SOME SPECIAL FEATURES OF SPECIAL MOUFANG
SETS

TOM DE MEDTS! YOAV SEGEV? KATRIN TENT?

ABSTRACT. We prove Timmesfeld’s conjecture that special abstract rank
one groups are quasisimple. We show that in a special Moufang set the
root groups are characterized on the one hand by being regular and nor-
mal in the point stabilizer, and on the other hand a normal transitive
nilpotent subgroup of the point stabilizer is a root group. We prove that
if a root group of a special Moufang set contains an involution, then it
is of exponent 2. Furthermore we show that the root groups are abelian
if and only if the so-called p-maps are involutions.

INTRODUCTION

A Moufang set is a set X together with a collection of groups (Uy).ex
acting on X (called root groups), such that each U, fixes z and acts regularly
on X \ {z}, and such that U{ = U, for each € X and each ¢ € GT :=
(Uy | v € X). The group GT is called the little projective group of the
Moufang set, and it is clear that this group acts doubly transitively on X,
for |X| > 2.

The notion of a Moufang set is closely related to that of a split BN-pair
of rank one, and both notions are due to J. Tits. Moufang sets are thus
very basic, natural objects. Another related notion is an “abstract rank one
group”, as introduced by F. Timmesfeld [Ti] (see Definition 1.9). He also
introduced the natural notion of a special rank one group (see Definition
1.4). In [Ti, p. 26] Timmesfeld conjectured that every special rank one
group with abelian unipotent subgroups is quasisimple, this conjecture is
part (2) of the following.

Theorem 1. (1) Let (X, (Uy | x € X)) be a special Moufang set with
| X| > 5, and let G be its little projective group. Pick distinct x,y € X
and let H = G, N Gy. Then Uy, H| = Uy, and hence G is perfect.
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(2) LetY be a special abstract rank one group with unipotent subgroups
A and B and let K = Ny (A) N Ny (B). Then A and B are abelian,
and either Y = SLa(2) or (P)SLa(3), or [A, K] = A and hence Y is

quasisimple.

Theorem 1 is proved in Theorem 1.11.

As noted in the abstract we characterize the root groups of a special
Moufang set in terms of the permutation action and the structure of the
little projective group. More precisely in §4 we prove:

Theorem 2. Let M = {X, (U, | x € X)} be a special Moufang set and let
x € X. Then

(1) the root group U, is the unique normal subgroup of G, which is
regular on X ~ {x};

(2) if Ny < Gy is a normal nilpotent subgroup such that N is transitive
on X \ A{z}, then Ny = U,.

Theorem 2(2) was already known before for many classes of Moufang sets
(including some non-special ones) by a case-by-case analysis; see [DHKV].

Unlike the notion of abstract rank one group, where the root groups are
assumed to be nilpotent, there is no assumption on the structure of the
root groups of a Moufang set. In fact the following is probably the most
challenging conjecture in this area.

Root Groups Conjecture. Let M be a Moufang set, then

(1) the root groups of M are nilpotent;
(2) if M is special, then the root groups of M are abelian;
(3) if the root groups of M are abelian, then M is special.

Now part (1) of the Root Groups Conjecture (RGC for short) is too
hard at this point. Note that by [SW, Cor. 3.2], part (1) implies part (2).
However, we believe that a direct proof of RGC(2) is within reach, and part
of this paper is devoted to it. We prove RGC(2) in the case when the root
groups of M contain involutions:

Theorem 3. If a root group of a special Moufang set contains involutions
then it is (abelian) of exponent 2.

Theorem 3 is proved in §5.

In view of Theorem 3, to resolve RGC(2) we may assume that the root
groups of M do not contain involutions. By [DS, Prop. 4.6] (see Proposition
1.5) U is uniquely-2-divisible. In §6 we use this fact to prove the following
result which gives a natural path for proving RGC(2), namely to show that
the p-maps are involutions:

Theorem 4. The root groups of a special Moufang set are abelian if and
only if its u-maps are involutions.

The p-maps play a fundamental role in the analysis of a Moufang set, see
[DW], [DS] and [SW]. In Corollary 6.4 we apply Theorem 4 to characterize
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the Moufang sets associated with PSLy(k), & a commutative field of char-
acteristic # 2: These are precisely those special Moufang sets such that the
two point stabilizer is abelian (and the root groups contain no involutions).

In the course of working with our Moufang sets (and not necessarily the
special ones), we encountered what we call the Opposite Moufang set and the
Mirror Moufang set, these are introduced in §2 and §3 respectively. Finally,
§7 of this paper contains a number of results that may help in proving part
(2) of the RGC.

ACKNOWLEDGMENT: Part of this work was done while the first and second
named authors were guests of the University of Bielefeld and were partially

supported by the DFG under SFB 701.

1. GENERALITIES ON MOUFANG SETS

Throughout this paper our notation follow [DS]. We recall some facts and
definitions and add some basic lemmas.

Definition 1.1. A Moufang set is a set X with |X| > 3, together with a
permutation group G < Sym(X) and a family of subgroups {U, | z € X}
such that

(1) GT = (U, | z € X);

(2) U, fixes z and acts regularly on X ~\ {z}, for all z € X;

(3) {U, | z € X} is a conjugacy class of subgroups of G.

Notice that GT is a doubly transitive permutation group. The group GT
is called the little projective group of the Moufang set, and the subgroups
{U, | € X} are called the root groups of the Moufang set.

Here is a way to construct a Moufang set (cf. [DW]). Start with a group U
and let co be a new symbol (not in U). Let X denote the set X := UU{o0}.
We write U in additive notation even though we do not assume that U
is commutative. For a € U* := U ~\ {0}, we let a, € Sym(X) be the
permutation which fixes oo and maps x to x + a for every x € U. Suppose
that 7 € Sym(X) with 07 = 0o and oot = 0, and let

U ={aq|acU}, Uy=UL, and U, = Uy* for all a € U”.

Then G' := (U, | z € X) and the subgroups {U, | € X} are candidates
for being a Moufang set. These “candidates” are encoded by the notation
M(U, 7). For a € U*, let

Ha = az,a)T—laaOZZ(m—l)a

where for group elements g, h, ¢" = h~'gh. These complicated looking
permutations u, play an important role in the analysis of Moufang sets.
It can be easily shown that p, interchanges 0 and oo, for all @ € U*. In
particular, for a € U™, T, fixes 0 and oo and hence acts as a permutation on
the set U. In the main theorem (Theorem 2) of [DW] it is proved that the fact
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that M(U, 7) is a Moufang set is equivalent to the fact that 7, € Aut(U),
for all a € U*.

The permutations j,, a € U* are invariants of M(U, 7) in the following
sense: First, from the definition of M(U, 7) it follows that M(U, 7) = M(U, p)
for every permutation p € Sym(X) that interchanges 0 and co and satisfies
Uk = UT, = Uy. Now although the permutations p, appear to depend on
T, once it is established that M(U, 1) is a Moufang set, it turns out that
tg depends only on the subgroups Uy and Uy: it is the unique element in
Upa, Uy that interchanges 0 and oo (see [DS, Lemma 3.3(2)]). We observe
that (cf. [DS, Prop. 3.8(1)])

(1.1) M(U, 1) = M(U, pz), for all z € U™.
When M(U, 1) is a Moufang set we let
H .= Gg)’oo,

and we call H the Hua subgroup of M(U, 7). The following facts will be
frequently used without further reference (see [DS, Lemma 3.3(1)] and [DS,
Prop. 3.9(2))):

(1.2) p—g=pgt  ph = p_gp, 1 = pian, VYa,b € U* and Vh € H.

The above construction is of course the most general way to construct a
Moufang set, as the following two lemmas indicate.

Lemma 1.2. Let U be a regular permutation group on the set U. Pick an
element in U and denote it 0. For each a € U let ag € U be the unique
permutation such that Ocg = a. Define a binary operation (which is not
necessarily commutative) on U by a + b := aap, a,b € U. Then (U,+) is a
group and a — o 1s the right regular representation of U on U.

Proof. Notice that a — « is a bijection from U to U and that

Qg b = QgQp,
because both g4 and agap take 0 to a + b.

