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ABSTRACT. We consider convex functions on infinite dimensional spaces equipped with
measures. Our main results give some estimates of the first and second derivatives of
a convex function, where second derivatives are considered from two different points of
view: as point functions and as measures.

INTRODUCTION

In recent years several works have been published on infinite dimensional extensions
of the classical result of A.D. Alexandroff on the second order differentiability of convex
functions and related problems (see [1], [2], [3]). Let us recall that according to Alexan-
droff’s theorem [4] (in the two dimensional case obtained by Busemann and Feller [5]; for
a proof see Ch. 6 in [6], §5.4 in [7], Appendix 2 in [8]), every finite convex function F'
on R” has a second order derivative D*F (the so called Alexandroff second derivative) at
almost every point x in the following sense:

Flz+h) — F(z) — DF(z)h — %(D2F(x)h, B) = o([h2), h—0,

where the first derivative DF exists almost everywhere due to the local Lipschitzness
of F. The mapping D?F with values in the space of nonnegative symmetric matrices is
the density of the absolutely continuous component of the locally bounded matrix-valued
Borel measure whose matrix elements are the mixed second order derivatives of F' in the
sense of generalized functions. In addition, for almost all x and all A, k € R™ there exists
a limit

1
OnDF (2) =5 lim ¢ [F(a: +th+th) + F(z — th — tk)

— F(x +1th) — F(x —th) — F(x + tk) — F(x — tk) + 2F(x) |,

and one has 0,0, F(x) = (D*F(x)h, k). It may happen that DF exists not for all points in
a neighborhood of = (the domain of definition of the first derivative of a convex function
may fail to have inner points at all), so D?F(z) cannot be always defined as a derivative of
the mapping DF’, but the indicated limit enables one to define the second order derivative
without reference to generalized derivatives.

It turns out that the Alexandroff theorem has no direct extension to infinite dimensions,
although a number of interesting positive results have been proved. One of the negative
results is that, given a nice measure p on an infinite dimensional separable Hilbert space
X, one can find a convex function that has no Alexandroft’s second derivative at almost
every point with respect to pu. The situation is similar to that of the Fréchet differen-
tiability of a Lipschitzian function; moreover, a convex Lipschitzian function that fails
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to be Fréchet differentiable p-a.e. provides a counter-example for the second order dif-
ferentiability. It is known, however, that the situation with the Fréchet differentiability
of Lipschitzian functions changes if one considers the differentiability along a compactly
embedded subspace £ C X. Then, for any sufficiently regular measure p, one obtains
the Fréchet differentiability along E almost everywhere with respect to p (see [9], §5.11
in [10] or [11]). In this paper, we investigate along the same lines the second order differ-
entiability of convex functions. A study of convexity along a smaller subspace has been
undertaken in [12], [13], where H-convex functions have been introduced in the case of a
Gaussian measure with the Cameron—Martin space H. Here we are concerned with more
general measures and mostly deal with convexity on the lines parallel to a given vector
along which the measure is differentiable. Our main results give some estimates of the
first and second derivatives of a convex function, where second derivatives are considered
from two different points of view: as point functions and as measures.

1. TERMINOLOGY AND AUXILIARY RESULTS

Throughout the term a Radon measure p4 on a locally convex space X means a bounded
(possibly signed) Borel measure which is compact inner regular, i.e., for every Borel set
B and every ¢ > 0, there is a compact set K C B such that |u[(B\K) < ¢, where
lp| = ™+ p~ and p = pt — p~ is the Jordan—-Hahn decomposition (see [14]). Let ||ul|
denote the total variation of p, i.e., ||u|| = |p|(X). Given a p-integrable function g, we
denote by gu the measure with density g with respect to pu. A function f on a locally
convex space X is called smooth cylindrical if

fx) =p(li(z),...,l.(z), ¢eCFR"),l; e X"

We recall that a Radon measure p on a locally convex space X is called differentiable
along a vector h € X in the sense of Skorohod (or Skorohod differentiable) if there exists
a measure dypu (called the Skorohod derivative of p along h) such that for every smooth
cylindrical function f one has

[ ont@ntan) = = [ 1@ dutao)

where Oy f(z) := Pn(l) 7 f(z +th) — f(z)). If dpp < p, then p is called Fomin differen-

tiable. In that case, the Radon-Nikodym derivative 8} of dju with respect to p is called
the logarithmic derivative of u along h. The terminology is explained by the fact that in
the case when X = R and h = 1, the measure p is Fomin differentiable precisely when p
has an absolutely continuous density ¢ with ¢’ € L'(R); then 8} = ¢'/0. The existence
of a Skorohod derivative in the one dimensional case is equivalent to the existence of a
density p of bounded variation. Then d;p is the derivative of y in the sense of generalized
functions. The situation is similar in R", e.g., p is Fomin differentiable along n linearly
independent directions if and only if u has a density o which belongs to the Sobolev class
WHL(R™); then dypu = Opodx and B) = o/ 0.

