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1 Introduction

Let O be an open bounded domain of R" with smooth boundary 00O. We
consider the linear operator A in L?(0) defined on H*(O)N Hy(O). Tt is well
known that —A is self-adjoint positive and anti-compact. So, there exists a
complete orthonormal system {e.} in L?*(O) of eigenfunctions of —A. In fact
we have e, € N,>1LP(O) for all k € N. We denote by {\;} the corresponding
sequence of eigenvalues,

Ae, = —Mper, keN.

We shall consider a cylindrical Wiener process in L?(Q) of the following form
W(t)=> y(t)er, t=>0,
k=1

where {7x} is a sequence of mutually independent standard Brownian mo-
tions on a filtered probability space (Q, F, {F;}i>0,P). To be more specific,
we shall assume that 1 < n < 3.

In this work we consider the stochastic partial differential equation,

dX (1) — AB(X(1)dt = o(X)dW (t), >0,

B(X(t) =0, ondO, t>0, (1.1)
X(0) ==,
where
o(@)h =Y pp(h,ex)zer, =€ H'(O), he L*0), (1.2)

and {u} is a suitable sequence of nonnegative numbers.

The solution X to (1.1) is a function of w € Q, t > 0 and £ € O, but
in the following it will be simply written X (¢) omitting w and £. Here (3 is
a continuous, differentiable, monotonically increasing function on R which
satisfies the following conditions,

B(r) < aalr[" ™t + a2, VreR, §(0)=0,

B(r): = / B(s)ds > az|r|™ + aur?, VreR,
0



where a1, a3 > 0, as,ay > 0 (with g > 0 if ay > 0) and 1 < m. We note
that since (3 is increasing, we have

rB(r) > B(r), r>0. (1.4)
A standard example is 8(r) = a|r|™ 'r + br where m € R and a > 0,0 > 0.

Equation (1.1) with additive noise was recently studied in [4],[5],[7], [8],[9],
see also [3]. In particular, [7] contains an existence result under similar
conditions on (3, but with additive noise.

It should be mentioned that existence and uniqueness of solutions to
equation (1.1) follow also by the general results in [7] and [12] (see also [13]
for generalizations). In this paper we present, however, an alternative proof,
based on the Yosida approximations of —A/, which allows us to prove the
positivity of solutions for nonnegative initial data x. Taking into account
the physical meaning of the equation (in mathematical modeling of flows
through porous media, X is the density of the driven flow), the positivity
of solutions is an essential property which should be addressed and much
of the substance of this work is devoted to the rigorous proof of positivity
via [t0’s formula in appropriate functional spaces. The main difficulty in
proving positivity is due to the fact that the Sobolev space H~1(Q), which
as in the deterministic case is natural for studying equation (1.1), is not
suitable for truncation techniques usually used for proving positivity, and so
a more involved approach is necessary.

Equation (1.1) can be written in the abstract form

dX (1) + AX (t)dt = o(X(£))dW (t), >0,

(1.5)
X(0) =z,
where the operator A: D(A) C H Y(O) — H~'(0O) is defined by
Az = —Ap(z), =€ D(A),
(1.6)
D(A) ={z € HTH(O)NLY(0) : B(z) € Hy(O)},
and
(X)W () = S X (t)ep pdn(t). (1.7)
k=1
Troughout this paper we shall assume that
Zui)\i =: (C < o0. (1.8)
k=1



To give a rigorous sense to this noise term we first note that since n < 3,
by Sobolev embedding it follows that supcy /\—lk lex]oo < 00, since

lek|oo < C|6k|H2(@) < C|A6k|L2(@) < CAg.

Thus, by equation (1.8) and for some constant ¢; > 0

Sl <o Y@ N Py < aClit, Yee HO), (19)

k=1 k=1

because |reg|2; < ¢ AZ|z[%, by an elementary calculation.

We obtain by (1.9) that the series in (1.2) converges in H~!(O) and that
o(x) € Ly(L*(O), H 1(0O)). Tt follows that Wy(t) := fota(X(s))dW(s) is
well defined as a process on H = H~*(O). Note that since o is linear we also
have that  — o(x) is Lipschitz from H~'(O) to Ly(L*(O), H1(O)).

The plan of the paper is the following: main results are stated in §2 and
proofs are given in §3.
The following notations will be used throughout in the following.

(i) HY(O), H*(O) are standard Sobolev spaces on O endowed with their
usual norms denoted by | - [g1(0) and | - |20 respectively.

