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ABSTRACT. The large-N limit of the eigenvalue correlation func-
tions is examined in the neighborhood of zero for the spectrum of
N x N—Hermitian matrices chosen at random from the Hilbert-
Schmidt sphere of appropriate radius. Dyson’s famous sin7(t; —
to)/m(t1 —t2)-kernel asymptotics is extended to this class of matrix
ensembles.

1. INTRODUCTION

Let Hy be the set of all N x N (complex) Hermitian matrices. Hy
is a real Hilbert space of dimension N? with respect to the bilinear
form (A, B) — trAB. Here trA denotes the trace of a square ma-
trix A = (a;);;—; so that trA = ZZ]\LI a;. The Hilbert space struc-
ture determines the normalized Lebesgue measure [y on Hy satisfying
In(Q) = 1 for every cube Q C Hy with the edges of length 1. By
definition, the standard Gaussian probability measure puy on Hy is
specified by its density

(1.1) gn(A) = %;Nmexp (—% trAz)

with respect to ly. The set H supplied with the measure iy is known
as the Gaussian Unitary Ensemble (GUE).

Let X be arandom N x N Hermitian matrix (that is a random vari-
able taking values in Hy). We consider the eigenvalues Ay, Aa, ..., Ay
of the random matrix X as exchangeable random variables whose joint
distribution is a probability measure Px on RY which is invariant re-
spective to all permutations of the coordinate axes. For every n,1 <
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n < N, we denote by PX 'y the projection of P to R™ induced by
the orthogonal projection of R¥ to its subspace spanned by any n of
the coordinate axes of RY. The probability measure P v on R™ is also
permutation invariant, and represents the joint dlstrlbutlon of n eigen-
values arbitrarily chosen from the whole collection of N eigenvalues of
X. In particular, the measure Pf’(N describes the distribution of a sin-
gle eigenvalue. By definition, the n-point correlation measure pi N of a
random matrix X is a non-normalized measure defined by the relation

N!
1.2 XNy =———PXy.
( ) Pn.N (N—n)' n,N

If the measure p.\ y is absolutely continuous with respect to the Lebesgue
measure on R, its Radon-Nikodym derivative RX ; is called the n-point
correlation function of the random matrix X.

In particular, the measure pf has the total mass N. For a measur-
able set £ C R', the amount p{(E) expresses the expected number of
eigenvalues belonging to E. The corresponding density with respect to
the Lebesgue measure in R!, if it exists, is called the eigenvalue density
or the density of states (sometimes the same names denote as well the
normalized eigenvalue density whose integral over the line equals 1).

Now let Xy be a random N x N matrix from GUE. The classical
results for GUE (valid also for many other ensembles) says that for
Yy = \/LNXN we have
(1.3) Py — W,

N—oo

where the measures converge in the weak sense and W is the standard
Wigner measure on [—2, 2] defined by the density

(1.4) w(z) = 27) 'V (@ —22) ., €R.

In terms of the correlation measures the same relation reads

Ly
(1.5) NPLJJVV Neo w.
For the n—point correlation measures we have a similar relation
Ly,
1.6 N Wx.--x W,
( ) Nn pn N N:)OO n times

which means that the eigenvalues get independent in the limit. How-
ever, the study of finer asymptotics near a point on the diagonal of
[—2,2]™ for n > 2 shows that here the dependence takes a rather spe-
cific form known as a determinantal point process. Observe, that for the
correlation function R 5 of GUE an explicit formula is known for ev-
ery n < N. This formula, along with classical results on the asymptotic
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properties of the Hermite functions, makes it possible to determine the
limit behavior of the n—point correlation function in a properly con-
tracting neighborhood of a point of the form (u,...,u) € (—2,2)". The
following relation holds true for R, x ([4, 3]): for every ty,...,t, € R!

(1.7)

. tl tn
lim ————— RN e —_—
N (Nw(u))”R"’N <u * Nw(u)’ 4 F Nw(u))
— det (sin W(tl — t]))n

m(ti — tj) i.j=1

The right hand side of this relation represents an example of the corre-
lation function of a so-called determinantal (or fermionic) point process
[7] defined by the kernel (t1,t5) — (sinw(t; — t3))/(w(t; — t2)) in this
particular case.

