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VALUES OF SPECIAL INDEFINITE QUADRATIC FORMS*
GUIDO ELSNER

ABSTRACT. For special d-dimensional hyperbolic shells £ with d > 5
we show that the number of lattice points in E intersected with a d-
dimensional cube C). of edge length r, can be approximated by the vol-
ume of ENC,., as r tends to infinity, up to an error of order O(r?=2). We
generalize results and techniques, used by F. Gotze (2004), to a large
class of indefinite quadratic forms and we provide explicit bounds for
the errors in terms of certain Minkowski minima related to these qua-
dratic forms. Furthermore, we obtain, as in the positive definite case, a
result for multivariate diophantine approximation and for the maximal
gap between values of such indefinite forms.

1. INTRODUCTION

Let @ denote a d-dimensional quadratic form. For a,b € R we consider
the set £ of points in the d-dimensional Euclidean space, for which @) takes
values between a and b. In case that the quadratic form Q[z] is positive
definite, E' is an elliptic shell, but in this paper we will investigate indefinite
forms and hence, E' is a hyperbolic shell.

For a (measurable) set B C R? the lattice volume of B is the number of

lattice points in B (formally vol; B o #(B N Zd)) and vol B denotes the

Lebesgue measure of B. For the hyperbolic shell £ we want to approximate
its lattice point volume by the Lebesgue volume. We want to investigate
this approximation by estimating a relative lattice point rest of large parts
of the hyperbolic shell E. Therefore we consider for » > 0 the d-dimensional
cube C. with edge length r and intersect the cube C with the hyperbolic
shell E. The relative lattice point rest of £ N C, is now defined by

volz(ENC,) —vol(ENC,)

def
A= vol(ENCy)
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We will show for special indefinite forms @, that A = O(1) as r — oo (The-
orem 2.1)) and that even A = o(1) as r — oo provided that @ is irrational
(Theorem 2.2]). Recall that a quadratic form Q[z] and the corresponding
operator ) with non-zero matrix Q = (g;;), 1 <1i,j <d, is called rational
if there exists a real number A # 0 such that the matrix A@Q has integer
entries only; otherwise it is called irrational.

Similar results for forms @ of signature (p, q) satisfying max(p, ¢) > 3 have
been proved by Eskin, Margulis and Mozes in [EMMO98]. These are quanti-
tative versions of the well-known Oppenheim problem concerning the distri-
bution of values of Q[m], m € Z%. In 1929, Oppenheim ([Opp29], [Opp31])

conjectured that if d > 5 for an irrational non-degenerate quadratic form

Q the quantity m(Q) o inf{’Q[mH :m € Z4 m # 0} equals zero. In the

rational case this was known by Meyer’s Theorem (see [Cas78|). Later it
was conjectured that even for d > 3 and @) irrational the equality m(Q) = 0
holds (for irrational diagonal forms this was suspected in and it
is not true in dimensions 3 and 4 without the assumption of irrationality).
The different approaches to this and related problems involve various math-
ematical methods from analytic number theory, from ergodic theory, from
representation theory of Lie groups, reduction theory and from the geome-
try of numbers. In [Mar89] Margulis established the Oppenheim conjecture
in dimensions d > 3, as stated by Davenport and Heilbronn for d > 5. In his
seminal work he proved that the set of values of () at lattice points is dense
in R. Quantitative versions of this problem were later on developed by Dani
and Margulis (JDM93]) and Eskin, Margulis and Moses (JEMMO98]). They
consist of quantative bounds on the ratio between the lattice point volume
and the Lebesgue volume of the set of points in the cube C,, where the
quadratic form takes values in a small interval. The quantitative bounds
provided in these results yield the asymptotic number of points in these
regions as a polynomial in » up to a non-effective error term tending to
zero in proportion to the leading term. The estimates thus obtained are
implicit, since they do not provide explicit bounds in terms of diophantine
approximations of irrational coefficients of the form. For a detailed discus-
sion of results on these problems by Oppenheim, Heilbronn and Davenport
and others, see [Mar97]. In Bentkus and Gotze proved explicit error
bounds in the quantitative Oppenheim problem for the elliptic shell as well
as for hyperbolic shells for d > 9 by a common approach. They provide
more explicit bounds (in terms of diophantine approximation) for distribu-
tion functions of the values of the quadratic form on C,, whereas the direct
application of the previous methods seems to be restricted to the case of
the concentration in compact intervals.
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In Gotze showed that in the positive definite case for d > 5 the lat-
tice point rest is of order O(r¢=2) for arbitrary forms, and of order o(r?=2) if
the form is irrational. These results refine earlier bounds of the same order
for dimensions d > 9 (see also [G6t04] for the history of such estimates and
further references).

In the present paper we apply techniques of [G5t04] to special indefinite
forms and we obtain explicit bounds in terms of certain Minkowski min-
ima of convex bodies related to these quadratic forms. Adapting these
techniques, the main problem consists of the estimation of the difference
between the lattice point and the Lebesgue volume by an integral of gen-
eralized theta functions. In order to achieve such an estimate, we develop
tools, different from those in [G6t04], which involve adjustable smooth ap-
proximations of the indicatior functions of the hyperboloid and of the cube
C,. The bound given by an integral of theta functions does not use the
special structure of the indefinite forms under consideration. Furthermore,
a careful modification of the arguments in [G5t04] even leads to a bound in
terms of the Minkowski minima mentioned above, which holds for any indef-
inite form. The special structure of the forms is only used when we estimate
the appearing functions of Minkowski minima by adapting the techniques
of to the indefinite case. As in the positive definite case we show
that in the irrational case the maximal gap between successive values of
the quadratic form at lattice points converges to 0 as r tends to infinity
(Corollary Z4]). Furthermore, we extend the results of Bentkus and Gotze
(IBG99]) on distribution functions for values of quadratic forms to dimen-
sions including 5 up to 8 (Theorem 7). In addition, we obtain a result for
multivariate diophantine approximations for these special indefinite forms

(Theorem [2.6]).

This paper is organized as follows: In the second section, we state the
two main results about the asymptotics of the relative lattice point rest
and derive two important corollaries concerning gaps between values of the
quadratic form and concerning multivariate diophantine approximations.
Furthermore, we give explicit quantitative bounds for the relative lattice
point rest. In the third section, we prove the results of the second section.
In the fourth section, we collect auxiliary results (e.g. from geometry of
numbers, metric number theory, theory of theta functions), which are used
in the proofs of the theorems.
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2. REsSuULTS

Let R?, 1 < d < oo, denote the d-dimensional Euclidean space with scalar
product (-,-) and norm [-| defined by |z|*> = (z,2) = 2? + --- + 27 for
v = (x1,...,74) € R% Let Z? denote the standard lattice of points with
integer coordinates in R¢.

Consider the quadratic form
Qlz] € (Qz.x), for zeR’,

where @ : R — R denotes a symmetric linear operator in GL(d, R) with
eigenvalues, say, qi,...,qqs. We write

def . def _ def —1
o = min lgl, ¢ = maxlgl, q = max{q ;q}. (2.1)
In the sequel we always assume that the form is non-degenerate, that is,
that qo > 0.

We say that a quadratic form @ is of block-type, if and only if we can write
Q = Q" —Q, where Q" and Q~ are positive definite quadratic forms,
Q7 [z] only depends on the first d; coordinates of R and Q~[z] on the
d — dy remaining ones only.

We define for a,b € R, with @ < b and for M € R? the sets

def
EaJ);M -

{zeR : a<Qz—M]<b}. (2.2)
Note, that if the quadratic form @[z] is positive definite, then £,/ is an
elliptic shell.

Recall that a quadratic form Q[x] and the corresponding operator () with
non-zero matrix @ = (¢;;), 1 < 4,7 < d, is called rational if there exists
a real number A # 0 such that the matrix A@Q has integer entries only;
otherwise it is called #rrational.

For r > 0 we set C, = {r € R? : |z|o < 7}, where |-|o denotes the
maximum norm on R? and

def

def
HnM -

H = Bopu NG (2.3)

For any (measurable) set B C R? let vol B denote the Lebesgue measure
of B and volyz B its lattice volume, that is the number of lattice points in
BN Z% We want to investigate the approximation of the lattice volume of
H, ps by the Lebesgue volume. Therefore we estimate the following relative
lattice point rest of large parts of hyperbolic shells H,. 5, M € R?, r large.
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We define
VOIZ Hr,M — vol Hr,M

A(r, M) o (2.4)

vol H,. pr

The two main results of this part of the paper are the following

Theorem 2.1. For a non-degenerate, d-dimensional, block-type form Q,
d>5 and all M € R? it holds

A(r, M) =0(1), as r — oo. (2.5)

The estimate of Theorem 2.1] refines an explicit bound of order O(1) ob-
tained for dimensions d > 9 in for arbitrary ellipsoids and in [BG99
for arbitrary hyperbolic shells. Since this bound is optimal in the case of
positive definite forms (JG6t04], p. 196), the bound in Theorem 2.1]is also
optimal for block-type forms.