(i) H is the space H '(O) (the dual of H}(O)) endowed with the norm
2|y = |21 =]~ A_195|Hg((9)-

(Here (—A)~'z = y is the solution to Dirichlet problem —Ay = z in
O, y € H}(0O)). The scalar product in H is

(x,z)_ 1 = /O(—A)lxzdg, Va2 € HyO).

(iii) The scalar product and the norm in L?(Q) will be denoted by (-, -) and
| - |2, respectively and the norm in LP(O), 1 < p < oo by |- |,.

(iv) For two Hilbert spaces Hy, Hy the space of Hilbert-Schmidt operators
from H; to Hj is denoted by Lo(Hy, Hy).



2 The main result

To begin with let us define the solution concept we shall work with. Formally,
a solution to (1.1) (equivalently (1.5)) might be an H-valued continuous
adapted process such that X, AX € Cy ([0, T]; L*(Q; H)) and

X(t)::v—/o AX(s)ds+/0 o(X(s))dW(s), te[0,T]. (2.1)

By Cw ([0, T]; L*(€2; H)) we mean the Banach space of all the processes X in
(Q, F,P) with values in H which are adapted and mean square continuous,
endowed with the norm

IX W2 oy 22umy = sup EIX(0)[%
te[0,7]

Moreover, LY, ([0, T]; L*(2; H)), p € [1,00], is the space of all processes X €
LP([0,T]; L*(2; H)) which are adapted to .

However, such a concept of solution might fail to exist for equation (1.1)
and so we shall confine to a weaker one inspired by [7] and [11].

Definition 2.1 An H-valued continuous Fi-adapted process X is called a
solution to (1.1) on [0,T] if X € L™TH(Q x (0,T) x O) and
t
(X0.e) = e+ [ [ aX)Aededs
0o Jo
(2.2)
% ¢
+Zpk/ (X (s)ex,ej)dv(s), VjeN, tel0,T].
k=1 0
Here m is the exponent arising in (1.3) and {ex} is the above orthonormal

basis. Taking into account that —Ae; = Aje; in O we may equivalently write
(2.2) as follows

(X(t),ej)-1 = (@501 — i Oﬁ(X(S))ededS
+Z“k/0 (X (s)en, ;) 1dya(s), V€N,

1.e.

(X (t), e5)-1 + (BX (1)), e)dt = ) X (s)ew, e5) -1du(s)-
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Recalling (1.7) we see that

> k(X (Dex, eg)d(t) = (0(X(1)dW (t),¢5), j €N,

We also note that since by assumption (1.3), B(X) € L% ((0,T) x Q x O),
the integral arising in the right hand side of (2.2) makes sense because e; €
C>=(0) for all j € N. Of course, one might derive a vector valued version
of Definition 2.1. As a matter of fact, it turns out (see [7]) that (2.2) can
be rewritten equivalently as an equation in B’ (the dual of L™™(O) C H =

H C B)
X(t)==x +/ LX (s)ds +/QW (1),

where H and H’ are identified by the Riesz isomorphism and L is a suitable
extension of z — —Af(z) to B’. In particular, this shows that Definition
2.1 is independent of the basis {e}.

Now we are ready to formulate the main results.

Theorem 2.2 Assume that (1.3) and (1.8) hold. Then for each x € H=(O)
there is a unique solution X to (1.1). Moreover, if x € LP(O) is non-
negative a.e. on O where p > max{m + 1,4} is a natural number then
X € Lyp(0,T; LP(Q; LP(O))) and X > 0 a.e. on  x (0,00) x O. If
r € HYO) is such that x > 0, i.e. x is a positive measure, then P a.s.

X(t) >0 forallt>0.

The positivity of the solution X to (1.1) will be proven below by choosing
an appropriate Lyapunov function.

3 Proof of Theorem 2.2

We mention that in our estimates in the sequel constants may change from
line to line though we do not express this in our notation.
We recall that the operator A, defined by (1.6), is maximal monotone in

H (see e.g. [6]). Then we consider the Yosida approximation

1

Alz) == (x — J.(v)) = Al +eA) Yz), >0, z€H,

£
where J.(z) = (1+¢eA)~*(z). The operator A, is monotone and Lipschitzian
on H. Then, by (1.9) it follows by standard existence theory for stochas-
tic equations in the Hilbert spaces (see e.g. [10]) that the approximating
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equation

(3.1)

dX.(t) + A X (t)dt = o (X (¢))dW (t), t>0,
{ X.(0) =z,

has a unique solution X, € Cy ([0, T]; L*(Q; H)) such that X, € C([0,T7]; H), P-
a.s. with A.X. € Cy ([0, T]; L2(; H)).

