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DISCRETE TOMOGRAPHY OF PENROSE MODEL SETSMICHAEL BAAKE AND CHRISTIAN HUCKAbstrat. Various theoretial and algorithmi aspets of inverse problems in disrete to-mography of planar Penrose model sets are disussed. These are motivated by the demandof materials siene for the reonstrution of quasirystalline strutures from a small numberof images produed by quantitative high resolution transmission eletron mirosopy.1. IntrodutionDisrete tomography is onerned with the inverse problem of retrieving information aboutsome disrete objet from (generally noisy) information about its inidenes with ertain querysets. A typial example is the reonstrution of a �nite planar point set from its line sumsin a small number of diretions. More preisely, for a diretion u ∈ S
1 (the unit irle), the(disrete parallel) X-ray XuF of a �nite subset F of the Eulidean plane R2 in diretion ugives the number of points of the set on eah line in R2 parallel to u, i.e., XuF is the funtion

XuF : Lu −→ N0 := N ∪ {0}, de�ned by
XuF (ℓ) := card(F ∩ ℓ ) =

∑

x∈ℓ

1F (x) ,where Lu is the set of lines in diretion u in R2, with obvious generalization to higher di-mensions. In the lassial setting, motivated by rystals, the positions to be determined forma subset of a translate of the square lattie Z2 or, more generally, of arbitrary latties L inRd, where d ≥ 2. The ases d = 2 and d = 3 are pratially relevant. In fat, many of theproblems in disrete tomography have been studied on Z2, the `lassial planar setting' ofdisrete tomography; see [1, 2, 3, 4℄.In the longer run, by also having other strutures than perfet rystals in mind, one hasto take into aount wider lasses of sets, or at least signi�ant deviations from the lattiestruture. As an intermediate step between periodi and random (or amorphous) Delone sets(de�ned below), we onsider systems of aperiodi order, more preisely, of so-alled model sets(or mathematial quasirystals), whih are ommonly aepted as a reasonable mathematialmodel for quasirystalline strutures in nature [5℄.The main motivation for our interest in the disrete tomography of model sets omesfrom the question how to reonstrut three-dimensional (quasi)rystals, or planar layers ofthem, from their images under quantitative high resolution transmission eletron mirosopy(HRTEM) in a small number of diretions. In fat, in [6, 7℄, a tehnique alled QUANTITEM(quantitative analysis of the information oming from transmission eletron mirosopy) isdesribed, based on HRTEM, whih an e�etively measure the number of atoms lying onlines parallel to ertain diretions. In partiular, with the growing importane of surfae si-ene, there is also inreasing interest in additional methods for the reonstrution of planar1



2 M. BAAKE AND C. HUCKstrutures whih an supplement STM approahes. At present, the measurement of the num-ber of atoms lying on a line an only be ahieved for some rystals; see [6, 7℄. However, it isreasonable to expet that future developments in tehnology will improve this situation. Itseems thus timely to investigate the mathematial foundations now.Here, we restrit ourselves to an example, namely to the well-known lass of planar modelsets ΛP ⊂ R2 that are assoiated with the well-known Penrose tiling, and present someresults on the disrete tomography of these sets, with an emphasis both on reonstrutionand uniqueness problems. Note that proofs are omitted; details and extensions will appearin [8, 9℄. 2. Penrose Model SetsWe always let ζ5 = e2πi/5, a primitive 5th root of unity in C. Then, Q(ζ5) is the orrespond-ing ylotomi �eld, an algebrai number �eld of degree 4 over Q, and Z[ζ5] is its subring ofylotomi integers.Remark 1. Let C5 denote the yli group of order 5, i.e., C5 = Z/5Z. Moreover, C5 isunderstood to be supplied with the disrete topology. It is well-known that every z ∈ Z[ζ5]an uniquely be written as z =
∑3

j=0 aj(z)ζj
5 , with aj(z) ∈ Z. Let σ2 be the automorphismof the Galois extension Q(ζ5)/Q that is given by ζ5 7−→ ζ2

5 . Identifying R2 and C in theanonial way, σ2 gives rise to a map
.˜ : Z[ζ5] −→ R2 × (R2 × C5) ,de�ned by z 7−→

