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Abstract

In the present paper, linearly edge-reinforced random walk is studied on a large
class of one-dimensional periodic graphs satisfying a certain reflection symmetry.
It is shown that the edge-reinforced random walk is recurrent. Estimates for the
position of the random walker are given. The edge-reinforced random walk has
a unique representation as a random walk in a random environment, where the
random environment is given by random weights on the edges. It is shown that
these weights decay exponentially in space. The distribution of the random weights
equals the distribution of the asymptotic proportion of time spent by the edge-
reinforced random walker on the edges of the graph.

The results generalize work of the authors in [MR05c], [Rol06], and [MR05a] to
a large class of graphs and to periodic initial weights with a reflection symmetry. 4

5

1 Introduction

Linearly edge-reinforced random walk (errw) on a locally finite connected graph G =
(V, E) with vertex set V and set of undirected edges E is defined as follows: Initially,
every edge is assigned in a non-random way a strictly positive number as a weight. The
edge-reinforced random walk is a discrete-time nearest-neighbor random walk on G. In
each discrete time step, the random walker jumps from its current location to a nearest-
neighbor point with probability proportional to the weight of the chosen edge. Each time
an edge is traversed, its weight is increased by 1.

The model was introduced by Diaconis in 1986. For the edge-reinforced random walk
on Zd, d ≥ 2, with identical initial weights, many questions are unsolved. For instance, it
is not known whether on Z2 the process returns to its starting point infinitely often with
probability one.

The area of random walks with reinforcement has attracted considerable attention
during the past years. Many different models have been studied. For overviews on the
subject see e.g. [MR06], [Pem01], and [Dav99].
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In the present article, we study the edge-reinforced random walk on a large class of
one-dimensional reflection-symmetric periodic graphs. Special cases are strips of finite
width, i.e. Z × {1, 2, . . . , d} for d ∈ N, and Z × G′ with G′ an arbitrary finite graph.
The initial weights of the edge-reinforced random walk are assumed to be periodic and
reflection-symmetric. As a special case, all initial weights being equal to the same strictly
positive constant b are allowed in all our results.

In [MR05c], it was shown that the edge-reinforced random walk on the ladder Z×{1, 2}
with all initial weights equal to the same constant b > 3/4 is recurrent. For the edge-
reinforced random walk on Z × T with a finite tree T and constant large initial weights,
recurrence was shown in [Rol06]. The present paper generalizes these results: We prove
recurrence, among others, for the edge-reinforced random walk on Z×G′ for any arbitrary
finite graph G′ with constant initial weights b > 0. Our result covers also certain periodic
initial weights.

In [MR05a], a more detailed analysis of the edge-reinforced random walk with large
constant initial weights on N0×{1, 2} and on N0×T with a finite tree T was given. Some
of the results of that paper are generalized below, among others, to the edge-reinforced
random walk with identical initial weights on Z × G′ with an arbitrary finite graph G′.

The techniques used below are different from the methods in [MR05c], [Rol06], and
[MR05a]. To analyze the edge-reinforced random walk on the infinite periodic graph,
we first study the process on finite periodic graphs. On these finite graphs, there is a
known representation of the edge-reinforced random walk as a random walk in a random
environment, given by random weights on the edges. The distribution of the random
environment is explicitly known. In [MR05c], [Rol06], and [MR05a], this random environ-
ment was studied using a transfer operator method, which was technically quite involved
due to the complicated dependence structure of the random environment. In the present
paper, we pursue a different approach: we study a symmetric interpolation of the ran-
dom environments for two different starting points using a deformation argument. One
advantage of this new approach is that we do not need the sophisticated bounds for the
density of the random environment from [MR05c] and [Rol06]. Another advantage of the
current approach is that it needs only a few existing results about the edge-reinforced
random walk: The explicit form of the distribution of the random environment is used,
but only some simple calculations have to be performed with it. Furthermore, we use a
tail estimate from [MR05d] for quotients of the random weights constituting the random
environment.

The method we present below, is quite flexible. A more complicated variation of the
argument was used in [MR05b] to prove results for the edge-reinforced random walk on Z2

with constant initial weights. There, some decay properties of the random environment
are derived and estimates for some hitting probabilities of the edge-reinforced random
walk are presented.
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2 Main results

2.1 Definition of the underlying graph

Let G = (V, E) be a connected, undirected, locally finite graph without direct loops. In
the following, we assume that there is a free group action Γ : Z × V → V of the group
(Z, +) by automorphisms of G. Furthermore, we assume that the group action Γ has only
finitely many orbits. In more concrete terms, G can be described – up to isomorphism –
as follows:

(G1) Let W be a finite set and define the vertex set V = Z × W .

Thus, the vertex set V consists of infinitely many copies of W . Intuitively speaking, W
labels the finitely many orbits.

(G2) Take a finite set E ⊂ W×W×Z such that for all (u, w, z) ∈ E , one has (w, u,−z) ∈ E ,
and define the set of edges

E = {{(i, u), (z + i, w)} : (u, w, z) ∈ E , i ∈ Z}. (2.1)

(G3) Define the graph G = (V, E).

The group action Γ : Z×V → V is then given by Γ(z, (i, u)) = (z + i, u). Define the level
of (i, w) ∈ V to be i and write level(i, w) = i. The set of vertices on level 0 forms a set of
representatives for the orbits of the group action Γ.

The condition (G2) guarantees that the i-th copy of u in V is connected to the (z+i)-th
copy of w in V if and only if (u, w, z) ∈ E . The only reason why we require (u, w, z) ∈ E
iff (w, u,−z) ∈ E is to simplify the notation. Because of (G2), G is periodic. It is
automatically undirected and locally finite. But we need to assume that

(G4) G is connected and has no direct loops (i.e. for all w ∈ W , (w, w, 0) /∈ E).

Fix a vertex 0 ∈ V on level 0; it will be the starting point of the edge-reinforced random
walk. In addition to the above, we assume that the graph G has the following reflection
symmetry:

(G5) For all i ∈ Z, there are w ∈ W and an automorphism φ of the graph G that
exchanges 0 and (i, w).

2.2 Definition of the edge-reinforced random walk

Initially, every edge of the graph G is assigned a weight in the following reflection-
symmetric way:

(A1) For every (u, w, z) ∈ E , let a(u, w, z) > 0 be such that a(u, w, z) = a(w, u,−z), and
define the initial weight of the edges ei = {(i, u), (z + i, w)} by aei

:= a(u, w, z) for
every i ∈ Z.
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(A2) Assume that for all i ∈ Z, there is an automorphism φ as in (G5) such that a{u,u′} =
a{φ(u),φ(u′)} for all {u, u′} ∈ E.

Thus, the weights (ae)e∈E may be non-constant, but they are assumed to be periodic with
some symmetry property.

The edge-reinforced random walk on G with initial weights a = (ae)e∈E ∈ (0,∞)E,
starting in 0 is a stochastic process (Xt)t∈N0 with law P = P G

0,a satisfying the following
properties:

P [X0 = 0] = 1, (2.2)

P [Xt+1 = v|X0, . . . , Xt] =
w{Xt,v}(t)
∑

e∋Xt
we(t)

1{Xt,v}∈E (2.3)

for t ∈ N0 and v ∈ V , where

we(t) = ae +

t−1
∑

s=0

1{Xs,Xs+1}=e (2.4)

denotes the weight of the edge e ∈ E at time t. We realize Xt as canonical projection to
the t-th coordinate on the set of admissible paths ⊆ V N0 .

