LIMIT CORRELATION FUNCTIONS
FOR FIXED TRACE
RANDOM MATRIX ENSEMBLES

FRIEDRICH GOTZE'! AND MIKHAIL GORDIN ':2

ABSTRACT. Universal limits for the eigenvalue correlation func-
tions in the bulk of the spectrum are shown for a class of non-
determinantal random matrices known as the fixed trace or the
Hilbert-Schmidt ensemble. These universal limits have been proved
before for determinantal Hermitian matrix ensembles and for some
special classes of the Wigner random matrices.

1. INTRODUCTION AND THE STATEMENT OF THE RESULT

Let Hy be the set of all N x N (complex) Hermitian matrices, and let
tr A =3V a; denotes the trace of a square matrix A = (aii)Nier- Hn
is a real Hilbert space of dimension N? with respect to the symmetric
bilinear form (A, B) +— tr AB. Let [y denotes the unique Lebesgue
measure on Hy which satisfies the relation Ix(Q) = 1 for every cube
@ C Hy with edges of length 1. A Gaussian probability measure on
‘H invariant with respect to all orthogonal linear transformations of
‘H v is uniquely defined up to a scaling transformation. Such measures
form a one-parameter family (43 )s>0, Where the measure p3; is specified
by its density

1 1
1.1 S(A) = ———exp | —— trA?
with respect to l. Thus, for the random matrix X distributed accord-
ing to pu we have

(1.2) Eps, tr X* = sN?.

The set Hy furnished with the measure p3 is called the Gaussian
Unitary Ensemble (GUE).
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Let X be a random N x N Hermitian matrix (that is a random
variable taking values in Hy). We consider the eigenvalues

A1, Ag, ..., Ay of the random matrix X as a finite sequence of ex-
changeable random variables. By definition, this means that their joint
distribution Pi does not change under any permutation of these vari-
ables. Let for each n,1 <n < N, P,ffN denotes the joint distribution of
some n of these N variables. Obviously, Pj’(N is a permutation invariant
probability measure in R™. In particular, the measure Pl),(N describes
the distribution of a single eigenvalue. By definition, the n-point corre-
lation measure pi y of arandom matrix X is a non-normalized measure
defined by the relation

X N X

(1.3) PN = mPnJV'

For a measurable set A C R™ the amount p,\ y(A) can be interpreted
as the average number of n—tuples of eigenvalues getting into the set
A. If the measure pi ~ 1s absolutely continuous with respect to the
Lebesgue measure on R", its Radon-Nikodym derivative Rff’ ~ is called
the n-point correlation function of the random matrix X.

In particular, the measure p{f » has the total mass /N. For a measur-
able set £ C R, the amount p{f ~(F) expresses the expected number
of the eigenvalues belonging to E. The corresponding density with re-
spect to the Lebesgue measure in R, if it exists, is called the eigenvalue
density or the density of states (precaution: under the same names the
normalized versions of the same measures are considered in the litera-
ture as well).

Let Xy be a random matrix with the distribution p%,. For n =

1,...,N we set PTSJ[\J,E’S = PXN and pfi[]{,E’s = pf% A classical result
for the GUE says that we have
(1.4) PeyEYN oW

where the measures converge in the weak sense and W is the standard
Wigner measure on [—2, 2] defined by the density

(1.5) w(z) = 2n) 'V (@4 —22),, v €R.

In terms of correlation measures the same relation reads

L quey~
(1.6) NP / N:)OOW

For the n—point correlation measures we have a similar relation

1
(1.7) pSUBUN. W x W,

N
Nn'™ N—oo n times
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which means that the eigenvalues become independent in the limit.
However, for n > 2, the study of a finer asymptotics near a point on

. . n GUE,1/N
the principal diagonal of the cube (—2,2)" shows that for R,y /

(19, 10]): for every u € (—2,2) and t4,...,t, € R

(1.8)
: 1 GUE,1/N 31 tn
l —— R ’ _— . _—
N (Nw(u))n N (u + Nuw(u)’ Ut Nw(u))
_ det <SiIl W(tz — t]))n
Tt — ;) ij=1

This limit relation presents a pattern for many other results, in partic-
ular, for that of the present paper.

The right hand side of this relation represents an example of the
correlation function of a so-called determinantal (or fermionic) random
point process [14]. In general the n—point correlation function R, of
such a process is given by the formula

R(ur, ..., un) = det| K (u;, uj)[7;,

where K is the kernel of an integral operator on the line, which is trace
class having been restricted to compact subsets of R and subject to
some further conditions (see [14] for a detailed exposition). Moreover,
in the asymptotic Hermitian random matrix theory (Kx)ny>o are the
reproducing kernels of the subspaces of polynomials of degree < N — 1
with respect to some weight on the line. In this case we call the corre-
sponding matrix ensemble determinantal. The GUE gives an example
of such an ensemble. To a large extent the asymptotic study of deter-
minantal ensembles reduces to that of the respective kernels ([2, 4].