The shift of a measure p on X along a vector h, i.e., the measure B +— pu(B — h),
is denoted by . If pyy, is equivalent to p for all real ¢, then p is called quasi-invariant
along h. In this case we denote by o, the density of u;, with respect to u. If a measure p is
quasi-invariant along h or Skorohod differentiable along h, then it is continuous along h,
i.e., there holds the equality 15% |l — pen|| = 0. A measure on R™ is continuous along
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n linearly independent vectors precisely when it is absolutely continuous. The quasi-
invariance of a measure on R" along n linearly independent vectors is equivalent to the
existence of a density that does not vanish almost everywhere.

Higher order derivatives are defined inductively; e.g., d2p := dp,(dpp). If b,k € X are
such that both djdgp and didyp exist, then one can show that dndip = didpp, and we
say that d?,u := dpdpp = dpdpp exists. It is worth noting that if p is differentiable (in
Skorohod’s or Fomin’s sense) along h and k, then it is differentiable in the same sense
along any linear combination of h and k and dg, 4t = sdpp + tdgp. If p is twice Fomin
differentiable along h, then the density of dip with respect to u is denoted by ﬁh n- We
observe that if 8% is in L?*(p) and has a p-integrable partial derivative 935, then 1S
twice Fomin differentiable along h and diu = [9,84 + (81)?] 1.

Another useful fact that we employ below is that if y is differentiable along h and k,
then one can find differentiable (in the same sense) conditional measures on the planes
parallel to the linear span L of h and k. More precisely, let Y be any closed linear subspace
in X such that X is a topological sum of L and Y. Let v be the image of || under the
natural projection to Y. Then one can find measures p¥, y € Y, on the subspaces y 4+ L
that are differentiable along h and k in the same sense as y and

W(B) = /Y W(B)u(dy), B e BX).

The same is true in the case of quasi-invariance or continuity along h and k. The afore-
mentioned facts can be found, e.g., in [11], [15].

A Radon probability measure p on X is called centered Gaussian if, for every continuous
linear functional f on X, the induced measure po f~! on the line is centered Gaussian.
Given h € X, let us set

Bl = sup{f(h>: rext, [ fwpu) < 1}.

H=H(u):={heX: |hlg <oo}
is called the Cameron-Martin space of p. It is known that H with the norm | - |5 is a

separable Hilbert space and its natural embedding into X is compact. If X is a Hilbert
space, then H = R(X), where R is the Hilbert—Schmidt operator given by

(Rh, Rk) = /(h,x)(k,a:) p(dx).

To every h € H, there corresponds a unique element h in the closure of X* in L2 ()
specified by the equality

The space

/X h@) f @) puldz) = f(h), | e X"

The element & has a linear version and is called the measurable linear functional generated
by h. It is known that a centered Gaussian measure p is infinitely differentiable along
all vectors h € H = H(u) and ) = —h. In addition it is quasi-invariant along h
and the density of pj, with respect to u is given by on(x) = eXp[A — [h|%/2]. The
Ornstein—Uhlenbeck semigroup (7});>0 on L*(p) is defined by the formula

Ty(x /w e m+my> p(dy).

For these and additional facts on Gaussian measures, see, e.g., [10].



A function F on X will be called convex along a linear subspace E (or E-convex) if
h+— F(z + h) is convex on E for every x € X. If F' is endowed with a norm | - |g, then
we say that an F-convex function F' has a second order derivative along F at a point x
if there exist I, € 0F(x), where 0F(x) is the subdifferential of F' at z, and a bounded
linear operator T,: E — E* such that for each h € E one has

2
Fx +th) — F(z) = t,(h) + %Tw(h)(h) +o(), t—0.

If F is Gateaux differentiable along F at the point x, then 0F(x) consists of a single

element DpF(z) € E*. Set D*F(x) :=T,.