2.3 Special graphs

Let us give some examples for W and E such that the graph G = (V, E) defined by
(G1)–(G3) satisfies (G4) and (G5):

(a) For W = {1} and E = {(1, 1, 1), (1, 1,−1)}, (Xt)t∈N0 is a nearest-neighbor edge-
reinforced random walk on Z. This process is well-understood.

(b) For W = {1} and E = {(1, 1, i) : i ∈ I} with some finite set I = −I ⊂ Z \ {0} with
|I| ≥ 4, (Xt)t∈N0 is an edge-reinforced random walk on Z with bounded jumps. To
our knowledge, this process has not been studied before.

(c) Let G′ = (W, E ′) be a finite connected undirected graph with vertex set W and
edge set E ′. Assume that G′ has no direct loops. We denote the graph G defined by
(G1)–(G3) with E = {(w, w, 1), (w, w,−1) : w ∈ W} ∪ {(u, w, 0) : {u, w} ∈ E ′} by
Z × G′. If G′ consists of the vertices 1 and 2 and the edge {1, 2} connecting them,
then, Z×G′ is just the ladder graph; we denote it by Z×{1, 2}. If G′ is the line graph
with vertex set W = {1, . . . , d} and set of edges E ′ = {{i, i+1} : i = 1, 2, . . . , d−1}},
then Z × G′ is a d-level ladder.

In the above examples, any constant initial weights satisfy the conditions (A1) and
(A2).



ERRW on periodic graphs 5

2.4 Results

Throughout this section, we assume that the graph G and the initial weights a satisfy
(G1)–(G5), (A1), and (A2).

We call the edge-reinforced random walk recurrent if almost all its paths visit all vertices
infinitely often. Although (Xt)t∈N0 is not a Markov chain, it was shown in [MR05d] that
the edge-reinforced random walk is recurrent iff it returns to the starting point at least
once with probability one.

Theorem 2.1 (Recurrence) The edge-reinforced random walk on G with periodic initial
weights is recurrent.

This fact for edge-reinforced random walk is similar to the behavior of simple random
walk on G. However, the qualitative behavior of the edge-reinforced random walk differs
considerably from the behavior of ordinary random walk. For example, the edge-reinforced
random walk is much more localized. This is stated formally in the following theorem:

For v = (i, w) ∈ V , set |v| := |i|.

Theorem 2.2 (Estimates for the position of the random walk) For the edge-rein-
forced random walk on G with periodic initial weights a, there exist strictly positive con-
stants c1 = c1(G, a), c2 = c2(G, a), and c3 = c3(G, a) such that the following estimates
hold:

(a) For all times t ∈ N0 and all vertices v ∈ V , one has

P [Xt = v] ≤ c1e
−c2|v|. (2.5)

(b) As a consequence, one has

P

[

max
0≤s≤t

|Xs| ≤ c3 log t for all but finitely many t

]

= 1. (2.6)

Here is another difference between ordinary random walks and edge-reinforced random
walks: For simple random walk, the probability to reach a vertex v far away from the
starting point 0 before returning to 0 behaves roughly like const/|v|. On the other hand,
for edge-reinforced random walk, the corresponding probability decays at least exponen-
tially as |v| → ∞, as the following theorem shows:

Theorem 2.3 (Hitting probabilities) Consider the edge-reinforced random walk on G
with periodic initial weights a. For v ∈ V , let τv := inf{t ≥ 1 : Xt = v} denote the first
time ≥ 1 when the random walker visits the vertex v. For all v ∈ V , the probability that
the edge-reinforced random walker visits v before it returns to its starting point 0 satisfies
the bound

P [τv < τ0] ≤ c1e
−c2|v| (2.7)

with the same constants c1 > 0 and c2 > 0 as in Theorem 2.2.
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In [MR05d], it is shown that the edge-reinforced random walk on any graph with
arbitrary initial weights has the same distribution as a mixture of reversible Markov
chains. For the periodic graphs defined above with periodic initial weights, we can say
more: Denote by Ω := (0,∞)E the set of strictly positive edge weights for the graph G.
For x = (xe)e∈E ∈ Ω, set

xv :=
∑

e∋v

xe. (2.8)

Let Q0,x be the distribution of the Markovian nearest-neighbor random walk on G induced
by the weights x, starting at 0. More precisely,

Q0,x[X0 = 0] = 1, (2.9)

Q0,x[Xt+1 = v|X0, . . . , Xt] =
x{Xt,v}

xXt

1{Xt,v}∈E (2.10)

for t ∈ N0 and v ∈ V .

Theorem 2.4 (Unique mixture of positive-recurrent Markov chains) The edge-
reinforced random walk on G with periodic initial weights is a unique mixture of positive
recurrent Markov chains: There exists a probability measure Q := QG

0,a on Ω such that

P [A] =

∫

Ω

Q0,x[A] Q(dx) (2.11)

holds for any event A ⊆ V N0 of admissible paths. Furthermore, for Q-almost all x ∈ Ω,
the Markov chain with distribution Q0,x is positive recurrent.

If one imposes additionally either the normalization condition
∑

e∈E xe = 1 Q-almost
surely or xe0 = 1 Q-almost surely for some fixed reference edge e0 ∈ E, the measure Q is
unique.

By Theorem 2.4, the edge-reinforced random walk has the same distribution as a
random walk in a random environment, given by random time-independent weights on
the edges. Furthermore,

∑

u∈V xu < ∞ for Q-almost all x ∈ Ω. Hence, v 7→ xv/(
∑

u∈V xu)
is the probability function of a reversible probability measure for the Markovian random
walk induced by the edge weights (xe)e∈E . As the following theorem shows, the xv decay
almost surely exponentially in space.

Theorem 2.5 (Exponential decay of the random weights) There exists a constant
c4 = c4(G, a) > 0 such that for any mixing measure Q from Theorem 2.4, for Q-almost
all x ∈ Ω, the bound

xv ≤ x0 exp(−c4|v|) (2.12)

holds for all but finitely many vertices v ∈ V .
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Since xe ≤ xv for e ∈ v, Theorem 2.5 provides a bound for the edge weights xe, e ∈ E.
The distribution Q can be obtained from the edge-reinforced random walk in the follow-

ing way: Let ke(t) := we(t) − ae denote the number of times the edge-reinforced random
walker traverses the edge e up to time t.

Theorem 2.6 (Recovering the random environment) For the edge-reinforced ran-
dom walk on G with periodic initial weights, the limit

(

lim
t→∞

ke(t)/t
)

e∈E
(2.13)

of the proportions of time spent on the edges of the graph G exists P -almost surely. Its
distribution is the mixing measure Q normalized in such a way that it is supported on
{(xe)e∈E ∈ Ω :

∑

e∈E xe = 1}.

Note that as a consequence of Theorems 2.6 and 2.4 the limit in (2.13) is almost surely
positive. This was not known before for some of the models in Section 2.3 (b) and (c).