Notice that since Ocg = 0, ag = idy. It follows that aprq = a0 = Qa,
and hence 0 +a = a+ 0 = a, so 0 is the identity element of (U,+). Let
a € U. Since U is transitive on U there exists —a € U such that aa_, = 0.
Thus, —a is the inverse of a in (U, +). Let a,b,c € U. Then

Q(a+b)4+c = Catblc = QgQplc = QgQptc = Qg (b+c)-
It follows that (a +b) + ¢ =a+ (b+ ¢) and (U, +) is a group. O
Lemma 1.3. Let (X,{U, | z € X}) be a Moufang set. Pick v € X and
denote oo := x. Set
U:=X {0},
pick an element in U and denote it 0. Let + be the binary operation on U
as defined in Lemma 1.2 with Uy in place of U. Let T € Sym(X) be any

permutation interchanging 0 and oo such that UL, = Uy. Then (X,{U, |
rxe X})=MU,r).
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Proof. Denote M(U,7) = (X,{U, | z € X}). By the definition of M(U, 7),
Uso = {ag | a € U} = Us, Uy = UL, = Up. LetaGU*,thenUa:Ug‘l:
Uge. Now since (X,{U, | z € X}) is a Moufang set, Uy = Upa, = U..
Thus U, = U, and the lemma is proved.

O

Let us recall the definition of a special Moufang set.
Definition 1.4. A Moufang set M(U, 1) is called special if the condition
(%) (—a)T = —(ar) for all a € U*
holds.

The following Proposition is taken from [DS, Prop. 4.6] and will be used
several times in this paper.

Proposition 1.5. Assume that M(U, ) is a special Moufang set. Let a €
U*, n > 1 be a positive integer such that a-n # 0, and p € Sym(X) such
that p interchanges 0 and oo and satisfies M(U, p) = M(U, 1) = M(U, p1).
Then
1

) there exists a unique b € U* such that b-n = a, we denote b := a - %;

) (ap)-n#0; (a-n)p = (ap) - L, and hence (a- L)p = (ap) - n;

) if U is torsion-free, then U is a uniquely divisible group;

) if b € U* has finite order, then the order of b is a prime number;

) [Ti, Thm. 5.2(a), p. 55] if U is abelian then either U is an elementary
abelian p-group, for some prime p, or U is a divisible torsion-free
abelian group;

(6) assume U is abelian and that U -n # 0 and let s € {n,n"'}. Then

Tlg.s = Tl * s2, for all x € U*. It follows that hg.s = hq - 5°.

(
(2
(3
(4
(5

Remark 1.6. Notice that in Proposition 1.5 and throughout this paper
we multiply an element of U by an integer on the right. Note also that in
view of Proposition 1.5, if M(U, 1) is a special Moufang set, a € U* and
a=m/n € Q, with gecd(m,n) = 1, then if a has infinite order, a - a is well
defined, and if ged(m,p) = 1 = ged(n, p) with |a| = p (where p is a prime),
then a - « is well defined.

Lemma 1.7. Let M(U,7) be a Moufang set and let V< U be a subgroup.
Assume that V¥, = V* = V*r, for all v € V*. Denote by 7 also the
restriction 7 [ V U {oo}. Then M(V,7) is a Moufang set. If M(U,T) is
special, then M(V, T) is special.

Proof. By the main Theorem 2 of [DW], M(V,7) is a Moufang set if and
only if the Hua-maps of M(V, 7) are contained in Aut(V'). But, by definition,
the Hua-maps of M(V, 1) are the restriction of the Hua-maps {h, | a € V*}
of M(U, 7) to V, and, by our hypothesis, V' is invariant under h,, a € V*,
because by [DS, Prop. 3.9(1)] hy = Tpg. Since M(U, 7) is a Moufang set, the
Hua maps of M(U, 7) are in Aut(U) so their restrictions to V' are in Aut(V).
It is evident that if M(U, 7) is special then so is M(V, 7). O
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Corollary 1.8. Let M(U, 1) be a Moufang set.

(1) Forh € H, welet V :={a € U* | ah = a} be the fized point set of h
onU. IfV #0, then M(V, p) (where p = p, | VU{cc} and x € V*)
1s a Moufang set;

(2) if M(U, 1) is special, a € U* and 0 #V < U 1is a subgroup such that
Vg = V*, then V¥, = V*, for all v € V* and hence M(V, ;) is
a special Moufang set for any x € V*.

Proof. (1): Let v,w € V. Then, by (1.2), vuyh = vhiy, = vy € V,
hence V*u, = V*. Also, by (1.1), for z € V*, M(U, 1) = M(U, ), so we
see that the hypotheses of Lemma 1.7 are satisfied, so that lemma completes
the proof.

(2): Let v,w € V with w # —v, then by Lemma 5.2(4) (below),

(v + w)te = (Vi — W) fla + Whta,

by our hypothesis, (v + w)pg, W € V, s0 (Vi — w)pe € V and applying
1h—q shows that also v, —w € V, so vy, € V. It now follows from Lemma
1.7 that M(V, 7) is a special Moufang set. O

We conclude this section by proving the perfectness of the little projective
group of a special Moufang set, and we prove a conjecture of Timmesfeld;
see [Ti, p. 26]. First we define what an abstract rank one group is.

Definition 1.9 ([Ti, p. 1]). An abstract rank one group with unipotent
subgroups A and B is a group Y generated by its nilpotent subgroups A
and B, such that A # B and such that for each a € A* there exists b € B*
with A’ = B® and vice versa (where A® = b=1Ab).

The following facts which appear in [Ti] and inside proofs there will be
used in the proof of Theorem 1.11.

Proposition 1.10. Let Y be an abstract rank one group with unipotent
subgroups A and B. Let Q = {AY |y € Y} and let K = Ny(A) N Ny(B)
be the diagonal subgroup. Let o: Y — Y/Z(Y) =: Y° be the canonical
homomorphism. Then

(1) Y is not nilpotent;

(2) Z(Y) is the kernel of the action of Y on , and AN Z(Y)
BNnZ(Y);

(3) Y° is an abstract rank one group with unipotent subgroups A° and
B° and Z(Y°) =1;

(4) Ny (A) is the (full) inverse image under o of Nyo(A°) and hence if
H is the diagonal subgroup of Y° then the (full) inverse image of H
under o is K;

(5) Y is special if and only if for each a € A there exists b € B with
ab = (b—l)a’.

(6) if Y is special, then Y° is special;

1 =
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(7) if Y° is special, then Y° is (the little projective group of) a special
Moufang set as defined in Definition 1.4.

Proof. (1) follows from e.g. [Ti, (2.10), p. 25]. Let N be the kernel of the
action of Y on Q. By [Ti, (1.10), p. 13], if N # Z(Y), then Y = NA. But
then A <Y, a contradiction, this shows the first part of (2). The second
part of (2) follows from the fact that Na(B) = Ng(A) = 1, (cf. [Ti, (1.2)(3),
p. 2]). The first part in (3) follows from [Ti, Exercise (1.13)(2), p. 15] and
(1). The second part of (3) is by [Ti, (2.1), p. 17].

To prove (4) note first that for y € Ny (A),

(

A% = (AY)° = (A%)”

so Ny (A)° < Nyo(A°). Conversely, let g € Nyo (AO), and let y € Y with
y° = g. Then (AY)° = A°. Hence AY < AZ(Y). But if AY # A, then

= (A, AY) (because by definition Y = (A, B) and Y is doubly transitive
on ). Thus since by (1) Y # AZ(Y), AY = A, so y € Ny(A) and the first
part of (4) is established. The second part of (4) follows from the first since
the first part applies also to B in place of A.

Note that the definition of “special” in [Ti, (**), p. 2], is not precisely the
assumption in (5). However, since Ng(A) = 1, the b in condition (*) on p. 1
of [Ti] is unique. Also, since AN B = 1, the equality a® = (b=1)® implies
that A = B?®. This shows that (5) is equivalent to [Ti, (**), p. 2].

Finally (6) is immediate from (5), and for (7) see [DW, Remark 4, p. 16].

