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Abstract
We study the continuous version of the contact model. Using an
analytic approach we construct the non-equilibrium contact process as
a Markov process on configuration space. The construction is based on
the analysis of correlation functions evolution. The problem concerning
invariant measures as well as asymptotic of correlation functions are
also studied.
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1 Introduction

Lattice contact models form an important class of interacting particle sys-
tems with reach mathematical properties and many essential applications,
see, e.g., [14]. A continuous version of these models was introduced re-
cently in [10]. In the latter paper the existence problem for corresponding
spatial Markov process was analyzed in details. This process is a special
case of the general birth-and-death processes in the continuum. Namely, we
consider configurations, i.e., locally finite subsets v C R as values of the
process. During the stochastic evolution the points of a configuration create
independently new ones distributed in the space accordingly to a dispersion
probability density 0 < a € L'(R?%) which is an even function. Any existing
point has an independent exponentially distributed random life time. The
contact process generator is given then on proper functions F(y) by the
expression

(LE)(y) =) _[F(y\z) = F(7)] + %/Rd Y alz = y)[F(yUz) - F(y)lda,

€Y yEY

where 3 > 0 is a birth intensity parameter.

The main problem considered in the present paper concerns asymptotic
properties of the contact process. First of all, we construct the time evolu-
tion of correlation functions for the contact process started with an initial
distribution from a large class of initial states. Corresponding infinite sys-
tem of evolution equations for correlation functions has a recurrent form and
admits simple analysis. We note, that the intensity parameter has a critical
value > = 1. For all other values of this parameter the density of the sys-
tem tends to oo or 0 with the time and we cannot expect an appearing of a
limiting invariant state.

For the critical value »» = 1 and the dimension d > 3 we prove the
existence of a continuous family of invariant measures parameterized by the
density values. These invariant measures are described by a simple recurrent
relation between their correlation functions and create a concrete class of
random point fields which, up to our knowledge, never before was considered
in the literature. A specific point of this class is an extremal growth w.r.t.
the number of correlation functions. Actually, this growth is a maximal
possible one such that the uniqueness of the corresponding measure is still
valid. We show that, starting with an admissible initial state, the critical
contact process converges to the equilibrium measure uniquely defined by
the density of the initial state.

Let us note, that the contact models in the continuum may be used in
the epidemiology to model an infection spreading process as well as in the
spatial plant ecology where they describe independent growth of a popula-
tion with a given mortality rate. In such ecological models the case d = 2 has



a special concrete motivation. As we have mentioned above, invariant mea-
sures for our model for d = 2 do not exist and the root of this effect is very
easy. Namely, in the two-dimensional case correlations between population
members are growing in time too fast and the limiting correlation function
of second order will diverge to the infinity. To avoid this divergence we may
include an additional free Kawasaki dynamics for points of the configuration
(see [5]). This dynamics includes an independent random walk in R? for
each population member. Then, assuming long tile jumps for the individ-
ual random walk process, we can assure the existence of invariant measures
for such infinite particle stochastic dynamics. The resulting contact model
with Kawasaki dynamics may be used naturally for the study of plankton
stochastic dynamics, cf. [19]. Detailed analysis of the discussed model will
be given in our forthcoming paper [7].

2 Preliminaries

We consider Euclidian space R?. By B(R?) we denote the family of all Borel
sets in R%. B, (R?) denotes the system of all sets in B(R?) which are bounded.
The space of n-point configuration is

=1

o ZZ{HCRd‘ ] =n}, n e Ng :=NuU {0},

where |A| denotes the cardinality of the set A.
The space FXL) = Fén/)x for A € By(R?) is defined analogously to the space
F(()n). As a set F((]") is equivalent to the symmetrization of

—_—~—

RA)" = { (@1, 20) € RY" |ap £ a1 i k#1},

i.e. tothe (R4)"/S,, where S, is the permutation group of {1,...,n}. Hence,
one can introduce the corresponding topology and Borel o-algebra, which we
denote by (’)(F(()")) and B(Fén)), respectively.

The space of finite configurations

To:= | | r”

n€eNg

is equipped with the topology O(I'g) of disjoint union. Let B(I'g) denotes
the corresponding Borel o-algebra.
A set B € B(Ty) is called bounded if there exists A € By(R?) and N € N

such that B c | | 0 FXL).

n=



We would like to emphasize that due to the structure of I'g, any func-
tion on I'y can be interpreted as a system of symmetrical functions on each

component I‘é") of I'y.
The configuration space

.= {7 C Rd‘ |y N Al < oo, for all A € Bb(Rd)}

is equipped with the vague topology O(T"). It is Polish space (see e.g. [6]).
B(I") denotes the corresponding Borel o-algebra. The filtration on I' with a
base set A € By(R?) is given by

BA(D) i= o (NA,

N € By(RY), N ¢ A) ,

where Np : Typ — Ny is such that Npo(n) := |n N Al. For short we write
na :=nNA.

For every A € By,(R%) the projection py : T' — T'p :==|,5 FXL) is defined
as

pa(Y) =

One can show that I' is the projective limit of the spaces {I'a }xcp, (re) W.I-t.
this projections.

In the sequel we will use the following classes of function on I'y:

e L9(Ty) - the set of all measurable functions on I'y;

° L?S(Fo) - the set of measurable functions with local support, i.e. G €
LY (o) if there exists A € By(R?) such that G ITo\Ta = 0;

° L%S(FO) - the set of measurable functions with bounded support, i.e. G €
LY (T) if there exists A € By(R?) and N € N such that G | 0;

e B(Ty) - the set of bounded measurable functions
e Bys(Tp) - the set of bounded functions with bounded support;

To\ Y, T{Y

n=0

On I' we consider the set of a cylinder functions FLO(T), i.e. the set
of all measurable function G € L%(T) which are measurable w.r.t. Ba(T)
for some A € By(R%). These functions are characterized by the following
relation:

F(y) =F Ir, (7a)-
Those cylinder functions which are measurable w.r.t. Bx(I") for fixed A €
By (R%) we will denote by FL(T, B(T)).