Now let L be the linear span of vectors h and k along which p is continuous and let
F be a real valued p-measurable function on X such that the restriction of F' to y + L
is convex for v-a.e. y € Y (this is equivalent to the convexity of restrictions to x + L for
p-a.e. x € X). According to the Alexandroff theorem cited above, this restriction has a
second order derivative at almost every point € L, where L is equipped with Lebesgue
measure induced by the isomorphism of L and RY, d = dimL. This means that the limit

1
OO F (1) =3 lim ¢t 2| F(z + th + tk) + F(x — th — tk)

t—0

— F(x +th) — F(x — th) — F(x 4+ tk) — F(x — tk) + 2F(x)
exists almost everywhere on L. Hence 0,0y F exists p-a.e. For the same reason,

OFF (z) = 1i£rét*2[F(a; +th) + F(z — th) — F(x + th) — 2F (z)]

exists p-a.e. In addition, 92 F(z) > 0.

It should be noted that 92F may be different from the second derivative of F in the
sense of generalized functions. For example, if f is the usual Cantor function on [0, 1] and

Fla) = / Cfwyat,

then F” = 0 a.e., but F” is not zero in the sense of distributions. As we have mentioned
above, if F' is a finite convex function on R", then there exist locally bounded Borel
measures Fi; on R" such that the generalized derivative 0,,0,,F is the measure Fjj,
and the matrix (F};(B));j<» is nonnegative for every Borel set B. One can write the
decomposition Fy; = Ff°dx + Ffjmg , F{¢ € L}, (R"), into the absolutely continuous and
singular parts and then almost everywhere

Fif(x) = limt 2| F(z + te; + te;) + F(x — te; — te;)

t—

— F(z —te;)) — Flz — te;) + 2F(m)],

where eq,...,e, is the standard basis in R™. One of our goals is to obtain a similar
decomposition in the infinite dimensional case. The main point is to find a suitable
analogue of second generalized derivatives. Our approach is as follows. Suppose that in
the finite dimensional case we replace Lebesgue measure by some probability measure p
with a nice density ¢. Then the generalized second derivative of F' can be expressed via p.
Namely, we can consider the measure Fu (i.e., the measure with density F* with respect
to ), look at its generalized second order derivatives 92 (Fu), which are locally finite
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measures. If F' is twice differentiable in the usual sense, then we can recover 92 F from
the expression

(afiF):U’ = ai(F:u) - 28&71Fazuu - Fai:u?
where the right hand side exists as a locally bounded measure for any convex F. In
general, however, the right hand side is not absolutely continuous and agiF has to be
recovered from its absolutely continuous part. We shall follow this approach also in
infinite dimensions.

Although the pointwise second order derivative does not completely characterize the
function, it is of interest to have the integrability of the function 97F. The next two
lemmas give sufficient conditions for the integrability of 9,F and 0?F along with a bit
stronger version of the above mentioned finite dimensional differentiability.

Lemma 1.1. Let a nonnegative Radon measure p on a locally convexr space X be continu-
ous along a vector h and let a function F' € LP(u) be convex on p-almost all straight lines
x+RYA. Then O,F exists p-a.e. If pi is quasi-invariant along h and the Radon—Nikodym
densities o, and o_y, of the measures uy and p_y, with respect to p belong to L*(u), where
s=pp—r)"tandr € [1,p), then O, F belongs to L™ (u). For the inclusion O, F € L*(u) it
suffices to have the p-integrability of the functions FIn|F|, o, exp on, 0—n€xp o_p or the
p-integrability of the functions |F|exp /| In|F||/e, onexp(e|Inon|?), o_nexp(e|lno_,]?)
for some € > 0.

In particular, if u is a centered Gaussian measure and h € H(u), then O, F € LP~¢(u)
for every e > 0. If Fexp+/|cIn|F|| € L*(n), where ¢ > 2|h|%, then O, F € L' (u).

Proof. In the one dimensional case the function F' is locally Lipschitzian, and by the
convexity of F', almost everywhere there holds the estimate

[F'()] < [F(z = D]+ [F(2)| + [F(z+ 1)].

Indeed, if, say, F'(z) > 0, then F(x)+ F'(x) < F(x+1). By using the absolute continuity
of the conditional measures on the straight lines parallel to h, we obtain that d, F'(x) exists
p-a.e. and
|00 F' ()| < |F(x = h)| + [F(z)] + |[F(x + )]

for p-a.e. x. It remains to estimate the L"-norms of the functions on the right-hand
side by Holder’s inequality taking into account that the integral of |F(x + h)|" equals
the integral of |F'(z)["on(z). If FIn|F| € L'(u), then we use the estimate |F|o, <
|F'|| In | F'||4 on exp o and an analogous estimate with o_;,. The second sufficient condition
for the integrability of 0y, F’ indig\ated in the lemma is considered in a similar manner. In the
Gaussian case, one has In g, = h—|h|% /2, so gpexp(c|In g,|*) € LY (p) ¢ < (2|h|%)~t. O

Lemma 1.2. Let p be a nonnegative Radon measure on a locally convex space X .

