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ABSTRACT. We develop the theory of p-adic confluence of g-difference equa-
tions. The main result is the surprising fact that in the p-adic framework a
function is solution of a differential equation if and only if it is solution of a
g-difference equation. This fact implies an equivalence between the category
of differential equations and those of g-difference equations called “Conflu-
ence”. We obtain this result by introducing a category of “sheaves” on the
disk D~ (1,1), whose stalk at 1 is a differential equation, the stalk at ¢ is a
g-difference equation if ¢ is not a root of unity £, and the stalk at a root of
unity is a mixed object formed by a differential equation and an action of o¢.
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Introduction

0.1. Motivations. Heuristically we say that a family of g—difference equa-
tions { 0q(Yy) = A(q,T) - Yy }gep-(1,6), (Where o, is the automorphism f(T)
f(qT)) is confluent to the differential equation 61 (Y,) = G(1,T)-Yy, with 6, := T,

A(g,T)—1 _ Iel

if one has limg_.q s (1,T) and, in some suitable meaning, one has

(0.0.1) lim ¥, = V7 .
q—)

Recently in [ADV04], the authors have studied for the first time the phenomena of
the confluence in the p—adic framework. If K is a discrete valuation field, they have
found the existence of an equivalence between the category of ¢—difference equations
with Frobenius structure over the Robba ring R g (called oy — Mod(R gais)(?)),
and the category of differential equations with Frobenius structure over the Robba
ring R yats (called §; — Mod(R jais)(?)). They are subject to the restriction |¢— 1| <
\p|ﬁ Indeed in the annulus |¢— 1] = |p| 77T one encounters the p—th root of unity
and, if £P = 1, then the category o¢ — Mod(R a1 )(®) is not K —linear, and hence
it can not be equivalent to the category of differential equations. They obtained
this equivalence by describing the Tannakian group of o, — Mod(R otz ) (@) using
a general result of André (cf. [And02]), and finding that this Tannakian group is
the same of that of the category of differential equations. By composition with the
Tannakian equivalences (T, and T below), they obtained then what they called



p-ADIC CONFLUENCE OF ¢-DIFFERENCE EQUATIONS 3

the confluence functor “ Conf, ”:
(0.0.2)
Conf,

Og — MOA(R fatg )(B) vt > 5 — Mod(R gas ) (@)

o

T, Ty
Rep e (Zr(t) X Ga)

Their strategy consists in showing that every object of the category o,—Mod(R eog ) (@)
is quasi-unipotent, i.e. becomes unipotent after a special extension of Ry (cf. sec-
tion 7.3). The proof of this fact needs a remarkable effort and is actually not
less complicate than the classical p—adic local monodromy theorem for differential
equations itself. Moreover these methods show the existence, but do not provide a
satisfactory description of the confluence functor.

0.2. Results of the paper. In this paper we will generalize these results in
many different ways. First we show that the functor Conf, admits a very explicit
and direct description in terms of solutions of those equations. Roughly speaking
Conf, sends a g—difference equation into the differential equation having the same
formal Taylor solution. In other words, we show that in the p—adic framework the
dream of the lazy mathematician is realized: solutions of g—difference equations
are not only a “discretization” of solutions of differential equations, but they are
actually equal, indeed we do not only have the relation (0.0.1), but one has the
stronger equality

Y,=Y1, forall¢ge D (1,¢),
and the number ¢ depends on the radius of convergence of the solution. The
most basic example is given by considering Y, := exp(T), for all ¢. One has
A(q,T) = 04(Yy) -Yq_1 = %}DT), hence, if ¢ is sufficiently close to 1, the radius
of convergence of A(g,T) tends to co, and then A(q,T) lies actually in almost every
ring of functions we need.

The definition of Conf, becomes very easy and leads us to define this functor
(and prove that it is an equivalence) over a very large class of ring of functions
(analytic elements on an affinoid, analytic functions on a bounded annulus, etc...),
and not only over the Robba ring R gais. Secondly, since we do not use Tannakian
methods, we are not obliged to extend the scalars to K*&. Thirdly we extend
this equivalence to a large class of g—difference equations called Taylor admissible.
Taylor admissible equations are a large class of equations containing for example
solvable equations, equations with a Frobenius structure, and almost every class of
equations studied until today. Lastly and most important, we describe the situation
near the roots of unity, and we generalize these results to the general case |¢g—1| < 1.

We prove then the p—adic local monodromy theorem for g—difference equations
(i.e. the fact that T is an equivalence) by composition between Conf, and T7. By
the way, by using the results of [ADV04] that T, is an equivalence, we obtain
another proof of the p—adic local monodromy theorem for differential equations,
by composing with Conf,.

Our technics are quasi-completely deprived of computations. Moreover these
results depends only on the definition (and formal properties) of the Taylor solution
(cf. Lemma 5.20), they are hence independent on the theory developed until today
and implies the main results of [ADV04] and [DV04] (cf. Remark 7.29). For
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these reasons our approach seems to be more efficacious than those of [ADV04]
and [DV04].

On the other hand the fact that a function is solution of a differential equation
if and only if it is solution of a ¢-difference equation for [¢— 1| < 1 should be related
to the Grothendieck-Katz conjecture (cf. [And04], [Kat82], [DV02], ...), since the
g-analogue of this conjecture has already been proved by L. Di Vizio [DV02].

0.3. Description of used methods. Our point of view is the following. Let
B be a ring of functions (say for example analytic elements over an affinoid), and
let @ = Q(B) be the open subgroup of K* consisting in elements ¢ € K* such
that f(T) — f(¢T) is an automorphism of B. For all open subset U C Q, let
us set Oy := B[{o,}4ev]- One sees easily that the co-variant functor U — Oy
verifies the dual properties of a sheaf of (non commutative) rings. In other words,
by reversing the arrows in the category of (non commutative) rings, the functor
U — Oy becomes a sheaf. As a g—difference equation defines a B module with
an action of o4, the notion of “family of ¢g—difference equations” can be intended
as a sheaf of Og—modules, and a single g—difference equation can be seen as the
“stalk at ¢” of such an object. We define the category o — Mod(B)$} of analytic
o—modules, and we look at these objects as “sheaves” over U (with values in the
dual category of the category of non commutative rings). Roughly speaking such
an object is simply a free B—module together with an action of o, for all ¢ € U, in
order that, in a basis, the matrix of o, depends analytically on g. We only observe
here that two analytic c—modules can have isomorphic stalks at all ¢, without being
isomorphic “globally”. Indeed a base change in such an object should be seen as a
simultaneous base change of all stalks by the same base change matrix.

The equations involved by our results are those called Taylor admissible (see
Definition 6.1). Roughly speaking an equation is Taylor admissible if it admits a
generic Taylor solution whose radius R, at every point ¢ verifies |¢—1||c| < R < R.,
for all ¢ € U, where R is a real number which does not depend on c.

0.3.1. The Propagation Theorem. Our main result is then the following: given
a Taylor admissible g—difference equation, with [¢ — 1| < 1 and g ¢ p, (K), there
exists an open disk D (1,r), containing ¢, and a canonical analytic o—module
over U = Dy (1,r), whose stalk at ¢ is our g—difference equation. Moreover this
analytic c—module over D (1, ) is characterized by the fact that all its stalks have
the same generic Taylor solution, for all ¢' € D (1,r). Heuristically this property
tells us that these sheaves are “constant”. The radius r depends on the radius R of
the solution of the given equation. In particular, if the starting equation is solvable
at 1 over the Robba ring (i.e. R =1), then » = 1. The fiber functor

ResPx (1)

(0.0.1) o —Mod(B)it" | ——— g, — Mod(B)*"™ ,
(L,

is easily seen to be fully faithful since every equation is determined by its Taylor
solution. The above result then provides the essential surjectivity of the functor

U,‘ResDI_((l"r)
(0.0.2) U o- Mod(B)%di‘zm) ———— 04 — Mod(B)*™ .
r>[q—1]
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This stalk functor UTReSIZ;{ ") s hence an equivalence. By composition, for all
¢ € D¥(1,|g —1|) — prp (K), we found then an equivalence
(0.0.3)

(UTRCSJ;: (1""))0(LJTRCS(1D_u’”)’1

Def, o : 04 — Mod(B)*™ oy — Mod(B)*™ .
This equivalence sends a g—difference equation into the ¢’ —difference equation hav-
ing “the same generic Taylor solution”.

0.3.2. The q—tangent operator. What happens if ¢ € p, (K) ? In the partic-
ular case in which ¢ = 1, we expect that the “stalk at ¢ = 17 of a Taylor admissible
o—module is a differential equation, and not simply a 01 —module, which is a trivial
data consisting just in a free B—module. In fact, given an analytic c—module M,
one can obtain a connection as follows:

M
oy —1
(0.0.4) oM = lim 2 :
q—1 q— 1
where 0}1\/[ : M — M is the action of o4 on M. The Propagation Theorem provides

the existence of this limit in M, (B).

The idea is now that near the roots of unity, and more generally, near every
point ¢ € Q, one should have the same behavior. Actually, an analytic c—module
is canonically endowed, for all ¢ € U, with an action of the g—tangent operator

d . UN,[ — oM
(0.0.5) 5,11\4 = qd—q (q — U}f) =q- qlllglq ‘1(]/7_(1‘1 = 0}1\/{ oo,

and every morphism between analytic c —modules commutes also with d:

End$2™ (M)

We define then the categories of analytic (o, ) —modules and admissible (o, §)—modules,
which are actually equal to the categories of analytic c—modules and admissible
o—modules respectively. The stalk at every point ¢ of an admissible c—module
is a B—module with an action of o, and J, (or actually d;, which is equivalent
since §; = o4 0 d1), we will call such an object a (o4, d,)—module. If ¢ = 1, the
stalk reduces to a differential equation, and if ¢ ¢ g, (K), the action of 5}1\4 can
be removed since the category of admissible o,—modules is equivalent to that of
admissible (o, d,)—modules (in other words, the connection can be recovered by
the data of o)'). But if ¢ = £ € p,e (K), then, if we want that the stalk functor is
an equivalence, one can not forget the connection nor the action of Ug/l.

One can obtain for (o, §)—modules the analogous of every previous equivalence,
with the improvement that these equivalence exist also in the stalks at the root of
unity. Indeed, if § € p,00, the category (o¢,d¢) — Mod(B)2¥™ is K —linear, while
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o¢ — Mod(B)2™ is not K —linear. One has hence the diagram:

Forget &
(0.0.6) o — Mod(B)!"! Bl (0,6) — Mod(B)}]
Requl ® ZlRequ
~Mod(B)" 5 (0,.0,) ~ Mod(B)!"

in which if ¢ ¢ p,(K), then all rows are equivalences. On the other hand, if

=& € Py (K), then the functor “Forget §” and the right hand “Res?77 are
equivalences, while “Forget d¢” is not an equivalence. One may have the feeling
that the “information” on the category o¢ — Mod(B)["] is contained in the functor
“Forget d¢”, but one can show actually (cf. Prop. 7.9) that in the important case
of equations with Frobenius structure over Ry, the image by “Forget é¢” of such
equations is always direct sum of the unit object, and this functor is a trivial data.

Leitfaden. After some notations (section 1) we introduce, in section 2, the no-
tion of discrete/analytic c—modules and (o, d)—modules. In section 3 we give the
abstract definition of solution of such an object, and in section 4 we expose formally
the confluence. In section 5 we recall the definition of generic Taylor solution and
generic radius of convergence. In section 6 we define Taylor admissible objects and
obtain the main theorem (cf. section 0.3.1). In the last section 7 we apply the
previous theory to the Robba ring and to the p—adic local monodromy theorem.
After recalling the p-adic local monodromy Theorem for differential equations, we
show how to deduce, by Deformation, the g-analogue of this theorem.

Acknowledgments. We thank L. Di Vizio which has been always willing to
talk and to explain the technical difficulties of her papers. The author wish to
express also his gratitude to Gilles Christol for his guidance and constant encour-
agements. A particular thanks goes to B.Chiarellotto for his support and for general
corrections. We thank also Y. André and J.P. Ramis for useful discussions.

1. Notations

We refer to [DM] for the definitions concerning Tannakian categories. In the
sequel if we say that a given category C is (or is not) K-linear, we mean that the
ring of endomorphisms of the unit object is (or is not) exactly equal to K.

We set R> :={r € R|r >0}, and 6, := T

1.1. Rings of function. Let R > 0. The ring of analytic functions on the
disk D™ (¢, R), c € K, is

(1.0.1) Ak (¢, R) —{Zan —o)" |an€Khm1nf|an| Un > R},

n>0
Its topology is given by the family of norms | Y a;(T — ¢)| (., := sup|as|p’, for all
p < R. Let ) #1 C R>g be some interval. We denote the annulus relative to I by
Cx(I):={x € K | |z| € I}. By C(I), without the index K, we mean the annulus
itself and not its K —valued points. The ring of analytic functions on C([I) is

(1.0.2) Ax(I)={>_a;iT" | a; € K, lim lag|p' =0, for all p e I} .
i€Z e
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We set | >, a;T"|, := sup, |a;|p* < 400, for all p € I. The ring Ag(I) is complete
for the topology given by the family of norms {|.|,},cr. Set I, :=]1—¢,1[,0 < e < 1.
The Robba ring is then defined as R := (J,.( Ak (Ic), and is complete with respect
to the limit Frechet topology.

DEFINITION 1.1. A K—affinoid is an analytic subset of P! defined by X :=
D*(co, Ro) — Uj—y D™ (ci, R;), for some Ry,...,R, > 0, c1,...,¢, € Df(co, R).
We denote by X the K—affinoid itself, and for all ultrametric valued K —algebras
(L,|.]), we denote by X (L) its L—rational points.

Let X be an affinoid, let H32*(X) be the ring of rational fractions f(7') in
K(T), without poles in X (K?2), and let || - | x be the norm on H}2'(X) given by
[ f(T)|lx := supgex (gae) | f(x)]. We denote the completion of (H*(X), | - ||x) by
Hr(X). If p1, po € |[K*8], and if X = DT(0, p2)—D~(0, p1), then Hx (X) = Ag (),
whit I = [P17,02]~

LEMMA 1.2. Let X = D% (cp,Ro) — Ui=1,...nD ™ (¢i, R;) be an affinoid. Let
rx = min(Ry,...,R,). Then ||%f(T)HX <r () x-

Proof : This follows easily from the Mittag-Leffler decomposition of f(T"). O

Let ¢ > 0. If X = D" (co, Ro) — U;—, D™ (ci, Ri), we set X, := D" (co, Ro +
e) — U, D (ci, Ri — ). We set then H} (X) := (J_., Hx (X:). The ring H (X)
is complete with respect to the limit topology. We set Hyx := Hx(X1), H}{ =
HI (X)), where X, := {z | |z| = 1}.

