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DISCRETE TOMOGRAPHY OF ICOSAHEDRAL MODEL SETS

CHRISTIAN HUCK

ABSTRACT. The discrete tomography of icosahedral model sets is investigated, with an em-
phasis both on reconstruction and uniqueness problems. These are motivated by the request
of materials science for the reconstruction of quasicrystalline structures from a small number
of images produced by quantitative high resolution transmission electron microscopy.

1. INTRODUCTION

Discrete tomography is concerned with the inverse problem of retrieving information about
some discrete object from (generally noisy) information about its incidences with certain query
sets. A typical example is the reconstruction of a finite point set from its line sums in a small
number of directions. More precisely, a discrete, parallel X-ray, or X-ray for short, of a finite
subset of Euclidean d-space R? in direction u gives the number of points of the set on each
line in R? parallel to u. This concept should not be misunderstood in the sense of diffraction
theory, where X-rays provide rather different information on the underlying structure that is
based on statistical pair correlations; compare [9, [10, [16]. In the classical setting, motivated
by crystals, the positions to be determined live on the cubic lattice Z> or, more generally,
on an arbitrary lattice L in R3. Here, a subset S of R is said to live on a subgroup G of
R when its difference set S — S := {s — s'|s,s’ € S} is a subset of G. In fact, many of
the problems in discrete tomography have been studied on 72, the classical planar setting of
discrete tomography; see [18], [15] and [I4]. In the longer run, by also having other structures
than perfect crystals in mind, one has to take into account wider classes of sets, or at least
significant deviations from the lattice structure. As an intermediate step between periodic and
random (or amorphous) Delone sets (defined below), we consider systems of aperiodic order,
more precisely, of so-called model sets (or mathematical quasicrystals), which are commonly
accepted as a good mathematical model for quasicrystalline structures in nature [32]. It
is interesting to know whether these sets resemble lattices as far as discrete tomography is
concerned.

The main motivation for our interest in the discrete tomography of model sets comes from
the physical existence of quasicrystals that can be described as aperiodic model sets together
with the demand of materials science to reconstruct three-dimensional (quasi)crystals or planar
layers of them from their images under quantitative high resolution transmission electron
microscopy (HRTEM) in a small number of directions. In fact, in |21 B0] a technique is
described, based on HRTEM, which can effectively measure the number of atoms lying on
lines parallel to certain directions; it is called QUANTITEM (QUantitative ANalysis of
The Information from Transmission Electron Microscopy). At present, the measurement of

the number of atoms lying on a line can only be approximately achieved for some crystals;
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see |21}, B0]. However, it is reasonable to expect that future developments in technology will
improve this situation.

Whether or not one has future applications in materials science in mind, the starting point
will always be a specific structure model. This means that the specific type of the (quasi)crystal
is given (see |2, [B1] for the concept), and one is confronted with the X-ray data (i.e., the line
sums as defined above) of an unknown finite subset of it. This is the correct analogue of
starting with translates of Z3 in the classical three-dimensional setting.

Using the dimensional hierarchy of model sets, ¢.e., the fact that any model set in d di-
mensions can be sliced into model sets of dimension d — 1, it will be shown how our earlier
investigations of the discrete tomography of two-dimensional systems with aperiodic order can
be used to obtain the correponding results in three dimensions. More precisely, we consider the
well-known class of icosahedral model sets A C R® which can be described in algebraic terms
by using the icosian ring. It is a nice property that any icosahedral model sets can be sliced
into cyclotomic model sets, whose discrete tomography we have studied earlier; see [3] [19] 20].

When discussing inverse problems, it is important to distinguish between determination
and reconstruction. It was shown in [20, Theorem 3.33] that the algorithmic problem of
reconstructing finite subsets of a large class of icosahedral model sets A given X-rays in two A-
directions can be solved in polynomial time in the real RAM-model of computation. Moreover,
it was shown there hat the corresponding result is true for the two other algorithmic problems,
1.e., consistency and uniqueness.

In general, the above reconstruction problem of discrete tomography of icosahedral model
sets can possess rather different solutions. This leads to the investigation of the corresponding
uniqueness problem, i.e., the (unique) determination of finite subsets of a fixed icosahedral
model set A by X-rays in a small number of suitably prescribed directions. For practical
reasons, only X-rays in A-directions, i.e., directions parallel to non-zero elements of the dif-
ference set A — A of A are reasonable. We say that a subset £ of the set of all finite subsets of
a fixed icosahedral model set A is determined by the X-rays in a finite set U of directions if
different sets F' and F’ in & have different X-rays, i.e., if there is a direction v € U such that
the X-rays of F' and F” in direction u differ.

Without the restriction to A-directions, one can prove that the finite subsets of a fixed
icosahedral model set A can be determined by one X-ray (Proposition B6.]). In fact, it turns
out that any X-ray in a non-/A-direction is suitable for this purpose.

Proposition [6.5] demonstrates that the finite sets F' of cardinality less than or equal to some
k € N in a fixed icosahedral model set A are determined by any set of k41 X-rays in pairwise
non-parallel A-directions. However, it is also shown that any fixed number of X-rays in A-
directions is insufficient to determine the entire class of finite subsets of a fixed icosahedral
model set A (Proposition [6.3)).

In view of this, it is necessary to impose some restriction in order to obtain positive unique-
ness results.

As a first option, we restrict the set of finite subsets of a fixed icosahedral model set A under
consideration, i.e., we consider for every R > 0 the class of bounded subsets of A with diameter
less than R. Since A is uniformly discrete, bounded subsets of A are finite. It is shown that,
for all R > 0 and for all icosahedral model sets A, there are two non-parallel prescribed A-
directions such that the bounded subsets of A with diameter less than R are determined, among
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all such subsets of A, by their X-rays in these directions (Theorem [6.7]). Moreover, even the
corresponding results for orthogonal projections on orthogonal complements of 1-dimensional
subspaces generated by elements of A — A hold; the multiplicity information coming along
with X-rays is not needed.