Combining Theorems 2.6 and 2.5, we get an upper bound on the asymptotic proportions
of time spent on the vertices of the graph G. The bound c4 for the decay rate in (2.12)
can be described explicitly: For a = (ae)e∈E, set

α = α(a) :=max
v∈V

av + 1

2
, (2.14)

where av :=
∑

e∋v ae. Since the initial weights a are periodic, α is finite. The local range
of E is defined to be

R := max{|z| : (u, w, z) ∈ E}. (2.15)

It measures how much the level of two vertices can at most differ if they are connected
by an edge. Using this notation, in Theorem 2.5 we can choose

c4 = (96|W |R2α)−1. (2.16)

Note that c4 is a decreasing function of the initial weights a = (ae)e∈E .

How this paper is organized
In Section 3, we introduce finite periodic analogues G(N) of the graph G. It is well-

known that the edge-reinforced random walk on G(N) has the same distribution as a
mixture of the Markov chains Q0,x with an explicitly known mixing measure Q

(N)
0 . The

core argument consists in proving bounds for the random weights xv, v ∈ V (N), when
(xe)e∈E(N) is distributed according to Q

(N)
0 . The bounds are uniform in the size N of the

graph G(N). The proofs of essentially all other results use these estimates. To bound the
xv, v ∈ V (N), in Section 4, we consider some symmetric interpolation P

(N)
0,ℓ of the mixing

measures Q
(N)
0 and Q

(N)
ℓ for the edge-reinforced random walk with starting points 0 and ℓ,

respectively. In Section 5, we extend the bound for the xv to a mixing measure Q for the
edge-reinforced random walk on the infinite graph G. Then, we deduce the uniqueness of
Q and give proofs of the main results.
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3 Results for errw on finite periodic graphs

For N ∈ N with N ≥ R, we define a finite periodic analogue G(N) = (V (N), E(N)) of G by

V (N) =(Z/NZ) × W and (3.1)

E(N) ={{(i mod N, u), ((z + i) mod N, w)} : (u, w, z) ∈ E , i ∈ Z}. (3.2)

The edges of G(N) are assigned periodic weights in analogy to (A1):

(A′) The weight of the edges ei = {(i mod N, u), (z + i mod N, w)} is defined by aei
:=

a(u, w, z) for every i mod N ∈ Z/NZ.

In this section, we state results for the edge-reinforced random walk on G(N), starting
in 0, with initial weights defined by (A′). The results will be used in Section 4 to prove
the theorems about the edge-reinforced random walk on the infinite graph G.

For a vertex v = (i mod N, w) ∈ V (N) with i being the unique representative of
i mod N in the interval [⌊N/2⌋ − N + 1, ⌊N/2⌋], we define |v| := |i|.

Pick a reference edge e0 ∈ E(N) adjacent to the starting vertex 0. We endow the set
Ω(N) := (0,∞)E(N)

of edge weights for G(N) with the reference measure ρ = ρ(N) defined
by

ρ(dx) = δ1(dxe0)
∏

e∈E(N)\{e0}

dxe

xe
, (3.3)

where δ1 denotes the Dirac measure on (0,∞) with unit mass at 1. Let T (N) be the set
of all spanning trees of G(N), viewed as subsets of the set of edges E(N). For v0 ∈ V (N)

and initial weights a = (ae)e∈E(N) given by (A′), define Q
(N)
v0 = Q

(N)
v0,a to be the probability

measure on Ω(N) with the following density with respect to ρ:

dQ
(N)
v0

dρ
(x) =

1

z
(N)
v0

∏

e∈E(N)

xae
e

x
av0/2
v0

∏

v∈V (N)\{v0}

x
(av+1)/2
v

√

∑

T∈T (N)

∏

e∈T

xe (3.4)

with some normalizing constant z
(N)
v0 > 0. It follows from Fact 3.1 below that Q

(N)
v0 is

indeed a well-defined probability measure.
For v0 ∈ V and x ∈ Ω(N), define Qv0,x in analogy to (2.9) and (2.10) by just replacing

the starting point 0 by v0 and the underlying graph G by G(N).

Fact 3.1 (Lemma A.1 of [MR05b]) The edge-reinforced random walk on G(N), start-
ing at v0, with the initial weights a is a mixture of the Markovian random walks Qv0,x. If
we normalize the edge weights in such a way that the reference edge e0 gets weight 1, then
the unique mixing measure is the measure Q

(N)
v0 .



ERRW on periodic graphs 9

The key estimate of this paper is a bound for xv, v ∈ V (N), if the random weights
(xe)e∈E(N) are distributed according to Q

(N)
0 . First, we bound E

Q
(N)
0

[

(xℓ/x0)
1/4
]

for ver-

tices ℓ that can be exchanged with 0 without changing the structure of the weighted
graph. The conditions (G5) and (A2) guarantee the existence of at least one such vertex
ℓ per level. Recall the definition (2.15) of the local range R.

Theorem 3.2 Let N ≥ 6R and let ℓ ∈ V (N) be a vertex with |ℓ| ≥ 3R such that there
exists an automorphism of the weighted graph G(N) that interchanges 0 and ℓ. Then, with
the constant c4 > 0 from (2.16) and c5 = exp(c4R), one has

E
Q

(N)
0

[

(

xℓ

x0

)1/4
]

≤ c5 exp(−c4|ℓ|). (3.5)

The following theorem shows that with probability exponentially close to one, xv/x0

gets exponentially small in |v|. Here, it is not required that there exists an automorphism
that interchanges 0 and v.

Theorem 3.3 Let c4 be as in (2.16). There are constants c6 = c6(G, a) > 0 and c7 =
c7(G, a) > 0 such that for all N ≥ 6R and for all v ∈ V (N) with |v| ≥ 3R, the following
bound holds:

Q
(N)
0

[

xv

x0
≥ e−c4|v|

]

≤ c6e
−c7|v|. (3.6)

4 Analyzing the random environment for finite graphs

In this section, we prove Theorems 3.2 and 3.3, the key bounds for the quotients xv/x0

in the random environment for the edge-reinforced random walk on G(N). The hard work
consists in proving Theorem 3.2.

Before starting formally with the proof, let us explain the physical idea behind it: We
are interested in an upper bound for

Z
(N)
0,ℓ = E

Q
(N)
0

[

(

xℓ

x0

)1/4
]

((4.46), below). (4.1)

Let us interpret this expression as a partition sum Z
(N)
0,ℓ = E

Q
(N)
0

[exp(βH)] with Hamilto-

nian

−H = − log
xℓ

x0
(4.2)

at temperature 1/β = 4. We introduce the thermal measure (Gibbs measure)

dP
(N)
0,ℓ =

eβH

Z
(N)
0,ℓ

dQ
(N)
0 ((4.14), below). (4.3)
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The main reason to consider P
(N)
0,ℓ is its symmetry for exchanging 0 ↔ ℓ which implies

E
P
(N)
0,ℓ

[

log
xℓ

x0

]

= 0 ((4.49), below); (4.4)

this symmetry is also the reason to consider the expectation of (xℓ/x0)
1/4. We can reverse

the roles of the original measure Q
(N)
0 and the Gibbs measure P

(N)
0,ℓ , writing

dQ
(N)
0 = Z

(N)
0,ℓ e−βH dP

(N)
0,ℓ . (4.5)

Thermodynamics motivates us to write

free energy = internal energy − temperature · entropy, (4.6)

i.e.