1.2. Norms and radii of convergence.
1.2.1. Logarithmic properties. Let r — N(r) : R>g — R>¢ be a function. The

log-function attached to N is defined by N(t) := log(N (exp(t))):

exp N log

(1.2.1) N : RU{—o0} 2% Ryy = Ryp -5 RU{—o0}.

We will say that N has logarithmically a given property if N has that property.

1.2.2. Norms. Let (Q,|-])/(K,|-|) be an arbitrary extension of valued fields.
The absolute value on Q will be extended to a norm on M, «,(Q) = M, (), by
setting |(ai ;)i jlo = max;jla;jlo. Let f(T) = > . ai(T —c¢)', a; € K, be a
formal power series. We set | f|(.,,) := sup; la;|p?, this number can be equal to +oo.
If F(T) = (fnx(T))nk, is a matrix, we set |F(T)|(c,p) := maxn k[ frkl(c,p)-

A

LeEMMA 1.3 ([CR94, ch.I0]). Let F(T) € M, (K[[T—c]]). Suppose that |F |,y
oo. Then |F|., < oo, for all p < po. Moreover, the function p — |F| :
[0, po] — R is log-convez, piecewise log-affine, and log-increasing. Moreover

(1.3.1) |[F(T)(c,p) = sup |F(x)| gate -

lo—c|<paeks
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log(|Fl(c,py) 4

«— log(0) log(p)

log(po)

e

1.2.3. Radii. Let f(T) =Y";59ai(T—c)", a; € K be a formal power series. The
radius of convergence of f(T) at ¢ is Ray.( f(T) ) := liminf;>q |a;| ="/ If F(T) =
(fnk(T))n.k, is a matrix, then we set Ray.(F(T)) := miny, ; Raye( fux(T) ).

2. Discrete or analytic c—modules and (o, d)—modules
DEFINITION 2.1. Let B be one of the rings of section 1.1. We denote by
(2.1.1) 9(B) {¢e K |o,: f(T)w— f(¢T) is an automorphism of B}
(2.1.2) 91(B) = QB)ND (1,1).

We will write @ and Q; when no confusion is possible.

REMARK 2.2. Q(B) C (K*,|.|) is a topological group and contains always a
disk D~ (1,7), for some 79 > 0. One has Q(Ax(I)) = Q(Rk) = Q(HL) = {q €
K | |g| = 1}. Since, by Definition 1.1, X is bounded (i.e. contained in D~ (0,r), for
some r > 0), and since « — gz is assumed to be bijective on X, in order that o, is
bijective on H (X), then Q(Hx (X)) C{qe K | |q| = 1}.

DEFINITION 2.3. Let S C Q be a subset. We denote by (S) the subgroup of Q
generated by S. Let p(Q) be the set of all roots of 1 belonging to Q. Then we set

(2.3.1) S° =8 — Q).

2.1. Discrete c—modules. By assumption, every finite dimensional free B—module
M has the product topology.

DEFINITION 2.4 (discrete o—modules). Let S C Q be an arbitrary subset. An
object of c—Mod(B)4$*¢ is a finite dimensional free B—module M, together with a
group morphism

(2.4.1) oM () ——— Aut™ (M),

q—o}!
such that, for all ¢ € S, the operator oé\/[ is 04—semi-linear, that is
(2.4.2) agd(fm) =o,(f)- oé\/{(m) ,

for all f € B, and all m € M. Objects (M,o™) in o — Mod(B)d#¢ will be called
discrete o —modules over S. A morphism between (M, o™) and (N, o) is a B—linear
map « : M — N such that

(2.4.3) o U(IZVI = O‘};I o,

for all ¢ € S. We will denote the K —vector space of morphisms by Hom$g (M, N).
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NotaTiON 2.5. If S = {q} is reduced to a point, then the category of discrete
o—modules over {¢} is the usual category of g—difference modules. We will use
then a simplified notation:

(2.5.1) o4 —Mod(B) := o —Mod(B){i .

REMARK 2.6. 1.— Conditions (2.4.2) and (2.4.3) for ¢ € S imply the same
conditions for every ¢ € (S5).

2— If M # 0, the map o™ : (S) — Aut{" (M) is injective. Indeed, since B is a
domain and M is free, the equality J}]\/I (fm) = 034 (fm),V f € B,Vm €M, implies
oq(f)oy (m) = O'q/(f)U(IZ\//I(m)7 and hence the contradiction: o4(f) = o4 (f),Vf € B.

3.— The morphism o™ on (S) is determined by its restriction to the set S.

cont

Reciprocally, if a map S — Auty™ (M) is given, then this map extends to a group
morphism (S) — Aut™(M) if and only if the following conditions are verified:

1. U}I\AOJ}]\//[:O'S//IOU}]V[, for all ¢,¢q' € S';
ii. f3n,meZ, Iq,q €S, such that ¢} = ¢, then (o))" = (aM)m ;

q1 q2
iii. If1€ S, then oM =1d.

2.1.1. Matrices of o™. Let e = {eq,...,e,} C M be a basis over B. If o}!(e;) =
>-;ai,j(¢,T) - ej, then in this basis oM acts as

q
(2'6'1) Uy(fla ) fn) = (Uq(fl)a ) Uq(fn)) : A(QvT) )
where A(q,T) := (ai,;(q,T))i,;. By definition A(1,7) = Id, and one has
(2.6.2) Alqq',T) = Ald',qT) - Alg,T) .

In particular A(q",T) = A(q,q"~*T) - A(q,q"~2T)--- A(q, T).
2.1.2. Internal Hom and ®. Let (M,o™), (N, o) be two discrete o—modules
over S. We define a structure of discrete c—module on Homp (M, N) by setting

U(Ifom(M’N) (a) := oY oao(a)")™!, forall ¢ € S, and all @ € Homg(M, N). We define
on M ®p N a structure of discrete c—module over S by setting oy@’N(m ®@n) =
oM(m) @ ol (n), for all ¢ € S, and all m € M, n € N.

REMARK 2.7. If S° # ) (cf. (2.3.1)), then the category o — Mod(B)&s¢ is
K—linear. If B is a Bezout ring (i.e. every finitely generated ideal of B is principal),
then o — Mod(B)d#*¢ is Tannakian (cf. [ADV04, 12.3]). The ring Hx (X) is always
principal. If K is spherically closed, then Ak (1), R, 'HTK are Bezout rings.

2.2. Discrete (0,0)—modules. Let S C Q(B) be an arbitrary subset.
DEFINITION 2.8 (discrete (o, d)—modules). An object of
(2.8.1) (0, 6)~Mod(B) s
is a discrete o—module over S, together with a connection® 5 : M — M. Objects
(M, oM, M) of (0,6) — Mod(B)$*¢ will be called discrete (o,8)—modules over S.
A morphism between (M, o™, M) and (N,oN,6Y) is a morphism a : (M,oM) —
(N, o) of discrete o—modules satisfying also
(2.8.2) aod=Noa.

We will denote the K —vector space of morphisms by Hom(sa’é)(M, N).

Lie. M verifies SM(fm) = 61(f) -m+ f-6M(m), V¥ f € B, Vm € M. Recall that &; := T%‘
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REMARK 2.9. By analogy with (2.5.1), if S = {q}, then we set:
(2.9.1) (04,04) —Mod(B) := (0,6) — Mod(B){3 -
REMARK 2.10. Suggested by (0.0.5), we introduce the operator
(2.10.1) 5" =) o a)" .
Then, for all f € B, all m € M, and all ¢ € (S), one has
(2.10.2) Gg' (f - m) = 0q(f) - 85" (m) +84(f) - o3 (m) .

Moreover, for all a € Hom "% (M,N), and all ¢ € (S), one has « o 6}1\4 = 65 oa.
Heuristically we imagine M as endowed with the map g — )" : (S) — End2" (M),
this justifies notations (2.8.1) and (2.9.1).

2.2.1. Matrices of 6)'. Let e = {e1,...,e,} C M be a basis over B. Let
A(q,T) € GLn(B) be the matrix of o)! in the basis e (cf. (2.6.1)). If 6 (e;) =
> 9i,3(q,T) -ej, and if G(q,T) = (9i,5(q,T))sj, then 63" acts in the basis e as:
(2.10.3)

S (frree s fu) = (84 (f1), - 0q(fn)) - A@ T) + (04(f1), -, 0q(fn)) - G(g, T) .

One has moreover
(2.10.4) G(d'-¢,T)=G(dqT) - A(q, T) .

2.2.2. Internal Hom and ®. Let (M, o™, M), (N, oN, %) be two discrete (o, §)—modules
over S. We define a structure of discrete (¢, d)—module on Homg (M, N) by setting

(2.10.5) 5}1{°m(M*N)(a) = (5qN o — U(Ifom(M’N)(a) o 52/[) o (0(11\/1)71 .

This definition gives the relation &) (a o m) = o'() 0 6y (m) + 6.1 () o o' (1),

for all & € Homp(M,N), and all m € M, where H := Homp(M,N). We define on
M ®p N a structure of discrete (¢, d)—module over S by setting

M@N _ sM N M N
(2.10.6) 6 N (m@n) =0, (m)®o, (n)+o, (m)®5,(n),
for all ¢ € S, and all m € M, n € N.
REMARK 2.11. If B is Bezout, (o, ) — Mod(B)%¢ is K —linear and Tannakian.

2.3. Analytic c—modules. Analytic c—modules are defined only if the ring
B is equal to one of the following rings: Ax (I), Hx (A), 7-[}((X)7 Hr, H}(, Ri.

REMARK 2.12. Let U C Q(B) be an open subset. Then the subgroup (U) C
Q(B) generated by U is open, i.e. (U) contains a disk D (1,7), for some 7 > 0.

DEFINITION 2.13. Let B := Hx(X). Let (M,o™) be a discrete o—module
over U. Let A(¢q,T) € GL,(B) be the matrix of o) in a fixed basis. We will

say that (M,o™) is an analytic o—module if, for all ¢ € U, there exist a disk
D~ (q,7y) ={¢" | |¢' —q| <74}, with 7, > 0, and a matrix A,(Q,T) such that:

(1) Ay(Q,T) is an analytic element on the domain (Q,T) € D~ (¢, 74) X X ;
(2) For all ¢ € Dy (q,7,), one has Ay(Q,T)g=¢ = A(¢',T).

This definition does not depend on the chosen basis e. We define

(2.13.1) o —Mod(B){'

as the full sub-category of o — Mod(B)?}SC, whose objects are analytic 0 —modules.
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Let I C R>( be an interval. We give the same definition over the ring B :=
Ak (I), namely the point (1) is replaced by
(1) A4(Q,T) is an analytic function on the domain (Q,T) € D™ (¢, 74) xC(I) .

REMARK 2.14. If (M,oM) and (N,oN) are two analytic o—modules over U,
then (Hom(M, N), gHemON)Y and (M @ N, oM®N) are analytic. This follows from
the explicit dependence of the matrices of oHoMN) and eMEN on terms of the
matrices of o™ and oN.

2.3.1. Discrete and analytic c—modules over Ak (I), Ri and H}((X). If I, C
I, then the restriction functor ¢ — Mod( Ak (12))} — 0 — Mod(Ax (I1))3" is fully
faithful. Indeed the equality f|, = g|, implies f =g, forall f,g € Ax (I2) (analytic
continuation [CR94, 5.5.8]).

DEFINITION 2.15. Let S C Q be a subset, and let U C Q be an open subset.
We set

(2.15.1) o —Mod(Ri)ir = |Jo—Mod(Ax(]l—e 1)) ;
e>0

(215.2) o —Mod(Ri)§* = [Jo—Mod(Ax(]1 —¢,1[))§* .
e>0

We define analogously o — Mod(HTK(X))?J’f1 and o — Mod(H}((X))%iSC-

REMARK 2.16. Since U is open, one has U° # () (cf. (2.3.1)). By remark 2.7,
if B is one of the previous rings (and if it is a Bezout ring), then o — Mod(B)3 is
K —linear and Tannakian.

2.4. Analytic (0,d)—modules. We maintain the previous notations. In sec-
tion 2.4.1 below we define a fully faithful functor (cf. remark 2.19) 0 —Mod(B)3 —
(0,8) — Mod(B){s, which is a “local” section of the functor which “forgets” &.

DEFINITION 2.17. We call (o, d)—Mod(B)? the essential image of that functor.

By definition, the functor which “forgets” the action of § is hence an equivalence
et &

(2.17.1) (0,8) — Mod(B)2an Z2r&t 0,

~

o —Mod(B){ .

2.4.1. Construction of §. Let (M,o™) be an analytic o—module. We shall
define a (o, §)-module structure on M. It follows by the definitions 2.13 and 2.15
that the map ¢ — op' : (U) — Autg (M) is derivable, in the sense that, for all
q € (U), the limit

01\4 — oM d
2.17.2 Syt i=q- lim —L—L =« (g—0M)(q)
(2.17.2) g = = (5,7 @)
exists in End$2" (M), with respect to the simple convergence topology (cf. (2.20.1)).
Moreover, for all ¢ € (U), the rule (2.10.2) holds, and 6;\/[ = aé\/l oM.

REMARK 2.18. A morphism between analytic (o, d)—modules is, by definition,
a morphism of discrete (o, d)—modules.

REMARK 2.19. Let a : (M, o™) — (N, o) be a morphism of analytic o —modules,
that is a o ag/[ = O'(II\T oa, for all ¢ € U. Passing to the limit in the definition

(2.17.2), one shows that o commutes with (5}1\4, for all ¢ € U. Hence the inclusion
Homi}”é)(M, N) € Hom{; (M, N) is an equality.
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REMARK 2.20. If e = {e1,...,e,} C M is a basis in which the matrix of o}! is
A(q,T), then the matrix of 63" is (cf. (2.10.3), Def. 2.13 and 2.15)

(2201)  Glg.T) = g m 2D ZA@TD (aQ(Aq(Q,T)» :

a'—aq 7 —q lo=q
where Jg is the derivation Q%, and A,(Q,T) is the matrix of Definition 2.13.

3. Solutions (formal definition)
3.1. Discrete c—algebras and (o, §)—algebras. Let S C Q(B) be a subset.

DEFINITION 3.1 (Discrete o—algebra over S). A B-discrete o—algebra over S,

or simply a discrete o—algebra over S is a B—algebra C such that:

(1) C is an integral domain,

(2) there exists a group morphism ¢© : (S) — Autx(C) such that aqc is a

ring automorphism extending 0}?, for all ¢ € (S);

(3) one has Cg = K, where Cg :={ce€ C|oy(c) =c, for all g € S}.
We will call Cg the sub-ring of o—constants of C. We will write o, instead of Jg,
when no confusion is possible.