As a second option, we restrict the set of finite subsets of a fixed icosahedral model set A
by considering the class of convex subsets of A. They are finite sets C C A whose convex hulls
contain no new points of A, i.e., finite sets C' C A with C' = conv(C) N A. In Theorem 6.12]
it is shown that there are four pairwise non-parallel prescribed A-directions such that the
convex subsets of any icosahedral model set A are determined, among all convex subsets of
A, by their X-rays in these directions. It is further shown that three pairwise non-parallel
A-directions never suffice for this purpose. We shall present sets of four A-directions which
provide uniqueness and yield images of rather high resolution in the quantitative HRTEM of
the corresponding icosahedral model sets, the latter making these results look promising.

As a third option, we consider the interactive technique of successive determination in
the case of icosahedral model sets. Here, the information from previous X-rays may be
used in deciding the direction for the next X-ray. It is shown that the finite subsets of
any icosahedral model set A can be successively determined by X-rays in two non-parallel
A-directions (Theorem [6.14]). Again, the corresponding results do even hold for orthogonal
projections on orthogonal complements of 1-dimensional subspaces generated by elements of
A — A; the multiplicity information coming alsong with X-rays is again not needed.

The rotational orientation of a (quasi)crystalline probe with icosahedral symetry in an
electron microscope can rather easily be achieved in the diffraction mode, prior to taking
images in the high-resolution mode. However, in general, a natural choice of a translational
origin is mot possible. We believe that, in order to obtain applicable results, one has to deal
with this ‘non-anchored’ case, i.e., without knowing the exact position of the probe. We shall
meet this demand when dealing with both reconstruction and determination issues.

2. DEFINITIONS AND NOTATION

Natural numbers are always assumed to be positive, i.e., N = {1,2,3,...}. Throughout
the text, we use the convention that the symbol C includes equality. We denote the norm in
Euclidean d-space R¢ by || - ||. The unit sphere in R is denoted by S, i.e.,

st = {a e]Rd‘ |z|| = 1} .

Moreover, the elements of S¥! are also called directions. For 2 € R\ {0}, we denote by
u, the direction z/||z| € S¥~1. If z € R, then |z| denotes the greatest integer less than or
equal to . For r > 0 and 2 € R¢, B,.(x) is the open ball of radius r about x. For a subset
S CRY ke Nand R > 0, we denote by card(S), F(S), F<i(S), D<r(S), int(S), cl(S),
bd(S), (S)z, (S)q, (S)r, conv(S), diam(S) and 1g the cardinality, the set of finite subsets,
the set of finite subsets of S having cardinality less than or equal to k, the set of subsets of S
with diameter less than R, interior, closure, boundary, Z-linear hull, Q-linear hull, R-linear
hull, convex hull, diameter and characteristic function of .S, respectively. A linear subspace T’
of R is called an S-subspace if it is generated by elements of the difference set

S—5:= {s—s"s,s’GS}
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of S. A direction u € S ! is called an S-direction if it is parallel to a non-zero element of
S — S. If T is a linear subspace of R¢, we denote the orthogonal projection (with respect to
the canonical inner product on R%) of an element z of R on T by z|T. Moreover, we denote
the orthogonal projection of a subset S of R on T by S|T. The orthogonal complement of T
is denoted by T+. The symmetric difference of two sets A and B is AA B := (A\ B)U(B\ A).
A subset S of R is said to live on a subgroup G of R when its difference set S — S is a subset

of G. Obviously, this is equivalent to the existence of a suitable ¢ € R? such that S C t + G.

Definition 2.1. Let d € N and let F € F(R?). Furthermore, let u € S¥! be a direction
and let £2 be the set of lines in direction u in R?. Then, the (discrete parallel) X-ray of F in
direction u is the function X, F : £¢ — Ng := N U {0}, defined by

Xy F(0) = card(FN L) =Y 1p(x).
xel
Moreover, the support (X, F) '[N] of X, F, i.e., the set of lines in £¢ which pass through at
least one point of F, is denoted by supp(X,F). For z € R, we denote by ¢? the element of £Z
which passes through z. Moreover, for S C R?, we denote by £ the subset of £¢ consisting

of all elements of the form ¢Z, where z € S, i.e., lines in £¢ which pass through at least one
point of S.

Lemma 2.2. [12, Lemma 5.1] Let d > 2 and let u € S be a direction. If F, F' € F(RY),
then X F = X, F' implies card(F) = card(F"). O

Definition 2.3. Let d > 2, let U C S%! be a finite set of pairwise non-parallel directions and
let F' € F(RY). We define the grid of F' with respect to the X-rays in the directions of U as

G = ) U ¢

uelU \Lesupp(X F)

The following property is immediate.

Lemma 2.4. Let d > 2. If U C S is a finite set of pairwise non-parallel directions, then
for all F,F' € F(RY), one has
(X F=X,F'YuelU) = F,F c G = GI.
O
Definition 2.5. Let d > 2, let £ € F(R?), and let m € N. Further, let U C S%~! be a finite
set of directions and let 7 be a finite set of 1-dimensional subspaces T of R.

(a) We say that & is determined by the X-rays in the directions of U if, for all F, F’ € £,
one has

(XyF =X, F'YueU) = F=F.

(b) We say that & is determined by the (orthogonal) projections on the othogonal com-
plements T of the subspaces T of 7 if, for all F, F’ € £, one has

(FIT* =F|T+* VT eT) = F=F'.
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(c) We say that & is successively determined by the X-rays in the directions of U, say

U = {uy,...,up}, if, for a given F' € &, these can be chosen inductively (i.e., the
choice of u; depending on all X,, F with k € {1,...,j — 1}) such that, for all F’ € &,
one has

(XyF' = X,FYuelU) = F' =F.
(d) We say that & is successively determined by the (orthogonal) projections on the othog-
onal complements T of the subspaces T of T , say T = {T1,..., Ty}, if, for a given

F € &, these can be chosen inductively (i.e., the choice of Tj depending on all F\TkL
with k € {1,...,7 — 1}) such that, for all F’ € £, one has

(FIT* =F|T+* VT €T) = F=F'.

(e) We say that &£ is determined (resp., successively determined) by m X-rays if there
is a set U of m pairwise non-parallel directions such that £ is determined (resp.,
successively determined) by the X-rays in the directions of U.

