
ar
X

iv
:m

at
h.

M
G

/0
60

93
93

 v
1 

  1
4 

Se
p 

20
06

DISCRETE TOMOGRAPHY OF PLANAR MODEL SETSM. BAAKE, P. GRITZMANN, C. HUCK, B. LANGFELD, AND K. LORDAbstra
t. Dis
rete tomography is a well-established method to investigate �nite point sets,in parti
ular �nite subsets of periodi
 systems. Here, we start to develop an e�
ient approa
hfor the treatment of �nite subsets of mathemati
al quasi
rystals. To this end, the 
lass of
y
lotomi
 model sets is introdu
ed, and the 
orresponding 
onsisten
y, re
onstru
tion anduniqueness problems of the dis
rete tomography of these sets are dis
ussed.
1. Introdu
tionDis
rete tomography is 
on
erned with the inverse problem of retrieving information aboutsome dis
rete obje
t from (generally noisy) information about its in
iden
es with 
ertain querysets. A typi
al example is the re
onstru
tion of a �nite point set from its line sums in a smallnumber m of dire
tions. The term X-ray (or X-ray proje
tion) is a generi
 name here whi
hstands for a me
hanism that produ
es weighted proje
tion data. More pre
isely, a (dis
reteparallel) X-ray of a �nite subset of Eu
lidean d-spa
e Rd in dire
tion u gives the number ofpoints in the set on ea
h line in Rd parallel to u. (This 
on
ept should not be misunderstoodin the sense of di�ra
tion theory, where X-rays provide rather di�erent information on theunderlying stru
ture that is based on statisti
al pair 
orrelations; 
ompare with Guinier (1994),Cowley (1995) and Fewster (2003).)Many papers fo
us on the dis
rete tomography of subsets of latti
es sin
e latti
es are goodmodels for 
rystalline stru
tures. However, nature provides us also with stru
tured non-latti
esets, the so-
alled quasi
rystals. In the present paper, we shall investigate the dis
rete tomog-raphy of systems of aperiodi
 order, more pre
isely, of so-
alled model sets (or mathemati
alquasi
rystals), whi
h are 
ommonly a

epted as a mathemati
al model for perfe
t quasi
rys-talline stru
tures in nature (Steurer, 2004). As model sets possess a `dimensional hierar
hy',whi
h means that any model set in d dimensions 
an be sli
ed into model sets of dimension

d − 1, solving the re
onstru
tion problem for two-dimensional systems with aperiodi
 orderlies at the heart of solving the 
orresponding problem in three dimensions.The main motivation for our interest in the dis
rete tomography of model sets 
omes fromthe demand of materials s
ien
e to re
onstru
t three-dimensional (quasi)
rystals or planar lay-ers of them from their images obtained with quantitative high resolution transmission ele
tronmi
ros
opy (HRTEM) in a small number of dire
tions.In fa
t, in S
hwander et al. (1993) and Kisielowski et al. (1995), the te
hnique QUAN-TITEM (quantitative analysis of the information 
oming from transmission ele
tron mi-
ros
opy) is des
ribed, whi
h is based on HRTEM and 
an e�e
tively measure the number ofatoms lying on lines parallel to 
ertain dire
tions. At present, the measurement of the numberof atoms lying on a line 
an only be a
hieved for some 
rystals; see S
hwander et al. (1993)1



2 BAAKE, GRITZMANN, HUCK, LANGFELD, AND LORDand Kisielowski et al. (1995). However, it is reasonable to expe
t that future developments inte
hnology will improve this situation.Roughly speaking, planar model sets are proje
tions of 
ertain subsets depending on somewindow W of a higher dimensional latti
e into the plane. In Se
tion 3 we will de�ne modelsets in general, but we will mainly restri
t ourselves to a well-known 
lass of planar modelsets, the 
y
lotomi
 model sets. On the one hand, 
y
lotomi
 model sets exhibit a parti
ularlyni
e and useful algebrai
 stru
ture, while on the other hand real-world quasi
rystals 
an besli
ed into parallel planar layers that 
an be modeled by 
y
lotomi
 model sets (Pleasants,2000). Also, in a 
ertain sense, 
y
lotomi
 model sets 
an be seen as a dire
t generalizationof the square latti
e Z2, the 
lassi
al planar setting of dis
rete tomography.Naturally, all 
lassi
 issues of dis
rete tomography in
luding uniqueness, re
onstru
tionand stability (see e.g. the book by Herman & Kuba (1999) and, in parti
ular, the papers byGardner & Gritzmann (1997), (Gritzmann et al. (1998), Gardner et al. (1999), Gritzmannet al. (2000), Alpers et al. (2001) and Alpers & Gritzmann (2006)) 
an be studied for modelsets as, in prin
iple, they are just di�erent ground sets, for the potential solutions. As it turnsout, however, the more general setting does dis
lose some new aspe
ts, and the present paperwill stress these. In parti
ular, it is a priori not even 
lear how to de
ide whether a translateof a given �nite point set o

urs within an aperiodi
 stru
ture.As a matter of fa
t, previous studies have fo
ussed on the `an
hored' 
ase that the underlyingground set is lo
ated in a linear spa
e, i.e., in a spa
e with a spe
i�ed lo
ation of the origin.The X-ray data is then taken with respe
t to this lo
alization. This assumption is mainlyjusti�ed by the fa
t that, as point sets, one has the equality t + Z2 = Z2 for all t ∈ Z2.Hen
e, in the latti
e 
ase, one 
an always assume that � if a solution exists � it is 
lose to theorigin. In the a�ne and aperiodi
 
ase of planar model sets it is a priori not 
lear how far outsolutions may exist and how one 
an systemati
ally sear
h for them.The main result of this paper is, however, that for 
y
lotomi
 model sets (
oming frompolyhedral windows) all possible lo
alizations 
an be determined e�
iently. In fa
t, we shallsolve a 
orresponding de
omposition problem and a separation problem. This will allow us toredu
e tomographi
 problems su
h as re
onstru
tion and uniqueness for 
y
lotomi
 model setsto the 
orresponding 
lassi
al problems with 
ertain restri
tions. One di�eren
e is manifest inthe fa
t that potential solutions are subsets of a �nite list of pat
hes, whose number typi
allygrows polynomially in the size. In fa
t, using the algebrai
 and the geometri
 stru
ture of
y
lotomi
 model sets we show that in a well-de�ned way the algorithmi
 methods that havebeen developed for the latti
e 
ase 
an be extended to the dis
rete tomography of 
y
lotomi
model sets. (Note, however, as a warning that even in the (linear) latti
e 
ase Z2 theseproblems are NP-hard for three or more latti
e dire
tions; see Gritzmann et al. (1998) andGardner et al. (1999).)Let us be more spe
i�
. By using the Minkowski representation of algebrai
 number �elds,we introdu
e, for n /∈ {1, 2}, the 
orresponding 
lass of 
y
lotomi
 model sets Λ ⊂ C ∼= R2whi
h live on Z[ζn] ⊂ C, where ζn is a primitive nth root of unity in C, e.g., ζn = e2πi/n.(Here, and in the following a subset S of R2 is said to live on a subgroup G of R2 if itsdi�eren
e set S − S := {s − s′ | s, s′ ∈ S} is a subset of G. Obviously, this is equivalent tothe existen
e of a suitable t ∈ R2 su
h that S ⊂ t + G.) The Z-module Z[ζn] is the ring ofintegers in the nth 
y
lotomi
 �eld Q(ζn), and, for n /∈ {1, 2, 3, 4, 6}, when viewed as a subset



DISCRETE TOMOGRAPHY 3of the plane, is dense; see Se
tion 2 for details. In 
ontrast, (
y
lotomi
) model sets Λ areDelone sets, i.e., they are uniformly dis
rete and relatively dense. In fa
t, model sets are evenMeyer sets, meaning that also Λ − Λ is uniformly dis
rete; see (Moody, 2000). It turns outthat, ex
epting the 
y
lotomi
 model sets living on Z[ζn] with n ∈ {3, 4, 6} (these are exa
tlythe translations of the square and the triangular latti
e, respe
tively), 
y
lotomi
 model sets
Λ are aperiodi
, meaning that they have no translational symmetries. Well-known exampleswith N -fold 
y
li
 symmetry are the vertex sets of the square tiling (n = N = 4), the triangletiling (2n = N = 6), the Ammann-Beenker tiling (n = N = 8), the Tübingen triangle tiling(2n = N = 10) and the shield tiling (n = N = 12), respe
tively; see below for details. Observethat 5, 8, 10 and 12 are standard 
y
li
 symmetries of genuine planar quasi
rystals (Steurer,2004).Whether or not one has future appli
ations in materials s
ien
e of quasi
rystals in mind, thestarting point will always be a spe
i�
 stru
ture model. This means that the spe
i�
 type of the(quasi)
rystal is known, and one is 
onfronted with the X-ray data of an unknown �nite subsetof it. Let us point out that the rotational orientation of the probe in an ele
tron mi
ros
ope
an rather easily be as
ertained in the di�ra
tion mode, prior to taking images in the high-resolution mode, though a natural 
hoi
e of a translational origin is not possible. Hen
e a�rst task is to `lo
alize' a given probe within Z[ζn]. To be more spe
i�
, suppose X-rays ofsome planar (quasi)
rystalline set F are taken in some dire
tions o1, . . . , om ∈ Z[ζn] \ {0}.Obviously, every point of F is `registered' by every X-ray image, hen
e F is 
ontained in thegrid