Outside the class of determinantal Hermitian random matrices only
very few results on the asymptotics of the correlation function are
known (see, for instance, the paper [9], where a mixture of determi-
nantal measures is considered). In the present paper we investigate the
following non-determinantal ensemble of random Hermitian matrices.
Let

(1.9) w={AcHy trA? =1%}

be the sphere in Hy of the radius » > 0 centered at the origin.Set
r = y/sN. The sphere S]\\{EN carries a unique probability measure v
invariant with respect to all orthogonal linear transformations in the
space Hy. We call this measure the fized Hilbert-Schmidt norm en-
semble (or just HSE) to reserve the term ”the fixed trace ensemble” for
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more general ones (see [1]). Let Yy be a random matrix distributed ac-

: HSE, % HSE, Y,
cording tovy,. Wesetforn=1,...,N P, 3" = P, N\ and p, v"° = p,"\

It is a well known result (see [10, 13]) that
(1.10) PPN W,

N—oo

like in the case of GUE. In this note we prove that the correlation
functions RSE\I,M/ N of arbitrary order n (1 < n < N) have near every
point u € (—2,2), u # 0, the same determinantal limit with the kernel
sinm(t; — ta)/m(t1 — t2) as the GUE correlation functions (for n = 1
the limit equals 1).

More precisely, we establish in this paper the following result.

Theorem. Let RZ”%N be the n—point correlation function of the eigen-

values for a random matriz uniformly distributed on the sphere S}éﬁ.
Then for every u € (—2,0) U (0,2) and t1,ts,...,t, € R!
(1.11)

1 v,1/N tl tn Sirl’ﬂ'(ti — tj) "
— R —_— ... —= det| —————= | .
(Nw(u))" n,N <u—|— Nw(u)’ , U+ N> — de < (s —tj) o

as N — oco. For every a > 0 small enough and K > 0 the relation 1.11
holds uniformly in all u € (=2 + «,2 — ) and |t;| < K|ul,...,|t,] <
K|ul.

Corollary 1. For every a > 0, L > 0 the convergence in (1.11) is
uniform with respect to u € (=2 + a,—a) U (o,2 — a) and |t;| <
L,... |t.] < L.

Excluding zero in the statement of Theorem is related to the tech-
niques used here. We expect that the real behavior of the correlation
functions near zero is the same as near any other point in (—2,2). In a
separate note [8] by the present authors with A. Levina the zero case is
treated by means of elementary methods which establishes the desired
limiting relation in the topology of weak convergence of measures on
compact sets. It is still open question how to extend our present result
to this case.

Now we turn to discussing our result in the context of known facts
about the GUE and sketching main steps of the proof. The guiding
principle could be that results for the Hilbert-Schmidt ensembles are
deducible from the corresponding results for GUE using the ’equiva-
lence of ensembles’ or the ”concentration phenomenon”. In our setup
the primitive form of concentration is given by the law of large num-
bers for the squares of the Hilbert-Schmidt norms of the GUE random
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matrices. Supplemented by some estimates of the probabilities of large
deviations, this is a main tool in [8]. However, our experience shows
that usual deviation estimates are insufficient for proving local results
for correlation functions of eigenvalues (with exception for eigenvalues
near zero). This agrees with M.L. Mehta doubts ([10], Sect. 27.1,
p.490) concerning the deducibility of the local results for correlation
functions of the Hilbert-Schmidt ensembles from the corresponding re-
sults for GUE by using the equivalence of ensembles.

Solving this open problem in the present paper, we use a local form of
concentration given by the local central limit theorem for the densities
of the squared Hilbert-Schmidt norms.

First we represent the Hilbert-Schmidt measure as a conditional mea-
sure of the GUE, given the Hilbert-Schmidt norm of the GUE random
matrix. Starting with the disintegration of the GUE according to the
level sets of the Hilbert-Schmidt norm, we arrive to formula 2.10 which
is the crucial ingredient of the proof. Here we have to extend the scal-
ing parameter to the complex domain. The formal Fourier inversion
applied to this formula gives an "heuristic proof” of the result. How-
ever, to make it rigorous we need asymptotic estimates in the complex
domain for the the kernels related to the Hermite functions. This is
done in Section 3, based on the results in [2, 3, 4]. Unfortunately,
some of the results we need are contained in these papers not explic-
itly enough and should be extracted from the proofs rather than from
the statements (see the proof of Lemma 2). With these estimates, we
complete the proof. Note that the analytic part of the present paper
may be viewed as a form of Tauberian theorem.

2. DISINTEGRATION, A FOURIER TRANSFORM FORMULA AND THE
SKETCH OF THE PROOF

In this section we discuss a disintegration representation of the GUE
in terms of the HSE, and derive a Fourier transform formula involving
these matrix ensembles. We suppress in this section the ”spectral”
arguments of correlation functions and related quantities assuming that
these arguments vary inside the domain described in Section 1.

For every r > 0 denote by S} the sphere of radius r in Hx centered
at the origin. Let for s > 0 Xy be a random matrix in Hy distributed
according to py ™. Set Ty = tr(X%/s) and Yy = NXy/\/tr X2.
The random variable T can be represented as a sum of N? squares
of independent standard Gaussian random variables, hence it has the
familiar X?VQ distribution. Moreover, Ty and Yy are independent, and
Yy is uniformly distributed on the sphere S¥ in Hy, that is Yy is
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distributed according to v} in the notation of the previous section.
Then Xy can be represented as

Y,
(2.1) Xy = WN\/STN

with Ty and Yy as above. Let yy2 denote the the probability density
of Ty. Then it follows from (2.1) that

(2.2) ,u?vz/ VK,/NQVNQ(S_lu)S_ldu.
0

As a consequence of (2.2), the correlation functions of GUE and HSE
for 1 <n < N — 1 satisfy the relation

(2.3) RS,[]{,E’S = / RS’%’“/N%NQ (s7'u)s ' du.
0
Note that
(2.4) ETy = N?, DT? = E(Ty — ETy)? = 2N?
and, for every m > 0,
(2m/2T (m/2)) " tifu > 0,
2.5 () =
(25) () {O,ifu<0.