(f) We say that & is determined (resp., successively determined) by m (orthogonal) pro-
jections on orthogonal complements of 1-dimensional subspaces if there is a set 7 of m
pairwise non-parallel 1-dimensional subspaces of R such that £ is determined (resp.,
successively determined) by the (orthogonal) projections on the othogonal comple-
ments T of the subspaces T of 7.

Remark 2.6. Let d > 2 and let £ C F(R?). Note that if £ is determined by a set of X-
rays (resp., projections), then & is also successively determined by the same X-rays (resp.,
projections).

Definition 2.7. For d € N, consider the Euclidean d-space, RY. A homothety h: R¢ — R
is given by z —— Az 4+ t, where A € R is positive and ¢ € R%. A homothety is called a
dilatation if t = 0. Further, we call a homothety expansive if A > 1.

The following property is straight-forward.

Lemma 2.8. Let d > 2 and let h: RY — R? be a homothety and let U C S be a finite set
of directions. Then, if F' and F' are elements of F(RY) with the same X -rays in the directions
of U, the sets h[F] and h[F'] also have the same X-rays in the directions of U. O

Definition 2.9. Let d € N and let S € R?. A finite subset C of S is called a convez subset of
S if its convex hull contains no new points of S, i.e., if the equation C' = conv(C') N S holds.
Moreover, the set of all convex subsets of S is denoted by C(S5).

From now on, 7 will denote the golden ratio, i.e., 7 = (1 + v/5)/2. Note that 7 is an
algebraic integer (a root of X2 — X — 1 € Z[X]) of degree 2 over Q. Moreover, one has
Z|t] = {a +br|a,b € Z}, which is the ring of integers in the real quadratic number field

Q(V5) = Q(7); ¢f. [1T].
3. ICOSAHEDRAL MODEL SETS

3.1. Definition and properties of icosahedral model sets. Let H be the skew field of
Hamiltonian quaternions, i.e.,

H={a+bi+cj+dk|a,b,c,d e R},
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a 4-dimensional vector space over R with a non-commutative multiplication determined by
==k =ijk=—1.

The conjugate of « = a+bi+cj+dk € H is defined by & = a — bi — ¢j — dk, the reduced norm
by nr(a) = aa = a® + b? + 2 4+ d? and the reduced trace by tr(a) = o+ a = 2a. Moreover, we
shall sometimes call Re(a) := a € R the real part and Im(a) := (b, c,d)! € R? the imaginary
part of a. Let Hy be the set of quaternions with real part 0, i.e.,

Hy := {a € H| tr(a) = 0} = {bi +¢j +dk|b,c,d € R} = R3.
The icosian ring L (cf. [T, 23]) is the additive subgroup of H that is given by the integer linear
combinations of the quaternions
((£1,0,0,00)™, 3 (1,41, +1, £ 1)) 1 ((0,+1, +7, 1)) |

where we identify H with R* via the basis {1,4, j, k} and, as in [8] Chapter 8], the superscript
A indicates that all even permutations of the coordinates are allowed. Moreover, 7/ arises
from 7 via the unique non-trivial Galois automorphism ." on Q(7) (given by v/5 —— —+/5),
i.e., 7/ = —1/7 =1 — 7. The members of I are called icosians. Note that I is a ring, because
these generators (which have reduced norm 1) form a multiplicative group, the icosian group,
of order 120. Note further that I is also a free Z[r]-module of rank 4. In fact, I is a maximal
order of the quaternion algebra H(Q(7)) over Q(7), defined as

H(Q(r)) ={a+bi+cj+dk|a,bc,d e Q(r)};
see [6]. The set
Iy := Im[I N Hy] ¢ R?
of ‘pure imaginary’ icosians is generated as an additive group by the elements
((£1,0,00)™, L (1, +7, 1)) " |

where the superscript A is defined as above. Consider the standard body centred icosahedral
module Mp of quasicrystallography, defined as

Mg = ({(2,0,0),(1,1,1)",(r,0,1)'}) ;. .
(1) - <{(0’270)t7(_1’_7—/’7—)t’(1’1’1)t}>ZH
_ {(ﬂ,’y, 5! B,7,0 € Z[r], with }

28+ 7y+6= 0 (mod?2)
One has Im[l] = %MB and, further, Iy = %MF, where My is the standard face centred

icosahedral module of quasicrystallography, defined as

o B,7,06 € Z[r], with
My = {(ﬁ’%(w B =71y=125 (mod?2) }’
(2) = {(B,7,0) e Mg |B+~v+6= 0 (mod2)},

= <{(27070)t7(7-+17T71)t7(07072)t}>2[7‘} é MB C R37
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where Mg é Mg denotes the fact that My is a subgroup of index 4 in Mp; see [I] and
references therein. Both Mp and My are free Z[r]-modules of rank 3, and are hence Z-
modules of rank 6. Moreover, both Mp and My have icosahedral symmetry, ¢.e., they are
invariant under the action of the rotation group Y. This group is generated by the rotations
which are given, with respect to the canonical basis, by the following matrices

-1 0 0 1 R
(3) 0o -1 0], 3 1 -7 -7
0 0 1 -7 T 1

Note that Y is the rotation group of the regular icosahedron centred at the origin 0 € R3
with orientation such that each coordinate axis passes through the mid-point of an edge, thus
coinciding with 2-fold axes of the icosahedron. Moreover, the matrix on the left (resp., on the
right) is an order 2 (resp., order 5) rotation. We let

X Im[l] — R3,
a— o,

be the map defined by applying the conjugation .” to each coordinate of a. Clearly, the map .*
is a monomorphism of Abelian groups. We shall denote by .7* the inverse of its co-restriction
Z: Im[I] — Im[I]* to the image. Furthermore, let the map

T Im[l] — R3 x R3

be given by

ar— (a,a”).

Note that the image Iml[I] is a lattice in R?® x R® = R® and, moreover, that it has a natural
interpretation as a weight lattice of type D§; cf. [T, 8] for background.

This provides the following cut and project scheme, where m and m;,; denote the canonical
projections.