(
z,

(
σ2(z),

∑3
j=0(aj(z) (mod 5))

)). Via projetion on the seond fator, thisindues a map .⋆ : Z[ζ5] −→ R2 ×C5, de�ned by z 7−→
(
σ2(z),

∑3
j=0(aj(z) (mod 5))

). Then,Z[ζ5]˜ is a lattie in R2 × (R2 × C5), i.e., a o-ompat disrete subgroup. In fat, Z[ζ5]˜ isthe Z-span of the set {1˜, (ζ5)˜, (ζ2
5 )˜, (ζ3

5 )˜}. Finally, note that Z[ζ5]
⋆ is dense in R2 × C5;see [10℄.It is well known by now that model sets arise from so-alled ut and projet shemes,ompare [12, 13℄. In partiular, the lass of Penrose model sets (PMS) arises from the followingut and projet sheme; f. [14℄:(1)

π πintR2 ←− R2 × (R2 × C5) −→ R2 × C5

∪ dense ∪ lattie ∪ dense1�1 1�1Z[ζ5] ←→
{(

z = σ1(z),
(
σ2(z),

3∑

j=0

(aj(z) (mod 5))
)

︸ ︷︷ ︸
=z⋆

)
| z ∈ Z[ζ5]

}

︸ ︷︷ ︸
=Z[ζ5]˜

←→ Z[ζ5]
⋆
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Figure 1. A path of the �vefold symmetri Penrose tiling, with the fourdistint lasses of verties indiated.Given any subset W ⊂ R2 × C5 with ∅ 6= W ◦ ⊂ W ⊂ W ◦ and W ◦ ompat, a so-alledwindow, and any t ∈ R2, we obtain a planar model set Λ(t,W ) := t + Λ(W ) relative to theabove ut and projet sheme (1) by setting Λ(W ) := {z ∈ Z[ζ5] | z⋆ ∈W}.Let P be the onvex hull of the 5th roots of unity, whih is a regular pentagon entred atthe origin. Set W (1) := P , W (2) := −P , W (3) := τP and W (4) := −τP , with τ = (1 +
√

5)/2the golden ratio, and
WP :=

4⋃

j=1

(
W (j) × {j (mod 5)}

)
⊂ R2 × C5 .Moreover, for u ∈ R2, set W u

P := (u, 0 (mod 5)) + WP , (W u
P )(j) := (u, 0 (mod 5)) +

(
W (j) ×

{j (mod 5)}
) and ΛuP := Λ(W u

P ). If ΛuP is generi, i.e., if one has W u
P ∩ Z[ζ5]

⋆ = ∅, then alltranslates of ΛuP, meaning the sets t + ΛuP with t ∈ R2, are alled Penrose model sets. Notethat this formulation avoids the usual ambiguities from non-minimal embeddings into 5-spae.Remark 2. Λ0P is not generi, while generi examples are obtained by shifting the window,i.e., ΛuP is generi for almost all u ∈ R2. Joining any two points with distane 1 in a generi ΛuPby edges results in a Penrose tiling, whih is a tiling with two types of rhombi. See Figure 1for a generi example; di�erent generi hoies of u result in loally indistinguishable (LI)Penrose tilings. Note that Penrose model sets ΛP ⊂ R2 are aperiodi, meaning that theyhave no translational symmetries. Further, Penrose model sets are Delone sets, i.e., they areuniformly disrete and relatively dense; f. [12℄.



4 M. BAAKE AND C. HUCK3. Problems in Disrete Tomography of Penrose Model SetsLet ΛP be a PMS, k ∈ N and R > 0. A �nite subset C of ΛP is alled a onvex set in ΛPwhen its onvex hull ontains no new points of ΛP, i.e., when one has C = conv(C)∩ΛP. Wedenote by F(ΛP), F≤k(ΛP), D<R(ΛP) and C(ΛP) the set of �nite subsets of ΛP, the set of�nite subsets of ΛP having ardinality ≤ k, the set of subsets of ΛP with diameter less than
R and the set of onvex subsets of ΛP, respetively.Remark 3. The uniform disreteness of Penrose model sets ΛP immediately implies theinlusion D<R(ΛP) ⊂ F(ΛP).Clearly, in order to obtain eletron mirosopy images of high resolution, one should allowonly diretions whih yield dense lines in Penrose model sets. These diretions are learlyontained in the set of all diretions, alled ΛP-diretions, whih are parallel to a non-zeroelement of the di�erene set of ΛP, i.e.,