Set for s > 0 Yms(-) = s 'ym(s7), so that 4,1 = Vi Note that the
same set of densities in a different parametrization appears in Lemma

4 as (fap)ap>0)-
Observe now that the probability density of sT is given by vz s(-).

Then (2.3) can be rewritten as

(2.6) RIS = / RISE N e o (u) du.
0

In particular, we have

(2.7 RIS = [T RS )
0

Our goal is to investigate the limiting behavior of RS’?\J,E’I/ N when n is

fixed, N — oo, and the "spectral” arguments of RSE\];:’” N vary within
a e—neighborhood of a part of the diagonal of (—2,2)". However, we
prefer to consider the function u — RE}S]'VE’“/ N® rather than its value
RE’%E’U N at N. More precisely, we shall deal with the product u +—

RS;I,E’“/ NQPyNz,l /n(u) which is a density likewise yyz2 1/n(-). Performing
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in (2.7) the change of variable (v — N)/v/2 = v we obtain another
relation

o0 v 2
RS{J{{E,I/N :/ RS’%E},I/N—I- V2/N \/§7N271/N(N+v\/§)dv

(2.8) o
:/ gnz(v)du,
where
(29 axa(0) = B Y Vo (N 4+ 0v/2).

Notice that v — /2 Yz /N (N + v/2) is the probability density of
the centered and normalized random variable (T2 — N?)/v/2N?2, and
it tends to the standard normal density ¢ : v — (1/v/27)exp (—v?/2)
as N — oo. Thus, the limit behavior of the density yn21/n (N + /2)
is well understood and we have to study gyz(-).

Given u, due to the relation yy2 ¢(-) = s yn2(s7!+) we can analyt-
ically extend yn2¢(u) to the the domain Rs > 0. Moreover, in the
formula 2.6 the integral in the right hand side can be analytically con-
tinued in s in accordance with the above continuation of yy2 ;(u). This
leads to the corresponding continuation of R,(iI]{,E’S so that 2.6 holds for
s from the upper half-plane.

Now we shall evaluate the Fourier transform of the (nonprobabilistic)
density gy2 keeping in mind that by (2.8) it is a nonnegative integrable
function.

Lemma 1.

(2.10) / exp (ipv) g2 (v)dv = P2 (p)Ri%E’l/((l_ipﬂ/N)N),

[e.9]

where
Q1) dws(p) = exp (—ipN/VB)(1 — ipy/3/N) V)

is the characteristic function of the random variable (Ty2—N?)/vV2N?2.
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Proof. Denoting by C,, the normalizing constant from the formula
(2.5), we have

(2.12)
/_ exp (ipv)gn2(v)dv

oo

_ / excp (ipu) RISEVA VI L (N 4 oV

oo

—/_OO exp (ip(u — )/\/_) HSEu/N27N2,1/N(U)dU

o0

—exp (=ipN/VE) [ exp (ipuV DRI ()

—00

= exp (—ipN/V2) / RISEN? G N (N ) V121

exp (—Nu(l — ip\/%o/N)/Q)du
—exp (—ipN/V2)(1 — ipV/2/N)~(N*/2)+ /_Oo RHSB/?
Cn2N(Nu(1 — ip\/_/N))(NQ/m—leXp(_N;o(l — ipV3/N)/2)du
= exp (—ipN/V2)(1 — ipy/2/N) /2
/ R ™ e i (0

GUEl 1—ipV2/N)N
_¢N2( ) /((1—=ipv2/N)N )_

In the following we shall outline our approach. Write

1 GUE,1/((1—ipv/2/N)N)
Na(a) / Pna(p Nw( (Na(a)r N .

Passing to the limit in the integral on the right hand side (uniformly
with respect to the spectral variables), the right hand side has the same

limit as
1 GUE1/N 1 /Oo
— R I — 2(p)d
Ny N gy [ o)

or, in view of the local Central Limit Theorem (CLT) , as

1
RCGUE1/N

Ver(Nw(w) ™"
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On the other hand, it follows from(2.9) that

1 L(0) — 1 HSE,1/N .
(2.13) Vo™ (0) —(Nw(u))"R”’N V2yn21 v (N).

Again, the local CLT implies that v/2yy2 15 (N) — 1/v/27. Therefore,
1 HSE,1/N
__—  RUSE
(Nw(u)) ™
tends to the same limit as
1 GUE,1/N
__—  ROUE
(Nw(u))n ™

and the conclusion follows.
In next Section these heuristic arguments will be made rigorous.

3. PROOFS

For every a € R, thorough the rest of this paper we will denote by
(1)* the function

(3.1) (1)*:C\ (—00,0] > C: z+— expalogz,

where log denotes the principal branch of the logarithm. We use /- as
a notation for (-)'/2 extended to 0 by v/0 = 0.

First we state some known results on the asymptotics of Hermite
polynomials and Hermite functions in the complex plane. These results
will be employed in this section later. Asymptotic behavior for Hermite
polynomials was first established in 1922 by Plancherel and Rotach. For
a convenient form of these results we refer to the monograph [4] and
the papers [3] (in particular, Appendix B)and[5] treating more general
orthogonal polynomials.

Let s > 0, and let for every N, N > 0, py(+,s) be a polynomial of
degree N with a positive leading coefficient satisfying the relations

[ Bt )l s exp (-2 (25)) o = Suse, MN = 0,1,
R

The (monic) Hermite polynomials (Hy (-, s))n=o,1.... are defined by the
expansion

o0 N
~ Y
exp (yr —%s/2) = D Hy(,5)
N=0
and for M, N =0,1,..., satisfy the relations

/ Hy(x,8)Hy (2, 5) exp (—22/(25)) dz = Sy nV/2msMHNHD2 N1
R
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so that

_ 1 )
o) = (27r)1/4s<2N+1)/4(N!)1/2HN('a8)7 N=0,1,...