REMARK 3.2. If a discrete o—algebra C is free and of finite rank as B—module,
then it is a discrete o —module.

REMARK 3.3. Observe that no topology is required on C. The word discrete
is employed, here and later on, to emphasize that we do not ask “continuity” with
respect to q.

REMARK 3.4. Suppose that S = {¢}, with £ € p(Q). Since BE = B¢ #
K, then B itself is not a discrete o—algebra over S. Hence there is no discrete
o—algebra over S = {£}. On the other hand, if S° # () (cf. (2.3.1)), then B = K,
and B is a discrete o—algebra over S.

DEFINITION 3.5 (Discrete (o, d)—algebra over S). A discrete (o,0)—algebra C
over S is a B—algebra such that:
(1) C verifies the properties (1) and (2) of Definition 3.1,
(2) there exists a derivation §¢, extending 6; = T% on B, and commuting
with o, for all ¢ € (),
(3) one has ng’é) = K, where C(SU"S) ={feC|feC%, and 61(f) =0}.
We will call Cg’"s) the sub-ring of (o,8)—constants of C . We will write §; instead
of 67, if no confusion is possible.

REMARK 3.6. The operator 65 = ag o 6% satisfies analogous property of
(2.10.2). Since Bg’"s) = K, then B is always a (o, §)—algebra over S, for all arbitrary

sub-set S C Q(B), even for S = {¢}, with £ € u(Q(B)).
3.2. Constant Solutions.

DEFINITION 3.7 (Constant solutions on S). Let (M, ™) (resp.(M, o™, 5M))
be a discrete o—module (resp. (o,d)—module) over S, and let C be a discrete
o—algebra (resp. (o,d)—algebra) over S. A constant solution of M, with values in
C, is a B—linear morphism

a:M—C
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such that a o o)! = 0§ o o, for all ¢ € S (resp. a verifies simultaneously a o 0} =
6f o, and ao o)t = 0f o a, for all ¢ € S). We denote by Homg (M, C) (resp.

Hom(sa’é) (M, C)) the K—vector space of the solutions of M in C.

3.2.1. Matrices of solutions. Let M be a discrete c—module (resp. (o, d)—module).
Let C be a discrete c—algebra (resp. (o, d)—algebra) over S. Recall that, if S = {¢{},
with £" = 1, then there is no discrete o—algebra, over S (cf. remark 3.4).

Let € = {e1,...,e,} be a basis of M, and let A(q,T) (resp. G(q,T)) be the
matrix of )" (resp. 6;') in this basis (cf. (2.10.3)). We identify a morphism
«a : M — C with the vector (y;); € C™, given by y; := a(e;). In this way constant
solutions become solutions in the usual vector form. Indeed

q(y1) Y1
( : > = A(q,T)~(E>, forall g € 5,
oq(yn) Yn
‘5q(y1)
(resp. ( : )
3q(yn)

By a fundamental matriz of solutions of M (in the basis e€) we mean a matrix
Y € GL,,(C) satisfying simultaneously

1

G(q,T)- (

Yn

), forallqéS).

(3.7.1) 0,YV)=A(¢q,T) Y, forallge s,

(resp. satisfying simultaneously

(3.7.2) 0,Y) = A(¢.T)-Y, forallge s,
o ny) = GL,1T)- Y. ).

By this identification, one has B = Homg (I, B) (resp. B(So’é) = Hom(sa’é)(]l, B)) (cf.
def. 3.1, 3.5, 3.7), where I = B is the unit object.
3.2.2. Dimension of the space of solutions.

REMARK 3.8. Let F' := Frac(C) be the fraction field of C, then both o, and 4,
extend to F (cf. [vdPS03, Ex.1.5]).

LEMMA 3.9. Let M be a (0,0)—module (resp. c—module) over S, and let C be
a discrete (o,0)—algebra (resp. o—algebra) over S. One has
(3.9.1) dim g Hom"? (M, C) < rkg(M) .
(resp. if S° # 0 (cf. (2.3.1)), then dimxHom% (M, C) < rkg(M).)

Proof : One has dimKHom(Sa’é)(M, C) < dimgHom’ (M, C) < rkg(M) . On the
other hand, if ¢ € S°, then Hom??(M, C) < rkg(M). Hence dimxHom% (M, C) <
dim g Hom?*(M, C) < rkg(M). O

4. Constant Confluence

4.1. Constant modules. Let B be one of the rings defined in Section 1.1, let
S C Q(B) be a subset, and U C Q(B) be an open subset.

DEFINITION 4.1 (Constant modules). Let M be a discrete c—module over S.
We will say that M is constant on S, or equivalently that M is trivialized by C, if
there exists a discrete o—algebra C over S such that

(4.1.1) dimgHomg (M,C) = rkgM.



14 ANDREA PULITA NOVEMBER 26, 2006

We give the analogous definition for (o, d)-modules. The full sub-category of o —
Mod(B)gis¢ (resp. (o,d) — Mod(B)d*¢), whose objects are trivialized by C, will be
denoted by

(4.1.2) o — Mod(B, C)gmst (resp. (0,68) — Mod(B,C)&™" ).

The full subcategory of o — Mod(B, C){P™* (resp. (o,d) — Mod(B, C)¢{"s") whose
objects are analytic will be denoted by

(4.1.3) o — Mod(B, C)§eo* (resp. (o,8) — Mod(B, C);/"°"" ).

REMARK 4.2. Let n = rkgM, then M is trivialized by C if there exists Y &
GL,(C) such that Y is simultaneously solution, for all ¢ € S, of the family of
equations (3.7.1) (resp. both the conditions of (3.7.2)). Roughly speaking, M is
constant on S if it admits a basis of ¢g—solutions which “does not depend on ¢ € 5”.

LEMMA 4.3. Let M, N be two discrete o—modules (resp. (o,0)—modules). If
M, N are both trivialized by C, then M®N and Hom(M, N) are trivialized by C. In
particular MY and NV are trivialized by C.

Proof : The fundamental matrix solution of M @ N (resp. Hom(M,N)) is
obtained by taking products of entries of the two matrices of solutions of M and N
respectively. Hence “it does not depend on ¢ € S”.[J

LEMMA 4.4. Let S” C S be a non empty subset. Let C be a discrete (o,6)—algebra
over S. Then the restriction functor, sending (M, o™, M) into (M,O"I\é/) oMY

(4.4.1) Res?, : (0,8) — Mod(B, C)¥"* — (o, ) — Mod(B)$*
is fully faithful and its image is contained in the category (o,8) — Mod(B, C)gmst.
The same fact is true for discrete c—modules under the assumption: (S")° # 0.
Proof : The proof is the same in both cases, here we give the proof in the
case of (o,6)—modules. We must show that the inclusion Homgf’é) (M,N) —
Hom'S” (M, N) is an isomorphism, for all M, N in (o, §) — Mod(B, C)&°®t. In other
words we have to show that if & : M — N commutes with o4/, for all ¢’ € S/, then
it commutes also with oy, for all ¢ € S. One has

(4.4.2) Hom"?(M,N) = Hom{”(M&NY B);
HomSY(M,N) = Hom{S”(M®NY,B).

Observe that M@ NV is the dual of the “internal hom” Hom(M, N). By lemma 4.3,
M ® NV is trivialized by C. The restriction of M ® NV to S’ is obviously constant
on S’ since it is trivialized by C. This implies that

(4.4.3) Hom'"? (M ® N, C) = HomTY (M@ NV, C) .

This shows that a morphism with values in B C C commutes with all o, and dq,
for all ¢ € S, if and only if it commutes with all o, and §,, for all ¢ € S’. Hence

(4.4.4) Hom”? (M ® NY,B) = Hom” (M@ NV, B) . O
REMARK 4.5. By the previous lemma one sees that if £ € SN u(Q), then
(4.5.1) Resf}) : (0,0) — Mod(B, C)¥™" — (0¢, ) — Mod(B)

is again fully faithful. On the other hand, if S° # (), then the restriction
(4.5.2) Res ) : 0 — Mod(B, C)§"™" — o — Mod(B)
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is not fully faithful, since o — Mod(B, C)&"* is K —linear, while ¢ — Mod(B) is
not K —linear (i.e. K C End(I), but K # End(Il), cf. Section 1).

REMARK 4.6. If U is open, then the condition U° # () is automatically verified.
REMARK 4.7. By Lemma 4.4, if S C U is a (non empty) subset, the restriction
(4.7.1) Resy : (0,8) — Mod(B, Q)™ —— (0, 8) — Mod(B, C)&™s*

is fully faithful. The same is true for c—modules, under the assumption S° # ). In
particular if U’ C U is an open subset, then the restriction functor is fully faithful:

(4.7.2)  Resy, : (0,8) — Mod(B, C)}/"**"" —— (0,8) — Mod (B, C)*™" .

4.2. Constant deformation and constant confluence. Asusual S C Q(B)
is an arbitrary subset, and U C Q(B) is an open subset.

DEFINITION 4.8 (Extensible objects). Let ¢ € S. Let C be a discrete o—algebra
over S. A g—difference module M is said extensible to S if it belongs to the essential
image of the restriction functor

Resy : 0 — Mod(B,C)§™" — o4 — Mod(B) .

The full sub-category of o, — Mod(B) whose objects are extensible to S, will be
denoted by o, — Mod(B, C)s.
If ¢ € U, we will denote by o, — Mod(B,C)?" the full sub-category of o, —
Mod(B)y whose objects belong to the essential image of o — Mod(B, C)/""".
We give analogous definitions for (¢, d)-modules.

Lemma 4.4 and definition 4.8 give easily the following formal statement:

COROLLARY 4.9. In the notations of Lemma 4.4, one has an equivalence

Res >
(4.9.1) (0,8) — Mod(B, C)&"™* —L (4,,d,) — Mod(B, C)g .
The same fact is true for c—modules, under the additional hypothesis: ¢ € S°. [

DEFINITION 4.10. 1.— Let S C Q(B) be a subset and let ¢,¢" € (S). We will
call the constant deformation functor, denoted by

(4.10.1) Def, o : (04,64) — Mod(B,C)s —— (04,d4) — Mod(B,C)s ,
the equivalence obtained by composition with the restriction functor (4.9.1):
(4.10.2) Def, o := Res{i,} o (Res{i})_1 .

2.— We will call the constant confluence functor, the equivalence

(4.10.3)  Conf, := Def, 1 : (04,64) — Mod(B, C)s — (01,61) — Mod(B, C)s .

3.~ Suppose that ¢ € S° and ¢ € S, then we will call again the constant
deformation functor, denoted again by
(4.10.4) Def, 4 : 04 —Mod(B,C)s —— o4 — Mod(B,C)s ,

the functor obtained by composition with the restriction functor (4.9.1): Def, , :=
Res{”zl} o (Res{i})_l. If ¢ € S°, then Def, o is an equivalence.
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REMARK 4.11. It follows from Corollary 4.9, that if ¢q,¢' € U, one has an
equivalence, again called Def, o/

Def, ./
(4.11.1) (04, 8,) — Mod(B, C)2 =22, (., 8,/) — Mod(B, C)2 .

The same fact is true for analytic o —modules under the condition ¢,q" ¢ u(Q).

REMARK 4.12. a.— Let ¢ € U. Consider the following diagram:

(@121) Uy o —Mod(B, 0yt PEZATL 5y Mod(B, e
Uo Resg}i 0] leU Res (0,
Uy 0¢ —Mod(B, C)y pT— Uy (0¢,64) — Mod(B, C)ur
iai 0] lqw)
oq — Mod(B) p— (04,04) —Mod(B)

where U runs in the set of open neighborhoods of ¢, and where i, and i(, ) are
the trivial inclusions of full sub-categories. In the sequel we will study the full
subcategory of o, — Mod(B) (resp. (o4,d4) —Mod(B)) formed by Taylor admissible
objects, this category is contained in the essential image of i, (resp. i s5)) (see Th.
6.2). In this case we will obtain an analogous diagram (see Cor. 6.4)) in which
i(s,5) IS an equivalence (for all ¢ € U), and i, is an equivalence only if ¢ is not a
root of unity.

If ¢ is not a root of unity, then all the arrows of this diagram will be equivalences,
hence the data of §, is superfluous. If ¢ is a root of unity, then the right hand side
vertical arrows will be equivalences, while the left hand side one will be not. In this
last case the g—tangent operator is necessary to “preserve the information in the
neighborhood of ¢”. The good notion of “stalk at ¢” of an analytic o-module is in
this case the notion of (o4, d,)-module and not simply the notion of o,-module.

One may have the feeling that the functor “Forget ¢,” contains an “informa-
tion” if ¢ is a root of unity, but we will see (Prop. 7.9) that, if B = Rg or if
B = H}{, then this functor sends every (o,d)—module with Frobenius structure
into a direct sum of the unit object.

5. Taylor solutions

In this section B = H (X)), for some affinoid X = D (co, Ro)—U" 1D~ (¢, R;),
and S = {¢} € OQHx(X)) C {q € K | |q] = 1} is reduced to a point. Let
(Q,1].])/(K,].]) be an arbitrary extension of complete valued fields. Let ¢ € X(Q)
and let p. x > 0 be the largest real number such that D~ (¢, p.,x) € X. One has
(5.0.2) Pex = min |c— ¢l

1=0,...,n
Note that ¢ can be equal to a generic point (cf. Definition 5.31). We want to find
solutions of g—difference equations converging in a disc centered at ¢, i.e. matrix
solutions in the form (3.7.1), with values in the o,—algebra C := Ag(c, R), for
some 0 < R < pc x.
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5.1. The g—algebras Q{T — c}, r and Q[T — c],.

REMARK 5.1. Without precise mention, we will not assume that ¢ ¢ p(Q).
The following results generalize the analogous constructions of [DV04] to the case
of root of unity.

LEMMA 5.2. Let 0 < R < pcx. The algebra Aq(c, R) is a Ha(X)-discrete
o—algebra over S = {q}, if and only if both the following conditions are verified:

(5.2.1) lg—1llef <R, and Jg[=1.

