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We prove that the optimal transportation mapping that takes a Gaussian measure γ on an infinite

dimensional space to an equivalent probability measure g · γ satisfies the Monge–Ampère equation provided

that log g ∈ L1(γ) and g log g ∈ L1(γ).

The Monge–Kantorovich problem and the Monge–Ampère equation have become
a very popular object of research in the last decade (see [1], [2], where one can find
additional references). Let µ and ν be two probability measures on Rn such that

W (µ, ν)2 = inf
m∈P(µ,ν)

∫
Rn×Rn

|x1 − x2|2m(dx1, dx2) <∞, (1)

where P(µ, ν) is the set of all Borel probability measures on Rn × Rn whose pro-
jections on the factors are µ and ν. Under broad assumptions on µ and ν (see the
above cited books and [3]), there exists a Borel mapping T that takes µ to ν, i.e.,
µ ◦ T−1 = ν, and satisfies the equality∫

|T (x)− x|2 µ(dx) = W (µ, ν)2.

Therefore, the image of µ under the mapping x 7→ (x, T (x)) gives minimum to the
integral on the right-hand side in (1). According to [4], if µ is absolutely continuous,
the optimal transportation T is the gradient of a convex function V . As shown
in [5], if µ = f dx and ν = g dx are two absolutely continuous probability measures
such that µ is equivalent to Lebesgue measure and V is a convex function such that
∇V takes µ to ν, then, letting det(D2

acV ) be the determinant of the density D2
acV of

the absolutely continuous part of D2V (i.e., the determinant in A.D. Alexandroff’s
sense), we obtain that the set M of points where the matrix D2

acV is defined and
invertible is of full µ-measure and for almost all x ∈M the following Monge–Ampère
equation holds:

f(x) = g(∇V (x)) detD2
acV (x).

The regularity of solutions of the Monge–Ampère equation has been studied in many
works, see references in [6].

Our work is concerned with the infinite dimensional case and its principal result is a
derivation of the Monge–Ampère equation for transformations of Gaussian measures
on infinite dimensional spaces. The assertions given below extend the results proved
in the recent works [7], [8], [9]. We shall use the following important existence
theorem from [7]. Let X be a locally convex space and let γ be a centered Radon
Gaussian measure on X with the Cameron–Martin space H equipped with the inner
product 〈 · , · 〉H ; the corresponding norm is denoted by | · |H . One may assume
without loss of generality that X = R∞, the countable power of the real line, and
that γ is the countable power of the standard Gaussian measure; then H = l2.
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Suppose that we are given a probability measure g · γ such that

WH(γ, g · γ)2 = inf
m∈P(γ,g·γ)

∫
X×X

|x1 − x2|2H m(dx1, dx2) <∞,

where P(γ, g · γ) is the set of all Radon probability measures on X × X whose
projections on the first and second factors are γ and g · γ. Then there exists a
unique measurable mapping (called the optimal transportation) T : X → X that
sends γ to g · γ and satisfies the equality

WH(γ, g · γ)2 =

∫
X

|T (x)− x|2H dγ.

An effective sufficient condition for WH(γ, g · γ) to be finite is the finiteness of
entropy of g, i.e., the integrability of g log g. The optimal transportation has the
form T = I + ∇Φ, where Φ belongs to the Sobolev class W 2,1(γ) and is 1-convex
(see the definition below). If g > 0 γ-a.e. and log g ∈ L1(γ), then T has an inverse
mapping S, i.e., one has T ◦ S(x) = S ◦ T (x) = x for γ-a.e. x. Moreover, S realizes
the optimal transportation that takes g ·γ to γ and S = I+∇Ψ, where Ψ ∈ W 2,1(γ)
is 1-convex.

Let us introduce some notation. Let L2(γ,H) denote the Hilbert space of H-valued
γ-measurable mappings v with finite norm

‖v‖L2(γ,H) =

(∫
X

|v(x)|2
H
γ(dx)

)1/2

.

The Hilbert–Schmidt norm of a symmetric operator A on H is defined by ‖A‖H =(∑∞
i=1(Aei, Aei)

)1/2
, where {ei} is any orthonormal basis in H. Every vector h ∈

H corresponds to a γ-measurable linear functional ĥ on X such that 〈h, k〉H =

(ĥ, k̂)L2(γ) for all k ∈ H (see [10] for details). Set xi := êi(x). As noted above, one
may assume that we deal with the standard Gaussian product-measure on R∞ and
then êi is the usual ith coordinate function. The σ-algebra generated by ê1, . . . , ên
is denoted by Fn. The space of smooth cylindrical functions, denoted by FC∞0 ,
consists of all functions of the form ζ(x1, . . . , xn), where ζ ∈ C∞0 (Rn) for some n.
The Sobolev class W 2,1(γ) consists of all functions f ∈ L2(γ) that have a generalized
gradient ∇f ∈ L2(γ,H) along H such that∫