U

Theorem 1.11. Let M(U, ) be a special Moufang set, let G be its little
projective group and let H = G be its Hua-subgroup. Assume that |U| >
3, then

(1) [Uso, H] = Uso, and hence G is perfect;
(2) let Y be a special abstract rank one group with unipotent subgroups
A and B and let K = Ny(A) N Ny (B). Then A is abelian, and
either Y = SLy(2) or (P)SLa(3), or [A, K| = A and hence Y s
quasisimple.
Proof. (1): Let V C U be the set of elements u € U such that «,, € [Us, H|.
Note that for all w € U and all h € H, we have

[alu h] = a—uaZ = Oy Oyh = O—ytuh
SO
(1.3) —u+uh €V forallu €e U and h € H.

By (1.3), —u + uptyfiy = —u — upty, € V, for all u,w € U*, so since |U| > 3,
there exists u,w € U*, with up,, # —u or wu, # —w (see [DS, Lemma
4.9(3)]), and hence

V£
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Assume first that U is not a group of exponent 2. Since H normalizes U,
it normalizes [Uy, H], and hence V' is H-invariant. By [SW, Theorem 1.2],
V=U.

Hence we may assume that U is of exponent 2. Let @ := U/V, and write
u=wforu+V =w+V in Q. As we saw, taking h = piy 1y, in (1.3) shows
that

(%) Uty = u for all u,w € U™,

By (%) and [DS, Lemma 4.4(3)] (see Proposition 5.2(5) below) we get for all
distinct u,w € U*

U= Ulygw =WH U+ Uy +tu=u+w+w+u=0.

Since u was arbitrary we get again that V =U.
Since Uy < [G,G] and since G is generated by the conjugates of U,
G =[G, q].

(2): If |A] =2 or 3, then Y = SLy(2) or Y = PSLy(3), respectively; see
for example [Ti, (2.10)(1), p. 25]. Hence we may assume that |A| > 4.

Let 0: Y — Y/Z(Y) =: Y° be the canonical homomorphism. By Propo-
sition 1.10, Y° is a special Moufang set. Hence we may assume without loss
that Y° = G, A° = Uy and B° = Uy. By definition, A = Uy, is nilpotent,
so by [SW, Cor. 3.2], A is abelian.

Let now oy € Uy and h € H. Let a € A with a° = ay, and using
Proposition 1.10(4), let y € K and y° = h. Then [a,y] € A and [a,y]° =
[y, h]. Thus we see that [A, K]° > [Uso, H] = Ux, by (1). Since [A, K] < A,
and since o: A — Uy is bijective, we see that [4, K] = A. Thus A < [Y,Y],
and since Y is generated by the conjugates of A, Y is perfect.

Next, since G is perfect and Uy, is abelian, Iwasawa’s Lemma (cf. [Ro,
Thm. 9.27, p. 263]) implies that G is simple. Thus Y is quasisimple. O

Remark 1.12. Notice that Theorem 1.11(2) proves a conjecture of Tim-
mesfeld (see the Remark on [Ti, p. 26]). We note that [Ti, Theorem 5.6,
p. 60] actually shows that both in the case when A is an elementary abelian
p-group with p > 3 and in the case when A is torsion-free and divisible, Y is
perfect since each a € A is in the commutator subgroup of (a, x(a)) (when
la| = p) or of (A(a), B(b)) when |a| is infinite. Thus by [Ti, (2.10), p. 25],
Y is quasisimple. It seems that Timmesfeld overlooked this fact.

However the proof of Theorem 1.11(2) is more elementary, it includes the
cases p = 2,3 and it does not assume that the unipotent subgroups are
abelian. Furthermore, part (1) of Theorem 1.11 holds for any special Mou-
fang set (not necessarily with nilpotent root groups; see however Conjecture
RGC of the introduction).
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2. THE OPPOSITE MOUFANG SET

For future reference we define and briefly discuss the notion of the opposite
Moufang set.

Lemma 2.1. Let M(U, 7) be a Moufang set. Let (U°, @) := (U,+)° be the
opposite group, i.e., as sets U° = U and for a,b € U°, a® b =b+ a. Let
inv: U — U be the inverse map (a)inv = —a and extend inv to a map
inv: X — X wia (00)inv = co. Then M(U?,7") is a Moufang set, where
7 —invoroinv.

Proof. Consider M(U?,7™V). By definition, U2, = {a? | a € U°}, where
bad = a+b, for a € U° \ {0} and b € U°. The lemma follows from the
fact that inv € Sym(X) is an involution in Sym(X) and for a € U, we have
alv =q° . ]
Notation 2.2. If M(U, 7) is a Moufang set, we denote by M(U®, 7™™) the
opposite Moufang set as in Lemma 2.1. We us o, 9, U3, U2, etc. to denote
the various maps and the root groups of M(U?, 7¥) as in Notation 3.1 and
3.2 of [DS].

Lemma 2.3. Let M(U,T) be a Moufang set and let M(U°, 7™) be the op-
posite Moufang set. Then

(1) for all a,b € U, bal = a+b and o™ = o, thus U, = URY;

(2) Let G (resp. G°) be the little projective group of M(U, ) (resp. M(U?, 7)),

then G° = G,
(3) ppv = pl,, for alla € U*;
(4) H = H°;

(5) M(U, T) is special if and only if 7™ = 7 and then pS = p_q.
Proof. (1): By definition.

(2): By (1), U = UV and hence also U§ = Ul™. But by [DW],
G = (Up, Uso) and similarly for G°, so (2) holds.

(3):  Since U™ = Ug, we have (Upa,Up)™ = USa® ,US. Now by [DS,
Lemma 3.3(2)], for any a € U*, p, is the unique element in Uy, Uy that
interchanges 0 and oo and similarly for 2. Since pi™ interchanges 0 and oo
it follows that pi™ = pu° .

(4):  Since M(U, 7) is a Moufang set the main theorem of [DW] says that
H < Aut(U). Thus h'™ = h, for all h € H, from which it follows that
H°=H.

(5):  First, by definition, M(U, 7) is special if and only if ™V = 7. By
[DS, Lemma 4.2], ui™ = pu,, for all @ € U. By [DS, Lemma 3.3], u_q = !,
for all a € U, hence (5) is a consequence of (3). O
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3. THE MIRROR MOUFANG SET

In this section M(U, 1) is a Moufang set. We define the Mirror Moufang
set and explore some of its properties.

Lemma 3.1. Let G be a group, which is not necessarily commutative but
written in additive notation. Let f be a permutation on G that fizes 0.
Define a new binary operation on G by x @y = (xf~t +yf~1)f. Then
(G,®) is a group and f: G — G is an isomorphism from (G,+) to (G, ®).
Also if ~x denotes the inverse of x in (G, ®), then ~x = (—xf~1)f.

Proof. Note that t @0 =0® x = z, for all z € G. Also

@@y @z=(@f " +yf ) @z=(f " +yf+2ff
and similarly 2@ (y@2) = (zf 1 +yf 1 +2f1)f, so @ is associative. Then
~x = (—xf~1)f is the inverse of z in (G, @), by definition. O

Lemma 3.2. Let U be the group with underlying set U ~. {0} U {0}, and
with group operation © defined by x @y = (x7~ +yr1)7. Let hi (resp. pil)
denote the Hua-maps (resp. the u-maps) for M(U',771). Then
(1) M(Ut, 771 is a Moufang set;
(2) if M(U,7) = M(U, 1), then hl, = h_o and pt = u;t, for all a €
U*.