R3 — R3 x R? — R?
(4) U dense U lattice U dense
1-1 — 1-1
Im|I] — Im|I] —  Im[I]*

Remark 3.1. Similarly, Iy gives rise to a cut and project scheme, where the lattice ]I~0 in
R? x R? has a natural interpretation as a root lattice of type Dg; cf. [T, 8] again. Note also
that there is another Z-module of rank 6, intermediate between My and Mg, which also has
icosahedral symmetry. This is Mp, defined as

Mp = {(B,7,0) e Mg |B+~y+6= 0or 7 (mod2)} .

In contrast to Mp and Mp, Mp fails to be a Z[r]-module. In fact, Mp is a Z[27]-module
only, and it is a Z-module of rank 6.
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Definition 3.2. Given any subset W C R? with @ # int(W) c W C cl(int(W)) and
cl(int(W)) compact, a so-called window, and any t € R3, we obtain a three-dimensional
model set, a so-called icosahedral model set,

AiCO(t7 W) =t+ Aico(W)
relative to the above cut and project scheme (@) by setting
Nico(W) :={a € Im[I] |a* € W}.

Moreover, m[R3] (resp., mn[R?]) is called the physical (resp., internal) space. The map
X Im[I] — R3, as defined above, is the so-called star map of A(t,W). Further, we denote
by 7 the set of all icosahedral model sets and define 7, as the subset of Z consisting of all generic
icosahedral model sets, i.e., icosahedral model sets Ajco(t, W) satisfying bd(W) N Im[I]* = &.
Additionally, for a window W C RR3, the elements of the subset

{Aieo(t, 7 + W) |t,7 € R?} N I,
of Z, are called Z,(W)-sets.

Remark 3.3. Note that, if W C R? is a window, then every translate of it, 4.e., 7+ W, where
7 € R3, is a window as well.

Remark 3.4. We refer the reader to [22] 24] for details and related general settings, and
to [5] for general background. Let us recall some properties of icosahedral model sets. Setting
A= Aieo(t, W) C R?, one has that A is a Delone set in R? (i.e., A is both uniformly discrete
and relatively dense) and has finite local complezity (i.e., A — A is closed and discrete). In
fact, A is even a Meyer set (i.e., A is a Delone set and A — A is uniformly discrete); compare
[22]. Further, A is an aperiodic model set, i.e., A has no translational symmetries. Moreover,
if A is regular (meaning that the boundary W has Lebesgue measure 0 in R?), A is pure
point diffractive (cf. [29]); if A is generic, A is repetitive; see [29]. If A is regular, the frequency
of repetition of finite patches is well defined (cf. [28]|) and, moreover, if A is both generic and
regular, and, if a suitable translate of the window W has full icosahedral symmetry (i.e., if a
suitable translate of the window W is invariant under the action of the group Y;* of order 120,
where Y} := Y*U(=Y™*) and Y* is the group of rotations of order 60 generated by the two
matrices that arise from the two matrices in ([B]) by applying the conjugation .” to each entry),
then A has full icosahedral symmetry Y} := Y U(=Y) in the sense of symmetries of LI-classes,
meaning that a discrete structure has a certain symmetry if the original and the transformed
structure are locally indistinguishable (LI); see [2] for details. Typical examples are balls and
suitably oriented versions of the icosahedron, the dodecahedron, the rhombic triacontahedron
(the latter also known as Kepler’s body) and its dual, the icosidodecahedron.

3.2. Cyclotomic model sets as planar sections of icosahedral model sets. In this
section, we demonstrate that icosahedral model sets A can be nicely ‘sliced’” into cyclotomic
model sets, where the slices are translates of the hyperplane in R? orthogonal to the vector
(7,0,1)!. The latter observation will be crucial, since it brings us later into the position to
use our results in [3], 9] on the discrete tomography of cyclotomic model sets, slice by slice.

Definition 3.5. Let (a,b,c)! € R3\ {0}. We use H(*%) to denote the hyperplane in R? that

is the orthogonal complement of the line R(a, b, c)t, i.e.,

H(aJLC) = (]R,(a, ba C)t)l
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Lemma 3.6. The following equations hold:
() Im[I] N HTOD = ((0,1,0)", 5(=1,~7',7)") 0.
(b) [Im[I[] N HTOV)" = Im[Q])* n HTOL.
Proof. Part (a) follows from Equation (I) and the relation Im[I] = $Mg. Part (b) follows
from part (a) in conjunction with the identity ((7,0,1)%)* = (7/,0,1)". O
Definition 3.7. Let (5 := €2™/5, a primitive 5th root of unity in C.
(a) We denote by ® the R-linear map ®: H(™0%1) — €, defined by
r(0,1,0)" + s3(—1, -7, 1) — 1+ 55
(b) We denote by ®* the R-linear map ®*: H(-01) —, €, defined by
7(0,1,0)" + s&(—1,—7,7) 1+ 5.
Remark 3.8. Note that H(™01) H (70.) and € are two-dimensional Euclidean vector spaces,
the first and the second one with respect to the inner product induced by the canonical inner
product on R3, and the third one with respect to the canonical inner product on R? = C.

Further, ® and ®* preserve these inner products, the latter being equivalent to the fact that
® and ®* are isometries of Euclidean vector spaces. More concretely, one has the identities

I7(0,1,0)" + s3 (=1, =7, 7)! | = Ir + sG5| = V1% + 8> —rs7!
and
||7"(0, 170)t + 3%(_1, -, T/)tH = |7" + ng’| =12+ 52 —rsr.

In particular, ® and ®* are bijections. Moreover, if one identifies C with the xy-plane in R?
in the canonical way, ® (resp., ®*) has a unique extension to a direct rigid motion of R3, i.e.,
an element of the special orthogonal group SO(3,R). Additionally, it is well known that Z[(5]
is the ring of integers in the 5th cyclotomic field Q((5), an algebraic number field of degree
4 over Q; cf. [33, Proposition 1.2|. The ring Z[(5] also is a Z[r]-module of rank two; more
precisely, one has Z[(5] = Z[r] + Z[7](s. Since ¢3 is also a primitive 5th root of unity, one has
the equality Z[(5] = Z[¢3] = Z[r] + Z[7]¢3.

Lemma 3.9. Via restriction, the map ® induces an isomorphism of rank two Z[1]-modules
Im(I] N HCOD 25 7(¢].

