‘rZL( )) v
Cp*r
(nv)?

+

< <M4p+2 + MS(p-)i-4( ))

23

x E2 (|R(j, 1)) -

x (Isns(2)] + ‘A%’)(R)Dg E? (R, )||F}) -

(6.44)



Furthermore, consider Bszs. We have

n 4p—1

Busl < 30> Chya (o ) APm)[" B (jo,m)|R)

7=1 k=0
1 .
E: (IR(J,J)I2 \Fj) :
Rosenthal’s inequality for quadratic forms (see for example Appendix of GT03) implies
4 2\ 2 -9 2
E (1) [F) < C(Tr[Ry2)° < Co~? TR, . (6.45)

The last two inequalities together imply

n 4p—1 Ap—1—k )
B < - Z S ol () B A0 @] (1 + [ ))
=1 k=0

x E 7 (|R(j.j)| |F)

C 47! ~(n) e
n P+
< — <v44p+2 + %> <M4p+2 + M8p+4(v))
C 4\ ~(n) e
+ \/m <~A4p+2 + %) <M4p+2 + M8p+4( )) g
Cp'? 777
< oo (M2 + MG (0)) (6.46)
Inequalities (6.43), (6.44) and (6.46) together imply
Cp' (n)
< = :
L (M4p+2+M8p ), (v )) (6.47)

Now we bound Bjs. Conditioning and applying Hoélder’s inequality, we get

n 4p—2 bk
ol Tl 23 G (1) B[] e jemef)

7j=1 k=0

< B (|RG)|E) -

Using inequality (6.27), Holder’s inequality and the binomial formula, we conclude that

C 4\ P2 4\ 3 . L
| Bsa| < o (v44p+ ﬁ) + <A4p+ n_v> (M4p+2+M8p+4> !

Cp*

< ﬁ (M4p+2 + M8p+4> (6'48)
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Similarly, we obtain a bound for Bs;. The equality a* — b* = (a — b) Zi;é a’bF " yields

Byl < - > (ApR)"2 = (AP R) 7210,

n 4p—3 ' ‘
<> > B [as(®) - AR IR AP ®)| jo;(R)].
j 0

Furthermore, the inequality a”b*=* < a* 4+ b*=¥ implies
_ . 4p—3
Byl < ——Z (B 1am) 2 jo,m)+ B [aP®)] "l m)l )

Applying the inequality |Ag(R)| < |AR G )| + -~ and the binomial formula, we get

n 4p—3 dp—3—k
er<——ZZc4p3( ) AP®)[" o m)

=1 k=0

Conditioning and using (6.27) and Hélder’s inequality, we arrive

n 4p—3 _a_ . 1
Bal < Tl S a5 ) B a2 w0 (e + 5P )

n
2 j=1 k=0

n 4p—3 9

C 1 k 4p—3—k
D _2204173( ) (A4p+%>

3
(””)2 j=1 k=0

C’p 1 n 4p— k 2 4p—%—k
() (a2
1 k=

(m;
Cp" [ opt1 | T(n)
S W (Mgp + M8p+4(v)> . (649)
Collecting inequalities (6.36), (6.37), (6.47), (6.48) and (6.49), we get
Cp* n
| B3| < W (M MS(p—)i-4( )) (6.50)
Now we bound By. Using the equality (3.5), we represent By in the form
By = Ba1 + Bas + Ba3 + Bay + Bas, (6.51)
where
B21——n\/— ZE|A P PAR) X5,
a? 3ot .
Boo = R)[* 3A(R)X?jR(],])»

25



Bys = i\(;) Y EJAR)|"PAR)X;;Q;(R)R(), ),
n\y/n —

By = n\(/ﬁ) S B AR AR X,;D;(R)R(, ),
j=1

2
By = —

a’n(z) = 4p—1 )
E E|AR)|*P T X,;R .
n\/r_z P | ( >| Wy (]7])
It is easy to see that
2p
1 n
4p—2
| Bax| < E\A )| 2’—5 il < Ap E %E:ij
=1

Cp* n
= (Mo + ML, (0)) (6.52)

(nv)?

A4p 2( +n—p+1M2p)ﬁ <

For the term By we set the following bound

cr 4 4 c? Cpr
Byo| < — — )42
|Baa| = nv (Asp + nv) (nv)*=1t = (nv)?p

(Mg + DG 0) . (653)

Furthermore, Bog = B3y and thus inequality (6.48) implies

Cp*?
(nw)?