Proof. For all x € U, we let 6, be the unique element of Uy mapping oo to
x. Since 7y, := a;, € Up maps oo to y7 for all y € U, we have

(31) 0p = Yzr—1
for all z € Ut. Hence, for all z,y € U?, we have
51'51/ = VYer—1Vyr—1 = VYaor—l4yr—1 = 596@?; )
which implies that the map U’ — Uy : x + 4, is an isomorphism. Note that
Uso = qu; it now follows from Lemma 1.3 with x = 0 (where co is now
the element which is called 0 in this lemma) that M(U,7) = M(U?,771),
which proves (1). Let
~a = (—at YT
By [DS, Proposition 3.3(1), 3.9(2) and 3.10(3)], we have
(3.2) Hna = B ((—a)ua) = B ayu, = Ha H—abla = fia
for all @ € U*. By [DS, Proposition 3.10(2)] and equation (3.1), we have
Pa = Qad(—gr-1)rQ_(na) = CaOmall_(~a)
replacing a by ~a and using equation (3.2) yields
H—a = awaéaa—ay

(since ~(~a) = a) and therefore p1_, is the unique element of UX 6,U% that
swaps 0 and co. But by definition of the y-maps in M(U?,77!) (where the
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roles of Uy and Uy, are interchanged), we know that pl is the unique element
of U%6,U%, that swaps 0 and co. We conclude that pl, = p_o = p '
Now, by [DS, Proposition 3.9(1)], we have that p, = 7~ 'h,. Keeping in
mind that 7/ = 77!, we get immediately that
hfz = Tt:ul; = Tﬁllu—a =h_q,
which finishes the proof of this lemma. O

Definition 3.3. Let M(U, 7) be a Moufang set. We call the Moufang set
M(U?, 771 of Lemma 3.2, the Mirror Moufang set of M(U, 7).

Remark 3.4. By equation (3.2), it follows from [DS, Prop. 3.10(5)], using
the fact that

(ar ' 4 or D1 = (a7t — (~b)T YT,
that
Hasb = HoH~b—alla-
Further, if M(U, 7) is special, then ~a = —a and we have

[hesp = He(ab) = H(—b)&(—a) = H—allatbl—b.

4. UNIQUENESS OF U IN SPECIAL MOUFANG SETS

In this section we continue with the notation of [DS]. We let M(U, 7)
be a special Moufang set, G its little projective group and H = G its
Hua-subgroup. Our goal in this section is to prove the following two char-
acterizations of the root groups.

Theorem 4.1. Let M(U, 1) be a special Moufang set. Then U, is the unique
normal subgroup of G which is reqular on U.

Theorem 4.2. Let M(U, 1) be a special Moufang set. If Noo < G 1S a
normal nilpotent subgroup such that N is transitive on U, then U is abelian
and Ny = Uso.

We start with the proof of Theorem 4.1. We distinguish two cases accord-
ing to whether U is a group of exponent 2 or not. We start with the latter
case so

until Lemma 4.8 we assume that U is not a group of exponent 2.
In particular, by the main result in [SW],
() U contains no non-trivial proper H-invariant subgroup.

Lemma 4.3. Let G < Sym(X) be a transitive permutation group on X.
then

(1) Csym(x)(G) is semiregular;

(2) if G is regular, then Cgyy(x)(G) is reqular;

(3) if G is abelian and regular then Cgym(x)(G) = G.



12 T. DE MEDTS, Y. SEGEV, K. TENT

Proof. Let 0 € Cgyiy(x)(G). Since G is transitive on the fixed points of o, it
follows that o = 1 or o has no fixed points, so (1) holds. (2) holds because the
left regular representation commutes with the right regular representation
and (3) is immediate from (2). O

Lemma 4.4. Let Wy < G be a normal subgroup which is regular on U
with Weo # Usy. Then

(1) Woo ={a? | a € U}, where bal = a+b, for all a,b € U, and hence
W = US,, where M(U®, 1) is the opposite Moufang set of M(U, T);

(2) the little projective group G° of M(U®, 1) is equal to G;

(3) the center of U is trivial;

(4) p8 = p—q, for alla € U.

Proof. (1): Since Usx, N W is H-invariant and distinct from U, it follows
from (%) that Usx, N Woo = 1, hence also [Us, W] = 1. Thus, by Lemma
4.3, W is as claimed. The rest follows from Lemma 2.3(1 and 5).

(2): Recall from Lemma 2.3(2), that G° = G'". Now U2 < G and
Goo = UL H. But by Lemma 2.3(4), H° = H, so we see that Gooc = UL H =
US H° < G°. By Lemma 2.3(5), u, € G°, for all a € U*, so since for each
a € U*, G = (Guo, ta), We see that G < G° = G™ s0 G = G°.

(3): If Z(U) # 0, then since Z(U) is H-invariant, U is abelian, by ().
But then, by Lemma 4.3(3), U, = U, a contradiction.

(4): This is Lemma 2.3(5). O

In view of Lemma 4.4(1), to prove Theorem 4.1 we may assume by con-
tradiction that UZ is a normal subgroup of G,. We let

Ba =, a € U where o as in Lemma 4.4(1).

Lemma 4.5. Let a € U*, then
(1) O‘aa/ibau_baa = Ha = ﬂ—aﬂgﬁ,bﬂ—m for allbe U*;
(2) a0 Qg = pia = B-afGB-a;
(3) ifa-2#0, then aaaagi Oy =y = ﬁ_a,gﬁf‘;lﬁ_a,z, where a- % €
2 2
U* is the unique element such that 2(a-%) = a (see Proposition 1.5);
(4) cq:=ef—q € H;
(5) ¢p commutes with pg, for every b € U which commutes with a;
(6) 15 = cas-
Proof. (1): To get the first equality in (1) we apply [DS, Prop. 3.10(1)] to
the Moufang set M(U, 7) recalling that M(U, 7) = M(U, uy,), for all b € U*.
Notice that by [DS, Lemma 4.2], ~a = —a where ~a = (—au_p)up, b € U*.

So the first equality of (1) holds. The second equality is a similar application
to the Opposite Moufang set M(U?, 7), using Lemma 2.3(5).

(2): Follows from (1) by taking b = a and recalling that au_, = —a.
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(3): In (1), take a -2 in place of a and a in place of b. By Proposition
1.5(2), (a-2)p—q = —a- %, so (3) follows.

(4): Since Goo = UxH, for each b € U* there exists a € U* such that
aq0p € H, because [ € G . In particular 0o, 8, = 0, so b = —a.

(5): By [DS, Prop. 3.9(2)], for b € Cy(a) we have, u% = pige, = fia, SO
¢y commutes with .

(6): By (4) and (5)

agaﬁﬁz - aaﬁ—ad
or
aaa'gaaaa—aﬁaﬁ—aﬁﬁ?}ﬁ—a = aa,gﬂ—aQ-
Using (1) we get
/«Laafaﬁaﬂa = aa.zﬁfa-%

so since i, commutes with c_g, (6) follows. 0

Proposition 4.6. (1) There exists no a € U* of order 2;
(2) U is a group of exponent 3.
Proof. (1): Assume that a € U* has order 2. Then by [DS, Lemma 4.3(5)],
p2 = 1. By Lemma 4.5(6),
Cq = Cq.3 = ,Ufz =1,
so a is in the center of U. But the center of U is trivial, a contradiction.

(2): Let a € U*. By (1) a-2 # 0, so by Proposition 1.5 there exists a
unique element a - 1 € U*, such that 2(a - 1) = a. We have

2
(aa%ﬂ_a%)“‘l = cg‘l% = Col = aa-%ﬁ—a-% (by Lemma 4.5(5))
fa gha  _
oza_“%,@:;_% = aa.%ﬂ,a.%

aa<2a‘:,alaa-2a7a»2/8a-2ﬁfa<2/8l_h;.l/87a»2 = aa-Q%/B—aQ%
2 2

/‘La»ZafaQ a»2/’La»2 = aa-Q%/B—a-Q% (by Lemma’ 45(3))

2
Ky o®_q2Pa2 = aa-Q%ﬁfaQ% ([Ca-27/1’a-2] = 1)
g4ff—qa = aa.z%ﬁ_agé (/1,3'2 = Ca-G)

o, 41 1 =1
a-1§ﬂfa-1§

Thus, if a -3 # 0, then a - 1% is a nonzero element in the center of U, a
contradiction. O

Proposition 4.7. Let M(U, 1) be a special Moufang set such that U is not a
group of exponent 2. Then Uy, is the unique normal subgroup of Goo which
is reqular on U.

Proof. Otherwise U2, # Uy is a normal subgroup of Go. By Proposition
4.6, U is a group of exponent 3, so U is nilpotent (cf. [Rob, 12.3.5, 12.3.6]).
Hence, by [SW, Cor. 3.2], U is abelian, contradicting Corollary 4.4(3). O
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Lemma 4.8. Assume that U is of exponent 2. Then H contains no non-
trivial mormal subgroup of exponent 2.