In the present note we are interested in a nondeterminantal ensemble
of random Hermitian matrices known as the fixed trace ensemble. Let

(1.8) Sy ={Ae€Hy: trA>=r%}

be the sphere in Hy of the radius r > 0 centered at the origin. The
sphere S}, carries a unique probability measure v/}, invariant with re-
spect to all orthogonal linear transformations in the space Hy. A well

known result [4, 6] says that the random matrices (Zy)n>1), where Zy

is distributed according to uj‘\{ﬁ, satisfy

1
(1.9) —piN — W

In this note we prove that the correlation functions Rf]]{, have the same
determinantal limit with the kernel (¢,t5) +— sinm(t; — to)/7(t1 — t2)
as the GUE correlation functions. This result may be regarded as
an instance of the measure concentration phenomenon or, in physi-
cists language, Gibbs’ equivalence of ensembles. However, we can not
directly deduce from these concentration ideas the expected determi-
nantal limit with the sin-kernel on the whole interval (—2,2). The goal
can be achieved in the form of a tauberian theorem making use the lo-
cal form of the concentration phenomenon along with the asymptotics
of the Hermite reproducing kernel in the complex plane. This is the
subject of a companion paper [2] by the first two authors. Curiously
enough, the method of the latter paper does not work at 0 while a
much more elementary approach does (with some drawbacks discussed
below), which is the raison d’étre for the present note.
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Thus, here we establish the sin-kernel asymptotics at 0, combining
the concentration idea in the form of well known large deviation esti-
mates with simple scaling transformations.

Note that we are dealing here with a sequence of finite measures
whose total charges tend to infinity. These measures converge to a
locally finite measure in R™. In the paper [2] we prove the uniform
convergence of densities on compact subsets of R™. In the present note
we deal with much weaker topology: this is the convergence of integrals
for every compactly supported continuous function. We conjecture that
in fact near zero we have the uniform convergence of the densities as
well, and this particular role of 0 is a consequence of the techniques
used. Moreover, in the literature the point 0 was sometimes considered
as the most agreeable one to the studying the spectral asymptotics.

Thus, we prove here the following result.

Theorem. Let pZ}(,N be the n—point correlation measure of the eigen-

values for a random matriz uniformly distributed on the sphere S}éﬁ.
Then for every continuous function f on R™ with compact support we
have

]\%im f(Nt1/7r,...,Ntn/ﬂ)p;’l’%ﬁ(dtl X - X dty,)
—00 Rn ’

sinm(t; —t;)\"
= t, ... ty)det| ————22 | dty---dt,.
o 1078 < m(t — 1) ) :

ij=1
Remark 1. Here we give some comments on the statement of Theorem.
Relation (1.10) is the specialization to the case u = 0 of the more
general relation

Jim [ f(Nw(u)(t =), Nw(u)(t, W)X (dty X - x dty,)
—00 Jpn

inm(t; —t;)\"
- f(tl,...,tn)det<m) dty - -dt,,
R™ 7'('(751 - t])
which is expected to be valid for every u € (—2,2). For a quite different

class of ensembles the result of this form is proved in [3] for u from some
symmetric subinterval of (—2,2).

ij=1

Remark 2. Note that the correlation measure pZ%N is absolutely con-

tinuous with respect to the Lebesgue measure if n < N (this follows

from the explicit formula for p:xﬁ: see, for example, [1]). Denote by

RZ%N the corresponding correlation function. Relation (1.10) can be

rewritten in terms of R,’fb’xﬁ, and after the change of the integration
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variables it takes the form

(x/N)" [ fltr,... ,tn)RZ’yﬁ(th/N, ooy Tt/ N)dty, - - dt,
Rn

inm(t; —t;)\"
- f(tl,...,tn)det(m> dty - - dt,,.

N—oo Jgn m(ti —t5) ij=1

2. PROOF

Let Xy be, as above, a random matrix with the standard Gaussian
probability distribution py (GUE) on Hy. We set Ty = trX% and de-
note by ax(-) the probability density of Ty. We call a measure on Hy
orthogonally invariant if it is invariant under every orthogonal linear
transformation in the real Hibert space Hy. The standard Gaussian
probability measure py on Hy (GUE) admits the integral representa-
tion of the form

(2.1) MN:/ y}fow(s)ds,
0

where for every r > 0 v}, is a (unique) orthogonally invariant probabil-
ity measures on the sphere S and ay(-) was introduced above. The
random variable T can be represented as a sum of N? independent
standard Gaussian random variables. Thus, T has the familiar X?VQ
distribution. Observe that

ETy = N? DT% = E(Ty — ETy)? = 3N?.