G :=
m⋂

i=1

(
⋃

v∈F

(v +Roi)

)
;see De�nition 8. Of 
ourse, in general G 
ontains many more points than F , hen
e does notdis
lose F . On the other hand, only those subsets F ′ of G whose X-rays 
oin
ide with thegiven data are feasible solutions whi
h lie in a translate of the underlying model set. Hen
ea �rst problem is to determine the de
omposition of G into the subsets whi
h are 
ompatiblewith the underlying Z-module Z[ζn], i.e., whi
h lie in a 
ommon translate of Z[ζn]; see Se
tion4 for details. This problem has its origin in the pra
ti
e of quantitative HRTEM sin
e, ingeneral, the X-ray information does not allow us to lo
ate the underlying Z-module Z[ζn].Using standard results of algebra, we will a
tually show mu
h more, namely that the solutionof this de
omposition problem only depends on n and the given Z[ζn]-dire
tions but not onthe spe
i�
 X-ray data. Hen
e, 
on
eptually, we 
an 
onsider the di�erent equivalen
e 
lassesseparately.Of 
ourse, even if a Z[ζn]-equivalen
e 
lass of the grid G 
ontains a set F ′ whose X-rays
oin
ide with the given data, this set need not belong to the underlying 
y
lotomi
 modelset. Hen
e it is 
lear that additional 
onstraints that are indu
ed by the 
onstru
tion rules ofthe underlying model set have to be satis�ed to guarantee feasibility. One possible approa
h
ould be to �rst re
onstru
t a potential solution that is 
ompatible with the given X-raydata and then 
he
k whether it a
tually belongs to the underlying model set. Unfortunately,this approa
h does not lead to an e�
ient algorithm (see Remark 21). Therefore, we use thespe
i�
 stru
ture of model sets (originating from some window through a proje
tion pro
ess)and determine whi
h subsets of G 
an possibly arise. In fa
t, all possible solutions (that mighta
tually lie `far out' in the de�ning model set) 
an be found and explored by translating the



4 BAAKE, GRITZMANN, HUCK, LANGFELD, AND LORDgiven window; see Se
tion 4. For many types of windows, this separation problem 
an behandled by geometri
 te
hniques based on the theory of arrangements; see Se
tion 5.The present paper is organized as follows.As a servi
e to the reader, we begin with two preliminary se
tions that put together thenotions required and re
all several tools from algebra and the mathemati
al theory of qua-si
rystals. In fa
t, the algebra is needed not only to properly explain 
y
lotomi
 model setsbut is 
ru
ial for devising algorithms for 
he
king 
ontainment of points in this stru
ture andalso yields best-known bounds for the running time of our basi
 algorithms. (Of 
ourse, inview of the prominent role of group theory in 
rystallography and materials s
ien
e, the rele-van
e of algebrai
 methods for our 
y
lotomi
 stru
tures does not really 
ome as a surprise.)In Se
tion 2, we explain the algebrai
 
on
epts in an elementary way while Se
tion 3 gives a
on
ise but su�
iently detailed a

ount of model sets. In parti
ular, we introdu
e the spe
ial
lass of 
y
lotomi
 model sets, whi
h will be the 
entral obje
ts of the present paper. Someexamples illustrate the stru
ture and the beauty of 
y
lotomi
 model sets.The key problems and main results will be formulated in Se
tion 4; their proofs will begiven in Se
tion 5. 2. Algebrai
 Ba
kground and NotationFor all n ∈ N, and ζn a �xed primitive nth root of unity in C (e.g., ζn = e2πi/n), let Q(ζn)be the 
orresponding 
y
lotomi
 �eld, i.e., the smallest intermediate �eld of the �eld extensionC/Q that 
ontains ζn. Further, denoting by ζ̄n the 
omplex 
onjugate of ζn, it is well knownthat Q(ζn + ζ̄n) (de�ned analogously) is the maximal real sub�eld of Q(ζn), i.e.,Q(ζn) ∩R = Q(ζn + ζ̄n) ;see Washington (1997, p. 15). Throughout this text, we shall use the notationKn = Q(ζn), kn = Q(ζn + ζ̄n), On = Z[ζn], On = Z[ζn + ζ̄n] ,where Z[ζn] (resp., Z[ζn + ζ̄n]) is de�ned as the smallest subring of C that 
ontains Z and ζn(resp., Z and ζn + ζ̄n). Further, φ will always denote Euler's phi-fun
tion (often also 
alledEuler's totient fun
tion), i.e.,
φ(n) = card ({k ∈ N | 1 ≤ k ≤ n and gcd(k, n) = 1}) .O

asionally, we shall identify C with R2.The set On hosts the 
orresponding 
y
lotomi
 model sets (
f. Se
tion 3.2); Kn, kn, and

On will be needed for the analysis of the algebrai
 stru
ture of On that will allow the relevantalgorithmi
 
omputations. The following lemma shows how On is related to On.Lemma 1. For n ≥ 3, one has:(a) On is an On-module of rank 2. More pre
isely, one has On = On + On ζn, and {1, ζn}is an On-basis of On.(b) Kn is a kn-ve
tor spa
e of dimension 2. More pre
isely, one has Kn = kn + kn ζn,and {1, ζn} is a kn-basis of Kn.Proof. First, we show (a). The linear independen
e of {1, ζn} over On is 
lear: by our assump-tion n ≥ 3, {1, ζn} is even linearly independent over R. For the remainder of the assertionwe prove that all non-negative integral powers ζi
n satisfy ζi

n = α+ βζn for suitable α, β ∈On.



DISCRETE TOMOGRAPHY 5

Figure 1. Central pat
hes of the square tiling (left) and triangular tiling (right).Using indu
tion, it su�
es to show ζ2
n = α+βζn for suitable α, β ∈On. To this end, note that

ζ̄n = ζ−1
n and observe that ζ2

n = −1 + (ζn + ζ−1
n )ζn.Claim (b) follows similarly. �Remark 1. Seen as a point set of R2, On has N -fold 
y
li
 symmetry, where(1) N = N(n) := lcm(n, 2) =

{
n, if n is even,
2n, if n is odd.Ex
ept for the one-dimensional 
ase n ∈ {1, 2} (O1 = O2 = Z), the 
rystallographi
 
ases

n ∈ {3, 6} (triangular latti
e O3 = O6, see Figure 2) and n = 4 (square latti
e O4, seeFigure 2), On is dense in R2. For the latter, note that, by Lemma 1, On is an On-module ofrank 2, whose R-span is all of R2. For n ∈ N \ {1, 2, 3, 4, 6}, On is a Z-module of rank ≥ 2(see Remark 3 below) embedded in R, hen
e a dense set in R. Consequently, On is then adense set in R2.The following well-known result is needed later to a
tually 
ompute the 
oordinates of
On-points. As usual, R× denotes the group of units of a given ring R.Proposition 1 (Gauÿ). One has [Kn : Q] = φ(n) and {1, ζn, ζ2

n, . . . , ζ
φ(n)−1
n } is a Q-basisof Kn. Moreover, the �eld extension Kn/Q is a Galois extension with Abelian Galois group

G(Kn/Q) ∼= (Z/nZ)×, where a (modn) 
orresponds to the automorphism given by ζn 7−→ ζa
n.Proof. See Theorem 2.5 of Washington (1997) and, for the statement about the Q-basis, theproof of Proposition 1.4 in Chapter V.1 of Lang (1993). �Remark 2. Note the identity

(Z/nZ)× = {a (modn) | (a, n) = 1}and 
onsult Table 3 of Baake & Grimm (2004) for examples of the expli
it stru
ture of
G(Kn/Q).