Polynomials py (-, s) satisfy the difference equations
(3.2)
vpn(x,s) = P VN + 1y a(e,s) + s> VN ya(z,s), N=1,2,...

The Hermite functions (@n (-, $))n=o,1,. defined by

on(z,8) = pn(w, s)exp (—z?/(4s)), N =0,1,...,

form an orthonormal sequence of functions in Ly(R, \) where A is the
Lebesgue measure in R.

Let us introduce standardized Hermite polynomials and functions
(corresponding to the weight exp (—z?/2)) by the relations

Hy () = Hy( 1), pw() = o D), on() = @n (1),
so that
Hy(w,s) = s"?Hy(xs™'%), px(x,5) = s~/ py(ws™1/?),

1/4 —1/2)‘

P (5 s) =" Ton(ws
The above relations for the Hermite polynomials imply that the Her-

mite functions satisfy, for every k > 1, the following system of differ-
ential equations:

eh(@) = ~Zu(@) + Vi @),

ehor (@) = —VEpu(r) + Sora (@)

(3.3)

The reproducing kernel K ~n(+,+,8) of the orthogonal projection in
Ly(R, \) (here A is the Lebesgue measure) onto the linear span of

Qo(+,8), ..., pn-1(+,s) is given by

=

KN(:an?S) = @k(flf,S)@k(y,S).
0

B
Il

Setting
KN(I’, y) = IN{N(x’ Y, 1)7

we obtain

(34) KN(x7y7S) = 571/2KN(‘T871/27y871/2)‘
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The following integral representation of the reproducing kernel is a
version of formula (4.56) in [7]:

(3.5)
KN($7 y)

— N2 / T low(@+ Dona(y+7) + o+ Ton(y +7)dr,

so that

Kn(z,y,s)
(3.6) =5y N/Q/ (SON(%_I/Q + 7)on-1(ys 4+ 7)
0

+ono1(zsT 4 T)on(ysTV2 + T))dT-

The latter relations and our extension of the function (-)* to C\ (—o0, 0)
allow us to continue Hy(z,-), pn(z,-), ¢n(z, ) and Ky(z,y, ) to the
same domain. Moreover, relations similar to (3.6) hold true for these
continuation whenever the integrals are well-defined.

Let Cs and Ds be the disks in C of radius 0€(0,1) with centers at
2 and —2, respectively. Let C, be the closed upper half-plane and
Ss={€C,:|Rz|< 2—0//2,32€[0,6/A/2)}. Define subsets A5 and
Bs of @+ by As = @+\(55U05UD5> and Bs = Sg\(CgUD(g). Denote by
w the analytic continuation of the standardized Wigner density (1.5)
to the domain C \ ((—o0,2] U [2, 00)).

Let us define for every o, 8 > 0,a+ 5 € (0,2), a set S, g by

(3.7) Sap={2€C:|Rz| <2—a,|Su| <5}
Set for H € R d(H) = +/1+iH and observe that

(3.8) d(H)| = (1+ H*)"*,

(3.9) Rd(H) — —V”QHQ“

(3.10) Sd(H) = sgn H ”1+52_1,
and

(3.11) (Rd(H))? — (Sd(H))? = 1.
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Note that for every b > 0 the equation
|[Sd(H)[ = b
has a unique nonnegative solution
(3.12) Hy=+/(1+20%)2 — 1.
It is clear that
(3.13) 1S(ud(H))| < B.

if and only if |H| < Hg/p,. Moreover, for u € [-2+3+4a/2,2— [ —a/2]
and |H| < Hpgyjy we also have

(3.14) (R(ud(H))| <2—a/2

because

R (ud(H))| = \/ (S(d(H)))* +12 < VF T 2 —a-BP < /2 —a).
Thus, for any u € [-2+ + a/2,2 —  — «/2] the relation

(3.15) ud(H) € Sag
holds if and only if
(3.16) |H| < Hgjpu) = /(14 2(8/u)?)? — 1.

Lemma 2. There exists a number og € (0,2) such that for every a €
(0,0), A >0 and a certain real = f(a) > 0, 8 < /2, the relation

1 - t t .
—K — |d(H —— |d(H),N
(04 ) 00 (1+ g J 07

B sin (7 (¢ — to)d(H)w(ud(H))/w(u))
N—o0 7T(t1 — tg)d(H)
holds uniformly respective to real numbers u € [-2 + «,2 — «f, H €
[—Hpgju), Hgjull, and ti,ts such that [t1]| < Alul, |t2] < Alul.