Likewise, the map ®* induces an isomorphism of rank two Z[r]|-modules

Mm@ n HOOD 25 7).
Proof. This follows immediately from Lemma and Remark 3.8 O
Corollary 3.10. The set

Bim = {3(1,1,1)",3(1,1,1)",(0,1,0)", 3(-1,—7",7)",
%(T’, —7, 1), %(—T’, —7r,—1)"}.

is simultaneously a Z-basis of Im[l] and a Q-basis of (Im[L])q = QIm[I] = (Q(7))3.
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Proof. First, observe that one has the equalities
((0,1,0)) =1, ®(3(-1, -7, 1)) =¢, @G(,-,1)") = ¢

and ®(1(—7/,—7,—1)") = (3. Then, the fact that Bry(r is simultaneously a Z-basis of Iml[I]
and a Q-basis of (Im[I])g = QIm[I] follows immediately from Lemma and Equation ()
in conjunction with the fact that the set {1,(s, (2, (3} is simultaneously a Z-basis of the Z-

module Z[(5] and a Q-basis of Q(¢5) = (Z[¢5]) g = QZ[¢5]. The equality (Q(7))? = (Im[L])q
then follows immediately from the obvious inclusion (Im[I])q C (Q(7))? in conjunction with

the fact that both sets are 6-dimensional vector spaces over Q. g

Proposition 3.11. Let Aio(t, W) be an icosahedral model set. Then, for every o € ImlI],
one has the identity

@ [(Aieolt. W) 0 (t+a+HEOD)) —t—a] = {zezq]

where *5 is the Galois automorphism in the Galois group G(Q((5)/Q) of the Galois extension
Q(¢)/Q of Q, defined by ¢s — ¢3 and

(5) w;:¢ﬂ@vm(w+ﬂﬁﬁﬂ>—w]

2 e Wa} ,

Proof. First, consider ®(\), where A € (Ajeo(t, W) N (t +a + HT™OD)) —¢ — . It follows that
A € Im[I] N H™OY and (a 4+ \)* = o* + A\* € W. Lemma implies that ®(\) € Os, say
®(\) = B+ (5 for suitable 3,7 € 05. One can now easily verify that
(@)™ =8 +7'¢5 = &*(\) € Wa.

Conversely, suppose that z € Z[(5] satisfies 2*> € W,. Then, there are suitable 3,y € Z[7]
such that z = 3+ (5 and, consequently, 2*5 = 3 ++/'(3 € W,. By definition of W,, one
has 2% = ®*()\), where A € H(™"0 satisfies a* + A € W. Clearly, there are 7, s € R such
that A = 7(0,1,0)" + s3(—1,—7,7')", whence ®*(\) = r + s¢3. The linear independence of

1 and (2 over R now implies that 7 = 3 and s = «, so that A € Im[I]*. Moreover, one has

A€ (Aot W)Nt+a+HTOD) —t —a and ®(A\*) = 3+ (s = 2. This completes the
proof. O

Corollary 3.12. Let Ajeo(t, W) be an icosahedral model set. Then, for every a € Im[l], the
set

(6) @ [(Aiw(t,W) N (t+a+H(Tv°’1)>> —t—a}
15 a subset of a cyclotomic model set.

Proof. This follows immediately from Proposition B.IT] in conjunction with the definition of
cyclotomic model sets; see [3 [19]. O

Remark 3.13. In the case of gemeric icosahedral model sets with, e.g., polytopal or ball-
shaped windows, the set in (@]) is either empty or a cyclotomic model set with window W,, (in
this situation, W, is indeed a window) as defined in (Bl); cf. Proposition B.11]

Since we want to use our results on the discrete tomography of cyclotomic model sets [3], [19],
Proposition B.11] and Corollary B.I12] suggest the following definition.

Definition 3.14. The Im([I]-directions in S N H(™0Y are called Im[I]("%Y -directions.
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3.3. The translation module of icosahedral model sets. Let us now establish an impor-
tant result on a relation between icosahedral model sets and their underlying module Im[I].

Definition 3.15. We denote by m, the 05-module endomorphism of Im[I], given by multipli-
cation by 7, i.e., @« — 7. Furthermore, we denote by m,* the Z[r]-module endomorphism
of Im[I]*, given by o* — (Ta)*.

Lemma 3.16. The map m,* is contractive with contraction constant % € (0,1), ie., the

equality |[m.*(a*)| = L |ja*| holds for all o € ImlT].
Proof. Let a € Im[I]. Observe that [[m,*(o*)| = [|(re)*|| = ||7’e*| = L ||o*||. The observa-
tion % = —1+417 € (0,1) completes the proof. O

Remark 3.17. In Lemma B.I6l we essentially made use of the fact that 7 is a Pisot-
Vijayaraghavan number (PV-number) of (full) degree 2 in Z[r]. In fact, since 7/ = —1/7 =
1 — 7, the PV-number 7 is even a PV-unit. Consequently, the Z[r]-module endomorphisms
m, and m.* are actually Z[7]-module automorphisms.

Although being almost invisible in this text, the following result plays a key role in the
discrete tomography of icosahedral model sets; compare [I9] Lemma 21| for a similar result
in case of cyclotomic model sets. Roughly speaking, it says that any icosahedral model set
Aico(t, W) contains suitably scaled versions of any finite subset of its underlying Z-module
Im[T].

Lemma 3.18. Let t € R? and let Aieo(t, W) be an icosahedral model set. Then, for any finite
set ' C Iml[l], there is an expansive homothety h: R3 — R3 such that h[F] C Aeo(t, W).
In particular, if t = 0 and 0 € int(W), there is even a dilatation d: R® — R3 such that
d[F] C Aico(t, W).

Proof. From int(W) # @ and the denseness of Im[[]* in R?, one gets the existence of a suitable
ap € Im[I] with ap* € int(W). Consider the open neighbourhood V' := int(W) — ap* of 0 in
R3. Next, consider the map m,*: Im[I]* — Im[I]*. Since, by Lemma [B.I6], the map m,* is
contractive (in the sense which was made precise in that lemma), the existence of a suitable
k € N is implied such that
(m)*[[F]*] c V.
Hence, one has
{(TkOé +ap)"|a € F} C int(W)C W
and, further, h[F] C Aieo(t, W), where h: R? — R3 is the expansive homothety given by
x— mhe + (ag + ).