X

∂hϕf dγ = −
∫
X

ϕ〈∇f, h〉H dγ +

∫
X

ϕfĥ dγ

for all h ∈ H and ϕ ∈ FC∞0 , where ∂h is the partial derivative along h. The Sobolev
class W 2,1(γ,H) of H-valued mappings and the Sobolev class W 2,2(γ) of functions
that are twice differentiable along H with the second derivative in the space of
Hilbert–Schmidt operators are defined in a similar way (see [10] for details). The
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Ornstein–Uhlenbeck semigroup {Pt} on Lp(γ), 1 ≤ p <∞, is defined by

Ptf(x) :=

∫
X

f
(
e−tx+

√
1− e−2t y

)
γ(dy).

Let L be the generator of {Pt} on L2(γ). We recall that L is an extension of the
operator

∆Hf −
〈
x,∇Hf

〉
H

:=
∞∑
n=1

(∂2
ei
f − xi∂ei

f)

acting on smooth cylindrical functions. Given a function f ∈ L1(γ) with f log f ∈
L1(γ), one defines Lf in the sense of distributions as the linear functional

ϕ 7→
∫
X

fLϕdγ

on FC∞0 (note that Lϕ ∈ L∞(γ)). If f ∈ L2(γ), then Lf is a continuous linear
functional on W 2,2(γ). Convergence in the sense of distributions over (X, γ) is
understood as pointwise convergence of linear functionals on FC∞0 .

We recall the definition of a θ-convex function introduced in [11]. Let F : X →
R ∪ {∞} be a measurable mapping such that γ({F <∞}) > 0 and let θ ∈ R1. Let

Fθ : H ×X → R ∪ {∞}, Fθ(h,w + h) =
θ

2
|h|2H + F (w + h).

Then F is called θ-convex if for all h, k ∈ H and α, β ∈ [0, 1] with α + β = 1, one
has

Fθ(αh+ βk, w + αh+ βk) ≤ αFθ(h,w + h) + βFθ(k, w + k) γ-a.e.,

where the measure zero set on which this inequality fails may depend on h, k and
α. See [11] for some equivalent definitions.

A Radon measure µ on X is called Skorohod differentiable along a vector h ∈ X
if there exists a Radon measure dhµ such that for every smooth cylindrical function
ζ one has ∫

X

∂hζ(x)µ(dx) = −
∫
X

ζ(x) dhµ(dx).

Note that γ is differentiable along any h ∈ H and dhγ = −ĥ · γ. The second order
derivative is defined as d2

hhµ := dh(dhµ). In this paper we are especially interested
in the second derivatives of the 1-convex potentials Φ and Ψ. In our case Φ and Ψ
possess the first Sobolev derivatives ∇Φ and ∇Ψ along H. We define Φkh, where
k, h ∈ H, as a Radon measure satisfying the relation∫

X

ζ(x) Φkh(dx) = −
∫
X

∂hζ(x)∂kΦ(x) γ(dx) +

∫
X

ζ(x)∂kΦ(x)ĥ(x) γ(dx).

If ∂kΦ is differentiable in the Sobolev sense, then, according to this definition, Φkh =
∂h∂kΦ · γ.
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The density of the absolutely continuous part of Φkh (with respect to γ) is denoted
by Φac

kh and the singular part is denoted by Φs
kh. Note that since Φ is 1-convex,

the measure Φs
hh is a nonnegative (Corollary 1). In the case when there exists

an H-valued measure with matrix elements Φeiej
, we denote this measure by the

symbol D2Φ. If
∑∞

i=1 |Φac
eiei

(x)|2 <∞ γ-a.e., then theH-valued mapping with matrix
elements Φac

eiej
is denoted by the symbol D2

acΦ (even if D2Φ does not exist; if the

measure D2Φ exists, then D2
acΦ is the density of its absolutely continuous part with

respect to γ). Below we give some sufficient conditions for the existence of D2Φ.
The conditional expectation of f ∈ L1(γ) with respect to Fn is denoted by

IE(f |Fn). Set Pnx =
∑n

i=1 êi(x)ei. The operator IE(·|Fn) extends to bounded Radon
measures as follows: IE(m|Fn) is the restriction of a measure m to the σ-algebra Fn.
It is verified directly that PtIE(f |Fn) = IE(Ptf |Fn).

We consider the following problem: when do the potentials Φ and Ψ satisfy an
infinite dimensional analog of the Monge–Ampère equation? The heuristic formulas
for the Monge–Ampère equation are

g = det2(I +D2Ψ) exp
(
LΨ− 1

2
|∇Ψ|2H

)
,

1

g(T )
= det2(I +D2Φ) exp

(
LΦ− 1

2
|∇Φ|2H

)
.