ΛP−ΛP := {λ− λ′ |λ, λ′ ∈ ΛP} ⊂ Z[ζ5] .Calling a diretion u ∈ S
1 a Z[ζ5]-diretion when it is parallel to an element of Z[ζ5]\{0}, onehas the following result.Proposition 1. If ΛP is a PMS, the set of ΛP-diretions equals the set of Z[ζ5]-diretions.Let us indiate the main algorithmi problems in disrete tomography of Penrose modelsets. For a diretion u ∈ S

1, we use LZ[ζ5]
u to denote the set of elements ℓu of Lu that passthrough a point of Z[ζ5]. Let u1, . . . , um ∈ S

1 be m ≥ 2 pairwise non-parallel Z[ζ5]-diretions.The orresponding onsisteny, reonstrution and uniqueness problems are de�ned as follows.Consisteny.Given funtions pui
: Lui

−→ N0, i ∈ {1, . . . ,m}, whose supports are �niteand satisfy supp(pui
) ⊂ LZ[ζ5]

ui
, deide whether there is a �nite set F whih isontained in a PMS and satis�es Xui

F = pui
, for all i ∈ {1, . . . ,m}.Reonstrution.Given funtions pui

: Lui
−→ N0, i ∈ {1, . . . ,m}, whose supports are �niteand satisfy supp(pui

) ⊂ LZ[ζ5]
ui

; in the ase that Consisteny is satis�ed,onstrut a �nite set F whih is ontained in a PMS and satis�es Xui
F = pui

,for all i ∈ {1, . . . ,m}.Uniqueness.Given a �nite subset F of a PMS, deide whether there is a di�erent �niteset F ′ that is also a subset of a PMS and satis�es Xui
F = Xui

F ′, for all
i ∈ {1, . . . ,m}.In general, the above problem Reonstrution an have many solutions of rather di�erentshape. Therefore, one is also interested in uniqueness results, e.g., the (unique) determinationof the set ⋃

ΛP PMS F(ΛP) ,or suitable subsets thereof by the X-rays in a small number of Z[ζ5]-diretions. More preisely,we de�ne the onept of determination and the interative onept of suessive determination



DISCRETE TOMOGRAPHY 5as follows. Let E be a olletion of �nite subsets of R2 and let U ⊂ S
1 be a �nite setof diretions. We say that E is determined by the X-rays in the diretions of U if, for all

F,F ′ ∈ E , one has
(XuF = XuF ′, ∀u ∈ U) =⇒ F = F ′ .We say that E is suessively determined by the X-rays in the diretions of U = {u1, . . . , um},if, for a given F ∈ E , these an be hosen indutively (i.e., the hoie of uj depends on all

Xuk
F with k ∈ {1, . . . , j − 1}) suh that, for all F ′ ∈ E , one has

(XuF ′ = XuF, ∀u ∈ U) =⇒ F ′ = F .We say that E is determined (resp., suessively determined ) by m X-rays if there is a set U of
m pairwise non-parallel diretions suh that E is determined (resp., suessively determined)by the X-rays in the diretions of U .4. Computational Complexity and Uniqueness ResultsLet us begin with a result on omputational omplexity, where we apply the real RAM-model of omputation, see [15℄. Here, eah of the standard elementary operations on realsounts only with unit ost. This leads to the following tratability result.Theorem 1. When restrited to two Z[ζ5]-diretions, the problems Consisteny, Reon-strution and Uniqueness an be solved in polynomial time in the real RAM-model.Remark 4. It seems to be rather obvious from the results in [3℄ that one annot expet ageneralization of Theorem 1 to the ase of three or more Z[ζ5]-diretions. More preisely, weexpet that, when restrited to three or more Z[ζ5]-diretions, the problems Consisteny,Reonstrution and Uniqueness are NP-hard.Let us now present results dealing with the (suessive) determination of �nite subsets ofPenrose model sets. Though we are not interested in non-Z[ζ5]-diretions for pratial reasons,we begin with the following observation.Proposition 2. If ΛP is a PMS and u ∈ S