Proof : Let © € D™ (¢, R), then |gz — ¢| = |qx — qc + qc — ¢| < max(|q||z —
cl,|g — 1]|c|). If both conditions hold, then |gx — ¢| < R, hence the disc D™ (¢, R)
is g—invariant. This shows the sufficiency. If x = ¢, one sees that the condition
lg—1] < R-|c|~! is necessary. Suppose now that |[¢—1| < R-|¢|™!, and that |¢| > 1.
Since |q| = |¢ — 1|, hence 1 < |q| < R|e|™1, and |g — 1]|c| = |q||c| < R. If |z — |
tends to R, then |gz — ¢| = |||z — ¢| is larger than R and, by the argument above,
the disc D™ (¢, R) is not g—invariant. The condition |¢| < 1 is then necessary, and
since by definition o, must be bijective with inverse -1, one finds |¢| = 1. O

DEFINITION 5.3. For all ¢ € Q one defines

(5.3.1) (T —¢c)gn = (T—c)(T—qe)(T—q%)---(T—q" e,
! (-1 -1 —-1)--(¢" - 1)

5.3.2 n = .
(532 i, T

REMARK 5.4. 1. If ¢ is a m—th root of 1, then [n ] =0, for all n > m.

2. The family {(T' — ¢)q,n}n>0 is adapted to the g—derivation

o, —1 A

5.4.1 d =-—-2 - _ =4

in the sense that, for all n > 1 one has dg((T' — ¢)g,n) = [nlg - (T — ¢)gn—1 -
3. Ome has d,(fg) = 04(f)dy(9) + dy(f)g, and more generally

(5:42) G0 =Y (1) (D o)D)
i=0 q
LEMMA 5.5. Let |qg —1|[c] < R, |q| =1, and let f(T) = >, soan(T — )" €

Aq(ce, R), then:

(1) f(T) can be written uniquely as f(T) = _,5¢an(T — ¢)g,n € Aalc, R);

(2) Jor all lg — lc] < p < R one has |f(T)] ey = Subnso [dn "

(3) one has Ray.(f) = liminf, |a,|~/™ = liminf, [a,|~'/;

(4) if moreover ¢ ¢ u(Q), then one has the q-Taylor expansion

n ) n
(5.5.1) => dr(f fq .
n>0 q

Proof : Since Aq(c, R) =lim .~ Ha(DT(¢,r)), then we are reduced to show
the proposition for Ho (D" (e, r)), with |¢ — 1]|¢] < r < R. Write (T — ¢'c) =
(1—¢")c+ (T —c), then, since |¢' —1| < |g— 1| one has (T'=¢)g,n = 37— by, (T—c)i,
with s bn,n =1 bnO = 0, and bnz =" Zl<k1< <kp—i<n— 1(1 - q )(1 -
q*2) - (1 =g ) Hence |b,i| < (lg — 1f[c)"™" < r"~*, and [(T' = ¢)gnle,r) =
(T = ¢)"|(e,ry = 7. One finds then a, = Zkzo Qntkbntk.n, the sum converges
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since |bpikn| < r*. A symmetric argument proves that @, = D k>0 an+kfl;n+k7n,
with b,, = 1, and [b,;| < r"~*. This shows that |a,|r" < sup;s,, ([a;]r’) and
@y |r™ < supjs,(|a;|r?), hence |an|r™ tends to 0 if and only if [a@,|r" tends to
0. Moreover sup,,>q|an|r"™ = sup,>q [@,|r™. This shows the uniqueness since if
3 12080(T — Cam = S @a(T — Clans thens (@ — T)(T — c)gun = 0, and
hence sup,,(|a, — a, |r") = 0, then a, = a, for all n > 0. Clearly the radius
of convergence of f(T) is equal to both sup,~o{r > 0 | [a,[r" is bounded} and
sup,,>o{r > 0 | [@,|r" is bounded}. Hence, by classic arguments on the radius, one
has Ray.(f) = liminf, |a,|~'/" = liminf, |a,|~"/". O

REMARK 5.6. If f(T) = ano fa(T —¢)gm, and if g(T') = ano gn(T — ) g,
then f(T)g(T) =3, 50 hn(T — ¢)gn, where hy, = hn(q;¢; fo, .-+ fni go, -1 gn) is a

polynomial in {q,¢, fo,..., fn,90,--.,9n}. Indeed one has (' —¢)g.n - (T — ¢)gm =
ZZ+;1”dx(n m) a,(cn’m) (T = ).k, with a!™™ = o™ (¢, ¢) € Q. This shows also that

if vg.o(f) == min{n | f, # 0}, then one has

(5.6.1) vg,c(f9) Z max(vg,c(f); vg,e(9)) -

If moreover ¢ ¢ u(Q), then, by using equation (5.4.2) and the twisted Taylor
formula (5.5.1), one has

s s =gl een .
(5.6.2) h"_zg) AT (¢ —=1)°¢" forn—s95 -

DEFINITION 5.7. For all ¢ € Q(X) we set

(5.7.1) Q[[T — C]]q = {Z fn qn ‘ fn € Q}

n>0

(5.72) UT —clgr = { D falT = )gn|fneQ, lim inf | f,,|~ Un>R}.
n>0

We define a multiplication on Q[T — ¢], and Q{T — ¢}, r by the rule given by
Remark 5.6.

LEMMA 5.8. Q[T — ], and {T — c}q4 r are commutative Q-algebras, V g € Q.

Proof : The proof is easy, we prove only the associativity. We have to prove
that (fg)h = f(gh). By Lemma 5.5 the assertion is proved if f,g,h € Q{T —c} g,
with |¢ — 1||¢| < R, since in this case Q{T — c}, r = Aq(c, R). On the other hand
one can assume that f, g, h are polynomial since, by Remark 5.6, the n-th coefficient
of (fg)h and of f(gh) is a polynomial on g and on the fist n coefficients of f, g, h
O

REMARK 5.9. If there exists a (smallest) integer ko such that |7% —1]|c| < R,
then one shows that Q{T — ¢}, r = Hko ' Aq(qic, R), where R depends explicitly
on R, ¢, and ¢ (cf. [DV04, 15.3]). In this case Q{T — c}4 r is not a domain and
hence is not a Hq(X)—discrete o—algebra over S = {¢}.

REMARK 5.10. If z, y are variables, then Q[z —y], is not an algebra, but merely
a vector space. Indeed the multiplication law involves y in the coefficients “h,” of
Remark 5.6. This mistake occurs many times in [DV04].
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5.2. g-invariant Affinoid. Let |¢q| = 1, ¢ € K. Let X := D% (cg, Rg) —
U D~ (e;, Ry), c1,...,¢cn € Dic(co, Ro), co € K, be a K-affinoid. Then X is ¢-
invariant if and only if |¢ — 1||cg| < Ry, and the map = — gz permutes the family
of disks { D™ (¢;, R;) }i=1,...,n. This happens if and only if for all i = 1,...,n there
exists (a smallest) k; > 1, such that |¢* — 1||¢;| < R;, and moreover the family of
disks { Di(chi, RZ) }k=1,...,ki is finite and contained in { Di(CZ‘, Rz) }z‘:l,.“,n- If ko
is the minimum common multiple of the k;’s, then 2 — ¢ leaves globally fixed
every disk and, by Lemmas 5.2 and 5.5, one has (cf. Lemma 1.2)

(5.10.1) ldgro (H)llx < X 1 fllx
for all f € H(X). Indeed by Mittag-Lefler decomposition [CR94], we are reduced
to show that every series f = . a;(T — ¢i)?, such that |a;|R} tends to zero,
satisfies [dyro (f)l(c,,r;) < Ri_1 “|fl(es,rs)» Which is true by Lemma 5.5.

Such a bound does not exist for dg itself. One can easily construct counterex-
amples via the Mittag-Leffler decomposition.

5.3. The formal Taylor solution. We recall the definition of the classical
Taylor solution of a differential equation

DEFINITION 5.11. Let 6; — G(1,T), be a differential equation. Let G, (T) be
the matrix of (d/dx)"™. We set

z—y)"
(5.11.1) Yoar () =Y _ Gy (y)% :
n>0 ’
REMARK 5.12. By induction on the rule G|, ;1) = Gl[n} + GGy}, one shows
that |G, x < maX(||G[1]||X,T)_(1)n7 and hence

<|G[n](0)|9)*1/n - |p|ﬁ

5.12.1) R.:= Ray.(Ya(T,c)) = liminf ———— > = .
( ) ¥e(T:0) [n!] max(ry', |Gpyllx)

n

In other words Yg(x,y) is an analytic element over a neighborhood Ug of the
diagonal of the type
(5.12.2) Up = {(z,y) e X x X | |z —y| < R},

for some R > 0.
A

X DIAGONAL
Ur
X
LEMMA 5.13. One has Yg(z,z) = 1d, and for all (z,y) € Ug:

(5.13.1) d/dy (Ya(z,y)) = —Ye(z,y) Guy),
( ) Ya(z,y) - Yal(y, 2) Ya(z,2),

(5.13.3) Yo(z,y)™' = Yaly,z),

( ) d/dz (Ye(z,y)) = Gpu(z) Ya(z,y).
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Proof : See [CM 02, p.137] (cf. Lemma 5.20).00

DEFINITION 5.14. Let g € Q — pu(Q). Consider the g—difference equation
(.140) o, (V)=A@T)Y,  A(q.T) € GL(Hx(X)).
Let H,, be defined by dj(Y') = H,, - Y. We formally set

(5.14.2) Ya@m(@,y) = Hn(y)(x[n]yl)q’” :

n>0 q
We will omit the index A(q,T) if no confusion is possible.
REMARK 5.15 (Transfer principle). For all ¢ € X () we let
(5.15.1) R, = liminf(|H,(c)|o/[n],) /" .

As in the differential framework, if X’ := D¥ (¢, Rj) — U™ D~ (c},R}) C X is a
g—invariant subaffinoid, such that every disk D~ (¢}, R}) is g—invariant too in order
to have the estimation (5.10.1) (cf. Remark 5.2), then, by induction on the rule
Hy 1 = d,(H,)+0,(H,)H;, one shows that ||H,||x < max(|H:| x/,rxs)", hence
(5.15.2)

lim infn([n];)l/”

Rx/ := liminf Hn ’ !—1/n: i T .
X im in ([Hnllx/In]y) veX/(Rag) 2 = max(ry, || Hillx)

In particular if X’ = D*(c,p) C X, with |¢ — 1f|c| < p < pe.x, is a g—invariant
disk, then
(5.15.3) R >R ) R liminfn([n]!q)l/n
.15. ¢ > Rptep) = min . > — .
(e.p) T€ D;alg (e,p) max(p 1a |H1|(c,p))

REMARK 5.16. If |¢ — 1||c| < R., then Y4 (x, ¢) belongs to M,,(Aq(c, R.)), but
it is invertible only in GL,,(Aq(c,R.)), with R, := min( p.,4 , R. ) (cf. Lemmas
5.19 and 5.20 below).

REMARK 5.17. The formal matrix solution Y (z,y) is not always a function in
a neighborhood of type Ug of the diagonal of X x X.

If for all ¢ € X(K?#) one has |¢ — 1||¢| < R < min(p. 4, R.), then, by Lemma
5.5, and by transfer principle (cf. Equation (5.15.3)), Ya(z,y) defines actually
an invertible function on Ug (cf. Lemmas 5.19 and 5.20). If X = D™ (co, Ry) —
U . D~ (¢i, R;), and if the previous condition is satisfied, then R verifies
(5.17.1)

|g — 1| sup(Ro, |col) = g — 1|rcréa§<|c| < R < géi)r(lpqx =min(Ryp,...,Ry) =7x .
In particular, since rx = min(Ry, ..., Ry), this will be possible only if
(5.17.2) lg—1] <1, ie. ifge Qi(X).

HypoTHESIS 5.18. From now on, without precise mention, we suppose q € Q.

LEMMA 5.19. Let g € Q1(X) — p(Q1(X)). Let f(z,y) be an analytic function
in a neighborhood of type Ur C X x X of the diagonal of X x X. Assume that

(5.19.1) |¢g — 1] max(|col, Ro) < R <rx .

2i.e. assume that |¢ — 1| max(|co|, Ro) < R < pe,x for all c € X (K™®).
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Suppose that f(x,y) satisfies f(x,qy) = a(y) - f(z,y), with a(y) € Hx(X)*, then
f(z,y) is invertible too.

Proof : Since f is an analytic function, it is sufficient to prove that f has
no zeros in Ug. We are reduced to show that for all ¢ € X (), the function
gc(y) :== f(c,y) has no zeros in D™ (¢, R). One has dy(g9:(y)) = h(y) - gc(y), with
h(y) = ‘(lé’i)f); Assume that g.(¢) = 0, for some ¢ € D™ (¢, R) = D™ (¢, R), then,
by Lemma 5.5, gc(y) = >_,50ak(y — €)g,n, With ag = 0. Since ¢ ¢ p(Q), then
[n],an, = 0 if and only if a, = 0. Hence, by Remark 5.6 one has v, z(d,(g.)) =
vg,z(gc) — 1. On the other hand, v, z(hg.) > v4z(gc), which is in contradiction with

dq(ge) = hge. O
LEMMA 5.20. Let g € Q1(X) — p(Q1(X)), and let

og + flwy) e flezy),  of o flay) e flzay),
(5.20.1) . o

dg = @D dg = @Dy -
Suppose that Ya(x,y) converges on Ug, with
(5.20.2) |g — 1| max(|col, Rp) < R<rx ,
(c¢f. Remark 5.17). Then Y(x,y) is invertible on Ur and verifies:
(5.20.3) Ya(z,x) Id,
(5.20.4) dy Ya(z,y) = —of(Ya(z,y)) - Hi(y)
(5.20.5) ol Ya(z,y) = Yalz,y) Algy)™",
(5.20.6) Ya(z,y) - Ya(y,z) = Ya(zx,z2),
(5.20.7) Ya(z,y)™' = Ya(y,z),
(5.20.8) dy Ya(z,y) = Hi(x) Ya(z,y).
(5.20.9) oy Ya(r,y) A(g,z) - Ya(z,y) .