Next we would like to describe some facts from harmonic analysis on
configuration space based on [4].

The following mapping between functions on I'y, and functions on T,
plays a key role in our further considerations:

KG(y):=)Y G(), GelLi(Ty) yeT,
€Y



see e.g. [12, 13]. The summation in the latter expression is taken over all
finite subconfigurations of «, which is denoted by symbol £ € ~.
K -transform is linear, positivity preserving, and invertible, with

K~'F(n)=> (-1)"™F(¢), FeFL'T) nel,. (1)
£Cn

It is easy to see that for any A € By(R?) and arbitrary F' € FLO(T', Bx(T'))
K~'F(n) = 1r,()K~'F(n), VneT. (2)

The map K, as well as map K !, can be extended to more wide classes of
functions. For details and further properties of map K see, e.g. [4].
One can introduce a convolution

*: LO(Tg) x L°(Ty) — L°%(To) (3)
(G1,G2) — (G1xGa)(n)
=) GG &) Ga&Ug),

(€1,62,63)€P; (1)

where 775’(77) denotes the set of all partitions (£1,&2,&3) of 1 in 3 parts, i.e.,

all triples (&1,82,&3) with & Cn, &N =01if i # j, and & U UE = 1.
It has the property that for Gy, Ga € LY (Ty)

K(Gl*Gg) :KGl KG2

Due to this convolution we can interpret K-transform as Fourier transform
in configuration space analysis, see also [1].

Let M} (') be the set of all probability measures y which have finite
local moments of all orders, i.e.

lAJVAvuwdv><-+aa

for all A € By(R%) and n € Ny.
A measure p on Ty is called locally finite if p(A) < oo for all bounded

sets A from B(Tg). The set of such measures is denoted by M¢(Ty).
A measure p € My (T) is called positive definite if

A(G*éxmmmnzo,vceBm@w,

where G is a complex conjugate of G.
A measure p is called normalized iff p({0}) = 1.



One can define a transform K* : M} (I') — Ms(Ig), which is dual to
the K-transform, i.e., for every u € M} ('), G € Bys(I'g) we have

/£z¥c¥<w>u<dv>:: [ Gl ()

The measure p, := K*p is called the correlation measure of . As shown in
[4] for p € M} (T') and any G € L'(Tg, p,,) the series

KG(y) =) _G(n), (4)
n&y
is pi-a.s. absolutely convergent. Furthermore, KG € L'(T', 1) and
[ G putan) = [ (G0 (), )
0

Fix a non-atomic and locally finite measure o on (R, B(R?)). For any

n € N the product measure c®" can be considered by restriction as a measure

on (R?4)" and hence on T’ (()n). The measure on F(()n) we denote by (™).

The Lebesgue-Poisson measure M,, on I'g is defined as

Ao 1= Z %J(").

n=0

Here z > 0 is the so-called activity parameter. The restriction of A, to I'p
will be also denoted by A,,. We write A, instead of \,,, if measure o is
considered to be fixed.

The Poisson measure 7,, on (I', B(T")) is given as the projective limit
of the family of measures {7} AcB, (RY), Where 72 is the measure on T'y
defined by 7 = ez,

A measure p € M%m(F) is called locally absolutely continuous w.r.t. T,
iff up :==po gxl is absolutely continuous with respect to 7 = 7., 0 p/_\1 for
all A € By(R?). In this case, p, := K*u is absolutely continuous w.r.t A.,.
Let k, : I'o — R be the corresponding Radon-Nikodym derivative, i.e.

d
ku(n) == df" (n), neTo.

Remark 2.1 The functions

k(RO — Ry (6)
K ) o { B ), @) € RO
0, otherwise

are the well known correlation functions in statistical physics, see e.g [17],

[18].



For the technical purposes we also recall the following result:

Lemma 2.1 Letn € N, n> 2, and z > 0 be given. Then

/ GmU...Un)Hm, .. ,nn)dAze () ... do(nn) =
To To

= G(?]) Z H("71, s ann)dAzcr(’r/)

To (771 7---7777L)€P7L(77)

for all measurable functions G : I'g— R and H : I'g x ... x Iy — R with
respect to which both sides of the equality make sense. Here P,(n) denotes
the set of all ordered partitions of n in n parts, which may be empty.

This lemma is known in the literature as Minlos lemma (cf., [9], [15]) and it
will be crucial for calculations in many places in the next sections.

3 Generators. The symbol of the Glauber gener-
ator on the space of finite configurations

Let the activity parameter z be equal to 1 and let 0 < a € L'(R%) be an
arbitrary even function such that

/Rd a(x)dr = 1.

We consider a Markov pre-generator which corresponds to the contact
model on the configuration space I', the action of which is given by

=Y D F(y +%/ > alz —y)DFF(y)dz, Fe FLUT),
TEY yeY

where D F(y) = F(y\ z) — F(y), D} F(y) = F(yUzx) — F(v) and » > 0.