(i) Let hy, be a sequence of vectors along which 1 is continuous and let L be the linear
span of {h,}. Suppose a measurable function F' is conver along L. Then p-a.e. F has
the second derivative along every finite dimensional subspace in L.

(i) Let F' € LP(u) for some p > 1 and h € X. Assume that F' is convex on p-almost
all straight lines x + R, u is quasi-invariant along h and that for the Radon—Nikodym
density o, of p, with respect to p we have

[t [om () + o—m(z) — 2] < G(z),
where G € L¥ (), p' = p/(p — 1). Then the limit

P F(x) = 11‘/11% F(x +th) + F(;’ —th) — 2F (x)

)
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which exists p-a.e., defines a nonnegative p-integrable function. In particular, this asser-
tion is true if p is a centered Gaussian measure with the Cameron—Martin space H and
heH.

Proof. (i) It is verified in the proof of the Alexandroff theorem in [6] that the second order
derivative of a convex function on R" exists at a point z provided that = is a Lebesgue
point for the first derivative of F' and for the absolutely continuous part of the second
order derivative and, in addition, the singular component ¢ of the second order derivative
satisfies the condition lgrg) IC|(B(z,r))r~™ = 0, where B(z,) is the closed ball of radius r

centered at x. By the absolute continuity of the conditional measures, one obtains all the
three conditions a.e. on every finite dimensional subspace which is a shift of the linear
span of hy,..., hy,.

(ii) The fact that 07 F(x) > 0 whenever it exists, follows by convexity. In order to show
that 0?F is integrable, it suffices, by Fatou’s theorem, to obtain an upper bound on the
integrals of

gn(x) == n?[F(x +n" h) + F(z —n~'h) — 2F ()]
We have

/ gn(@) u(dz) = / Fly)n?lon(y — n*h) + only +n~*h) — 2] u(dy)

< / F(4)|G () pu(dy).

In the Gaussian case, we recall that o (z) = exp(th(z) — t2|h|%,/2), where h is the
measurable linear functional generated by h. Now it suffices to note that exp |h| € L*(u)
for all s < oo. O

Remark 1.3. It is clear from the proof of Lemma 1.1 that for every n > 1, p > 1 and
r < p there is a constant C(n, p, ) such that for every convex function F from LP(u) with
respect to the standard Gaussian measure ;o on R™ there holds the inequality

(/ |VF<x>|w<dx>)1/r <o) [ |F<x>|pu<dx>)l/p.

Analogous inequalities hold for many other measures.

2. MAIN RESULTS

We shall now see that if a function F' is convex along h and is integrable in an appropri-
ate power with respect to a sufficiently smooth measure p, then the measure Fu is twice
differentiable along h. This fact enables one to consider a generalized second derivative
of F' along h. Throughout X is a locally convex space.

Theorem 2.1. (i) Suppose that a Radon probability measure p on X is twice Skorohod
differentiable along a vector h € X and that F is convex on p-almost all straight lines
r+RM%. Assume also that F is integrable with respect to the measures p and dip and that
OnF is integrable with respect to dpp. Then the measure Fu is twice Skorohod differentiable
along h. In addition, one has

ldh (Fll < 201 Fll 11az ) + 2000 F |22 (aun- (2.1)
(ii) If, in addition, ' > 0 and one has FP, F|3II|P € L*(u) for some p > 1, then

/ |OnF|" dpy < 00 (2.2)
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for some r > 1. Finally, if we also have F € L*(u) for all a € [1,00) and B € L*(p),
then O F € L"(u) for every r < 2.

