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Abstract

A Kawasaki dynamics in continuum is a dynamics of an infinite system of interacting particles
in R? which randomly hop over the space. In this paper, we deal with an equilibrium Kawasaki
dynamics which has a Gibbs measure p as invariant measure. We study a diffusive limit of
such a dynamics, derived through a scaling of both the jump rate and time. Under weak
assumptions on the potential of pair interaction, ¢, (in particular, admitting a singularity
of ¢ at zero), we prove that, on a set of smooth local functions, the generator of the scaled
dynamics converges to the generator of an equilibrium diffusive dynamics of an infinite system
of interacting particles. If the set on which the generators converge is a core for the diffusive
generator, the latter result implies the weak convergence of finite-dimensional distributions of
the corresponding equilibrium processes. In particular, if the potential ¢ is from Cg’(Rd) and
sufficiently quickly converges to zero at infinity, we conclude from a result in [Choi et al., J.
Math. Phys. 39 (1998) 6509-6536] that the convergence of process holds when the limiting
diffusion is the gradient stochastic dynamics.
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1 Introduction

A Kawasaki dynamics in continuum is a dynamics of an infinite system of interacting
particles in R? which randomly hop over the space. The generator of such a dynamics



has the form

HP)G) == [ dyetrr ) (FG e Uy = FO)., vel. (1)

xrey

Here, I' denotes the configuration space over RY, i.e., the space of all locally finite
subsets of RY, and, for simplicity of notations, we just write  instead of {z}. The
coefficient ¢(v, z,y) describes the rate at which the particle = of the configuration =
jumps to y.

Let 1 denote a Gibbs measure on I' which corresponds to an activity parameter
z > 0 and a potential of pair interaction ¢. In this paper, we will deal with a class of
equilibrium Kawasaki dynamics which have p as invariant measure. More precisely, for
a fixed parameter s € [0, 1], we will consider an equilibrium Kawasaki dynamics whose
generator (1.1) has the coefficient ¢(, x,y) of the form

c(v,x,y) = (y,2,y) = alz —y)exp [(1 — s)E(z,y\ z) — sE(y,y\2)].  (1.2)

Here, for any v € I' and v € R?\ ~, E(u,v) denotes the relative energy of interaction
between the particle at u and the configuration 7. About the function a(-) in (1.2)
we assume that it is non-negative, bounded, has a compact support, and a(x) only
depends on |z|.

Equation (1.2) allows the following physical interpretation: particles from ~ which
have a high relative energy of interaction with the rest of the configuration tend to
jump to places where this relative energy will be low, i.e., particles tend to jump from
high energy regions to low energy regions.

Note also that the bilinear (Dirichlet) form corresponding to the generator (1.1),
(1.2) admits the following representation:

EWNF.G) = %/Fu(d’y) /Rddw/Rddya(x—y)eXp[—sE(x,v)—SE(y,v)}
X (F(yUy) = F(yUx))(G(yUy) — G(yUxz)).

Under very mild assumptions on the Gibbs measure p, it was proved in [11] that
there indeed exists a Markov process on I' with cddldg paths whose generator is given by
(1.1), (1.2). We assume that the initial distribution of this dynamics is p, and perform
a diffusive scaling of this dynamics. More precisely, for each € > 0, we consider the
equilibrium Kawasaki dynamics whose jump rate is given by formula (1.2) in which
a(-) is replaced with the function

ac(-) == e %a(-/e), (1.3)

and we additionally scale time, multiplying it by e 2. We denote the generator of the
obtained dynamics by H* .



So, the aim of the paper is to show that the scaled dynamics converges, as € — 0, to
a diffusive dynamics on the configuration space I'. Our main result is that, under weak
assumptions on the pair potential ¢ (in particular, we allow ¢ to have a singularity at
zero), the generator of the scaled dynamics, H*¢, converges, on a set of smooth local
functions, to the generator of an equilibrium diffusive dynamics of an infinite system
of interacting particles. The limiting diffusive generator acts as follows:

(99 F) ({a}52,) = Z(—— D F oS (Vo F ()2, sV (i >>)

=1 J#i
X exp [(—28 +1) Z o(x; — xj)} , (1.4)
J#
where the constant ¢ is defined by the equation (6.2) below. Using the theory of
Dirichlet forms [16], we show that, for each s € [0,1], there indeed exists a diffusive
Markov process on whose generator is given by (1.4).

Let us dwell upon two special cases. First, in the case s = 1/2, equality (1.4)
becomes

(HY>OF) ({a}72)

_ _Z( Ap F({zi}i) + D (Ve F({mi}iy), Vol —xj)>>,

J#i

which is the generator of the (infinite-dimensional) gradient stochastic dynamics (also
called interacting Brownian particles), see e.g. [1, 4, 6, 13, 21, 22, 23, 28, 29] and the
references therein. This stochastic process informally solves the following system of
stochastic differential equations:

)= =5 > Volai(t) —a;(t) dt +VedBi(t), €N,
j#i
{z0)}2, =y €T,

where (B;)2, is a sequence of independent Brownian motions.
Second, in the case s = 0, equality (1.4) becomes

(H 90 By ({,)52) ———ZA% ({22, eXp[Zqﬁ —xj}

J#i

The corresponding Markov process was studied in [10], and called there infinite in-
teracting diffusion particles. This process informally solves the following system of
stochastic differential equations:

d;(t) = ceXp[ > dlit) — ))} dB;(t), ieN,

JFi



{:(0)}Z, =7 €T

If the set on which the generators converge is a core for the diffusive generator
H® 40 then our main result implies the weak convergence of finite-dimensional dis-
tributions of the corresponding equilibrium processes. In particular, if the potential ¢
is from C3(R?) (hence, ¢ has no singularity at zero) and sufficiently quickly converges
to zero at infinity, then we conclude from a result by Choi et al. [2] that the weak
convergence of finite-dimensional distributions holds when the limiting diffusion is the
gradient stochastic dynamics.

The paper is organized as follows. In Section 2, we recall some basic facts of
analysis on the configuration space I'. In Section 3, we recall conditions which guarantee
the existence of a Gibbs measure on the configuration space. In Section 4, we recall
construction of the equilibrium Kawasaki dynamics in continuum. Section 5 is devoted
to construction of a class of diffusion processes on I', which will later on appear as
limiting diffusions. In Section 6, we formulate our main results. Finally, in Section 7,
we present the proofs.

2 K-transform and correlation functions

The configuration space over R, d € N, is defined as the set of all subsets of R? which
are locally finite:

=T := {7 CR?| || < oo for each A € O,(R?) }.