Analogously, B2y = Bys and from (6.11) we have

| Bas| < (M4p+2 + M8p+4> (6.54)

|Boa| <p (M4p+2 + M8p+4) (6.55)

Cp*
(nv)?®

Using the inequalities |Ag(R)| < |A( (R)|+ % and |R(j, )| < v!, we get

CP
Bus| < < LS BjAD®R) B (IRGDIF) + oy
’ 25| = \/771 Z | | 2 | ] ] | (m})4p—1
= " Tno 4p J] 3 (4:9) (nv)4p71
7
<p 7% (nv)2 (M4p+2 +M8p+4> (6.56)
Inequalities (6.52)—(6.56) together imply
N
‘BQ| <<p ( ) (M4p+2 + M8p+4) (657)
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The bound for the term Bj follows from the bound for d,(z) in GT03, inequality (5.65).

We have .
p p

(nv)?
Finally, inequalities (6.58), (6.57), (6.50), (6.20), and (6.5) together imply

IBy| < —A4p 2, (M4p+2 n M8p+4> . (6.58)

p*?
(nv)?P|z + 25(2)]

(Mg + Mspss) (6.59)

7 Proof of the main Lemma. II

Proof of Lemma 3.4. Analogously to the proof of Lemma 3.3 we may write
E |A(R)[*PT?P7% = By + By + Bs + By + Bs, (7.1)
where

Bi = —5n(z)E\ ( )| TARY,

ZEIA )PP EAR) X5 R (4, 9),

By =

nf

— —ap(z ZE\A )PP AR)Q;(R)R(j, ),
ZE]A )220~ AR)D;(R)R( ).
— (= ZE\A )PP R(, ).

At first we consider Bs. We may write
Bs = Bs1 + Bsa,
where
Bsi = —an(2)sn(2)E|AR(R)|P272 By = an(2)E|AsR) [T AR(R).

By the assumptions of Lemma 3.3, we have

p*?
(nv)2p|z + 25(2) |2p+2,3+1

|Bs2| < [Mapz + M, (0)]. (7.2)
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Using the inequality |z + 2s,(2)| > C|z + 2s(2)| and solving equation (7.1) with respect

t Agiigg:g, we obtain
4
AP H28-2 p [M4 2_1_]\4() ()]
2p+28-2 P (nv)2p’Z+28( ’2p+26+2 P+ 8p+4

———————(B1 + By + B3 + By). 7.3
+‘Z+28<2)|( 1+ 2+ 3+ 4) ( )

Now we consider By. Using the equality (3.5) again, we represent By as
By = —Ba1 + Bz — Bag + Bas — Bys, (7.4)

where

B = () B Ap(R) P KL RID, ()

Bip = (an(z)ﬁ% Zij E |Ap(R)|*"  AR(R)D;(R) X;R(), 5),
Bis = Z E|Ag(R)[* T ALR)D;(R)Q;(R)R(. ),
B — (an(z)f% 2; E|ApR)|" T ApRID}R)R(. ).

Bus = (an(z Z E|Ap(R)[* 7 Dj(R)R(, j).

It is easy to see that

c +26-3
[Ba| < 5«42%25_2' (7.5)

We have the following bound for the term By

2 +26-3
§ E|Ap(R)|” | X1
m} nvn

|Bya| <

Using the equality A(R) = A(J)( R)+D;(R)—E D;(R) and the bound |D;(R)-ED;(R)| <
2

=, we get

n

2p+28-3 9 k
2p+26—-3—k B
Buo| < nmn}; 272 Chyias 5B IAY (R E|Xm<—m) .
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Note that for 1 < g <2p+26—2

q k q
| N 2
BIAY® < Y cBlaf @t (2) < (Aparat )

nv
k=0

(S

1
The two last inequalities together imply that for v > CMZpn~

|Bag| < — (A2p+25_2 + —) .
nv nv
Furthermore, we consider Bys.

n 2p+26-3

k . -
\B4sl<£12 Z Chop- ( )E»A%><R>12”+2ﬁ‘3"“|9j<R>|rR<j,j>|.

7j=1

Conditioning with respect to the o-algebra F; and applying Hélder’s inequality, we get,
for 1 <gq<2p+206-3,

E|AY(R)|Q;R \|R<JJ|<E1A“ R)|’E (|Q;(R)]?|E}) E = (|R(, )| F})
< B [AP®)" (Jsl + AP ®)]) B} (RG.)I|F)
< o (BlaR R 7 (G, ) ) B

+1

i \/%U (E\Ag)( }2p+2ﬂ 2) eI (E|R(, j)’2p)
Analogously to inequality (7.6) we obtain
|Bas| < n% ;v (Azpi2p-2 + %)2p+2ﬁ_3(M4p+2 + MY, (0))%
+ %ﬁ(A2p+2ﬂ—2 + %)2“2[3 > (Mapso + M§p4)r4( ). (7.7)
Furthermore, we have the following obvious bound for the term Byy
Bul < o A28 < © gy (75)