The additional statement follows immediately from the foregoing proof in connection with the
trivial observation that 0 € Im[I] maps, under the star map .*, to 0 € R3. This completes the
proof. O

As an easy application of Lemma [BI8 one obtains the following result on the set of
Aico(t, W)-directions (resp., 1-dimensional Ajco (¢, W)-subspaces) for icosahedral model sets
Ajeo(t, W).

Lemma 3.19. Let Aieo(t, W) be an icosahedral model set. Then, one has:
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(a) The set of Aico(t, W)-directions is precisely the set of Iml[I]-directions.
(b) The set of 1-dimensional Ajco(t, W)-subspaces is precisely the set of 1-dimensional
Im[I]-subspaces.

Proof. Let us start with (a). Since one has Ajco(t, W) — Aico(t, W) C Im[l], every Aico(t, W)-
direction is an Im[I]-direction. For the converse, let u € S? be an Im|[I]-direction, say parallel
to a € Im[I]\ {0}. By Lemma B.I8] there is a homothety h: R?® — R? such that h[{0,a}] C
Aico(t, W). Tt follows that h(a) — h(0) € (Aico(t, W) — Ajeo(t, W)) \ {0}. Since h(c) — h(0) is
parallel to «a, the assertion follows. Part (b) follows from similar arguments. O

4. DISCRETE TOMOGRAPHY

4.1. Setting. For the discrete tomography of aperiodic model sets, one additional difficulty,
in comparison to the crystallographic case, stems from the fact that it is not sufficient to
consider one pattern and its translates. Hence, to define the analogue of a specific crystal,
one has to add all infinite patterns that emerge as limits of sequences of translates defined in
the local topology (LT). Here, two patterns are e-close if, after a translation by a distance of
at most e, they agree on a ball of radius 1/¢ around the origin. If the starting pattern A is
crystallographic, no new patterns are added; but if A is a generic aperiodic model set, one ends
up with uncountably many different infinite patterns, even up to translations! Nevertheless,
all of them are locally indistinguishable (LI). This means that every finite patch in A also
appears in any of the other elements of its Ll-class and vice versa; see [2] for details.

Remark 4.1. The entire LI-class of a regular, generic icosahedral model set Ajco(¢, W) can be
shown to consist of all sets t-+Ajeo (7+W), with t, 7 € R3 such that bd(r+W)NIm[I]* = & (i.e.,
T is in a generic position), and all patterns obtained as limits of sequences t+ Ajco(T7+ W), with
all 7 in a generic position; see [2] 29]. Each such limit is then a subset of some t + Ajco(T7+ W),
as cl(W) was assumed compact, but 7 might not be in a generic position. In view of this
complication, we must make sure that we deal with finite subsets of generic icosahedral model
sets, i.e., subsets whose .*-image lies in the interior of the window. This restriction to the
generic case is the proper analogue of the restriction to perfect lattices and their translates in
the crystallographic case.

The setting for the discrete tomography of icosahedral model sets looks as follows. Let W C
R? be a window. Then, for the reconstruction problem, one is interested in the reconstruction
of finite subsets of Z,(WW)-sets from their X-rays in a small number of Im[I]-directions; see
Section Bl for details. Further, for the uniqueness problems, one is interested in the (successive)
determination of the set (J ez, (ury F(4) or suitable subsets thereof by the X-rays in a small
number of Im[I]-directions.

4.2. Practical relevance. The above setting for the discrete tomography of icosahedral
model sets is motivated by the practice of quantitative HRTEM. To this end, note that,
because of the icosahedral symmetry of genuine icosahedral quasicrystals, the determination
of the rotational orientation of a quasicrystalline probe in an electron microscope can rather
easily be achieved in the diffraction mode, prior to taking images in the high-resolution mode,
though, in general, a natural choice of a translational origin is not possible. The latter is due to
the fact that, in general, the X-ray information does not allow us to locate the examined sets.
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Therefore, in order to prove practically relevant and rigorous results, one has to deal with the
‘non-anchored’ case of the whole Ll-class of a regular, generic icosahedral model set A, rather
than dealing with the ‘anchored’ case of a fixed such A. It will turn out in the following that
the treatment of the ‘non-anchored’ case is often feasible. Moreover, in Section [6.3] we shall
even be able to provide positive uniqueness results for which we can make sure that all the
Im[I]-directions used correspond to dense lines in the corresponding icosahedral model sets,
the latter meaning that the resolution coming from these directions is rather high. Hence, we
believe that these results look promising in view of real applications.

5. COMPLEXITY

Analogous to the lattice case [13] [14] and the case of cyclotomic model sets [3], the main
algorithmic problems of the discrete tomography of icosahedral model sets look as follows.

Definition 5.1 (Consistency, Reconstruction, and Uniqueness Problem). Let W C R? be
a window (cf. Definition B2). Further, let uy,...,u, € S? be m > 2 pairwise non-parallel
Im[I]-directions. The corresponding consistency, reconstruction and uniqueness problems are
defined as follows.

CONSISTENCY.

Given functions py; : E?L],

— Ny, 7 € {1,...,m}, whose supports p;jl [N] are

finite and satisfy supp(py;) C Elur?m, decide whether there is a finite set F

which is contained in an Z,(W)-set and satisfies X, F' = py;, j € {1,...,m}.
RECONSTRUCTION.

Given functions p; : ﬁij — Ny, j € {1,...,m}, whose supports p;jl[]N]
are finite and satisfy supp(py;) C ELT[H}, decide whether there exists a finite
subset I of an Z,(W)-set that satisfies X, "' = py;, j € {1,...,m}, and, if so,
construct one such F.

UNIQUENESS.

Given a finite subset F' of an Z,(W)-set, decide whether there is a different
finite set F’ that is also a subset of an Z,(W)-set and satisfies X, F' = X, I,
je{l,....,m}.

One has the following tractability result:

Theorem 5.2. When restricted to two Im[I] (101 _directions and polytopal windows, the prob-
lems CONSISTENCY, RECONSTRUCTION and UNIQUENESS as defined in Definition [ can be
solved in polynomial time in the real RAM-model of computation.