(3.17)

Proof. Note that for every a > 0 sufficiently small there exists § = 3(«)

such that for every A > 0

29 1 sinm(z; — 22)
N—oo

1 ~ Z1
(3.18) Nuw(v) Ky <U * Nw(v)’ v Nuw(v) N (21 — 29)

uniformly with respect to all complex numbers v € S,/23 21 and 2z,
such that |z1] < A, |z2| < A. In fact this assertion (and much more
general ones concerning some class of weights) is contained in papers
2] and [3] (see also the monograph [4]). Actually, Lemma 6.1 in [2]
establishes the desirable result for real u, z; and 2. The same reasoning
applies to complex u, z; and 2z, satisfying the assumptions just made
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provided that o and 3 are sufficiently small. The boundedness property
of a certain derivative involved is established in [2] and [3] for some
complex neighborhood of a real point u € [-2 4 «, 2 — a] (see relation
(4.122) in [2]) which allows to bound it in a rectangular strip Sq/2 .
Lowering 3 if necessary, in the rest of the proof we shall assume 5 < /2
and that the function w(-) does not vanish in S,/ g (recall that w(-)
has no zeroes on [-2 + /2,2 — a/2]).
Setting in (3.18) z; = 2zl w(v)/w(v') (i = 1,2), we obtain

(3.19) ( )
1 - 2] 2 1 . sin (7 (2] — 2,)w(v)/w(v)
Nw(v') Ky (U+Nw(v’) ’ U+Nw(v’)7 N) N—oo (2] — 25) '

Note that for v € Sapg C™' < |w(v)] < C with some C' > 0.
Therefore, for every A > 0 (3.19) holds uniformly in v € S,/23 and
2] < A, || < A,

Under the assumptions of the lemma we have for every u € [-2 +
B(o) + /2,2 — B(a) — /2] and every H € [—Hpgju|, Ha/p], by equiv-
alence of (3.15) and (3.16),

ud(H) S Sa”g.
Setting v/ = v € [-2+ «,2 — o], v = ud(H) € Sap(a), 2 = t:id(H),
(¢ =1,2) we obtain (3.17). O
Corollary 2. Under the conditions of Lemma 2 for every a € (0, ap)

and A > 0 we have, with some constant C(a, A),
(3.20)

(o Yo, (o2 Yo, )| <o

for every real numbers u,t1,ty such that u € [-2+a,2—al, |t1| < |ulA,
lta| < |u|A, and every H € [~Hpgyu), Hp/ju| and natural N.

We now derive estimates in C'\ S, s.

Lemma 3. For every 3 > 0 there exist such constants C(3) and M ([3)
that the inequalities

(321) [pa(VR)|< CBN AN (B2
and
(3.22) [pnv-1(2VN)| < CB)(N)AMNH(B)|2N

hold for every N and every z with Sz > 3.

Proof. According to known results about the Plancherel-Rotach asymp-
totics in the complex plane for the Hermite polynomials (Theorem
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7.185 in [4], see also [17] and the references therein), we have in our no-
tation, uniformly in z from every compact set contained in (CU{oo})\

V33,
Ay (=, (2N))
(3.23) :%KH\/_)MJF +§) ]
b of)

For the monic orthogonal Hermite polynomials (with respect to the
weight exp (—z?/2)) we obtain

Hy(2VN) = (2N)"Hy(2/V2, (2N) ™)
s =3(58) +(F3)

XQNNN/QexpW(z—m)Q/S) (1+o( 1 >)

(z =22 —4)N N

N

uniformly in z for every compact from (CU {oo}) \ [—2,2]. Passing to
normalized polynomials we see that
(3.25)

1
pN(Z\/N) :WHN(Z N)

s (52) ()
o NE V) (L o(1),

and, in view of the Stirling formula N! = 27 NN*t2eN(1+ O(1/N)),

we obtain
1 =\ Yt o\
VA = g | (73) +(53)

Xexp(N(§+log2+(Z—m)2/8)) <1+O( ! ))

(z =22 —4)N N

(3.26)

N
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so that we have

pN(z\/N)

(3.27) ::zmmﬁ%Nyﬂl(zlg)U{+(jjg>uT

exp (X(1+ (2 = V= 1)/2)%) 1
) (== vz2=42)/2)" (1+O<N))
uniformly in z from any compact subset of (C U {o0}) \ [-2,2]. Let

z € C\ [-2,2] and = = z(2) be the root of the equation z + z~! = 2
satisfying |z| < 1 so that

r=uxz(z)=(z— V2> —4)/2

where z — k(z) = /22 — 4 is, by definition, a univalent analytic func-
tion in C\ [—2, 2] satisfying £?(z) = 2% — 4 and k(t) > 0 for ¢t > 2.

For every r € (0,1) the inequality |z(z)| < r defines the exterior
domain FE, of an ellipse with the focal points —2,2. Thus for z € E,
we obviously have

z(2)| = [(z — V22 —4) /2| <r <1,

and
R((z — V22 —4/2)%) <r?/4 < 1/4.
Note that for every r € (0,1)
1

min |z|=7r""—r
|lz(2)|=r
which for z € E, implies
1
[EEEETE
1
3.28 = =z —z(2)] < |z|+ 1 < (1+ 2] Y2
N FTE]
< (1 .
- ( +7‘—1—r>‘z|
Further, for z € E,(0 < r < 1) we can write

2 —2|
= |(2(x) = 1) + (27 (2) = 1) | = 2fa(2) — U}27 () — 1]
=2lz(2)| 71— 2(2)]* = 2r 1 — ()" > 2071 — v

2(7,—1/2 1/2)2,

(3.29)
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and analogously
|2+ 2| > 2(r7 Y2 — p1/2)2,
This implies that the function

L _9 1/4 L9 1/4
‘(z+2) +(z—2)

is bounded above on E,. by a constant depending on r € (0,1). Com-
bining these estimates with (3.27) we arrive, for a fixed r € (0,1) and
every z € E,, to

(3.30) [pn (2VIN)|< Ci(r)NTYALN () [2| V.