Consider now the term Bys5. We may write

C 1y 2+28-2| - - C apr28-2 [ 1 .
Bis| < =S B[AsR)[TTIRG) < B AR S TIRGL)

j=1
C 1 2
2p+28-2 2p+23—2 1
< il
< L B[An®) TrR' OB IALRT T (s, ()] + [A6(R))?
< C 2p+28—2 C 2p+25——

77/[)\/_ 2p+28— 2+ nv\/’ 2p+263—
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1
Simple calculations show that for v > CMZpn™>2

2p+26-3

1 1 2p+26—1 < C
nvs \ (n0)? = ()%’

Using the assumptions of Lemma 3.4, we obtain

4p
2p+23—2 Cp ~(n)
|Bas| < \/*A2p+2ﬁ72 t )]z + 2s(2) 2P <M4p+2 + Msp+4(v)> -

Inequalities (7.5), (7.6), (7.7), (7.8), and (7.9) together imply

1 Cp??
Vi \ (nv)?P|z + 2s(z)[PPH20H
C

c ) _
+ n—U(A2p+2ﬁ—2 + n—v)2p+2ﬁ s <M4p+2 + M8p+4(v)> !

C C
—5 (Azpt2p-2 + —)2”%2) :
nv2 nv

|Bs| < <M4p+2 + ]\78p+4(v))

L
P

Now we bound the term Bs. Using the representation (3.5) again, we get
B3 = Bs1 + Bsg + Bsg + Baa + Bss,

where

Bu = (55 3B [Ap(R) ™ BRI, R),
832=—<an<z>>2ﬁiE|AE< 2120 R TR)Q,(R)X R )
By = (- ZEm )2 R TRIQ, (R R())
634=—<an<z>>2%§;E|AE< R~ BRI, (R)D, (R)R(. ).

Bss = ZE |Ap(R)[*PF2772 Q;(R)R(j, 5)-

(7.9)

(7.10)

(7.11)

First at all note that B3y = Bs3. The bound of this term is given in (6.15). The term Bss

is decomposed using again (3.5). We may write

Bss = Bas1 + Bssa + Bss3 + B3sa + Bass,

30
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where

1 < -
Basi = —(an(2))*~ ;E Ap(R)PP7 Q;(R),

Bssy = (an(z))Qni\/ﬁ Y E AR Q(R)X5R(, 5),
j=1

Bus = —(0n(2)*% Y B |Ap(R)H2 O (RPR(.J),
j=1

Bt = (n(2)75 3° B (AR ) (R)D; (R)R(. ),
j=1

Byss = —(an(2))* 3B IAp(R)Z 2 Ap(R)Q(R)R(, ).
j=1
(7.13)

To bound Bss; we use the method of recursive inequalities. For k > 1, introduce the
quantity

B, = (00(2) - SO B AR ApR)QRIRG ). (T14)
j=1

Conditioning given F; and using Holder’s inequality, we get, for k = 2p — 20 + 2,

J

ep-2812) _ Cnm = o (2 )" @O py|?P " @l 2

B <O Y op (L) ElaPm[" e (omFIR)
7j=1m=0
1 .
x B2 (|R(j, )| F) -

Applying inequality (6.27), we get

n 4p

_ C " ) o [Apm -
BE2)| < mzzcz;;( )E‘A%)(R)‘p (1sns ()] + | AP R)

N

2 )
n ps e’ nv

x E (|R(j, )| F)

> Zicm( )mE!A?(R)\“‘m(|sm<z>|+)A§5><R>

NI

)

IN

2
N/ NV < nv
j=1m=0

x B (|R(j,j)||F)) -
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Applying Hélder’s inequality again, we arrived

1 & 4p+2 Z%
(2p 2ﬁ+2 (4)
B < S Z cp(2) [ T2 E[aPm)
dp—m+3 1
1 n Ap+2 p+2 1 n 4p+2
+ =Y B [aP®) ~ > E[RG.JHPPH
j=1 j=1
C 4p Ipr2
< n\/ﬁv A4p+2 + — <M4p+2 + M8p+4( ))
C s e
o <A4p+2 + ) (M4p+2 + Mgp/u( )) ’
(7.15)
The last inequality and Lemma 3.3 together imply
4p —
(2p—26+2) Cp (n) C
B < o (Mipsa + M) 4(0)) = N (7.16)
Using the representation (3.5), we get
Bigy =T + BEY., (7.17)
where
k) — ng) + ng’) + I‘ék) 4 F(k),
with
(k) 3 1 S 2p+23—2 k
r — E |A A (R
1 = (an(2)) n\/ﬁ; |Ap(R)| e(R)"Q;(R),
1 < _ .
1Y) = (@) ——= > B [Ap®)772 Ap(R)*Q; (R)X; (. j).
ny/n =
1 < _ .
I = (an(2)*—= S E AR Ap(R)* Q}(R)R(), ),
k R _ .
I = (@)’ 2= 3B [A(R)777 Ap(R)" Q; (R)D; (R)R(J).
=1
(7.18)