Proof. See [20, Theorem 3.33]. O

Remark 5.3. As a warning, note that even in the ‘anchored’ planar lattice case Z2 the
corresponding problems CONSISTENCY, RECONSTRUCTION and UNIQUENESS are NIP-hard
for three or more lattice directions (i.e., Z*-directions); see [13, 14].

6. UNIQUENESS

6.1. General uniqueness results. In this section, we present some uniqueness results which
deal with X-rays in arbitrary Im[I]-directions. Our first uniqueness result even holds true in
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the case of arbitrary Delone sets A C R%, d > 2, and a non-A-direction u € S 1; see [20,
Proposition 2.1].

Proposition 6.1. Let Aieo(t, W) be an icosahedral model set. Further, let u € S? be a non-
Im(I]-direction. Then, the set F(Aico(t, W)) is determined by the single X -ray in direction
u.

Proof. This follows immediately from the fact that a line in 3-space in a non-Im|[I]-direction
passes through at most one point of the translate ¢ + Im[I] of Im[I]. O

Remark 6.2. Since there are only countably infinitely many Im[I]-directions, the existence of
non-Im[I]-directions follows. However, in practice (HRTEM), X-rays in non-Im[I]-directions
are meaningless since the resolution coming from such X-rays would not be good enough to
allow a quantitative analysis — neighbouring lines are not sufficiently separated.

The following result represents a fundamental source of difficulties in discrete tomography.
There exist several versions; compare [I8, Theorem 4.3.1], [I1, Lemma 2.3.2|, [4, Proposition
4.3] and [19, Proposition §|.

Proposition 6.3. Let Aieo(t, W) be an icosahedral model set. Further, let U C S? be an
arbitrary, but fived finite set of pairwise non-parallel Im[I]-directions. Then, F(Ajco(t, W)) is
not determined by the X -rays in the directions of U.

Proof. We argue by induction on card(U). The case card(U) = 0 means U = @ and is obvious.
Suppose the assertion to be true whenever card(U) = k € Ny and let card(U) = k + 1. By
induction hypothesis, there are different elements F' and F’ of F(Aico(t, W)) with the same
X-rays in the directions of U’, where U’ C U satisfies card(U’) = k. Let u be the remaining
direction of U. Choose a non-zero element a € Im[I] parallel to u such that o + (F U F’)
and F'U F’ are disjoint. Then, F” := FU (o + F') and F" := F' U (a + F) are different
elements of F(t + Im[I]) with the same X-rays in the directions of U. By Lemma B.I8 there
is a homothety h: R3 — R3 such that h[F" U F"] = h[F"] U h[F"] C Ajeo(t, W). Tt follows
that h[F”] and h[F"] are different elements of F(Aico(t,W)) with the same X-rays in the
directions of U; see Lemma 2Z8b). O

Remark 6.4. An analysis of the proof of Proposition shows that, for any finite set
U C S? of k pairwise non-parallel Im[l]-directions, there are disjoint elements F and F' of
F(Aieo(t, W)) with card(F) = card(F’) = 2*=1) and with the same X-rays in the directions
of U. Consider any bounded subset B of R? which contains I and F’ from above. Then, the
subsets F := (BN Aico(t, W)) \ F and Fy := (B N Aico(t, W)) \ F’ of F(Aico(t, W)) also have
the same X-rays in the directions of U. Whereas the points in F' and F’ are widely dispersed
over a region, those in F7 and F5 are contiguous in a way similar to atoms in a quasicrystal;
compare [I3, Remark 4.3.2] and [I9, Remark 32 and Figure 5.

The proof of the following result can be the same as that of [I8, Theorem 4.3.3]. Originally,
the proof is due to Rényi; see [27]. For clarity, we prefer to repeat the details here, in a slightly
modified way.

Proposition 6.5. Let Aio(t, W) be an icosahedral model set. Further, let U C S? be any
set of k + 1 pairwise non-parallel Im[I]-directions where k € No. Then, F<p(Aico(t, W)) is
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determined by the X-rays in the directions of U. Moreover, for all F' € F<p(Aico(t,W)), one
has G = F.

Proof. Let F,F'" € F<j(Aico(t, W)) have the same X-rays in the directions of U. Then, one
has card(F') = card(F") by Lemma [Z2a) and

F.F' c GY

by Lemma 24 But we have GY. = F since the existence of a point in G% \ F implies the
existence of at least card(U) > k + 1 points in F, a contradiction. It follows that F' = F'. [

Remark 6.6. Let Aj,(t, W) be an icosahedral model set. Remark and Proposition
show that F<p(Aico(t,W)) can be determined by the X-rays in any set of k + 1 pairwise
non-parallel Im[I]-directions but not by 1 + [log, k| pairwise non-parallel X-rays in Im(I]-
directions. However, in practice, one is interested in the determination of finite sets by X-rays
in a small number of directions since after about 3 to 5 images taken by HRTEM, the object
may be damaged or even destroyed by the radiation energy. Observing that the typical atomic
structures to be determined comprise about 10° to 10? atoms, one realizes that the last result
is not practical at all.

6.2. Determination of subsets of icosahedral model sets with uniformly bounded
diameter by X-rays or projections. As it was the case in Section [6.1], the next result also
deals with X-rays in arbitrary Im[I]-directions (resp., projections on orthogonal complements
of arbitrary 1-dimensional Im[I]-subspaces). Note that Theorem [6.7] extends to the case of
arbitrary Delone sets A C RY of finite local complexity and A-directions, where d > 2; see |20,
Theorem 2.8|.

Theorem 6.7. Let Aico(t, W) be an icosahedral model set and let R > 0. Then, one has:

(a) The set Depr(Aico(t, W)) is determined by two X -rays in Im[I]-directions.
(b) The set Deg(Aico(t, W)) is determined by two projections on orthogonal complements
of 1-dimensional Im[I]-subspaces.

Proof. This follows immediately from [19) Corollary 10| in conjunction with Lemma B.19 O

Remark 6.8. Clearly, Theorem is optimal with respect to the number of X-rays (resp.,
projections) used.

In contrast to the foregoing uniqueness results, from now on, we use the results from Sec-
tion on the ‘slices’

b KAiCO(t, W) N (A + H(“O’l))) - )\] DA€ Aot W),

of icosahedral model sets in order to lift the results from [I9] to the case of icosahedral model
sets. The following result then follows from a careful analysis of the proof of [I9, Theorem
21].