Lemma 1. Let £ be a random variable with the standard Gaussian
distribution and q € [0,1) be a real number. Then for every real number

t€[-q/2,q/2]

(2.2) Eexp (t(6* — 1)) < exp (%%_qtz)

Proof. 1t is easily seen that for every real t < 1
1

2y
(2.3) FEexp (t&°) = ik
We have
(2.4) log Eexp (€2 — 1) = —f %log(l 9.

Assuming ¢ € [0, ¢/2] we obtain

d 1 —2 2t 2t
—(—t—Zlog1—2t)) =—1— = < ,
dt 2 201—2t) 1-2t " 1—¢q
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which gives for t € [0, < ¢/2] the bound

1 t?
—t— —log(l —2t) < :
5 los( )< 1 .
Combining this inequality with (2.4) gives
1 2
(2.5) Eexp (t(& — 1)) < exp (51—t2)
—q

for t € [0, < ¢q/2].
Quite similarly, setting ¢t = —u for u € [—¢/2, 0], we obtain
log Eexp (u(&* — 1) =log Eexp (t(1 — &)
t2
l—gq
which completes the proof. 0

1
:t—élog(1+2t)§t2<

)

In the sequel we shall need the following result by V.V. Petrov ( a
part of Th.15, Ch.3 in [5]) strengthening the Bernstein inequality.

Lemma 2. Assume that for independent random variables 1y, ..., 0
there exist positive constants gy, ..., gm, T such that

1
Eexpt(ng) < exp <§gkt2> (k=1,...,m)

Jor0<t<T. Set S=>7" n and G=>7", gx. Then
P(S > x) < exp (—2%/(2G))
if 0 < x < GT.

Lemma 3. For every y > 0 we have

(2.6) P(|Tx'?/N — 1| > y) < 2exp (—%).

Proof. Let q € [0,1) be a number to specify later. We apply Lemma 2

..........

standard Gaussian variables. Thus, we set m = N2, S = Ty and
T =q/2. Let y € [0,q/(1 — q)] be a real number. According to Lemma
1 we can take gy = 2/(1—¢q) for k=1,..., N% Then G = 2N?/(1—q).
Finally, we set = N2y and observe that

z < N%q/(1-q) = (2N*/(1 - q))(¢/2) = GT.
Now by Lemma 2 we have

P(Ty — N* > Ny) < exp (=N*y*(1 — q)/4)
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and
P(Ty — N* < =N?y) < exp (—N**(1 — q)/4).
Thus, we established the inequality
In

(2.7) P( =

Settiing now ¢ = y/(1 4 y) in (2.7), we obtain

> y) < 2exp (=N?y*(1—q)/4).

N2 2
P(|Tw/N? = 1] > ) < 2exp <_4(1—Ey))’

which is equivalent to
P{Tn'?/N < /(1 —y)4s } U{Ty'?/N > \/1+y})
N2y2
<200 (~3147)
Then the assertion of the Lemma follows from the relations
P(|Tn'?/N — 1| > y)
= P({Tw'?/N < (1 —y)+} U{TN'?/N > 1 +y})

< P({Tx'?/N < /(1 —y)4+ } U{T¥'?/N > /T +y}).

U

Proof of Theorem. Remind that uy is the distribution of a GUE ran-
dom N x N— matrix Xy. Further, let X% = o0Xy be a multiple of
Xy, and p% be the corresponding distribution (so that Xy = X and
pn = ). We shall denote by pl% and p)"y the correlation measures
for the eigenvalue distributions corresponding to the measures p; and

vy on ‘Hy. The random matrix lev/ VN is distributed according to the
1/VN

measure py which disintegrates in the form
(2.8) ,u%\/ﬁ = Evy TN

The relation (2.8) implies a similar integral relation for the correlation
measures:

1/VN v,A/TN/N
(2.9) o = Ep

Let f be a continuous real-valued function on R™ with a compact sup-
port contained in an Fucidean ball Br of radius R centered at 0, and
let M = sup,cpn |f(2)]. Let us given an € > 0. Since the function f is
uniformly continuous, there exists such ¢’ > 0 that |f(z) — f(y)] < €
whenever |z — y| < ¢’ (here | - | denotes the Euclidean norm ). Set
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d = min(¢’'/(3R),1/2), and let Xf;,lj)\, and st?z)v be the indicators of the
events {|vITn/N — 1| > 6} and {|v/In/N — 1| < 6}. We have

