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1 Introduction

1.1 Motivation

Because of its intrinsic interest and its many applications in various areas of mathematics,
the heat diffusion equation on manifolds has been studied intensively. In particular, during
the past 30 years many authors attacked the problem of describing the global behavior of the
heat diffusion kernel p(¢,z,y) on various Euclidean domains and manifolds. See for instance
(3, 7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 26, 30, 31, 32, 33, 34, 48, 51, 55,
54, 59, 60, 61, 62, 63].

Since p (t,z,y) represents the temperature at point y at time ¢ starting with a unit amount
of heat concentrated at x at time 0, one of the most basic questions one might ask concerns
the behavior of the functions p (¢, z,y), sup, p (t,z,y’), and sup,. ,, p (t,2',y') as t tends to +oo.
Another fundamental question is to describe the location of the approximate hot spot, that is,
of the set

{y:p(t,z,y) > esup p (t,x,y')},
y
where € € (0,1), a starting point = and temperature ¢ are fixed. The latter question is rather
difficult since it calls for precise global two sided bounds of the heat kernel.

The aim of this paper is to prove satisfactory estimates for the heat kernel on complete
manifolds with finitely many ends. These estimates were announced in [37]. The proofs are
quite involved and, in particular, make use of results from [38], [39], [40] and [41] (in fact, these
works were largely motivated by the applications presented here). Our main result, Theorem
6.5, allows us to answer the questions mentioned above and applies to a large class of manifolds
including the catenoid-like surface in Fig. 1, the three dimensional body (with the Neumann
boundary condition) in Fig. 2, and all non-parabolic manifolds with non-negative sectional
curvature outside a compact set. It seems likely that the techniques introduced here will be
essential to make further progress in our understanding of the heat kernel on manifolds that
contain parts with different geometric characteristics.

Figure 1: Catenoid as a manifold with two ends



Figure 2: A domain in R? with three ends: conical, planar, cylindrical

To the best of our knowledge, the large time behavior of the heat kernel on manifolds with
ends has been considered only in a handful of papers where some very partial results were
obtained. Among them are the papers by Benjamini, Chavel, Feldman [5], Chavel and Feldman
[9], and Davies [25], which have been a great source of motivation and insight for us. More
recently, Carron, Coulhon, and Hassell [8] obtained precise asymptotic results for manifolds
with a finite number of Euclidean ends.

It is well established that the long time behavior of the heat kernel reflects, in some way,
the large scale geometry of the manifold. Still, the number of situations for which satisfactory
upper and lower global bounds are known is very limited. If one excepts a few specific cases of
symmetric spaces (see [1]) and the case of fractal like manifolds (see [4]), all the known global
two-sided estimates of the heat diffusion kernel p(¢, z,y) have the form

c1 d*(z,y) Cy d*(z,y)
m exp (—ClT> <p(t,z,y) < W exp <—CQ . ) (1.1)

where V' (z,r) is the volume of the ball of radius r around z and d(x,y) is the distance between
z and y. Such a two-sided bound indicates that the heat diffusion on M is controlled by the
volume growth of balls and by a universal Gaussian factor that reflects a simple distance effect
(see [29, 21, 34]). In terms of the hot spot problem, (1.1) indicates that the approximate hot
spot at time t starting from z is roughly described by the ball of radius v/t centered at z.

Examples where (1.1) holds are complete manifolds having non-negative Ricci curvature
[48], manifolds which are quasi-isometric to those with non-negative Ricci curvature [31, 55] and
manifolds that cover a compact manifold with deck-transformation group having polynomial
volume growth [54, 56]. In fact, the two-sided estimate (1.1) is rather well understood, since it
is known to be equivalent to the conjunction of the following two properties:

(VD) the doubling volume property which asserts that there exists a finite constant C' such
that, for all x € M and r > 0,

V(z,2r) < CV(x,r).
(PI) the Poincaré inequality which asserts that there exists a positive constant ¢ such that, for
any ball B = B(z,r) C M
c
AN)(B) > = (1.2)

where A®V)(B) is the second Neumann eigenvalue of B.