6 BAAKE, GRITZMANN, HUCK, LANGFELD, AND LORDCorollary 1. If n ≥ 3, one has [kn : Q] = φ(n)/2. Moreover, a Q-basis of kn is given by theset {1, (ζn + ζ̄n), (ζn + ζ̄n)2, . . . , (ζn + ζ̄n)φ(n)/2−1}.Proof. The statement about the degree [kn : Q] is an immediate 
onsequen
e of Lemma 1(b),Proposition 1 and the `degree formula' for �eld extensions: If E/F/K is an extension of �elds,one has [E : K] = [E : F ][F : K] (
f. Chapter V.1, Proposition 1.2 of Lang (1993)). Thestatement about the Q-basis again follows from the proof of Proposition 1.4 in Chapter V.1of Lang (1993). �A full Z-module (i.e., a module of full rank) in an algebrai
 number �eld K whi
h 
ontainsthe number 1 and is a ring is 
alled an order of K. It turns out that among the variousorders of K there is one maximal order whi
h 
ontains all the other orders, namely the ringof integers in K; see Chapter 2, Se
tion 2 of Borevi
h & Shafarevi
h (1966). For 
y
lotomi
�elds, one has the following well-known result.Proposition 2. For n ∈ N, one has:(a) On is the ring of 
y
lotomi
 integers in Kn, and hen
e is its maximal order.(b) On is the ring of integers of kn, and hen
e is its maximal order.Proof. See Theorem 2.6 and Proposition 2.16 of Washington (1997). �Remark 3. It follows from Proposition 2(a) and Proposition 1 that On is a Z-module ofrank φ(n) with Z-basis {1, ζn, ζ2
n, . . . , ζ

φ(n)−1
n }. Likewise, Proposition 2(b) and Corollary 1imply that, for n ≥ 3, On is a Z-module of rank φ(n)/2 with Z-basis given by the set

{1, (ζn + ζ̄n), (ζn + ζ̄n)2, . . . , (ζn + ζ̄n)φ(n)/2−1}.For the subsequent algorithmi
 
omputations the minimum polynomial MipoQ(ζn) of ζnover Q will be needed sin
e it shows how to repla
e 
ertain higher powers of ζn by sums oflower ones. As it turns out in Proposition 3, MipoQ(ζn) is simply the following nth 
y
lotomi
polynomial.De�nition 1. The nth 
y
lotomi
 polynomial is given by
Fn :=

∏

ζ

(X − ζ) ,where ζ runs over all primitive nth roots of unity in C.Lemma 2. For n ∈ N, one has:(a) Fn is moni
 and deg(Fn) = φ(n).(b) ∏
d|n

Fd = Xn − 1.(
) Fn ∈ Z[X].Proof. See Chapter VI.3 of Lang (1993). �Remark 4. Lemma 2 shows that we 
an 
ompute the nth 
y
lotomi
 polynomial re
ursivelyby use of the Eu
lidean algorithm in Z[X].Proposition 3 (Gauÿ). The minimum polynomial MipoQ(ζn) of ζn over Q is the nth 
y
lo-tomi
 polynomial Fn.



DISCRETE TOMOGRAPHY 7Proof. By De�nition 1, ζn is a root of Fn. Now, note that MipoQ(ζn) is, by de�nition, the(uniquely determined) moni
 polynomial in Q[X] of minimal degree having ζn as a root. Of
ourse, it is a standard fa
t that deg(MipoQ(ζn)) = [Kn : Q]; see Proposition 1.4 in ChapterV.1 of Lang (1993). By Proposition 1, one has [Kn : Q] = φ(n), hen
e the result follows fromLemma 2. �The �nal result of this preliminary se
tion will provide a uniform �nite upper bound on thenumber of On-equivalen
e 
lasses in arbitrary grids for given X-ray dire
tions.Proposition 4. If G is a torsion-free Abelian group of rank r, and H is a subgroup whi
h isalso of rank r, then the subgroup index [G : H] is �nite and equals the absolute value of thedeterminant of the transition matrix A from any Z-basis of G to any Z-basis of H.Proof. See Chapter 2, Lemma 6.1.1 of Borevi
h & Shafarevi
h (1966). �3. Model SetsNow we will �rst give a brief introdu
tion to model sets and then we de�ne the 
lass of
y
lotomi
 model sets that will be the underlying ground stru
ture for the present paper.3.1. General Setting. By de�nition, model sets arise from so-
alled 
ut and proje
t s
hemes.These are 
ommutative diagrams of the following form; 
ompare with Moody (2000) and seeBaake et al. (2002) for a gentle introdu
tion with many illustrations.(2) π πintRk ←− Rk ×H −→ H

∪ ∪ latti
e ∪ dense1�1
π[L̃] ←→ L̃ −→ πint[L̃]Here, H is some lo
ally 
ompa
t Abelian group, π and πint are the 
anoni
al proje
tions, and

L̃ is a latti
e in Rk ×H, i.e., L̃ is a dis
rete subgroup of Rk×H su
h that the quotient group
(Rk ×H)

/
L̃is 
ompa
t. Further, πint[L̃] is a dense subset ofH and the restri
tion of π to L̃ is assumed to beinje
tive. Writing L := π[L̃], one 
an de�ne a map .⋆ : L −→ H by x 7−→ πint(π|−1

L (x)). Then,one has [L]⋆ = πint[L̃]. If the map .⋆ is inje
tive, we denote the inverse of its 
o-restri
tion
.⋆ : L −→ [L]⋆ by .−⋆ : [L]⋆ −→ L.In the following we use the notation A◦, A, ∂A for the standard topologi
al operatorsinterior, 
losure, and boundary of a set A in a lo
ally 
ompa
t Abelian group.De�nition 2. (a) Given the 
ut and proje
t s
heme (2), a subset W ⊂ H is 
alled awindow if ∅ 6= W ◦ ⊂W ⊂W ◦ and W ◦ is 
ompa
t.(b) Given any window W ⊂ H, and any t ∈ Rd, we obtain a model set

Λ(t,W ) := t+ Λ(W )relative to the 
ut and proje
t s
heme by setting
Λ(W ) := {x ∈ L |x⋆ ∈W} .



8 BAAKE, GRITZMANN, HUCK, LANGFELD, AND LORDFurther, Rk (resp., H) is 
alled the physi
al (resp., internal) spa
e and W is alsoreferred to as the window of Λ(t,W ). The map .⋆ : L −→ H, as de�ned above, is theso-
alled star map.For details about model sets and general ba
kground material see Moody (2000) and Baake& Moody (2000); see Baake et al. (2002) for detailed graphi
al illustrations of the proje
tionmethod.Remark 5. The translation ve
tor t in De�nition 2 stresses an intrinsi
 
hara
ter of modelsets. While the stru
ture model spe
i�es the 
ut and proje
t s
heme k, H and L̃, and alsothe window W , a natural 
hoi
e of the origin is usually not possible.Remark 6. Without loss of generality, we may assume that the stabilizer HW of the window
W , i.e.,

HW := {h ∈ H |h+W = W},is the trivial subgroup of H, i.e., HW = {0}. Observe that the latter is always the 
ase if His some Eu
lidean spa
e, i.e., if one has H = Rd for some suitable d ∈ N. Note further thatthe star map is a homomorphism of Abelian groups.The following remark 
olle
ts some properties of model sets; for details see Moody (2000).Remark 7. In the following, for x ∈ Rd and r > 0, we denote by Br(x) the open ball ofradius r about x. The model set Λ := Λ(t,W ) ⊂ Rd is a Delone set, meaning that Λ is bothuniformly dis
rete (i.e., there is a radius r > 0 su
h that every ball of the form Br(x), where
x ∈ Rd, 
ontains at most one point of Λ) and relatively dense (i.e., there is a radius R > 0su
h that every ball of the form BR(x), where x ∈ Rd, 
ontains at least one point of Λ). Also,
Λ has �nite lo
al 
omplexity, i.e., Λ − Λ is dis
rete and 
losed. (Note that Λ has �nite lo
al
omplexity i� for every r > 0 there are, up to translation, only �nitely many point sets (
alledpat
hes of diameter r) of the form Λ ∩Br(x), where x ∈ Rd.) In fa
t, Λ is even a Meyer set(i.e., in addition, Λ− Λ is uniformly dis
rete).Further, Λ is aperiodi
, i.e., has no translational symmetries i� the star map is inje
tive. Infa
t, the kernel of the star map is the group of translational symmetries of Λ.If Λ is regular, i.e., the boundary ∂W of the window W has (Haar) measure 0 in H, then Λis pure point di�ra
tive (
f. S
hlottmann, 2000). If Λ is generi
, i.e., [L]⋆∩ ∂W = ∅, then Λ isrepetitive. This means that, given any pat
h of radius r, there is a radius R su
h that any ball
BR(x) in Rd 
ontains at least one translate of this pat
h; see S
hlottmann (2000). If Λ is bothgeneri
 and regular, the frequen
y of repetition of �nite pat
hes is well de�ned, i.e., for every�nite pat
h, the number of o

urren
es of translates of this pat
h per unit volume in the ball
Br(0) of radius r about the origin 0 approa
hes a positive limit as r → ∞; 
f. S
hlottmann(1998).For the dis
rete tomography of aperiodi
 model sets, one additional di�
ulty, in 
omparisonto the 
rystallographi
 
ase, stems from the fa
t that it is not su�
ient to 
onsider one patternand its translates to de�ne the setting. In parti
ular, to de�ne the analogue of a spe
i�
 