We set z, = z4/N/(N — 1) and note that, by convexity of C\ E,,
zy € E, if so does z. Hence, applying (3.30) to py_1, we see that for

every z € E,

[pn-1(2VN)|
= |pn-1(an VN = 1)| < Ci(r)(N = 1) ALY () 2|V
= O(r) (14 1/(IV — 1)) N9/ NN () |N-1,

Since (1+ 1/(N — 1))(2]\]_3)/4 — e/2 as N — oo we conclude that

(3.31) [pno1 (2VN) | < Co(r)(N) ALY ()] 2] N

For every r € (0,1) the inequality

Sz>rt—p

implies
lz(2)| < r.
Indeed, if 2(z) = |z(2)]e® with some real b then
Sz = C‘( 1(2) + x(z )) = (|x(z)|_1 — |z(2)]) sinb > rt—r,

proving our claim (we used that |z(z)] < 1, &z > 0 and, as a con-
sequence, sinb > 0). Now the assertion of the lemma follows from

(3.30),(3.31). O

Lemma 4. For every > 0 and a certain constant C(3), M () the
inequality

(3.32)

INT' Ky (21,20, N7Y| < C(ONT MY (B)2VT(N)S(20)) ™ (3(22)) Y,

holds for every zi, zo with Sz; > [ and Rz; > Sz; (1 = 1,2).
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Proof. Let
1

L'(p)

be the gamma density [6] with parameters a > 0, p > 0, Furthermore,
let Rz > Sz >0 and P >0, N > 1 be integers. Then

(3.33)

/OO |z + 6‘2P67N8%(z+9)2/2d9
0

a’zP e ™ p > 0,2 >0,

fap(x) =

o0

:/ |§+Z-%Z|2P6—N§R(§+i%z)2/2d€ S/ |€+,L~%Z|2P6—N§R(§+i%z)2/2d§
Rz

:/ (€ 4 (S2))Pe ME e

= NO / (€ + (32)Pe N2
< (% ) 1 N(\yz)22PN (P+1)
09+ (@222 M (€4 (327 2)

_ \SZ) 1 N(\sz)22PN (P+1)/ 77Pe—nd77
N(S2)2

Sz

o0

z)_1eN(%z)22PN—(P+1)F(p +1) / f1,P(77)d7]

N(S2)2
_ (%z)—16N(%z)22PN—(P+1)F(P + 1)6—N(%z)

I
%

2

[N(S2)%]"
TR T)

where we used a known formula ([6], p.11) while integrating f; p.
If [Sz] > B then N(S2)? > 1 for N > 372, and the above bound

gives
(334) / Iz + 0|2P€—N%(z+0)2/2d0 S 62PN_1F<P + 1)(%(2))2P—1
0

In particular for P = N — 1 and P = N we have

(335) / ’z+9‘2(N 1 —NR(2+06)? /2d9 <€2N lN 1F(N)( (Z))ZN 3
0
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and
(336) / |Z + 9’2N€—N§R(2+9)2/2d9 < 62NF(N)(%(Z))2N_1
0

In view of (3.21), (3.22) we see that for Sz >

(3.37)
’N_lkN (Zl, 29, N_1)|

= |IN"V2Kn(V N2, VN 2))|
/oo (@N(\/Nzl + T)QDN71<\/NZQ + 7')

0

— (2N)71/2

+ onv_1(VNz 4+ 7)on (VNz + 7))dr

—9-1/2

/OOO (@N(\/ﬁ(zl + 9))<PN—1(\/N(Z2 +0))
T o (VN (21 + ) (VN (22 + 0)))d9‘

< CQ(ﬂ)N_l/QMQN_l /OO<|21 + 9|N€—N§R(z1+9)2/4|22 + 0|N—16—N§R(zz+9)2/4
0

+ [z 4 O LT VRO 5y 4 gV e NRE /1) g

S CQ(/B)N_I/QMQN_I

[(/oo I + 0|2N6—N§R(Z1+0)2/2d6 /°° 2+ 0|2(N 1) o~ NR(22+6) /Qde
0 0

. (/oo|21 +9|2(N—1)6—N§R(z1+0)2/2 /oo(|z +0|2N —NR(22+0) /2d0> :|
0 0

— CQ(ﬂ)]Vfl/QMZNfl

|:(/oo|z +9|2N —NR(z1+6) /2d0/ ’22+9|2 —NR(z2+6) /2d0>
0

+ (/OO |Z1 + 6‘2(N1)€N§R(z1+9)2/2/ |2’2 + 0|2N€N§R(z2+9)2/2d9) :| .
0 0

Combining this bound with (3.36) and (3.35) we find that for Sz >
(3.39) |N_1KN(Z1,Z2,N_1)|
< R () N MY VT (NS (1) N (3 (22)

which proves the lemma. O
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Corollary 3. Let a < 2, A > 0 be positive numbers. Then there exist
such C(a, A) and Ny = No(a, A) that for every natural N > Ny and
real u € (0,2 — o, t1,ty € [—uA,uA|, and H > Hpgy,| we have
INT Ry ((u+ 61 /N)A(H), (u+ to/N)d(H), N7

< Cla, ANT32M ()N 12NT(N)H?N

Proof. Let Ny > A. It is clear from 3.9 and 3.10 that Rd(H) > Sd(H).
We set z; = (u+t;/N)d(H), (i = 1,2) and observe that Rz; > Jz; and

V1+H?2 -1 < H
2 -2
Then we see for N > Ny and ¢ = 1, 2 that

VIt HZ -1
2

(3.39)

S(zi) < u(l+(A/N)) < (1+(A/N)H

and
S(z)N < oA HY
Then by Lemma 4
INTL Ry ((u + 1 /N)A(H), (u+ ta/N)d(H), N7)
< Ca, ANT32M ()N 12NT(N)H?N.
O