By It6’s formula we have

% dIX- (1)), + (A X.(t), X (t))_1dt

- (3.2)
= (o (X)W (1), Xel) o+ 5 D pIX(t)er .

This yields (see (1.9))

%]E[Xg(t)\zl +E/O (AcX<(5), Xc(s))-1ds

t
< |x!21+C'E/ | X(s)]2,ds
0

N —

and therefore
1 t
S0, +IE/ (A.X.(5), X.(s)) 1ds < Claf2,, Ve>0 (3.3)
0

We set Y.(t) = J.(Xc(t)) (see (3.1)). Then

—E|X 2, —HE// s))déds

+- IE/|X Y.(s)|?,ds < Clz|*,, Ve>0.

(3.4)

(Here we have used the equality
1
(Acx, ) = (Adex, Jox) g + B |z — J.(2)]?,

and (1.4).)



Now we fix X € Cy ([0, T]; L*(Q, H)) and consider the equation

dX.(t) + A X (t)dt = (X (£))dW (), ¢ >0,

(3.5)
X.(0) = z.
Equivalently,
dX.(t) — AB(Y.(t))dt = o(X (£))dW (1), >0,
(3.6)

X.(0) =z,
where B B B
Y.=(1+ zsA)_lXE = J.(X.)).

We are going to prove that for e — 0, )?E is convergent to a solution X* to
equation
dX*+ AX*dt = o(X)dW(t), X*(0)=zx.

For equation (3.5) we have the same estimates as for (3.1). In fact by Itd’s
formula we get (see (3.4))

E|X.(t +E// s))déds + —E/ 1X.(s) — Ya(s)|?ds
(3.7)
Claf, + CE / X() s

IA

(where we have used (1.9) to estimate E fg lo(X(s)) H%Q(LQ(O);H)dS)‘ By virtue
of assumption (1.3) this implies that

T
B[ [ 1B deds < Cllaf?, +1), >0,
0o Jo
(because |B(r)| < a;|r|™+ a2, &1 > 0), and so along a subsequence, we have
B(Y.) = n weakly in L™ ((0,T) x Q x O). (3.8)
On the other hand, we have by (3.6) that for ¢ € [0, 7]

1+/ /ﬁ s))e deds = (x,€)_ 1+/0t<J(X(s))dW(s),e)1ds,

for alle € L™ (0). We note that by (3.7) there exists X* € L%, ([0, T]; L*(Q; H))

such that

X, — X* weakly in L3, ([0,7); L*(Q; H)) (3.9)
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and by (3.7) and (1.3) we obtain that also
Y. — X* weakly in L2, ([0, T]; L*(Q; H))N L™ (2 x (0, T) x ©). (3.10)

Hence along a subsequence € — 0

E(X.(t),e)_1 — E(X*(t),e)_1 weakly in L*(0,T).

Then letting € tend to 0 we get for a.e. t € [0,7]

(X*(t),e)_1 = (x,e)_l—/o /On(s)edgder/O (0(X(s))dW(s),e)_1ds. (3.11)

Taking into account (3.9)-(3.10), to conclude the proof of existence it
suffices to show that

n(t, & w) = PB(X*(tEw)) ae (w,t,€) €Qx(0,T)x0O. (3.12)

Indeed, in such a case we may take in (3.11) e = Ae; for j € N.
To this end we consider the operator

F:L™Qx(0,T) x O) — Ln+1(Q x (0,T) x O) = (L™(Q2 x (0,T) x O)),
defined by
(Fz)(t,&,w) = B(x(t, & w))  ae (w,t,€) € Q2x(0,T) x O.

This operator is maximal monotone and more precisely, it is the subgradient
of the convex function @ : L™ (Q x (0,T) x O) — R defined as,

/ / a(t, €))dédt.

For each Z € L™(2 x (0,T) x O) we have

O(V)— 0(2) <E / / BVt €) (Va(1,€) — Z(t, €)det.