Theorem 6.9. For all windows W C R? and for all R > 0, one has:
(a) The set UAeIg(W) D_r(A) is determined by three X -rays in Im[I)("%V _directions.
(b) The set UAeIg(W) D.r(A) is determined by three projections on orthogonal comple-

7,0,1)

ments of 1-dimensional Tm[I]( -subspaces. O
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Remark 6.10. Unfortunately, Theorem and Theorem are limited in practice because,
in general, one cannot guarantee that all the directions which are used yield HRTEM images
of high enough resolution.

6.3. Determination of convex subsets of icosahedral model sets by X-rays.

Remark 6.11. Note that, for a convex subset C' of an icosahedral model set A;.,(t, W), the
intersections C'N(A+HTOD) X € Ajeo(t, W), are convex subsets of Ajeo(t, W) N (A+ H ™01,
i.e., they satisfy

conv (C N <>\ + H(ﬂo’l))) N (Aico(t, w)n <>\ + H(ﬂo’l))) =Cn <>\ + H(T’(”)) .

Theorem 6.12. There is a set U C S of four Im[I]m0Y) -directions such that, for all icosahe-
dral model sets NAico(t, W), the set C(Aico(t, W)) is determined by the X -rays in the directions
of U.

Proof. By Remark and the results from Section B.2] this follows immediately from [19]
Theorem 16]|. For an example, it was shown in [I9] Example 3] that the convex subsets of
cyclotomic model sets with underlying Z-module Z[(5] are determined by the X-rays in the
Z|(5)-directions given by

Us := {u(1+T)+C5)u(T—1)+C5 ) u—T+<5)u2T—C5} C Sl .
Consequently, the convex subsets of icosahedral model sets Ajc,(t, W) are determined by the
X-rays in the Im[I]("0D_directions given by
-1
P = (o g U b S b g U e |

This completes the proof. O

Remark 6.13. The proof of Theorem shows that the result even extends to the set of
subsets C' of icosahedral model sets Ajc,(t, W) that are only H (7’0’1)—conve$, the latter meaning
that, for all A € Ao (t, W), the sets C'N (A4 HTOD) are convex subsets of Ao (t, W) N (A +
H(™01) Since, by the work of Pleasants [25], the Z[(s]-directions from the set Us (as defined
in the proof of Theorem [6.12]) are well suited in order to yield dense lines in cyclotomic model
sets with underlying Z-module Z[(5], it follows from the results of Section Bl that the set
of Tm[I]"%V-directions Uio := ®'[Us] is well suited in order to yield dense lines in the
corresponding slices of icosahedral model sets Ajqo(t, W), i.e., sets of the form

(7) Aico(t, W) 0 (A n H(T’O’l)) L NE Aot W)

In fact, these directions even yield dense lines in icosahedral model sets as a whole; see [25]
again. In particular, neighbouring slices of the form ([l) are densely occupied and hence
well separated. Consequently, neighbouring lines in any of the directions of Ui, that meet
at least one point of a fixed icosahedral model set Ajc(t, W) are sufficiently separated. It
follows that, in the practice of quantitative HRTEM, the resolution coming from the above
directions is likely to be rather high, which makes Theorem look promising. Moreover,
in an approximative sense, Theorem even holds in the ‘non-anchored’ case for regular
generic icosahedral model sets, i.e., the sets of the form UAezg(W) C(A) are approximately

determined by the X-rays in four prescribed Im[I]("0Y-directions (e.g., by the X-rays in the
directions of Uie, as defined above).
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6.4. Successive determination of finite subsets of icosahedral model sets by X-rays
or projections. Here, we present results on the successive determination of finite subsets
(not necessarily convex sets) of icosahedral model sets. Recall that the interactive technique
of successive determination allows us to use the information from previous X-rays in deciding
on the direction for the next X-ray. Using the results from Section B.2] a careful analysis of
the proof of [I9, Corollary 15| (resp., [19, Corollary 16]) immediately gives the following two
implications.

Theorem 6.14. Let Aico(t, W) be an icosahedral model set. Then, one has:

(a) The set F(Aico(t,W)) is successively determined by two X-rays in Im[I]™01)-
directions.

(b) The set F(Aico(t, W)) is successively determined by two projections on orthogonal com-
plements of 1-dimensional Tm[I](7%Y _subspaces. O

Remark 6.15. Clearly, Theorem [6.14]is optimal with respect to the number of X-rays (resp.,
projections) used.

Theorem 6.16. For all windows W C R3 and for all R > 0, one has:

(a) The set UAeIg(W) F(A) is successively determined by three X-rays in Im[I)(m0%1)-

directions.
(b) The set UAeIg(W) F(A) is successively determined by three projections on orthogonal

(7,0,1)

complements of 1-dimensional Tm([I] -subspaces. O

Remark 6.17. Unfortunately, as it was the case in Section 6.2, Theorems [6.14] and [6.16] are
again limited in practice because, in general, one cannot guarantee that all the directions
which are used yield HRTEM images of high enough resolution.

7. OUTLOOK

Although our results give satisfying answers to the basic problems problems of discrete
tomography of icosahedral model sets, there is still a lot to do to create a tool that is as satis-
factory for the application in materials science as is computerized tomography in its medical
or other applications. First, since icosahedral model sets based on the face centred icosahdral
module My of quasicrystallography (as defined in Section [B.1) often occur in practice, it is
desirable to extend the above results also to these cases. Secondly, we believe that it is an
interesting problem to characterize the sets of Im[I]-directions in general position having the
property that, for all icosahedral model sets A, the set C(A) is determined by the X-rays in
these directions; compare also [I1], Problems 2.1 and 2.3]). Finally, it would be interesting to
have experimental tests in order to see how well the above algorithmic and uniqueness results
work in practice. Since there is always some noise involved when physical measurements are
taken, the latter also requires the ability to work with imprecise data which, in the case of
the consistency or reconstruction problem, can be be one reason for inconsistency. In other
words, it is necessary to study stability and instability results in the discrete tomography of
icosahedral model sets in the future.
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