rystal,one has to add all in�nite patterns that emerge as limits of sequen
es of translates de�ned inthe lo
al topology (LT). Here, two patterns are ε-
lose if, after a translation by a distan
e ofat most ε, they agree on a ball of radius 1/ε around the origin. If the starting pattern P is
rystallographi
, no new patterns are added; but if P is a generi
 aperiodi
 model set, one
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ountably many di�erent patterns, even up to translations! Nevertheless, allof them are lo
ally indistinguishable (LI). This means that every �nite pat
h in Λ also appearsin any of the other elements of the LI-
lass and vi
e versa; see Baake (2002) for details.Remark 8. The entire LI-
lass of a regular, generi
 model set Λ(W ) 
an be shown to 
onsistof all sets t + Λ(τ + W ), with t ∈ Rd and τ su
h that [L]⋆ ∩ ∂(τ + W ) = ∅ (i.e., τ is in ageneri
 position), and all patterns obtained as limits of sequen
es t+Λ(τn +W ), with all τn ina generi
 position; see Baake (2002). Ea
h su
h limit is then a subset of some t+Λ(τ +W ), as
τ might not be in a generi
 position. In view of this 
ompli
ation, we must make sure that were
onstru
t �nite subsets of generi
 model sets. This will be re�e
ted in De�nitions 6 and 7of Se
tion 4.3.2. Cy
lotomi
 Model Sets. In the present paper we will study the dis
rete tomographyof a spe
ial 
lass of planar model sets, the 
y
lotomi
 model sets, whi
h 
an be des
ribed inalgebrai
 terms and have an Eu
lidean internal spa
e. In the following let n ∈ N \ {1, 2}.Before we formally introdu
e the 
ut and proje
t s
heme from whi
h the 
y
lotomi
 modelsets arise, let us 
onsider some main ingredients.The elements of the Galois group G(Kn/Q) (see Proposition 1) 
ome in pairs of 
omplex
onjugate automorphisms. Let the set {σ1, . . . , σφ(n)/2} arise from G(Kn/Q) by 
hoosingexa
tly one automorphism from ea
h su
h pair. Here, we always 
hoose σ1 as the identityrather than the 
omplex 
onjugation. Every su
h 
hoi
e indu
es a map

.˜ : On −→ (R2)
φ(n)

2through
z 7−→

(
z, σ2(z), . . . , σφ(n)

2

(z)
)
.(A
tually, .˜ and the following map .⋆ are de�ned on Kn, but it is their restri
tion to On thatis relevant here.)With the understanding that for φ(n) = 2 (i.e., n ∈ {3, 4, 6}), the singleton

(R2)
φ(n)

2
−1 = (R2)0is the trivial (lo
ally 
ompa
t) Abelian group {0} ea
h su
h 
hoi
e indu
es a map

.⋆ : On −→ (R2)
φ(n)

2
−1 ,de�ned by .⋆ :≡ 0, if n ∈ {3, 4, 6}, and

z 7−→
(
σ2(z), . . . , σφ(n)

2

(z)
)otherwise. Then, [On]˜ is a Minkowski representation of the maximal order On of Kn,see Chapter 2, Se
tion 3 of Borevi
h & Shafarevi
h (1966) and Theorem 2.6 of Washing-ton (1997). It follows that [On]˜ is a (full) latti
e in R2 × (R2)φ(n)/2−1. Here, sin
e the spa
eR2× (R2)φ(n)/2−1 is Eu
lidean, this means that there are φ(n) R-linearly independent ve
torsin R2 × (R2)φ(n)/2−1 having the property that [On]˜ is the Z-span of these ve
tors; 
ompareChapter 2, Se
tions 3 and 4 of Borevi
h & Shafarevi
h (1966). In fa
t, the set

{
1˜, (ζn)˜, . . . , (ζφ(n)−1

n )˜
}
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f. Proposition 2 and Remark 3. Further, the image [On]⋆ is dense in
(R2)φ(n)/2−1. This follows for instan
e from the existen
e of a Pisot number of (full) degree
φ(n)/2 in On; see Chapter 2, Se
tion 3 of Borevi
h & Shafarevi
h (1966) and Pleasants (2000).Multipli
ation by su
h a Pisot number in the physi
al spa
e then translates via the map .⋆ intoa 
ontra
tion in all dire
tions of the internal spa
e, as de�ned by the Q-span of the proje
tedbasis ve
tors of the latti
e.Now, the 
y
lotomi
 model sets arise from 
ut and proje
t s
hemes of the following form,where we follow Moody (2000), modi�ed in the spirit of the algebrai
 setting of Pleasants(2000).
(3) π πintR2 ←− R2 × (R2)

φ(n)
2

−1 −→ (R2)
φ(n)

2
−1

∪ ∪ latti
e ∪ dense1�1
On ←→ [On]˜ −→ [On]⋆As des
ribed above, one has

[On]˜ =
{(
z, (σ2(z), . . . , σφ(n)

2

(z))
︸ ︷︷ ︸

=z⋆

) ∣∣∣ z ∈ On

}
.Re
all that for n 6= 3, 4, 6 also the �rst in
lusion On ⊂ R2 involves a dense set. Now hereis the de�nition of the 
lass of 
y
lotomi
 model sets; for more details and related generalalgebrai
 settings, see Pleasants (2000).De�nition 3. Given any window W ⊂ (R2)φ(n)/2−1, and any t ∈ R2, we obtain a planarmodel set

Λn(t,W ) := t+ Λn(W )relative to the above 
ut and proje
t s
heme (3) (i.e., relative to any 
hoi
e of the set
{σi | i ∈ {2, . . . , φ(n)/2}} as des
ribed above) by setting

Λn(W ) := {z ∈ On | z⋆ ∈W} .We set
M(On) :=

{
Λn(t,W )

∣∣∣∣∣
t ∈ R2 , W ⊂ (R2)

φ(n)
2

−1 isa window }
.Then, the 
lass CM of 
y
lotomi
 model sets is de�ned as

CM :=
⋃

n∈N\{1,2}

M(On) .Remark 9. The set Λ := Λn(t,W ) ⊂ R2 is aperiodi
 i� n /∈ {3, 4, 6}, i.e., the translates ofthe square (resp., triangular) latti
e are the only 
y
lotomi
 model sets having translationalsymmetries; 
ompare Remark 7. If, for a given n, Λ is both generi
 and regular, and, if thewindow W has m-fold 
y
li
 symmetry with m a divisor of lcm(n, 2) and all in a suitablerepresentation of the 
y
li
 group Cm of order m, then Λ has m-fold 
y
li
 symmetry in thesense of symmetries of LI-
lasses. This means that Λ and the stru
ture obtained by applying



DISCRETE TOMOGRAPHY 11

Figure 2. A 
entral pat
h of the eightfold symmetri
 Ammann-Beenker tilingwith vertex set ΛAB (left) and the .⋆-image of ΛAB inside the o
tagonal windowin the internal spa
e (right), with relative s
ale as des
ribed in the text.an appropriate `symmetry' are lo
ally indistinguishable (LI); see Baake (2002) for details onthe symmetry 
on
ept.3.2.1. Some Examples. We give �ve examples of 
y
lotomi
 model sets. The �rst two areperiodi
 of the form Λn(0,W ) ∈M(On) with n ∈ {3, 4} (and hen
e W = {0}), while the lastthree are aperiodi
 
y
lotomi
 model sets of the form Λn(0,W ) ∈M(On), with n ∈ {5, 8, 12}(when
e having an internal spa
e of dimension 2).(a) The planar, generi
, regular and periodi
 
y
lotomi
 model set with 4-fold 
y
li
 sym-metry asso
iated with the well-known square tiling is the square latti
e, whi
h 
an bedes
ribed in algebrai
 terms as ΛSQ := Λ4(0,W ) = Z[i] = O4; see Figure 2.(b) The planar, generi
, regular and periodi
 
y
lotomi
 model set with 6-fold 
y
li
 sym-metry asso
iated with the well-known triangle tiling is the triangle latti
e, whi
h 
anbe des
ribed in algebrai
 terms as ΛTRI := Λ3(0,W ) = O3; see Figure 2.(
) The planar, generi
 and regular model set with 8-fold 
y
li
 symmetry asso
iated withthe Ammann-Beenker tiling (Baake & Joseph, 1990; Ammann et al., 1992; Gähler,1993) 
an be des
ribed in algebrai
 terms as
ΛAB := {z ∈ O8 | z⋆ ∈W} ,where the star map .⋆ is the Galois automorphism in G(K8/Q), de�ned by ζ8 7−→ ζ3

8 ,and the window W is the regular o
tagon 
entred at the origin and of unit edge length,with orientation as in Figure 2. This 
onstru
tion also gives a tiling with squares andrhombi, both having edge length 1; see Figure 2.
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Figure 3. A 
entral pat
h of the tenfold symmetri
 Tübingen triangle tiling.If t ∈ R2\{0} is 
hosen su
h that t+W is again in a generi
 position (this is true foralmost all t ∈ R2), the repla
ement ofW by t+W again leads to an Ammann-Beenkertiling. Moreover, the two tilings are lo
ally indistinguishable (
ompare Remark 8).(d) The planar and regular model set with 10-fold 
y
li
 symmetry asso
iated with theTübingen triangle tiling (Baake et al., 1990a, b) 
an be des
ribed in algebrai
 termsas
Λt

TTT := {z ∈ O5 | z⋆ ∈ t+W} ,where the star map .⋆ is the Galois automorphism in G(K5/Q), de�ned by ζ5 7−→ ζ2
5 .Moreover, the window W is the regular de
agon 
entred at the origin, with verti
es inthe dire
tions that arise from the 10th roots of unity by a rotation through π/10, and ofedge length τ/√τ + 2, where τ is the golden ratio, i.e., τ = (