In case that @ is irrational Theorem 2.1 can be improved.

Theorem 2.2. For a non-degenerate d-dimensional block-type form @,
d>5 and all M € R? it holds

A(r,M) =o(1), provided that Q is irrational. (2.6)

For irrational forms and dimension d > 9 the bound of Theorem has
been already proved in [BG99]. We should remark again, that the bounds
of both theorems are explicit and effective.

Remark 2.3. For M € Q¢ the condition A(r, M) = o(1) implies that Q is
irrational.

Using Theorem we can derive easily a Corollary about gaps between
values of block-type forms:

For a positive definite quadratic form, Davenport and Lewis [DL72] conjec-
tured in 1972, that the distance between successive values v,, of the quadratic
form Q[z] on Z? converges to zero as n — oo, provided that the dimension
d is at least five and (@) is irrational. This conjecture was proved by Gotze
[G6t04]. Now we can derive an analog result for irrational block-type forms
and dimension d > 5.

For a vector M € R? let
V(ir) € {Qlz-M] : z€2'nC,} (2.7)

denote the set of values of Q[z — M], for lattice points x € Z? in a box of
edge length r.
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We define the maximal gap between successive values as
d(r) © sup inf{fv—u : v>uveV(r} (2.8)
ueV(r)
Corollary 2.4. For a non-degenerate d-dimensional block-type form @,
d > 5, the follwing holds:
(1) lim d(r) = 0, provided that Q is irrational.
(2) For M € Q% and Q rational we get lim d(r) > 0.

The Theorems 2.1] and follow from Theorem below. Furthermore,
in Theorem (combined with ([BI]) in the proof of the Theorems [21] and
22)), estimates of the remainder terms in (Z3]) and (2.0) in terms of certain
diophantine properties of () will be given.

In order to describe the explicit bounds we need to introduce some more
notations. Let |(z,9)|s denote the maximum norm of a vector (z,y) in
R? x RY. For any ¢ > 0 and r > 2 consider the norm F on R? x R? given by

F(z,y) def }(r(x+t@y), yr‘l)]oo. (2.9)

We introduce the so called Minkowski minima of the convex body {F < 1}
as

My, = inf{F(m,n) : (m,n) € (Z* x Z*)\ 0} (2.10)

and we define in general M}, as the infimum of A > 0 such that the set of
lattice points with norm less than A, that is

{(m,n) € Z* x Z* : F(m,n) < A},

contains £ linearly independent vectors. By definition we have r M;, > 1.
For d > 4 and r > 2 we introduce

Tp, & inf {P9My, - My, - TV <t < T}, (2.11)
def  _gy1—1 | _3d 2 s _1
p(r,Q,T) = §@TT2+q> max{ﬁvmaT d"‘}
_1,2
+ g2 log(qT Dp, + 1), (2.12)
d
p(r@) it {4 gi 4 (L logr) +p(r,Q,T) }

(2.13)
For any fixed 7' > 1 and irrational @ it is shown in Lemma [4.23] that
lim I'r, = oo, (2.14)

T—00



VALUES OF SPECIAL INDEFINITE QUADRATIC FORMS 7

with a speed depending on the diophantine properties of ). This implies
that

rllrrolo p(r,Q) = 0. (2.15)

With these notations we may state a Theorem providing quantitative bounds
for the difference between the volume and the lattice point volume of a hy-
perbolic shell.

Theorem 2.5. Let () denote a non-degenerate d-dimensional block-type
form, d > 5, and M € R Furthermore, let ¢(Q, M) > 0 be defined as
in Theorem [31] below and K = K(d) is chosen according to [B.8). Then
there exist constants c¢; > 0, j = 1,2, depending on d only and a constant
ro =1r(Q, M,a,b) >0 such that, for any r > o,

(1) }VOIZ H, pp — vol HnM}
< epert?. <(b —a+ 1% " +c(Q, M)g" " (log g + 1) + 1)-
(2) }VOIZ H, p — vol HT7M} < cg-rd2. <(b —a) gl r %

1 |al + (0]
r

+ =0 (M + 207 )+ QM) - p(r. Q) ).

where lim p(r, Q) =0, provided that Q) is irrational.

Note that the summand p(r, Q)r?2 in the bound in Theorem is at
least of order O(r%? logr). It may be indeed of this order since r M, <4 r
shows that the maximal value of 'z, is of order O(r?) and we may choose
T = O(r?) with 3 > 0 sufficiently large.

Note that an error bound of order %2+ has been proved by Jarnik [Jar2§]
for diagonal Q@ = diag(sy, .., sq), s; > 0 for Lebesgue almost all coefficients
Sj.

The proof of Theorem 2.5]is based, roughly speaking, on an 'continuous’ ap-
proximation of }VOIZ H, py — vol H,, M} by an integral over generalized theta
functions. We will derive bounds for parts of this integral, which use the
distribution of the first Minkowski minimum M; ;. We investigate this dis-
tribution using results from metric number theory. As a consequence of this
investigation, we also get a result for multivariate diophantine approxima-
tion:

def . :

For a vector x € R? let ||z| = inf |z —m|s denote the error of an integer
meZ

approximation. For real numbers £ > 0, v > 1 we introduce

D(t,v) =vmin {|[tQn|| : n € Z% 0 < |n|s < v}, (2.16)
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and let A denote the Lebesgue measure. Then we have

Theorem 2.6. Assume that ) is a symmetric, non-degenerated block-type
form, which is normalized such that qo = 1. Then there exists a constant
c(d) > 1 depending on d only such that for any r > 1 and any interval [k, €]
satisfying 0 < &€ — k < 1 the following inequalities hold

Mt ek, & My <7} < ¢(d) (qT2 (&E—kr)+ Tr_l), (2.17)

sup My, > min{mg, (£ —kK)}, (2.18)
te[r€]
sup D(t,v) > min{rg,v({ —k)/2}, (2.19)
te[r€]

c(d)+2> 1/2

for any v > 1¢, where 1g aof <26(d)q

Refining the proofs, we may extend Theorem [Z1] and 22 to include the case
a = —oo, i.e. the case of distribution functions. This partially extends a
result obtained by Bentkus and Gétze in to the dimensions including
5 up to 8.

Theorem 2.7. For a non-degenerate, d-dimensional, block-type form @,
d>5 and all M € R we set

Fou(®) € {zeR? : Qz—M]<b, |t|<r}.
Then for the corresponding relative lattice point remainder holds
volz Fy 11 (b) — vol Fy pr (b) ) B o(1),  provided Q is irrational,
vol Fy 1 (b) O(1), otherwise,

asTr — OQ.

3. PROOFS
First we deduce Theorem 2.1] and from Theorem

Proof of Theorem [2.1] and 2.2
By Lemma A1l we obtain for M = (M, ..., M) and for r large

_ _ 1 1 =2 .
vol Hypy >q (b—a)g%? <q§/2 + 7 (| |2 M, ..., |qal 2 M) }) rd=2

Dividing the inequalities in Theorem 23] (1) in the general case (resp. Theo-
rem [270] (2) in the irrational case) by vol H,. s, the estimate (3.1 completes
the proof of Theorem [2.1] (resp. of Theorem [2.2]). O
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Proof of Corollary [2.4]
If @ is irrational, Theorem implies, that for any a,b € R

b
voly H:}M

-1 —0 as r— oc. (3.2)

a,b
volg H,"y

Hence, Hfjl\’/[ NZ* # Q for all a,b € R if r is sufficiently large. This implies
that lim d(r) = 0 and the proof of part (1) is completed.

r—00

If @ is rational, there exists a real number A > 0, such that \Q) has integer
entries only. For M € Q7 there exists a u € Z, p # 0, such that uM € Z<,
Hence, it holds that Q[m — M] € X 'u=2Z? for all m € Z%. Therefore
d(r) > A"tu=2 >0 for all » > 1, which proves part (2). O

We should remark, that by using (3.14) and (B.I) one can obtain explicit
bounds for d(r) in terms of r and p(r, @Q)), representing diophantine proper-
ties of Q.

Proof of Remark 2.3  Analyzing the proof of Corollary 24 (1) we rec-
ognize that A(r, M) = o(1) already implies lim, ., d(r) = 0. Under the
assumption M € Q7 the condition that @ is rational yields by Corollary 2.4
(2) that lim, .. d(r) > 0. Thus, for M € Q¢ the irrationality of @ follows
from A(r, M) = o(1). O

The first step in proving Theorem is to analyze smooth approximations
of the lattice volume of H,:

For a,b € R and a smoothing parameter w > 0 we define g, 4, : R — [0,1]
by

def 1
Gapw(T) = E((b tw—x)y —(b—2)y —(a—2)) +(a —w—12);).(3.3)
This function g,p, is a linear continuous approximation of the indicator
function Iy, of the interval [a,b]. By Lemma .8 we may rewrite g, .., as
follows

] B+1 0o
—x)z —x)z a—zx)z a—w—1x)z dz
ga,b,w(ﬂf) = % eltw—a)z _ o(b-2)z _ ( )—|—6( ) o
1 B+ioo d
z
=~ o exp [—xz] - hapw(2)—, 3.4
i B e RGO e (3.4)

—1 00
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def eXphUZ]_'l

where hyp(2) = ——— - <exp[bz] —exp|(a — w)z]).

wz

Using gqp. We construct a continuous approximation er(r; a,b, M) of the
(monotone) lattice point counting function r — volz(H, »r) depending on

two smoothing parameter w > 0 and ¢ > 0. Setting Q4 o (QTQ)%, we
define

Vo (r;a,b, M) oo Z exp [—% Q+[x]] Gabw (Q[m — M]) Xe <§> (3.5)
zeZd
and

e 2
VE (0,0, M) < / exp |~ Q[v]] gus (Qlr = M]) . () dr (3.6)
Rd
where y4. is a function with the following properties:
(1) For u € R? it holds

(u) = exp [2- Q4lul], if |u|eo < min{l;1+e},
Xt =900, if |ufoe > max{1;1 +¢}.