It is known that (1.1) is also equivalent to the validity of a uniform parabolic Harnack
inequality for positive solutions of the heat equation in cylinder of the form (s, s +72) x B(z,r).
See [31, 54] and Section 5.1 below.

Typically, manifolds with ends do not satisfy (1.1). An example that was first considered by
Kuz'menko and Molchanov [46], is the connected sum of two copies of R3, that is, the manifold
M obtained by gluing together two punctured three-dimensional Euclidean spaces through a
small three dimensional cylinder. This manifold has two ends and its volume growth function is
comparable to that of R3, that is, V(x,r) ~ r3. However, as was shown in [5], the lower bound
in (1.1) fails on M. Indeed, if z and y are in different ends and far enough from the compact
cylinder, then p(¢,z,y) should be significantly smaller than predicted by (1.1), at least for some
range of ¢ > 0, because all paths from 2 to y must go through the cylinder!. In other words,
there should be a bottleneck effect which must be accounted for if one wants to obtain precise
heat kernel estimates on M.

The manifolds on Fig. 1 and 2 do not satisfy (1.1) either. This is easy to see for the Euclidean
body in Fig 2 because the volume doubling property fails in this case. For the catenoid in Fig.
1, the volume doubling property is true but one can show that the Poincaré inequality (1.2)
fails. Sharp two sided estimates for the heat kernel on the catenoid follow from Theorem 7.1
below.

The goal of this paper is to develop tools that lead, in some generality, to upper and lower
bounds taking into account the bottleneck effect. In order to describe some of our results, let us
introduce the following terminology. Let M be a complete non-compact Riemannian manifold.
Let K C M be a compact set with non-empty interior and smooth boundary such that M \ K
has k connected components F1, ..., E} and each E; is non-compact. We say in such a case that
M has k ends E; with respect to K. We will refer to K as the central part of M.

In many cases (in fact, in full generality if one admits as we will manifolds with boundary),
each E; is isometric to the exterior of a compact set in another manifold M;. In such case, we
write

M = My#May#t... 4 My,

and refer to M as a connected sum of the manifolds M;. For instance, the example considered
above can be described in this notation as R3#R3.

1.2 Description of the results in model cases

To obtain a rich class of elementary examples, fix a large integer N (which will be the topological
dimension of M) and, for any integer m € [1, N|, define the manifold R™ by

RV=Ry xSV RM=R™ xSV m>2. (1.3)

The manifold R™ has topological dimension N but its “dimension at infinity” is m in the sense
that V(z,r) ~ r™ for r > 1. Thus, for different values of m, the manifolds R™ have different
dimension at infinity but the same topological dimension N. This enables us to consider finite
connected sums of the R™’s. In particular, for n # m, R"#R™ is well-defined whereas R"#R"
does not make sense in the category of manifolds.

Fix N and k integers N1, Na, ..., N € [1, N] and consider the manifold

M = RN #RN2 4 RNk, (1.4)

! Another way to see that the lower bound in (1.1) fails is to disprove the uniform Harnack inequality. Indeed,
as was shown in [46], the connected sum of two copies of R, n > 2, admits a non-constant bounded harmonic
function, which contradicts the uniform Harnack inequality. The upper bound in (1.1) still holds on the manifold
in question (see Section 4.1). Hence, the lower bound fails.



From the viewpoint of this paper, this is already an interesting class of examples for which we
would like to obtain global, two-sided, heat kernel estimates. This class of manifolds is also
useful for testing the validity of various geometric and analytic properties.

We now describe how the results obtained in this paper apply to the manifold M at (1.4)
when each NV; is larger than 2. This hypothesis means that all the ends of M are non-parabolic
and we set

n:= min N; > 2. (1.5)
1<i<k

Let K be the central part of M and E1,...E} be the ends of M so that E; is isometric to
the complement of a compact set in R™V:. With some abuse of notation, we write F; = RV \ K.
Thus = € RY \ K means that the point © € M belongs to the ends associated with R™Vi. For
any point x € M, set

|z| := sup d(z, z) .
zeK
Observe that since K has non-empty interior, |z| is separated from 0 on M and |z| ~ 1+d (z, K).