Here | - | denotes the cardinality of a set, y5 := yN A, and O.(R?) denotes the set of all
open, relatively compact subsets of R%. One can identify any v € I' with the positive
Radon measure 3, €, € M(R?), where ¢, is the Dirac measure with mass at z, and
M(R?) stands for the set of all positive Radon measures on the Borel o-algebra B(R?).
The space I' can be endowed with the relative topology as a subset of the space M (R?)
with the vague topology, i.e., the weakest topology on I' with respect to which all maps

Py ()= [ @) = f@),  feCo®)

ey

are continuous. Here, Cy(R?) is the space of all continuous functions on R? with
compact support. We will denote by B(I') the Borel o-algebra on T'.
Next, denote by I'y the space of finite configurations in R%:

To=| |18, 10 ={2}, T{":={ncR'|gl=n}, nel

n=0

Evidently, I'y C T'.



Let

(Tléz)zz{(xl,...,xn)e(Rd)”|x,~7éxj fori#j}.

P

Let S™ be the group of all permutations of {1, ..., n} which acts on (R%)" by permuting
the coordinates. Through the natural bijection

(R)"/S" — Tg” (2.1)
one defines a topology on F((]"). The space I’y is then equipped with the topology of
disjoint union. Let B(I'y) denote the Borel o-algebra on I'y. It can be shown (see e.g.
[7]) that B(T'g) coincides with the trace o-algebra of B(I') on I'y. Note also that each
function k : Ty — R may be identified with the sequence (k™) ;, where k) := k({2})

—_—

and, for each n € N, k™ : (R?)" — R is a measurable, symmetric function.
For any v € T, let Zn@ denote the summation over all n C v such that n € T'.
For a function G : I’y — R, the K-transform of G is defined by

(KG)(7) =) G(n) (2.2)

for each v € I such that at least one of the series ), . G*(n), >, <, G~ (1) converges.
Here Gt := max{0, G} and G~ := max{0, —G}.

Let us fix a probability measure p on (I', B(I')). The correlation measure of p is
defined by

pu(A) = / (Kxa) () u(dy),  AeB(T),

where x4 denotes the indicator of the set A. The p, is a measure on (I'g, B(I'g)) (see
8] for details, in particular, measurability issues). Note that p,({@}) = 1.
The following proposition was proved in [8], see also [14, 15]

Proposition 2.1 Let G € L'(To,p,), then KG € LYT,u), the series in (2.2) is
absolutely convergent for p-a.e. v € I', and

IKG| 2 < IKIG] gy = 1G22 (o)

Moreover, then

Gn) pldn) = [ (KG)() (). 23)

To r

The Lebesgue—Poisson measure A\ on (I, B(Ig)) is defined by

=1
Ai=¢eg+ Z o dz®",
n=1
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where dz®" is defined via the bijection (2.1). Assume that the correlation measure

pu is absolutely continuous with respect to the Lebesgue-Poisson measure A. Denote

k, := dp,/dX. Then the corresponding functions (k’,gn))ffzo are called the correlation

functions of the measure p.
In what follows, we will assume that %, satisfies the Ruelle bound, i.e., there exists
a constant £ > 0 such that

ku(n) < €M for all n € Ty, (2.4)

Using (2.4), one, in particular, gets that all local moments of p are finite:
/ A" p(dy) < 0o, n €N, AeO(RY. (2.5)
r

We will widely use the following lemma.

Lemma 2.1 Let f : R? — R be a measurable function which is bounded outside a set
A € O.(RY) and such that e/ —1 € LY(RY, dx). Let also g, g1, go : R — R be such that
elg, efg1, e/ go € LY(R? dx). Define functions Gy, Gy, Gs on Ty by

Gl = ((ef ) )n 0’
= (n(e/ —1)*" Vo (),

(
= (n(n = 1)(ef = 1)*"2 6 (efg1) © (' g2)),

where ® denotes symmetric tensor product. Then, G1,G2,Gs € L*(To, p,) and

S

(KG1)(y) = e,
(KGz)(v): e (g, ),
(KGo)(v) =€ 3" >~ gi(a1)ga(an), (2.6)

T1EY T2€7, T2F£T1

for p-a.e. v €T, and so KGy, KGy, KG3 € L'(T, ).

Proof. Using the Ruelle bound, we clearly have that G, G2, Gs € L'(To, p,). Hence,
by Proposition 2.1, we get KG1, KGy, KG3 € LT, ).

Since f is bounded on A¢ and e/ — 1 € LY(R? dx), we have f € L'(A¢,dx). There-
fore, again using the Ruelle bound, we get: (|f],vac) € LY(T, u). Hence, (| f],v) < oo
for p-a.e. v € T. Furthermore, we have g, ¢g1,9, € L'(A% dx), and so the functions
(lgl,v) and >°, 0 > e mora [91(21)g2(22)| are finite for p-a.e. v € I'. Thus the
functions on the right hand side of formulas (2.6) are well-defined and finite for p-a.e.
vyel.



Next, assume that f, g, g1, go have compact support. Then, equalities (2.6) follow
by a straightforward calculation. The general case follows by approximation. [
We introduce a x-convolution of two functions on I'y, so that

(K(G1x G))(7) = (KG) () (KG2)(7)

(cf. [8]). Then, we have:

(G1xG2)(n) = Z G1(m Unz)Ga(nz Uns),

(m1,m2,m3)EP3(n)

where P3(n) is the set of all ordered partitions of 7 into three parts.
For each A C R?, we denote

Cpi={yel: vy CA}
A measurable function F': I' — R is called local if there exists A € O.(R?) such that
F(y)=F(yp) forallyel.

For such a function F', the pre-image of F' under K is given by

(K7'F)(n) = xra(n) )_(=1)"IE(E), (2.7)

§Cn

see e.g. [8]. Note that, if F' satisfies
|F(v)] < const forall yeT,

then, by (2.7),
(K~ F) ()] < xr, ()2 const, 7 € To. (2.8)

We will also need the space I' := I'ra which consists of all multiple configurations
in R%. So, I is the set of all Radon Z, U {oo}-valued measures on R% In particular,
I' ¢ I'. Analogously to the case of ', we define the vague topology on I' and the
corresponding Borel o-algebra B(I'). For each A € R?, we denote

Iy :={yeTl: supp(y) C A}.

Also, by analogy, we will say that a measurable function F : I' — R is local if there
exists A € O.(R?) such that

F(y) = F(yy) forallyeT, (2.9)

where v (dx) := xa(z) y(dx).



3 Gibbs measures on configuration spaces

A pair potential (without hard core) is a Borel measurable function ¢: RY — RU{+oo}
such that ¢(—z) = ¢(z) € R for all z € R?\ {0}. For v € I' and z € R?\ v, we define
the relative energy of interaction between a particle at x and the configuration ~ as

follows:
D dl@—y), it Y oz —y)| < +oo,
E(CL', ’}/) = YyEY yEY (31)
+ 00, otherwise.