Proposition 3.1 The image of L under the K-transform (or symbol of the
operator L) on functions G € Bys(Lg) has the following form

(LG)(n) = (K'LKG)(n) = —|n|G(n)+

—l—%/ Z alx —y)G((n\ y) dew—i-%/ Z a(x —y)G(nUx)dx

yen yen



Proof. According to the definition of the operator L we have
(LG)(n) = Ii(n) + Ia(n),

where

Ii(n) == K~ (Z [KG(-\z) - KG(')]) (n) =

)(77)

— K (Z [ > G(N@D () =
e | ectw)
=SS ST Geua) = =Y ()M T K (G U) (¢ ).

¢Cn z€C ECC\x ¢Cn e

- K (Z [ > G- ZG(&)

ze [EC(\x)

Changing summation in the last expression we get

= =3 > ()R (G ua) () =

z€N Cen\x

=-> K (KG(-U =—> G(n) = —nG(n);

TEN TEeN

Now we compute the second term of L

In) = K~ (x/RdZa@c —y) [KG(Uz) — KG(")] dw) (n) =

— 3 M\&'/WZ a(e 1) S GlpUn)ds

¢Cn pCC
Using the fact that

> a(z —y) =K (alz — )iy i) (©)

yeC

we obtain

IQ(’I’}) = ” K1 (K ((a(:E — )ﬂ{”:1}()) *G( U l‘))) (’I’})d$ =

= %/]Rd ((a(z — )=y () * G(- U x)) (n)da.

7



By the definition of the convolution, the latter expression can be written as
follows

/ Yo (alm = )2y () (LU &L)G(&UE Ur)da
(€1,62,63)€P; (1)

Now, we note that there are only two cases when summands in the last
expression are not equal to zero. These cases are |{| = 1, & = () and
& =0, |&2| = 1. Therefore,

= %/dz a(xz—y)G((n\y)Ux) dw+%/ Z a(x—y)G((n\y)UyUz)dx
R yen yen

The latter fact proves the assertion of the lemma. |

4 Construction of the contact process associated
with the generator L

4.1 The adjoint operator to the symbol of L

Let measure p € Mj¢(Ig) be absolutely continuous with respect to the
Lebesgue-Poisson measure A. By k(n), n € I'y we denote the corresponding
density.

Proposition 4.1 Assume that
k(n) <Cl, neTy (7)

for some C' > 0. Then, L(Bys(To)) is a subset of L*(To, p).

Proof. Let G € Bps(T'g) be arbitrary and fixed. A direct application of
Lemma 2.1 to the calculation of Ll-norm of LG with respect to the measure
p gives us the necessary result. R |

The adjoint operator L* to the operator L on the space of correlation
functions is defined via the duality given by the scalar product in L?(I'g, \)

/F EG(U)P(dU) = <EG7 k>L2(F0,)\) = (G, E*k>L2(F0,>\)-
0

In the next proposition we give an explicit form of the adjoint operator
of L.



Proposition 4.2 The adjoint operator L* of L on the space of functions
which satisfy (7) has the following form:

(T R)n) = —nlk()+ 3 k() 3 afe— y+%§j/ alw—y)k((n\e)Uy)dy

TEeN yEn\x ren

Proof. Using the same notation as in Proposition 3.1 we get
. nenkmxan = [ Genkmin = [ G lnlke] Adn)
T'o To
For the second part of L we have

/F L(n)k(m)A(dn) = Ji + Ja,

where

Ji ;:%/Fo/ S a(z — )G (7 \ y) U )dak(m)A(dn)

yen
and

b= [ [ Gum Y ate - ykondean).

yen

Using Lemma 2.1 we obtain

Ji = %/FO /de(nUy) [/}Rda(w —y)G(nUx)dx} dyA(dn) =

[ [ et [t = kU] doran

Using Lemma 2.1 again for the last expression and for the integral J, finally

we get
J1=%/ Z/ a(z —y)k((n\ )Uy)dy] Aldn).
Rd
xreEN
h=s [ G [ ko) 3 ate - y)| M)
TEN yen\z
This concludes the proof of the proposition. |



4.2 Time evolution of correlation functions

In this subsection we investigate the evolutional equation associated with
the operator L*. It has the following form

Ok

oy () = Lke(n) = =lulke(n) + 3¢ _ka(n\2) D ale =)+

zen yEN\z

4y /Rd a(z — y)ki((n \ z) Uy)dy.

S
Having in mind relation between functions on the space of finite configura-

tions and collection of symmetrical functions on each component F((]"), n >0,
we rewrite this equation as a system of equations.

oK™
ot

(x1,...,2n) = —nk,g")(xl,...,xn)—i-

+%Z k‘gn_l)(ﬂfl,- cey Ty axn) Z (1(337; - 33‘])+

i=1 jiii

+%Z/ a(xi—y)k‘gn)(xl,...,xi_l,y,xiﬂ,...,xn)dy:
= E*k‘g")(azl,...,xn) +ftn)(a:1,...,xn), n>1,

E*k‘g")(ajl, cey ) =N k;,g")(ajl, N

+%Z/ a($i _y)klgn)($17"'axi—17y7$i+17"'axn)dyv n > 1

and
ft(")(xl, Ty 1= %Z k;,g"_l)(:nl, ey Ty ey Tp) Z a(z; —xj), n>2,
i=1 jiji
M =o.
Let n € N be arbitrary and fixed. We consider the linear Cauchy problem

oK™
ot

(X1, ..y Tp) = E;klg")(azl,...,xn) +ft(n)(a;1,...,xn), t>0, (8)

k:lgn)(l;lj o .. ,xn) t:() = k?((]n)(l;l’ o .. ,l'n),

10



in a Banach space X,,.
In our model we will consider Banach space X,, as L°((R%)", 0®"), where
o is a Lebesgue measure on R? and ¢®" is a product measure on (R%)".