Proof. Let us consider first the one dimensional case. In addition, we shall assume that
the support of p belongs to some bounded interval [a,b]. Clearly, F' is Lipschitzian on
la,b]. The measure p has an absolutely continuous density ¢ such that ¢’ has bounded
variation. Hence the measure Fy is differentiable and di(Fu) = F'p + Fdyp. Assume,
in addition, that F' and g are smooth. Then, certainly, the measure d;(Fu) is Skorohod
differentiable, but we need an estimate of the variation of its derivative. By convexity,
F"” > 0. Therefore,

0< [ F@e)ds = [ P de < [ 17@)]duld) (23)

As we have
&2 (Fu) = F'u+2F dyju + Fdip,
we obtain from (2.3) the estimate
|t (F)l| < NF"pll + 2| F'dape]| + (|Fdipll < 2| F dipl] + 2/ F'dype]|-
Therefore, estimate (2.1) is established in the present special case. Now, assuming that
o0 is only absolutely continuous with ¢ of bounded variation, but still assuming that F
is smooth and g has bounded support, we can find a sequence of smooth probability
densities p; with support in a fixed interval such that
tim [ [lo,(@) - o(@)] + |¢j(x) — ¢(@)]| dx =0
and sup; [|d3 ;]| < oo. By (2.1) we have
limsup [|di(Fuy)|| < 2| Fdipll + 2| F'dyp]|.

J—00

This yields (see [11], [15]) that d3(Fu) exists and
1 (Fp) || < Yimsup [|df (Fp)|| < 2[| Feipall + 2[| Fdypal].

J—00

Indeed, it suffices to note that for every ¢» € C§°(R) with |¢)| < 1, one has
[odirun =t [ o Fuyas)
j—o0

= lim [ o di[Fu)(de) < lim ||d}(Fpy)]).
The next step is to relax the smoothness assumption on F' still assuming that p has
bounded support in some [a, b]. To this end, it suffices to note that there exists a sequence
of smooth convex functions F; which converge uniformly to F' on [a,b] such that the
functions Fj converge to F” in L'[a,b]. In the same manner as above, one verifies that
(2.1) still holds. Now let us drop the assumption that p has bounded support. Let ¢
be smooth compactly supported functions such that 0 < ¢; < 1, (;(z) = 1 if |z]| < 4,

Gi(z) = 0if |z] > j+1, supsup||{j(x)| + |Cj”(x)|] < 00. Let p; := (jp. Then the measures
J T
Fp; converge to F'i in the variation norm. In addition,
dipy = G+ Gp,  dipy = G+ 2¢dip + Gdip.

It is readily seen from this expression that F'dypu; — Fdip and Fdip; — Fd2u in the
variation norm. Thus, we arrive at (2.1) in the general one dimensional case.



We can write X as a topological sum X = R4 +Y for some closed hyperplane Y in X.
Let v denote the image of 1 under the natural projection to Y. It is known (see [11, Ch. 2]
r [15]) that there exist conditional measures p¥ on the straight lines y + R'h, y € Y,
which are twice Skorohod differentiable along h. For v-almost every y € Y, the restriction
of the function F' to y+ R'A is integrable with respect to d7 ;¥ and the restriction of J), F
is integrable with respect to dyuY. Therefore, by using the one dimensional case, we arrive
at the estimate

5 (F )| < 2| F dipall + 21|0n Fdppll,
which is (2.1).
Now suppose F' > 0 and |F|?, | |PF € L'(u) for some p > 1. According to Krugova’s
inequality [16], we have the estimate

1/(2-¢) l— e
([P Faun) < @]+ R (2a)

for every ¢ € (0,1). We observe that Bf“ = [ + 0, F/F a.e. with respect to the
measure Fyu. Since by our hypothesis 8} € LP(Fp) with some p € (1,2), then also
OnF/F € LP(Fpu). Now let r € (1,p). Set

r s p
Let t = s(s —1)7" Then at =r(p—1)(p—r)~". Since p(p—r)(p—1)"' = pasr — 1,
there is 7 > 1 such that r < p(p — r)(p — 1)~!'. With this r, one has at < p, hence

|F|** € L'(p) and on the account of the equalities 7s = p and as = p — 1 we obtain by
Holder’s inequality

onF|"
[ioner nan = [ pe
Frs 1/s 1/t
< (/ ’a}al ,u(dx)) (/ Fat,u(dx)) < 00.
The proof is complete. O

Corollary 2.2. Let a Radon probability measure p on X be quasi-invariant and twice
Skorohod differentiable along a vector h € X and let a p-measurable function F' be conver
on p-almost all straight lines x + R'h. Suppose also that F € LP(n), F € LY(d3p),
Bl e LY (), on,0-n € L*(1), where s = p(p — r)~'. Then the measure Fu is twice
Skorohod differentiable along h and there hold inequalities (2.1) and (2.2).

Proof. We can apply Lemma 1.1 and the theorem proved above. ([l

Let us observe that if y is twice Fomin differentiable along h, then the assumption that
F ¢ LY(dyp) follows from the inclusions F' € LP(u) and B, € L (), in particular, it
holds in the Gaussian case.