−
1

β
log

1

Z
(N)
0,ℓ

= E
Q

(N)
0

[H ] +
1

β
E

Q
(N)
0

[

log
dQ

(N)
0

dP
(N)
0,ℓ

]

. (4.7)

By the variational principle for free energies, the functional

Π 7→ EΠ[H ] +
1

β
EΠ

[

log
dΠ

dP
(N)
0,ℓ

]

(4.8)

is minimized for Π = Q
(N)
0 . We choose a probability measure Π = Πγ reasonably close to

Q
(N)
0 such that one can express EΠγ

[H ] = γ and estimate

EΠγ

[

log
dΠγ

dP
(N)
0,ℓ

]

≤
c8γ

2

l
((4.26), below) (4.9)

with some constant c8; the measure Πγ is obtained by a deformation of P
(N)
0,ℓ that tries to

mimic Q
(N)
0 . This yields the upper bound

1

β
log Z

(N)
0,ℓ ≤ EΠγ

[H ] +
1

β
EΠγ

[

log
dΠγ

dP
(N)
0,ℓ

]

≤ γ +
c8γ

2

βl
((4.52) below). (4.10)

Here, the energy term EΠγ
[H ] is linear in the deformation parameter γ, while the entropy

term (the second summand in (4.10)) is quadratically bounded in γ and arbitrarily small
as l gets large. Thus, for negative γ close to zero, the linear term dominates. Optimizing
over γ yields our upper bound for Z

(N)
0,ℓ .

Altogether, these ideas yield below the proof of Theorem 3.2. Finally, Theorem 3.3 is
deduced from Theorem 3.2 and some tail estimates for quotients of weights xe/xe′.
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4.1 Deforming the random environment

Throughout this section, we fix

(D1) a deformation parameter γ ∈ R,

(D2) a size N ∈ N with N ≥ 6R, and

(D3) a vertex ℓ ∈ V (N) with |ℓ| ≥ 3R. We assume that there exists an automorphism of
the weighted graph G(N) that interchanges ℓ and the starting point 0.

There exists at least one vertex ℓ per level satisfying (D3) because of the assumptions
(G5) and (A2). Set

l := |ℓ| − R ≥ 2R. (4.11)

We define a probability measure P
(N)
0,ℓ on Ω(N) which interpolates between the random

environments Q
(N)
0 and Q

(N)
ℓ for the edge-reinforced random walk on G(N), starting in the

vertices 0 and ℓ, respectively: Define P
(N)
0,ℓ to have the following density with respect to

the reference measure ρ:

dP
(N)
0,ℓ

dρ
:=

1

Z
(N)
0,ℓ

(

dQ
(N)
0

dρ

)1/2(

dQ
(N)
ℓ

dρ

)1/2

(4.12)

with the normalizing constant

Z
(N)
0,ℓ :=

∫

Ω(N)

(

dQ
(N)
0

dρ

)1/2(

dQ
(N)
ℓ

dρ

)1/2

dρ. (4.13)

Note that Z
(N)
0,ℓ is finite by Hölder’s inequality. Since by (D3) there is an automorphism

of the weighted graph G(N) which interchanges 0 and ℓ, the normalizing constants for the
densities of Q

(N)
0 and Q

(N)
ℓ in (3.4) agree: z

(N)
0 = z

(N)
ℓ . Using this fact together with (3.4),

one sees that P
(N)
0,ℓ is absolutely continuous with respect to Q

(N)
0 with

dP
(N)
0,ℓ

dQ
(N)
0

=
1

Z
(N)
0,ℓ

(

xℓ

x0

)1/4

(4.14)

and P
(N)
0,ℓ is absolutely continuous with respect to ρ with

dP
(N)
0,ℓ

dρ
(x) =

1

z
(N)
0 Z

(N)
0,ℓ

(

∏

e∈E(N)

xae
e

)

√

∑

T∈T (N)

∏

e∈T

xe

x
a0/2+1/4
0 x

aℓ/2+1/4
ℓ

∏

v∈V (N)\{0,ℓ}

x
(av+1)/2
v

. (4.15)

Next, we define a deformation map Ξγ on Ω(N): For e = {u, v}, set |e| := min{|u|, |v|}.
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Definition 4.1 (Deformation map) For any edge e ∈ E(N), we define

De = De,l :=

{

|e|/l if 0 ≤ |e| ≤ l,
1 if |e| ≥ l + 1.

(4.16)

Furthermore, we define the deformation map Ξγ = Ξ
(N)
γ,l : Ω(N) → Ω(N) by

Ξγ(x) =
(

eγDexe

)

e∈E(N) . (4.17)

The map Ξγ leaves the weights of the edges at level 0 unchanged, whereas it multiplies
the weights of the edges e with |e| ≥ l by eγ. This has the following consequences:

Lemma 4.2 (Properties of the deformation map) (a) One has

xu ◦ Ξγ = xu for any vertex u with |u| = 0 and (4.18)

xv ◦ Ξγ = eγxv for any vertex v with |v| = l + R. (4.19)

(b) The reference measure ρ is invariant with respect to Ξγ.

Proof. Let u be a vertex with |u| = 0. Then, for any e ∋ u, we have |e| = 0 and
consequently, (Ξγ(x))e = xe. Hence,

xu ◦ Ξγ =
∑

e∋u

(Ξγ(x))e =
∑

e∋u

xe = xu. (4.20)

Let v be a vertex with |v| = l + R. By the definitions of the edge set E(N) and the local
range R, any e ∋ v satisfies |e| ≥ |v| − R = l. Since De = 1 for all these edges,

xv ◦ Ξγ =
∑

e∋v

(Ξγ(x))e =
∑

e∋v

eγxe = eγxv. (4.21)

This completes the proof of part (a).
To prove part (b), recall that by assumption 0 ∈ e0. Hence, |e0| = 0 and (Ξγ(x))e0 =

xe0 . Thus, the coordinate xe0 remains unchanged under the map Ξγ . All other components
xe are multiplied under Ξγ by the factor eγDe which depends on e, but not on x. Such
transformations leave the measure ρ invariant.

Definition 4.3 (Deformed measure) We define the deformed measure Πγ = Π
(N)
γ,0,ℓ to

be the image measure of P = P
(N)
0,ℓ under the map Ξ

(N)
γ,l :

Πγ := ΞγP. (4.22)

Lemma 4.4 The measure Πγ is absolutely continuous with respect to P with the Radon-
Nikodym derivative

dΠγ

dP
=

(

dP

dρ
◦ [Ξγ ]

−1

)

·

(

dP

dρ

)−1

. (4.23)
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Proof. By (4.15), P is absolutely continuous with respect to ρ with a Radon-Nikodym
derivative which is strictly positive everywhere on Ω(N). Note that the deformation map
Ξγ is invertible. Since the reference measure ρ is invariant under Ξγ by Lemma 4.2(b),
we obtain

dΠγ

dρ
=

d(ΞγP)

d(Ξγρ)
=

dP

dρ
◦ [Ξγ]

−1 . (4.24)

The claim follows by dividing the last identity by the strictly positive Radon-Nikodym
derivative dP/dρ.