(2) There exists a constant ¢, (¢, M) > 0 such that for

_ def _
Xae(2) = xae(2) - exp[(z,2r'QM)] (3.7)
the following estimates hold for an appropriate K = K(d) € N:

@ [ Rew]d < a@an-*

o[
{lvfeo>d™ 27}

The existence of such a function y,. follows by standard arguments from
Fourier analysis (cf. [EIs06], p. 27, Lemma 2.4.5). Note, that the function
def

Urae@) e[~ Qulel] () (39)

approximates the indicator function Iy, ..<, and hence the equations
Vibo(rsa,b, M) = voly(H, ) and Viy(r;a,b, M) = volg(H, ) are sugges-
tive.

(3.8)
?:I:a(v)’ dv <4 c1(Q)-e Fr7! forall r> 1.

T

r

Proof of Theorem
For M € R%, 0 < ¢ < 7, there exists a constant ¢ = ¢(d) > 0 by Lemma @4
such that
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[volz Hyar — vol Hy | < max{A_.; A.} +c-(b— a)qo_d/zq(d_z)/2
< (= a0 a2 M 4 205 VR lal + b)) 142 (3.10)

where AL, is defined by using ([B.9) as follows

A, ‘/ T, o ()0 4 (2 dx_ZIHTM VU se( )‘ (3.11)

x€Z4
Hence, A4, can be estimated by Lemma [4.6] by

Ai, <4 max  sup
a’ €la—w;a+w]

b’ €[b—w;b+w]

VEiE(T; CL,, b,’ M) - VU)Z,:I:E(T; CL,, b,a M)’

(M
+8qu g7 (1+e+q lrl)d 2pd=2(3.12)
Collecting the estimates [BI0) and [BI2) we obtain for w > 0,0 <e < 1
r?=4 . |voly Hypy — vol Hy | <q (b—a)q%q'e
M al + b M|\ a-
+ (b_a)qd+1q—1(¥+2q—‘ | | |) qdq_1(1+5+qélr—|)d 2
+  max sup [V (r;a b, M) =V, (r;d, b',M)’ 2 (3.13)

oy

Choosing now w = 1,¢ = i and r > rg large enough, (B13) and the result
of the following crucial Theorem B.1] (1) below yields (note that d > 5)

}Volz H, yr — vol HnM}
<q (b—a+ D@2 +c(Q, M) <1 + qo_grg + ¢ (logq + 1) rd_2>
<a ((b=a+ 17" +e(Q M7 (logg +1) +1)r' 2,

for r large enough. This proves Theorem (1).

For proving Theorem 23] (2), we choose for an arbitrary a € (0,1)

w=T"2T>1 and ¢ =e(r) & poK"

where K = K(d) is chosen according to (B.7).
Then we get by (8.13) and by Theorem B1] (2) below, that for r sufficiently
large the following holds

Y
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—d. ‘VOIZ H,.a — vol HT,M‘ <q (b—a)qiq —lp—ak™!
1 af + |b\)

B VB 1L EL [N S T
+ @, M)-r® <1 + %ﬁTg +q 7"5(1 +logr) + 7772 p(r’QjT))TZ—d

Taking the infimum over all o € (0,1) we obtain

r2=d. ‘VOIZ H,.a — vol HT,M‘ <y (b—a) qlq~r—7

+ (b—a)q* g (\M\+2—%M
T

Jr T (24 ¢2)
+ (Q,M)- (1 + qo_gr% + qdr%(l +logr) + 12 p(r,Q, T))r2_d
By taking the infimum over all 7" > 1 we get with (2.13)

r2=d. ‘VOIZ H, yr — vol HT,M‘ <g (b—a) qdq_lr_%

_ilal+
+ - (] + 20 0 @), 31)
which proves Theorem (2) for an appropriate choice of ry. U

The key tool in the previous proofs is the following

Theorem 3.1. Let () denote a non-degenerate d-dimensional quadratic
form of block-type, d > 5. Then for all M € R? there exist constants
c(Q, M), rq > 0, such that for any r > ro and any T > 1

(1) ‘G%:I:e(r;% ba M) - Vvllj&:te(r; a, b> M)}
_d
g c(Q, M) -e7E <1 +2¢ 2% + ¢ (log g + 1)rd_2).
(r;a,b, M) — V! (r;a,b, M)| <q ¢(Q,M)-e¥

-1/2 ,*e 1/2 ,te

2) |v2
< (1 gy rd + g'rE (1 +logr) + 102 p(r, Q.T)),
where p(r,Q,T) is defined as in (212).

Proof. We want to estimate the difference between these two approxima-
tions by integrals of theta functions. By (84), (B0) and (B.6) we have

) ﬁrabM)xmﬂ@awa:

B+ioo

S exp[- 5 Qulel] 5 [ explos @l = M hasn(9) D v (%)

) T
TEZ B—i 0o
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B+i oo
—/exp [—% Q+[:1:]] % / exp[—z-Q[a:—MH ~ha,b,w(z)% Xte <§) dx).
R4 B—ioo

Choosing 3 = r~2, decomposing Qx — M] = Q[z] + Q[M] — 2(x, QM)
(Recall, that @ is self-adjoint.) and using Fubini’s theorem, we get

’Vfie(r; a,b, M) — Vﬁie(r; a,b, M)’ = :;zi:exp[—zQ[MHha7b7w(z)
< {3 exp[ 5 Qule] — 2@l + i, 2t m(2)QM) | X ()
_ /R exp [‘722 Qulz] = 2Qle] + iz, 21m(2)QM) | x. (£ das}d—; ,

where Y. is defined as in (7).
Since Y, .(x) = ﬁ Jpa Y. (v) exp[—i(z, v)]dv holds by the Fourier inver-

sion theorem, we obtain

VE (0,0, M) = VE (rsa,b,M)| =

w

r—24ico

| ep[—2QIM hapu(2) gl [ Reelv)

r—2—ioco R4

X {Z exp [—% Qilz] — 2Q[z] + i{x,2Im(z) QM — ;)}

_ /Rd exp [_% Q4 lx] — 2Q[z] + iz, 2Im(2)QM — %)}da:}dv % .
(3.15)

For v € C? we introduce the following theta sum and theta integral

0,(2) = exp[—2QIM]] D exp[~Ogusra(z 7)), (3.16)

z€Z4

Ooo(z) & exp|[—2Q[M]] /RdeXp[_@Q,va(ZJ)]dI (3.17)

where ©¢g rr,.0(2, ) oo 2Qq4z] — 2+ Qlz] —i- (z, 2 — 2Im(2)QM).

Then we can rewrite ([3.15]) as follows
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Z .
’Vw,:te(r a, b M) Vw :I:s(ra a, b> M)}
r~24ic0

| Pl [ Rac) {000 = ou(2)

r=2—joo

Consider the segments J, dof [r2—i-Lr24i-and J; def (r2+iR)\ Jo.
Then we may split

’wiarabM) VE

w,+te

‘/ abw /X:I:e {0.(2 QO,U(Z)}dU%

_/ha7b7w(z)#/ﬂgd5(\:ta( )+ 0o, (2)dv d_zz

(r;a,b,M)}

J1
1 ~ dz
o) [ Facto) 0210 &
J1
‘[0—[1-'-]2 , Say. (318)

Before estimating these integrals we derive a bound for ., (r—2+it),t € R,
Using

t)} 1
explulr” +it)) - ) < mm{ | s }, (3.19)
w w
for r? > max(w,b) > 0, r > 1, we obtain
h'a,b,w (7’_2 + it) < < br—2 n ar72> 1 < 1
e e - - -
r=2 4+t w|r=2 4 it|? wl|r=2 4+ it|?’
(3.20)
as well as

ha,b,w (7’_2 -+ Zt) ‘

o <eb"’2 + e‘””) TPt < Pt

(3.21)
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FEstimation of Iy: Inequality ([B.2I) and Lemma T2 for t € Jy yields
o, « )(r‘2 +it)  hapw (P + it)‘

X

/ e (v) ) {0, (r 4 it) = bou(r> +it)}dv
Rd

<y qo_%|r +it]” & exp[ o(Q) - Re((r?+it) )] -/Rd X

Reelv)| dv
—l—2-|r—2—|—z't|_1/ Ree(0)] Ty (),

where ¢(Q) is chosen according to Lemma EI21 Writing |r—2 + it| =
r72(1+r¢?)Y2 and Re((r~2 +it)™!) = 14:;«—241527 we may introduce the vari-
able s = (14 742)~! and the function h(s) & s@/4 exp{—c(Q)sr?}.