√
5 + 1)/2. Furthermore,

t is an element of R2. Note that Λ0TTT is not generi
, while generi
 examples areobtained for almost all t ∈ R2. Generi
 ΛtTTT always give a triangle tiling with long(short) edges of lengths 1 (1/τ , respe
tively); see Figure 3. Di�erent generi
 
hoi
esof t result in lo
ally indistinguishable (LI) Tübingen triangle tilings (
ompare againRemark 8).(e) The planar and regular model set with 12-fold 
y
li
 symmetry asso
iated with theshield tiling (Gähler, 1993) 
an be des
ribed in algebrai
 terms as
Λt

S := {z ∈ O12 | z⋆ ∈ t+W} ,where the star map .⋆ is the Galois automorphism inG(K12/Q), de�ned by ζ12 7−→ ζ5
12,and the window W is the regular dode
agon 
entred at the origin, with verti
es in thedire
tions that arise from the 12th roots of unity by a rotation through π/12, and ofedge length 1. Again, t is an element of R2. Note that Λ0S is not generi
, while ΛtS is



DISCRETE TOMOGRAPHY 13

Figure 4. A 
entral pat
h of the twelvefold symmetri
 shield tiling.generi
 for almost all t ∈ R2. The shortest distan
e between points in a generi
 ΛtS is
(
√

3− 1)/
√

2. Joining su
h points by edges results in a shield tiling, i.e., a tiling withtriangles, squares and so-
alled shields, all having edge length (
√

3−1)/
√

2; see Figure 4for a generi
 example. Di�erent generi
 
hoi
es of t result in lo
ally indistinguishableshield tilings (
ompare again Remark 8).4. Dis
rete Tomography of Planar Model Sets: Problems and Main Results4.1. Consisten
y, Re
onstru
tion and Uniqueness. It is 
lear that ea
h subset of thelatti
e Z2 is determined uniquely by one X-ray in an irrational dire
tion. Therefore, thenontrivial 
lassi
al problems of dis
rete tomography involve latti
e dire
tions, i.e. dire
tionsspanned by two latti
e points. One now needs the 
orre
t analogue of latti
e dire
tions in theframework of 
y
lotomi
 model sets.De�nition 4. Let n ∈ N \ {1, 2}.(a) The elements of On \ {0} are 
alled On-dire
tions.(b) For an On-dire
tion o, we denote by Lo the set of lines t + Ro with t ∈ R, while
LOn

o ⊂ Lo is the set of module lines in dire
tion o, i.e., the set of lines t +Ro in R2with t ∈ On.Sin
e every On-dire
tion is parallel to a non-zero element of the di�eren
e set
Λn(t,W ) − Λn(t,W ) ⊂ On (Hu
k, 2006), the notion of On-dire
tions is indeed the naturalextension for 
y
lotomi
 model sets.De�nition 5. Let n ∈ N \ {1, 2} and let F ⊂ R2 be a �nite set whi
h lives on On, i.e.,
F ⊂ t + On, where t ∈ R2. Furthermore, let o be an On-dire
tion. Then, the (dis
rete
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tion o is the fun
tion
XoF : Lo −→ N0 := N ∪ {0} ,de�ned by
XoF (ℓ) := card(F ∩ ℓ ) .Remark 10. Obviously, XoF has �nite support supp(XoF ) (the set of lines in dire
tion othat pass through at least one point of F ) and, moreover,
∑

ℓ∈supp(XoF )

XoF (ℓ) = card(F ) .In view of the 
ompli
ations with limits indi
ated at the end of Se
tion 3.1, we will makesure that we re
onstru
t �nite subsets of generi
 model sets, i.e., subsets whose .⋆-image liesin the interior of the window. This restri
tion to the generi
 
ase is the proper analogue ofthe restri
tion to perfe
t latti
es and their translates in the 
lassi
al 
ase.De�nition 6. Let n ∈ N\{1, 2}, letW ⊂ (R2)φ(n)/2−1 be a window (
f. De�nition 2), and leta star map .⋆ be given, i.e., a map .⋆ : On −→ (R2)φ(n)/2−1, given by z 7−→ 0, if n ∈ {3, 4, 6},and given by z 7−→ (σ2(z), . . . , σφ(n)/2(z)) otherwise (as des
ribed in De�nition 3). Then, theelements of the subset
{Λn(t, τ +W ◦) | t ∈ R2, τ ∈ (R2)

φ(n)
2

−1}ofM(On), whi
h are de�ned by use of the above star map .⋆, are 
alled W ◦
M(On),⋆-sets.Remark 11. Let n ∈ N\{1, 2}. Note that, ifW ⊂ (R2)φ(n)/2−1 is a window, then its interior

W ◦ is also a window. Note further that for n = 4 (resp., n ∈ {3, 6}) the set of W ◦
M(On),⋆-setssimply 
onsists of all translates of the square latti
e O4 (resp., triangular latti
e O3).De�nition 7 (Consisten
y, Re
onstru
tion, and Uniqueness Problem). Let the data be givenas in De�nition 6. Further, let o1, . . . , om be m ≥ 2 pairwise non-parallel On-dire
tions. The
orresponding 
onsisten
y, re
onstru
tion and uniqueness problems are de�ned as follows.Consisten
y.Given fun
tions poi

: Loi
−→ N0, i ∈ {1, . . . ,m}, whose supports are �niteand satisfy supp(poi

) ⊂ LOn
oi

, de
ide whether there is a �nite set F whi
h is
ontained in a W ◦
M(On),⋆-set and satis�es Xoi

F = poi
, i ∈ {1, . . . ,m}.Re
onstru
tion.Given fun
tions poi

: Loi
−→ N0, i ∈ {1, . . . ,m}, whose supports are �niteand satisfy supp(poi

) ⊂ LOn
oi

, de
ide whether there exists a �nite set F in a
W ◦

M(On),⋆-set that satis�es Xoi
F = poi

, i ∈ {1, . . . ,m}, and, if so, 
onstru
tone su
h F .Uniqueness.Given a �nite subset F of a W ◦
M(On),⋆-set, de
ide whether there is a di�erent�nite set F ′ that is also a subset of aW ◦

M(On),⋆-set and satis�es Xoi
F = Xoi

F ′,
i ∈ {1, . . . ,m}.



DISCRETE TOMOGRAPHY 15Note that the parameter n, the dire
tions oi, and the window W are assumed to be �xed,i.e., are not part of the input.For results on the 
omputational 
omplexity of these problems in the latti
e 
ase (andthe Turing ma
hine as the model of 
omputation), see Gritzmann (1997) and Gardner et al.(1999).4.2. The De
omposition Problem. Now we introdu
e the problem of how to de
ompose agrid (
f. De�nition 8) into translates of maximal On-subsets. Note that the 
rystallographi

ases, namely, the triangular latti
e and the square latti
e, are in
luded.De�nition 8. Let n ∈ N \ {1, 2} and let o1, . . . , om be m ≥ 2 pairwise non-parallel On-dire
tions. Moreover, let poi
: Loi

−→ N0, i ∈ {1, . . . ,m}, be fun
tions whose supports are�nite and satisfy
supp(poi

) ⊂ LOn
oi
.Then, the asso
iated grid G{poi

|i∈{1,...,m}} is de�ned by
G{poi

|i∈{1,...,m}} :=
m⋂

i=1




⋃

ℓ∈supp(poi
)

ℓ


 .De�nition 9. Let n ∈ N \ {1, 2}. We de�ne an equivalen
e relation ∼n on R2 by setting

x ∼n y :⇐⇒ x− y ∈ On .If x, y ∈ R2 satisfy x ∼n y, we say that x and y are equivalent modulo On.De�nition 10 (De
omposition Problem). Let n ∈ N \ {1, 2}, and let o1, . . . , om be m ≥ 2pairwise non-parallel On-dire
tions. The 
orresponding de
omposition problem is de�ned asfollows.De
omposition.Given fun
tions poi
: Loi

−→ N0, i ∈ {1, . . . ,m}, whose supports are �niteand satisfy supp(poi
) ⊂ LOn

oi
, 
ompute the equivalen
e 
lasses modulo On inthe asso
iated grid G{poi

|i∈{1,...,m}}.Of 
ourse, this problem 
an be redu
ed to a polynomial number of membership tests in On.It is, however, not dire
tly 
lear how these tests 
an be performed and, a
tually, the algebrai
properties of On will be utilized. Also, later a uniform bound for the number of 
lasses willbe given that is independent of the X-ray data.Remark 12. The phenomenon of multiple equivalen
e 
lasses modulo On in the grid o

ursalready in the 
lassi
al latti
e situation; see Figure 5 on the left. There, no translate of the�nite subset of the square latti
e (marked by the 
onne
ting lines) is 
ontained in any of theother equivalen
e 
lasses. Also, note the fa
t that exa
tly one of the three equivalen
e 
lasseshas 14 elements (the equivalen
e 
lass marked by light grey), whereas the remaining two onlyhave 13 elements; it follows that this equivalen
e 
lass (whi
h generates the same grid as themarked �nite subset of the square latti
e) would be the unique solution of the 
orrespondingre
onstru
tion problem asso
iated with its point set. Hen
e, the problem of de
omposing thegrid into its equivalen
e 
lasses modulo On is the �rst problem to be solved when dealing withthe 
onsisten
y or the re
onstru
tion problem, also in the 
lassi
al planar setting.
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Figure 5. Grids arising from two On-dire
tions: On the left, the grid gen-erated by the X-rays of a �nite subset of a translate of O4 = Z2 in the twonon-parallel O4-dire
tions (1, 1) and (1,−2). The three equivalen
e 
lassesmodulo O4 are marked by di�erent greys
ales. On the right, the grid generatedby the X-rays of a �nite subset of a translate of ΛAB in the two non-parallel
O8-dire
tions 1 and ζ2