In the following estimates we always assume that ¢t > ¢y (where ¢ty > 0 is fixed), z,y are
points on M and d = d(x,y) is the geodesic distance in M. We follow the convention that
C,C1,... denote large finite positive constants whereas c¢,c1,... are small positive constants
(these constants may depend on M but do not depend on the variables z,y,t). Given two
non-negative functions f, g defined on a domain I, we write

=g

to signify that there are constants 0 < ¢ < C' < oo such that, on I, cf < g < Cf.

1. Let us first consider the simplest case k = 2, i.e., M at (1.4) has two ends. To simplify
notation, set M = R"#R™ where 2 < n < m. Assume that x € R"\ K and y € R™\ K. Then
we claim that?

p(t,z,y) < C ! + ! Xp i (1.6)
T e —Cc1— .
y LY 1 + /2 ’ "n 2 tn/2 ’y‘m 2 1 t

p(t,x,y)ECQ( L, )exp(—@d;). (1.7)

e/ [g["T /2 [y

and

In particular, if  and y are fixed and t — oo then (1.6) and (1.7) yield

1
p(t,z,y) =~ R (1.8)

that is, the smallest end R"™ determines the long term behavior of the heat kernel. This phe-
nomenon was observed by E.B.Davies [25] for a weighted one-dimensional complex.
If we allow z,y,t to vary in the range — call it the long time asymptotic regime —

[z| <n(t), |yl <n(t) (1.9)

where 7 denotes a positive function going to infinity slower than any positive power of ¢ then
we obtain

q(z,y)
otz y) ~ L0 (1.10)
where )
Iy, m>n,
= 1.11
Q(may) { ‘x’2—n + ’y‘Z—n’ m=n. ( )

*In fact, the upper bound (1.6) holds also when n € {1,2}, m > n. However, the lower bound (1.7) fails in
this case.



Figure 3: Points x and y on R"#R™

If instead we consider the medium time asymptotic regime

lz| ~ |yl ~ vVt and t— oo, (1.12)
(1.6)-(1.7) implies
1

Clearly, the decay of the heat kernel given by (1.13) is much faster than that of (1.8). This is the
bottleneck effect that was alluded to earlier. As far as we know, even the basic estimate (1.13)
is new, not to mention the full inequalities (1.6) and (1.7). Benjamini, Chavel and Feldman [5]
showed, for n = m and assuming (1.12), that

C
p(tﬂxvy)gtn_—f_ga VE>O’

whereas (1.13) gives a better estimate

1
p(t, 2, y) ~ oy

2. Let k > 3 be any integer. Assume that z € R\ K and y € R"i \ K where i # j. Then,
for all ¢ > g,

1 1 1 d?
t,x,y) <C + + —c1— 1.14
p(t,z,y) < Ch (t"/2 |x’Ni—2 |y|N]-—2 +N; /2 |x‘Ni_2 +Ni/2 y|Nj—2> eXp( % ) (1.14)

and

(t ) > ! + ! + ! C —d2 (1.15)
» Ly ZC ] - - - ex — . .
p Y 2 /2 |$|N172 ‘y|N]—2 N /2 |I|N172 N2 |y|NJ72 p 27

The last two terms in (1.14) and (1.15) are the same as the terms in (1.6) and (1.7), respectively.
There is also an additional effect due to the presence of at least three ends which is reflected in

the first term L

/2 || V2 [y

(1.16)



Recall that n is the smallest of the numbers N1, N3, ..., Nj. If n = N; or n = Nj, then the term

(1.16) is majorized by the other two terms in (1.14) and (1.15) (in particular, (1.14) and (1.15)

formally hold also for k£ = 2 in which case they are equivalent to (1.6) and (1.7), respectively).
Assuming (1.9), (1.14) and (1.15) give (1.10) with

> n = N;j < Nj,

|x|2_Nia n:Ni<Nj7

‘x’2_n+‘y’2_n’ n:N’L:N]’
2—N; 2—N;

[Z[7 ylTY, no < min(V;, Nj).