A probability measure p on (I', B(I")) is called a (grand canonical) Gibbs measure
corresponding to the pair potential ¢ and activity z > 0 if it satisfies the Georgii—
Nguyen—Zessin identity ([20, Theorem 2], see also [12, Theorem 2.2.4]):

[t [ A@oFe.) = [ut) [ cdweo-Bea Founn  62)

for any measurable function F' : I' x R? — [0, +0c]. We denote the set of all such
measures i by G(z,¢).

Note that, by virtue of (3.1) and by applying (3.2) twice, we get, for any measurable
function U : T’ x (R%)? — [0, +-o0],

/Fu(dv)z > U(%thvz)Z/Fu(dv)/mzdrcl/wzdxg

T1EY X2€7, T2 F£T1

x exp[—E(r1,7) — E(x2,7) — ¢(71 — 22)]U(y U1 UTg, 71, 72). (3.3)

Let us now describe classes of Gibbs measures which appear in classical statistical
mechanics of continuous systems [26, 27]. We will first formulate conditions on the
interaction.

(S) (Stability) There exists B > 0 such that, for any n € Iy,

> d(x—y) = —Blnl.

{z,y}Cn

Notice that the stability condition automatically implies that the potential ¢ is
semi-bounded from below.
For every r = (r!,...,r?) € Z%, we define the cube

1 , -1
QT::{xERd|TZ—§§xz<rz+§}. (3.4)

These cubes form a partition of R%. For any v € I, we set

Y :==1g,, T €L (3.5)

8



For N € N, let Ay be the cube with side length 2N — 1 centered at the origin in R,
Ay is then a union of (2N — 1)? unit cubes of the form Q,.

(SS) (Superstability) There exist A > 0 and B > 0 such that, if v € 'y, for some N,

then
Y dlx—y) = > (All* = Blwl).

{zyycy rezd
This condition is evidently stronger than (S).

(LR) (Lower regularity) There exists a decreasing positive function a: N — R, such

that
> a(llr])) < oo

reZd

and for any A’, A” which are finite unions of cubes ), and disjoint, with " € '/,

7" € Ly,
> dw—y) == 30 all =Dl bl
ey, yey" ! ezd
Here, || - || denotes the maximum norm on R

(I) (Integrability) We have

le™@) — 1| dz < 400.
Rd

We also need

(LAHT) (Low activity-high temperature regime) We have

11— e ?@|dx < 27 exp(—1 — 2B),
R4
where B is as in (S).

(P) (Positivity) We have ¢(z) > 0 for all z € R<.

A probability measure p on (I, B(I')) is called tempered if p is supported by
Soo:=r— Sn, where

Sp=4vET|VNEN Y |n[><n’[AynZ

reANNZ4

By G'(z,¢) C G(z, ¢) we denote the set of all tempered grand canonical Gibbs measures.
The following theorem is due to [19, 26, 27].

9



Theorem 3.1 (i) Let (S) and (LAHT) hold. Then there exists a measure u € G(z, 9)
which 1s constructed as a limit of finite volume Gibbs measures corresponding to empty
boundary conditions (see [19] for details).

(ii) Let (P) and (I) hold. Then, for each z > 0, there exists a Gibbs measure ji €
G(z, E) which is constructed as a limit of finite volume Gibbs measures corresponding
to empty boundary conditions.

(iii) Let (SS), (I), and (LR) hold. Then the set G'(z, $) is non-empty for each z > 0.

(iv) Let € G(z,¢) be as either in (i), orin (ii), or in (iii). Then w has correlation
functions which satisfy the Ruelle bound (2.4).

In what follows, we will keep a Gibbs measure p € G(z, ¢) as in Theorem 3.1 fixed,
and we will additionally assume that there exists © € O.(R?) such that

sup ¢(z) < co. (3.6)

z€B°

Since ¢ is bounded from below, (I) is now equivalent to the condition ¢ € L'(©¢, dx).
Furthermore, by [10, Lemma 3.1], the relative energy E(z,~) is finite for dx ® p-a.e.
(z,7) € R? x T, as well as E(x,v \ z) is finite for p-a.e. ¥ € I' and for all x € 7.

4 Kawasaki dynamics

We introduce the set FCy,(Cy(R?),T) of all functions of the form

L3y = F(y) =g (en, 7)),

where N € N, ¢1,...,pon € Co(R?), and g € C,(RY), where C,(RY) denotes the set
of all continuous bounded functions on R. For each function F': I' — R, v € I, and
z,y € R?, we denote

SF) () = F(y\xzUy) — F().

(Ds,
We fix any a : R — [0, oo) which is bounded and such that a € L'(R? dx). We
also fix a parameter s € [0, 1] and define a bilinear form

5(8)(F, G) = %/F,u(dv) /le v(dz) /Rd dy a(z —y)
x exp[(1 = s)E(z,7\ ) = sE(y, v \ )|(D,y F)(7)(D,; G)(7),

where F, G € FC,(Co(R?),T).

The following theorem was proved in [11].

Theorem 4.1 (i) For each s € [0,1], the bilinear form (£, FCy(Cy(R?),T)) is clos-
able on L*(T, i) and its closure will be denoted by (£), D(E®))).

10



(ii) For each s € [0,1], there ezists a conservative Hunt process
M = (@, FO, (F7) 0, (01 )izo, (X (1))iz0, (PY)ser)

on T (see e.g. [16, p. 92]) which is properly associated with (), D(£®)), i.e., for all
(pu-versions of ) F € L*(T,u) and all t > 0 the function

L39= (pIF)(y) = /Q PPy

is an £ -quasi-continuous version of exp [—tH®]| F, where (H®), D(H®)) is the gen-
erator of (£, D(E®)). The M is up to p-equivalence unique (cf. [16, Chap. IV,
Sect. 6]). In particular, M) has p as invariant measure.

(iii) Assume that, if s € [0,1/2), we additionally have:

e(1=299(®) _ 1 |dz < oo. (4.1)
Rd

Then, for each s € [0,1], FCL(Co(R?),T) C D(H®) and for any F € FCL(Co(R?),T),

HOF)) =~ [ 2dn) [ dyae—y)
< expl(1 — )7\ ) sB(y, 7\ 2] (D7 F)(3). (42

We will call the process M) from Theorem 4.1 the Kawasaki dynamics (of contin-
uous particles).