Here det2 denotes the Carleman–Fredholm determinant which is defined for any
symmetric Hilbert–Schmidt operator Λ by the formula

det2(I + Λ) =
∞∏
i=1

(1 + λi)e
−λi,

where λi are the eigenvalues of Λ counted with their multiplicities. As the first step
one has to show that all the objects involved in equalities (2) and (3) exist indeed. It
has been shown in [7] that LΦ (considered as a distribution on the space (X, γ)) is a
Radon measure if g < C. The density of its absolutely continuous part with respect
to γ is denoted by LacΦ. One can show that LacΦ := lim

n→∞
LacIE(Φ|Fn) almost surely.

Similarly, if g > c > 0, then LΨ is a Radon measure, and LacΨ is the density of its
absolutely continuous part with respect to γ. Another result from [7] states that if
0 < c < g < C, then

g(T )limndet2[I +D2
acIE(Φ|Fn)] exp

(
LacΦ−

1

2
|∇Φ|2H

)
≤ 1,

g ≥ limndet2[I +D2
acIE(Ψ|Fn)] exp

(
LacΨ−

1

2
|∇Ψ|2H

)
.

We see that these results give only inequalities instead of the expected equalities.
However, according to [8], if − log g is an H-convex function (which is, certainly, a
very strong restriction on g), then the infinite dimensional Monge–Ampère equation
holds.

The main result of this paper is the following theorem.
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Theorem 1. (i) Suppose that log g ∈ L1(γ) and g log g ∈ L1(γ). Then there exist
H-valued mappings D2

acΨ and D2
acΦ with matrix elements Φac

eiej
and Ψac

eiej
and a

subsequence {nk} such that γ-a.e. there exist finite limits

L0Ψ = lim
m→∞

1

m

m∑
k=1

nk∑
i=1

(
Ψac
eiei
− xi∂ei

Ψ
)
, L0Φ = lim

m→∞

1

m

m∑
k=1

nk∑
i=1

(
Φac
eiei
− xi∂ei

Φ
)
.

In addition, one has

g = det2(I +D2
acΨ) exp

(
L0Ψ−

1

2
|∇Ψ|2H

)
,

1

g(T )
= det2(I +D2

acΦ) exp
(
L0Φ−

1

2
|∇Φ|2H

)
.

Furthermore, (I +D2
acΨ)(I +D2

acΦ(S)) = (I +D2
acΦ(S))(I +D2

acΨ) = I.
(ii) Suppose that g > c > 0 and g log g ∈ L1(γ). Then L0Ψ = LacΨ and

g = det2(I +D2
acΨ) exp

(
LacΨ−

1

2
|∇Ψ|2H

)
.

(iii) Suppose that 0 < g < C and log g ∈ L1(γ). Then L0Φ = LacΦ and

1

g(T )
= det2(I +D2

acΦ) exp
(
LacΦ−

1

2
|∇Φ|2H

)
.

All these equalities hold almost everywhere.

The main result follows from a series of auxiliary assertions presented below. Let
us consider a probability measure g ·γ and approximations of g by functions gn → g
such that every gn is measurable with respect to Fn. We shall consider the ap-
proximations P 1

n
IE(g|Fn) and IE(g|Fn). Let {Tn} and {Sn} be the sequences of

optimal transportations sending γ to gn ·γ and gn ·γ to γ, accordingly. By the finite
dimensional case

Tn = I +∇Φn, Sn = I +∇Ψn,

where Φn and Ψn are 1-convex functions. It is clear that

Tn ◦ Sn(x) = Sn ◦ Tn(x) = x γ-a.e.

According to [7], one has Tn → T and Sn → S in measure γ. Passing to a subse-
quence we may assume that there holds a.e. convergence. The potentials Φ and Ψ
are not uniquely determined, because adding constants one does not change their
gradients. Throughout we use the convention that the constants are chosen in such
a way that the integrals of Φ and Ψ against γ vanish (and the same for the approxi-
mations). With this convention, we obtain by the Poincaré inequality that Φn → Φ
and Ψn → Ψ in L2(γ).
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The following important identity was proved in [9]:∫
X

log
gm
gn
gm dγ =

1

2

∫
X

|Sn − Sm|2Hgm dγ

+

∫
X

[
Tr
(
DSn(DSm)−1 − I

)
− log det

(
DSn(DSm)−1)]gm dγ,

where DF denotes the derivative of a mapping F . Note that both integrands are
nonnegative. Letting gn = 1 or gm = 1 we obtain the following relations:∫

X

log
1

gn
dγ =

1

2

∫
X

|Sn(x)− x|2H γ(dx)−
∫
X

log det2DSn dγ,∫
X

gm log gm dγ =
1

2

∫
X

|Sm(x)− x|2Hgm γ(dx)−
∫
X

log det2
[
(DSm)−1]gm dγ.