Proof of Theorem 1. As explained in Section 1 we need to show that
(3. 40

. GUE 1/((1—ihv/2Z/N)N) 131 tn dh

. 1 det(SIHW(ti — t]))

N—oo /27 7T(t7, — t])

uniformly in w,t,...,t, subject to the conditions formulated in the
the statement of the Theorem. Throughout the proof we will assume
these conditions satisfied and omit the arguments of RGU when-
ever this is possible. The existence of the integral in the left hand
side of the last relation will be a consequence of our estimates. Note

ij=1

that RSIJ{,E’S(—ul, ey —Up) = RiIJ{,E’S(ul, oy Uy) since Ky (—uqy, —us)
= Ky(uy,uz). The latter property holds because gy, and @or 1 are, re-
spectively, even and odd for every k = 0, 1,.... In view of this property

it suffices to prove (3.40) for u > 0 only. Observe that for real h
On2(—h) = on2(h)
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and

RGUE J1/((1+ihV/2/N)N) RGUE,l/(u—z‘h\/i/N)N)
n,N n,N )

which shows that (3.40) can be established if we prove

1 [e.9]
Nl / R(gwe () RGN
0

(Nuw(
sinm(t; — tj))”

(3.41) '
— det(
N—oo 24/27 m(ti —t;)

ij=1

It follows from the central limit theorem for densities that

(3.42) /0 " R(owe(h)dh — 2\/1%.

Here ¢n2(+) is a prelimiting characteristic function and 1/2+/27 is half
the value of the limiting standard Gaussian density at 0. Thus, to prove
(3.41) it suffices to check the following relation

1 o0
n/ R (2 (1) RS REUE 1/((14ih/2/N)N ))dh
w)™ Jo

(Nw(
I | ”%<¢Nz<h>>dh
J=1 0_) .

under the same uniformity constraints as above.

Let, for a given a € (0,2), 5 = #(«) be a number existing according
to Lemma 2. Let € > 0 be a positive number, and § = 6(¢) € (0, 3) be
small enough to ensure

(3.44)

Glet(Sin(( tﬁd(H))) _det<sin7r(ti—tj))"

(t; = t;)d(H) m(ti —t;)

< eV2/m

i,7=1 i,7=1
for all v € [-2 + «,2 — a], |H| < Hj), and ty,...,t, satisfying
[t1] < Alul, ..., |ta] < Alu|. Such §(€) exists because of continuity of
the sin —kernel and the Lipschitz property at 0 of the function d(-)
(recall that d(0) = 1 and d(-) is smooth at 0). Performing the change
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H = hy/2/N of variable we may write for every § € (0, 3)

(3.45) .

0. N) = s | R (RGP0
— % /0 R (S (NH/ V)RS HIDN) gy
— % /O e R(pwa(NH/V2) R, N apr
+% /H I:/“ (o2 (NH/V2) R TN b
+_C§%%§%;/£Zu (s H VB RO 05800 1

= [1(€a u, N) + 12(€7u7 N) + Ig(E,U, N)
In view of formulas (?7) and (3.4) we have
(3.46) RT(iI]{[E’US(:El, ceyTy) = 0_”/2R§[]{,E’5(0_1/2x1, o )

It follows from (2.6) that

(3.47) R (@1, a) = / RSP vz () du,
0
where
(3.48)
Tmel) = {mﬁsmmr(m/ 2)) e/ exp (- (29)), i 2
e 0,ifu < 0.

Formula (3.46), on the one hand, and formulae (3.47) along with (3.48),
on the other hand, can be used to obtain analytic continuations of
RSIJ{,E"’S(xl, ...,Zy,) in the parameter o to the domain o > 0. Since
these continuations coincide on the real half-line ¢ > 0 they agree for
Ro > 0. Thus we have

(3.49)

RPN (0 ay) = dMH) RSN (wid(H), - wad(H)),
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and we see that

(3.50)
N7 RS IHION (o INL L u ot t, /N
= N7"d(H)["RSY™N (w+ 1 /NYA(H), . .., (u+ t,/N)d(H))|
< nl|d(H)|[" max |[NT'K((u+t;/N)d(H), (u+t;/N)d(H))|

0<i<j<n

n

By Corollary 2 we obtain for every € € (0, 3)

Ly(e,u, N)
N/V2 - Hpg /o
G5 (el A (Hep) /He/u x> (NH/V2)|dH
< (w<u>>nn!C(Oz,A) d"(Heyu) /He/u |<Z5N2(NH/\/§)]dH,
Since
x> (NH/V2)| = (14 H?) /9
and
/00(1 + HY) "W Ya
(3.52) < i +L21)N2/4—1 /000(1 + H?)dH
T 2(1 + L2)N/Ad
we have

s
2(1 + L2)N*/4-1

and with this bound in hands we obtain

(3.53) /OO |pn2(NH/V2)|dH <

€, U —WN/Q\/én a " d”(He/u)
G Rl NS gy e Ay
As
[d(H)| = (1+ H)',
(3.55) w0t Tw(@)] = w(2 =)

and, in view of (3.12),

sup  [d(Ho)| = \/1+2(c/(2 — €)’

UE[—24¢€,2—¢€]
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we conclude from (3.54) that for N > 2

(3.56) L(e,u,N) < Cla,e, A,n)(1+ H2 )N/

We also have by (3.50), (3.39) and (3.8) for every € € (0, 3)

[3(67 u, N)

< ‘]\7/\/§ H!C(Oé, A)nN73n/2Mn(2N71)enNFn(N)
(w(w))"