It is not difficult to obtain the following bound

r®)

1

<p

(nv)2p+26+k=2 n\/_

_ 1 _3
E|AR )’2p+2,5' 2+k+n_ﬁE‘A(R)‘2p+25 5tk (7.19)
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Analogously, we can assert that

(k) 1 1 ’ G) 2p+28—2+k 4
! ! p+26-2+k op+20—3 4k
<p nvﬁ((nv)2p+2ﬁ+k—2 +E[A(R)] +E|A(R)| > ) (7.20)
Similarly,
Wy 1 G) gy |[2PF20-2HR
37 < U((nv)2p+25*2+k‘ +E ‘AE (R)‘ Q;(R)| )
! L 2p+2B—-2+k 2p+28—2+k
< m(W +E|AR) +E|AR)| ). ()

Finally, we conclude that

1 ( 1

nv? \ (nv)2p+26-2+k
1 1

P2 ( (nv)2p+26+k72

k
r{| <

) 2p+2B—2+k
+E [P ®)|"

1Q;(R)2)

< +E|AR)[>PH#P-2F L B |A(R)|2P+2ﬂ—%+k). (7.22)

By the assumption of Lemma 3.4, we have
p*

EIA(R)|2PT26—2+k
IA®R)] P (o) ]z + 2(z) P21

<M4p+2 n M§5)+4(u)). (7.23)
Applying relations (7.17)—(7.23), for k =1,...,2p — 25 + 2, we get

RN _ 2p—23+2 _ 2p—23+2
[Bass| < (—=)")EAR) P21 B0 < EAR)[PH20-1 4 [BEE 20,

Vno
(7.24)
The last inequality, inequality (7.16) and the assumptions of Lemma 3.4 together imply
P )
Bass | < (nv)?P|z + 2s(z)|2P+26+1 <M4p+2 * M8P+4(v)> : (7.25)
Furthermore, note that
Bysa| < £ 1 "B (A R)|?*?721Q;(R)| |R(j, j
Bysal < =3B [Ap(R)52 0, (R)]|R(. )
j=1
C1 9.1 1 .
< =3B ApR)PFTE (QR)P[F) B (RG)P|E).
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Applying inequality (6.27) and Holder’s inequality, we get

1
4 ) 2p+28—2 4p+2

C .
< = i+ — =Y "E|R(j,j)P!
|Bssa| < e (A2p+25 1+ - |R(j,7)]

J=1

4p+2

c AN [ & 2p+1
~ = 2N RIR(G.)|12P
+ v <~A2p+25 1+ m) - ; |R(j, )|

(7.26)
The last inequality and Lemma 3.2 together yield

Cp" ~(n)
Bosal < (s as e (Mipsz + MG, (0)) - (7.27)

Using that

IN
|
|

c1 _ .
|Bss2| D E [ApR)[PFI1Q,(R)| X4 |RG, 5)|

n 2p+28-2

k : 2p4+28—2—k o
\/—Z Z Coprap2 <m> E ’A%)(R)‘ Qi (R)|X551[R(7, 7)];
Jj=1 =

and applying Holder inequality, we get

| /\

n 2p+28-2 k , 2p+23—2—k . 1
|8352| § non Z Z 02p+2ﬂ 2 < ) E ‘A(E])(R)‘ (|snj(2)| + ‘A(E])(R))) 2
l
E 2 (|R(j,5)||Fj )
C 4p+2
< = E Zp+l
< — Z |R(j, )
9 2p+25-2 C 9 2p+25_%
X Aoprop-1 + I + — Aopros—1+ o . (7.28)
Similar to inequality (7.27), we obtain
Cp* ()
[Bssa] < (nv)2P|z + 2s(z)|2p+26+1 <M4p+2 + Mypaa(v )) (7.29)

We investigate now the behavior of the term Bss;. We have

L L pamyrree L (mamrat) it
(nv)2p+2572 \/m ‘ ( )‘ \/ﬁ( | ( )| )
1

ViR
(nv)?P|z + 2s(z)|2PH28+1 (M4P+2 + M8p+4( )) + o 2262 (7.30)

|5351’ <p

<p
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Finally, we bound Bss3. Conditioning given F}, we get

n 2p+28-2 k
C 2 ; 2p+26-2-k _ 1
|Bass| < — Y > ks (n—v> E ‘A(EZ)(R)‘ E> (|Q;R)[Y|F))
j=1 k=0