The maximal value of h on [0,00) is attained at sy = 5 and it is

_d+2
4e(Q)r
bounded by (¢(Q)r?)~(@+2/% up to a constant depending on d only.

Using the properties of yi. (see p. [0) and the fact that |v| > r implies
[v|0o > d™/?r we now obtain

teJo 5>0

sup 0; <y qozrdJr2 sup h(s / ‘X:I:e dv+27’/ ’X:I::—: Iy o0y (v])dv
_d
<d o 27’d+2(C(Q)7’2) E / )X:I:e ‘dv

b oo / R e (0)] T2y (0loc)

<a @ e (e(Q)rd) T AL oy (Q, M)-eK + ¢ (Q, M) 7K -

Integrating this bound over J,, we get for an appropriately chosen constant
2(Q, M) >0

1
T

_d
[Iy] < /@tdt <a 6(Q, M) -, 25+ a(Q, M) e ", (3.22)

T

FEstimation of I,: Using Lemma 11} (£I3]) and (£I3), we have

)9OU ) <aqy |28 (3.23)
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Therefore, we get by the properties of x+. (see p. [[0) and ([B.21) for r* >
max{w, b, 1}

(r?+ z‘t)‘(1+g>

_d
L] <a qo°c(Q, M) '5_K/
J1

_d o0 _d
<4 qOZQ(Q,An-stL/ 08 g <y g P en(Q, M) - et

1
using the symmetry in t around 0.

Estimation of I: The estimate ‘ha7b7w(7’_2+z’t)} <4 min{1, (\r‘2+it\w)_1}

given by [320) and (Z2I)) implies
1 ) 1 dt ~
1] <4 /RdA>l}9v(ﬁ+zt)}m1n{ 1, W Tt } ) )Xﬂ(v)‘dv

<4 /]Rd/|u> e )}g du)xie )dv (3.25)

where

g(u) = min{l, (w|u|)_1} 7 (3.26)
Using Lemma [£.15] and the properties of x.. (see p. [I0]), we have
Bl < @' [ Qe Ma) () du R )] o
R4 \u|>

<a 7' QM) e / (M- May)™"% - g(u) du,
> (3.27)
where M;; denote Minkowski’s successive minima for the norm on R?? re

lated to @, defined by (L27) and (Z30) and ¢ (Q, M) > 0 is a constant
chosen according to ([B.7). Denote

3
Glr, ) / gt dt,  for0< k<< oo (3.28)
For k > £ > 0 we define G(k, &) = 0. Note that
log(¢ /), for k<¢<uw,
G(k, &) =< —log(wk)+1— (w&™, for Kk <w ! <, (3.29)

(wr)™t — (W&, for w<r<E
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The equality ([3.29) and the definition of the function G imply the bound

log(¢/K)|, (wk)™'} for k,&>0.
(3.30)

G(k, &) < min{‘log(w/{)‘ +1,

Writing
M(t) = M- May,

the upper bound for |I5| in (3.27) in terms of Minkowski’s successive minima
now yields

g9(t)

d d)2 K
L <a ¢°r ca(Q,M)-e A>l M(t)1/2 dt
= 2777 . (Q, M) - e KI5, (3.31)
where
[T 9@
I, = /l S e (3.32)

The last equality in (B:31)) follows from the fact that the functions g(-) and
M(-) are even (see ([{L33)).

After this preparations, we may now complete the proof of Theorem B.IE

Proof of Theorem [3.7] (1).
Let
(k&) =7% inf M(t),  forr, & €R. (3.33)

K<<

Applying Lemma [£.22] for the interval with endpoints x = % and £ = oo,

we get

Do
d
I, <y qo—lrd/2—2/ U—1/2+1/d(qvudG(Ko(vud)’OO) +g(/€0(v1/d)))7”
Yo
2
+G(=, ) (3.34)
with r
2 r\d 2 1
Yo = 7(57 00), Dy = max{ (ﬁ) ﬁo}, Ko(v) = max{;, W}
(3.35)

Note that v > 1 by ([@29). In the sequel we choose w = 1. Using (3.20),
330), (31, 3:34), B:35) and hence g(ko(v'/?)) <4 qv'/?, we obtain for
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d>4andr>max{2 2}:

Tq' T
Do dv
|I2| <4 (Q, M) . E—qu-i-l T’d/27’d/2_2 / ,U—1/2+2/d (log(qvl/d) + 2) T
1
+ ¢ (Q, M) - e g2 (logr + 1)
<4 a(Q,M) e Kg (logq+1)r*2. (3.36)

Forr >ry & max{ﬂq =,10(Q, M)}, where 7(Q, M) is a constant chosen
as in Lemma 12l and FL13] this bound for I yields in view of (B.18)), (3:22))
and (3.24), that
_d g
2

‘G%:I:E(T;av b? M) - ‘/’1]1’2:6(7,;@’ b7 M)‘ <4 CQ(Qv M) qO r2

_d
+ i (Q, M) e % (1+q, 2p8 4 g+l (logg + 1) r*?),
where the constants ¢;(Q, M) and c3(Q, M) are chosen according to Lemma

B and ((3:22). Setting ¢(Q, M) o max{c;(Q, M), c2(Q, M)}, this proves
Theorem B.1] (1).

Proof of Theorem [B.1] (2).

In order to use nontrivial bounds for y(k, &) in the irrational case we in-
troduce further auxiliary parameters 7,7 such that % < n < T with
T > 1 which will be determined and optimized later. Thus we may split
the integral I3 in (8.32)) which bounds |5| in (B3] into the parts

T 0
b [ [ [0
= I+ 15 + I, say. (3.37)
We define similarly to (3.39])
n =), 22 =20, T), 75 =(T,00), (3.39)
D; = max{(2d)"%r?, ;}, j=1,2,3, (3.39)
k1(v) = max{— (v)}, ka(v) = max{n, f(v)}, r3(v) = max{T, f(zg Z’())

where f(v) = (2quvd'/?)~', v > 0. By ([@29) we have again
v 2 1, Jj=1,23. (3.41)
Using (326) and (B40), we see that
g(r;(v)) < 2qud/?,  j=1,2,3. (3.42)
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First, we apply Lemma [4.22] as above to the interval with endpoints kK = %
and ¢ = 7. Corollary EI7 implies that, if n >

(defined by ([B:33) and (B:38))) satisfies

>0 Y (dgn), (3.43)

Sa T the quantity v

1
1 > 1 —qo‘ﬂr' —1 } = — >
since d > 5 and mfte[:,w { 5 gl g whenever n > Saar

Lemma [£.22] yields in view of ([3:29), (3:30), (3:42)) and ([B:43) the estimate

Dy
d
Lo qpr [0 I G ey (01, ) g (01)
71
2
G _
+G(—n)

Dy
_ _ _ dv 2
<a qylqr?? 2/5 v ([log(gu'/4n)| + 1) — +G(—W,n)

I 2
<a q gty 2+G(E,'rz), (3.44)

provided that d > 4, using the change of variables v = Ju in the last
inequality.

In order to estimate I5 we choose kK = 1, and £ = T'. By Lemma we
obtain as above

Do
d
I, <y qo—lrd/2—2/ ,U—1/2+1/d(vl/dqG(I@(Ul/d)’T)_‘_g(mz(vl/d)))_v

2 v

+ G(n,T)

Do

_ _ _ dv

<4 G 1q7,d/2 2/ N 1/2+2/d(’10g(qvl/d/w)]+1)7 +G(?7,T)
V2

<4 @lq /272, 71/242/d (‘log(qvg)‘ + ‘logw‘ + 1) +G(n,T). (3.45)

Finally for the term Ig choose k = T and £ = oo and use [B.A4I) for j = 3.
Recall that we choose 7" > 1. Thus, similarly as above, using Lemma [4.22]
and the fact, that G(k3(v"/?),00) < G(T,00) < T~ w™" and g(k3(v"/9)) <

T~2w™!, we obtain (see (3.26), (3.30) and (3.40))

v

D3
[6 <y qo—lrd/2—2/ ’U_1/2+1/d(1)1/dqG(/ﬁg(vl/d),OO)—I—g(f{g(vl/d))) .
1

+G(T, 00)
<q @ lqr?P2 T T 4+ G(T, 00). (3.46)
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Collecting (3.44)-([B46), we get by combining the terms G(k, &) and using
B.37) and the estimates (3.41])
q

d d d 142
I; <4 q0_17”5_2 {q§_1n§_2 +q7, 23 (log(q%) + | logwl + 1) + ﬁ}

2
G(— ) 4
G ) (3.47
In view of (Z31) this bound for I3 yields
L] <4 a(Q,M)-e7 . dag (1 + logr) + QM) e gty
X {(Tw)‘1 + g5 0P 4 g3 (log(g2) + |logw| + 1)}

d

<q QM) e X g'r2(1+1logr) + c(Q,M) e ri2
(s e ~d+2 ., —14+2 _
X{ g2 T+ e d(log(q72)+|logw|+1)},