Proof : The relation (5.20.3) is evident, while (5.20.4) is easy to compute
explicitly, and is equivalent to (5.20.5). Since Y (z,y) converges on Ug, hence
by (5.20.5), the determinant d(z,y) of Y (x,y) verifies d(x, qy) = a(y)d(z,y), with
a(y) = det(A(q,y)™ ') € Hix(X)*. By Lemma 5.19, d(z, ) is then invertible on U,
and hence also Y (x,y) is invertible. By point 3 of Remark 5.4, and since ¢ ¢ u(Q),
then the relation d¥(Y (z,y)Y (z,y) ") = 0 gives d/(Y (x,y) ') = —o¥(Y (z,y)") -
d4(Y(z,y)) - Y(z,y)~". Hence, for all z,y,z such that |z — y|,[z —y| < R, one
finds d¥(Y (z,y) - Y(z,y)~") = 0. Since ¢ ¢ pu(Q), this implies, by Lemma 5.5,
that the function Y (x,3)Y (z,y) "' does not depend on y. For y = z, and y = 2,
one find Y (z,2) = Y(2z,2)"!, and Y (z,y) - Y(y,2) = Y(x, 2z). Then, by the above
expression of d (Y (y,z)~") = df (Y (z,y)), the relations (5.20.8) and (5.20.9) follow
from (5.20.7) and (5.20.4). O

REMARK 5.21. If for a ¢ € X one has |¢—1||¢| > R., then Lemma 5.20 does not
apply, but it may happen (cf. Remark 5.2) that there exists a (smallest) ko > 0 such
that condition (5.20.2) holds for ¢*° instead of ¢, and for Ya(qro 1) (2,y) instead of
Ya(q,r)(,y). There exists then a Taylor solution Y. € M, (Aq(c, R)) of the iterated
system. In this case, for all ¢ € X(£2), we can recover a solution Y of the system
o4 (}N’) = A(gq, T)f/ itself in the algebra of analytic functions over the disjoint union of
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disks U, ' D~ (¢'c, R.). Indeed o, acts on the algebra [Licz/koz Mn(Ak (d'c, RL))
by 0q((Myie(T))iez/noz) = (Mgi1c(qT))iez/noz, then one has

(5.21.1) Y(T) = (YyeT) )i = (A(g',q'T) - Ye(q™'T) Jiczygroz -

indeed A(¢""", ¢7'T) = A(q, T)A(q",¢'T).

REMARK 5.22. Note that the relations of Lemma 5.20 hold for Y (z,y) as a
function on Ug, and not for Y (T) (cf. (5.21.1)). In other words the expression
Y4 (,y) has no meaning if |z —y| > R. In particular the expression (5.20.6), which
is the main tool of the Propagation Theorem 6.3, holds only if |z — y|, |z — y| < R.

REMARK 5.23. If ¢ € u(Q), then even if a solution Y € GL, (Aq(c, R)) may
exist, the radius is not defined since we may have another solution with different
radius (cf. Example 5.24 below). For this reason, the radius of convergence of the
system (5.14.1) will be not defined if ¢ € pu(Q).

EXAMPLE 5.24. Let ¢ = £ be a p—th root of unity, with £ £ 1. The solutions of
the unit object at t? € Q are the functions y € A (P, R) such that y((T) = y(T),
every function in TP has this property. For example the family of functions { y, :=
exp(a(TP —tP)) }acq, is such that for different values of « one has different radius.

5.4. Taylor solutions of (o,,d,)—modules. In this subsection ¢ can be a
root of unity. We preserve the previous notations. We consider now a system:
o,Y) = A(¢.T)-Y, A(q,T) € GL,(Hx (X)),
(5.24.1)
6,Y) = G.T)Y, G(gT)e M,(Hg(X)).

It can happen that a solution of Ué\/l is not a solution of 5,11\/[ as showed in the following
example:

EXAMPLE 5.25. Suppose that ¢ € D7(1,1) is not a root of unity. Let X :=
D*(0, |p\v%1), A(q,T) :=exp((¢ — 1)T) € Hrg(X)*, G(q,T) := 0. Let ¢ =0, and
R < |p\f£l Then every solution y(T') € Ak (0, R) of the operator o, — A(q,T) is
of the form y(T) = A - exp(T), with A € K. If 6,(y) = 0, then y = 0. Hence, the
(04, 04)—module defined by A(¢,T) and G(¢,T) has no (non trivial) solutions in
Ak (0, R).

REMARK 5.26. To guarantee the existence of solutions we need a compatibility
condition between o, and ¢4, which should be written explicitly in terms of matrices
of o and 67'. This obstruction will not appear in the sequel of the paper since this
condition is automatically satisfied by analytic o-modules (cf. Lemma 5.27).

LEMMA 5.27. Let U C Q(Hi (X)) be an open subset, and let M be an analytic
(0,8)—module on U, representing the family of equations {o4(Y) = A(q,T)-Y }qeu,
with A(q,T) € GL,(Hi (X)), for all ¢ € U. Let Y.(T) € GL,(Aq(c,R)), |¢ —
1lle| < R < pe,x, be a simultaneous solution of every equation of this family. Then
Y.(T) is also solution of the equation

(5.27.1) 0,(Y)=G(¢,T) Y,

where G(q,T) := qd%(A(q,T)) (cf. (2.20.1)). Hence Y (T') is solution of the differ-
ential equation defined in section 2.4.1:

(5.27.2) 51(Y(T)) = G(L,T) - Yo(T)
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where G(1,T) = G(q,q'T) - A(q,q 'T)~t € M,,(Hx (X)) (cf (2.10.4)).

Proof : In terms of modules, the columns of the matrix Y.(T) correspond
to Hx (X)—linear maps a : M — Aq(c, R), verifying 04 0 @ = a o g}!, for all
g € U (cf. Section 3.2.1). We must show that such an o commutes also with d,.
This follows immediately by the continuity of «. Indeed, the inclusion Hg (X) —
Agq (e, R) is continuous, and hence every Hy (X )—linear map Hg (X)" — Aq(c, R)
is continuous. [J

REMARK 5.28. Observe that Lemma 5.27 is not a formal consequence of the
previous theory. Indeed, by Definition 3.5, the general (o, d)—algebra C used in
Definition 3.5 has the discrete topology, hence the morphism « : M — C defining
the solution is not continuous in general.

5.5. Twisted Taylor formula for (o,d)—modules, and rough estimate
of radius.

1 —0q

REMARK 5.29. Let X be a ¢g-invariant affinoid. Let Dy := o040 ﬁ = limg .4 T?q —) =
- 0q. For all ¢ € Q(X) and all f(T') € Hx(X), one has

(5~29~1) Dy(f-9) = 04(f) Dg(g) +Dy(f) - 04(g)
(5.29.2) (d/dT ooy) = gq-(o40d/dT),

(5.29.3) D! = ¢""Y/2.gm o (d/dT)"

(5204)  IDIGTx < ZLm (ef Lemma12).

rn
Tx

Hence, for all ¢ € K, DT — ¢)" = (i_l'n)! g =D/2 (T — ) if n < 4, and

DJ(T —c)' = 0if n > i. This shows that if f(T) := Y2, a;- (,ﬁﬁ € Aa(c, R)
is a formal series, with [¢ —1[|c| < R < pc x, then a, = D} (f)(c/q"), and the usual
Taylor formula can be written as

(5.29.5) = Dp(f)le/a") m

n>0
The following proposition gives the analogous of the same classical rough esti-
mate for differential and g—difference equations (cf. [Chr8&3, 4.1.2], [DV04, 4.3]).

PROPOSITION 5.30. Let ¢ € X (). Assume that the system (5.24.1) has a
Taylor solution Y, € M, (Aq(c, R.)), with |g—1||c| < Re < pe,x. For all g-invariant
sub-affinoid X' C X, containing D (c, |q — 1||¢|), one has

_1
lp[7~
max( 1A Dl 1G(@ T)/aTlx )
In particular if X' is a disk DT (c, p), with |q — 1||c| < p < pe.x, then

(5.30.1) R.>

P77 - p
max( |A(@. T)l(c) + snitd7 )

Proof : The matrix Y,(T) verifies o/ (Yc(T)) = Apn)(q,T)-Ye(T), and Dy (Ye(T)) =
Fin)(q,T) - Yo(T), where Fig) = Id = A, Apj = A(q,T), Fpyj = qiTG(q, T), and
(5.30.3) A = oy (A - oq(Apy) - Apy
(5.30.4) Fipyy = 0g(Flny) - Fiyy + Do(Finy) - Ap -

(5.30.2) R.>
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Hence one has
(T =0
._ ny \*t —¢%9
i>0
which is an hybrid between the usual Taylor formula, and the Taylor formula for
q—difference equations. Inequalities 5.30.1 follows then from the inequality

1 n
(5.30.6) [Finy(c/q")la < | Flnpllxr < max (IIFU]IIX' Tt |A[1]||X'>

. : G(@. D) (e "
If X’ = D% (c,p), then this last is equal to pi - max (% , |A(q,T)\(C7p))

Indeed 1p+ (¢ p) = p, Fij = 77 G(g,T), and [T (¢ p) = (T = ¢) + ¢l p) = max(p, |¢]),
hence [ Fly|( rrmaers |G Dle,p)s and gl = 1. O

&p) = Tqlmax([c[,p)

5.6. Generic radius of convergence and solvability.

5.6.1. Generic points. In this section we will introduce the notion of generic
points and of generic radius of convergence. We recall that a generic point defines
a semi-norm on Hy(X), and hence defines a Berkovich point (cf. [Ber90]). The
reader knowing the language of Berkovich will not find difficulties to translate the
contents of this paper in the language of Berkovich.

Let now (£2,[.])/(K,|.|) be a complete field extension such that || = R>, and
that kq/k is not algebraic.

PRrROPOSITION 5.31 ([CR94, 9.1.2]). For all c € X(K) and all 0 < p < p. x,
there exists a point t., € X (), called generic point of the disk D (¢, p) such that
|te, — cla = p, and that Dg(te,, p)N K8 =0. O

REMARK 5.32. For all f(T) € Hg(X), one has |f(te,p)l, = [f(D)lc,p) =
SUP|y_¢|<p , zeKols |f(x)|. Hence, even if the point t., is not uniquely determined
by the fact that Dg (fc 5, p) N K*& = 0, the norm |- |, (i.e. the Berkovich point
| (c,p)) does not depend on the choice of ¢ ,.

5.6.2. Generic radius of convergence.

DEFINITION 5.33 (Generic radius of convergence). Let ¢ € Q(X) (resp. ¢ €
Q(X) — u(Q)), let ¢ € X(K*8), and let DT (c,p), |¢ — 1|lc|] < p < pex, be a
g-invariant disk. Let M be the (o4, dy)—module (resp. o,—module) defined by
the system (5.24.1) (resp. (5.14.1)). Let Ry, be the radius of convergence® of
Ya(qr)(T,tc,). Assume that

(5.33.1) lg — 1[te,ol < Ri., < pe,x 4
Then we will call (¢, p)—generic radius of convergence of M the real number

(5.33.2) Ray.(M, p) :=min ( Ry, , pe,x ) > lqg—1|c| .

3In the case of the g-difference equation (5.14.1), the radius R:, , is given by definition
(5.15.1). In the case of the system (5.24.1) the radius Ry, , is given indifferently by definition
(5.12.1) or by definition (5.15.1), indeed under our assumptions these two definitions are equal
since Y4 (4,1 (2,y) = Yg@u,1)(z,y). However observe that the definition (5.15.1) exists only if
q € Q — u(Q), while definition (5.12.1) preserves its meaning on the root of unity.

4Observe that Pe,X = Pt. , X, indeed Dt (c,7) = DT (te,p,7), for all r > p.
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REMARK 5.34. The assumption (5.33.1) provides that the disk of convergence
of Y(x,y) is g-invariant, and that Y (z,y) is invertible in that disk (cf. Lemma
5.19). Recall that |t. ,| = min(|c|,p), and that, by the transfer principle, R;. , =
Rp+(c,p) = minxeD;alg(c,p) R, (cf. Remark 5.15).

REMARK 5.35. The number Ray.(M, p) is invariant under change of basis in
M, while the number R;_, depends on the chosen basis. Observe that Ray.(M, p)
depends on the affinoid X, and on the semi-norm |.|(. ) defined by t. ,, but not on
the particular choice of ¢., (cf. Remark 5.32).

DEFINITION 5.36 (Solvability). Let M be a o,—module (resp. a (o4, d,)—module)
on Hg (X). We will say that M is solvable at t. , if

Rayc(M, p) = pe,x -
5.7. Solvability over an annulus and over the Robba ring.

REMARK 5.37. In this section B := Ag(I), with I =]r1,72[, and M is a
og—module (resp. a (og4,d,)—module) on Ak (I). We recall that Q(Ax(I)) =
{g € K| |g| = 1}, and that Q1(Ax(I)) = Dg(1,1) (cf. Def. (2.1.2)). For all
c € K, |c|] €I, one has t.|.| = tg. For all affinoid X C C(I) containing the
disk D™ (¢, |¢|) one has p. x = |c¢[. Then the norm |.|¢c : Ax([) — R> and the
generic radius Ray.(M, |c|), do not depend on the chosen ¢ nor on X, but only on
|c|. Hence, for all p € I, we chose an arbitrary ¢ € Q, with |¢| = p € I, and we set

(5.37.1) ty:=tc,, and Ray(M, p) := Ray.(M, p) .

REMARK 5.38. To define the Radius we need the assumption |¢ — 1||t,| <
pt,.x = p (cf. Definition 5.33). Since |t,| = p, this assumption is equivalent to

(5.38.1) lg—1]<1.

DEFINITION 5.39 (solvability at p). Let ¢ € Q1 —p(Q1) (cf. Definition (2.1.2)).
Let M be a o,—module on Ak (I). We will say that M is solvable at p € I if

(5.39.1) Ray(M,p) =p.

The full subcategory of o, — Mod(Ax (I)), whose objects are solvable at p, will be
denoted by o, — Mod(Ag (I))*'(»).

5.7.1. Solvability over Ry or H}(.
REMARK 5.40. Let ¢ € Q1 — pu(Q1). Let M be a o,—module over Rg. By

definition M comes, by scalar extension, from a module M., defined on an annulus

C(J1 —e1,1]). If &2 > 0, and if M., is another module on C(]1 — £9, 1) satisfying

Me, @ (1-es1) RK = M, then there exists a e3 < min(e, 2) such that

(5.40.1) M., ® Ag(]1 —e3,1]) —— M., @ Ax (|1 —e3,1]) .