Letting € tend to 0 we have by (3.8), (3.9), (3.10) and by the weak lower
semicontinuity of ®

(X*) — (2) <hm1anE//ﬁ (t, Y. (t, £)dedt — E //ndedt



To prove (3.12) by the uniqueness of the subgradient it suffices to show that

T T
liminf E / / BY.(t,€))Y.(t,€)dedt < E / / nX*dedt. (3.13)
0 o 0 (@]

e—0

To this end we come back to equation (3.6) and note that by Ité’s formula

we have
—IE|X +IE/ /ﬂ s)d¢ds
P ZE [ i etas
Equivalently,
et +E//ﬁ $)dds
E / /O BV-()(Xels) — Vels))deds (3.14)

P ZE [ et s
By (3.9)-(3.10) we have
/(96(12(8))()?5(8)—12(8))616 = (AXc(5), Xel(9) = J(Xe(9))) 1 = el AXo(s)]%,

Fix ¢ € L>(0,T), ¢ > 0. Then pX* € L2,(0,T; L*(%; H)). Thus by (3.9)-
(3.10)

E / S(OIX* (D)2, di = lm E / (3 (8), Xo(8)) 1 p(t)

e—0
T
limignf (]E/ o)X, dt)
E— 0

< (& [ wworcor «)

Hence simplifying we obtain

1/2 1/2

T

T
E/ o)X (D)2, dt gnmionfE/ S| X.(0)[2, dt.
0 e 0
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Hence (3.14), Fatou’s Lemma (see also (1.4)) and the arbitrariness of ¢ im-
plies that for a.e. ¢ € [0,7] we obtain that

limi(l)nf]E/ /ﬁ s)dEds + = E\X ()],

t (3.15)
1
<3l g ZE/ EIX (s)en? s,
0

On the other hand, by (3.11) we see via [td’s formula (applied to the right
hand side of (3.11), since the left hand side might not be continuous in t)
that for all j € N and a.e. t € [0,77,

3 B0 4B [ (e (X (5). )

1
=35 (z,e/)%, + = EZ,L%/ (s)er, e;)°ds

and dividing by |e;|?; and summing over j we obtain

—EyX* +E// $)X*(s)déds

1 - !
=Sl 5 YouE [ Xl s
k=1 0

We note that the integral in the left hand side makes sense since by (3.4),
X* € L™(0,T) x Q x O) while n € L™ ((0,T) x Q x O).
Comparing (3.15) and (3.16) we infer that

lim inf E / / B(Y. (t)d¢dt < E / / (t)dedt,

as claimed. A formal problem arises, however, because X*(t) as constructed
before might not be H-continuous. However, arguing as in [11], [12] we may
replace it by an H-continuous version defined by

(3.16)

X*(t) =z + /0 An(s)ds + /0 o (X (s))dW (s).

It follows that X* = X* a.e. and that X* is also an Fi-adapted process.
Moreover, the Ito formula from ([11, Theorem I-3-2]) holds. Hence X* €

11



Cw([0,T); L3(2; H)) N L™T((0,T) x Q x O) is a solution (in the sense of
Definition 2.1) to

dX* + AX*dt = o(X)dW
(3.17)
X*(0) = =z,

as claimed.

Uniqueness for equation (3.17). Let X7, X5 be two solutions to equa-
tion (3.17) for X = X;, i = 1,2. We have (sce (2.2))

AX; - X0+ [

O(ﬁ(Xf) —B(X5))e;dédt = (X1 = Xa)ex, ;) 1dy.
k=1

By Ito’s formula we obtain

Dividing by |e;]|2; and summing over j we see that

3 EIXI(0) = X30F, +E [ (3061 = 8(X). X (s) = X(s) ds

1 ' ~
=3B [ 30 i(0006) - Xl fel e s
0 k=1
Hence (see (1.9))

E|X;(t) — X3(1)|)*, < CE /t 1X1(s) — Xo(s)|*ds, Vte[0,T] (3.18)

Now we shall use the latter inequality to prove existence of a unique solution

X € Cw([0,T); L*(Q; H)) N L™((0,T) x Q x O)

12



to equation (1.1). Indeed the operator X — X* is a contraction on the space
Cw([0,T); L?(Q2; H)) if T is sufficiently small and so, we have existence (and
uniqueness) for 7' > 0 small. By a standard unique continuation argument
it follows existence and uniqueness on an arbitrary interval [0, 7).

Positivity. We shall assume now that z € LP(O), where p > max{m +
1,4}, and z(§) > 0 a.e. in O. We shall prove that

X >0 ae in (0,7) x O x Q. (3.19)
We shall first assume in addition that ( is strictly monotone, i.e.
(B(r) — ) (r—7) > alr—7)% VrrcR, (3.20)
where o > 0. Below we shall use the following lemma.
Lemma 3.1 Let y € D(A) and g : R — R Lipschitz and increasing. Then
(VB(y),Vg(y))rn >0, a.e. on O.

Proof. First note that by definition of D(A) we have that y, 8(y) € Hg(O).
Using a Dirac sequence we can find mollifiers g, € C'(R), g, > 0, k € N,
such that

Vg(y) = lim ge(y)Vy in L*(O).
So, it suffices to prove that
(VB(y),Vg(y))rn >0, a.e. onO.

