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Abstract. In this article we obtain a simple condition for the coefficients of
a random polynomial. This condition appears to be necessary and sufficient

for the roots of the polynomial to concentrate asymptotically near the unit
circumference with probability one as the degree of the polynomial increases.
It is also shown that this condition is sufficient, but not necessary for the roots
to be asymptotically uniformly distributed in argument.
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1. Introduction. In this article we are interested in asymptotic distribution
on the complex plane of the roots of the following polynomials:

Gn(z) = ξ0 + ξ1z + · · · + ξn−1z
n−1 + ξnzn

when n → ∞. Here ξ0, ξ1, . . . , ξn, . . . are independent identically distributed complex-
valued random variables. It is always supposed that

P(ξi = 0) < 1.

Denote Rn(a, b) the number of the roots zjn of Gn belonging to the ring {z ∈ C :
a ≤ |z| ≤ b}. Denote Sn(α, β), 0 ≤ α < β ≤ 2π, the number of the roots of Gn

belonging to the sector {z ∈ C : α ≤ arg z ≤ β}. The roots are counted according
to their multiplicity. Evidently the function Rn(a, b) describes the distribution
of the absolute values |zjn| of zjn and Sn(α, β) describes the distribution of the
arguments arg zjn of zjn. Below we study the asymptotic behavior of the functions
Rn, Sn when n → ∞.

The question of distribution of the complex roots of Gn originated from Ham-
mersley [1]. The asymptotic study of the functions Rn, Sn has been initiated by
Shparo and Shur in [6]. To describe their results let us introduce the functions

f(t) =



log+ log+ . . . log+ t
︸ ︷︷ ︸

m+1





1+ε
m∏

k=1

log+ log+ . . . log+ t
︸ ︷︷ ︸

k

,

where log+ s = max(1, log s). Here ε > 0,m = 0, 1, . . . . We assume f(t) =
(log+ t)1+ε at m = 0.

Shparo and Shur have proved that if for certain ε > 0,m ∈ Z
+

Ef(|ξi|) < ∞,(1)

then for any δ ∈ (0, 1) and any α, β

1

n
Rn(1 − δ, 1 + δ)

P−→ 1, n → ∞,(2)
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1

n
Sn(α, β)

P−→ β − α

2π
, n → ∞.(3)

The first relation means that under quite weak constraints imposed on the coeffi-
cients of a random polynomial, almost all its roots ”concentrate uniformly” near
the unit circumference with high probability; the second relation means that the
arguments of the roots are asymptotically uniformly distributed.

Later Shepp and Vanderbei [5] and Ibragimov and Zeitouni [2] under additional
conditions imposed on the coefficients of Gn got more precise asymptotic formulas
for Rn.

In this work we show, that the condition (1) could be substituted by a weaker
one:

E log(1 + |ξi|) < ∞,(*)

and the convergence in probability in (2) and (3) could be substituted by conver-
gence almost surely.

We will provide a proof that the condition (*) is, in fact, not only sufficient but
also necessary for (2) to hold almost surely. It appears, however, that (*) is not a
necessary condition for (3) to hold almost surely. In order to show the latter we
provide a corresponding example of the distribution of coefficients of Gn.

Remark. Let τ = inf{n : ξ0 = 0, . . . , ξn−1 = 0, ξn 6= 0}. Then

P(τ = k) = Pk(ξ0 = 0)(1 − P(ξ0 = 0))

and by Borel-Cantelli’s lemma τ < ∞ with probability 1. Below (in the proofs of
the theorems 1,2) for the sake of simplicity we suppose that τ = 0 with probability
1 (i.e. P(ξ0 = 0) = 0). To treat the general case it is enough to study in the same
way the behavior of Rn, Sn on the sets {τ = k}.

2. The distribution of absolute values.

Theorem 1. The limit relation
1

n
Rn(1 − δ, 1 + δ)

n→∞−→ 1 a.s.(4)

holds for any δ ∈ (0, 1) if and only if (*) holds.

Remark. It follows from the proof of the theorem that if the coefficients of a random
polynomial do not satisfy (*), then for any δ ∈ (0, 1) the limit relation

1

n
Rn(1 − δ, 1 + δ)

n→∞−→ 1

does not hold with probability one.