Tw
(3.48)
where ¢(Q, M) oo max{ci(Q, M), c2(Q, M)}. By Lemma for n, T

fixed, we have 75 — oo for r — oo and we may now choose the auxiliary
parameters 7, w and 7" to minimize the right hand side of (3.48) as follows.
Let

2 ™

TZl,w:T_1/2,n:maX —, )
T 2qoqr

T}, (3.49)

provided that d > 5.
Forr >r, & max{%, 3a0a: T0(Q; M)}, where 79(Q, M) is a constant cho-

sen as in Lemma .12 and T3] we obtain in view of [B.I]), (3.22), (3.24),
338), B-41), (B:48) and (B3.49) the following bound:

VE . (ra,b, M)~ VE,, (r;a.b, M)’
_d
<q c(Q,M)-eK (1 +qq 2r8 4 (jdr%(l +logr) + 71?2 p(r, Q, T)),

where p(r, @, T) is defined as in ([2.I2). This completes the proof of Theo-
rem B.1] (2). O

Proof of Theorem

The estimate (217) immediately follows from Corollary [A.21l This inequal-
ity ensures that there exists a t € [k, ¢ such that M;, > 7 whenever
o(d)(q7* (& — k) + 7r7') < & — k. This condition is equivalent to

< (Tld) - q7‘2) € - m)r. (3.50)
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1
Due to the fact, that 7 < 7, where 7o = (CQ(S(E)F;) *, implies ﬁ —q7* > 4,

we may conclude, that the condition (3.50) (and hence M;; > 7) follows
from the inequality 7 < min {7g, 7({ — k)/2}, which proves ([2.I8]).

By definition of M, ; the inequality M, > 7 &of min{rg, r({—k)/2} implies
that if 0 < |n|e < 7Tr then 7r||tQn|| > 72. For v > 1 exists a r > 1 such
that v = 7r. Therefore, we get by ([2I0) that D(¢,v) > 72. Furthermore,

we have 72 = min{73, v (£ — k) /2}, since either 7 (§ — k)/2 > 7 and T = 7
or T = r(§ — k)/2 otherwise. This proves (Z.19). O
Proof of Theorem 2.71
Since the cube C,. is compact the quantity

a, ¥ min {Qx — M]:z € C,} (3.51)

is a well-defined real number and we obviously get
Fra(b) = Hy, (3.52)

where HfTMb is defined as in (23).

A careful analysis of the proof shows, that Theorem [B.1] also holds for a =
a,,r > ro. This, together with Lemma [L.7] yields that for K = K(d) chosen
according to (B.8]) there exist constants ¢; > 0, j = 1,...,5, depending on
@ and d only and a constant 7o = 7(Q, M, b) > 0 such that, for any r > r,
it holds (cf. proof of Theorem 2.5]):

(1) }VOIZ F, p(b) — vol FnM(b)’ < pd=2. (cl (b—a,+1)+ cz).
(2) |volg Fy i (b) — vol .y (b))
< 2 (e (b—a) Kty (b—a)rt 4 o5 p(r,Q)),

where lim p(r, Q) = 0, provided that @ is irrational.

Dividing these inequalites by the inequality in Lemma (2) for £ =1
completes the proof of Theorem 2.7 O
4. LEMMAS

In the sequel, let I = [a,b],a,b € R and I, denote finite intervals. For
M € R we consider

def

H(r) & H(r 1o, 1,M) € {z € R : r7a]w € Iy, Qv — M) € I}.(4.1)
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The diagonal matrix D(Q) is defined by
(D(@),, b { e 1<i,j<d

0, otherwise,

Lemma 4.1. Let Iy = [0,&] and 7 = € + M,a = qg/2§ — M. For
the volume of H(r) defined in (A1) it holds

vol H(r) <4 (b— a)q()_d/zq(d_Q)/QTd_Qrd_Q.
If o >0 and |a| + |b] < 0?r?/5 then
vol H(r) >4 (b—a)qg?c?2pd=2,
Proof. [BG99|, p. 1023, Lemma 8.2 or [EIs06], p. 24, Lemma 2.4.3 [

Lemma 4.2. Let Iy =[1 — 0,146, 0 < < 1/4. Assume that r is large
enough, that

e 2 — 1
o € DM < /4 and e 07 (ol + ) < g0 (42)

holds. Then for the volume of H(r) defined in (AT it holds
vol H(r) <4 (b—a) <5 + qo—l/z81 n 2q0_1/252> Td_qu_d/Qq(d_m/Q'

Proof. [BG99|, p. 1025, Lemma 8.3 or [EIs06|, p. 26, Lemma 2.4.4 [

Due to the fact, that for a, defined as in B.51] the inequality

la|

<q (4.3)

2
holds for r large enough, we obtain in the case a = a, the following lemma
by slightly modifying the proof of Lemma ] given in resp. [EIs06].
Using these modifications we also get an analog result as in Lemma [4.2]

Lemma 4.3. Let I, & la,,b]. There exist constants Cg1,Cgo2 > 1

depending on d and Q) only and a constant ro = ro(Q, M,b) > 1 such that

for r > 1o the volume of F(r) & H(r, I, I, M) defined as in (&) can be

estimated as follows:
(1) For Iy = [0,&] it holds: vol F(r) < (b—a,)-Cqy - & 2r?2.
(2) For Iy = [0,€] it holds: vol F(r) > (b—a,)Cq, - 472172
(3) For Iy =[(1—-16),1+0)],0 < <1/4 it holds:
vol F(r) < (b—a,)Cqa-6- 12
The constants Cg.1,Cg2 can be computed explicitly.
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In the sequel we want to estimate the error terms caused by the approxi-
mations of the (lattice point) volumes of the hyperbolic shell H,

In the notation of ([B.5)-(B.6), considering for ¢ > 0

Uree(t) = exp [~ 5Q1 ] e ()
and

Bae = | [ T @) sclo)do = 3 Ty (ol

zezd
defined as in (3:9) and (BI]), respectively, we define additionally

v, vol(HT,M N{z eRYr(l—¢) < |z|le < r(1+ 8)}) (4.4)

and get the following estimate

Lemma 4.4. For 0 < e < 1 there ezists a constant ¢ = c(d) > 0 such that
voly H, pr — vol HnM} < max{A_.;A.} + ¢ (b— a)qo_d/zq(d_z)/2

x (245 2q Mt + 200 (ol + b)) 2) r2 (45)
Proof. Obviously, we can estimate

volg Hynp <Y Iy, (2)ire(z), volHpp < / I, (2)r —c(2)d + Ve,

zezd Rd
voly Hynp > Y Iy, (2)tr (), Vol H, oy > / I (2), () da — ve.
zezd Rd
If voly, H, s — vol H, 5y > 0 these estimates imply
|voly, Hy ap — vol Hy | < Aye + v,
and otherwise we obtain
|voly, Hy ap — vol Hy | < AL + ..

Using Lemma &2 for Iy = [1 — ¢, 1 + €] we get since |D(Q)M| < ¢"/%| M|
that

v Lq (b—a) <g + qo_1/2q1/2|M|7*_1 + 2q0_1/2(|a| + |b|)r‘2) Td—2q0—d/2q(d—2)/2’
which proves (4.3]). ]

Lemma 4.5. For fized a,b € R,w > 0 and the functions g defined in (B3]
the following holds
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(1) There exist o’ € [a —w;a+w] and b’ € [b— w; b+ w| such that

> (Tjaw) = o) (Qlz — M)ty 1o(z) = 0.

zeZd

f ([[a,b} - ga’,b’,w) (Q[ZL’ - M])wr,ig(%’)d:ﬁ’

Rd

(2) sup

a’ €la—w;a+w]

b €[b—w;b+w]

M
<q 8wgy 2 q2(1—|—8+q2| l)““

Proof. The sum in (1) is finite, since v, . has bounded support. Hence,
the map

G:(db)— Z (Tta) = o) (@2 — M) Yy 2c ()

zeZ4

is continuous and (1) follows by the intermediate value theorem.
For all ' € [a — w;a + w] and all ¥ € [b — w; b+ w| we can estimate

’([[a,b} - ga’,b’,w) (Q[IL’ - M])’ S I Q[l’ — M]) (46)

This implies

([a—2w;a+2w} U [b—2w;b+2w]) (

f (I[a7b] - ga’,b’,w) (Q[ZE - M]),@Z)n:l:a(x)dx

R4
S /[([a—2w;a+2w} U [b—2w;b+2w]) (Q[ZE B M]>¢T7ia ($)d$

< /(I{a—2w;a+2w} + I guibr2u]) (Qlr — M])I[O;T(1+5)} (|7|oo)dz, — (4.7)

since ¢, 4. (z) < ][O;r(l—i-e)} (|7]oo)-
Using Lemma [T with Iy = [0, 1 + €], we get by ([£1)

sup
o b

Su[? f (I[a,b} - ga’,b’,w) (Q[flf - M])¢r,ie(x>dx)
a' b Iga
<a 8wy IR (1 e+ DQ)M]) T
< Buwgy IR (1 e w2 M) TR (48)
which proves (2). O

Lemma 4.6. Consider Ay.,e > 0 defined in (BII)). Then:
Aic g sup Vo (mad U, M) =VE, (r;d,V, M))

a’ €la—w;a+w]
b €[b—w;b+w)]

+ 8wq0 ¢ (1+€+q’|M‘)d 2pd=2
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where V. (r;a’ 0/, M) and VI, (r;d' 0, M) are defined as in B.6) and

B.3) respectively.