Hence the limit lim, ;- Ray(M., p) is independent from the chosen module M,.
DEFINITION 5.41. Let g € Q1 — pu(Q1), and let |¢ — 1] < r < 1. We define

(5.41.1) 0y — Mod(H}()[’“] ,

as the full sub category of o, — Mod(Hk) whose objects verify

(5.41.2) Ray(M, 1) > r, (r>lg—1]),
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as illustrated below in the log-graphic of the function log(p) — log(Ray(M, p)/p)
(cf. Section 1.2.1):

log(Ray(M, p)/p)
log(p)

Teg(lq =1y N T

Objects in o, — Mod(H}, )1 will be called solvable.
DEFINITION 5.42. Let ¢ € Q1 — p(Q1), and let |[¢ — 1| <7 < 1. We define

(5.42.1) 04 — Mod(Rg)I

as the full sub category of o, — Mod(R k) whose objects verify

(5.42.2) lim Ray(M,p) >r, (r>l¢g—1|).
p—1-

Moreover, in the particular case in which lim, ;- Ray(M,p) =r = |¢ — 1| < 1, we
ask that there exists e, > 0, such that Ray(M.,, p) > |¢—1|p, forall 1—¢, < p < 1,
as illustrated in the following picture:

}log(Ray (M, p)/p)

log(sq) log(p)

log(r) = log(lg — 1)

Objects in o, — Mod(R )M will be called solvable.

REMARK 5.43 (Analogous definitions for (o4, d,)-modules). In the case of (g4, d4)-
modules, the generic radius of convergence is defined even if ¢ is a root of unity. We
give then analogous definitions for (og, 64)-modules without restrictions on ¢: for
all arbitrary g € Qy, one defines (04, ,) — Mod(Ag (I))*'?), (,,8,) — Mod(B)"],
(04,64) — Mod(B), and solvable objects (o, d,) — Mod(B)M.

5.8. Generic radius for discrete and analytic objects over Ry and

Hk. In this section B =Rk or B = Hk.

DEFINITION 5.44. For all € > 0 let
J1—e,1], if B=Rgk
(5.44.1) I =
J1—e,1+e[, if B=mHl

DEFINITION 5.45. For all subset S C D™ (1,1) = Qy, for all 0 < 7 < 1, we set

(5.45.1) S =85ND(1,71).
DEFINITION 5.46. Let 0 <7 < 1. Let S C D~ (1,1), S° # 0. We denote by
(5.46.1) o — Mod(B)! |

the full subcategory of o —Mod(B)g whose objects M have the following properties:
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(1) The restriction of M to every ¢ € S belongs to o, — Mod(B)[" ;

(2) For all 7 such that 0 < 7 < r, there exists £, > 0 such that the restriction
Reng (M) comes, by scalar extension, from an object

(5.46.2) M., € o—Mod(Ax(I., )
such that, for all p € I._, and for all ¢,¢’ € S one has (cf. (5.14.2))
(5.46.3) Yagr) (Tity) = Ya ) (Tht,) -

Objects in 04 — Mod(B)[Sl] will be called solvable.

REMARK 5.47. Condition (1) implies implicitly S € D~ (1,r) if B = ’HJ}( (cf.
Def. 5.41), and S € D*(1,7) if B = Ry (cf Def. 5.42).

REMARK 5.48 (Analogous definitions for (o4, §4)-modules). One defines anal-
ogously (o,0) — Mod(B)g], but without restrictions on S C D™ (1,r), as the sub-
category of (¢,0) — Mod(B)g, whose objects verify conditions (1) and (2), in which
equation (5.46.3) is replaced by (cf. Definitions (5.11.1) and (5.14.2))

(5481) YG(l,T) (T, tp) = YA(q,T) (T, tp) 5
forall pe I, ,and all g € S-.

EXAMPLE 5.49. This example justifies the condition (1) given in the above

definition. Let r := w := |p|v%1, and let S = D~ (1,w). Let M be the discrete o-
module over the Robba ring defined by the family of equations { o4 — A(¢,T') }4es,
where A(q,T) := exp((¢~' — 1)T~!). Then Y (z,y) := exp(x~! — y~ 1) is the
simultaneous solution of every equation of this family. Observe that A(q,T) € Rk
if and only if |[¢7! — 1| < w, but if |¢ — 1| tends to w™, then the matrices A(q,T')
do not belong all to the same annulus. Indeed A(q,T) € Ak (I.) if and only if
lg7t — 1] < w(l —¢).

6. The Propagation Theorem

6.1. Taylor admissible modules.

DEFINITION 6.1 (Taylor admissible discrete modules on S). Let X := D" (¢o, Ry)—
U D~ (¢;, R;) be an affinoid, and let S C Q1(X), be a subset with S° # () (cf.
(2.3.1)). Let (M, o™) be a discrete o-module defined by the family of equations
(6.1.1) {0 —A(¢,T)}4es » A(¢.T) € GL,(Hr(X)),VqgeS.
We will say that (M, o™) is Taylor admissible on X if :
(1) there exists a matrix Y (z,y), convergent in Up (cf. (5.12.2)), with R
satisfying, for all ¢ € S, the condition (5.17.1), that is

(6.1.2) sup(Ro, |co|) -suplg—1] < R < rx;
qeSs

(2) Y(x,y) is simultaneous solution of every equation of the family (6.1.1).

The full subcategory of o — Mod(H i (X))&5¢ whose objects are Taylor admis-
sible, will be denoted by

(6.1.3) o — Mod(H (X))%m™ .
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We define analogously the category (o,8) — Mod(Hx (X))3™ of admissible dis-
crete (o,8)—modules on S. Namely the condition S° # () is suppressed, and if
(M, oM, M) is a discrete (o, d)-modules on S defined by a system of equations (cf.
(3.7.2)), then the Taylor solution Y1 7)(z,y) (cf. (5.11.1)) of the differential equa-
tion defined by 6M satisfies (6.1.2), and moreover is simultaneously solution of every
equation defined by o)!, for all ¢ € S.

6.2. Propagation Theorem.

THEOREM 6.2 (Propagation Theorem first form). Let X be an affinoid. Then,
if g € Q1(X) — u(Q1(X)), the natural restriction functor

U
adm Uy Res,

(6.2.1) Jo — Mod(Hx (X)§™ —— 04 — Mod(Hx (X))*™
U

is an equivalence, where U runs in the set of all open neighborhood of q. The
analogous fact is true for (o,d)-modules without supposing q ¢ u(Q).

Proof : By Lemma 4.4, UUReS{Uq} is fully faithful. Indeed for all M, N modules
over U, by admissibility, there exists a number R, with |¢ — 1| max(|co|, Ry) < R <
rx, such that, for all ¢ € X(K), the algebra C := Ak (¢, R) trivializes both M and
N. The essential surjectivity of UURes?q} will follow from theorem 6.3 below. [J

THEOREM 6.3 (Propagation Theorem second form). Let X = D™ (co, Ro) —
U D™ (¢;, R;). Let g € Q1(X) — p(Q1(X)). Let

(6.3.1) Y(g-T)=AT) -Y(T), AT)eGL,(Hk(X))
be a Taylor admissible g—difference equation (cf. Def. 6.1). Then there exists a
matriz A(Q,T) uniquely determined by the following properties:

(1) A(Q,T) is analytic and invertible in the domain

R
3.2 D™( 1 e ey ) XX € AL
(6.3.2) ( " max(|co|, Ro) ) ) - e

(2) The matriz A(Q,T) specialized at (q,T) is equal to A(T) ,

(3) For all ¢ € D~(1, R/ max(|co|, Ro)), the Taylor solution matriz Ya(z,y)
of the equation (6.3.1) (cf. (5.14.2)) verifies simultaneously

(6.3.3) Yald' - T.y) = A(d\T)-Ya(T,y) .

Moreover the matriz A(Q,T) is independent from the chosen solution Ya(x,y).
Proof : By equation (6.3.3), the matrix A(Q,T) must be equal to

(6.3.4) AQ,T)=Ya(Q T.y)-Ya(T,y) "' =Ya(Q T,y)-Yaly,T) = Ya(Q-T.T) .

This makes sense since Y4, 1) (z,y) is invertible in its domain of convergence (cf.
Lemma 5.20). Hence A(Q,T) converges in the domain of convergence of Y4 (QT,T)
and is invertible in that domain, since Y4 (z,y) is. By admissibility, there exists
lg — 1|max(|co|, Ry) < R < rx such that Ya(z,y) converges for all (x,y) € Ug,
ie. |x —y| < R (cf. (5.12.2)). Then Y4(QT,T) converges for |Q — 1||T| < R.
Since |T| < sup.eq l¢| = max(|col, Ry), then Y(QT,T) converges for [Q — 1] <
R/ max(|co|, Ro).O0
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COROLLARY 6.4. If 7, := |¢ — 1| max(|co|, Ro), then one has the diagram
(6.4.1)

U o= Mod(Hx (X)) 5y 2271 | ] (0,6) — Mod(H (X)), 4y

R>1q R>1,

UR>7'q RCSD{q}(Lmi © 2iUR>7q RCSD{;}(LR)

0 = Mod(He (X))*" < (04, 6) — Mod(He (X))*™

in which the right hand vertical functor UR>Tq ResI;;(l’R) s always an equivalence,

for every arbitrary value of ¢ € Q1(A). Moreover if g € Q1(X) — u(Q1(X)), then
the also the left hand functor UR>Tq Res?;fl’R) s an equivalence, and in this case

every functor appearing in this diagram is an equivalence.l]
REMARK 6.5. By the propagation Theorem, every object of anod(HK(X))aDd_“El R)
and of (0,0) — Mod(’l—[K(X))%df‘z1 R is analytic.

REMARK 6.6. Starting from an admissible o,—module M over B, one can com-
pute the differential equation Conf,(M) € §; — Mod(B)(®) by the relation

Alq,T) -1 A", T) -1
(6.6.1) GLT) = i 2@ 21 Al@”.T) -1
qg—1 q—1 n— 400 qr" —1

where A(q?",T) = A(q,q"" ~*T)A(q,q"" ~2T) --- A(q, T). The propagation theorem
provides the convergence of this limit in M,,(B); this is an highly non trivial fact.

9

REMARK 6.7. We can extend this result to all kind of ring of functions appear-
ing in this paper. If ¢ € p(Q1), we will see in Proposition 7.9 that the functor
“Forget d,” is not very interesting since it sends every (o, d,)—module with Frobe-
nius structure into the trivial o,—module (i.e. direct sum of the unit object).

REMARK 6.8. It should be possible to generalize the main theorem to other kind
of operators, different from o,. In other words it should be possible to “deform”
differential equations into “o—difference equations”, where ¢ in an automorphism
different from oy, but sufliciently close to the identity. In a work in progress we
will study the action of a p—adic Lie group on differential equations.

6.3. Generalizing the Confluence Functor. Let ¢ € Q(X) — u(Q(X)) be
such that ¢* € Q;(X), for some kg > 1.5 By composing with the evident functor
(6.8.1) g — Mod(H (X)) —— 0re — Mod(Hx (X)) ,
one defines “ko-Taylor admissible objects” of o, — Mod(Hk (X)) as objects whose
image is Taylor admissible in ox, — Mod(H (X)). Since the sequence {g¥oP" },,~q

tends to 1, then, for ko sufficiently large, ¢*° satisfies the condition of section 5.2,
in order that dyo verifies equality (5.10.1). We obtain then a Confluence Functor:

(6.8.2) 0y — Mod(H g (X))ko—adm 5, — Mod(H (X))™ .

The converse of this fact (i.e. the deformation of a differential equation into a
g—difference equation with |¢| =1 and |¢ — 1| large) remains an open problem.

5For an annulus centered at 0, the condition ¢*° € O (A) =D~ (1,1) is equivalent to § € F;lg‘
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REMARK 6.9. There exist equations in 0, — Mod(Hk (X)) which are not ko-
Taylor admissible, for all kg > 1. For example consider the rank one equation

04 — a, with a € K, |a|] > 1. Suppose also that |¢ — 1] < |p|ﬁ, in order that
liminf,, |[n]51|1/ "= mﬁ Then the radius is small and one can compute it explic-
itly by applying [DV04, Prop.4.6]. One has Ray((M, 0}"), p) = |a|_1\p|ﬁ lg—1[p <
g = 1lp. and Ray((M. o}, ). p) = la| 0 [p|77|g* — 1]p < |g* —1]p.

6.4. Propagation Theorem for other rings. The Propagation Theorem
is true over every base ring B appearing in this paper, up to define correctly the
notion of “Taylor admissible”.

DEFINITION 6.10. We will say that a discrete o-module over S is Taylor ad-
missible over an annulus C(I) if its restriction to every sub-annulus C(J), with J
compact, J C I, is Taylor admissible in the sense of Definition 6.1.

6.4.1. Taylor admissibility over Rk and H}(. We recall that D~ (1,1) = Q1 (Rk) =
9 (’Hk) We preserve the notations of section 5.8. One defines Taylor admissibility
over R and 'HTK by reducing to the case of modules over a single annulus C(I.),

for some ¢ > 0 sufficiently close to 0. One finds in this way exactly the Definition
5.46:

DEFINITION 6.11. Let B := Hl, or B := Rg. Let S € D(1,1), with S° # 0.
Let 75 := sup,e g [q — 1|. We set

(6.11.1) o — Mod(B)&™ := o — Mod(B)7*! .

We give the same definition for (o, d)-modules, without assuming “ S° # 0 7 :
(0,6) — Mod(B)24™ := (0, ) — Mod(B) %),

PROPOSITION 6.12. Let again B := H}(, or B:= Rk, let 0 <r <1, and let
S C D (1,r), be a subset, with S°® £ (). Let M € o — Mod(B)[g] (i.e. in particular
M is admissible). Then M is the restriction to S of an analytically constant module

over all the disk D~ (1,r). Moreover, the restriction functor is an equivalence:
[r] Resg (W7

— 0 — Mod(B)g] .

(6.12.1) o —Mod(B)]L ;)

In particular solvable modules extend to all the disk D~(1,1). The analogous asser-
tion holds for (o,0)—modules, without supposing S° # ):

oD (L)
(6.12.2) (0,6) — Mod(B)1L | =5 (5,5) — Mod(B)Y .

Proof : By Lemma 4.4, it suffices to prove the essential surjectivity of Resgi (Lr),

The proof is straighforward and essentially equal to the proof of the propagation
Theorem 6.2.01

COROLLARY 6.13. Let q,q" € D™ (1,1) — p. Let 7 satisfies
(6.13.1) max(|lg — 1], ¢ — 1) <r <1.

Then one has an equivalence of deformation
Def, ./

(6.13.2) 0q — Mod(R )l 2, gy — Mod(Ry)l .
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The same equivalence holds between (4, 5,)—Mod(Rx )" and (o4, 5,)—Mod(Rx ),
without assuming q ¢ p,e. Moreover, if ¢ ¢ p,o, and if |g — 1| <r, then
(6.13.3) (04,04) — Mod (R )"

“Forget §,”

04 — Mod(R )l
is an equivalence.]