Proof. Suppose condition (*) holds. Let us prove that the radius of convergence of
the series

G(z) =

∞∑

n=0

ξnzn(5)

is equal to one with probability one.
Consider ρ > 0, such that P{|ξi| > ρ} > 0. Using the Borel-Cantelli lemma we

obtain that the sequence ξ0, ξ1, . . . , ξn, . . . with probability one contains infinitely
many members of absolute value larger than ρ. Consequently, radius of convergence
of the series (5) does not exceed 1 almost surely.
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On the other hand, since for any non-negative random variable η
∞∑

n=1

P(η > n) 6 Eη 6 1 +

∞∑

n=1

P(η > n),(6)

it follows from (*) that
∞∑

n=1

P(|ξn| > eγn) < ∞,

where γ — is an arbitrary positive constant. It follows from the Borel-Cantelli
lemma that with probability one |ξn| < eγn for any sufficiently large n. This means,
that according to the Cauchy-Hadamard formula [4], the radius of convergence of
the series G(z) is at least 1 almost surely.

Thus, with probability one, the series G(z) is an analytic function for |z| < 1.
For 0 6 a < b < 1 denote R(a, b) to be the number of the roots of G from
the set {z ∈ C : a 6 |z| 6 b}. It follows from the Hurwitz theorem [4], that
Rn (0, 1 − δ) 6 R (0, 1 − δ/2) almost surely for all sufficiently large n which implies
that

1

n
Rn (0, 1 − δ)

n→∞−→ 0 a.s.

In order to conclude the proof of (4) it remains to show that

1

n
Rn (1 + δ,∞)

n→∞−→ 0 a.s.

In other words, we need to prove that P(A) = 0, where A is an event, implying
that there exists ε > 0, such that

Rn (1 + δ,∞) > εn(7)

holds for infinitely many values n.
Denote B to be the event {G(z) is an analytic function for |z| < 1}. Define

random variable ηj , j = 1, 2, . . . , as

ηj = sup
n

∣
∣
∣ξne−

n
j

∣
∣
∣ .

Let us denote Cj to be an event that ηj < ∞. It was shown above that

P(B) = P(Cj) = 1, j ∈ N,

therefore in order for P(A) = 0 to hold it is sufficient that for a certain j

P(ABCj) = 0

holds.
Let us take a certain j, the exact value of which will be chosen later. Suppose

the event ABCj occurred. Index the roots zjn = zj of the polynomial Gn(z) in the
order of magnitude of its absolute values:

|z1| 6 |z2| 6 · · · 6 |zn|.
Let us fix an arbitrary number C > 1 (we will choose the exact value later).

Consider indices k, l, such that:

|zk| < 1 − δ

C
, |zk+1| > 1 − δ

C
,

|zl| 6 1 + δ, |zl+1| > 1 + δ.

(For |z1| > 1 − δ/C we take k = 0, for |zn| 6 1 + δ we take l = n.)
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If

|z| < min

(

1,
|ξ0|

nmaxi=1...n |ξi|

)

,

then

|ξ0| > |ξ1z| + |ξ2z
2| + · · · + |ξnzn|.

Therefore, such z can not be a root of the polynomial Gn. Taking in the account
the fact that the event Cj occurred, we obtain a lower bound for the absolute values
of the roots of the polynomial for all sufficiently large n:

|z1| > min

(

1,
|ξ0|

nmaxi=1...n |ξi|

)

>
|ξ0|

nηje
n
j

> |ξ0|η−1
j e−

2n
j .

Therefore, for any integer m, satisfying l + 1 6 m 6 n, we have

|z1 . . . zm| = |z1 . . . zk||zk+1 . . . zl||zl+1 . . . zm|

> |ξ0|kη−k
j e−

2n
j k

(

1 − δ

C

)l−k

(1 + δ)m−l

for all sufficiently large n. Since A occurred, it follows, that n− l > nε for infinitely
many values of n. Therefore, for m, satisfying n − √

n 6 m 6 n, inequalities
l+1 6 m 6 n,m− l > nε/2 hold for infinitely many values of n. Further, according
to the Hurwitz theorem, k 6 Rn(0, 1 − δ/C) 6 R(0, 1 − δ/(2C)) for all sufficiently
large n. Therefore, for infinitely many values of n the following inequalities hold

|z1 . . . zm| >

( |ξ0|
ηj

)R(0,1−δ/(2C))

e−
2n
j R(0,1−δ/(2C))

(

1 − δ

C

)n

(1 + δ)
nε
2 .