But
(VB(Y), Vy)rn = (VB(y), VB B(y))rn.

Since 3 is strictly monotone, 37! is Lipschitz, so applying the above mollifier
argument with 37! replacing g, we prove the assertion. [J

We shall use the approximating equation (3.1) whose solution X, is
weakly convergent to X in L#,(Q; L*(0,T; H)). Namely, we have for Y.(¢) :=
Je(Xc(t)), t >0,

dX.(t) — AB(Y.(t))dt = o(X.(£))dW(t), > 0. (3.21)

We note that equation (3.1) can be equivalently written as

AX(8) + S X.(0)dt = £ J(X(8))dt + o (Xo())dW (1), >0,
< < (3.22)
X:(0) = =z,

13



Fix x € H and set
y=J.(z) = (1 —cAp)'x

y—eAB(y) = (3.23)

Then y € D(A). Since 3 is strictly monotone, 87! is Lipschitz. Therefore,
since B3(y) € HY(O), also y € H}(O). Now assume z € LP(O). By multiply-
ing both sides of (3.23) by Hyj\)% and integrating over O we get by Lemma

3.1
/1+A|y|p2 % < /1+A|y|p2

Then, letting A — 0 we find the estimate

|y|£§/oyp‘1xd£§ yle™" [l (3.24)
Hence
@)y < Jely, Vo € I(O), (3.25)

and therefore,

1 2
|A6(5B)|p = = |z — Ja<x)|p < - |x|pv Ve LP(O).

(3.23) and (3.25) imply that .J. is continuous from LP(O) into itself.

Lemma 3.2 For each v € L*(O) equation (3.22) has a unique solution X, €
Cw ([0, T]; L*(€; L*(0))).

Proof. Let us first prove that J. = (1 —eAB3)~! is Lipschitz continuous in
L?*(0). Indeed, by the equation

Js(x) o EA/B(JE(x)> =, in O,

(taking into account that 3(J.(x)) € Hj(O)) we have for z,z € L*(O)



This yields, recalling (3.20)
ol Jo(2) = Je(2) 3+l B(Je () = B(J(2)) 313 0) < lw—2l2 |B(Je(2))=B(Je (7)) 2-

On the other hand, by the Poincaré inequality there exists C' > 0 such that

B(J=(x)) = B(J=(2)]; < ClB(J:(2)) — BUJ(2) 711 (0)-

Therefore

ol Jo(@) = JL@) + 5 1B () = BUL(E) g 0 +

€ 2

€

— 18(:2) = BU-() B,

< ¢ lz —Z|3 +
~ 2 2

and consequently
g | € 2 C _

alJ-(z) — J:(2))5 + Bl 1B(J:(z)) — 5<J€("E))|HOI(O) < % |z — 22

So, J. is Lipschitz continuous in L*(O) as claimed. Consequently A, =

1 (1 — J.) is Lipschitz continuous in L?(O) as well. Moreover, since

lo (@)l a2 0).2200) < D Hilwerls <D pRlerlieqoy 1213 < CLY i} |23
k=1 k=1 k=1

we infer by standard existence theory for stochastic PDEs that for each = €
L?(0O) equation (3.22) has a unique solution in X, € Cy ([0, T]; L*(Q; L*(0)))
(see e.g. [10]). O

For R > 0 define
Kr:={X € Lp(0,T; L (2 x O)) : e *™E|X(t)) < R’ for a.c.t € [0,T]}

Lemma 3.3 Let T > 0 and v € LP(O). Then for the solution X. of (3.1)
(or equivalently (3.22)) we have X. € L3y (0,T; LP(Q2x O)) and X, is bounded
in Ly (0, T; LP (2 x O))

Proof. Obviously, Ky is a closed subset of L{y (0,7 LP(2 x O)). Since by
(3.22) X, is a fixed point of the map

t 1 ¢ t—s ¢ t—s
X B etat /e_(e)Jg(X(s))ds+/ (X (s))dW (s), € [0,T],
0 0

€
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obtained by iteration in Cy (0, T; L3(2 x O)), it suffices to prove that this
map leaves Ky invariant for R large enough. But for X € Ky we have by

(3.25) for t > 0
p\ /P
p)

(e‘patE

. tq (s py\ 1/p
<etetoly b (B ([ L e P xhas) )

t t
1 B 1 s 1 —sp)
Se (5+a)t|x|p+€ at —e e easl..._e = easp
0 0 € €

1/p
e~ (E|(IX (s1) )P - emon (BI (| X (sp)[5) /7 dsy - - dsp>

¢ 1 b s
e sa:+g e = J(X(s))ds
0

t
(1 _ 1 _@-9
< e GF g, +e atR/ —e = e*ds
0 €

< e_(%JFO[)”:CM’ + 1faa'

Now we set

Y(t)—/ote(tas)X(s))dW(s), t>0.