Proof. Using approximations in virtue of functions ¢ defined in ([B.3]) we
obtain by triangle inequality (Recall the definition of v, 1. in (8.9).)

Bae = [ T @)sc(odde = 3 Ty (2)00:0)

x€Z4

< | / (Tt = g7 (Ql = M)y (0

* ‘Vﬁia(r; CI,/, b/’ M) - Vu%:l:a(r; CI,/, b/> M))
+ ’ > (Tjas) = o) (Qz — M])qu,ie(x)), (4.9)

x€Z4

Choosing a',b" according to Lemma (1) and estimating the first sum-
mand by taking the supremum, we obtain

A:I:a < sup /Rld ([[a,b} - ga’,b’,w) (Q[ZE - M])wr,ia($)d$‘

a’ €la—w;a+w]
b €[b—w;b+w)]

+  sup Vﬁﬂ(r; a, b, M) — Vfﬂ(r; a v, M)’ (4.10)
P
The application of Lemma [L3] (2) completes the proof. O

Repeating the proofs of Lemma 4] and in the case a = a, using
Lemma [A.3] instead of Lemma [£.1] and 4.2 we get immediately

Lemma 4.7. For F, (b)) defined as in [B.352) there exist constants ro =
ro(Q, M,b) > 1 and cg1,coa > 1 depending on Q and d only, such that for
w>0,0<e< i the following estimate holds:

}Volz F, m(b) — vol F,,,M(b)’ < (cgi(b— ay)e + cgow(l+ &) ?)ri—?
VE L (ria ¥ M) = VEL(ria ¥ M),

w,+te w,+te

+ sup
a’e lar —w;ar+w]
b/ €[b—w;b+w]

where Vi (r;a 0/, M) and V) (r;d' V', M) are defined as in (B8) and
B.3) respectively.

Lemma 4.8. For any > 0,T € R it holds

1 B+i oo dz
5 /ﬁ . exp{zT}? =max{7,0} =T,. (4.11)
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Proof. Complement the interval (3—i 0o, 3+ 00) by an infinite half circle
in Rez > 0 (resp. Rez < 0) for T'< 0 (resp. 7' > 0) and apply standard
residue calculus. U

Lemma 4.9. For a symmetric, d X d complex matriz 2, whose imaginary
part is positive definite the following holds:

S explri- Q) + 2mitm.)] = (aet(2)) - exp[mi- 01

mezZd

X Z exp [—m’ - n] + 27i{n, Q_lv)}
nezd

and

léxmphixmﬂ+awuavﬂdx = (&%(%))_%QMQPW%§TWﬂL

where Q1 [:)3] denotes the quadratic form (Q 'z, ), defined by the inverse
operator Q1 : C! — C?¢ (which exists since Q0 is an element of Siegel’s
upper half plane).

Proof. See [Mum83], p. 195 (5.6) and Lemma 5.8. O

Corollary 4.10. For z € C* Rez > 0,v € C? and a positive definite,
symmetric d X d matriz § it holds

> exp[—2Q[m]+2mi(m, v)] = ka(z-%))_-~§:€mp[—%;Q_Wn4—ﬂ}.

meZd neZzd

Proof. Apply LemmaE3 to the matrix £z. O

[NIES

Lemma 4.11. For z = %2 +it,r > 0,t €R and all v € C? it holds
S exp|~3Q[m] — 2Q[m] + 2ri(m, v)]

1,2 = 2 _
= det <;(T—2Q+ + zQ)) * . exp [—7?2 (EQJF + ZQ) 1[@]]

X Z exp [—WQ(%QJF + zQ)_l [n] — 2%2((%Q+ + zQ)_ln, v)},
e (4.12)
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and

Jroa €xp [—%Q+ (2] — 2Q[z] + 2mi(x, v>] dx

- det(%(%@ + zQ)>_; - exp [—ﬁ(%@ +2Q)'[v]]. (413)

where (%Q4 + 2Q) ! [z] denotes the quadratic form ((%Q4 + 2Q) _11', x),
defined by means of the positive definite operator (%Q.}.‘l‘ZQ)_l :RY — RY.

Proof. For Q & 1 (£Q++2Q) and z = & +it,t € R the imaginary
part Im € is positive definite. The application of Lemma 9 to Q completes
the proof. O

Lemma 4.12. Let 0,(z) and 6y ,(z) denote the theta sum and theta integral
in BI6) and BIM) respectively. Then there is a constant ¢ = ¢(Q) > 0,
such that for r > rqg = ro(Q, M) > 1 and t € R, |t| < %, the following
bound holds

_d
(0, — Oo) (r 2 +it)| <a qo2lr+ it| % exp [—c-Re((r?+it)™")]
+ 21 00)(|V]).
Proof. Using LemmalLITlwe obtain by (3.16), (3.17) and the self-adjointness
of the matrix (T%Q+ZQ)_1, that

(‘91} - ‘90,1)) (Z)

N|=

- exp [—7‘(‘29_1 [—iﬂ

= exp|—2Q[M]] det(%ﬂ>_ -

2nr
neZ\{0}
B 1 \-3 . 0
= exp[—zQ[MH det(%§2> . Z exp [—Q [7m— EH’
n€eZa\{0}
(4.14)
where @ & (2Q+ + 2Q) and © i Im(2)QM — v. Note that for

z=r"2+it and t < I there exists a constant ¢y = ¢o(Q, M) > 0 such that

12r Im(2)QM | < ¢o uniformly in r.

Using det (1Q) = & T (Zlg] + 2q;) and
1<j<d

SIS

21gi| + zq5| > lg;|-|r% + it]
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for z=r"2+ it and all 1 < j < d, we have

N\
det (—Q)
T

Since Q can be orthogonal diagonalized, the matrix Re (Q27!) has eigenvalues
Re ((%|q]| + ij)_1> ,1<j<d Fort< % we have

da
d _a
b 2

<whogy? ||t (4.15)

2 _ 1 1
Re ((qujl + 2q;) 1) > ﬁRe(z‘l) > -Re(z71), 1<) <d.
r q;j q

Hence,

exp [_ﬂz—l [n — L” ‘ — exp :— Re (Q—1 [7n — E])}

2rr

= exp :— Re (Q_l) [Wn — 1}]

IN

exp 1 Re(z7 1) -

q 2r
Using (14)), (LI0) and (I6) we get
_d
}(QU —b0)(r2+it)| <aq exp[—HQM]] ¢ *|r 2+ it| =2
1 —2 | -1 il
X Z exp[—;Re((r +it)") - | — 3 ] (4.17)
neZa\{0}
For |0 < mr we obtain
1 —2 | -1 v | 1 2 | -1 ‘Wn|2
exp[—gRe((r +it)™") - | — 3 } < exp [—gRe((r +it)7") - T}
and hence, for an appropriate constant ¢ = ¢(Q) > 0
_ 2
1 D SN v
> exp[——Re((r +it)™) - | — o }
n € Z\ {0} 4
1 -2 | -1 |7m|2
< Z exp [——Re((r +it) ") T}
neZ\{0}
< exp [—c ‘Re((r—* + it)_l)} . (4.18)

For |0| > nr set © = Lar + w, with L € Z,|w| < r, then w = o' for
o & v+ Lar. By ([@14) we have obviously 0, = 6, and therefore we get
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by [@I8) and ([@IT) the inequality
}(90 — ‘90’@) (7’_2 + Zt)‘
< (0 = Oo) (2 +it)| + [ (0,0 — o) (r% + it)]
<y eXp[—%Q[MH qo_g|7“_2 + z't|_g - exp [—c ‘Re((r?+ it)_l)]
+ o (12 4 it)| 4 |60, (r 2 +it)|
< exp[—%Q[MH qo_g|7“_2 + z't|_g - exp [—c . Re((r‘2 + it)_l)] + 2.
(4.19)

The result now follows by (£I8), (I7) and (£I9) for r > ro, ro > 1 large
enough, since |0 > 7r implies [v| > mr—cy(Q, M) > r for r large enough. [

Lemma 4.13. Let 6,(z) denote the theta function in (BI0) depending on
Q and v € C. For r > ryg=1o(Q,M) > 1, t € R, the following bound
holds