Choose now C large enough to yield
(

1 − δ

C

)

(1 + δ)
ε
2 > 1.

Next, holding C constant, choose j such that

e−
2
j R(0,1−δ/(2C))

(

1 − δ

C

)

(1 + δ)
ε
2 = b > 1.

Since
( |ξ0|

ηj

)R(0,1−δ/(2C))
n

→ 1

as n → ∞, we obtain that there exists a random variable a > 1, such that

|z1 . . . zm| >

( |ξ0|
ηj

)R(0,1−δ/(2C))

bn =



b

( |ξ0|
ηj

)R(0,1−δ/(2C))
n





n

> an

holds for infinitely many values of n. On the other hand it follows from Vieta’s
theorem that

|zm+1 . . . zn| >

(
n

n −√
n

)−1
∣
∣
∣
∣
∣
∣

∑

i1<···<in−m

zi1 . . . zin−m

∣
∣
∣
∣
∣
∣

=

(
n

n −√
n

)−1 |ξm|
|ξn|

.
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We combine these two inequalities to obtain for infinitely many values of n

|ξ0|
|ξn|

= |z1 . . . zn| > an

(
n

n −√
n

)−1 |ξm|
|ξn|

> c1a
n (

√
n)

√
n+ 1

2 (n −√
n)n−√

n+ 1
2

nn+ 1
2

|ξm|
|ξn|

> c2a
n(
√

n)−
√

n

(

1 − 1√
n

)n |ξm|
|ξn|

> c3 exp

(

n log a −
√

n log n

2
−
√

n

) |ξm|
|ξn|

> eαn |ξm|
|ξn|

,

where α is a positive random variable. Multiplying left and right parts by |ξn|, we
get that

ABCj ⊂
∞⋃

i=1

Di,

where Di denotes the event {|ξ0| > e
n
i maxn−√

n6m6n |ξm| for infinitely many values
of n}.

To complete the proof it is sufficient to show that P(Di) = 0. Having in mind
to apply the Borel-Cantelli lemma, let us introduce the following events:

Hin = {|ξ0| > e
n
i max

n−√
n6m6n

|ξm|}.

Considering such θ > 0 that P(|ξ0| 6 θ) = F (θ) < 1, we have

Hin ⊂ {|ξ0| > θe
n
i } ∪ { max

n−√
n6m6n

|ξm| 6 θ},

consequently,

∞∑

n=1

P(Hin) 6

∞∑

n=1

P(|ξ0| > θe
n
i ) +

∞∑

n=1

(F (θ))
√

n < ∞

and, according to the Borel-Cantelli lemma, P(Di) = 0.
We prove the implication (4) ⇒ (*) arguing by contradiction. Suppose (*) does

not hold, i.e.

E log(1 + |ξi|) = ∞.

It follows from (6) that

∞∑

n=1

P(|ξn| > eγn) = ∞(8)

for an arbitrary positive γ. For k ∈ N introduce an event Fk, implying that |ξn| >

ekn holds for infinitely many indices n. It follows from (8) and the Borel-Cantelli
lemma, that P(Fk) = 1 and, consequently, P(∩∞

k=1Fk) = 1. This yields

lim sup
n→∞

|ξn|1/n = ∞ a.s.

This means that with probability one for infinitely many values of n

|ξn|1/n > max
i=0,...,n−1

|ξi|1/i, |ξn|1/n >
3

ε
, |ξ0| < 2n−1,
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where ε > 0 is an arbitrary fixed value. Let us hold one of those n. Suppose |z| > ε.
Then

|ξ0 + ξ1z + · · · + ξn−1z
n−1| 6 2n−1 + |ξnzn| 1

n + |ξnzn| 2
n + · · · + |ξnzn|n−1

n

=
2n

2
− 1 +

|ξnzn| − 1

|ξ
1
n
n z| − 1

6
|ξ

1
n
n z|n
2

− 1 +
|ξnzn| − 1
3
ε × ε − 1

< |ξnzn|.

We obtain that with probability one for infinite number of indices n all the roots of
the polynomial Gn are located inside the circle {z : |z| = ε}, where ε is an arbitrary
positive constant. This means that (4) does not hold for any δ ∈ (0, 1). ¤

2. The distribution of arguments.

Theorem 2. Let (*) hold. Then the limit relations

1

n
Sn(α, β)

n→∞−→ β − α

2π
a.s.(9)

hold for any given α, β, such that 0 6 α < β 6 2π.