x E2 (IR, )| F}) -

Using inequality (6.45), Holder’s inequality and the binomial formula, we get

1
C 2p+206—-2 1 n 2p+6-—1
Bass| < — (A i+ — =N "E|R(j, j)|PPH?81
|Bsss| < o ( 2p+26—1 T nv) n; |R(J,5)
1
C 4 2p+28—1 1 n 2p+23
— (A — —Y E|R(j, )| : 7.31
+ 2 Az + ) S LB IR (731
By the assumptions of Lemma 3.4, we have
AT
2p+/—1
C 4\ 2262 [ » N B
- <A2p+2ﬁ—1 + %> - > E|R(j, )0
j=1
C p* 1=z (n) -l
<P o ((m})Qp 2+ 2s(z)\2p+zﬁ+1) (Map42 + Mg,y 4(v)) 27207
1 n 2p+1¢371
N 2p426-1
X J—
- Z E[R(j,7)|
7j=1
After simple calculations we get
AT
2p+5—1
C 4\ 2262 [ o B
- <A2p+26—1 + E) - ZE |R(j, )72
j=1
1 Cp4p 1= 2P+%5* 1 (n) 1— 1
< (nv)2p <\z + 2s(z)!2p+26+1> (Mapi2 + Mgy, 4(v)) 22571
1 o 1 7o
x | — E|R(j,j)*+P ! ———
n; [R5, 5| ()21
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Using |R(j,7)| < v~!, we may rewrite the last inequality as follows

1
2p+B—1
C el
~ (A B = - E |R(j, j)|?P+20-1
- ( 2p+268—1 T nv) n; |R(j, )]
1 Cp4p =51 (n) 11
< (nv)2p <|Z+2$(z)|2p+26+1> (Mapo + Mgy 4 (v)) 2052571

1
2p+p—1

ZE\RJ NP 551

( )ZB 1

Combining this fact with the inequality nv? > C, we get

1
2p+B8—1

C AN [ & 2p+26-1
— _ e - E R . . p+ —
e <A2p+25 1+ m) - ; |R(7,7)]

1 Cp4p 1= a1 n) o
<P (o) <|z+2s(z)|2p+2,8+1> (Mapra + Mgy, 4(v)) ~ 27261
1 X ﬁ
~ Y EIRG.HI?
j=1
: Cr Q
< ) <\z+2s(z)y2p+2ﬁ+1> (Mapi2 + Mg, 4 (v)).

Analogously we bound the second term in the r.h.s. of (7.31). This implies that

Cp*? H(n)
|Bssz| < (00)% ]2 & 25(2) PP 2B <M4p+2 + M8p+4( ))

Inequalities (7.25), (7.27), (7.29), (7.30), (7.33) together yield

4p
‘335‘ < Cp

To bound Bs4 we note that

B < ——ZE |AR(R)[*PT20721Q;(R)| |R(j, j)] -
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- (nv)Qp‘Z+23(z)|2p+2ﬁ+1 <M4p+2 +M8p+4(v)> \/ﬁ 2p+28—2°

(7.32)

(7.33)
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Conditioning given F; and applying inequality (6.27), we get

n 2p+26-3

9 . 2p+20—-3—k
Bl < DS S Gl () e a2
=1

)

=

% (Isw ()1 + |22 ®)|) B (1RGA)-

(7.35)
This implies that
C 2p+28-3 et 1
|Bsa| < o <A2p+2ﬁ—2 + %) <M4p+2 + Mg(p)+4(v)) e (7.36)
To bound Bss we use the representation (3.5) again. We may write
B33 = Bs31 + B33z + Bsss + Bz + Bsss, (7.37)
where
1 n
_ 21 2p+2[3 AN R A2
Bz = —(an(2)) nZE |Ap(R) Ap(R)Q;(R),
1 < 2+26—4 7T .
B3z = (an(z))zm ;E |ApR)*TPARR)QAR) X5 R(4, ),
1 < .
Bizs = —(an(2)) - ZE Ap(R)P* 1 Ap(R)Q](R)R(), 7).
Bszs = (an(2 ZE [ApR)* 1 Ap(R)Q}(R)D;(R)R(, ),
Bsss = Z E [Ap(R)[*"**72 QX(R)R(j, j).
(7.38)
Note that

2p+26—-3—k

1 2p+28-3 9 k )
k j
[Bssa| < o EJZI kZ:O Coptap-3 <E) E ’AE (R)‘

E (IQ,R)]|F) E|X!.
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Using inequality (6.27) and Hoélder’s inequality, we get

n 2p+26-3 k . 2p+28—3—k
Bl < S1 37 > cwm( )E\Ag(m\
7=1

< (Isns(2)] + |07 (R)|)

| /\

¢ 2 oprop3 , C yoprop—2,  C
< —(Agprag—z + )7 Sy Aoprag ot o) (7.39)
Analogously,
n 2p+26-3 k
1 2 , 2p+26—3—k
[Bsst| <~ Z Coprag—s (n—> E AP (R) E (19;(R)P|F))
j=1 k=0
n 2263 k : 2p+25—3—k .
S X G () Bl2EW) (Isws(2)+ A2 ®))
7j=1
c 2 voprap-3 . C yoprap—2 ¢
In addition,
C 1y 2p+28—3 2
| Bssa| < WEZE |Ap(R)| 1Q;(R)]
j=1
c 2 - 2p+26—2 C
< H(AQp—G-ZB—Z + %)2%26 34 C’nvAQZHg 5t ()% (7.41)