10,(r % +it)| <4 (det Q)= Y4r4/2 4 (r )2, where (4.20)
r? 2
W(rt) = Z;Zdexp{—5(2 [ﬂm—2th]—ﬁQ[n]},
def

Note that the right hand side of this inequality is independent of v € C¢,

Proof. For any z,y € R? the equalities
2 (Qz]+Qly]) = Qx+y]l+Qlr —yl, (4.21)
Qz+y),z—y) = Q] -Qy] (4.22)

hold. Rearranging 0, () 0,(z) and using (Z22), we would like to use m +n
and m —n as new summation variables on a lattice. But both vectors have
the same parity, i.e., m +n = m —n mod 2. Since they are dependent
one has to consider the 2¢ sublattices indexed by a = (ay,...,a4) with
a; =0,1, for 1 <5 <d:

7d {meZ':m=a mod 2},

«
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where, for m = (my,...,my), m = a mod 2 means m; = «; mod 2,
1 <7 <d. Thus writing

e 2 . (%
Ouaz) 3 exp [—ﬁ@qm] = Qlm] i (m, L~ 21Qan)|
mezd
we obtain 6,(z) = exp[—2Q[M]] 3, 0s4(z) and hence by the Cauchy-
Schwarz inequality
2

‘Hv(z)‘z < Qdexp[—ﬁ

QM) Y~ |0ual2)]™. (4.23)

Using (£22) and the absolute convergence of 6,(z), we may rewrite the

quantity 0, (%) 0,0 (2) for z = T,% titand o ¥y — 2trQM as

0,0 (2) ev,a(z)
= 3 exp |- @]+ 20]) — it (@]~ Qla]) ~ - . )
= Z exp [—%(Q[m] +Qm)) —2i- (2t Qm + g,m] (4.24)
_ m+n _ m-—n
where m = 5 s =

Note that the map H : |, Z& xZ¢ — ZxZ%, (m,n) — (
is a bijection. Therefore we get by (£23)

m—+n m—n)
2 ’ 2

2

exp[ZQ(M]] - |0,()]

<4 Z Zexp{—%(&)[ﬁ]—l—ﬂ[ﬁ])—2i~<2t-Qm+§,ﬁ>]

ae{0,1}¢ m,neZd

= > exp l—%(ﬂ[m] + Q) —2i- (2t-Qm + gm] . (4.25)

m,neZd
In this double sum fix 7 and sum over m € Z? first. Using Corollary E10]
_1
for z = r%, we get for aof (det (W—fa . Q)) 2 by the symmetry of ()

0,(z,m) & Z exp [—%(Q[m] + Q) —2i- (2t-Qm + gm]

meZd
,ﬁ>} :

S

=4 Z exp l—;@‘l[ﬂm —-2tQn] — %Q[ﬁ] — 2i(

meZd
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Thus,

0.z <5 Y exp{—r—;Q_l[wm —2tQm] - %Q[ﬁ]}. (4.26)

mezZd

Hence, we obtain by (£.25) and (£20))
16,(2)]" <a exp[~2Q[M]] (det )~/

X Z exp{—%Q_l[ﬂm—QtQﬁ]—%Q[ﬁ]},

m,ncZd

which proves Lemma [L13 for r > ry = ro(Q, M) o |Q[M]|Y/2 41 . O

In the following we shall use some facts in the geometry of numbers (see
[Dav5g]).

Let F' : R? — [0,00) denote a norm on RY that is F(az) = |a| F(z),
for « € R, and F(z 4+ y) < F(z) + F(y). The successive minima M; <
... < My of F with respect to the lattice Z? are defined as follows: Let
My, =inf {F(m):m #0,m € Z*} and define M; as the infimum of A > 0
such that the set {m € Z? : F(m) < A} contains k linearly independent
vectors. It is easy to see that these infima are attained, that is there exist
linearly independent vectors ay, ..., aq € Z% such that F(a;) = M.

Lemma 4.14. Let L;j(z) = 3¢ qpax, 1 < j < d, denote linear forms
on R such that q;x = qn;, j,k=1,...,d. Assume that r > 1 and let ||v|
denote the distance of the number v to the nearest integer. Then the number
of m = (my,...,mq) € Z* such that

IL;(m)|| <%, |myl <r,  forall 1<j<d,

is bounded from above by cq(M; - - ~Md)_1, where cg > 0 denotes a constant
depending on d only, M; < --- < My are the first d of the 2d successive
minima My < -+ < My of the norm F : R?** — [0, 00) defined for vectors
y=(2,7) eR? 2,7 R T=(Ty,...,Tq), as
ef _ _ _
F(y) d: max{r|L1(x) — I |7 s 7T|Ld(x) - xd‘? r ! ‘x|00} (427)

Moreover,

1
¥ < My Mogiq—p, < (2d)%1, 1<k<2d (4.28)

Proof. [Dav58|, (20), p. 113, Lemma 3. O
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Note that for some constant, say c(d) > 0, depending on d only
rt <My < < My < e(d), (4.29)

where the first inequality is obvious by F(m,m) > r~!|m|s.  If here
m =0 thenm # 0 and F(m,m) = r[M|e > r !M|e > r~!. Finally,
M, <4 1 follows from (L.28) for k = d.

In the following we shall consider linear forms

d
Lj(z) = thjk T, 1< <d, (4.30)
k=1

where @ = (¢;;), 4,7 = 1,...,d, denotes the components of the matrix
@ and where t € R is arbitrary. We denote the corresponding successive
minima of the norm F(-) defined by (£.27) and (£30) for fixed ¢ by M,,,
j=1,...,d. Thus, we can write

M;, = }L(m,n,t)}oo, (4.31)
for some m,n € Z%, where

L(m,n,t) = (r(mi —t(Qn)1),...,r(ma —t(Qn)a), 1 "n1,...,7~ " 'ng).
(4.32)

It is easy to see from the definition that

Mjﬂg - Mj,—ta j — 1, e ,d, t € R (433)

Lemma 4.15. Let r > 1. Then
e _3d
}9(7’_2 + Ztg)‘ <y ') 1 Td/2 (Ml,t s Md,t>_1/2-

Proof. By Lemma [L13] we need to estimate the theta series ¢ (r,t7/2).
Since the matrix {2 = 2Q). 4@ is positive definite we may use the inequalities

O Ma] > g [2f% and Q] > gofz[%,, and we get with cg = min{g—Z,QqO}

q/z(r,tg) <i Y expl—cq|Lim,n 0%}, (4.34)

m,nezd
where L(m,n,t) is defined in (£32). Let
H % {(m,n) €2 : |L(m,n,t)|e < 1}.
Now, Lemma T4 may be restated for the forms (430) as
#H <q (M- Mgg)™ (4.35)



VALUES OF SPECIAL INDEFINITE QUADRATIC FORMS 33

In order to bound ¢ (r,tw/2), we introduce for k & (k... ko) € 22
the sets
e 1 1 1 1
By, & [kl—g,klﬂL;)X"'X[k‘zd—g,kwﬂLE) and
o, {(m,n) € Z* : L(m,n,t) € By}

such that R* = | J, By. For any fixed (m*,n*) € Hj, we have
(m—m*n—n")e H  forany (m,n) € Hy.
Hence, we conclude for any k € Z2
#H, < #H <4 (MLt"'Md,t)_l- (4.36)
Since x € By, implies || > |k|o/2, we obtain by (A34)) and (36
Y(rtm/2) <q #Ho+ Z Z I{L(m,n,t) € By} exp{—cqlk|%/4}

kEZ2A\0 m,nez?d
-1 2
Lg (Myg---Mgy) Z exp{—cQ\k\oo/ll}
kez2d
<i (Myg Mgy) Yeg? + 1),

using similar bounds as in ([£.18)). Some simple bounds together with Lemma
4.13] finally conclude the proof of Lemma [4.13] U

In the following we consider an arbitrary, real, symmetric, non-degenerate
d* x d* - matrix Q*. The norm on R? associated by (£32), and the associ-
ated successive minima are denoted by L* and M}, 1 < j < d*, respectively.
Lemma 4.16. Let (m,n),(m',n’') € Z** \ 0; t,t' € R and v > 1. Let
M L n, )| and M |L*(m/ 0!, )| 0. Assume that (Q*n, n') >
0 and
max{ M, M'} < (4d*)~V/2. (4.37)
Then for
A=Am,nm,n) & [(n/,m) — (m/,n)| (4.38)

the following holds:

(d)Y/2 max{ M, M'} (|n| + |n'|)
r(Q*n,n’) ’

) A=0 = [t-t|<

(4.39)
i) A#0 = [t—t|> (Q"n,n)"Y/2.
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In particular, assuming n =n' and ([L37) the alternative i) in [{39) holds.
Furthermore, assuming (m,n) € Z*¥\0 and M = |L*(m,n,t)|s < (4d*)71/2
we have either

) 2d* M |n| .. 1

1) [t < ——=— or 1) |t|=> .

)= g ) 1= i

(4.40)

)

This means t,t' resp. t,0 have to be either 'near’ to each other or ’far
apart.