Corollary 2.3. Let p be a centered Gaussian measure, let h € H(u), and let a p-
measurable function F be convex on p-almost all straight lines x + R1h.

(i) If the functions F(1 + |ﬁ|2) and 8,Fh are in L'(w), then the measure Fu is twice
Skorohod differentiable along h and (2.1) is true.

(ii) If F € LP(pu) with some p > 1, then assertion (i) is true and (2.2) holds.

Proof. It suffices to recall that 3 = —h and Bin = (h)2 = |h|%. O
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As it has already been mentioned, it may happen that the pointwise second order
derivative is almost everywhere zero, but the corresponding part of d2 (Fu) is nontrivial.
Let us explain how 97F can be interpreted in the generalized sense in analogy with the
case of Lebesgue measure. Let us set

Epp = d3(Fu) — 20, Fdp — Fd3 p,
provided that each of the three measures on the right exists separately. Heuristically,

Fun = (02 F)p, since if F' is twice differentiable along / in the usual sense and 92 F € L'(p),
then

dy (Fu) = (0;F)pu + Fdypu+ 20, Fdyp. (2.5)
We know that 02 F exists p-a.e. and is p-integrable. However, (2.5) may fail (as it happens
in the above mentioned one dimensional example). In general, F},;, can be regarded as a
derivative of 0y F" along h in the sense of distributions over (X, u).

Theorem 2.4. Suppose that the hypotheses of Theorem 2.1(1) are fulfilled and that O, F €
LY(u) (which holds under the assumptions of Lemma 1.1 or Theorem 2.1(ii)). Then the
measure Fyy is finite and nonnegative. In addition,

th = dh(é?hFu) - (9hFdh;L (26)

Finally, if p is twice Fomin differentiable along h, then the function O}F is the Radon—
Nikodym density of the absolutely continuous part of the measure

Fun = di(Fp) — 20, Fdpp — Fdip
with respect to .

Proof. Let ¢ be a nonnegative smooth cylindrical function. We have
/g ) Fup(do) = /g Vi (Fu)( dx—Q/g YORF () dppu(da) — /g x) d p(dr)
—/maw@wmu@—2/amemqu@
+ [106(2)F (@) + C@)ONF @) dutd)
- [ 0@aF @ utdo) ~ [ ()00F(z) dtie)
—~ [ o) (G (o)

The right-hand side is nonnegative. This is verified by using the differentiable conditional
measures for y on the straight lines 2+R'A and noting that if ¢ is an absolutely continuous
probability density on the real line and G is a convex function such that G’¢’ and G’p are

integrable, then
/ G'(t)o'(t)dt <0.
Indeed, for any fixed a and b one has
b
| et < bt - 6ot

which follows by the integration by parts formula, since ¢ > 0 and the measure G” is
nonnegative. The integrability of G'p enables us to pick a — —oo and b — 400 in such
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a way that G'(b)o(b) and G'(a)p(a) tend to zero. Equality (2.6) is seen from the above
chain of equalities.

In order to prove the last statement, we consider a decomposition X = R'h @Y, where
Y is a closed hyperplane in X. Let L, := {y + th: t € R'}. Let us make the following
observation. Suppose that g and v are Radon measures on X such that there exist a
nonnegative Radon measure o on Y and two families of Radon measures ;¥ and v¥ on L,
y € Y, such that, for every Borel set B in X, the functions y — p¥(B) and y — v¥(B)
are o-measurable on Y the functions y — ||pY|| and y — ||¥|| are o-integrable and one

has
u(B) = [ Bt vB) = [ (5ot (2.7)

It is known that such measures p¥ exist if we take 0 = |u|y, where |u|y is the image of |u|
under the projection on Y (see, e.g., [14]). Therefore, one can always take o = |uly + |v]y
or any other nonnegative Radon measure with respect to which both measures |u|y and
|v|y are absolutely continuous. Clearly, p¥(A) = pY(AN Ly) and v¥Y(A) = vY(ANL,).
Moreover, if o is fixed, then the measures p¥ are uniquely defined o-a.e. Indeed, if B has
the form B = R, x A, where R, = (—oo,r) and 7 is rational and A is a Borel set in Y,
we find from (2.7) that

u(B) = [ (B x g} 0 L) o)