Then .
ay(t) + B Y(t)dt = o(X(t))dW (t), t=>0,

Y (0) = 0.
Let A > 0. Applying It6’s formula to the function

1
Uy (y) == 5 (1 + )\Ag)_ly|g, y € LP(O),

(see the beginning of the proof of the next lemma for a detailed justification)

16



we obtain via Holder’s inequality that
1 t
ENAY(®))+ 2 E [ [ (14240 Y (9)Pd ds
0o Jo
_p_l - 2 ! A -1 p—2
=P A E [ 1A Y ()
k=

1

X |(1 4+ M) (X (s)er)|*d€ ds
<CE [ 101+ A0 Y () 1¥(5) s

1 t 2 t
< o ]E/ (14 AAo) ™'Y (s)[bds + A E/ | X (s)[hds
2¢e 0 8 0

9C%e(ett — 1)
32«

Then letting A — oo, we see by Fatou’s lemma that for a.e. t € [0,T] we
have for C'; independent of ¢

RP.

1 t
<O—E/|O+MM”Y@%@+
2e 0

e EIY ()P < %Rp, Vitelo,T).
«

This means that for a large enough and R > 2|z|, the map leaves Kp invari-
ant as claimed.
Lemma 3.4 For x € L?(O)) we have
X. — X strongly in L(0,T; L*(; H)),

X. — X weakly in Ly (0,75 LP(Q2; LP(O))),
where X is the solution to (1.1).
Proof. By (3.4) and Lemma 3.3 we know that {X.} is bounded in

Ly (0, T3 L*(Q H)) N Ly (0, T3 LP(Q; LP(0)))

Subtracting equations (1.1) and (3.1) we get via It6’s formula and because
[ is increasing that

FEXO = XOP +E [ [ (3(1+24)7X) = BX))(X. - X)deds

t
gﬂ/ﬂ&%X@&w
0
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and by Gronwall’s lemma we obtain

1
EIX.()-X(OF 1 < CE [ [ (((1+24) X)) (X.~ X)deds. (320
0o Jo
On the other hand, it follows by (3.25) that

/ (1 + e A) X PP (dw) dt d€ < / X PP (dw) dt d,
Qx[0,T]xO

Qx[0,T]xO

while for e — 0
(1+e4)'X - X in LYO)

for (w,t) € Q x [0,7] (which is a consequence of the fact that the operator
A is m-accretive in L'(O), cfr. [2]). Hence (at least along a subsequence)

(14+eA)'X - X ae on Qx[0,T]xO.

Hence
(14+eA)'X - X weakly in LP(Q x [0,7] x O)

as ¢ — 0 and according to the above inequality this implies that for ¢ — 0,
|(1+eA) ' X|» — | X|». Hence since LP(Q x [0, T] x O) is uniformly convex,

(14+eA)'X — X strongly in LP(Q2 x [0,T] x O),
see [2]. Next by assumption (1.3) we have
B((1+eA4)71X) — B(X))

< /1 BA1I+eA) X))+ (1 - N)X)|(1+A)'X — X|dA

<C(|(1+eA) X+ | XL+ 1) (1 +eA)71X — X].

This yields, via Holder’s inequality

o [0+ a0 - 50X - X)deas

< C1X. — X|po@xprxo)| (1 +eA) X — X|o@xp.11x0)

—1 m—1 m—1
X (’(1 +eA) " X axprxo) T 1 X Tr@axprxo) T 1)
< G|(1+eA) ' X — X|o@axprixo) — 0,
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because {X.} is bounded in LP(Q x [0,7] x O) and (m — 1)
the assertion follows by (3.26).

}7%2 < p. Now

Consider now the function

1
o(x)=— |z~ |2
(z) p! f

For any x € L?(QO), ¢ is Gateaux differentiable and its differential Dy: LP(O) —
LP/(P=1)(0O) is given by

Dy(x) = —(a7)",
while the second Gateaux derivative D%p(z) € L(LP(O); LP/P=D(0)) is given
by

(D%p(2)h, g) = (p— 1) /O h o [P2de, Y hg,x € L(O).