A key estimate in the proof of Theorem 3.2 is the following entropy bound:

Proposition 4.5 (Entropy bound) Set

c8 = c8(G, a) := 3|W |R2α/2 (4.25)

with α defined in (2.14). Under the assumptions (D1)–(D3), the following entropy bound
holds:

E
Π

(N)
γ,0,ℓ

[

log
dΠ

(N)
γ,0,ℓ

dP
(N)
0,ℓ

]

≤
c8γ

2

l
(4.26)

with l = |ℓ| − R.

When proving Proposition 4.5, the following notations will be useful: For v ∈ V (N), we
denote by E

(N)
v := {e ∈ E(N) : e ∋ v} the set of edges incident to v. For x ∈ Ω(N), set

xv,γ =
∑

e∈E
(N)
v

eγDexe, (4.27)

and define the probability measure

µ(N)
v,x,γ :=

∑

e∈E
(N)
v

eγDexe

xv,γ

δe (4.28)

on the set of edges E
(N)
v . Consider D• : E

(N)
v → R, e 7→ De, as a random variable on the

probability space (E
(N)
v ,P(E

(N)
v ), µ

(N)
v,x,γ), where P(E

(N)
v ) denotes the power set of E

(N)
v .

Furthermore, for T ∈ T (N), set

YT,γ(x) :=
∏

e∈T

(

eγDexe

)

and ∆T :=
∑

e∈T

De. (4.29)

It is convenient to consider ∆• : T (N) → R, T 7→ ∆T , as a random variable on the
probability space (T (N),P(T (N)), ν

(N)
x,γ ) with the probability measure ν

(N)
x,γ on T (N) defined

by

ν(N)
x,γ :=

∑

T∈T (N)

YT,γ(x)
∑

T ′∈T (N) YT ′,γ(x)
δT . (4.30)
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The following identities will be used below:

∂

∂γ
xv,γ =

∑

e∋v

(

Dee
γDexe

)

and
∂

∂γ
YT,γ(x) =

∑

e∈T

DeYT,γ(x) = ∆T YT,γ(x). (4.31)

Lemma 4.6 (a) The function

R ∋ γ 7→ fγ := log

(

dΠγ

dP
◦ Ξγ

)

(4.32)

is twice continuously differentiable.

(b) There is a constant c9 = c9(G, a, N) > 0 such that for j = 1, 2, one has

sup
x∈Ω(N)

sup
γ∈R

∣

∣

∣

∣

∂jfγ

∂jγ
(x)

∣

∣

∣

∣

≤ c9. (4.33)

(c) For the second derivative, we have the following quantitative bound with c8 as in
(4.25):

sup
x∈Ω(N)

sup
γ∈R

∂2fγ

∂2γ
(x) ≤

2c8

l
. (4.34)

Proof. First, we rewrite fγ using Lemma 4.4:

fγ = log
dP

dρ
− log

(

dP

dρ
◦ Ξγ

)

. (4.35)

We calculate the last difference inserting the explicit form of the Radon-Nikodym deriva-
tive dP/dρ given in (4.15). By (4.11), we have |ℓ| = l + R. Hence, using Lemma 4.2(a),
it follows

dP

dρ
(Ξγ(x)) =

1

z
(N)
0 Z

(N)
0,ℓ

∏

e∈E(N)

(

eγDeaexae
e

)

√

∑

T∈T (N)

∏

e∈T

(eγDexe)

x
a0/2+1/4
0 (eγxℓ)

aℓ/2+1/4 ∏

v∈V (N)\{0,ℓ}

[

∑

e∋v

(eγDexe)

](av+1)/2
. (4.36)

We combine this formula with (4.15) to obtain

fγ(x) = −
∑

e∈E(N)

(γDeae) + γ

(

aℓ

2
+

1

4

)

+
∑

v∈V (N)\{0,ℓ}

av + 1

2
log

xv,γ

xv
−

1

2
log

∑

T∈T (N) YT,γ(x)
∑

T∈T (N) YT,0(x)
. (4.37)
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Using this expression for fγ together with (4.31), we find that fγ has the following deriva-
tives:

∂fγ

∂γ
(x) = −

∑

e∈E(N)

(Deae) +

(

aℓ

2
+

1

4

)

+
∑

v∈V (N)\{0,ℓ}

(

av + 1

2xv,γ

∑

e∋v

(

Dee
γDexe

)

)

−
1

2

∑

T∈T (N) ∆T YT,γ(x)
∑

T∈T (N) YT,γ(x)

= −
∑

e∈E(N)

(Deae) +

(

aℓ

2
+

1

4

)

+
∑

v∈V (N)\{0,ℓ}

(

av + 1

2
E

µ
(N)
v,x,γ

[D•]

)

−
1

2
E

ν
(N)
x,γ

[∆•], (4.38)

∂2fγ

∂2γ
(x) =

∑

v∈V (N)\{0,ℓ}

av + 1

2
Var

µ
(N)
v,x,γ

(D•) −
1

2
Var

ν
(N)
x,γ

(∆•). (4.39)

By (4.38) and (4.39), fγ is twice continuously differentiable, which proves part (a).
Note that ae and av are bounded by 2α, uniformly in e and v. Since |De| ≤ 1 for all

e and ∆T ≤ |E(N)| for all T ∈ T (N), it follows from (4.38) and (4.39) that we can find
c9(G, a, N) > 0 such that the estimate (4.33) holds for j = 1, 2.

To prove the upper bound (4.34), first note that (av + 1)/2 ≤ α for all v and the
variance of ∆• is non-negative. Hence, it follows from (4.39) that

∂2fγ

∂2γ
(x) ≤ α

∑

v∈V (N)\{0,ℓ}

Var
µ

(N)
v,x,γ

(D•). (4.40)

For the variance, we obtain the following upper bound:

Var
µ

(N)
v,x,γ

(D•) ≤ max
e∋v,e′∋v

(De − De′)
2 ≤ max

e∋v,e′∋v

(|e| − |e′|)2

l2
≤

R2

l2
; (4.41)

for the last inequality, we used that two edges incident to the same vertex can differ in
their level by at most R. By definition, De is constant on |e| ≥ l. Since for e incident to
v, we have |e| ≥ |v| − R, it follows from (4.41) that Var

µ
(N)
v,x,γ

(D•) = 0 for all vertices v

at a level |v| ≥ l + R. Hence, in (4.40), we get non-zero contributions only for at most
2|W |(l + R) vertices v. Hence, using R ≤ l/2 by (4.11), it follows from (4.40) and (4.41)
that

∂2fγ

∂2γ
(x) ≤ α ·

R2

l2
· 2|W |(l + R) ≤

3α|W |R2

l
=

2c8

l
(4.42)

uniformly in x ∈ Ω(N) and γ ∈ R; in the last step we used the definition (4.25) of c8. This
completes the proof of part (c).
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Now, we can derive the entropy bound:

Proof of Proposition 4.5. Recall that Πγ is the image measure of P under Ξγ , and
recall the definition (4.32) of fγ. By the transformation formula,

EΠγ

[

log
dΠγ

dP

]

= EP

[

log
dΠγ

dP
◦ Ξγ

]

= EP[fγ] =: g(γ). (4.43)

First, observe that g(γ) is finite: Since 0 ≤ De ≤ 1, one has e−|γ| ≤ eγDe ≤ e|γ| for all
e ∈ E(N). Hence, it follows from the definitions (4.27) and (4.29) of xv,γ and YT,γ(x),

respectively, that e−|γ|xv ≤ xv,γ ≤ e|γ|xv and e−|γ|·|E(N)|YT,0 ≤ YT,γ(x) ≤ e|γ|·|E
(N)|YT,0

for all v ∈ V (N) and all T ∈ T (N). Thus, using (4.37), one can find a constant c10 =
c10(γ, G, a, N) > 0 such that |fγ| ≤ c10 holds uniformly on Ω(N). Consequently, g(γ) is
finite.