FINty /7, Nt /)N (dty - x dt,)
Rn

—E | f(Nti/m,... Nto/mpoe Y™ty x - x ),

Rn

and we can write

FINt /7, Nt /)N (dty - x dt,)

(2.10) R
=I{ y(0) + Iy (5),
where
(2.11)
v,/ Tn/N
I{N(d) = E/ X((S,l])\f (Ntl/ﬂ',. . .,Ntn/ﬂ')pn’N N/ (dtl X o0 X dtn)’

]RTL
and
(2.12)

N0 =E / Xsx (Nt1/7r,...,Ntn/ﬂ)pZ:VNTN/N(dtl X o x dty).

n

In view of Lemma 3 the summand [ { ~(0) can be estimated as

N!
I{,N<5> < Mmpﬂ\/TN/N— 1/ >4}
N! N25?
<2M-——- —
= (N—n)!eXp( 4(1+5))’
which implies
(2.13) I (6) 0

It follows from relations (2.10), (2.13) and the well-known results for
the GUE (see, for example, [3]) that

(2.14) I y(6) — f(tl,...,tn)det(w> dty - - dt,.

N—oo Jgn m(ti —t5) ij=1
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On the other hand we have

n

I 5 (6) = E/ XA (Nt /7, N fm) e ™ (dty x - x dty,)
=P{[\/Tn/N — 1| < 6} f(Ntl/W,--~,Ntn/7r)pnN (dty x --- x dt,)
Rn
+E</ XE;,ZJ)Vf(Ntl/W, , Nt,/m)p, TN/N(dtl X - X dty)

_Xg?;v/ (F(Nt /7, o Ntw/m)ptXN (dty x - - xdtn)),
Rn

where P(|v/Tn/N — 1| <) o 1 by Lemma 3. Comparing the last

two relations and (2.14), we see  that the conclusion of Theorem holds
whenever

(2.15)
(lsin% limsupF (/ X((;QJ)\, (Nty/x,..., Nty /7)p. X TN/N(dt1 X - X dty)
- N—oo n

X5 /Rn(f(Ntl/w,...,Ntn/ﬁ)pnN (dty x -+ x dtn)) =0.

To complete the proof of Theorem we need a one more lemma. Remind
that Br denotes the ball of the radius R in R™ centered at zero.

Lemma 4. For any R > 0 the sequence (pn‘NF(BR/N)) —1.2,... 18 bounded.

Proof. Let § € (0,1) be a real number and let y be a smooth decreasing
function on [0, 00) such that vy(v) = 1 for v € [0, R) and ~(v) = 0 for
v > (1+0)R. Set p(x) = y(|z|) for x = (1,...,2,) € R™. It follows
from (2.14) and the definition of IQfJV((S) that for every § € (0.1) and
k>0
(2.16)

limsupE/ X((;?J)VSO(ICNH, kNt PN TN/N(dtl X+ X dty) < 00

N—oo Rn

Then, making use of the fact that the function o — @(az, ..., az,)
decreases for a > 0, we have
vVN
P B < [Nt N x - x )
RN
T T
) E fo XS0 (R N, - 5425 Nty ol YN(dty x -+ x dty)

B P({| ¥ — |sa}>
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B o xRNt /(14 0), . Nty /(1 + MNou Nty x - x dty)
N P({|VTn/N = 1] < 6}) '

In the last fraction the numerator is bounded by (2.16) while the de-
nominator tends to 1 by Lemma 3. U

Observe that under the above assumptions about f for every a €
[1—0,1+ 9] and every x € R™ we have

(2.17) |[flax) — f(2)] <e

Indeed, the functions f(-), f(a:) both vanish outside the ball
Bi_sy-1g.- On the orther hand, if at least one of the the relations
f(x) # 0 and f(az) # 0 holds, then |z] < (1 +§)(1 —§)~'R. In
the first case f(ax) = f(x) = 0, while in the second case |ax — x| =
11— allz] <6(1+0)(1—30)'R<35R < §. Now we have

’E</ XS (Nt fm, o Nt m)pXy ™ty x-- x dt,)
—Xg?}v/n(f(zvtl/w,...,Ntn/w)pnN (dty x - -- xdtn))‘
(218) /R X5l F(WTw/N)Nty /7, (\/Ty /N)Nt, /7)

— f(Nty/m,...,Nt, /) ‘p (dt; x -+ x dty,)
<e piXN(Bu—syin) < € pix (Bar).

In view of Lemma 4, this establishes (2.15) and completes the proof. [
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