Remark 4.1 The operator E; in Xy, can be written also in another way
LK™ (2, .. wn) = n(e— 1) KD (21, ... 2 +ZLZ "z, T),

where for each 1 <1i <n,

L;k(n) (:El) s axn) =

= %/da(xi —9) [k(n)(xl,...,$i_1,y,xi+1,...,$n) — k‘(”)(xl,...,xn) dy
R

is a generator of a Markov process on (RO)™ (see [2]), which describes the
jump of the particle placed at the point (x1,...,2i,...,x,) € (R into the
point (x1,...,y,...,2,) € (RO™ with intensity equal to a(x; — y).

Lemma 4.1 Let a € LY(RY). Then, for any n > 1 the operator L is
bounded linear operator in X, as well as in L*((RY)™). Moreover, for each

1 <1 < n, the operator Lfl i a generator of a contraction semigroup on X,
and LY (RH)™).

Proof. The first part of this theorem is trivial. The second one in the case
of the space X,, follows directly from the Remark 4.1 and in the case of
LY((R%)™) it is a consequence of Beurling-Deny criterion, see e.g. [16]. W

This Lemma in its turn implies the following result (see e.g. [3]).

Proposition 4.3 Let n > 1 be arbitrary and fixzed. The solution to the
Cauchy problem (8) in the Banach space X,, is given by

k:t(") (z1,... an) = D) [@ etLZ] (21, ..., 2,) + 2e" Dt (9)

% /t e~ n(=1)s [@ (t—s LZ] Zk: xl,..., Ty vy Ty) Z a(z;—x;)ds.
0

i=1 jiji
Next proposition establish a priori estimates for the evolution of corre-
lation functions

11



Proposition 4.4 Let a € LY(RY) N L>(R?) be an arbitrary non-negative
function. Suppose that there exists a constant C' > 0 (independent of n)
such that for any (x1,...,2,) € RY

k(()n)(ml, cey ) <0IC™ for all n>0.
Then, for any t > 0 and a.a. (z1,...,2,) € R® w.r.t. Lebesque measure
B (1, 1) < (1) (14 A" TVHC + 1), (10)

where
A= HaHLw(Rd) and %(t) = max |1, s, %e—(%—l)t]
holds for allm > 0.

Proof. The proof uses mathematical induction with respect to n. The first
induction step (the fulfilment of (10) in the case of n = 1) follows from
Proposition 4.3. Now assume that for any ¢ > 0 bound (10) holds for n — 1.
Using formula (9) and Remark 4.1 we get

kﬁ"’ (T1,...,2p) < "Dt o4
t

+%(n_1)n!(1+A)nen(%—l)t/ e_n(%_1)5%(8)n_16(n_1)(%_1)5(C—I—S)n_ldé’ <
0

< "V ) 4 e (n—1)n) (1+A) " se(t)" e (=1 /t e~ 18 (O 45)" Nds.
Using estimate i
e~ (D8 < max{1, eV forall se 0, ], »>0
we obtain
K (21, 2) < s(H)P(1 4+ A)nenC=DYHC 4 t)Pnl,
that concludes the proof of this Proposition. |

Corollary 4.1 Let 0 < a € LY(RY) N C(R?) be an arbitrary even function
such that

a(z)dr =1 and a(z) —0, |z|]— 0
R4
and let kyg be a solution to the Cauchy problem (8) in X,,. Suppose, that
conditions of the Proposition 4.4 are fulfilled, then there exists a sequence

{ar}i>1 € Co(R?) such that

£y tar | — 00 in Xp.

12



Proof. There exists a sequence {a;};>1 C Co(R?) such that
a;—a, | — o0 in X,. (11)

The rest proof of the corollary we will perform using mathematical induction
method. For n = 1 the statement is trivial. Now, using induction step
(n — 1) — n we estimate the L*>°-norm of the difference

K (@1, ) = K (@, 1) = (12)
= 1)t ( ®eﬂ“zz] (T1,...,Tpn) — [@ ethil] ké")(azl, e ,xn)> +
i=1
+%en(%—l)tx
t
/ eni=2)s ( ®e(t ) ] st o N@1,. .o Ey ey ) Z ai(@; — x)—
0 —
Jij#i

B lée“—%] zn:kg‘a_l)(xl,...,afi,...,xn) > alw; — ) | ds.

i=1 i=1 jijti

Due to Proposition 4.3 the first summand of (12) converges to 0 in X,,.
Indeed, strong convergence of semigroups in L°° space with a bounded gen-
erators follows from the corresponding convergence of generators. But the
latter fact is trivial because of convergence (11).

In order to check the convergence of the second summand of (12) to 0 in
X, let us note that

Zk:s o N1, Fyen sy ) Z ay(z; — xj)

J g
converges to

n

Zkgla_l)(xlv"' ajiv“‘ ,ZL‘n) Z (l(ﬂfi —33‘]),

=1 jij#i

in X,, as [ — oo.
Due to Proposition 4.4

[éet s)La ] Zkg”all (X1, Ty ey ) Z ai(x; — x;)
i=1 '

13



is uniformly bounded in s. The latter two facts imply the convergence of the
second summand of (12) to 0 in X,,. |

Next we solve the following problem: suppose that (k:((]n))nzo is the sys-
tem of correlation functions which means, that there exists a probability
measure fg € M%m(F), locally absolutely continuous with respect to Poisson

measure, whose correlation functions are exactly (k(()n))nzo. We would like
to investigate now whether the evolution of (k‘(()n))nzo in time preserves the

property described above. Namely, whether (kén))nzo, for any moment of
time t > 0, be the system of correlation functions or not.