Proof. [Go6t04], p. 217, Lemma 3.6 or |[EIs06], p. 38, Lemma 2.4.17 [

The application of Lemma [4.16] to Q* = @ yields the following
Corollary 4.17. Let r > 1 and d > 4. Then

_ . tir 1 d
M > d< {qo! }) '
My - Mg, > d “(min R (4.41)
Proof. Since |Qn| = |Q,n| we have |Qn| > qo|n|, and |n| > ¢7'|Qn|. In
the case, where M;, < (4d)~'/? we obtain by ([@40), |n|e < rM;, and
2d'? < d:
D ltrd g < [tlrd! % <21,
or (4.42)

1
i) g <20Qn] < 2qIn] < 24 qlnle < qdr My,

for appropriate (m,n) € Z** depending on j such that M;, = |L(m,n,t)|w.
Note that if M,; > (4d)~'/2, then M;, > d~' since d > 4. Combined
with (£.42), this proves Corollary .17 since

. [ qolt|r 1 }
<
IIlll’l{ TR 1

(recall that go < q). O

In the following two Lemmas we will additionally assume that the matrix
@ is positive definite. The smallest and the largest eigenvalue of Q* is
denoted by ¢; and ¢* respectively.

Lemma 4.18. Let [k,£] C R, 0 < k < £ < co. Define for g € C'[k, €]
such that g >0, ¢' <0 on [k,E],

def def ¢ "
Hye(t) = Hpgoe(r) = | KM, <7}g(t)dt (4.43)

K
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Then, for all

k> (gr)™ . Tt <r <247 (4.44)
we have
— of q" ¢ 1
Hoe(r) <o Hoelr) & L7 / g(t) dt + — L g(r(rr)){4.45)
do K(TT) qp T

where r(v) = max{k, (2¢*vd"?)7'}, provided that rk(tr) < & In the
case where k(7Tr) > &, we have H, ¢(17) = 0.

Proof. [G6t04], p. 219, Lemma 3.8 O

For indicator functions g Lemma [A.1§ reads as follows.

Lemma 4.19. Let A\ denote the Lebesque measure. There exists a con-
stant c(d*) depending on d* only such that for any r > 1, 7 > 0 and any
interval [k, ] with & > K the following holds:

: : .
10 Mre g My, <7} < o) (=) + ).
0 0
Proof. [Go6t04], p. 222, Lemma 3.9 O

We now return to general (not necessary positive definite) non-degenerate,
symmetric, real d X d - matrix @, to the corresponding norm L (see (£32))
and the associated successive minima M;,(see ([L3T])).

In the sequel we will assume, that () is a block-type matrix, that is, that there
exist positive definite matrices QT € GL (R‘ﬁ) , Q™ e GL (Rdf), dt+d- >5

with
_ (@ 0
We denote the corresponding successive minima of the norm F*(-), defined

by the analogon of (EZ2T7) and [E30) for Q*, for a fixed t by ijft, j =
1,...,d*. Thus, we can write

M, = |L*(m,n,t)|__, (4.46)
for some m,n € Zdi, where

LE(m,n, )= (r(ml CHQERN), 7 (g — Q) %nl, o % ndi) |

As in ([€33) we have
M =M—,  j=1..d teR (4.47)
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In this special case there is a simple relation between the first successive
minimum of @ and those of Q1 and Q™.

Lemma 4.20. Fort € R holds
My, > min { M, M, } . (4.48)
In particular, for 7 € R,

{M <7} < H{Mfft <7}+ H{Mit <7}

m_— n_—

Proof. Choose (m,n) = (("”) , <"+)) € 74\ 0 such that M;; =
|L(m,n,t)|s- It is easy to see, that

My = |L(m,n,t)|s = max {|L¥ (my, np, t)|_, |L7(m_,n_,—t)| _}.

Since (m,n) # 0, it follows (m4,ny) # 0 or (m_,n_) # 0 and hence by
(&A1),

|LF(myng,t)| > M, or |L7(m_,n_,—t)| > M;_, = Mj,.
This proves (L4g)). O

Corollary 4.21. Again, A denotes the Lebesque measure. Then there exists
a constant ¢ = c¢(d) > 1 depending on d only, such that for anyr > 1, 7 >0
and any interval [k, | with & > k the following holds:

I(7) © Mtelr, & - My, <7} <c- (17‘2(5—%)4- LTT_l).
q0 q0

Proof. Using Lemma[4.19 and Lemma [4.20] we obtain

Ir) < / (M, < 7} + I{M, < 7} A(dt)

< (c(d+) + c(d_)) <qi0 (6 — k) + q—loTr_l) ,

where we have used, that ¢ (resp. ¢o) is larger (resp. smaller) than the

corresponding largest (resp. smallest) eigenvalue of Q% and @~. Taking
c ¥ max (c(d™) + ¢(d™)) completes the proof. O
e

Lemma 4.22. Let M(t) = My, - Mgy, v = v(k,&) = r? infcice M(t)
and introduce

3
D =max{(2d) %", v} and G(k,¢) :/ g(t)dt,

K
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for 0 < k <& < oo and let g(t) and k(v) be as in Lemma[f.18 For k > ¢
we define G(rk,&) = 0. Then

S
dv

<y @ -1 d/2 2/ —1/2+1/d (qvl/dG(I{('Ul/d),f) + g(%(vl/d))) T
Y

+ G(k,€). (4.49)

Proof. We generalize the proof in [G6t04], p. 222, Lemma 3.10:

Write 7 & inf,<i<e M(t) and cq = (2d)~% If 5y > cg4, then I, ¢ <4 G(k, &)
and (A.49)) is obvious. In the case

7 <cd (4.50)
we define
def ¢
Jee) = [ g(t) Innuwy< vy dt (4.51)
for 0 < k < & Since M;; < My, <4 1, for j = 1,...,d, by Lemma 4.14]

there exists a constant M depending on d only such that M(t) < M for
all t. Therefore we have for all t € [k, &]

M
M(t)‘l/QZ/_ e P dIn<ey-
Y

Hence, Fubini’s Theorem implies

M
[mg = / 6_1/2d<],i7§(€).
]

Splitting the integral I, into the part where ¢ < ¢4 and its complement,
we obtain

Cq g
Lee < / e AT e(e) + ¢ / g(t)dt.
¥y K

Using partial integration we have by (£50) and the definition of ¥,

_ 1 cd
Le < ¢ Juelca) =77 JueB) +5 / e Jup(e) de + oy P Gk, ©)
0 ]
= G(k,¢) =

- —/ e J,p(e) de + 2¢; 2 Gk, €). (4.52)
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Furthermore, M(t) > (M;,)* > r=@ (see {@29)) implies together with
Lemma [4.20)

Jie(€)

IN

3 3
/ g<t>[{(M1,t)d§5} dt - / g(t)I{Ml,tSEI/d} dt

3 3

= HR7§7Q+ (ﬁl/d) -+ H&&Q, (él/d), (453)

where H, ¢ o+ is defined as in (4.43) in Lemma I8 The smallest and the
largest eigenvalue of Q* is denoted by ¢i and ¢*, respectively.
Since 7% < ¢ < ¢4 and hence r~! < /4 < (2d)7! < (2d*)~" Lemma EI8
can be applied and by changing the variable v = r¢e we obtain

S e Hy e g+ (€17) de

I N Y 1/d 1 g 1/d
< clat) [ (Gl ). ) + e S gle(eir)) ) de
5 0 0

D 3 3 1 +
< c(di)/ r3 23t (Z—ivl/dG(n(vl/d),ﬁ) + ii g(ﬁ(vl/d))) r~4dv
¥ 0

iy o [P i (6F 1/d 1 dyy |
= rz 7. ¢(d") v 2t (| v/ G(k(vY), ) + Fg(k(v?)) )] —.
o 4o 4y v

Analyzing the proof of Lemma [A.I8 we may assume w.l.o.g that the con-
stant c¢(d) is monotone increasing in d. Since go = min {gj;qy } and
g =max{q"; ¢}, we have

S5t e Hyg g (1/4) de
D q 1 dv
< Td/2—2,c(d)/ vzt (q—vl/dG(/{(vl/d),S) + q—g(%(vl/d))) o
0 0
g (4.54)

Thus we conclude by using ([£52), (£53), and (54

D
1 d
[H’g <y Td/2_2/ 1)_1/2+1/d (i’Ul/dG(/{(Ul/d),f) + —g(f{(’Ul/d))) _U
. qo do v
+ Gk 9),

which proves ([449). This completes the proof of Lemma [4.22] O
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Lemma 4.23. Let 0 < k < £ < oco. Then

lim inf (T’MM) . (er,t) =00

r—oo telr]

provided that Q) is irrational.

Proof.

[BGY7]
[BGY9]

[CasT8|

[Dav58]
[DHA46]
[DL72]

[DMO93]

[E1s06]

[EMMOS]

|G6t04]
[Jar28§]

[Mar89|

[Mar97]

[Mum83]
[Opp29]

[Opp31]

[G6t04], p. 224, Lemma 3.11 or [EIs06], p. 47, Lemma 2.4.24 [
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