Proof. Recall that by [DS, Lemma 4.3(5)], u2 = 1, for all z € U*. Assume
that 1 #£ E < H is a normal subgroup of exponent 2. Let 1 # h € E, choose
an element a € U* with a # ah, and let ¢ := ah. Then b := a+cis a
non-zero fixed point of h. Then

E 3 [uppia, h] = paps(tiohta)" = patontah = tafibfibtte = fafle
SO
1= (Haﬂc)Q = Mepg Me-
It follows that p. = pieu,. But the only fixed point of u,, v € U* is x,
because p, is conjugate in G to a, (see [DS, 4.3(5)]). Thus ¢ = cu, which
implies a = ¢, a contradiction. O

Lemma 4.9. Assume U is of exponent 2. Then Uy is the only reqular
normal subgroup of Goo.

Proof. Let W = W, be a regular normal subgroup of Go,. Let w € W;
then w = hayg, for some a € U and h € H. Since W < G, conjugating by
o, shows that agh € W, which implies that h? = hagagh € W. But W is
regular and h? fixes 0, so h? = 1. Thus we have shown that

if howy, € W, where h € H, then h% = 1.
Let now hjayg, hoap € W. Then
W 3 hiaghoay = hihahaaghoay = (hihe)oghy+b-
This shows that
E:={h € H | hag € W for some a € U}

is an elementary abelian 2-subgroup of H. But if h € E, then ha, € W for
some a € U, and then for g € H we get

W 3 (hag)? = hag,.

It follows that h9 € E, so E is normal in H. By Lemma 4.8, E = 1. Thus
W C U, and since W is regular W = U, as asserted. O

Note now that by Lemma 4.7 and 4.9 the proof of Theorem 4.1 is complete.
We now turn to the proof of Theorem 4.2.

Proof of Theorem 4.2. Set N := N,. First suppose that U is not abelian,
then by [SW, Thm. 1.2] we have UxxsNN = 1 or UxoNN = Uy If UscNN =1,
then N centralizes Uy, so, by Lemma 4.3, N = Uy, so U is nilpotent and
by [SW, Cor. 3.2], U is abelian, a contradiction.

If Uo NN = Uy, then Uy, < N and again U is nilpotent and hence
abelian, a contradiction. Thus U is abelian, in particular, by [DS, Lemma
5.1], p2 =1, for all x € U*.

Replacing N by NUs we may assume Uy, < N (notice that NU, is
nilpotent). Let H := NN H, so N = Uy x H. Since no non-trivial element
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of h centralizes Uy, Z(N) < Uy (because if agh € Z(N), h € H, then h
centralizes Uy, ). Let
W:i={acU]|a,€Z(N)} ={acU|ah=aforall h € H}.

Notice that W = 0 is H-invariant, so unless U is an elementary abelian
2-group, we have W = U. But then any h € H fixes all a € U and hence
h=1,ie N =Uy.

We may thus assume that U has exponent 2 and that H # 1, so W # U.
Note that H < H and that for b € W and h € H we have M(}f = Uph = MUp-
Hence

hte = pHote ¢ H for all h € H and a € U*.

Now for h € H and a € U* we have H 3 [uq, h] = paftan. It follows that
for b € W*, b = bugpian, S0 bpta = bpian, = bh™ pgh = bugh. Since by, is
fixed by all h € H this implies that by, € W. We have shown that

(i) bug € W for all b € W* and a € U”.

We have 1, = q0h®Qq, 50 bug = ((b+ a)pa + a)pe +a € W for all
beW* acU* or
(ii) a =bug — ((b+ a)pg + a)u, for all b € U*.
We will find a ¢ W and b € W such that (b+a)ug +a € W, this contradicts
(i) and (ii).

Let ag € (Z2(N)NUs)\ Z(N) (so a € UNW). Then [ag, h] € Z(N), i.e.
(iii) a+ah e W, for all h € H.

For some h € H we have b = a +ah € W* so ah = a+ b # a. Now
(a+b)ug +a = (ah)pg + a = ah** + a € W because ht** € ‘H and by (iii);
this contradiction completes the proof. [l

5. SPECIAL MOUFANG SETS WITH Inv(U) # () HAVE
ABELIAN ROOT GROUPS

In this section M(U, 7) is a special Moufang set. We continue with the
notation of [DS].

Lemma 5.1. Let a,b € U*, then the order of auy equals the order of a.
Proof. This is because apy = (—a) gy, and since pgup € Aut(U). O

Lemma 5.2. Let M(U, T) be a special Moufang set, let a,b,x € U*, and set
¢= (bp—y — apt—y)ptz. Then

1) c=(=b—ap—p)m = (bi—a + a)Ha;

2) fta—b = Hafbel—b = Hal—bHap_y+b = H—a—bu_qMall—b;

3) (apie + bpa)pi—o = (a+b)p—p + b =a+ (a+b)pa;

4) (a +b)pz = (apy — b)piz + bpte = apie + (—a + bp—a) i

5) oty = —b—a+ ay — b;

(
(
(
(
(
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Proof. (1): Recall that H < Aut(U), so cis independent of z (given y € U*,
¢ = cli—ypty = (bpi—y — api—y)1y) so (1) is obtained by choosing x = b for the
first equality and x = a for the second.

(2): The first equality in (2) is [DS, Prop. 3.10(5)]. Then, by (1) and
[DS, Prop. 3.9(2)],
MHa—b = ;Ula,u(_b_,w_b)ub:u'fb = Hallb—bMap_y+b-
For the third equality we have

Ha—b = Hal(bp_gta)peb—b = H—a—bu_qHalt—b-

(3): This is [DS, Lemma 4.4(2)].
(4): By (3),
(a+b)pz = (appp—z + btz p—z )z = (afiz + big) fi—by, + bpts
= (apty + bptz) s fibpls + bty = (apiy — b) e + bpiy.
The other equality of (4) follows similarly from the third equality in (3).
(5): This is [DS, Lemma 4.4(3)]. O
Proposition 5.3. (1) If z,y € U* are such that [z,y] =0 and k € Q is
such that both x - k and y - k are well defined, then [z - k,y - k] = 0.
(2) If a € U* is an element whose order is a prime p, then Cy(a) is a
group of exponent p.
(3) If a € U* is of infinite order, then Cy(a) is a torsion-free uniquely
divisible group.

Proof. (1) is obvious from the unique divisibility in Proposition 1.5.
For (2) let b € Cy(a) and assume that the order of b is not p. Then the
order of a + b is not p and by (1) we have

((a—i—b)-%—b-%)-p:a,

contradicting the fact that a has no p-root in U (cf. Proposition 1.5).
Finally (3) follows from (2), because by (2) each element in Cy(a) has
infinite order, and by Proposition 1.5, Cyy(a) is uniquely divisible. O

Proposition 5.4. Let a,b € U*, such that a € Inv(U) and a inverts b.
Then a centralizes b and hence b € Inv(U).

Proof. First note that
(%) if a,b € Inv(U) then a commutes with auy,

Indeed, by Lemma 5.2(5), apigrp = b+a+ aup+b, so by Lemma 5.1, a+ apuyp
is an involution and (x) follows.
Notice that by Proposition 5.3,

() Cy(t) is a group of exponent 2, for all ¢t € Inv(U).
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Let a € Inv(U) and let b € U* be an element inverted by a. We will show
that b € Cy(a). If b € Inv(U), then we are done. So we may assume that
b ¢ Inv(U). Consider the following equality of Lemma 5.2(5)

aptgrpy = —b+a+apu, —b=a+b+au, — 0.