By parts (a) and (b) of Lemma 4.6, it follows that g is twice continuously differentiable
and the derivatives can be obtained by interchanging integration and differentiation. In
particular, using (4.34), we obtain

g′′(γ) = EP

[

∂2fγ

∂2γ

]

≤
2c8

l
. (4.44)

For γ = 0, the map Ξγ is the identity, and thus, Πγ = P. Consequently, g(0) = 0. Since
entropies are always non-negative, g(γ) ≥ 0, and it follows that g′(0) = 0. Hence, using
(4.44), a Taylor expansion of g around 0 yields:

g(γ) =

∫ γ

0

g′′(γ̃)(γ − γ̃) dγ̃ ≤
c8γ

2

l
. (4.45)

4.2 Proving bounds for the random environment

In this section, we prove Theorems 3.2 and 3.3.

Proof of Theorem 3.2. Let N ≥ 6R, and let ℓ ∈ V (N) be a vertex with |ℓ| ≥ 3R such
that there exists an automorphism of the weighted graph G(N) that interchanges 0 and ℓ.
Set l := |ℓ| − R. Integrating both sides of (4.14) with respect to Q

(N)
0 , we find that

E
Q

(N)
0

[

(

xℓ

x0

)1/4
]

= Z
(N)
0,ℓ . (4.46)

Hence, to prove the theorem, we need an upper bound for Z
(N)
0,ℓ . Using (4.14) again and

also the properties (4.18) and (4.19) of the deformation Ξγ for the vertices 0 and ℓ, one
finds that

dQ
(N)
0

dP
(N)
0,ℓ

◦ Ξγ = Z
(N)
0,ℓ

(

x0

xℓ
◦ Ξγ

)1/4

= Z
(N)
0,ℓ

(

x0

xℓ

)1/4

e−γ/4. (4.47)
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Taking logarithms, solving for log Z
(N)
0,ℓ , and taking the expectation of both sides with

respect to P
(N)
0,ℓ , the last identity implies:

log Z
(N)
0,ℓ = E

P
(N)
0,ℓ

[

log
dQ

(N)
0

dP
(N)
0,ℓ

◦ Ξγ

]

+
1

4
E

P
(N)
0,ℓ

[

log
xℓ

x0

]

+
γ

4
. (4.48)

Note that as a consequence of the argument following (4.51) below, one sees that the first
expectation in (4.48) is finite. Consequently, the second expectation is finite as well. We
claim that

E
P
(N)
0,ℓ

[

log
xℓ

x0

]

= 0. (4.49)

To see this, recall first that there exists an automorphism of the weighted graph G(N) that
interchanges 0 and ℓ. Hence, the distributions of log(xℓ/x0) under P

(N)
0,ℓ and of log(x0/xℓ)

under P
(N)
ℓ,0 agree. Second, by the definition of P

(N)
0,ℓ (see (4.12) and (4.13)), one has

P
(N)
0,ℓ = P

(N)
ℓ,0 . Consequently,

E
P
(N)
0,ℓ

[

log
xℓ

x0

]

= E
P
(N)
ℓ,0

[

log
x0

xℓ

]

= −E
P
(N)
0,ℓ

[

log
xℓ

x0

]

. (4.50)

Consequently, (4.49) follows.
Next, we estimate the first term on the right-hand side of (4.48): Using the positivity

of the relative entropy EΠγ
[log(dΠγ/dQ

(N)
0 )], we obtain

E
P
(N)
0,ℓ

[

log
dQ

(N)
0

dP
(N)
0,ℓ

◦ Ξγ

]

=EΠγ

[

log
dQ

(N)
0

dP
(N)
0,ℓ

]

≤EΠγ

[

log
dQ

(N)
0

dP
(N)
0,ℓ

]

+ EΠγ

[

log
dΠγ

dQ
(N)
0

]

=EΠγ

[

log
dΠγ

dP
(N)
0,ℓ

]

. (4.51)

By the entropy bound (4.26) from Proposition 4.5, the last term is bounded above by
c8γ

2/l; note that the assumptions (D1)–(D3) are satisfied. Inserting this bound together
with (4.49) in (4.48) yields

log Z
(N)
0,ℓ ≤

c8γ
2

l
+

γ

4
. (4.52)

The upper bound is minimal for γ = −l/8c8. Inserting this value for γ and using the
definition of c8 from (4.25) gives the bound

log Z
(N)
0,ℓ ≤ −

l

64c8
=

R − |ℓ|

64c8
=

R − |ℓ|

96|W |R2α
= log c5 − c4|ℓ| (4.53)
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with c5 as defined in Theorem 3.2 and c4 from (2.16). The claim follows from (4.46).

Proof of Theorem 3.3. Let N ≥ 6R and take v ∈ V (N) with |v| ≥ 3R. Let ℓ ∈ V (N)

be a vertex on the same level as v such that there exists an automorphism of the weighted
graph G(N) that interchanges 0 and ℓ. Such a vertex ℓ exists by our assumptions (G5)
and (A2). Using the constant c4 from (2.16), we obtain:

Q
(N)
0

[

xv

x0
≥ e−c4|v|

]

≤ Q
(N)
0

[

xv

xℓ
≥ ec4|v|

]

+ Q
(N)
0

[

xℓ

x0
≥ e−2c4|v|

]

. (4.54)

An application of Chebyshev’s inequality together with the bound (3.5) from Theorem
3.2 gives the following bound for the second term on the right-hand side of (4.54):

Q
(N)
0

[

xℓ

x0
≥ e−2c4|v|

]

≤ec4|v|/2E
Q

(N)
0

[

(

xℓ

x0

)1/4
]

≤ec4|v|/2 · c5e
−c4|ℓ| = c5e

−c4|v|/2. (4.55)

It remains to bound the first term on the right-hand side of (4.54). Since the graph
G(N) is periodic and connected, there is a constant L such that for all N and all vertices
w, w′ ∈ V (N) with level(w) = level(w′) there exists a path from w to w′ in G(N) of
length at most L. Hence, Theorem 2.4 of [MR05d] implies that there exist constants
c11 = c11(a, L) > 0 and c12 = c12(a, L) > 0, depending only on a (but not on N) such that
for all N , all vertices w, w′ ∈ V (N) with level(w) = level(w′), all edges e ∋ w, e′ ∋ w′, and
all M > 0, one has

Q
(N)
0 [xe ≥ Mxe′ ] ≤ c11M

−c12 . (4.56)

We apply this estimate to the first term on the right-hand side of (4.54): Let K denote
the number of neighbors of the vertex v in the graph G(N). For any edge e′ ∋ ℓ, we get

Q
(N)
0

[

xv

xℓ
≥ ec4|v|

]

≤
∑

e∋v

Q
(N)
0

[

xe

xe′
≥ ec4|v|/K

]

≤ c13e
−c14|v| (4.57)

with some constants c13 = c13(G, a) > 0 and c14 = c14(G, a) > 0. Combining (4.54),
(4.55), and (4.57), the claim follows.