Inequalities (6.40), (7.40) and (7.41) together imply
max{|Bss1, |Bss2| |Bssa|} < g(,4 +3)2p+25—3+cnvA2p+2ﬁ 2, © (7.42)
331)y [P332] |Ba3alr = o (Azpiap—2at w2621 gy (T
Now consider Bs33. We have

n 2p+28-3

C b :
|B3s3| < —Z Z C3yi05- 3( ) E ’A%)(R

7=1

E? (|Q;(R)°|F)

)‘2p+2,@—3—k

x E7 (IR(j, )| F)) -

This inequality and inequality (6.27) together imply

n 2p+26-3
) o 20283
| Bsss| < %\/—Z Z Copro5-3 (nv> E ‘AEJ (R)‘

) ER(IRGIIE) -

% (Isni ()] + |A2 (R)
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Applying Holder’s inequality and /nv > C, we get

4
|B333| < — (Azpy2p—2 + —)2p+26 3 <M4 12 + Mép4)r4( )) Y

C
(nv)
C 4 3 ~(n _1
+ @(A%ﬁr%—l + E)Qp—ﬁﬁ 2 (M4p+1 + Mép_)ﬂ(v)) e
Cp' 77
: (nw)2P|z + 2s(z)|2PT20+1 (M4p+2 + Mg,/ (v ))
C

4 1
+ w(AQp—I—Qﬁ_Q + — )28 (M4 2+ Ms(p4)r4( )) " (7.43)

Furthermore, consider Bss;. We have

n 2p+28-2

k ) 2p+26-2—k A
Busl <0303 G () B[40 ) £l (jom)|R)
Jj=1 =
1 .2
B (|RG )P |F).
The last inequality and inequality (6.45) together yield

1
4 >2P+25—2 2pr2i=l

C 1 &
< — i+ — — > E|[R(j,§)PH?!
|Bss| < Jnv («42p+25 1+ o n 2 |R(j, )]

C 4 2p+26-1 _ 1
)7 (s L 0) P

— (A 4
+ Tw( 2p+26 1+nv

By the assumption of Lemma 3.4

Cp* 7 (n)
|Bsss| < (n0)2 ]2 + 25(2) 27T 25T <M4p+2 + Mgp+4(v)>
C 1 l-mrap=1 [ 1 =T
17 () T opt2p-1 N\ 12p+26—1
M M — E
(n'U)Qp (n'U) 2p2-527ﬁ1_1 ( P2 + 8p+4( )) n jz—; |R(j7j)|
Cp? )
= (n)2P|z + 2s(z)|2P+26+1 (M4p+2  Myppa(v )> (7.44)
Inequalities (7.42), (7.43) and (7.44) together imply
Cp* TH(n)
1Bss] < (nw)2P|z + 2s(z)|2P+20+1 (M4p+2 + M8p+4(v))
C 4 _ ~n >
+ M(Azpwﬂ—z + H)2p+2ﬁ ’ <M4p+2 + Mép—)‘rll(v)) v (7.45)
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Now we bound Bso. Applying the binomial formula and Hélder’s inequality, we get

n 2pt26-3 A 2p+28—3—k
(2 ) e[a0®)[”

|Baa| < Z Z Copa—3
< B} (1Q;(R)P|F ) EX (IRG.HI[F ) -
Combining (6.27) with Hélder’s inequality gives

n 2p+26-3 K . oy 26—
( > E‘A(])(R)’p

| B S - Z Z Chpiap-3

7j=1

3
C 4 2p+28-3 4 dp—3
o <<A2p+2ﬁ—2 + E) + <-A2p+2ﬁ—1 + %>

X <M4p+2 + M8p+4> w

IN

By the assumptions of Lemma 3.4,

Cp*
(nv)?P|z + 2s(z

|Bsa| < A (M4p+2 + M8p+4>

4 ) 2p+268-3

C . 1
+— <A2p+2ﬁ2 +— (M4p+2 + M8p+4) W (7.46)
nv nv

To bound B3; we need some preliminary bounds. Note that

1
(rR - TrR;) — —E(TrR — TrR;)
n

:IH

AR) - AP (R) =

1 2 2 1 2 2

1 1

—(TrR - TrR; ——-E(TrR-TrR;)e;. 7.47
n n j)Ej

Applying this equality, we get

Bal <+ iE \(A<R>>2p+2ﬂ-3 — (AP R [Q;(R)

ADR)| |AR)P 1 AP R)[ Qi (R)).