In order to answer this question, one can apply, for example, the result
about characterization of correlation functions, which has been proposed by
A. Lenard in [11] (see also [4]). For the readers’ convenience below we give
the conditions which have to be checked

e (Lenard positivity) for any G € Bys(Ig) with KG >0

g G(n)p(dn) > 0, (13)

where p € M(T'g) is a correlation measure which corresponds to the
system of correlation functions (k("))nzo and additionally it is sup-
posed to be locally finite and normalized, i.e p({0}) = 1.

Remark 4.2 The condition of (Lenard positivity) ensures the existence of
€ M (T') such that the corresponding correlation measure p, = p.

e (moment growth) for any bounded set A C R? and j > 0

[e.e]

_1
> (mny) v =00,

n=0

where
mb = (n!)_l/ / K™ (21, an)day ... day,.
A A

Remark 4.3 The condition of (moment growth) ensures the uniqueness of
€ M (T) such that the corresponding correlation measure p, = p.

Further steps will be devoted to the verification of the latter conditions.

Lemma 4.2 For any moment of time t > 0, the function k; is positive in
the sense of (13).

14



Proof. See Appendix 1.

Remark 4.4 The condition of the moment growth for the system of func-
tions {k(")}n>l is fulfilled if there exists a constant C' > 0 (independent of

n) such that
k(")(xl,...,xn) <n!C" for all n>0.

Proof. The statement of the remark follows from direct calculations.

For any system of functions (k‘("))nzo we define the generating functional
Ly Fp — C:

Z '/ / (x1) a;n)k:( )(xl,...,xn)dajl...dxn, (14)
n R4 Rd

where Fy, are such functions that sum (14) exists.
Remark 4.5 Let us define for arbitrary 6 > 0
Ul = {9 € LY(RY) | [/6]]p1 (gey < 5} .

If system of functions (k("))nzo satisfies the assumption of Remark 4.4, then
the functional Ly, is holomorphic in U(S1 for some 6 > 0.

Remark 4.6 Assume that system of functions (k‘("))nzo is a system of cor-
relation functions for some measure p € ML _(T). In this case there ezists a
connection between generating functional (14) and measure p (see e.g. [4])
given by

— 1
zzm/d--- d@(xl)...H(xn)k(”)(:nl,...,a:n)dznl...d:z:n:
n=0 /R R

/ (He ) (dy) = /H 14 0(2)) uldy), 0 € Fi

ey ey

The latter functional
/ [T (1 +6() (). (15)
S
is called Bogoliubov functional of measure .

Now, we set

M} (D) = ={ne MY | 36>0: L,(0) is holomorphic in Uy }.

15



Theorem 4.1 Let 0 < a € LY(R?) N C(R?) be an even function such that
/ a(x)dr =1 and a(x) —0, |z|]— oo.
Rd

Then, for any p € M}wl(F) there exists a Markov function X' € T with
initial distribution pu associated with generator L, such that for any t > 0,
the corresponding distribution of X} is given by p; € M}LOI(F).

Proof. Using the theorem about reconstruction of probability measures by
correlation functions, Lemma 4.2, and Lemma 4.4 we are able to define evo-
lution on M!(I"), which corresponds to the adjoint operator L*. Then, using
the standard scheme, one can immediately construct all finite dimensional
distributions of X}'.

4.3 Invariant measures

In this subsection we would like to describe invariant measures of the contact
process on I constructed in the previous subsection.

In order to explain the expected asymptotics for the time evolution of
correlation functions of our model let us consider the translation invariant
case and evolution of the first correlation function. Namely, we will assume
that first correlation function does not depend on z € R%:

ki(x) =: p;, for all t>0.

The function p; is called density. In this case, due to the results in the
previous subsection the time evolution of the first correlation function is
given by

Opt

_— = — 1

5 = (<= Dor
Ptlt=0 = po-

The solution to this equation can be written as follows:
pr = exp {(> — 1)t} po.

We distinguish the following cases

1. Subcritical (> < 1): p; — 0, as t tends to oo;
2. Supercritical (»x > 1): p; — oo, as t tends to oo;
3. Critical (> = 1): p; = po = p.

Remark 4.7 For the case 3 < 1, the bound in Proposition 4.4 implies
kﬁ"’ — 0, t =00

for any n € N.
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Now, coming back to the purpose of this subsection it becomes clear that
invariant measures may exist only in the critical case. Moreover, due to the
Theorem 4.1, all invariant measures of the contact process can be described
in terms of corresponding system of correlation functions as solutions to the
following system of equations

k™
ot

(1,...,2p) =0, n>0.
This statement can be formulated more precisely:

Proposition 4.5 If measure p € MY (I) is invariant measure for the con-
tact process X' € T, then the system of corresponding correlation functions
of this measure is a solution to the recurrent systems of equation

n

nk:(")(:nl, ceey ) = Zk("_l)(xl,...,:ﬁi,...,xn) Z a(z; —xj)+

i=1 VRN E:D)
n
+Z (1(33‘7;—y)k?(n)(ﬂfl,...,$i_1,y,ﬂj‘i+1,...,1’n)dy, n > 1. (16)
i=1 /R

Now, we give below the answer to the inverse problem and prove some
kind of ergodicity result for our process in the translation invariant case. In
this connection, for any n € N we will be interested in asymptotics of the
solution to an auxiliary Cauchy problem

oK™
ot

(a;l,...,xn):Z:kén)(:ﬂl,...,xn), t>0, (17)

kt(n)(xla s 7xn) —0 = kén)(xl, . 7.Z'n),

in the Banach space X,, .