Proof. Consider a set of sequences of reals

{a11}, {a12, a22}, . . . , {a1n, a2n, . . . ann}, . . .
where all ajn ∈ [0, 1]. We say that {ajn} are uniformly distributed in [0, 1] if for
any 0 6 a < b 6 1

lim
n→∞

♯{j : ajn ∈ [a, b], j = 1, 2, · · · , n}
n

= b − a.

The definition is an insignificant generalization of the notion of uniformly dis-
tributed sequences (see for example [3], ch.1). It is easy to see that the Weyl
criterion ([3], ch.1) continues to be valid in this case:

the set of sequences {ajn, j = 1, . . . , n}, n = 1, 2, . . . is uniformly distributed if
and only if for all l = 1, 2, . . .

1

n

n∑

j=1

e2πlajn → 0, n → ∞.

Let zjn = rjneiθjn be a zero of Gn(z), rjn = |zjn|, θjn = arg zjn, 0 6 θjn < 2π.

The theorem 2 is equivalent to the statement that the set of sequences { θjn

2π } is
uniformly distributed. Thus, according to Weyl’s criterion, it is enough to show
that for any l = 1, 2, . . .

lim
n

1

n

n∑

j=1

eilθjn = 0

with probability 1.
Consider the random polynomial

G̃n = ξn + ξn−1z + · · · + ξ1z
n−1 + ξ0z

n.

Its roots are z−1
jn . According to Newton’s formulas

n∑

j=1

1

zl
jn

= ϕl

(
ξ1

ξ0
, . . .

ξl

ξ0

)

,
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where ϕl(x1, . . . xl) are polynomials which do not depend on n. (For example,
ϕ1(x) = −x). It follows that

1

n

n∑

j=1

e−ilθjn =
1

n

n∑

j=1

e−ilθjn

(

1 − 1

rl
jn

)

+
ϕl

n
.(10)

For |z| < 1 the polynomials Gn(z) converge to the analytical function G(z) =
∑∞

k=0 ξkzk, ξ0 6= 0, with probability 1. The function G(z) has no zeros inside a
circle {z : |z| 6 ρ}, P(ρ > 0) = 1. Hence for n > N, P(N < ∞), the polynomials
Gn(z) have no zeros inside {z : |z| 6 ρ}. Let γ > 0 be a positive number. It follows
from (10) that

∣
∣
∣
∣
∣
∣

1

n

n∑

j=1

eilθjn

∣
∣
∣
∣
∣
∣

6 (l + 1)
γ

(1 − γ)l
+

+
1

n

(

1 +
1

ρ

)

♯{j : |rjn − 1| > γ, i = 1, . . . n} +
ϕl

n
.

Theorem 1 implies that the second member on the right goes to zero when n → ∞
with probability 1. Hence

1

n

n∑

j=1

eilθjn → 0, n → ∞

with probability 1 and the theorem follows. ¤

4. An example

We show that in contrast with theorem 1 the conditions of theorem 2 are not
necessary. Namely, we construct an example of a sequence of i.i.d. real valued
random variables ξ0, ξ1, . . . , ξn, . . . such that

E log(1 + |ξi|) = ∞,

and at the same time, if zjn = zj are the zeros of

Gn(z) = ξ0 + ξ1z + · · · + ξn−1z
n−1 + ξnzn,

the arguments arg zj are asymptotically uniformly distributed:

1

n
Sn(α, β)

n→∞−→ β − α

2π
a.s.(11)

for all α, β such that 0 6 α < β 6 2π.
We begin with the observation that if R is a sufficiently large positive number,

Sn(α, β) is equal to the number of the roots of Gn inside the region B(α, β;R)
bounded by the contour γ = γ1 ∪ γ2 ∪ γ3, where γ1, γ2 are the radii

γ1 = {z : z = reiα, 0 6 r 6 R}, γ1 = {z : z = reiβ , 0 6 r 6 R}
and γ3 is the arc

γ3 = {z : z = Reiθ, α 6 θ 6 β}.
By the argument principle S(α, β) is equal to the change in the argument of Gn

as z traverses the curve γ divided by 2π. If R is sufficiently large, the change of the
argument of Gn as z traverses the arc γ3 is (β−α)n+o(n). Further, if ReGn(reiα)
as a function of r has on the interval [o,R] p zeros, we divide the interval [o,R] on
(p + 1) parts in a such way that ReGn(reiα) > 0 or ReGn(reiα) 6 0 in any part.
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The change in the argument of Gn(z) when z traverses such part is π or less. Hence
the change in the argument of Gn when z traverses γ1 is not greater than (p + 1)π.
The same arguments can be applied to γ2. Thus to constructed the example it is
enough to construct such random variables {ξj} that all polynomials