8 = i. The two equivalen
e 
lasses are also shown.4.3. The Separation Problem. When dealing with the 
onsisten
y, re
onstru
tion anduniqueness problems de�ned above, it is 
lear from the de�nition of W ◦
M(On),⋆-sets that, given

n ∈ N\{1, 2, 3, 4, 6}, a �nite set F of points in (R2)φ(n)/2−1 and a window W ⊂ (R2)φ(n)/2−1,we have to be able to de
ide whether F is 
ontained in a translate of W ◦. This leads us tothe following geometri
 separation problem for sets [F ]⋆ ⊂ t+W .De�nition 11. Let d ∈ N, let P,W ⊂ Rd, and let t ∈ Rd. We set
SW,t(P ) := P ∩ (t+W )and, further,

SepW (P ) :=
{
SW,t(P ) | t ∈ Rd

}
.De�nition 12 (Separation Problem).Separation.Given a �nite set P ⊂ Rd, and a set W ⊂ Rd, determine SepW (P ).Remark 13. Note that SepW (P ) 
ontains all subsets of P that are `separable' from their
omplement (in P ) by a translate of W . Trivially, one has p ∈ t+W i� t ∈ p−W . It followsthat(4) SW,t(P ) = {p ∈ P | t ∈ p−W} .We will frequently make use of the above equivalen
e, be
ause it allows us to swit
h betweena separable set SW,t(P ) and the set of translation ve
tors that makes it separable; see Fig. 6for an illustration.



DISCRETE TOMOGRAPHY 17
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

����������������������������������������������������������������������������������

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

����������������������������������������������������������������������������������

PSfrag repla
ements
W −W

t t

p1p1

p2p2

p3p3

p1−W

p2−W

p3−W

Figure 6. On the left: If we translate W by t, then {p1, p2} is a subset of
t+W , but {p3} is not. On the right: The `world of translation ve
tors'. Thepoint t is 
ontained in p1 −W and p2 −W , but not in p3 −W . Again, we seethat SW,t(P ) = {p1, p2}. (In this example, the window is 
entrally symmetri
with respe
t to the origin, i.e., W = −W .)4.4. Main Algorithmi
 Results. In the following we apply the real RAM-model of 
ompu-tation, see e.g. Preparata & Shamos (1985). Here ea
h of the standard elementary operationson reals 
ounts only with unit 
ost.Our �rst result shows that the de
omposition problem 
an be solved e�
iently.Theorem 1. The de
omposition problem 
an be solved in polynomial time in the real RAMmodel. More pre
isely, it is of 
omplexity O(s2), where s is the maximum of the 
ardinalitiesof the supports of the given X-ray data fun
tions.The next result deals with the separation problem.Theorem 2. Let the window W be given as an interse
tion of �nitely many halfspa
es, i.e.,

W = {x | Ax ≤ b} with A ∈ Rl×d and b ∈ Rl. (The parameters d, A, and b are not partof the input). Then, for any �nite set P ⊂ Rd, the problem of 
omputing SepW ◦(P ) 
an besolved in O(card(P )d+1) operations.As a 
onsequen
e of Theorems 1 and 2 we see that the standard tomographi
 algorithmsthat have been developed for the latti
e 
ase 
an also be extended to the tomography of
y
lotomi
 model sets.Theorem 3. Let W be given as in Theorem 2. Then the problems Consisten
y, Re
on-stru
tion and Uniqueness as de�ned in De�nition 7 
an be solved with polynomially manyoperations and polynomially many 
alls to an ora
le that solves the same problem on subsetsof the plane of 
ardinality O(s2), where s is again the maximum of the 
ardinalities of thesupports of the given X-ray data fun
tions.As a simple 
orollary we �nally note that the 
ase of two dire
tions 
an be solved inpolynomial time even for 
y
lotomi
 model sets.Corollary 2. When restri
ted to two On-dire
tions and polytopal windows the problems Con-sisten
y, Re
onstru
tion and Uniqueness as de�ned in De�nition 7 
an be solved inpolynomial time in the real RAM-model.



18 BAAKE, GRITZMANN, HUCK, LANGFELD, AND LORD5. Analysis of the Problems, Proofs and More ResultsIn the following we give a detailed analysis of the problems introdu
ed in the previousse
tion, prove the assertions stated there and obtain more results on the way.5.1. Tra
tability of the De
omposition Problem. We will now show that the numberof equivalen
e 
lasses of a grid is uniformly bounded by a number that depends on the givendire
tions but is independent of the X-ray data. This result will then allow us to proveTheorem 1.De�nition 13. Let n ∈ N \{1, 2} and let o1, o2 be two non-parallel On-dire
tions. We de�nethe 
omplete grid G{o1,o2} as
G{o1,o2} :=

2⋂

i=1

( ⋃

ℓ∈LOn
oi

ℓ
)
.Proposition 5. Let n ∈ N \{1, 2} and let o1, o2 be two non-parallel On-dire
tions. Then, the
omplete grid G{o1,o2} satis�es On ⊂ G{o1,o2} ⊂ C and G{o1,o2} ⊂M{o1,o2}, where one sets(5) M{o1,o2} := linOn

({
1

αδ − βγ o1,
1

αδ − βγ o2
})

,and α, β, γ, δ ∈On are determined by o1 = α+ βζn and o2 = γ + δζn.Remark 14. Note that the linear independen
e of {o1, o2} and {1, ζn} over R implies that
αδ − βγ 6= 0. Also, by de�nition M{o1,o2} is an On-module of rank 2 with basis
{o1/(αδ − βγ), o2/(αδ − βγ)}, and Proposition 5 shows that

On ⊂ G{o1,o2} ⊂M{o1,o2} ⊂ Kn .Note further that there are examples where the in
lusion G{o1,o2} ⊂M{o1,o2} is not an equality.This is due to the fa
t that M{o1,o2} depends on the s
aling of o1 and o2, while G{o1,o2} doesnot. On the other hand, let γ ∈On and 
onsider the two non-parallel On-dire
tions 1 and
γ + ζn. Then, by (5) and Lemma 1, one has

On ⊂ G{1,γ+ζn} ⊂M{1,γ+ζn} = Onand hen
e G{1,γ+ζn} = M{1,γ+ζn} = On. Further observe that, for n ∈ N \ {1, 2, 3, 4, 6}, the
omplete grid G{o1,o2} is a dense subset of the plane, be
ause already its subset On has thisproperty; 
f. Remark 1.Proof of Proposition 5. The �rst in
lusion is obvious by de�nition.Next, we 
laim that On ⊂M{o1,o2}. Let o ∈ On. By Lemma 1(a), there are unique ϕ,ψ ∈Onwith o = ϕ + ψζn. By the linear independen
e of {o1, o2} over R, there are unique x, y ∈ Rwith xo1 + yo2 = o. Hen
e
(xα+ yγ − ϕ) + (xβ + yδ − ψ)ζn = 0and, using the linear independen
e of {1, ζn} over R, we get that xα+yγ−ϕ = xβ+yδ−ψ = 0.In matrix notation, this means that

(
α γ

β δ

)(
x

y

)
=

(
ϕ

ψ

)
.



DISCRETE TOMOGRAPHY 19Cramer's rule now implies that
x = (ϕδ − ψγ)/(αδ − βγ) ∈On/(αδ − βγ)and
y = (αψ − βϕ)/(αδ − βγ) ∈On/(αδ − βγ) .This proves our 
laim.Finally, 
onsider g ∈ G{o1,o2}. By de�nition, there are elements o′, o′′ ∈ On su
h that

{g} = (o′+Ro1)∩(o′′+Ro2). Moreover, there are unique x, y ∈ R with g = o′+xo1 = o′′+yo2.Hen
e, xo1 + (−y)o2 = o′′ − o′ ∈ On and, by the same 
al
ulation as above, we get that
x, y ∈On/(αδ − βγ). Together with our �rst 
laim, this shows that g ∈M{o1,o2}. �Lemma 3. M{o1,o2} is a Z-module of rank φ(n).Proof. This is an immediate 
onsequen
e of the fa
ts that M{o1,o2} is an On-module of rank 2and On is a Z-module of rank φ(n)/2; see Remark 14 and Remark 3. �The following lemma shows that M{o1,o2}, and thus G{o1,o2}, de
omposes into �nitely manyequivalen
e 
lasses whose number depends only on {o1, o2}. Note that the symbol ∪̇ is usedto indi
ate disjoint unions.Lemma 4. The subgroup index [M{o1,o2} : On] is �nite. Hen
e, there are c ∈ N and
t1, t2, . . . , tc ∈M{o1,o2} su
h that