Lemma 3.5 Let n < 3. For each x € LP(O) we have

t
Blp(X-(0)) + E [ (AX.(5), Do(Xels))ds
0
N t (3.27)
p—1 - PN
— (o) + 150 YRE [ X (alX: (o) tagas
] 0o Jo
Proof. We note first that since X, € L (0,7 LP(2; LP(O))) the above
formula makes sense. Next we approximate ¢ by
o) = (1 + X)) tz), Ag=—A, D(Ay) = H*(O)N H(O), X > 0.

Since ¢ € C*(C(0)) and (1 4+ AAg)~" is linear continuous from L*(O) to
C(O) (due to our assumption n < 3) we infer that ¢, € C?(L?(0)) and its
first order and second order differentials are given, respectively, by

Doy (z) = Dp((1+ MAg)'2)) (1 + MAg) 7,

(D*oa(@)h, k) = (D*p((1+ AAo)™'2)) (1 + Ao) " h, (1 + AAo) k)
for h,k € L*(0),z € L*(O). Note that if z € L?(O), then

Dipa() = —(1+ M) (1 + o)) )P,

So, for A — 0 we have ¢, () — ¢(x) and Dpy(z) — Dp(z) in LP/®=D(0).
Next we write It6’s formula for o in the space L*(O) which makes sense by
Lemma 3.2.
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We get

Elpx(X.(£))] + E / (A(Xo(5)), Dpr(X(3)))ds = g (2)

oo

+1%1 ;MiE/O /@K(l + AAO)_I(Xg(S)Gk)F (1 + )\AO)_IXg(S))_|p_2dfds.
This yields

Bl (600~ E [ [ (14 Mo (AN + Ma) X (0) s
= oa(z)

+p%1 ;uil@ /0 /O (1 + AAo) T X (5)) 71772 (1 + AAp) ™ (Xe(s)er) [2dE ds.
(3.28)

We know that for A — 0, (1 + AAg) ' X.(s) — X.(s) strongly in L?(O)
a.e. in Q x (0,7) and

(14 M) ' X, < | Xelp, ae. inQx (0,7).
Then by the Lebesgue dominated convergence theorem we have

}\ilr(l)(l +Ao) ' X, = X. strongly in LP(Q2 x (0,T) x O). (3.29)

Similarly, since A.(X.) € LP(2 x (0,7) x O) we have for A — 0
(14 AAg) HA(X.)) — A(X.), strongly in LP(Q2 x (0,T) x O).
and

(1+2A0)7'X) ™ — X

g

strongly in LP(Q x (0,7) x O).

This yields

A—0

lim E / / (14 o) (AL(Xo () (1 4+ AAg) ' X.(s))" )P~ deds
"o (3.30)

-/ t [ AL () s,
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Then, if x € LP(O) letting A — 0 in (3.28) we get (since by Fatou’s lemma
]Ego(X (1)) < liminf) o Epx(X:(t)), VT >0)

Ely / [ AL () s

p=1 t -
0+l Yo e | /@ X(s)eal? X () 2deds,
k=1 0

and so (3.27) follows. [

We have by (3.27) and the definition of Y. that for z € LP(O),z > 0,

E[p +IE/ /Aﬁ X7 (s))Ptdeds

-1 & t
=5 D WE [ IXC(s)enf [XZ ()l Pdeds
2 0 JO
k=1
t
< CE / X (s)[ds.
0

(Recall that A.(X.) = —AB(Y:).)
We therefore have, taking into account that AG(Y.) = 2(V. — X.),

! O t s) — s ~(s))Pdéds
EXC O+ 1B [ [ () X (X (o) g

(3.31)
t
< C'E/ | X (s)[hds.
0
We have
Yo (1) < — /X woldg, P-as., (3.32)

analogously to deriving (3.24), for x € L(O). To see this multiply (3.23) by
g(y) where
— y_ p_l
o) =l
1+ Ay-)p
to get (after integration by parts) that

1

(y7)P )P
/(Dwdf+5/<vﬁ()vfl( Jre d€ = /H)\—dé
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Note that ¢ is Lipschitz and increasing. So, we can apply Lemma 3.1 to

obtain 9
/1+/\ p2€ /1+A = 4

and (3.32) follows by taking A — 0. By (3.32) we have

—\1@(@\52/@(&*@)—){ () (Y (B de > — /X £ de

and therefore [Y:(1)[£ < |X= (1)), [Y: ()] Hence [Y; (1)], < |X: (1)], and

SO

/OY{(t)(XE(t))p_ldﬁ <IXZOR Y@ < X2 @0

Inserting the latter into (3.31) and taking into account that Y. X > —Y_ "X~
we see that E[X(t)[P = 0, for a.e. £ > 01i.e, X7 = 0 and therefore X. > 0
a.e. on (0,00) x O x Q. Taking into account Lemma 3.4 we infer that X > 0
a.e. on (0,00) x O x Q, hence P-a.s. X(t) > 0 (i.e. X(¢) is a nonnegative
measure) for all ¢ > 0, by the continuity of the sample paths of X in H~1(0).
This completes the proof in the case when [ is strictly monotone. [