Gα
n(r) = ReGn(reiα) = ξ0 + ξ1r cos α + · · · + ξnrn cos nα

will have small number of positive roots, in fact, o(n) is enough for our aims. The
second author have studied a similar problem in [7]. The construction below repeats
some ideas from [7].

We find a distribution for the coefficients ξj such that the largest coefficient
would be radically different from others with high probability. Consider a discrete
distribution

P(ξj = bk) = ak, k ∈ N,(12)

where
∞∑

k=1

ak = 1,

0 < b1 < · · · < bk < . . . ,

bk → ∞
and search for corresponding ak and bk.

At first, we build such a sequence ak that with a probability of order 1−O(n−2))
among the coefficients ξ0, ξ1, . . . , ξn there is exactly one maximum equal to a certain
bm with sufficiently large m.

We hold λ ∈
(
0, 1

8

)
, and consider a sequence of numbers

p1 = λ,

p2 =

(
λ

4

) 1
2

− λ,

. . . ,

pk =

(
λ

k2

) 1
k

−
(

λ

(k − 1)2

) 1
k−1

,

. . . .

Set

a1 = a2 = · · · = aN1
=

p1

N1
,

aN1+1 = aN1+2 = · · · = aN1+N2
=

p2

N2
,

. . .

aN1+···+Nk−1+1 = aN1+···+Nk−1+2 · · · = aN1+···+Nk
=

pk

Nk
,

. . . ,

where a strictly increasing sequence of natural numbers N1, N2, . . . will be defined
later. Since the function

g(x)
def
=

(
λ

x2

) 1
x
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strictly increases for x > eλ
1
2 and limx→∞ g(x) = 1, all pk > 0 and

∞∑

k=1

pk = 1,

consequently, the same holds for aj .
We define a sequence bk by recursion:

b1 = 1,

bk = ((k + 1)!bk−1)
k.

Now, let the distribution of the coefficients ξj of the polynomial Gn be described
by (12). Obviously, these coefficients satisfy the condition

E log(1 + |ξi|) = ∞.

Nevertheless, as it would be shown momentarily, (11) holds.
We say that coefficient ξi belongs to k-th group, if ξi = bj and aj = pk

Nk
.

We introduce an event An, implying, that all coefficient ξ0, ξ1, . . . , ξn have their
group number less or equal n + 1:

An = {ξi 6 bN1+···+Nn+1
, i = 0, . . . , n}.

The probability of this event is equal to

(13) P(An) = (p1 + · · · + pn+1)
n+1 =

λ

(n + 1)2
.

Denote Bn the event that the sequence ξ0, ξ1, . . . , ξn has at least two maximums.
Let us estimate P(Bn \ An). In order to do this introduce the events

Ckn = {bN1+···+Nk−1
< max(ξ0, ξ1, . . . , ξn) 6 bN1+···+Nk

}
In other words Ckn express the fact that the largest coefficient belongs to the

k-th group. Let Dij
kn denote the event {ξi, ξj belong to the k-th group and ξi = ξj}.

Then
Bn ∩ Ckn ⊂

⋃

06i<j6n

Dij
kn,

and hence

P(Bn ∩ Ckn) 6
∑

06i<j6n

P(Dij
kn) =

n(n + 1)

2
Nk

(
pk

Nk

)2

.

Take Nk = [λ−1k42k] + 1, then

(14) P(Bn \ An) =
∞∑

k=n+2

P(Bn ∩ Ckn)

6
n(n + 1)

2

∞∑

k=n+2

λp2
k

k42k

6
λn(n + 1)

2(n + 2)4

∞∑

k=n+2

1

2k
6

λ

(n + 1)2
.

It follows that

P(An ∪ Bn) 6 P(An) + P(Bn \ An) 6
2λ

(n + 1)2
.
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The Borel-Cantelli lemma implies that there exists a random variable N,P{N <
∞} = 1, such that for n > N the sequence ξ0, ξ1, . . . , ξn has only one maximal
member ξτ and

ξτ > bN1+···+Nn+1
.