Theorem 4.2 Let d > 3 be arbitrary and fived and let 0 < a € L'(R?Y) be
an arbitrary even continuous function such that

1. [paa(zx)de =1,
2. [Jgpaziaja(x)de < oo, for all 1<k, j<d,

3. a(p) = [pa e~/ ?) g (x)dx € LY(RY).
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Then, for any p € Ry there exists a unique measure uf € MY(T') such that its
system of correlation functions {k(")’p}n>0 are translation invariant, solve

equation (16) and satisfy the following estimate
1E#][x, < Clp)"(n})?, n>1,

for some positive constant C(p). Moreover, the first correlation function
(density) of p is exactly p € Ry.
Let piy be the distribution of X[, po € M} (L) at time t > 0 and let

{klg")} . denote the system of correlation functions of py.
n

Then, in the critical case (x = 1) the following condition are fulfilled
1. k‘gl) = kr((]l) =:p.

2. for any n > 2 and ¢ € L'((RY)™)

<k§n)’(p)m«w>n>_}<k(m’p’ S0>L2<(Rd>"> a5 1o

Proof. We have to show that under assumptions of the Theorem 4.2 the
equation (16) has solution for any initial kY = p, p € Ry which satisfy
conditions of moment growth and Lenard positivity (13). For the moment
growth condition it is enough to show that solution has the following prop-

erty
1K™ 1x,, < C"(nh)?.

The proof we will perform using the mathematical induction method. Let
us first consider the case n = 2. As it was pointed out before we consider
translation invariant case. Therefore,

P (21, 39) = kP (21 — 29,0) =: k(21 — x2),
where k is even function on R?. Hence, equation (16) in this case has form
(axk)(x1 — x2) — k(x1 — 22) = —pa(x) — x2), (18)

where

(@xk)(e) == [ aa =iy

Clear, that the best method for the investigation of equations with convolu-
tions is the Fourier transform method. Suppose equation (18) has solution
v € LY(RY). Then, Fourier transform of v satisfies the following equation

o) = {0

18



If d > 3 and conditions of Theorem 4.4 are fulfilled, then 9(p) has integrable
peculiarity # at p =0, i.e d(p) € L1(R?). Therefore,

v(x) = L /]Rd ei(p’x)mdp e L®(RY). (19)

Remark 4.8 Let us consider translation invariant case. Suppose that solu-
tion to (18) is a second correlation function. Then, application of Fourier
transform directly to (18) does not have any physical sense (in general sec-
ond correlation function is not integrable function). Contrary to the second
correlation function, the second Ursell function u? in majority of physical

applications is integrable in one coordinate. Namely, function u which is
defined by

w(xy — x9) = u? (21 — 29, 0) = k(z1 — z9) — p?

is integrable on R®. It is easy to check that equation for the function u has
the same form as (18) for the function k (the set of constants belong to the
kernel of operator L3). Namely,

(axu)(ry — x2) — u(xy — 9) = —pa(x; — x2).
Having in mind Remark 4.8 and (19) one can easily check that

K (21, 29) = k(z1 — 22) = v(21 — x2) + p°

is a solution to (18) in Xy. Moreover,
KO (21, 22) < pA+ p* < C2(21)?,

where

1 la(p)|
4= /R T—ap) ™

C> mg+m

and constant

will be chosen later.
Let us consider now equation (16) for n > 3

~

LM (zy, ... x,) = (20)

= —Zk‘("_l)(xl,...,afi,...,a?n) Z a(z; —x;) =: —f(”)(:nl,...,a:n).
i=1

J: g7
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The following function is a solution to this equation in the Banach space X,,:

k(n)(gjlw e axn) = / (etL:f( )> (xlw e axn)dtv (21)
0

provided

/ <etijlf(")) (z1,...,2p)dt < oo, for a.a. (x1,...,2,) € (RH)"
0
and R

etln f0) 0, t — oo.

Therefore, in order to clarify the existence of the solution to (20) we
should check whether right hand side of (21) has sense in X,,. Using the

mathematical induction step (n — 1) — n and the Markov property of etln
we get

/OOO ( tL;, f(n) ) (21, ... an)dt < (22)

é/oo tL”C’" L Z Z (T1,...,xp)dt =
0

i=1 j: j#i

o -0 Y [T () g 23)

i=1 j: j#i

The contraction property of the semigroup etla implies: there exists N C R¢,
the Lebesgue measure of which is zero, such that for any z; € RI\ N

/OOO (et(Lé+Lﬂ)a(.i _ .j)> (2, @)t <

< /000 sup (etLéa('i - x])> (x;)dt <

Tj €ERI\N

ST
sup
@2m)¢ Jo o eri\N Jre (
1 / - / Ha(p)-1)
= sup e
@m) Jo  z;era\n Jra

[ Ha(p)-1) | —i(pzy)
= ) <
(27T)d/0 xéﬁi’w/we ‘e Da(p)| dp it <

et@P)=1) |5 (p)| dp dt.

L —

ehal-s — ;) ()| dp dt =

IA

dpdt =

/ e P gz — x;)da
R4

R4
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For any p € R?\ {0}

Moreover, because of (19)

la(p)| ~
/Rd T—a(p) ™ =

Therefore, the Fubini theorem for non-negative functions implies that

/ /Rd @)= |4(p)| dp dt < .
0

Finally, using the result obtained for the case n = 2, under conditions of the
Theorem 4.2, for almost all (x1,...,z,) € (R¥)" w.r.t. Lebesgue measure
we get

/ (555 (a1, )t < O™ A(ml)” < (1),
0

where

C:maX{A M}
) 2 N

The remaining statement of the first part of the theorem which has to be
proved is Lenard positivity for the system of functions {k™},0. But it fol-
lows directly from the second part of the theorem which describes asymptotic
of the time evolution for the considered system of correlation functions.