This shows that the values p¥(R, x {y} N L,), r € Q, are uniquely determined on a
set of full o-measure, which yields that the measures p¥ are uniquely determined for
the corresponding y. Suppose now that u < v. Then it is readily verified by using the
uniqueness statement that y¥ < ¥ for g-a.e. y. On the other hand, if 4 L v, then p¥ L 1Y
for o-almost all y. Indeed, it suffices to show this in the case of nonnegative measures,
because |p| L |v]. In that case, there is a Borel set B with u(B) = v(X\B) = 0, hence
w(BY) = v¥(L,\BY) = 0 for o-almost all y € Y. The fact we need below is that the
converse is also true: if p¥ L v¥ for g-almost all y, then g L v. Again, since |p¥| L |vY|
and p < [, || o(dy) and similarly for v, it suffices to consider nonnegative measures p
and v. Letting v = po + p1, where po < g and py L g, we obtain pf < g, and pf L p?
for o-almost all y. By the uniqueness statement, ¥ = uf + pf, hence pf§ = 0 for o-almost
all y, i.e., pop = 0.

Let us show the last assertion of the theorem in the one dimensional case. Then
i = odzx, where the functions ¢ and ¢ are absolutely continuous. Evaluating the first
and second derivatives in the sense of distributions we find (Fo) = F'o+ F(¢/,

(FQ)I/ — (F/Q>/ + F/Q/ _|_ FQ// — QF// + 2F/g/ _"_ FQ// — QF;/C _"_ QF// _"_ 2F/Q/ _"_ FQ//.

sing
It remains to recall that F. coincides almost everywhere with the limit

lm[F(z +1) + F(z —t) — 2F (x)]t 2.

Let us consider the infinite dimensional case. Decomposing X as above and letting
o be the projection of ; on Y, we find the corresponding conditional measures p¥ on
the straight lines L,. It is known (see [11] or [15]) that these measures can be found
twice differentiable. Moreover, for o-almost all y, the measure Fu? is twice Skorohod
differentiable along h and

&2 (Fp)(B) = /Y &2 (Fy¥)(B) o (dy)
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for all Borel sets B in X. Since the result is true in the one dimensional case, according
to the above made remark on conditional measures, we conclude that the absolutely
continuous part [d2(Fpu)]ac of di(Fu) with respect to u admits the representation

B(Fwl = [ @F) oldy) = (G F)n

Y
which completes the proof. 0

Proposition 2.5. Let p be a nonnegative Radon measure on X that is twice Fomin
differentiable along a vector h and let VU be a p-a.e. finite p-integrable nonnegative function
such that the sets {¥ < ¢} have compact closure, let h € X, and let F,,, n € N, be p-
measurable functions such that the sequence {F,} is bounded in LP(u) for some p > 1.
Assume that the functions F,, are convex and twice differentiable along h on almost all
lines parallel to h and

8th Z7Fn }PLLaFnﬁﬁ,h € Ll(M) (28>

Suppose also that the measure di (V) has a density g € LP (i) with respect to . Then the
sequence of measures (02 F,)p is uniformly tight, i.e., for every € > 0 there is a compact
set K. such that |(0?F, ) u|(X\K.) < € for all n.

Proof. According to Theorem 2.1 the measures F,u are twice Skorohod differentiable
along h. Since the measures 0, F'd,u and Fdipu have bounded variations, the functions
O2F, are p-integrable. Therefore,

/ O2F, () W(x) p(d) = / Fo() d2 (W ps)(d)

— [ Fu)g(o) ulde) < 19501

As 0?F,(x) > 0 a.e., the integrals on the left are uniformly bounded, hence by the
Chebyshev inequality the sequence of measures (97 F),)u is uniformly tight. O

Note that if ¥ > 1, then the sequence of measures (97 F},)p is uniformly bounded.
It is clear that condition (2.8) is fulfilled if the measure u is quasi-invariant along h and
Blys By s 0ns 0-n € L¥(p) with a sufficiently large s.

Corollary 2.6. Let i be a centered Radon Gaussian measure on a sequentially complete
locally convex space X and let H be the Cameron—Martin space of p. Let F € LP(u),
where p > 1, be an H-convex function. Then, for any h € H, the measures (0?1 f)u,
e € (0,1), are uniformly tight and converge weakly to Fy; as e — 0.