Obviously, we may suppose, that α has the form

α = 2π
q

p
,

where p is a prime and q runs the values 0, 1, . . . , p−1 and consider the polynomials

Gα
n(t) = ReGn(teiα) = ξ0 + ξ1 cos α + · · · + ξntn cos nα.

Show that if n > N , Gα
n(t) has at most 2p positive zeros. We begin with the

observation that

inf
ν,q∈Z+

| cos να| = inf
r=0,1...,p−1

∣
∣
∣
∣
cos

2πr

p

∣
∣
∣
∣
>

c0

p
,

where c0 is a positive constant.
At first, we show that if n > N , the number of roots of Gα

n(t) on the interval
[0, 1] doesn’t exceed p. If n > N , there exists an index τ 6 n such that ξτ = bn+s

and ξj 6 bn+s−1, j 6= τ, j 6 n, for some natural number s. There exists an integer
m, 0 6 m 6 p − 1, such that cos mα = cos τα. According to the Roll’s theorem, it
is sufficient to show that the m-th derivative of Gα

n(t)

(Gα
n(t))(m)(t) =

n∑

j=m

j!

(j − m)!
ξjt

j−m cos jα

has no zeros in [0, 1].
Consider separately the following three cases.
1. If m = τ , then for t ∈ [0, 1] and n > n0

|ξτ cos τα| >
c0

p
bn+s > nn!bn+s−1 >

∣
∣
∣
∣
∣
∣

n∑

j=m+1

j!

(j − m)!
ξjt

j−m cos jα

∣
∣
∣
∣
∣
∣

and (Gα
n(t))(m)(t) has no zeros in [0, 1].

2. Let m < τ and 1 > t > ((n + s + 1)!bn+s−1)
−1 = t0. If n > n0,

∣
∣
∣
∣
m!ξm cos mα +

τ !

(τ − m)!
ξτ tτ−m cos τα

∣
∣
∣
∣
> ξτ tn| cos τα| = bn+st

n| cos τα|

>
c0

p
bn+st

n
>

c0bn+s

p((n + s + 1)!bn+s−1)n
>

c0bn+s

p((n + s + 1)!bn+s−1)n+s−1

=
c0

p
(n + s + 1)!bn+s−1 > nn!bn+s−1 >

∣
∣
∣
∣
∣
∣

∑

j∈{m+1,...,n}\{τ}

j!

(j − m)!
ξjt

j−m

∣
∣
∣
∣
∣
∣

and (Gα
n(t))(m)(t) has no zeros in [t0, 1].
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3. Let m < τ and 0 6 t 6 t0. Then for n > n0
∣
∣
∣
∣
ξm cos mα +

τ !

(τ − m)!
ξτ tτ−m cos τα

∣
∣
∣
∣
> ξm| cos mα| >

c0

p

>
c0

p
(n + s + 1)!bn+s−1t > nn!bn+s−1t >

∣
∣
∣
∣
∣
∣

∑

j∈{m+1,...,n}\{τ}

j!

(j − m)!
ξjt

j−m

∣
∣
∣
∣
∣
∣

and (Gα
n(t))(m)(t) has no zeros in [0, t0].

The same argumentation we can apply to the polynomial

G̃α
n(t) = ξn cos nα + ξn−1t cos(n − 1)α + · · · + ξ0t

n.

Since Gα
n(t) = 0 ⇔ G̃α

n(t−1) = 0 for t > 0, the number of the roots of Gα
n on [1,∞)

is equal to the number of the roots of G̃α
n on (0, 1]. Therefore, Gα

n has at most p
roots on [1,∞) too.

Remark. The same construction allows us to find example of {ξi} such that for a
given function ϕ

E|ϕ(|ξ1|)| = ∞
holds and the arguments of zi will be asymptotically uniformly distributed.

Authors are grateful to M.A. Lifshits who suggested a fruitful idea that the
methods used in [7] could be extended to the problem approached in this article.

A part of this work was done during the stay of the first author at the SFB 701
”Spectral Structures and Topological Methods in Mathematics” at the University
of Bielefeld. The final version was prepared during the visit of the second author
to the Institute of Mathematical Stochastics, University of Göttingen. The authors
are thankful to F. Goetze and M. Denker for their hospitality during these visits.

The Authors thank N. Slobodianik for help in translation of this article to Eng-
lish.
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