M{o1,o2} =
⋃̇c

i=1
(ti +On) ,where, without restri
tion, t1 = 0. It follows that every subset G of M{o1,o2} satis�es thede
omposition

G =
⋃̇c

i=1
(G ∩ (ti +On)) .Proof. By Lemma 3, M{o1,o2} is a Z-module of rank φ(n). Moreover, M{o1,o2} is torsion-freebe
ause it is a subset of the �eld Kn; see Remark 14. But On is a Z-module of rank φ(n) aswell; see Remark 3. Now, Proposition 4 yields the result. �Remark 15. By Proposition 4, the subgroup index

[M{o1,o2} : On]equals the absolute value of the determinant of the transition matrix A from any Z-basis of
M{o1,o2} to any Z-basis of On. It follows that, given the Z-
oordinates of o1 and o2 withrespe
t to the Z-basis {1, ζn, ζ2

n, . . . , ζ
φ(n)−1
n } of On (
f. Remark 3), one is able to 
ompute

[M{o1,o2} : On]. Note that, for any γ ∈On, one has
[M{1,γ+ζn} : On] = 1 ;see Remark 14.Remark 16. Let n ∈ N \ {1, 2} and let o1, . . . , om be m ≥ 2 pairwise non-parallel On-dire
tions. For any instan
e of the 
orresponding de
omposition problem, the asso
iated grid

G{poi
|i∈{1,...,m}} satis�es

card(G{poi
|i∈{1,...,m}}) ≤ s2 ,



20 BAAKE, GRITZMANN, HUCK, LANGFELD, AND LORDwhere
s := max({card(supp(poi

)) | i ∈ {1, . . . ,m}}) .Sin
e G{poi
|i∈{1,...,m}} ⊂ G{o1,o2}, Proposition 5 shows that the last part of Lemma 4 appliesto G{poi

|i∈{1,...,m}}.In the following we assume that the elements of the supports of the poi
, i ∈ {1, . . . ,m},are given in the form o +Roi for suitable o ∈ On. Moreover, we assume that all o's and all

oi are given through their Z-
oordinates with respe
t to the Z-basis {1, ζn, ζ2
n, . . . , ζ

φ(n)−1
n } of

On (
f. Remark 3).We now prove Theorem 1 whi
h we restate in a rephrased form.Theorem 4. The de
omposition problem 
an be solved with O(s2) many real number opera-tions.Proof. The algorithm performs the following steps.Step 1: By the proof of Lemma 1(a), the Eu
lidean algorithm in Z[X], the indu
tive
omputability of the nth 
y
lotomi
 polynomial Fn = MipoQ(ζn) (
f. Remark 4 and Propo-sition 3), the proof of Proposition 5 and the Gaussian elimination algorithm, we are able to
ompute the Q-
oordinates of the elements of the grid G{poi
|i∈{1,...,m}} ⊂ Kn with respe
t tothe Q-basis

{1, ζn, ζ2
n, . . . , ζ

φ(n)−1
n }of Kn (
f. Proposition 1) e�
iently.Step 2: Sin
e {1, ζn, ζ2

n, . . . , ζ
φ(n)−1
n } is simultaneously a Q-basis of Kn and a Z-basis of On(
f. Proposition 1 and Remark 3), one has for all q0, q1, . . . , qφ(n)−1 ∈ Q the equivalen
e(6) q0 + q1ζn + · · ·+ qφ(n)−1ζ

φ(n)−1
n ∈ On

⇐⇒ q0, q1, . . . , qφ(n)−1 ∈ Z .By Step 1, the elements of G{poi
|i∈{1,...,m}} are given in the form

q0 + q1ζn + · · ·+ qφ(n)−1ζ
φ(n)−1
n ,where q0, q1, . . . , qφ(n)−1 ∈ Q. Now, pro
eed as follows: 
hoose an arbitrary element gof G{poi

|i∈{1,...,m}} and 
ompute the Q-
oordinates of the di�eren
es g − h with respe
t to
{1, ζn, ζ2

n, . . . , ζ
φ(n)−1
n }, where h ∈ G{poi

|i∈{1,...,m}} \ {g}. By the above 
riterion (6), a �xed
h lies in the same equivalen
e 
lass modulo On as g i� all 
oordinates of g − h are elementsof Z. Iterate this pro
edure by su

essively removing the 
omputed equivalen
e 
lasses andpro
eeding with the remaining subset of the grid and an arbitrary element therein.We already saw in Remark 16 that the last part of Lemma 4 applies to G{poi

|i∈{1,...,m}}.This immediately implies that Step 2 of this algorithm 
omputes the equivalen
e 
lasses ofthe grid modulo On in at most
c := [M{o1,o2} : On] ∈ Niterations. The inequality card(G{poi

|i∈{1,...,m}}) ≤ s2 (
f. Remark 16) now 
ompletes theproof. �



DISCRETE TOMOGRAPHY 21Remark 17. The proof of Theorem 4 indi
ates that we a
tually do not need the full strengthof the real RAM-model of 
omputation. Rather, a Turing ma
hine model that is augmentedfor algebrai
 
omputations su�
es, see e.g. Bu
hberger et al. (1982). Then, of 
ourse, thebinary size of the input matters.5.2. Tra
tability of the Separation Problem. The problem Separation in its generalform is interesting on its own and we show now how to deal with it for windows W that areopen polyhedra, i.e.,
W = {x | Ax < b} with A ∈ Rl×d and b ∈ Rl ,where d ≥ 2 is a �xed 
onstant. The ideas presented here 
an be generalized to semialgebrai
sets, but we prefer to keep the exposition more elementary. Also, polytopal windows with

N -fold 
y
li
 symmetry, where N is the fun
tion from (1), are most relevant for model sets.(Note that the windows underlying the examples in Se
tion 3.2.1 are polytopes.)We will begin with some standard fa
ts about hyperplane arrangements as they are neededto deal with Separation. See Edelsbrunner et al. (1986) for more information on hyperplanearrangements, and Agarwal & Sharir (2000) and Halperin (2004) for surveys that 
over alsomore general 
lasses of arrangements.De�nition 14. For i ∈ {1, . . . , l}, let ai ∈ Rd \ {0}, βi ∈ R, and 
onsider the sets Hi =
{x | aT

i x = βi}. Then Hi is 
alled hyperplane and H = {H1, . . . ,Hl} is a hyperplane ar-rangement in Rd. The sign ve
tor SV (x) of some point x ∈ Rd is de�ned 
omponent-wisevia
SVi(x) :=





−1 if aT
i x < βi

0 if aT
i x = βi

+1 if aT
i x > βi

, 1 ≤ i ≤ l .For s ∈ {±1, 0}l with
Cs := {x | SV (x) = s} 6= ∅ ,

Cs is 
alled a (proper) 
ell of the arrangement H.Remark 18. The 
ells of an arrangement are relatively open sets of various dimensions. Inparti
ular, a 
ell Cs with sign ve
tor s is full-dimensional if and only if s ∈ {±1}l. Of 
ourse,Rd is the disjoint union of all the 
ells of a hyperplane arrangement. Figure 7 gives someillustration.In view of their general relevan
e, hyperplane arrangements are well studied and also algo-rithmi
ally well understood.Proposition 6. Let H = {H1, . . . ,Hl} be a hyperplane arrangement in Rd. There exists analgorithm that 
omputes a set of points meeting ea
h 
ell of H in O(ld) operations in the realRAM model.Proof. Cf. Theorem 3.3 of Edelsbrunner et al. (1986). See also Chapter 7 of Edelsbrunner(1987). �The proof of Theorem 2 will now be based on the following observation that ties the sepa-ration problem to 
ertain hyperplane arrangements.
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PSfrag repla
ements
+

+

+

+

−

−

−

−H1

H2

H3

H4

(0, 0,+1,−1)

(+1, 0,+1,−1)

(−1,−1,−1,+1)Figure 7. A small example for a hyperplane-arrangement in the plane. Thehyperplanes are given by Hi = {x | aT
i x = βi}, where a1 = (−1, 1), β1 = −1,

a2 = (−1, 4), β2 = 3, a3 = (0, 1), β3 = 1, a4 = (−2,−3), β4 = −4. Onthe right, the 
ells are drawn s
hemati
ally. The arrangement 
onsists of sixpoints, 16 one-dimensional 
ells (thi
k lines) and 11 full-dimensional 
ells (greyareas). Some sign ve
tors are given. Note that not all ve
tors in {±1, 0}4 o

uras sign ve
tors of 
ells; e.g., (0, 0, 0, 0) and (−1,+1,−1,−1) are not realized.Lemma 5. Let P = {p1, . . . , pq} be a �nite set of points in Rd, let W = {x | Ax < b} with
A ∈ Rl×d, b ∈ Rl, and let aT

i denote the ith row of A, 1 ≤ i ≤ l. For 1 ≤ i ≤ l and 1 ≤ j ≤ q,set
H

(j)
i := {x | aT

i x = (Apj − b)i}Further, set
H(W,P ) := {H(j)

i | 1 ≤ i ≤ l , 1 ≤ j ≤ q} .Then, one has the following:(a) The set pj−W is an interse
tion of open halfspa
es de�ned by the H(j)
1 , . . . ,H

(j)
l , morepre
isely

pj −W = {x |ATx > Apj − b} .(b) For ea
h 
ell Cs of the hyperplane arrangement H(W,P ) with sign ve
tor s = (si,j)i,jthe following impli
ation is true:
t, t′ ∈ Cs =⇒ SW,t(P ) = SW,t′(P ) .