Remark 4.1 In Theorem 4.1 (ii), the M(®) can be taken canonical, i.e., Q) is the set
D([0,400),T") of all cddldg functions w : [0, +00) — I' (i.e., w is right continuous on
[0, +00) and has left limits on (0, +00)), X&) (t)(w) = w(t), t > 0, w € QB (F§8)>t20
together with F®) is the correponding minimum completed admissible family (cf. [5,
Section 4.1]) and Gﬁs), t > 0, are the corresponding natural time shifts.

We denote by Ly(I') the set of all local, measurable, bounded functions on I'.
Completely analogously to the proof of [9, Lemma 4.1], we conclude the following

Proposition 4.1 Under the condition of Theorem 4.1, (iii), we have
Ly(T) € D(HY),

and for each F € Ly(T"), equality (4.2) holds.

11



5 Diffusions on the configuration space

We denote by LCZ(T') the set of all functions F on T' which satisfy the following
assumptions:

(i) F islocal and continuous;

(ii) For each fixed ~ € T', the function
R > 2 — F(y+e,)
is twice differentiable, and the functions

R % T3 (2,7) — V. F(y + &), (5.1)
RYx T 3 (2,7) — V2F(y +¢&,) (5.2)

are continuous (here and below V, denotes the gradient with respect to the x
variable);

(iii) For each fixed v € I, the function
(RY)? > (2,y) = F(y +es +¢,)
is twice differentiable, and the function
(RY? x T3 (z,9,7) — VoV, F(y+ e, +¢,) (5.3)
is continuous;
(iv) The functions F', (5.1), (5.2), and (5.3) are bounded.

We also introduce the set FC2(C3(R?),T") of all functions of the form

sy F() =g9(e17), -, lon, 7)),

where N € N, ¢1,...,¢onx € C3(R?), and g € C2(RY). Here and below, C¥(R9) and
CFRY), k € N, denote the space of all k times continuously differentiable functions
on R% with compact support, respectively the space of all bounded, k times continu-
ously differentiable functions on RY with bounded derivatives. We evidently have the
inclusion

FOHC(RY).T) € LE(T),

and therefore the set LOZ(I") is dense in L*(I", s1). (We have included functions from
LCZ(T) into L*(T, u) by taking their restriction to T'.)

12



For a function F': I' — R, a fixed v € [' and = € ~, we denote
VoF(7) =V, F(y — e +e,)] (5.4)

provided the gradient on the right hand side of (5.4) exists at point x.
We fix any s € [0,1], ¢ > 0, and define a bilinear form

EEA0 (P @) = g/r"(‘”) /Rdfy(dg;xvxF(fy), V.G(7))exp [(—=25 + 1)E(z, 7 \ z)],

. (5.5)
where F,G € LCZ(T'), and we denoted by (-, -) the scalar product in R?.
It is easy to see that the integral on the right hand side of (5.5) is well defined and
finite. Indeed, the function

RY % I'3 (z,7) = (Vo F(y + €2), VoG (7 + €2) ) ga

is bounded, and there exists a A € O.(RY) such that this function vanishes whenever
x € A°. Therefore, the statement follows from (3.2) and Lemma 2.1, since

e ¢ — 1 ¢ LYR? dx)

(recall (3.6), which together with (I) implies the latter inclusion). Furthermore, by
(3.2), we have

C

ECI(F,G) = 2 /F pu(dy) /R 2z (VoF(y+2,), VoG(y + &) exp [ = 2E(z, 7))

(5.6)
for F,G € LC2(T).
The following theorem extends the results of [1, 17, 21, 25, 29] (for s = 1/2) and
[10] (for s = 0) to the case of a general s € [0, 1].

Theorem 5.1 For a fized s € [0, 1], assume that the following conditions are satisfied:

a) If s €[0,1/4), then
et ] e LYRY, dx);

b) If s # 0, then ¢ is differentiable on RY\ {0}, e=2¢ is differentiable on R?, and we

have

V| € LY(R?, eA+D9@) gy 0 L2(RY, e(45+D9@) ) 0 LYHRY, €259 ).
(5.7)

Then:

13



(i) The bilinear form (E(S’dif)aﬁcg(r)) is closable on L*(T', ) and its closure will be
denoted by (€45 D)),

(ii) Denote by (H*9D D(H4Y)) the generator of (€90, D(EEND)) . Then
LCYT) c D(H®) and for each F € LCA(T),

(o) (= AFO)+ T VaF (), sVote — )

uEY\x

(HEAOF) () = o /

Rd

xwpk—%+1)§:¢@—vﬂ.®8)

vey\z

Here, AyF(v) := A F(v\ zUu))|

u=x"

(iii) There exists a conservative diffusion process

M(s7 dif)
= Q0 pEdd (A (O M) o, (X (#))0, (PEID) )

on T (see e.g. [16, p. 92]) which is properly associated with (€540 D(£ DY),
The M3 s up to p-equivalence unique. In particular, M4 has 1 as in-
variant measure.

(iv) In the case d > 2, the set T\ T is &9 _exceptional, so that T' may be replaced
with T in (iii).

Proof. Since the proof of this theorem is essentially a modification of the proof for the
cases s = 1/2 and s = 0 in [1, 10, 17, 25], we will only sketch it.

Since |Vé|| € L(©¢,dx) (see (3.6) and (5.7)), it is easy to show, using the Ruelle
bound, that

Z IVo(x —u)|| < oo for de pu(dy)-a.a. (x,v) € R x T.

uey

Fix any F,G € LC2(T). Let A’ € O.(R%) be such that F(y) = F(yy) and G(v) =
G(ya) for all v € T. For z € R? and 6§ > 0 denote by B(z;6) the closed ball in R?
of radius § centered at z. Let A € O.(R?%) be such that B(z;1) C A for all z € A
Consider

C

& (R.G) =5

/Fu(dw /Rdzd:z: (VoF(y+e0), VoGl ) exp [(~256(z—-), )]

Integration by parts yields
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e F.) e [ptdy) [ s (<) AP0+ S (Vola-0), TaF (e

UEYA

X G(v+¢e5) exp [(—2s¢(z — -),7)].