EXAMPLE 6.14. We shall compute the deformation of the differential module
U,, defined by the equation
181 o by bp—1

(el
=Oo
(el

1
0

01 @1 ém—z
(6.14.1) 01 (YUm) = 'YUm ’ YUm (x’ y) = ’
8800 000 o 4

where ¢,, := [log(x) — log(y)]™/n!. One has agzk(én(x,y)) = [log(qz) — log(y)]"/n! =
(log(q) + log(x) — log(y))"/n! =31, lo(gé‘i)k)! - . The matrix of o}/ is then

1 log(q) s ... 10%,(3)_7;71
. m—2
0 1 log(q) - %
(6.14.2) A(q,T) = (2
) 1 log.(q)
0 0 1

6.5. Classification of solvable Rank one ¢—difference equations. In
this section we classify rank one solvable g—difference equations over Ry by ap-
plying the deformation to the classification of the differential equations (cf. [Pul ]).
We recall the classification of the rank one solvable differential equations over Rg__ .

We fix a Lubin-Tate group &p isomorphic to G,, over Z,. We recall that &p
is defined by an uniformizer w of Z,,, and by a series P(X) € XZ,[[X]], satisfying
P(X)=w-X (mod X?2%,[[X]]) and P(X) = X? (mod pZ,[[X]]). Such a formal
series is called a Lubin-Tate series. We fix now a sequence 7 := (T,)m>0, Tm €
Q;lg, such that P(mp) = 0, mp # 0 and P(mmy1) = T, for all m > 0. The
element (m,)m>0 is a generator of the Tate module of ® p which is a free rank one
Z,—module. For example, one can choose p = G,,, hence P(X) = (X +1)P — 1,
and 7, = &, — 1, where &, is a compatible sequence of primitive p™+!'—th root of
1, ie. & =1 and €, = &,—1. One has the following facts:

(1) Every rank one solvable differential module over R has a basis in which
the associated operator is

(6141) L(ao, fi(T)) = 51 — (ao - Zﬂ-sfj Z fiﬁ(T>pj7iaT,log(fi7(T))) ’
j=0 =0

where, ag € Zp, and f(T) = (fy (T),..., f; (T)) is a Witt vector in
W (T 10k [T7)), with K, := K (7).

(2) Note that, even if 7; does not belong to K, the resulting polynomial
S0 Tei Yoro £ (1) Or10g(fi (T)) has coefficients in K.

(3) The Taylor solution at co of the differential module in this basis is given
by the so called m-exponential attached to f~ (7):

¢; (T)

(6.14.2) T - epn (F7(T),1) := T - exp(D 7o ),
j=0
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where (¢ (T),...,¢5(T)) € (T7'Ok[T~'])* is the phantom vector of
f7(T), namely one has ¢; (T) = >_7_ p fi(T)P v
(4) The correspondence f~ (T') — eps (f (T'),1) is a group morphism

(6.14.3) W(T 0 T7Y]) 2 T 0 [[T71]

(5) Reciprocally, L(ag, f~(T)) is solvable for all pairs (ag, f~ (T)).

(6) The operator L(ag, f~ (7')) has a Frobenius structure (cf. Def. 7.5) if and
only if ag € Z(p) = Z nNQ.

(7) The operators L(ag, f1 (T)) and L(bo, f5 (T')) define isomorphic differen-
tial modules if and only if ag — by € Z and the Artin-Schreier equation

(6.14.4) F(g=(T)) —g~(T) = f1(T) - 5 (T)
has a solution g~ (T') in W(kw((t))), where ¢ is the reduction of T', and
F is the Frobenius of W (k«((t))) (sending (go,- .., 3s) into (g5, ..., g?)).
(8) In particular the most important fact concerning w—exponentials is that
the series e,= (f~(T), 1) is over-convergent (i.e. belongs to R ) if and only
if the Artin-Schreier equation F(g—(T)) — g~ (T) = £ (T) has a solution
g7 (T) in W, (koo (2)-
REMARK 6.15. By deformation, every solvable ¢-difference equation, with |q —

1] < 1, has a solution at oo of the form T -eps(f~ (T'),1). Its matrix in this basis
is then

Alq,T) = eps (f(qT), 1) Jeps (F7(T), 1) = eps (f (¢T) — f~(T),1) .
By deformation A(q,T) € Rk. This is confirmed by the fact that f~ (¢7") and

f7(T) have the same reduction in W (koo ((t))), and hence e, (f~ (¢T)—f (T),1) €
Rk by the point (8) of the previous classification.

7. Quasi unipotence and p—adic local monodromy theorem

In this section we show how to deduce the g-analogue of the p-adic local mon-
odromy theorem (cf. [And02], [Ked04], [Meb02]) by deformation.

Let K be a complete discrete valued field with perfect residue field (this hy-
pothesis is necessary to have the p-adic local monodromy theorem)

Let 5T C Ry be the so called bounded Robba rmg, = {Diez a; Tt €

R | sup|a;| < +00}. Then, since K is discrete valued, (] oo | |(0,1 ) is an henselian
valued field, with residue field k((¢)). It has two topologies arising from |- |(o 1), and
from the inclusion in Rg. It is not complete with respect to these two topologies,
but 5}; is dense into R . One has

(7.0.1) Hi, c & < Ri.

7.1. Frobenius Structure. Let ¢ : K — K be an absolute Frobenius (i.e. a
ring morphism lifting of the p—th power map of k). Since Ry is not a local ring,
and does not have a residual ring, we need a particular definition:

DEFINITION 7.1. An absolute Frobenius on Ry (resp. 'HJ;{, E}L() is a continuous
ring morphism, again denoted by ¢ : Rx — Rk, extending ¢ on K and such that

AN aT) = X pla)p(T), where ¢(T) = Yy, BT' € Ric (resp. p(T) € Hi,
o(T) € 5}{) verifies |b;| < 1, for all ¢ # p, and |b, — 1| < 1.
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DEFINITION 7.2. We denote by ¢ the particular absolute Frobenius on R
given by the choice

(7.2.1) oT):=T%,  o(f(T)) := f(T7).

where f?(T) is the series obtained from f(7T") by applying ¢ : K — K on the
coefficients.

Let B be one of the rings H}(, 5};, or Rg. For all ¢ € D~ (1,1), the following
diagrams are commutative

(7.2.2) B—"-p B—">B
aq”i © i”q ; p~61l © l&l

DEFINITION 7.3 (Frobenius functor). Let S € D= (1,r), r > 0. Let

(7.3.1) = min( /P e p|7h) .
The Frobenius functor (cf. def. 5.46)
(7.3.2) ¢*: (0,8) — Mod(B)!) —— (0,6) — Mod(B)! |
(7.3.3) (resp. @*: o— Mod(B)[ST] —  o- Mod(B)[;] )
is defined as ¢* (M, oM, 6M) = (¢*(M) , ¢ D | 527y where

(1) ¢*(M) := M ®g,¢ B is the scalar extension of M via ¢,

(2) the morphism ¢? ™) is given by aff M) = Ué\ﬁ ® Uf:

®* (M)

(7.3.4 q— a}]v,[, ®0o, + S —T— AWt (p*(M)),
(3) the derivation is given by
(7.3.5) 52" = (p. M) @ Idp + Idy ® 68

(4) a morphism «: M — N is sent into a ® 1 : ¢*(M) — ¢*(N).

REMARK 7.4. 1.- Let M € (0,8) —Mod(H} )5 Let Y(T,1) = 3, Yi(T— 1)/,
Y; € M,,(K), be its Taylor solution at 1. Then the Taylor solution of ¢*(M) is
(7.4.1) YOTP,1) = > o(Yi)(TP - 1)".

i>0

2.— Let e = {e1,...,e,} be a basis of M. Let o, — A(¢,T') and 61 — G(1,T') be
the operators associated to O’}I\/I and 6} in this basis. Then the operators associated
to ¢*(M) in the basis e ® 1 are
(7.4.2) oq — A?(¢P,TP) , 01 —p-G?(1,T7),
where, according with (2.6.2), one has A(q?,T) = A(q,q?~1T)--- A(q,qT)A(q,T).

DEFINITION 7.5 (Frobenius structure). Let B be one of the rings Hk, 5;(,

or Rg. Let S € D7(1,1) be a subset. Let M be a discrete o—module (resp.
(0,0)—module) over S. We will say that M has a Frobenius structure of order h > 1,
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if there exists an isomorphism (¢*)"*(M) —~— M, over B where (¢*)" := ¢*o- - -0¢*,
h—times. We denote by

(7.5.1) o —Mod(B)Y ,  (resp. (0,8) —Mod(B)Y)

the full subcategory of o — Mod(B)[Sl] (resp. (0,0)— Mod(B)g]) whose objects have
a Frobenius structure of some order.

REMARK 7.6. If M has a Frobenius structure, then r = ¢/ (cf. (7.3.1)) and
hence M is solvable.

REMARK 7.7. We observe that objects in a—Mod(B)(S(b) and (o, 0) —Mod(B)(S@
are, by Definition 6.11, admissible.

REMARK 7.8. Suppose that M € (o, 0) —Mod(H}()[Sl] has a Frobenius structure
of order h > 1. If Y/(T,1) is the Taylor solution of M at 1, this means that there
exists a matrix H(T) € GLn(H}() such that
(7.8.1) ye'(TP" 1) = H(T) - Y(T,1) .

Indeed Ak (1,1)isa H}(—discrete o-algebra over D7 (1, 1) trivializing M (cf. Def.3.5).

PROPOSITION 7.9. Let & be a p™-th root of unity, and let ¢ € Q1 — u(Q1). Let
M € g, — Mod(HL)(®). Then Def, ¢(M) is trivial (i.e. isomorphic to a direct sum
of the unit object).

Proof : Let Y(T,1) € GLn(HJIr() be the Taylor solution at 1 of M in some basis
e. Then, by remark 7.8, there exists H(T) such that ye" (T?"h7 1)=H(T)-Y(T,1).
Hence, one has also Y¢"" (T?"" 1) = H,,(T)- Y (T, 1), for some H,(T) € GLn('Hk).

Since crg(Y*"nh (Tpnh)) =y (Tpnh'), then in the basis H,(T) - e the matrix of o¢
is trivial: A(¢,T) =1d (cf. Section 3.2.1). O

7.2. Special coverings of H}{, canonical extension. We recall briefly the
notions of special coverings. The residue field of E}L( is k((t)) (with respect to the
norm |.|(o,1)). On the other hand, the residue ring of H}( (with respect to the Gauss
norm |.|(g 1)) is k[t,t~']. One has

(7.9.1) Oni, < O
| o
k[t,t7] < k(¢).
We denote by Ok [T, T~ the weak completion of Ok [T,T~}], in the sense of
Monsky and Washnitzer (cf. [MW68]). One has
(7.9.2) Hi = O[T, T 00, K .
7.2.1. Special coverings of G, . Let us look at the residual situation. The
morphism
(7.9.3) 7 := Spec(k((t)) < Gy x = Spec(k[t,t™])
gives rise, by pull-back, to a map

{ Finite Etale } Pull-back { Finite Etales }
Lud-back

9.4 - .
(7.9.4) coverings of ) coverings of G, j
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It is known (cf. [Kat86, 2.4.9]) that this map is surjective, and moreover that
there exists a full sub-category of the right hand category, called special coverings
of Gy, 1, which is equivalent, via pull-back, to the category on the left hand side.
Special coverings are defined by the property that they are tamely ramified at oo,
and that their geometric Galois group has a unique p—Sylow subgroup (cf. [Kat86,
1.3.1)).

On the other hand, if 7 € Ok is an uniformizer element, then both (OSL, (7))

and (Ok [T, T, (7)) are Henselian couples in the sense of [Ray70, Ch.II] (cf.
[Mat02, 5.1]). One can show that the precedent situation lifts in characteristic 0:
(7.9.5)

{ Special } —-®&L { Finite unramified }@RK{ Special }

extensions of Hk extensions of 5}} ext. of R

~ ~

QK | © U —QK

{ Special extensions }_®05}<{ Finite onramified }

—1 -I— .
of Ok [T, T7] extensions of (’)g;{
—Q®Fk | O] U —Rk

Special Pull-back | Finite étale
. — . .
coverings of G, j ~ coverings of 7

where, by special extension of O [T, T~] (resp. H}(, R ) we mean a finite étale
Galois extension of O[T, T~ (resp. H}{, Rx) coming, by henselianity, from a
special cover of G, 1.

REMARK 7.10. One can show that every unramified extension (5}})’ of é'L
(resp. special extension R’ of Ry) is non canonically isomorphic to &t (resp.
R i), for some finite Galois unramified extension K’/K. This situation is analogue
to the classical one, in which every extension of C((T) is of the form C((T™/™)),
for some integers m,n > 0, and hence it is isomorphic to C((Z)), with T = f(Z),
f(Z) := Z™/™. In the case of special extensions of 5}} or R, the relation between
the new variable and the old one is highly non trivial, and essentially unknown. If
k' /k is the residue field of K’, and if t = f(2) € k’((2)) is the relation between ¢ and
z in characteristic p, then the relation between T' and Z in characteristic 0 is given
by T = f(Z) € (95;(, where f(Z) is an arbitrary Laurent series, obtained from f(z)
by lifting coefficient by coefficient.

Let us write S}(VT = S;r(, and EL,‘Z = (5}})’. Let ¢ € D7(1,1), the automor-
phism o, of H}(,T extends uniquely to a continuous K’—linear automorphism of
rings o, : 5}}/72 — E}L(,’Z inducing the identity on k'((z)). Indeed let P(Z) = 0,
P(X) e 08;{ ) [X], be the minimal polynomial of Z. Let P?7(X) be the polynomial
obtained from P by applying o, to the coefficients. Then, by henselianity, there is
bijection between roots of P(X) and of P?¢(X). Hence oy is the unique continuous
K'—linear automorphism given by oy(Z) := Z', where Z’ is the unique root of
P?¢ whose reduction in k((2)) is equal to z. The same considerations show that o
extends uniquely to an automorphism of every special extension of H}( and Ry,
and commutes with the action of Gal(k((2))*P/k((t)))-
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The great problem of the theory is that the extended automorphism does not
send Z into qZ. The general “Confluence” theory introduced in section 4 will be
crucial in solving this problem.

7.3. Quasi unipotence of differential equations.

DEFINITION 7.11. We denote by H;( (resp. E;r(, 7’2\;() the union of all special
extensions of H}{ (resp. unramified extension of 5;(; special extensions of R )

DEFINITION 7.12. Let S € D~ (1,1) be a subset (resp. S C D~ (1,1), with
S° £ (). A discrete (0,0)—module on S (resp. discrete c—module on S) is called
quasi-unipotent if it is trivialized by the discrete (o, d)—algebra

(7.12.1) Hllog(T)]  (resp. EL[log(T)], Rillog(T)] )

REMARK 7.13. Let B := 'H}(, or 5;[(, R . We observe that M is trivialized by
Bllog(T)], if and only if M is trivialized by B’[log(T")], where B’ is a (finite) special
extension of B. Indeed the entries of a fundamental matrix of solutions of M in

Bllog(T)] lie all in a finite extension.