The first statement of the second part of the theorem is trivial. In order
to prove the second one, let us consider the following difference

K (@1, ) = KO (21, @) = (24)
= [eti; - Il] K (1, xp) + et {k‘(()n)(xl, ) — K (@ ,xn)] +
t A*
+/ eSL"ft(fi(xl, ey Tp)ds,
0
where {k(™},> is a solution to (16). Since

-~ t
|:etL’TL — :[1:| k(n) (:1;1, - ’gjn) = / GSL'TLL:]{,’(H) (LUl, e ,ﬂjn)ds =
0

t
:—/ eSLnf(")(xl,...,xn),

0
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the difference (24) can be rewritten in the form
kt(n)(xla"'axn)_k(n)(ml,...,xn): (25)

= etz; [k‘(()n)(ﬂ?h ey Tn) — k(n)(gjl’ T "'E")} +

t
+/0 [ t(n)s(xl,...,xn) — f(")(azl,...,xn)] ds.

Similar to the observations which were proposed above for the investigation
of the right hand side of (21) and due to Proposition 4.4, one can easily
claim that

/ eSE:Lf(")(xl, s Tp)ds € Xy, (26)
0
and

t
/ SL*f( )(xl, ooy Tp)ds € X,
0

As a next step we use method of mathematical induction. For n = 1 the
second statement of the second part of the theorem is trivial. Let us assume
the inductive step (n — 1) — n. Namely, let

Y S kD400 in X
This immediately implies convergence of
ft(fi — f(”), t — oo in X,. (27)

Therefore, taking into account Proposition 4.4 and (26), one can find a
constant K > 0 such that for any ¢t > 0

1B, < K[|,

Now, for arbitrary ¢ > 0 there exists 1" > 0 such that for all t > T

t ~
/ B [f ) = FO )] ds <

t .
< [ B (120w + £ )] d <

T
<2K/ KO, 3 Y (e E Rt — ) (s a)ds <
i=1 j: j#i
<2K/ |k ||an Z < s(Latia) ‘—'j)) (24, zj)ds < e
i=1 j: j#i
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In the latter estimate we have used (22) and bound for (26).

The convergence (27) and contraction property of the semigroup e
implies

L

*
n

T
/ ESL:L |: t(f)s($17"'>xn) _f(n)($17"'>xn):| ds — 0’ t — 00 in Xn
0

Finally,
t
/0 ESL:L [ft(fl(xb s axn) - f(n)(xh s ,xn)] ds — 07 t — 00 in Xn

Assuming that
et [k;é") (21, an) — K™ (.. ,xn)} —0, t =00, in X,. (28)

and due to (25), the second statement of the second part of the theorem is
becoming now obvious.

Now, let us come back to the assumption (28). This assumption means
that asymptotics, as ¢ tends to oo, of the solution to the Cauchy problem

k™
ot

(a;l,...,xn):Z,’;kén)(xl,...,xn), t>0, (29)

k‘gn)(xl, cey Xy) — = k‘(()n)(xl, ce ) € Xy,

does not depend on the initial data. The boundness of the operator E:L in

X,, implies that the solution kﬁ"’ = etln k:((]n) to the Cauchy problem (29) is a
function from X,,. The latter fact gives us possibility to look at the solution
of (29) in the class of generalized functions (L')'((R%)") C S'((R%)™) (where
S'((R%)™) linear continuous functionals on the class of rapidly decreasing
functions on (R%)"). The Cauchy problem (29) in terms of generalized func-
tions can be written as

oK™ > (n)
, @ =-—nlk ", ¢ ot (30)
< ot L2 (R ( )Lz((Rd) )

—i—/ / Z/ a(xi—y)kén)(xl,...,y,...,xn)gp(xl,...,xn)dydwl...dmn,
Re  JRd ] JRe

k™

= R @), @ € S(RY"),

The well-definiteness of Fourier transform for the class S'((R%)") gives pos-
sibility to rewrite (29) in Fourier coordinates
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k™ A> () ~
, P =N kt , P n +
< ot L2 (@) ( >L2((Rd) )

+/ / Z/ a(xi—y)kﬁn)(xl,...,y,...,xn){p\(azl,...,xn)dydwl..
Rd  JRd ] JRd

=k (@1, ), @ € S(RH™M).

K

We would like to stress that function

n

Za(fni)@(xl, o) € LY(RH™M)

1=1

and hence its Fourier transform

> [ atei = )5,z
i=1 /R?

is also an element of L'((R%)"). Therefore,

ony" < (ﬁ o )
, = "N kt 5 + kt ) a('l) =
( ot “0) < 90) ; 7
- ((Za(-i) —n) K, w) . ¢ € S(RYM),

=k e W (R,

It is easy to see that function

(31)

.dx,,

(32)

l;@(pl, cieyPp) 1= €Xp {t <Za(pz’) - n) } /;(();)(pl, ey Pn) € (LY (RH™)

i=1

is a solution to the Cauchy problem (32). Moreover, for any ¢ € S((R%)")

(k:,g"), <p> — 0, as t—0.

But the latter convergence implies that

(kﬁ"’, 90) — 0, as t—0.
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Since S((R%)") is dense in L!((R%)") and
||kt(n)||(L1((Rd)n))' = ||kt(n)||Loo((Rd)n) < ||k(()n)||L°°((Rd)")
we have: for any ¢ € L'((R%)")
(kﬁ"’, 90) — 0, as t—0.