/ h d"(H)YH?™ |pn2(NH//2)|dH

Hg /o

_ N/\/ﬁn o n pT—3n/2 n(2N—1)enN n
- = Gy Ol AN (N

/OO HQnN(l +H2)(n/4)—(N2/4)dH

Hg

N/V?2
< Y2 o0 a,A nN—3n/2Mn(2N—1)6nNFn N
DR )

/00 (1+H2)(n/4)+nN7(N2/4)dH
Hg/u

Assuming A > 0 and N? — 4nN —n — 2 > 0 we may write

/oo H2nN<1 + Hz)(n/4)—(N2/4)dH
A

< /OO(1+H2)(T7,/4)+TLN(N2/4)(1/2)HdH

(3.58) A

1 o0
_1 / (1 1+ 1) EnN (N -01/2) gy
2 e
2

23

- (N2 —4nN —n —2)(1 + A2)(N2—4nN—n—2)/4’
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which gives for N > Ny(n), together with (3.57), (3.55) and the classi-
cal bound for ['(/V), the relations

(3.59)
I3(e,u, N)

N3

= )"

X(N? —4nN —n —2)7!

TL!C(CK, A)nN73n/2Mn(2Nfl)enNFn(N)
1
(]_ + Hg/u)(N2—4nN—n—2)/4

N—Sn/ZMn(QN—l)enNFn(N)
(1 _|_H§ )(N2—4nN)/4

S C(a7 67 A7 n)
/(2—¢)
exp (c(a,n)Nlog N)

T+ H )08

< Claye, A, n)

The latter expression clearly tends to 0 as N — oo. Note that this
estimate implies that

lim I3(e,u, N) =0

N—oo

uniformly in u and %, ..., t, subject to the conditions of the Theorem.
Due to the bound (3.54) the same conclusion is also valid for I5(e, u, N).

Now we complete the proof by establishing (3.43) which can be
rewritten as

I(u, N) — /0 N §R<det (%—;?)y ngNz(h))dh .

4,j=1

Recall that we again omit the arguments of RiIfVE’l/ M) All bounds and
limit transitions hold to be uniformly with respect to u € [—2+«, 2—a/
and tq, 1o, ..., t, satisfying |t1| < uA,...,|t,| < |u|A. Since

I(u, N) = I(e,u, N) + I(e,u, N) + I3(€,u, N)
and
Ly(e,u, N) — 0, I3(e,u, N) — 0
for every € > 0 as N — o0, we only need to bound

(3:60)  Li(e,u,N)— /Om%<det(m>n ¢Nz(h))dh.

m(t; — ;) ij=1
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Observe that the sequence of functions (|¢y2(-)|) -, where |py2(h)| =
1/(1+ 2h2/N?)N*/* decreases in N. Therefore

N oo
NE /0 dn2(NH/V2)dH
N / on2(h)dh :/ 1/(1+ 202 /NN Hdh

S/Ool/(1+h2/2)dh (1/f)/ 1/(1 + v*)dv
= 71/V2.

(3.61)

Substituting h = NH/+/2 in the integral and taking in view (3.45)
and (3.44), we get from (3.60)

(3.62)

- ﬁ(/Hé/u RS‘IJ\,E’I/((IHH)N) —det(smﬂ(t t])>
~V2\UJo (Nw(u)) (ti — ;)

+det<%); 1 /H ju]¢Nz(NH/\/§)}dH)

/Hé/ GUE 1/ (1+iH)N)
- \/_ (u))”

sm7rti—tjdH ud(H))/w(u))\"
_det( - <)t»(_2~>c(z(H(> - ))>ij1‘¢N2(NH/ Vol
/H§/u

< w(t — 1,)d( t)w(ud<H3>/w<u>)>jjl
et (sm(ﬂ(ti — ;) )"

|on2(NH/V?2)|dH

m(ti — t;)d(H)

|on2(NH/V2)|dH

m(ti—t)  Jiia
N sinm(t; —t;)\" >
+—det(—J) / d2(NH/V2)|dH
V2 m(t; — ;) ij=1 Hé/u‘ vl / )|

= Ji(e,u, N) + Jo(e,u, N) + J3(e,u, N).
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It follows from the determinantal formula (??) and Lemma 2 that

RCUEL/((1+iH)N)

et | NVua)
(3.63) sin(w(t; — t;)d(H)w(ud(H)) fw(u)) \"
N det( (s — b)d(H) )
— 0

uniformly in v € [-2 4+ «,2 — o, |t;| < Aju|(i = 1,...,n) and H €
[—Hsju|, Hs )] Hence, we obtain

Ji(€e,u, N)
RPN sin(w(t; — t;)d(H)w(ud(H))/w(u))\"

= ogHs«:lgI;{é/u (Nw(u))™ B det( m(ti —t;)d(H) )i,j:l
N oo
% /0 on2(NH/V2)dH

\/_ RSIJ{,E’I/((IHH)N)
= (V) s | Rt
sin(ﬂ(ti — tj)d(H)w(Ud(H))/w<u)) !
B det( m(t; —tj)d(H) >i,j_1 Neoo 0.

We also have by (3.53)
J3(€7 u, N)

= %det(%)n /}:u\@vz(NH/\@ﬂdH

sinm(t; —t;)\" TN
< det t. —t. 2 \N2/4-1
m(ti —t;) )iz 2v2(1+ Ha/u)

sinm(t; —t;)\" TN
< det t: —t. 2 N2/4-1
m(ti—t) )i —2v2(1 + HS) 5 o)

— 0.
N—oo

i,j=1

Finally, we see from (3.44) and (3.61)
JQ(E, u, N) <e.

Since € is arbitrary small, this completes the proof.
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