Letting A — R? and using the Ruelle bound, Lemma 2.1, and the assumptions of the
theorem, we obtain:

g (F @) = /Fu(dv) /Rd zdx (—% ApF(vten)+Y (sVo(z—u), VxF(v+€x)>)

uey

X G(y+¢e,) exp [(—=2s¢(z — -),7)].
Hence, by (3.2),
e (F.G) = [ (P )G) ().

where H® 4 [ is given by (5.8).
Using (3.2) and (3.3), we next have:

SRt =& [ ) [ zdeexp [((~4s + Dot =), 7]
X { G A,F(yU x)> — A F(yUx) Y (Vo F(yUz),sVe(z — u))

uey

+ Z<VxF(7 Ux),sVo(z — u))?

uey

+3 Y (VoF(yU ), sVé(z —un)) (V. F(yUz), sV (z — u2)>}

U1 €Y ug€v\u1

2 d d d —2 —) =2 —-
[t [ wan [ wdesenp [(-2sotar —) - 256002 =
+ (—4s + )op(xg — :Ug)] {i Ay F(yUz Uxo) AL F(yUz Uxy)

— A, F(yUzy Uzy) Z<vng(7 Uz Uxg), sVo(ry —u))

uey

— A, F(yUzi Uxe) (Ve F(yUxzy Uxs), sVo(zy — x1))
+ Y (Vo F(y Uz Uas), sp(z1 — u)) (Ve F(y Uy Ums), sV(22 — u))

uey

+> > (Ve F(yUa Uas), sVé(z —w))

U1 €Y ug€v\u1

X (Vi F(y Uz Uxg), sVo(ry — ug))

15



+ Z 2V F(yUzy Uxg), sVo(r) — u)) (Ve F(y Uz Uzs), sVe(xe — x1))

+ (Vi F(y Uz Ug), sVo(r1 — x9)) (Ve F(y Uz Uy), sVP(xg — xl))}
(5.9)

Using the Ruelle bound, Lemma 2.1, the definition of EC’g(f), and the assumptions of
the theorem, one concludes that each integral in (5.9) is well-defined and finite.

Hence, H®*0 is the generator of the bilinear form (£ £C2(T)) in L*(T, )
This implies that (£90 £C?(T)) is closable in L*(T', 1), and the generator of the
closed form (£ D(£(=4iD)) is the Friedrichs’ extension of (H® 40 £C2(T")).

By using the general theory of Dirichlet forms [16], statement (iii) of the theorem
can be proved analogously to [17] and [10], whereas the proof of statement (iv) is
analogous to [25] and [10]. [

Remark 5.1 Note that, even when d = 1, the finite-dimensional distributions of the
process M4 are concentrated on the Cartesian powers of the space I

Remark 5.2 Note that, in the case of the gradient stochastic dynamics, i.e., s =1/2,
assumption (5.7) means:

Vo € LNRY, e @ dz) N L2(RY, e @) da).
and, by (5.8), we get

C

(HW240 ) () = 3 /Rd ~(dz) ( —AF(y) + Y (VaF(7), Voo — U)>> (5.10)

uey\z

for each F € LO2(T).

6 Main results

For each s € [0, 1], let us consider the Kawasaki dynamics M(®) from Theorem 4.1. We
will assume that a(r) = a(|z|) for all z € R, where a : [0,00) — [0,00). We now
perform the following scaling of this dynamics. For each € > 0, instead of the function
a, we use the function a, given by (1.3). In the obtained dynamics, we also scale time,
multiplying it by e 2. Thus, we obtain a Kawasaki dynamics M9 which is exactly
the Hunt process from Theorem 4.1 corresponding to the function e 2a,.. We denote by
(H®9 D(H®9)) the generator of this dynamics. Under the condition of Theorem 4.1,
(iii), we have, by Proposition 4.1, that £,(I') ¢ D(H® ) and, for each F € Ly,(T),

16



(HEOF) ) =~ [ (o) [ dyalta =)o
R4 R
x exp[(l = 8)E(z,y\ #) = sE(y,y \ 2)|(D, F)(v). (6.1)
We also note the evident inclusion LC?(T') C £,(T') (in the sense of functions on T).

Theorem 6.1 Fiz s € [0,1]. Let the conditions of Theorem 4.1, (iii) and Theorem 5.1
be satisfied. Furthermore, assume that the following conditions are satisfied:

a) The function a has compact support.
b) We have e=*¢ € CL(R?).
c) If s # 0, then there exists 6 > 0 such that gs € L*(R¢, dz). Here,

gs(x) = sup e W Vo(y)|, weR”
y€B(2;9)

d) If s # 0, then there exists A € O(RY) such that
e V|| € LY(A, do)
and the function e(=37V?||V¢|| is bounded on A°.

Let
c:= /Rd a(z)(z')? do (6.2)

and let (H®90  D(H YY) correspond to the above choice of the constant ¢ (see (5.8)).
Then, for each F € LCE(T), we have:

H®9F —» HEIO P iy L2(T) p) as € — 0. (6.3)
Remark 6.1 Notice that condition c) of Theorem 6.1 is slightly stronger than the
condition e~*?||V¢|| € L'(R?, dz).

Next, we take the canonical realizations of the processes M9 ¢ > 0, and M i)

and define stochastic processes Y (#9 = (Y*9)5g and Y4 = (Y90 _ - whose
law is the probability measure on D([0, +00),I"), respectively C([0, +oc),T') (replace I
with I" if d = 1), given by

QWY = /Pgs’e) p(dy),
r
respectively
Q(s,dif) — /P’(ys,dif) ﬂ(d’y)
r

17



Corollary 6.1 Assume that the conditions of Theorem 6.1 are satisfied. Assume ad-
ditionally that LC(T') is a core for (H 4 D(H(S 4D)). Then, as e — 0, the finite-
dimensional distributions of the process M€ weakly converge to the finite-dimensional
distributions of the process M9 with ¢ given by (6.2).

Remark 6.2 In [4], Fritz stated without proof that, in the case of a sufficiently smooth
potential ¢, the set FCZ(CZ(R?),T") (and hence also LOZ(T')) is a core for the generator
of the gradient stochastic dynamics, (H(/24) D(fF1/2.dih)Y)),

Following [2], we will now introduce additional conditions on the potential ¢.
Let o : [0,00) — R be any monotonic, increasing, and concave function such that:

(i) «(0) > 1 and a(A\) — oo as A — oo.

)
(i) &'(N) < [1/(1 4+ A)]a(A) for A > 0, and there exists a constant ¢ > 0 such that

a’(A) = —=c[1/(1+ ).

For example, let [(A) := log(l + A), A > 0. Then, for any n € N, the function
a(N) :=1+1o---ol(\) satisfies the above conditions.
——

n times
So, in what follows we will assume:

(A) We have ¢ € C3(R?), and there exist a constant ¢y and a function « that satisfies
the conditions (i) and (ii) above, such that, for all z € R?,

Vo) + Vo) + [Vie(x)l| < exp[—colog(l + [a*)a(l + |z[*)].

Corollary 6.2 Let 1 € G'(z,¢) be as in Theorem 3.1, (iii). Assume that the assump-
tions of Theorem 6.1 for s = 1/2, as well as assumption (A) are satisfied. Then, as
€ — 0, the finite-dimensional distributions of the process M1/%€) weakly converge to
the finite-dimensional distributions of the process MY/% 9% with ¢ given by (6.2).