This fact concludes the proof of the main theorem. |

The system of equations (17) corresponds to the infinite number of in-
dependent random walks on R?. Similar to the observations proposed in [5],
the investigation of the asymptotic for (17) in the sense of convergence in
norm requires some restrictions on initial correlation functions. It is more
convenient to formulate these restrictions in terms of Ursell functions, which
corresponds to correlation functions. Ursell functions are defined as follows

7]
ulm) =Y > (DTN D)k(&) - k(&), n €Ty,
=1 (&1,...,6)€P) (n)
u(n) = k(n), if |n| =1.

The inverse relation is given by

7]

k=3 S u(@)---ul), nelo. (33)

=1 (&1,...6)EPG (1)

Remark 4.9 Let us denote by K,gdamissible the class of translation invariant
correlation functions (or the class of corresponding measures), whose Ursell
functions satisfy the following assumptions:

1. for anyn > 2
sup ux,(n—l) e Ll((Rd)n_l),
zER?

where
T (g ano1) = u({@, e T, 1))
2. for anyn > 2
sup u® (=1 ¢ LH(RY)").

z€R4

Under conditions of the Theorem 4.2 and for any {k(()n)} . € K.ddmissible

k‘gn) — kMr in X, as t— oo.
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Proof. Below we will show, that for the class of initial correlation func-
tions from K,qmissible, the assumption (28) is fulfilled. The first important
observation, which follows from the definition of Ursell function, is that evo-
lutional equation for the n-th Ursell function u(™), which corresponds to the
equation (29), is of the same type. Namely,

8u§")

o (:171,...,3:”):E;';ugn)(ajl,...,xn), t>0, (34)

ugn)(azl, ceeyTy) o= u(()")(azl, cey ),
Since operator E: preserves translation invariant functions and initial func-
tion ug € Kadmissible 1S considered to be translation invariant, the evolution
of u; will be also translation invariant.
Let € RY be an arbitrary and fixed. The definition of the class

K admissible implies

Therefore, the Fourier transform of u;’ ("~1) exists and the equation (34) for
this function in Fourier coordinates has the following form

—

u () (]
o) = [ ae =i O pedy (39
t R4

n—1 —
Z d(pl) - ’I’L] u;’f,(”—l) (plv cee apn—l)'

For fixed (p1,...,pn-1) € (R, we define

ﬂt(x) _utx N 1)(p17"'7pn—1)-

In terms of this function, the equation (35) has form

n—1
> alpi) - n] iy (). (36)
=1

Due to the definition of K,qmissible, function @;(z) is bounded. Moreover,

() = exp {t [Z alps) — (n — 1)] } (¢Fido) ()
=1

Oty B
W(x)—/Rda(x— y)dy +
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is a solution to (36).
Now,

7 (n—1
HUEN)HXH < supd/d.../d\uf (n )(ply---7pn—1)’dp1~-dpn—1 <
reRd JR R

n—1 —
< /Rd /Rd exp {t [Z a(p;) — (n — 1)] } sup ]ug’(n_l)(pl, ey Pn—1)|dp1...dpp_1.

i=1 ZBERd
Since

o, (n-1
/ sup |ug (n )(pl,...,pn_l)\dpl...dpn_l < 00,
R4 Rd rcRd

the following norm

[ed™||x,, — 0,

as t tends to oo. [ R

Appendix 1

According to the definition of positive definiteness it is enough to check that

G(n)pe(dn) :=
o

1 n
:Z—'/ G(")(azl,...,xn)k,g )(xl,...,xn)dxl...dxnzO, (37)
n>0 n. Jrd R4

for all G € Bps(I'g), such that KG > 0. Moreover, due to the Corollary 4.1
it is enough to check the latter inequality only in the case of a € Co(R).
Let u € M%m(F) be locally absolutely continuous w.r.t. Poisson mea-
sure whose system of correlation functions {k™ tn>0 satisfies assumption of
Remark 4.4.
As it was shown in [10], there exists a Markov process X, on configura-
tion space I' with the corresponding generator L in the case of a € Cy(R?).
Next, we consider the following functions on I'

F(")(y): Z e‘mxl‘-"e_mx”‘, 8>0, neN, |y|>n.
{xly---@n}C'\/
Note, that

JREC
T
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RI Rd

because of (i) of Remark 4.4. Using the same direct computation as in [10]
we obtain

LF™(9) < CLFO(3) + CF ()

for some constants C1, Cy > 0. The use of the latter estimate for the function

N
)=y F(y)
n=1

gives us the bound
LEM(y) < CLM(y), C>0.

The application of martingale representation together with the Gronwall
inequality implies
B[2™(x))] < B™(7)e". (39)

Let {t}+>0 be the corresponding evolution of py described by the dual Kol-
mogorov equation

O

el
8t lu’t7

Mt ‘t:O = HQ-

Then (39) and the bound

N
N N Bl k
LM (y) = B () > min{e™” };Cm@

> min{e 717} x

olal — 1. if <N
{ y 1 |7A| > 1Y, Ac Bb(Rd)

zEA Cn|yalN, otherwise,
with ]
0<Cpy< NN
imply

[t < (minte 1y ) N [ B[R] ot <
< (i) NV [ Bt < o0
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where the latter integral is finite because of (38). Therefore, the evolution
of states {ut}t>0 C ME, ('), which means that there exists a Markov evo-
lution of corresponding correlation measures (or corresponding correlation
functions) on My¢(I'g) associated with the generator L. The fulfilment of
(37) is now obvious because of the Markov property of the semigroup which

corresponds to the evolution of states. |
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