1 is a non-Z[ζ5]-diretion, the lass of �nite subsets
F(ΛP) is determined by the single X-ray in diretion u.This last result immediately follows from the observation that, for all PMS ΛP, eah line inthe plane in a non-Z[ζ5]-diretion passes through at most one point of ΛP, the latter being thereason for the pratial irrelevane of this result. On the other hand, the next result showsthat any �xed �nite number of X-rays in Z[ζ5]-diretions does not su�e to determine thewhole lass of �nite subsets of a �xed PMS ΛP.Proposition 3. Let ΛP be a PMS and U ⊂ S

1 an arbitrary, but �xed �nite set of pairwisenon-parallel Z[ζ5]-diretions. Then, the set F(ΛP) is not determined by the X-rays in thediretions of U .In order to obtain results on uniqueness, one has to restrit the lass of �nite sets underonsideration. Within the lass of �nite subsets of a �xed PMS ΛP with bounded ardinality,there is the following result.



6 M. BAAKE AND C. HUCKProposition 4. Let ΛP be a PMS and k ∈ N. Then, the set F≤k(ΛP) is determined byany set of k + 1 pairwise non-parallel Z[ζ5]-diretions, while any set of 1 + ⌊log2 k⌋ pairwisenon-parallel X-rays in Z[ζ5]-diretions is insu�ient for this purpose.This last result is one again of limited relevane in pratie, beause typial atomi stru-tures to be determined omprise about 106 to 109 atoms, and, in order not to damage or evendestroy the examined strutures, one has to make sure that one uses at most 4 or 5 X-rays.Proposition 5. Let ΛP be a PMS and R > 0. Then, the set D<R(ΛP) is determined by two
X-rays in Z[ζ5]-diretions.Though the last result seems to be more satisfatory, it is probably still of restrited usein pratie. Here, the reason is that, in general, the seond Z[ζ5]-diretion annot be hosenin suh a way that it yields dense lines in Penrose model sets ΛP, in other words, one wouldhave to deal with images of poor resolution. A deeper result is the following, whih deals withthe lass of onvex subsets of a �xed PMS ΛP.Theorem 2. There is a set U ⊂ S

1 of four pairwise non-parallel Z[ζ5]-diretions suh that,for all PMS ΛP, the set C(ΛP) is determined by the X-rays in the diretions of U , while, forall PMS ΛP and any set U ⊂ S
1 of three or less pairwise non-parallel Z[ζ5]-diretions, the set

C(ΛP) is not determined by the X-rays in the diretions of U .For example, the set of Z[ζ5]-diretions parallel to the elements of the following set U hasthe desired property to determine C(ΛP) by the X-rays in its diretions,(2) U := {(1 + τ) + ζ5, (τ − 1) + ζ5,−τ + ζ5, 2τ − ζ5} .Remark 5. By a result of Pleasants [16℄, these diretions an yield dense lines in Penrosemodel sets. It follows that, in the pratie of quantitative HRTEM, the resolution omingfrom these diretions is rather high, whih makes Theorem 2 look promising.Above, we restrited the lass of �nite subsets of a �xed Penrose model set ΛP underonsideration. In order to obtain positive uniqueness results, a seond option is to onsiderthe interative tehnique of suessive determination. One has the following positive results.Theorem 3. If ΛP is a PMS, the set F(ΛP) is suessively determined by two X-rays inZ[ζ5]-diretions, while the set ⋃

ΛP PMS F(ΛP)is suessively determined by three X-rays in Z[ζ5]-diretions.Unfortunately, this result is again somewhat limited in pratie beause, in general, oneannot make sure that all the Z[ζ5]-diretions whih are used math dense lines in Penrosemodel sets. Final RemarkFor further details in this spirit, we refer to [2, 3, 4, 18℄ for the lattie ase and [17, 18℄ forylotomi model sets whih also provide a systemati generalization of the setting explainedhere for the PMS.
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