Remark 6.3 Assume that the assumptions of Corollary 6.2 are satisfied. To prove
this corollary, we will easily extend the convergence (6.3) to a wider set of local func-
tions, and then use the result of [2] stating that this set of functions is a core for
(H/%d0)  p(H1/240)) - However, we believe that, using the technique of the K-
transform, it should be possible to deduce from [2] that the set FC2(C2(R%),T) is a
core for (H(1/2:46)  D(H(1/2.4i))) (the latter statement has also been conjectured in [2]).
Then, Corrolary 6.2 would become a special case of Corllary 6.1.

18



7 Proofs

Proof of Theorem 6.1. Denote the support of the function a by A. By a), the set A is
bounded and hence r := sup,ca |h| < 00. Recall 6 from condition c) of the theorem.

In what follows, we will assume that € € (0,0/r). Then

leh| < § for all h € A. (7.1)
Fix any F € LC?(T). By (6.1),
(HOIF)0) == [ (o) [ dna)
x exp((1 = s)E(x, 7\ x) — sE(z +eh,y \ 2)|(F(y\ U (z +¢ch)) — F(7)).

Using (3.2) and (3.3), we have:

/F (H™OF)?(y) p(dr)
_ 6—4/Fﬂ(dy) /Rdzdx Adhl/Adhza(hl)a(hg)(F(vu (z + ch1)) — F(yU )
X (F(yU (x +¢€hg)) — F(yUx))
X exp [Z((—Qs + 1)p(x —u) — so(x + €hy — u) — sp(v + ehy — u))

uey

/ d"}/ / Zd.ﬁL’l/ Zdl’g/ dhl/ dhga, hl h2)
R4 R4

X (F(yU (21 + €hy) Umzy) — F(y Uz Uag))
X (F(yUxy U (zy+ €hy)) — F(y Uz Uxy))

X exp {(1 — 28)p(x1 — ma) — (w1 + €hy — x3) — s@(xy + €hy — 11)

+ Z(—sqzﬁ(ml —u) — sPp(ry —u) — so(xy + €hy — u) — sp(xe + €hy — u))|.

uecy

(Here and below, our calculations are justified by the assumptions of the theorem and
Lemma 2.1). Hence, by Lemma 2.1, we get:

/ (HO P 0) )
/Rdm/ dhl/ dhy a(hy)a hz)/ w(dy)(F(yU (z +ehy)) — F(yU))

F(yU(z +€hy)) — F(yUx))
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((6 —2s+1)p(z—)—s¢(w+eh1 —)—sp(z+eha—) _ 1)®n):>:0) (7)

/ Zdl'l Zdﬂ?g/dhl/ dhga hl hg)
d R4

R

X exp [(1 — 28)¢p(x1 — x3) — sP(x1 + €hy — x9) — sP(wo + €hy — :131)}
X [ p(dy)(F(yU(z1 + ehi) Uzy) — F(y Uz Uwxsg))
X (F(yUxy U (xg 4+ €hy)) — F(y Uz Uxg))

(((e‘” T1—)—sp(ma—)—s(w1+ch1—)—s(ateha—) _ 1)®n)zo:0> (). (7.2)

waﬂ\

For each v € T" and z, h € R, denote by 4, (7, z, h) a point in the segment [x, x + h]
such that

F(U @+ h)) ~ F(yUa) = {VaF(yUa), b) + 5(V3F(3 Up), k%) (73)

y=y1(7,z,h)’

Also, for each x,h € R%, we denote by y»(x, h) a point in the segment [z, x + h] such
that

eSO th) — gm59(2) 4 =502 (_ o7 b (yo (1, ), B). (7.4)

Note that the existence of y; (fy,x,h) and ya(z, h) follows from the definition of the
LCZ(T) and assumption b) of the theorem, respectively. Note also that, by (7.1),

e M|V (ya(x, eh))|| < gs(x), z €RY, heA.
Now, by (7.2), (7.3), and (7.4), we have:

JECOFR() i)
T
_ dz [ dhy | dhoa(hy)a(hs) / (dy) (e 2F (v, 2, ha, hs)
Rd A A
+€ (’%xvhlah%e ’Y,CL’ h17h27 ))( G(1)<'7Z)’J,h1,h2,€))(’}/)

+/ Zd.iEl/ Zdl’g/ dh1/dh2a hl h2
R4 R4

(1-4s)p(z1—x2) +€U1(x17$27h17h27 >+€ u2<$1,$2,h1,h2,€))

X

'1\/&\

X M(dV)( _2F( )(77x17x27h17h2) +€_1F( )(%$1,$2,h17h2, )

—~

+ F02)(7, x1, T2, hy, ha, 6)) (KG@)(', x1, T2, hy, h, 6))(7) (7-5>

Here,
uy (21,2, by, ho€) i= 6(1733)““7“)(6754&(3}2(“712’6}11))<—3V¢(y2(1’1 — 12,€hy)), hy)
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+ €_S¢(y2(z2_$1’6h2))<—Sv¢(y2(1‘2 — X, th)), h2>),
Ug (1, T, By, By, €) == e(1=25)d(x1—72) ,—sb(y2(z1—22,6h1)) o =56 (y2 (22 —21,€h2))

X <—SV¢(y2(I1 — T2, 6h1)), h1><—SV¢(y2($2 — X1, €h2)>, h2>, (76)

and

FY (v, 2,0, h) o= (Vo F(y U ), ) (Vo F(y U), h),

FU (v, 2,0, b, €) i= (Vo F(y U ), hi) (1/2)(V2F(y U y), h5?)|
+ (Vo F(yUz), ho)(1/2)(V2F(y Uy), h{?)|

FyY (.2, ha, ha, €) = (1/4)(V2F(y Uy), h§2)|
x (V2F(yUy), h5?)|

y=y1(7,z,eh2)
y=y1(7,2,eh1)’

y=y1(7,7,€h1)

y=v1(7,3,ch2)’

and

FEQQ) (v, 21, @9, hy, ha) == (Vy, F(y Uz Umg), hi) (Ve F(y Uy Uxg), ha),
Fg)(fy,a:l,:vg, hi, ha,€)
= (Vo F(y Uy Uwy), ) (1/2)(ViF(y Uz Uy), hS?) ‘y=y1(’7uﬂc1,$2,6h2)
F+ (Ve F(y Uz Usy), h2>(1/2)<V§F(7 Uy U xsg), h?2>|
Fél)(% x,hy, ho,€) = (1/4)<V§F(7 Uy U z,), h‘iw)‘
x (ViF(yUz Uy), h$%)|

y=y1(YUz2,x1,€h1)’
y=y1(yUz2,z1,ch1)
(7.8)

y=y1(yvUz1,22,eh2)’

and

G(l)(.7 x, hy, ho, e)
= (1960 1 gD (b, oy €) + €680 (-, ha, o, €))L
G(2)(~71’1,I2, hq, ho, 6) = ((6—2s¢(x1—.)—23¢>(m2_.) 1