Since a + b € Inv(U) (because a inverts b), it follows from (%) that a com-
mutes with ap,1p S0 @ commutes with b+ apy, — b. Conjugating by b we see
that app commutes with —b + a + b, hence

(5.1) if a inverts x € U* \ Inv(U), then au, commutes with —z + a + x.
In what follows we will use the following facts from [DS, Prop. 4.10]:

52
(5.2) (b-Y)ups = —b- T pp2 = Hya2

for all v, § € Q such that b7y, b-§ are well defined. Notice that the uniqueness
of roots in U implies that a inverts b -y, for every v € Q for which b -~ is
well defined. Let now «,3 € Q such that b-«a and b- 3 are well defined.
From equation (5.1) we get

(5.3) apip.o commutes with —b-a+a+b- a.
Applying p_p.qpp.s € Aut(U) to equation (5.3) we get

ajip.3 commutes with —b - %2 +ap_patps+0b- %2
Replacing in this last equality 8 with o and « with —( we get

o?

(5.4) apip.o, commutes with b - O‘T; + apy.gitpa — b - 5

(From equations (5.3) and (5.4) using (**) we see that

2

—b-a+a+b- o commutes with b'%+aubﬁﬂba —b-%
and after conjugating by —ba we get
(5.5) a commutes with app.gpip.q — b (a0 + %2) -2
Notice that we have used (5.2) which implies that apu.gpep.o inverts b (because
L-ghtb-o € Aut(U)). Since a and appgpipe invert b, a + app.giip.o centralizes
b. But by equation (5.5), a commutes with ¢ := a+ app.gpip.o —b- (a+ QT;) -2

and ¢ commutes with b. Hence, if ¢ # 0, then, by (x*), ¢ is an involution,

and hence b is an involution. We have thus shown that
2

(5.6) apy-gith-a = a+b- (a+ %) - 2.

Taking in equation (5.6) a = = —1 we get

(5.7) ap’,=a—b-4.

But taking in equation (5.6) 8 = —1 and « = 2 we also get
(5.8) ap_pppo =a—>b-4.
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Hence au%b = ap_pip2. Applying up on both sides of this equality and
using equation (5.2) we obtain ap_, = apy,. 1 or
2
(5.9) @ = ply. 1 b
But from equations (5.6) and (5.9) we get
a=apy 1y =a+b-6.
2

so b-6 = 0. Since the order of b is a prime (see Proposition 1.5(4)) and
b ¢ Inv(U) we see that b-3 = 0. But then, by [DS, 4.10(5)], u*, = 1.
However, by equation (5.7), au?, = a — b, so

a=apt,=ap’, —b=a—b-2.
This is a contradiction and the proof the proposition is complete. O

As a corollary we get
Theorem 5.5. If Inv(U) # 0, then U is a group of exponent 2.

Proof. Let b € U*. We will show that b € Inv(U). Assume not and let
a € Inv(U), then apgrpy = —b + a + appy — b, and conjugating by b we get
that —b-2+ a + app € Inv(U), by Lemma 5.1. Thus apuy inverts —b -2 + a,
so, by Proposition 5.4, —b -2 + a is an involution. It follows that a inverts
—b -2 and hence a inverts b. But then, Proposition 5.4, b is an involution, a
contradiction. O

The following fact is well known, but our proof below relies only on the
Feit-Thompson odd order theorem but not on further results related to the
classification of finite simple groups.

Corollary 5.6. Assume that M(U, 1) is finite, then U is abelian.

Proof. By Theorem 5.5, we may assume that |U| is odd, so, by the Feit-
Thompson theorem, U is solvable. But by [SW, Thm. 1.2], U is character-
istically simple, so U is abelian. O

6. SPECIAL MOUFANG SETS IN WHICH THE U-MAPS ARE
INVOLUTIONS HAVE ABELIAN ROOT GROUPS
Throughout this section M(U, 7) is a special Moufang set. Furthermore

we assume that Inv(U) = (), and hence, by Proposition 1.5, U is uniquely
2-divisible. We start with

Lemma 6.1. Let x,y € U* with x # —y then

(1) 2pli, =2 <= Tyro = Y+ Tp_y — T —y;
(2) if xuzﬂ, =x= ;U,uf/, then Tpyte = =y + Ty — T — Y.
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Proof. We have :L‘,ungm =z if and only if xpy 1, = zp_5—y. But by Lemma
5.2(5),
gy = —(—T) gy = —[y + T —2p—y +y| = —y +2p_y —T — Y,
so (1) holds. If, in addition, zu_, = x,, then (2) holds. O
Proposition 6.2. Let a,b € U*, then
(1) if ap? = au%a+b+a = augﬂl = a,u%bJra = a, then a and b commute;
(2) if apyra = —x + apy — a — x, for x € {b,—a + b}, then a and b
commute.

Proof. We start with

(6.1) Ufi—atbta = b+ a+appie —a+b+a.

Indeed,

At —a+bta = —(_a)/LaJr(bJra)
=—[-a—-b+a—apprqa —a—"b] (by Lemma 5.2(5))
=b+a+aprqa —a+b+a.
Next we claim that

(6.2) if au2_a+b+a =a, then ap_p1 s =—a+b-24a+appra—a+b-2+a.

By equation (6.1) with —b in place of b we have

(6.3) Afb—gq-pra =—b+a+ap_pra—a—>b+a.

Since au? = a, we get from equation (6.1) and equation (6.3) that

a+b+a
b+a+appres—a+b+a=-b+a+ap_prqa—a—b+a
and this shows (6.2).

Our next claim is
if apy = ap? oipia = aflis, = a, then
(6.4) ap_prg=—06+b-2+a—-b-24ap_qp—b-2—a+b-2+a.
Using Lemma 6.1, it follows from equation (6.2) that
(6.5) App—prg =—a+b-24+a—-b+aup—a—-b—a+b-2+a.
However by Lemma 5.2(5),
afh—qip = —(=b+a—app —b) =b+app —a+0b,

so appy —a = —b+ ap_qrp — b, and substituting in equation (6.5) gives the
equality in equation (6.4).
We can now proceed with the proof of the Proposition.

(1): Setz=—-a+b-2+a,y=>0-2and z = afi_pie. Since api_prq =
afi—q+p, €quation (6.4) may be written as z =z —y+z—y+x,s0 —x+ 2z —
T+ z=—y+ z—y+ z, thus, by unique 2-divisibility, —x + 2z = —y + z, so
x =y, that is a commutes with b- 2, so, by unique 2-divisibility, a commutes
with b.
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(2):  We claim that
(6.6) Afb—gibra =b+a—b+au,—a—b—a+b+a,
this is because by equation (6.1) and the hypothesis in (2) for x = b,
ap—gtbta =b+a+appra —a+b+a
=b+a+[-b+auy—a—>b—a+b+a.
Also
(6.7) all—gibtq = —b+a+b+aupy—a+b—a—>b+a,
because by the hypothesis in (2) for x = —a + b and by Lemma 5.2(5),
Af(—atb)yta = —bt+atap_gp—a—b+a
=—-b+a—(—a)i—grpb —a—b+a
=-bt+a—[-b+a—au—b—-—a—-b+a
=—-b4+a+b+aup—a+b—a—>b+a.
Comparing (6.6) and (6.7) we get
b+a—b+lapy—a—b—a+b+al =
[-b+a+b+aw—al+b—a—b+a <=

T Yy -y T
— —N—
(6.8) aup —a+(=b—a+b-24a-b)=(b—a—-b-2+a+b)+au—a.
So equation (6.8) says that x+y = —y+x and it follows that (z+y)-2 = z-2.
By unique 2-divisibility, x + y = x,soy =0, or b-24+a =a+0b-2. It
follows that a commutes with b-2 and hence (again by unique 2-divisibility)
a commutes with b. O

As a corollary we get Theorem 4 of the Introduction.

Theorem 6.3. Let M(U,7) be a special Moufang set. Then the following
are equivalent:
(i) U is abelian.
(i) u2 =1, for all a € U*.
(iii) apprq = —b+app —a —b, for all a,b € U*.

Proof. By [DS, Lemma 5.1], if U is abelian, then p2 = 1, for all a € U*, so
(i) implies (ii). Assume p2 = 1, for all @ € U*, then (iii) follows by Lemma
6.1(2) and (i) follows by Proposition 6.2(1). Finally, by Proposition 6.2(2),
(iii) implies (i). O

A corollary to Theorem 6.3 is the following characterization of the Mou-

fang set associated with PSLy(k), where k is a commutative field of charac-
teristic # 2.