e
1M
=
l>
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The last inequality yields

n 2p+26—4 A k
Bar| < — Z > BlA®R PP AP ®)| 1R [Q,(RY] (= %)
Jj=

1 n p+2,8 4
_2 Z Z E AR 2p+2ﬁ—4—k ‘A(]) )) 10;(R ‘A(J RZ)‘ (= %)
j=1

n

1 p+2ﬁ_4 2p+28—4—Fk | A (5) k
=2 Y BARPTAD®)|(Q®)] el (= 5)
j:l =
(7.48)
Furthermore, by the binomial formula,

1 & 2p+26—4 2p+2B—4—k 1\
10 DEND DI AP

j=1 k=0 v=0
< B|AY) (R) 29170, (R)[|Q; (R?)].

Conditioning given F; and applying inequality (6.27), we obtain

n 2p+28—-42p+2p5—-4—k (1 )V

= n3vz Z Z Z Copos—i—k
Jj=1 =
x E \AE”<R>|2p+2ﬂ-4-”<\snj<z>r + AP (R)))

4 _
5 (Aoptap—2 + %)2’3 L (7.49)

nv

<
~ n2v

The bound for X9 is similar. We have

T 2p+23—4 2p+28—4—k 1\"
—22 Z Z 05p+25—4—k <%>

| A

< B A (R[22 g, (R)[ | AY) (R2)].

The last inequality and inequality (6.27) yield

5 1
nzv2 nv

n 2p+26—42p+26—4—k < 1 >V

Z Z Z Coproap—a—r

j=1
—A—y j L '
x EIA(EZ (B[220 ([s,5(2)| + [AZ (R))) 2 [ (R?)).
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Using the binomial formula, we obtain

C 4\ 2p26—4 )
Yy < (A2p+2,82 + E) E 2p+23—2 |A(R2)|2p+25*2

n

wlw
N

4

3
2

S

n

nN24\/v

C 4\ 20264
< — Aopyog—o + —
\/_ nuv

1
By Lemma 3.1 and Cauchy’s integral formula we have, for v > CM; nfé,
C 2 . _1
p5 (M4p+2 + M8p+4> 4p+1 '

nvz

B 7 [ A(R?) P00 <
The last inequality implies that

p
(nv)?

C 2p+26—75 )
+ <A2p+2ﬂ—2 + > E 2p+25—2 ’A(R2)|2p+2,@—2
nv

B 7 A(R?) P

4 1
—5 (Agpt2p—2 + —)2p+25 1 (M4p+2 + M8p+4) W

(7.50)

(7.51)

(7.52)

Analogously we obtain the bound for 3. Collecting inequalities (7.34), (7.35), (7.45),

(7.46) and (7.48), we get

Cp* ~(n)
1Bs| < (nw)?P|z + 2s(z)|2PH20+1 <M8 * MSPH(U))

4

1
+ L(A2p+2ﬁ72 + %)QPHB% <M4p+2 + M8p+4> v

(nv)?

Now we bound Bs. Using equality (3.5), we represent By in the form
By = Ba1 + Ba + Baz + Bag + Bos,

where
By = R)|H#1A(R) X5,
ZE\A )2 AR)XE R(j, ),
Bas = — ZE’A ’2p+26 4A( )X]JQJ( VR4, 7),
R)[#*#~*A(R) X;j;D;(R)R(j, j),
Bos = ZIE|A )| #PH2-2X R (J, 7).
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It is easy to see that

C a1 &
|Bai| < EEIA(R)IZ””B 3|\/—52ij|
j=1

<%y

A

- n

= )

C

2p+26—2

2p+2B-3 mssra5—s
p+26— 2Ep+ﬁ E X]J

A

1
2p+28-3 —p+1 2p+23—2
2p+26—2 (1+n Moy yop-2)%

1
2p+28-3 2pF2p—2
2§+2§—2 <M8+Mé§ " (v )) ' :

pra\lV

For the term Bss we have the following bound

| B2z S

1

IN

nv

2p+2(—3

— (A4 B =
< 2p+23 2+nv

1\* , .
s 2 s 3( ) E AU (R)[2+20-5-k

4 ) 2p+28-3

Furthermore, Bas = Bsa. Thus inequality (7.46) yields
Cp*

|Bas| <

- (nv)2p|z+25(z)|2p+2ﬁ+l

C 2p26=3 - 2 +%ﬁ 2
Rl ) (M M ) pT26-2
+ o < op+28—2 + m}) apt+2 + Mgpra

<M4p+2 + M8p+4>

Analogously, Bay = Bys and (6.11) gives

C
| Bay| < (A2p+2ﬁ 9+

4 2p+28—-3 L
> Mypio + Mgpia

To bound Bgs we use the representation (3.5) again and obtain

where

Bas = Bas1 + Basa + Bass + Basa + Bass,

Bas1 =

Basz =

Q

n

3(z

~—

§

J

1

E|AR)*PH202 X,

Z |2p+2ﬂ 2X]2]R(]7])7
]:

> E[A(R)

P72 X55Q(R)R(5, 5),
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Bosy = ZE [AR)[PPF#72 XD (R)R(j, 5),

R)[>F71X ;0 R(4, 5).