+ 69?)('7 T1, T2, hy, he,€) + 6299('; x1, T2, hy, ha, 6))@11)20:07

where
9V (2, by by, €) = el 73D (e s =5V o (yo(z — -, €hr)), h)
+ 6—s¢(yz(m—-,ehz))<_8v¢(y2(x — -, €hy)), h2>),
g, hy, By, €) i= 2D oms0 2 o) (oG (g (1 — -, €hy)), By )
x e 0w @=eh)) (o7 (1o (x — -, €hg)), ha),
G2 (@1, w2, hy, o, €) = e )20 m) msb =) (o gy () — -, €ha)), )
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e )0l ) 0w ) 5T (g — -, ha)), h),

952)('7 T1,Xg, hi, By, €) 1= e~ 5¢@17)758(@2—) o =59 (y2(@1—s6h1)) g5 (y2 (@2~ €h2))

X <—5V¢(y2(:c1 -, 6h1)>, h1)<—sv¢(y2(x2 -, Ehg)), h2> (79)

Since F' is a local function, so are Fj(i)7 i=1,2,7=-2,—1,0, as functions of v € T".
Then, by (7.5), we get
J IR0 nlan
r
= / zdx dhl dhg a(hl) (hg)
R A A

X

/ pu(dn) (K~ 1(52F<1( 2, hy he) + € CFY (L m by, by, €)
I

—I—Fl , L, hl,hg, y L, hlah27 ))( )
+

/ Zdl’l/ Zd!ﬂg/ dhl/ thCL h1 h2
R4 R4

1—4s)p(x1— I2)+€u1<x17,§[}2,h1,h2, )+€ u2($1,$2,h1,h2, ))

X/ pu(dn)(K_ (E_QFEQ)(-,Jil,ZL‘Q,hl,hQ)—l—€_1F£21)(',$1,.’L'2,h1,h2,6)
To

o

e(

+ B (a1, 9, ha, ha, €)) x GO (- 0, 9, ha, ha, €)) (7). (7.10)
Collecting the coefficients by powers of €, we get:
JUEIPRO) = e + er@ +ald +ae, (1)
where
_ = g zdx/ dh1/ dhs a(hy)a(hs) / pu(dn)

s ®n\ 0o
) (K F9) (2, b, ha) 5 (409600 1)) ()
+/ Zdl’l/ zdxs dhl/ dh2e(1—43)¢(rl—$2)
R4 R4 A A

X Pu 77)(K 1F ( T1, g, b, ho) % ((6_2”(“_')_2”(%2_')—1)®n)zo:0>(77)>

0

/ zdx/dhl/dhgahl (hs) / pu(dn)[(K FOC 2, hy, hy)
R4 To

(6 —4s+1)¢ 1) ®(n= )®91 ( x, h17h27 ))n 0)(”)
+ (K*Fﬁ’(-, R T (G B N N [00]

—

22



+/ Zdl’1/ ZdZL‘Q/ dh1/ dhga(hl)a(hg) [6(1_4S)¢($1_12)
R4 Rd A A

X/ puldn) (KT EB) (- w1, o, by, g, €) % (e 200072002 )M 1y ()
1)

+ w1 (21, T2, ha, o, €) / Pu(dn)(K_ng)(‘a 1, &2, ha, ho)

To
" (<672s¢(w17-)725¢($27') — 1)®”)ZO:0) (n)

+e(14s¢(x19€2))/ (K71F£22)<',371,x2;h17h2>
To

(n (e 2e0lm—)—2s0lr2=) _ 1)®( )®g§)( 1, T2, ha, ha, )):310)(77)},

/ zdx/dhl/dhga (hi)a hg)/ pu(dn)
Rd T'o

X (KT Y, h o)

* (n(n — 1)(1/2) (119 — )2 o (V- hy, by, €))

n n( (1—4s)p(z—-) _ 1)®( b ® g(l)( x, hy, ha, 6))n:0) (n)
(K lF(l( x, hi, ha, )

N (n( (1-4s)p(z—-) _ 1) 2(n—1) @gl ( x, hy, ha, )) 0) (n)

- (KTUED s, haye) e (0749970 = 1)) |

()
/ zd:cl/ zde/dhl/thQ (h1)a h2)[ (1—4s)p(x1 —x2)
R4 R4

X pu(dn) (K 1F() (s 21, T, by, hay€)
1)

N ( 672‘%5 x1—)—2s¢(x2—") _ 1)@”):10:0) (77)

4 e(1-45)0(a1 xz)/ pu(dn)(K’lF@(-,xl,%z,h1>h2a6)
1)

+

* (n(e’2s¢(“")f2s¢(“*') — 1)®(n_1) © 9%2)(', L1, T2, ha, ho, 5));20:0)(77)
+ p(1—4s)p(z1—x2) / pp(dﬁ) (K’ng)(‘, T1, 79, hy, h2>
To
% (n(n — 1)(1/2) (6—2s¢(z1—-)—2s¢(x2—~) _ 1)®(n—2) o (gi )( 21, 2, hy, ha, e))®2
4 (e _ )P0 0 O 0 0V )

+U1($1,332,h1,h27€)/ Pu(dnquFg)(':37173527h17thE)

o
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(et - 1)®”)°° 0)<n>

+U1<x1,x2,h1,h27 / p/,L (2)(',I1,I2,h1,h2)
To
« (n(6—25¢(w1 N—2sp(z2—-) 1>®( 1) ®g§ )( 1,9, by, B, E))Zozo)(”)
+U2($1,$2,h1,h27 pM (2)(‘,$1,£L'2,h1,h2)
To
% ((67254)(901 )—2sp(xa—) _ 1) ) )(77):|’ (712)

and cq(€) is defined so that equality (7.11) holds, i.e., by subtracting from the right

hand side of (7.10) the expression c_s(€)e 2 + c_1(€)e™! + ¢o(€), given through (7.12),
and dividing by e.
We evidently have:

/ a(h)h*dh =0, i€ {l,...,d}, (7.13)

and therefore
c_o(€) = c_1(e) = 0.
Furthermore, as easily seen a;(€) = O(e) as € — 0.