(Of 
ourse, the reverse impli
ation is not true in general; see Figure 8.)Proof. Part (a) follows from a simple 
omputation:
p−W = {p− x | Ax < b} = {x | A(p− x) < b}

= {x | Ax > Ap− b} .For (b), re
all from (4) that
SW,t(P ) = {pj | 1 ≤ j ≤ q , t ∈ pj −W}for any t ∈ Rd. Using (a) we see that t ∈ pj −W i� SV1j(t) = · · · = SVlj(t) = +1. Now, if

t, t′ ∈ Cs, we have SV (t) = SV (t′) = s, 
on
luding the proof. �Here is a restatement of Theorem 2.
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ements
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p3−W

Figure 8. This shows in essen
e the same situation as in Fig. 6, on the rightwe added the arrangement H(W,P ). Here, SW,t(P ) = SW,t′(P ), but t and t′are in di�erent fulldimensional 
ells of the arrangement H(W,P ), see Lemma5. Therefore the inverse dire
tion of the impli
ation in Lemma 5 (b) is nottrue.Theorem 5. Let W = {x | Ax < b} with A ∈ Rl×d and b ∈ Rl. Moreover, let P =
{p1, . . . , pq} be a �nite set of points in Rd. Then, SepW (P ) 
an be 
omputed with the aid ofat most O((lq)d+1) operations in the real RAM model.Proof. Our algorithm to determine SepW (P ) performs the following steps.Step 1: Compute (Apj−b)i for 1 ≤ i ≤ l and 1 ≤ j ≤ q, to spe
ify the hyperplane arrangement
H(W,P ) from Lemma 5.Step 2: Compute a set T of points meeting every 
ell of H(W,P ).Step 3: For ea
h of the points t ∈ T obtained in 2, 
ompute SW,t(P ).Step 4: Output the 
olle
tion of all the SW,t(P ).The 
orre
tness of this pro
edure follows dire
tly from Lemma 5.Now we show the 
omplexity assertion. Step 1 needs no more than O(lq) operations. Step 2requires O((lq)d) operations by Proposition 6. For Step 3, we de
ide if t ∈ pj −W for ea
h j.To this end we test if t satis�es the inequalities aT

i t > (Apj − b)i, 1 ≤ i ≤ l, 1 ≤ j ≤ q. This isdone with O(lq) operations. In total we do not need more than O(lq + (lq)dlq) = O((lq)d+1)operations. �Remark 19. As the proof of Theorem 5 shows, if the number of hyperplanes de�ning thewindow W is regarded 
onstant, then
card (SepW ◦(P )) = O

(
card(P )d

)
.Remark 20. Theorem 5 
an be generalized to semialgebrai
 sets W . The 
orrespondingalgorithm is then based on an analogue of Proposition 6 in the semialgebrai
 world; see Basuet al. (1996) and Theorem 2 of Basu et al. (1997).5.3. On the Tra
tability of Consisten
y, Re
onstru
tion and Uniqueness. As a 
on-sequen
e of Theorems 1 and 2 we 
an now prove Theorem 3. In the following we only dealwith Consisten
y in detail; the proofs for the other two problems are similar. As Theorem 3states, we want to redu
e Consisten
y to a problem in the 
lassi
al (an
hored) 
ase.



24 BAAKE, GRITZMANN, HUCK, LANGFELD, AND LORDThe number m ∈ N \ {1} of X-rays and the di�erent dire
tions o1, . . . , om are of 
ourse�xed as usual.An
horedConsisten
y.Given s ∈ N and poi
: Loi

−→ N0, i ∈ {1, . . . ,m}, with �nite supports whose
ardinalites are bounded by s, and a �nite set S ⊂ R2 with at most s2 points.De
ide whether there is a set F 
ontained in S whi
h satis�es Xoi
F = poi

,
i ∈ {1, . . . ,m}.Now we show that for polytopal windows the problem Consisten
y for 
y
lotomi
 modelsets 
an be redu
ed to An
horedConsisten
y. Let A be an algorithm for solving An-
horedConsisten
y. (In the following A a
ts as a bla
k box subroutine for the redu
tion.)Theorem 6. Let W be given as in Theorem 2. Then Consisten
y 
an be solved withpolynomially many operations and polynomially many 
alls to A.Proof. The algorithm performs the following steps.Step 1: Che
k �rst the ne
essary 
ondition that the 
ardinalities

∑

l∈supp(poi
)

poi
(l)
oin
ide for ea
h i. If this is the 
ase, pro
eed with Step 2. Otherwise the instan
e is in
on-sistent.Step 2: Compute the elements of the equivalen
e 
lasses Gi of the asso
iated grid

G{po1 ,...,pom} modulo On, say
G{po1 ,...,pom} =

⋃̇c

i=1
Gi ⊂ Knin terms of their Q-
oordinates with respe
t to the Q-basis

{1, ζn, ζ2
n, . . . , ζ

φ(n)−1
n }of Kn (
f. Proposition 1). By Theorem 1, this 
an be done e�
iently.Step 3: For all i ∈ {1, . . . , c}, 
ompute the .⋆-image [Gi]

⋆ of Gi. Note that we 
onsider thestar map here as a map
.⋆ : Kn −→ (R2)

φ(n)
2

−1 .This 
an be done e�
iently. Due to the de�nition of W ◦
M(On),⋆-sets, a solution F ⊂ Gi for ourinstan
e must satisfy the 
ondition(7) ∃ τ ∈ (R2)

φ(n)
2

−1 : [F ]⋆ ⊂ τ +W ◦ .Re
all that for n ∈ {3, 4, 6}, 
ondition (7) is always satis�ed and one 
an pro
eed with Step 4.Otherwise, 
ompute the set SepW ◦([Gi]
⋆). By Theorem 2, this 
an be done e�
iently. Notethat, for every i ∈ {1, . . . , c}, a subset F ⊂ Gi that satis�es 
ondition (7) has the propertythat [F ]⋆ ⊂ P for a suitable P ∈ SepW ◦([Gi]

⋆). Finally, 
ompute, for all i ∈ {1, . . . , c} and forall P ∈ SepW ◦([Gi]
⋆), the pre-images S := [P ]−⋆ of P under the star map. This 
an be donee�
iently. Note that, with the above restri
tion n /∈ {3, 4, 6}, the star map is inje
tive.Step 4: If n ∈ {3, 4, 6}, 
onsider the equivalen
e 
lasses S := Gi, i ∈ {1, . . . , c}, havingthe property that card(Gi) ≥ N . Otherwise, 
onsider, for all i ∈ {1, . . . , c} and for all
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Figure 9. A (card(F )×card(F ))-grid (left hand side). The subsets of the gridthat 
onform to the X-ray data 
orrespond to permutation matri
es, hen
ethere are (card(F ))! of them. Assume that the internal spa
e is also two-dimensional and that the star map .⋆ a
ts as a bije
tion on the grid points.Then the grid in the physi
al spa
e is mapped to a grid in the internal spa
e(right hand side). (As 
on
rete example of this situation, we re
all the examplesin Se
tion 3.2.1. E.g., if n = 8 and the star map is de�ned by ξ8 7→ ξ38 , thenthe grid in the physi
al spa
e 
an be 
hosen as a �nite pat
h of the Z-span
linZ({1, ξ8}) (a latti
e in R2). It is in 1�1 
orresponden
e to its image underthe star map. If the window is 
hosen `slim' enough, 
overing a `diagonal'of the image grid, then there is only one of the (card(F ))! solutions (in theinternal spa
e) that 
an be 
overed by a translate of the window. Thus, thereis also only one single solution in the physi
al spa
e.

P ∈ SepW ◦([Gi]
⋆), the subsets S := [P ]−⋆ of Gi having the property that card([S]−⋆) ≥ N .Then apply A on ea
h su
h S. The instan
e is 
onsistent i� A reports 
onsisten
y for one ofthe sets S. �Note that form = 2 a polynomial-time algorithm A is available; see e.g. Slump & Gerbrands(1982). There it is shown how to set up a 
apa
itated network that admits a 
ertain �ow i�the 
onsisten
y question has an a�rmative answer. Points in the grid 
orrespond to ar
s inthis network. If we want to forbid 
ertain positions, we only have to 
an
el the 
orrespondingar
s. Hen
e we obtain Corollary 2 for Consisten
y.The proofs for Re
onstru
tion and Uniqueness are analogous.Remark 21. Note that the seemingly more natural approa
h to �nd subsets F ⊂ Gi �rstthat 
onform to the X-rays, and 
he
k then whether (7) is satis�ed may lead to an exponentialrunning time. In fa
t, Figure 9 gives a simple example with a unique solution but exponentiallymany subsets of the grid 
onforming to the X-ray data.A
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