THEOREM 7.14 (p—adic local monodromy theorem [And02],[Ked04],[Meb02]).
Objects in 61 — Mod(RK)(¢) become quasi-unipotent after an eventual extension of
the field of constants. In other words, if M € §; — Mod(R)(?), then there exists
a finite extension K'/K such that M @ K' is quasi unipotent (i.e. trivialized by

Ml [log(T))).00

THEOREM 7.15 (cf. [Mat02, 7.10,7.15]). If a differential equation M € &; —
Mod(Rk) is quasi-unipotent, then it has a Frobenius structure. Moreover, the
scalar extension functor

(7.15.1) 51 — Mod(HE,)@) —ERE 5, — Mod(R)®
is essentially surjective. [J

THEOREM 7.16 ([Mat02, 7.15]). There exists a full sub-category 0f51—M0d('H}()(¢),
denoted by 01 — Mod(H;{)Sp, which is equivalent to 6, — Mod(Rx)(®) via the scalar

extension functor (7.15.1). Objects in that category are trivialized by H}( [log(T)].00

DEFINITION 7.17 (Canonical extension). Objects in ¢; — Mod(Hk)Sp will be
called special objects. We will denote by
(7.17.1) 6, — Mod(Rg)® —2s 5, — Mod(H )P ¢ §; — Mod (M, )@
the section of the functor (7.15.1), whose image is the category of special objects
(cf. Theorem 7.16). We will call it the canonical extension functor.

COROLLARY 7.18 ([And02, 7.1.6]). Let M € &; — Mod(Rx)?), then, up to
replace K by a finite extension K' /K, M decomposes in a direct sum of submodules
of the form N ® U,,, where N is a module trivialized by a special extension of R,
and U, is the m—dimensional object defined by the operator (cf. Ex. 6.14)

010 -+ 0
001 - 0

(7.18.1) 51 — S
000 - 1
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REMARK 7.19. The log(T") appearing in 7.12.1, is used uniquely to trivialize
the module U,,,, m > 2 (cf. Ex. 6.14).

LeEmMMA 7.20. Let N € 6, — Mod(H}.)(?) be a (special) object trivialized by

H}(. LetY = (¥i,;) € G’Ln(H}() be a fundamental matriz solution of N. Let (ET)’
(resp. R') be the smallest special extension of 5;[( (resp. Ry ), such that N ® 5;( is
trivialized by (E1)" (N ® Ry is trivialized by R'). Then one has

(7:20.1) (") = Ekl{Tighisl, R =Ricl{Fighisl-
In other words, the smallest special extension of EIT( (resp. Ry ) trivializing M 1is
generated by the solutions of M.

Proof : Since M is trivialized by (£7)’, then 5}{[{@]}”] C (£7). Hence the
differential field 5;(/ [{":,j}:,;] s an unramified extension, and is then a special ex-
tension. Since (E1)’ is minimal, then L [{7i;}i;] = (7). The case over Ry
follows from the case over S}f(. g

COROLLARY 7.21. We preserve the notations of lemma 7.20. There ezists a
unique K —linear ring automorphism o, of E%[{ﬂi}j}i)j], which induces the identity
on the residual field.

Proof : By Lemma 7.20, 5;‘([{@3}”] is a special extension (i.e. Henselian).
Hence, by Remark 7.10, the extension of o to S}L{[{ﬂu}”] is unique.rd

7.4. Quasi unipotence of c—modules and (o,d)—modules with Frob.
structure.

COROLLARY 7.22. Let S C Dy(1,1) (resp. S° # 0). The scalar extension
functors

(7.22.1) (0,8) — Mod(H}) ) =225, (4,5) — Mod(R )
(7.22.2) o —Mod(Hi) ) =22 5~ Mod(Rg)Y

are essentially surjective.

Proof : By Proposition 6.12 and Remark 7.6, it is enough to prove that the
functors

(7.22.3)  (0,6) — Mod(H})5n (0 %% (0,6) — Mod(Ri )i

—(1,1) D—(1,1)
n —®R an
(7.22.4) o— Mod(H}();fg?l) Z®Rk, Mod(RK)D:({f?l)

are essentially surjective. By Theorem 7.15 there exists a basis of M in which the
matrix G(1,T) of 6) lies in M, (H}.). Moreover, Can(M, 6M) is Taylor admissible,
since all solvable differential equations are Taylor admissible. By Proposition 6.12,
for all ¢ € D7 (1,1), the matrix A(Q,T) := Ya(QT,T) belongs to GLn(HJ;(). O

LEMMA 7.23. Let M € 61 — Mod(H}()(‘b). Assume that K is sufficiently large
in order that M is quasi unipotent. Let ()" be the smallest special extension of

5;( such that M is trivialized by (E1)[log(T)]. Let Y € GLn(é';([log(T)]) be a
fundamental matriz solution of M. Then there exists a K'/K such that the matriz

(7.23.1) A(q,T) =0 (V) -Y!
belongs to GLn(é';(/), for all g € Dy, (1,1).
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Proof : By Corollary 7.18, one can assume that M = N, or M = U,,, where
N and U, was defined in the Corollary 7.18. The case “M = U,,” is trivial, since
both the matrices of 67 and of ol are constant (cf. Ex. 6.14). Let now M =N

(i.e. M is trivialized by 5};) In this case the solution matrix Y lies in GL,((EN))
(cf. Remark 7.13). Up to enlarge K, for all v € Gal((gT)’/é’;{), one has

(7.23.2) v(Y)=Y -H,, H,eGL,(K).

Since o, commutes with every v € Gal((fﬁ)’/g;r() (cf. Remark 7.10), one finds
(7233) A0, T) = 1(0g(V) - T1) = 0(V) - Hy - (V- Hy) ™' = Alq,T) .
Hence A(g,T) belongs to £, for all |¢ — 1| < 1. O

THEOREM 7.24 (p—adic local monodromy theorem (generalized form)). Let
S Cc D7 (1,1), be a subset (resp. S° # (). Then every object M € (0,0) —
Mod(RK)(Sd)) (resp. M € o — Mod(RK)(S¢)) is quasi unipotent, up to replace K
by a finite extension K'/K depending on M.

Proof : By Proposition 6.12 and Remark 7.6, one has (o,9) — Mod(RK)gb) =

(0,0) — Mod(RK)%nj((?l), (resp. o — Mod(RK)(S¢) =0 - Mod(RK);nj(g?l)). On

the other hand, (o,6) — Mod(RK)%n_’(g?l) =0 - Mod(RK)%n_’((f?l) (cf. (2.17.1)).
Hence, without loss of generality, we can suppose that M is a Taylor admissible (in
particular analytic) (¢, d)—module on the disk D7 (1, 1), with a Frobenius structure.
Up to enlarge K, we can also assume that (M,dM) is quasi unipotent. Let us
consider a basis of M in which the matrices of 6M and O‘é\/[ have coeflicients in H}{
(cf. Corollary 7.22).

We forget o™, and consider only the differential equation (M, 6M). The lemma
7.23 provides a second structure of discrete c—module on M on D~ (1, 1), arising

from the fact that M is trivialized by H [log(T)]. Let us call (M,éM, M) this
second structure. By construction (M,dM,5M) is quasi unipotent (cf. Lemma
7.23), hence it remains to show that

(7.24.1) oM =5M.

This will follow by a typical argument of uniqueness in difference Galois Theory:
we consider the Taylor solution of M at the point 1:

(7.24.2) Y(T,1) = (yij)ij € GLn(Ak(1,1)) .

On the other hand, in the same basis, we consider the solution Y of M in H}(:

(7.24.3) Y = (5;)1s € GLu(Hl log(T))) .

We shall verify that, for all ¢ € D7 (1,1), the matrix A(q,T) € GLn(H}() defined
by the Propagation Theorem 6.3:

(7.24.4) A(q,T) =Y (qT,1)-Y(T,1)~ ",
is actually equal to the matrix g(q, T) e GLn(E;r() defined by the Lemma 7.23:
(7.24.5) A(q,T) =0 (Y) Y !.

We need now the following lemma:
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LEMMA 7.25. Let (M, 0M) € §; — Mod(Rg)®). Then, after an eventual finite
extension K'/K, the decomposition given at Corollary 7.18 extends to a decom-
position of the analytic (o,8)—module (M, M, ™M) on D~(1,1), attached to M via
the Proposition 6.12, and also to a decomposition of the discrete (o,d)—module
(M, 6M, M) on D~ (1,1), attached to M via the Lemma 7.23.

Proof of Lemma 7.25 : By Proposition 6.12, Lemma 7.23 and Lemma 4.4, the
forget functors

oD (L)
(0,8) = Mod(R jeate, C)msmet (@) B 51 — Mod(R e )@
disc,const, (¢) Resllji(l’l) (¢)
and (0,0) — Mod(R gaie, C)D_(1 1 ——— 01 — Mod(R gaie )

~

are equivalences by the Theorem 7.14, where Ryu: := R ®x K& and C :=

R gaie [log(T')]. Indeed every object on these categories comes by scalar extension
from a module over R, for some finite extension K'/K. O

Continuation of proof of 7.24 : By Lemma 7.25, it is sufficient to discuss the
case M = U,,, and M = N in the notations of Corollary 7.18. The case M = U,, is

trivial (cf. 6.14): one has that A(q,T) = A(q,T) has constant coefficients.

Let us suppose that M = N is trivialized by H}(. We consider then the discrete
(0,8)—algebras E§[{yi;}i;] and EL[{7i;}i,]. By differential Galois theory, one
has an isomorphism commuting with §}

(7.25.1) E i }is] ﬁ’ EX T i) -
3 K2V}

We must show that this isomorphism commutes also with o,. This follows im-
mediately from the fact that there is a unique K —linear automorphism o, on

5}{[{@-7]-}2-’]-], inducing the identity on k((t)) (cf. Corollary 7.21). O

7.5. The confluence of André-Di Vizio. In [ADV04] authors consider
o,—modules over Ry with a Frobenius structure (i.e. o, — Mod(Rx)(?)). More-

over they restrict themselves to a fixed ¢ € D™(1,1) satisfying |¢ — 1] < \p|ﬁ,
hence they have no troubles with roots of unity. Their strategy is to find a “theory
of slopes” (filtration de type Hasse-Arf) for this kind of g—difference equations in
order to apply the main theorem of [And02] and deduce the Tannakian equiva-
lence T, (see Section 0.1). The proof of this fact needs a remarkable effort and
is the central result of the paper. By composition with the Tannakian equiva-
lence T3 given by the p-adic Local monodromy theorem, they obtain an equivalence
between ¢-difference equations with Frobenius structure and differential equations
with Frobenius structure. They call “confluence” the composite functor 77" Lo Ty.

In a second time they try to describe explicitly this equivalence. For this reason
they introduce the notion of “confluent weak Frobenius structure” using the fact
that the sequence ¢?" goes to 1 ([ADV04, 12.3]). In this last section we show that
their “confluence” coincides with our more general “constant confluence”.

REMARK 7.26. We recall that an antecedent of a o,—module M over R is a
o,—module M_ isomorphic to M: @ : (¢*)*(M_g) — M.
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DEFINITION 7.27 ([ADV04, 12.11]). Let |¢ — 1| < |p|7 and let s > 1 be a
natural number. A confluent weak Frobenius structure on a o,—module (M, U,IJ\/[) €

o4 —Mod(Rk) is a sequence {M,, = (M, U;\g?’m )}m>o of ¢P"" -difference structures

on M, with (Mj, 0'(11\/[0) = (M, aévl), together with a family of automorphisms

* *\S M ~ M,
(7.27.1) Pt ((07) Mumg1) 5 (67)°(0 1) ) —— (M, 0%
of ¢?"" —difference modules, such that
Mg
e operators T 1= a"pT converge to a derivation AM> on M.
1) Th tors A L

(2) If My, := (M, AM=) is this differential module, then the sequence of
isomorphisms (7.27.1) converges to a Frobenius isomorphism

(7.27.2) Dot " (Mo) —— Mo, .

Actually, if M has a Frobenius structure, then the notion of “Confluent weak
Frobenius structure” is nothing else that the constant confluence:

LEMMA 7.28. Let |g — 1| < |p|7T. If M € o, — Mod(Rg)(®), then M has a
“Confluent weak Frobenius structure” and moreover

(7.28.1) M,;, == Defy grem (M), Moo = Defy1(M) .

Proof : In term of matrix solution the previous condition can be written as
follows: if Y;,,(T, 1) is the Taylor solution of M,, in the basis e,,, then the existence
of @, is equivalent to the relation Ygil(Tps, 1) = H,,(T)Y,,(T,1), where H,,,(T) €
GL,(Rk) is the matrix of ®,, in the basis (e,,+1,€,,). Suppose then that M has
a Frobenius structure of order s > 1, that is Yo“oé (T?",1) = H(T)Y,(T, 1), for some
H(T) € GL,(Rk). Then, for all m > 1, we can put

(7282) Mm = Mo 5 e, =€y, Y;n(T’7 1) = YQ(T, 1) .

With this choice of M,,, one has H,,(T) = H(T), for all m > 0, hence the sequence
®,, is constant, and ®,, = P,.. On the other hand it is clear that the operator
AI;/I{Tm is equal to Ag/f,sm , the fact that the sequence Ag/,[,m converges to a derivation
on M is proved by the Propagation Theorem and is actually independent on the
existence of a Frobenius Structure on M (cf. Remark 6.6). [

REMARK 7.29. A.— Lemma 7.28 gives a straightforward and explicit construc-
tion of the functor D) o V%) of [ADV04].
B.— By our result it is evident that the “slopes” of a o,—module are the “slopes”
of the attached differential module, by constant confluence.
C.— The quasi-unipotence of g—difference equations is a straightforward conse-
quence of the constant confluence and of the p—adic local monodromy theorem
for differential equations. Reciprocally one can prove the p—adic local monodromy
theorem for differential equations by confluence by using the results of [ADV04].
D.— The equivalence provided by the Propagation Theorem requires only the defi-
nition and the formal properties of the Taylor solution Y (z,y). For this reason this
equivalence is not a consequence of the theory developed until today, but conversely
the Confluence implies the main results of [ADV04] and also of [DV04].
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