These formulas give the following estimates of the transportation cost:

1

2

∫
X

|∇Ψn|2H dγ ≤
∫
X

log
1

gn
dγ,

1

2

∫
X

|∇Φn|2H dγ ≤
∫
X

gn log gn dγ.

The latter estimate is Talagrand’s inequality [12].

Theorem 2. Let log g, g log g ∈ L1(γ) and gn = P1/nIE(g|Fn). Then there exists
measurable mappings K and L with values in the space of symmetric Hilbert–Schmidt
operators such that, for some subsequence {nk}, the mappings DSnk

−I = D2Ψnk
and

(DSnk
)−1−I converge γ-a.e. to (I+K)2−I and (I+L)2−I in the Hilbert–Schmidt

norm. Moreover,

(I +K)(I + L) = (I + L)(I +K) = I

and the following inequalities hold:∫
X

log
1

g
dγ ≥ 1

2

∫
X

|∇Ψ|2H dγ −
∫
X

log det2
[
(I +K)2] dγ,∫

X

g log g dγ ≥ 1

2

∫
X

|∇Φ|2H dγ −
∫
X

log det2
[
(I + L)2]g dγ.

In particular, ∫
X

(
‖K‖2

H + ‖L‖2
H

)
min (1, g) dγ <∞.

An important step in the proof of Theorem 1 is to show that the operators

(I + K(x))2 − I and
[
I + L(T (x))

]2 − I coincide a.e. with D2
acΨ(x) and D2

acΦ(x),
respectively. This step, however, employs Theorem 2 in the foregoing formulation.

Corollary 1. Let log g ∈ L1(γ) and g log g ∈ L1(γ). Then, for any h, k ∈ H, there
exist bounded Radon measures Ψhk and Φhk and one has

Ψhk =
1

2

[
Ψ(h+k)(h+k) −Ψhh −Ψkk

]
, Φhk =

1

2

[
Φ(h+k)(h+k) − Φhh − Φkk

]
.
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In addition, the measures Φs
hh and Ψs

hh are nonnegative and one has

Φac
hh ≥ lh(T ) γ-a.e., Ψac

hh ≥ kh γ-a.e.,

where

kh :=
〈
((I +K)2 − I)h, h

〉
H
, lh :=

〈
((I + L)2 − I)h, h

〉
H
.

Corollary 2. (i) Suppose that g ≥ c > 0 for some constant c and g log g ∈ L1(γ).
Then there exists an H-valued measure D2Ψ of bounded variation.

(ii) Suppose that 0 < g ≤ C for some constant C and log g ∈ L1(γ). Then there
exists an H-valued measure D2Φ of bounded variation.

The following lemma is a generalization of Lemma 7.2 in [7].

Lemma 1. Let log g ∈ L2(γ). Then LΨ is a bounded Radon measure and γ-a.e.
one has LacIE(Ψ|Fn) → LacΨ. If | log g|2g ∈ L1(γ), then LΦ is a bounded Radon
measure and γ-a.e. one has LacIE(Φ|Fn)→ LacΦ.

Lemma 2. Let F : Rd → Rd be a locally integrable mapping such that its generalized
derivative DF is a locally bounded measure with values in the space of nonnegative
symmetric matrices. Let DacF be the operator-valued density of the absolutely con-
tinuous component of DF and let Ω := {x : detDacF (x) > 0}. Then the measure
λ|Ω ◦ F−1 is absolutely continuous.

Lemma 3. (i) Let g > c > 0 and g log g ∈ L1(γ). Then the series
∑∞

i=1 Ψs
eiei

converges in variation to a bounded nonnegative Borel measure on X.
(ii) If 0 < g ≤ C and log g ∈ L1(γ), then the series

∑∞
i=1 Φs

eiei
converges in

variation to a bounded nonnegative Borel measure on X.

Proposition 1. Let X = Rd and let γ be the standard Gaussian measure.
(i) Let g = eΦ and D2Φ ≤ M , where M < 1. Then I + D2Φ ≤ 1√

1−M I. In

addition, ∫
Rd

|∇Φ|2 dγ + (1−M)

∫
Rd

‖D2Φ‖2
H dγ ≤ 2

∫
Rd

g log g dγ.

(ii) Let g = eΨ and D2Ψ ≥ −M , where M > −1. Then I + D2Ψ ≤
√

1 +M · I.
In addition, ∫

Rd

|∇Ψ|2 dγ +
1

1 +M

∫
X

‖D2Ψ‖2
H dγ ≤ 2

∫
Rd

log
1

g
dγ.

Corollary 3. Let g be a probability density with respect to γ. Suppose that g = e−V ,
where the function V is (1− ε)-convex, ε > 0. Then Φ ∈ W 2,2(γ). If g = eW , where
W is an M-convex function for some M > −1, then Ψ ∈ W 2,2(γ).
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