5 Analyzing the errw on the infinite graph G

In this section, we prove Theorems 2.1–2.6. First, we show that there exists a mixing
measure Q for the edge-reinforced random walk on the infinite graph G such that the
analogue of (3.6) holds for Q:

Lemma 5.1 There exists a measure Q on Ω with the following properties:
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• The representation (2.11) of errw as a random walk in a random environment is
satisfied for all events A ⊆ V N0 of admissible paths.

• For any vertex v ∈ V on level |v| ≥ 3R, the estimate

Q

[

xv

x0
> e−c4|v|

]

≤ c6e
−c7|v| (5.1)

holds with the same constants c4 > 0, c6 > 0, and c7 as in Theorem 3.3.

Proof. The proof uses the same idea as the proof of Theorem 2.2 of [MR05d].
For m ∈ N, let Ṽ (m) denote the set of all vertices v ∈ V that can be connected to the

vertex 0 ∈ V by a path in G of length at most m. Let

Ẽ(m) := {e ∈ E : e ⊆ Ṽ (m)}. (5.2)

Note that by definition the graph G̃(m) = (Ṽ (m), Ẽ(m)) is connected, that the absolute
value of the level of all vertices in Ṽ (m) is bounded by Rm, and that Ṽ (m) ↑ V as m → ∞.

For N large enough, more specifically for N ≥ 2(m + 1)R, the canonical map modN :
Ṽ (m) → V (N), (i, u) 7→ (i modN, u) yields a graph isomorphism of G̃(m) to a full subgraph
of G(N); we use this graph isomorphism to identify G̃(m) with its image.

Now fix m ∈ N and let N ≥ 2(m+1)R. Theorem 2.4 of [MR05d], applied to the graph
G(N), yields for all e ∈ Ẽ(m) and all M > 0 the bounds

Q
(N)
0 [xe0 ≥ Mxe] ≤ c15mM−c16/m, Q

(N)
0 [xe ≥ Mxe0 ] ≤ c15mM−c16/m (5.3)

with some positive constants c15 = c15(a) and c16 = c16(a) = min{ae/2 : e ∈ E} depend-
ing only on the initial weights a, but not on N ; recall that e0 denotes a reference edge
adjacent to 0, and note that e0 and e are connected by a path of at most m interme-
diate vertices. In particular, for any fixed m, the laws Q

(N)
0 [(log(xe/xe0))e∈Ẽ(m) ∈ ·],

N ≥ 2(m + 1)R, are tight. Using a compactness and diagonal sequence argument,
we find a strictly increasing sequence (Nk)k∈N with Nk ≥ 2(k + 1)R, such that for all

m ∈ N, the sequence (Q
(Nk)
0 [(log(xe/xe0))e∈Ẽ(m) ∈ ·])k≥m converges weakly as k → ∞;

hence (Q
(Nk)
0 [(xe/xe0)e∈Ẽ(m) ∈ ·])k≥m converges weakly as k → ∞ to a distribution

Q0,a,m supported on (0,∞)Ẽ(m)
. By construction, the projection of Q0,a,m+1 to (0,∞)Ẽ(m)

equals Q0,a,m; hence by Kolmogorov’s extension theorem, there is a distribution Q on

Ω = (0,∞)E having the marginals Q0,a,m on (0,∞)Ẽ(m)
.

We claim that (2.11) holds for this probability measure Q. Events of the form A =
{(Xs)s=0,...,m−1 = π}, (π ∈ V m an admissible path, m ∈ N), together with the empty set,
generate the canonical σ-field on Ω and form a closed system with respect to intersection.
Thus it suffices to check (2.11) for these events. Fix m ∈ N and π ∈ V m. Without loss
of generality we may assume that π is a path in G starting in 0. Let N ≥ 2(m + 1)R.
Now every path in G of length m starting in 0 is contained in Ṽ (m), and every path in
G(N) of length m starting in 0 is contained in Ṽ (m) as well. Thus the probability that the
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edge-reinforced random walk with initial weights a starting in 0 follows π up to time m is
the same for the three graphs G = (V, E), G̃(m) = (Ṽ (m), Ẽ(m)), and G(N) = (V (N), E(N)).
Using the representation of the edge-reinforced random walk on G(N) as a mixture of
Markov chains Q0,x with mixing measure Q

(N)
0 (dx) (Fact 3.1), this implies

P [(Xs)s=0,...,m−1 = π] =

∫

Ω(N)

Q0,x[(Xs)s=0,...,m−1 = π] Q
(N)
0 (dx) (5.4)

for all N ≥ 2(m + 1)R. This yields (2.11) as follows:

P [(Xs)s=0,...,m−1 = π] = lim
k→∞

∫

Ω(Nk)

Q0,x[(Xs)s=0,...,m−1 = π] Q
(Nk)
0 (dx)

= lim
k→∞

∫

Ω(Nk)

Q0,x/xe0
[(Xs)s=0,...,m−1 = π] Q

(Nk)
0 (dx)

=

∫

Ω

Q0,x[(Xs)s=0,...,m−1 = π] Q(dx). (5.5)

The bound (5.1) is an immediate consequence of its finite-volume analogue (3.6) and the
definition of Q:

Q

[

xv

x0

> e−c4|v|

]

≤ lim
k→∞

Q
(Nk)
0

[

xv

x0

> e−c4|v|

]

≤ c6e
−c7|v|. (5.6)

Here we used that the event {xv/x0 > e−c4|v|} ⊆ Ω(Nk) (k large enough) is open and
depends only on a fixed, finite number of components xe.

Lemma 5.2 Theorem 2.5 holds for the measure Q from Lemma 5.1.

Proof. It follows from (5.1) that
∑

v∈V Q [xv > x0 exp(−c4|v|)] < ∞. Hence, the Borel-
Cantelli lemma implies the claim.

Proof of Theorem 2.1 (Recurrence). Let Q denote the measure from Lemma 5.1,
and let Ωexp denote the set of all weights x = (xe)e∈E ∈ Ω such that xv ≤ x0 exp(−c4|v|)
holds for all but finitely many v ∈ V . By Lemma 5.2, Q(Ωexp) = 1.