Below, we denote ¢}(z) := (0/0z")¢(x) and ¢! (x) := (0?/9(z")*)¢(x). So, using
(7.13), the equalities

/ a(WKik dh =0, ije{l,....d}, i 4]
Rd
/ a(h)(h)?dh=¢, i€ {l,...,d},
Rd
and the dominated convergence theorem, we get

lim [ (H®IF)*(y) p(dy) = lim co(e)

e—0 r

URZd“’/ puldn)| (K (0/02")F(- U) (902 F(- U )

* (n(n - 1)( (1-4s)g(e— 1)®

® (6(1—45)¢( ) )) ® ( (1-4s)p(z—- )(—S)qb;(l’ — ))

—|—n( (1—4s)p(z—) _ 1)®(n 1) @ (e-4stDo(z— )(—s)¢;(:1:— -)(—s)¢;(x— )))oo )(77)
—f—(K_l(a/@a:) (-Uz)(9%/(027)*)F(- U )

(e 1) 6 (I ) = 0)) ) )

7
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+ (K (1/4)(0/ (02 F (- U ) (97 (07 ) F (- U) % (199070 — 1)) <) (77)]

+ zd:cl/ z dxy <e(148)¢(“$2)/ pu(dn)
Rd R4 I

X [(K‘1(1/4)(82/(8x§)2)F(- Uy U o) (0%/(823)*)F(- Uy Uas)

* ((6—28¢(901—‘)—28¢(I2—') _ 1>®n):’:0) (77)

+ (KY(0/0x)F(- Uz U 22)(8?/(0x)?)F (- Uy U )

« (n(€—2s¢(ml—~)—2s¢(m2—~) _ 1)®("_1) 0 (6—25’(1)(331—')—234)(902—')(_5)¢;(x1 _ >))ZO:O) (77)
+ (K1 (0/0x)F(- Uz U 22)(0/0xL)F (- Uxy U )

« (n(n _ 1)<e—23¢(x1—‘)—25¢(x2—~) . 1)®(n72)

0 (e—2s¢(x1—~)—2s¢(xz—~)(_S)d);(xl _ )) ® (6—2s<z>(a:1—')—2s<z>(:02—~)(_S)gb;(g32 _ ))

+ n(e—23¢(w1—~)—2s¢(3:2—~) o 1)®(n—1)

© (¢RI )l — )6 (2 — 1)) ) )]

— s¢l(x1 — x9) /F pu(dn) (K’l(a/axi)F(- Uz U %2)(82/(833%)2)}7(' Uz Uxg)
* ((6—25¢(7€1—')—25¢($2—') _ 1)®n):’:0) (77)

= 25¢i(ar —aa) [ pudn){(0/0) Py Uiry U2z)(0/0u]) Fly Uy Uz

To
(e )P0 g (e ), )
— 5¢i(x1 — ) (—5)¢)(x2 — 1)

<[ puan) (710702 (3 Uiy Uan) 0/ 0Py U U )

(e ) ) (714

By Lemma 2.1, the expression in (7.14) is equal to the right hand side of equality
(5.9). Hence,

lim [ (H®9F)*(y) p(dy) = /(H(s’dif)F)Q(v)u(dv)- (7.15)
“—vJr r
Analogously, one may also prove that
iy [ (HOOR) ) HEOF)0) () = [(HESOFP ). (116)
“vJr r

Now, (6.3) follows from (7.15) and (7.16). O
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Proof of Corollary 6.1. By Theorem 6.1, [3, Chapter 3, Theorem 3.17|, and the as-

sumption of the corollary, we see that, for each ¢ > 0, e~tH® 9 _, o—tH( 4D strongly in

L*(T, ) as € — 0. To conclude from here the weak convergence of finite-dimensional
distributions, we proceed as follows.

We fix any 0 <ty <ty <--- <t,, n € N. For € > 0, denote by pf, _, the finite-
dimensional distribution of the process Y ®9 at times ¢, ..., t,, which is a probability
measure on ['". Since I' is a Polish space (see e.g. [18]), by [24, Chapter II, Theorem 3.2],

77777

space M(I'™) of the probability measures on I' with respect to the weak topology,
see e.g. [24, Chapter 11, Section 6]. Hence, the weak convergence of finite-dimensional
distributions follows from the strong convergence of the semigroups. [

Proof of Corollary 6.2. Let us first recall the following estimate of the correlation
functions of the measure p, which is stronger than the usual Ruelle bound (2.4).

Lemma 7.1 ([27]) Let u € G'(z,¢) be as in Theorem 3.1, (iii). Then, there exist
&,1 > 0 such that

b(n) < €Mexp | =0 S |, forall n e T (.17)

rczd

(recall the notations (3.4) and (3.5)).

We denote by D the set of all functions F' on I" which satisfy the same assumptions
as functions from LCZ(T"), accept for condition (iv), which now reads as follows:

(iv) Let A be the minimal subset of R? which is a finite union of @, cubes, and such
that (2.9) holds for this set A. Then there exist ( > 0, 7 > 0and 0 < p < 1
(depending on function F') such that

[EIV IV F(y + )| VIVIE(y + 24l

< (Mexp {T(ljtz Z ¢+(u—v))p] for all v € I'y, = € A. (7.18)

u€y veEy, vEU
Here, ¢t (u) := ¢(u) V0, u € R

Analogously to (2.8), we conclude from (2.7) that, for F' as in the condition (iv)
above, we have

|<K-1F><n>|SXFAmxzoﬂ'exp[T(HZ 3 ¢+<u—v>)p], neTo. (7.19)

UEN VEN, vEU
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Next, for each n € 'y, we have:

2. ) #u—v)<supotlu (Zlm)

u€EN VEN, vEU rezd

< sup ¢ (u) vol(A Z n,]?. (7.20)

d
u€eR rezd

By (7.19) and (7.20),

(P < xe o) e (140 3 ) | (7.21)

rezd

where

o = sup ¢ (u)vol(A).

ucRd

Hence, by Lemma 7.1 and (7.21), we easily have: F' € L?(T', 1). Furthermore, it is
not hard to show that the statement of Proposition 4.1 holds with D replacing Ly, (I").
Next, it follows from [2] that there exists a subset D; of D such that

Dl C D(H1/2’dif),

for each F' € D; equality (5.10) holds, and D; is a core for (HY?d4f D(H1/2dif)),
Therefore, analogously to the proof of Corollary 6.1, we see that, in order to prove
Corollary 6.2, it suffices to show the convergence (6.3) for each F' € D;. But this can
be done completely analogously to the proof of Theorem 6.1. One only needs to use
Lemma 7.1 instead of the Ruelle bound (2.4), the definition of D, estimate (7.21), as
well as analogous estimates for the functions

“H0/02)F (- + &), K (0/0x")F (- + e, +¢,), K 1(9/02")(0)0x7)F(- + &),
K~ Y0/0x)(0)03")F(- + e, +¢,), my€A, i,j=1,....d, [.
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