Corollary 6.4. Let M(U,T) be a special Moufang set with little projective
group Gt and Hua subgroup H.



SOME SPECIAL FEATURES OF SPECIAL MOUFANG SETS 21

(1) For each h € Z(H) ~ {1} we have Cy(h) = 0;
(2) if H is abelian then U is abelian;
(3) if H is abelian then Gt = PSLy(k), for some commutative field k.

Proof. Recall that we are assuming Inv(U) = () (and hence U is uniquely
2-divisible). Let h € Z(H) ~ {1}; now [SW, Theorem 1.2] says that U has
no non-trivial proper H-invariant subgroup, so since Cy(h) is H-invariant,
(1) holds. Assume H is abelian. Then for each a € U*, u2 € Z(H) and
a € Cy(p?), so by (1), u2 = 1. Hence by Theorem 6.3, U is abelian. Finally
(3) is a consequence of (2) and [DW, Thm. 6.1]. O

7. TOWARD A GENERAL PROOF FOR RGC(2)

In this section we collect some results that will become useful for the
general proof of part (2) of the Root Groups Conjecture. We assume that
M(U, 7) is a special Moufang set and that Inv(U) = (. Notice that by
Proposition 1.5 this implies that U is uniquely-2-divisible. Throughout this
section p denotes an odd prime.

Lemma 7.1. Let a,b € U*, then

(1) =b-2—a= —b+ apigrp + b — apy, in particular
(2) if U contains elements of order p, then every element in U is the
sum of of two elements of order p.

Proof. By Lemma 5.2(5), ajtq+s = —b—a+appy — b, so (1) holds. For (2) we
choose a of order p, and then by Lemma 5.1, —b + apq+p + b and apy, have
order p. Since U is 2-divisible, and b is an arbitrary element of U*, -2 is an
arbitrary element of U*. Thus —b-2 —a is an arbitrary element of U \ {—a}
and so part (2) holds. O

Lemma 7.2. Let a,b € U*, then the equality —a + b+ a = —b never holds
in U (i.e. a does not invert b).

Proof. This follows from the unique 2-divisibility of U. Indeed, suppose that
—a+b+a=—b. Then b+ a+b=a and hence (b+a) -2 =a-2. By the
unique 2-divisibility of U we get that b+ a = a, a contradiction. O

Notation 7.3. Let a € U* and let |a| be the order of a. We denote F, =
GF(p) if |a| = p, where p is a prime, and F, = Q, if |a] = 0o (see Proposition
1.5(4))). We let X, := (la,qt | t € F). Observe that by Remark 1.6, a - ¢
is well defined for every t € F.

Lemma 7.4. Let c € U* and set F :=F. (see Notation 7.3). Then X. is a
special rank one group with abelian unipotent subgroups (see Definition 1.9).
Hence X, is a perfect central extension of PSLao(FF), so if |c| = p is a prime,
then X. = (P)SLa(p).
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Proof. Let X := X., A = {act |t € F} and B := {a!5 | t € F} Notice
first that X = (A, B), because by [DS, Lemma 4.3(3)], g = acaba.. We
claim that for each a = a.¢ € A*, the element b = o/_%c.t,l € B* satisfies
the equality a® = b~%; it will then follow by Proposition 1.10(5) that X, is
a special rank one group.

To prove the claim, we first show that

(7.1) 04/:; = abst

for all t € F. Indeed, we apply both sides on some arbitrary element = € U:
(xuél et e = (@pgy + e tper <=
"ot (wct + o e, =
T, Lice 7l = fcuc + (c- )Mc-tltc_l ;
where we have used the fact that pe.qu! € Aut(U). Using [DS, 4.10(1)], we
have that
(c t)ﬂotﬂc_l =(—c- t):uc_l =c-t! )
which proves equation (7.1).
Now let d = ¢ - t; then, by equation (7.1), b=! = a/?, so the equation
a’ = b=® can be rewritten as
("%) _  aoa
a, = a1,
This can be rewritten as
pg taapacapy o gpg = a_apy tagpacg <=
aapy capgoapy' = pytagpacany o

using the fact that u?i commutes with ag4, this is equivalent to

(aqpa)® = paloapa)® g’

But by [DS, Lemma 4.3(4)], we know that (aguq)® = p3, and this finishes
the proof of the first part of the lemma. The second part now follows from
[Ti, Theorem 5.6]. O

Lemma 7.5. Let the notation be as in Notation 7.3 and let a € U* with
la| # 3. Let L, denote PSLa(F,) if |a| = 00 or \a| < 00 and pi =1,
while L, = SLa(F,), if |la] < oo and p2 # 1 = ui. Let §,: SLa(F,) —
PSLy(F,) be the canonical homomorphism in the first two cases and let d,
be the identity map on SLa(F,) in the third case. Then there exists an
epimorphism pq: Xq — Lg such that

) 1)
1 t\™" 0 1\™
(Oéa-t)sf’a = (0 1> and (:U'a)gpa = <_1 O> .

Moreover, if |a| < oo, then g is an isomorphism. We furthermore have

0
0 t\™
(Hat)pa = <_t—1 0) :



SOME SPECIAL FEATURES OF SPECIAL MOUFANG SETS 23

Proof. First by [St, Theorem 10] (see also [T1, (5.1), p. 54], the universal per-
fect central extension of PSLy(F,) is the group X generated by the symbols
a(t), b(t) subject to the relations

(A) a(t)a(s) =a(t +s), b(t)b(s) =b(t+s), t,se€Fq;
(B) a(u)™® =b(—t"2u), u € Fq, t €T, n(t) = a(—t)b(t~a(—t).
For u € F, and t € F}, let

a(t) == ag, B(t) = oy, v(t) = pi—at,

where «(0) = 5(0) = 1. Then clearly the relations (A) are satisfied by «(t)
and (3(t). Also, by [DS, 3.10(2)] with 7 = p, (noting that ~a = —a in a
special Moufang set), we have

Ha

H—at = Oé—a-ta(a_t)u_aa—wta
thus by Proposition 1.5(2),
H—at = a—wtali(;,t—la—wt:

we thus see that v(t) = a(—t)3(t a(—t). We now check that a(u)*®) =
B(—t~2u). We have

a(u)’® = B(—t" %) —
Aun’ =g, =
alataa't'uia = Qgq-2y —
a(wu)u,a.tufa Ag.t—2q <~
Qg.—2y = Xg.t—2q,;

where we have used [DS, Prop. 4.10(1)] for the last equivalence above. So
we have shown that «(t) and ((t) satisfy the relations (B) as well.

Next, if we let o: SLo(F,) — PSLy(F,) be the canonical homomorphism,
then

a(t) = (é i) b(t) := (1 (1’> n(t) = <t91 Bt)o, teT,,

satisfy the Steinberg relations (A), (B) above. By the universal properties
of the universal central extension of PSLy(F,) the map ¢, exists in the first
two cases. Since the universal central extension of PSLa(p) is SLa(p) for an
odd prime p # 3, p, exists also in the third case. O

Lemma 7.6. Let c € U*. Then . has finite order.

Proof. If ¢ has finite order, then we know by [DS, Lemma 4.10(5)] that
pd = 1. So assume that ¢ has infinite order, and let X := X.. as in Notation
7.3. By Lemma 7.4, X is a homomorphic image of St2(Q), the universal
central extension of PSLy(Q). In particular L := X/Z(X) = PSL(2,Q).
Let m: X — L be the canonical homomorphism and let (St2(Q), x) be the
universal central extension of PSLy(Q). Then there exists a commutative
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diagram:
X
®

1 — > K5(Q) —> Sto(Q) —X> [ — 1,

Notice that u2 € Z(X) = Ker (7). Let fi. be an element in Sto(Q) in the
preimage of y. under ¢. Then fi2 € Ker(x) = Im (¢)). But K3(Q) is a
torsion group; in fact, Ko(Q) = Cy @ EBp prime>3 Cp—1, where C), denotes the
cyclic group of order p; see, for example, [Mi, Theorem 11.6]. Hence /i? has
finite order. Therefore [i. and hence . has finite order. ([

Our next few lemmas investigate the fixed points of the py-maps. Lemma
7.7 below is a useful (slight) extension of [DS, Prop. 4.9(3)] and will be used
in the proof of Lemma 7.8.