We have the following bounds.

C - 2T
2p+26—2 y
| Bas1| < g‘A2p+2B ‘E AT o= Zi X,
r” 17 (n)
S8 ()]s + 25(z) 20T (M4p+2 + M8p+4(v)> :
Furthermore,
C 4
B < = _ _F \2p+28-2
| Basa| < ——(Azpr2p—1 + )
r” 17 (n)
<p (nw)2P|z + 2s(z)|2P+20+1 (M4p+2 + M8p+4( ))
and

c 4\ 2282 [ » it
Boss| < — ( Agpyos_1+ — =Y E|R(j,j)|*!
Bl < < (Agprancs + ) S BIRG)
p*

A7n)
S (n0)2]z + 25(2) PP 2BHT (M4p+2 + M8p+4(v)> _

It is easy to see that

B < E A 2P+25—2 X
| Basal m}n\fvz |AR)] | X5

) C " . 4\ 2262
~ no pH26-17T 0

p ~(n)
(nv)2P|z + 25(z)|2P+25+1 <M4p+2 My (v ))

<p

Finally, we conclude that

| Bass| <

A 2p+28—1

<p

ZE‘A ‘2p+25 1|X ’

P 77(n)
(n0)2P |z + 25(2)| 2P+ 2B+ <M4p+2 + M8p+4(v)) :
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Inequalities (7.61)—(7.66) together imply that
p*

(nv)?P|z + 2s(z)[PPH20+1

[Bas| < (Maprz + ML, () (7.68)

Combining inequalities (7.55)—(7.68), we get
p* N
(nv)2P|z + 25(z)|2p+20+1 <M4p+2 + M8p+4)

C 4 2p+23—3
(A o —
+ o < 2p+25-2 T m)

|Ba| <,

1
(M4p+2 + M8p+4> a2 . (769)
The bound for the term B; follows from the bound for §,(z) from the paper GT03. We
have

2p+26-2°
Collecting the bounds (7.70), (7.69), (7.53), (7.10) and using (7.3), we obtain

1By| < C geviao-3 (7.70)
nv

A2 o o (Mipsz + MG, (0)
2p+26-2 = ()27 + 25(2)[2pT26+2 \ 72 8p+4

C C _ ~ i
* ) e+ o) (Mg £ Mapaa(0) ™

C C
—(A2 1952 + _)2p+2,6—2
nU%]z+2s(z)\ pes nv

n c 2p+26-3
nw|z + 2s(z)|” P22

D
T )7z + 25()

4 B o _1
(Aspras—a + —) 2974 (Mypo + Mypia) "7 . (771)

In order to find a solution to this recursive inequality we use the following

Lemma 7.1. LethO,a>O,p>O,B>0,0<8<ianququchthat

27 < e(x+ a)! + Cip(z 4+ )T + Cop?(z 4+ )72 + B. (7.72)
Then there exists some constant C such that
x? < max{(B% + qa)?, (B% +Cp)i}. (7.73)
Proof. Assume that
1
x> (B + qa)?. (7.74)

This assumption and inequality (7.73) together imply that
1 1 1
z? <ex?(1+ C—)q + Crpzt (14 =)T 1 + Cop?a12(1+ =) 2 + B
q q q

3
< qu + 3C1 pz?™t 4+ 3Cyp%2 7% + B. (7.75)
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Dividing by 2972 and solving with respect to z9, we get
2 < 12C px + 12C’2p2 + B%.
Solving the last inequality, we obtain
© < (Cp+ Bi).

This implies that
1
1 < (Cp+ Ba)i.

The assumption (7.74) and inequality (7.78) together complete the proof.

Now apply Lemma 7.1 to inequality (7.71). We choose
¢
nvs |z + 2s(2)]
3 7 (n) =
p2 (Mapy2 + Mg, 4 (v)) %

r = A2p+2ﬂ727 €=

C
nv

nvlz + 2s(z)|%
PP (Mipss + M) 4(v))
(nv)?P|z + 2s(z)|2P+26+2"

B =

Note that |z 4+ 2s(z)| > +/v. This implies that for v > vy

C
e<— <
nv?

] =

Furthermore, it is not difficult to show that
BQM%B*? > Chpp.

Applying Lemma 7.1, we get

C

262 pl4——
A ( +2p—|—2ﬂ—2

2p+28—2 =

This bound concludes the proof of Lemma 3.4.
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