To treat the general case of 3 satisfying (1.3) we shall associate to (1.5)
the equation

dXA(t) + AAXMt) = o(XA(t)dW (t), t>0,
(3.33)
XM0) = =,
where
AMz) = —A(B(x) + Az), A >0
and
D(AN ={r € HY(O)NLYO): B(z)+ Iz € H}(O)}

According to the first part of the proof, for each x € LP(O),z > 0 and A > 0,
equation (3.33) has a unique strong solution X* which is nonnegative a.e.
on 2 x (0,7) x O.

On the other hand, applying the It6 formula from [11, Theorem I 3.2] to
the equation

d(XMt) — X (1) + (AMXMt) — AX()dt = (X*(t) — X (t))dW ()
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where X is the solution to (1.1), we get after some calculations that

% E|XA(8) — X (02, + )\E/O (X (s), XM (s) — X(s))_1ds

%Zj / M(s) = X(s))en|2 1ds.

This yields (see (1.9)), since

(X (5), XA(s) = X(8))-1 = (X(s), X*(s) = X(s))-1,

t t
E[XA(t) — X(1)?, < CE/ | XA (s) = X (s)[* ds + AQE/ | X (s)]?ds.
0 0
Since X € Cw ([0, T]; L*(2, L*(0)), we infer via Gronwall’s lemma that

lim X* =X in Cw([0,T]; L*(2, L*(0))

X2r—=0

and so X > 0 ae. in 2 x (0,7) x O as claimed, and thus again by the
continuity of the sample paths of X in H, we obtain that P-a.s.

X(t)>0 forallt>0,

i.e. X(t) is a nonnegative measure in H'(O) for all ¢ > 0.

The final part of the assertion in Theorem 2.2 follows by the continuity of
sample paths of X in H, since LP(O) is dense in H~(O) and the continuity
of solutions X = X (t,z) with respect to the initial data x. Indeed by Ito,
formula we see that

3 EIX(60) = X ()2 + B [ (X (50)) = BX(5.9)). X(s.2) = X(s.9))ds

IN

WﬂM+EZ/M (5,2) — X(5,9))er e “Le)? 1ds

7,k=1

1 t
< G lo—uly + CE [ |(X(si) = X5, s
0

This yields
E[X(t,2) = X(t.y)[21 < Cilz =y,

for a.e. t > 0 and all z,y € H as claimed. [J

23



4 Concluding remarks

1) Condition 1 < n < 3 is unnecessarily restrictive and was taken for
convenience only taking into account that all physical models represented by
equation (1.1) correspond to this situations. However, Theorem 2.2 remains

true for any n € N assuming that instead of (1.8) the following condition
holds

D sillerloo + Arler] . )? < oo, (4.1)
k=1

Indeed, by Sobolev’s embedding theorem we have

2
|I€k|2_1 S C <|6k|oo +)\k|Vek]:T72>

2
< C<|ek|oo+)\k|ek|yf—_&> , keN,

and so o(z), defined by (1.2) makes sense and it is in L(L?(O), H~'((0))).

The condition n < 3 was also used in the proof of Lemma 3.5 to show that
o € C*(L2(0)), but, replacing ¢y by ¢((1 + MAg)*z) with k sufficiently
large, the same conclusion follows for any n > 1.

2) One might speculate that Theorem 2.2 remains valid for multiplicative
noise o (X)W where o is a smooth nonlinear function such that o(X)o (X ™) =
0. However, the extension of our arguments to this situation is not straight-
forward. The main difficulty is that such a function is not well defined on
H = H~'(O) which is the natural space for porous media equations. An
alternative way maight by to try to work on the space L?(O).

3) Theorem 2.2 and its proof remain valid for time-dependent nonlinear
functions § = B(t, z) where (3 is monotonically increasing in z, satisfies (1.3)
uniformly with respect to ¢ and is continuous in ¢.

4) One might speculate however that nonnegativity of X (¢,z) for z > 0
follows directly in H~'(O) by taking instead of p(z) = Z%]a:‘]ﬁ a suitable
C?-function on H~!(O) which is zero on the cone of positive z € H~1(O)
but so far we failed to find such a function.
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