Take a fixed x ∈ Ωexp. Then,
∑

v∈V xv < ∞. Consequently, there is a reversible prob-
ability measure for the Markovian random walk induced by the weights (xe)e∈E , namely
the measure π with π(v) = xv/(

∑

u∈V xu) > 0 for all v ∈ V . Hence, the Markovian
random walk induced by the weights x is positive recurrent. In particular, it is recurrent:
Q0,x[(Xt)t∈N0 is recurrent] = 1. To prove that the edge-reinforced random walk is recur-
rent, we use the representation (2.11) as a mixture of Markov chains which is applicable
by Lemma 5.1:

P [(Xt)t∈N0 is recurrent] =

∫

Ωexp

Q0,x[(Xt)t∈N0 is recurrent] Q(dx) = 1. (5.7)
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Proof of Theorem 2.6 (Recovering the random environment). Fix x ∈ Ωexp.
Then, for the Markovian random walk induced by the weights x, (limt→∞ ke(t)/t)e∈E

exists Q0,x-almost surely and equals x = (xe)e∈E. We apply the representation of the
edge-reinforced random walk as a mixture of Markov chains (2.11) with the measure Q

from Lemma 5.1:

P

[

(

lim
t→∞

ke(t)/t
)

e∈E
exists

]

=

∫

Ωexp

Q0,x

[

(

lim
t→∞

ke(t)/t
)

e∈E
exists

]

Q(dx) = 1. (5.8)

Furthermore, one gets for any measurable set B ⊆ Ω:

P

[

(

lim
t→∞

ke(t)/t
)

e∈E
∈ B

]

=

∫

Ωexp

Q0,x

[

(

lim
t→∞

ke(t)/t
)

e∈E
∈ B

]

Q(dx)

=

∫

Ωexp

1B(x̃) Q(dx), (5.9)

where x̃ = (x̃e)e∈E are given by x̃e := xe/
(
∑

e′∈E xe′
)

. In other words, the weights x̃
are normalized in such a way that

∑

e∈E x̃e = 1. Consequently, (5.9) implies that the
distribution of (limt→∞ ke(t)/t)e∈E equals the image measure of the mixing measure Q

under the map x 7→ x̃.
By (5.9), we have P

[

(limt→∞ ke(t)/t)e∈E ∈ Ωexp

]

= 1. Hence, for any mixing measure
Q′, the event Ωexp occurs Q′-almost surely. Consequently, (5.9) is valid for any mixing
measure Q′ and any measurable set B. In particular, this yields the uniqueness of the mix-
ing measure up to multiplication of all edge weights by the same (x-dependent) constant.

Proof of Theorem 2.4 (Unique mixture of positive-recurrent Markov chains).
Lemma 5.1 proves the existence of a measure Q such that (2.11) holds. The uniqueness
was shown in the proof of Theorem 2.6. Furthermore, by the proof of Theorem 2.1, for
any x ∈ Ωexp, the Markovian random walk induced by the weights x is positive recurrent
and Q(Ωexp) = 1. This completes the proof of Theorem 2.4.

Proof of Theorem 2.2 (Estimates for the position of the random walk). Using
the reversibility of the Markovian random walk induced by the weights x, one observes
that

Q0,x[Xt = v] =
xv

x0
Qv,x[Xt = 0] ≤ min

{

xv

x0
, 1

}

(5.10)

holds for any t ∈ N0, v ∈ V , and x ∈ Ω; for a proof, see formula (3.12) in [MR05b]. Let
Av := {x ∈ Ω : xv/x0 < exp(−c4|v|)}. We apply the representation of the edge-reinforced
random walk as a mixture of Markovian walks (Theorem 2.4): Using Lemma 5.1, for any
t ∈ N0 and any vertex v on level |v| ≥ 3R, we get:

P [Xt = v] =

∫

Ω

Q0,x[Xt = v] Q(dx)

≤

∫

Av

xv

x0
Q(dx) + Q[Ac

v] ≤ e−c4|v| + c6e
−c7|v|. (5.11)
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Hence, the estimate (2.5) holds with appropriate constants c1 = c1(G, a) and c2 = c2(G, a).
This proves part (a).

To prove part (b), take t ∈ N0 and c > 0. By part (a),

P [|Xs| > log(tc)] =
∑

v∈V :|v|>log(tc)

P [Xs = v] ≤ c17t
−c18c (5.12)

with appropriate constants c17 = c17(G, a) > 0 and c18 = c18(G, a) > 0. Consequently,

P

[

max
0≤s≤t

|Xs| > c log t

]

≤
∑

0≤s≤t

P [|Xs| > log tc]

≤(t + 1)c17t
−c18c. (5.13)

If we choose c = c3(G, a) > 0 in such a way that −c18c3 + 1 < −1 holds, then one has
∑∞

t=0 P [max0≤s≤t |Xs| > c3 log t] < ∞ and the claim (2.6) follows from the Borel-Cantelli
lemma.

Proof of Theorem 2.3 (Hitting probabilities). From reversibility it follows that

Q0,x[τv < τ0] =
xv

x0
Qv,x[τ0 < τv] (5.14)

holds for all v ∈ V ; for a proof see (3.8) in [MR05b]. The claim (2.7) follows with
arguments analog to (5.11).

Proof of Theorem 2.5 (Exponential decay of the random weights). By Theorem
2.4, the mixing measure Q is unique up to the multiplication of all weights by the same
constant. Clearly, the bound (2.12) is independent of such normalizations of the weights.
Hence the claim follows from Lemma 5.2.

Acknowledgement: Part of this paper was written while S.R. was visiting the University
of Zurich. She would like to thank Erwin Bolthausen for his hospitality and for the
financial support from the Swiss national science foundation.

References

[Dav99] B. Davis. Reinforced and perturbed random walks. In Random walks (Budapest,
1998), pages 113–126. János Bolyai Math. Soc., Budapest, 1999.

[MR05a] F. Merkl and S.W.W. Rolles. Asymptotic behavior of edge-reinforced ran-
dom walks. To appear in The Annals of Probability. Preprint available from
http://arxiv.org/abs/math.PR/0511750, 2005.

[MR05b] F. Merkl and S.W.W. Rolles. Bounding a random environment for two-
dimensional edge-reinforced random walk. Preprint available from http://www-
m5.ma.tum.de/pers/srolles, 2005.



ERRW on periodic graphs 23

[MR05c] F. Merkl and S.W.W. Rolles. Edge-reinforced random walk on a ladder. Ann.
Probab., 33(6):2051–2093, 2005.

[MR05d] F. Merkl and S.W.W. Rolles. A random environment for linearly edge-reinforced
random walks on infinite graphs. To appear in Probability Theory and Related
Fields. Preprint available from http://www-m5.ma.tum.de/pers/srolles, 2005.

[MR06] F. Merkl and S.W.W. Rolles. Linearly edge-reinforced random walks. In D. Den-
teneer, F. den Hollander, and E. Verbitskiy, editors, Dynamics and Stochastics:
Festschrift in Honor of M.S. Keane, volume 48 of IMS Lecture Notes Monogr.
Ser., pages 66–77, 2006.

[Pem01] R. Pemantle. Random processes with reinforcement. Preprint, 2001.

[Rol06] S.W.W. Rolles. On the recurrence of edge-reinforced random walk on Z × G.
Probab. Theory Related Fields, 135(2):216–264, 2006.