Lemma 7.7. Let a,b € U*. If aup, = —a, then b € {a, —a}.

Proof. We have pa® = fi—qu, = Ha and hence pp = ph = p_py,. Thus,
by [DS, Prop. 4.9(4)], bu, € {b,—b}. But if by, = b, then, by Lemma
7.8(1) below, aup = a, a contradiction. Thus bu, = —b and hence, by [DS,
Prop. 4.9(3)], b € {a, —a}. O

Proposition 7.8. Let a,b € U* be two elements such that aup = a, then

(a,b) is nilpotent of class < 2;

)
)
4) if || =1 (mod 4), then a € {b-+/—1,—b-/—1};
)
)

Proof. First we claim that
(7.2) Aftayy = —b- 2,
because by Lemma 5.2(5), aptqrp = —b—a+aup —b = —b-2.
(1): We have
(=b-2)ppq=a =
—bp_pg=a-2 <=
a+b—bu_q+a=a-2 <+
b=bu—_q,
so (1) holds.
(2): This follows from equation (7.2) and Lemma 5.1.
(3): By equation (7.2) and by [DS, Prop. 3.9(2)],

Hat+b __
H_q = H—b2,
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and hence (u?,)ta+t = 1%, ,. However, u2 centralizes pq1p and, by [DS,

Prop. 4.10(4)], p%,.5 = p?,, so (2) holds.
(4): By Lemma 1.5(2) we have (a-v/—1)up = apy - (vV—1)"t = —a- /1,

and so part (4) is a consequence of Lemma 7.7.
(5):  Assume now that the order of a is not 3. Note that by part (2), the
order of b is not 3 either. Using Lemma 7.12(2) below we get

a-%—b-Q—a-?—I—a-%:—b—a+a—b-2—a+b,
SO
(7.3) a-i-b-2-a-3=-b-3—a+b+a,
Let z :=a- % —b-2—a-% and y := —a+b+a. Then equation (7.3) says that
x = —b-3+y, and replacing b with —b in equation (7.3) gives —x = b-3 —y.
Together this implies that b-3 commutes with y, and by unique 3-divisibility,

b commutes with y, so b commutes with [a,b]. By symmetry a commutes
with [a, b] and (4) holds.

(6): It remains to prove the case when a and b have order 3. By (7.2),
[b = Hapary = HytpH—aklatbs
multiplying by p_p on the right and by g4+ on the left gives
Ha+b = H—alla+bH—b,
and using Lemma 5.2(2) we obtain
H—alta+bH—b = H—(ap_y+bp_p)up — H—(a=b)up = H(b—a)us
It follows that

Ha+b = H(b—a)pup-
By [DS, Prop. 4.9(4)] we get

(7.4) (b a)up = (a +b),
and applying pp to both sides of (7.4) gives
(7.5) (a+ by = =(b — a),

using (7.4), (7.5) and Lemma 5.2(4) we obtain
+(b—a) = (a+b)uy = (app — D)y — b

=(a—"b)up—b
==x(a+0b) -0
SO
(7.6) +(b—a)==x(a+b)—b.
Taking the plus sign in the RHS of (7.6) gives +(b— a) = a which says that
either b = 0 or b = —a, a contradiction. Thus we have

(7.7) t(b—a)=—-b—a—Dh.
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Taking the minus sign in the LHS of (7.7) implies that a = b, which is
impossible. Hence b—a=—-b—a—bor —b—a = —a — b as asserted. [
Notation 7.9. Let a € U*. We denote by G, the following group:
(1) if |a| = oo, or |a| < oo and p2 =1, G, := PGLy(F,);
(2) if |a] < oo and p2 # 1 = u2, then we let j ¢ F, be an element with
j2=—1¢€TF, (thus {1,—1,5,—j} is a cyclic group of order 4) and

Ga={eg9 ]9 € (SLa(Fa). (16))}
where ¢, = 1 if g € SLy(F,) and €, = j otherwise. Multiplication in
G, is defined by (eg g)(en h) = (eg€n) (gh).

Lemma 7.10. Let a,b € U* and assume that apy, = a. Then p, normalizes
Xq. Let H := (Xg, up), then the map @q: Xo — Lo of Lemma 7.5 extends
to an epimorphism p: H — G, where G, is as in Notation 7.9. The map
@ is defined by (up)p = ((1’6)6‘1, if a is as in case (1) of Notation 7.9,
while (up)e = j(94), otherwise. In particular, if |a| < oo, then ¢ is an
1somorphism.

Proof. By Lemma 7.8(3), H/ X, = Zs. By [DS, Lemma 4.3(1)] (with 7 = p,)
and by Lemma 1.5(2) we have

Mat = O‘wtaliba.lawty te Fa
t
and hence
(7.8) alt = Q11001 and pht = p_,.
We thus see that if we define ¢ as stated above, then by equation (7.8),

(@) = ((cat)) %, ((1a)")p = ((1a)) )¢
so the lemma holds. O

We believe that our next result will eventually lead to a proof that Cy(a)
is abelian, for all a € U*.

Hypothesis Ab. Let a € U*. We will say that a satisfies Hypothesis Ab if
Cu(a)*pe = Cy(a)*.
Proposition 7.11. Let a € U* and assume that Cy(a)*pu, = Cy(a)*, then

(1) [apz, bug] =0, for allb € Cy(a)* and x € U*;

(2) Cy(a)*ug = Cyl(a)* = Clapg)*, for all x € Cy(a)* and hence Cy(a)

s abelian.
Proof. (1):  Letb € Cy(a)*. By hypothesis, by, € Cy(a), so since pi_qpiy €
Aut(U), we have
0= [Q,U/—aﬂxa b,ua/J/—aMx] = [_aﬂxa bﬂx]-
this shows (1).
(2): Let b,x € Cy(a)* with b —z # 0. By Lemma 5.2(4),

b+ 2)pa = (bpta — T)pa + Tpta
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By hypothesis (b4 x)pq, e € Cy(a), hence also (buy, — x) g € Cy(a). But
then, by hypothesis, by, — z = (buy + ) papi—q € Cy(a). It follows that
bz € CU(a)'

We have thus shown that Cyr(a)*u, = Cy(a)*. Now

Culape) = Co((~a)apta) = Co(@patts = Co(a)s = Cul(a).

Set V := Cy(a). Then, by Lemma 1.7, M(V, u4) is a special Moufang set.
But a is in the center of V' and since M(V/ 11,) is special, the center of V is
either V' or trivial. Thus Cy(a) is abelian. O

We conclude this section with a lemma that gives various relations amongst
the elements of U.
Lemma 7.12. Let a,b € U* and let 1 < n < |al, then

(1) (~b—a-n+am-+—-b)n=-b—a-n—b—a-(n—1)—-—b—
a+appy—b—b—a—-b—a-2—---—b—a-(n—1); in particular,

(2) aub-%—b-Q—a-Q—l—a,ubé:—b—a+aub—b-2—a+b.

(3) b—awy - 5 + a commutes with —a + ap, —b- 2 — a.

Proof. (1): Let n < |a| then, by Lemma 1.5(2) and Lemma 5.2(5),

Utants = (@ W)pianss n=(—b—a n+aomy- L —b) n.
On the other hand
aflgn+b = Algta-(n—1)+b
=-b—a-n+apgn-1y4p—b—a-(n—1).

Then computing aply.(n—1)44 = @lata-(n—2)+b as above and continuing in this
manner yields (1).

(2): By (1) with n = 2 we have
—b—a~2—|—a,ub-%—b~2—a-2+a,ub-%—b: —b—a-2—b—a+au,—b-2—a.
this shows (2).

(3): For (3) we rewrite (2)

1 - - 1
— —b-l—(—a-l-(ll!b' §)+(a'ub. 5 —b)+(—b—a)+b.

Thus
—z+(z4+a+y) +z=—-b+z+ax+y+b,
and we see that b — z commutes with z + x + y. This shows (3). O
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