Proof. We shall construct a function ¥ > 1 that is finite on a linear space of full measure
such that the sets {¥ < ¢} have compact closure and the functions ¥, 9, ¥, 9?¥ belong to
all LP(p). Tt follows by our hypotheses that there exists a balanced convex compact set
K of positive y-measure (see Proposition A.1.7 in [10]). The Minkowski functional ¢ of
K is defined by the formula gx(z) = inf{t > 0: t"'x € K} on the linear span Ex of K
and qi(x) = 400 if € E. The function g is H-Lipschitzian and belongs to all LP(u)
(see §4.3 in [10]). Clearly, the sets {gx < ¢} = cK are compact. However, this function
may not be sufficiently differentiable. Let us consider the function ¥ = Tjqx + 1. This
function is infinitely differentiable along all directions in H and all its partial derivatives
along directions from H are in all LP(u) (see Ch. 5 in [10]). In addition, any set {¥ < ¢}
has compact closure, because it is contained in the set (6¢ + m)K, where m > 0 is such
that u(mK) > 1/2. Thus, the measures (977, F)u are uniformly bounded and uniformly
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tight. Hence as g, — 0 the sequence of measures (977, F')x has a limit point v in the weak
topology (see Ch. 8 in [14]). This limit point coincides with the measure Fyj, because for
every smooth cylindrical function f we have

[ H@R () () i)
—— [ s F) @) ) ~ [ FONTF) o) du(a)
[ BT @ udo) +2 [0S duplde) + [ F0)TF () )
~ [TF@0 @) + 200 w) + T @) )
As & — 0, the right-hand side tends to
[ F@hr(a) + 2005(0)5 ) + 55, 0] )
— [ f@ @) + [ 20,5 F @) duntdn) + [ Fo)f@)d2ntds)
— [ #@ @ En) 2 [ @) dtds) [ Fo)fa)diuis),

which coincides with the integral of f against the measure Fj,. 0

Remark 2.7. One can also consider mixed second order partial derivatives Fj; by setting

o Fhiknik — Fon — Fry
hk = 5

for appropriate h and k. This notation is consistent from the point of view of generalized
derivatives.

We recall that a countably additive measure m on a measurable space (X, B) with
values in a normed space F is said to have bounded semivariation if

Il = sup{[li(m)|[: 1€ E% ]| <1} < o0,
where [|I[(m)|| is the usual total variation of the scalar measure [(m). It is easily seen that

sup [m(B)|g < ||m||g < 2sup |m(B)|e.
BeB BeB

The total variation of m is defined as

v(m) == sup{zn: |m(Bi)|E}7

where the supremum is taken over all finite partitions of X into disjoint sets B; € B. If £
is infinite dimensional, then m may have finite semivariation, but infinite total variation.
We recall that if m is a countably additive measure of bounded total variation with values

in a Hilbert space F, then there exist a probability measure i and a p-integrable mapping
f: X — FE such that m = fpu, i.e.

m(B):/deu, VBeB.
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Corollary 2.8. Let i be a centered Gaussian measure on X with the Cameron—Martin
space H and let F € L*(u) be H-convexr. Then the formula

(TBh,h)H = th(B), B GB(X)7

defines a countably additive measure B — Tg with values in the space HS of all Hilbert—
Schmidt operators on H equipped with the Hilbert—Schmidt norm || - ||gs. In addition,
this measure has bounded semivariation such that

|Tsllms < V2IIF |12 0.

Proof. Suppose first that F' € W22(u1). Then the second derivative D% F(x) is a nonneg-
ative Hilbert—Schmidt operator on H. Let B € B(X). Then the formula

(Tih, ) = /B D3 F()(h, h) p(da)

defines a nonnegative Hilbert—Schmidt operator whose Hilbert—Schmidt norm is majorized
by [||D%F(x)||%¢p(dx). Let {e;} be an orthonormal basis such that Tge; = tje;. We
observe that the functions

& = 0, 01 + |BLP = =1+ &

are mutually orthogonal in L?(p1) and have equal norms v/2 in L?(p). Since the functions
6§jF are nonnegative, the Hilbert—Schmidt norm of 75 can be estimated as follows:

<2 [ 1P o)

Therefore, the claim is true for the functions 7'/ F. Letting k& — oo and noting that
Ty xF — F in L*(u), we obtain the claim by the previous corollary. O

2

| 3@t

2 (e%]

-5

Jj=1

2

| o2 P uto)

/X F(2)&(x) plde)

It is worth noting that analogous results hold for a broader class of a-convex functions
considered in [12]. To be more specific, recall that given a centered Radon Gaussian
measure j, a p-measurable function f with values in the extended real line is said to
be a-convex along a vector h € H = H(u), where a € R, if f is finite a.e. and the
function f+ %EQ is convex on the straight lines z +RA. It is clear that some of the above
results extend also to such functions: it suffices to apply them to f + %EQ and use the

obvious differentiability properties of h. Applications of some results in this paper to the
Monge-Ampere equation on the Wiener space can be found in [17].
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