(1.17)

Note that the power of ¢ in the long time asymptotic is again determined by the smallest end
R™. In the last case in (1.17) when n < min(N;, N;), we see that the term (1.16) becomes the
leading term provided t is large enough, and we have

1
p(t,x,y) ~ — —. 1.18
( ) /2 || V72 |y N2 (19

Each factor in this asymptotic has a heuristic interpretation in terms of the Brownian motion
(X¢);>o on the manifold M which we now explain.

a) |x]7(N i72) g roughly the probability that the process X; started at = ever hits K;

b) t~™/2 is roughly the probability of making a loop from K to K through the smallest end
(i.e. the end R"™) in a time of order ¢;

c) |y[7(Nj 2 is roughly the probability of getting from K to y.

In particular, (1.18) says that the most probable way of going from x to y in a very long
time ¢ involves visiting the smallest end.

Figure 4: The most probable trajectories from x to y go through the smallest end R™

3. Finally, assume that both z,y € RY: \ K. Then, for all ¢ > t,

p(t, z,y) < %e—cldﬂt + 7 ‘ ‘N.Cilg ’ ‘N-—Q e—C1(\mI2+|yl2)/t (1.19)
g n €T K y K3



and

C2 _C d2 t C2 _C 2+ 2 t
p(tm,y) > We 2d%/ oy |l.|Ni—2 |y|Ni—26 2(lz|*+[yl?)/ . (1.20)

Assuming (1.9), we obtain (1.10) with

1, n = Ni
Q(aj7 y) = |$|2_NZ | 2—N7;

Y , n<N;.
In particular, if n < N; then we obtain again (1.18), for ¢ large enough.

Next, let us briefly discuss the mixed case where the restriction n = min; N; > 2 is relaxed
to max; N; > 2. The word “mixed” refers to the fact that in this case M has both parabolic
and non-parabolic ends. A detailed discussion is given in Section 6 where full two-sided bounds
are obtained. Here we present selected results to give a flavour of what can occur:

1. Let M = R'#R3. Then, for large enough ¢, we have

(o) 1
, su ST, Y) N —.
upp v~

Sl

1
p(t,z,y) = ok SEPP(t,w,y) ~

2. In the case M = R?#R3, we have

1
tlog?t’

& | =

supp (t,z,y) ~

p(t,a:,y) ~ @a
m’y

supp (t,z,y) ~
Yy

3. In the case M = RI'#R2#R3, we have

~+ | =

1
p<t,$7y) ~ ) supp(t,x,y) ~ m (121)

, supp(t,z,y) ~
Yy x,y

tlog?t
The estimates (1.21) also apply to the Euclidean body of Fig. 2.

Finally, heat kernel estimates for the manifold M = R2#R? follow from the results of Section
7. We prove that, for large time,

&+ | =

p(t,z,y) ~supp(t,z,y) ~supp(t,z,y) ~
) €,y

whereas in the medium time asymptotic regime (1.12),

(t,2,y) ~ 1 if x, y are in the same end
PLEY) ™~ (tlogt)~' if z, y are in different ends.

The same estimates apply to the catenoid of Fig. 1.

The examples described above clearly show that the presence of more than one end brings in
interesting and somewhat complex new phenomena as far as heat kernel bounds are concerned.
The tools developed in this paper allows us to analyze much more general situations than (1.4).
For instance, we obtain a complete generalization of the above results (i.e., global matching
upper and lower heat kernel bounds) for the connected sum M = M;#Ms+#...# M}, provided
each M; is a non-parabolic complete Riemannian manifold satisfying the hypotheses (V' D) and
(PI) stated at the beginning of this introduction (see Theorems 4.9 and 5.10). In particular,
this result apply whenever each M; has non-negative Ricci curvature.



1.3 Guide for the paper

The structure of the paper is as follows. Section 2 introduces notation and basic definitions.

Section 3 develops gluing techniques for which the key result is Theorem 3.5. These tech-
niques enable us to obtain bounds the heat kernel p(¢, z,y) on a manifold M with ends Ey, ..., Fx
and central part K in terms of:

(a) The size of p(t,u,v) where u,v € K. Roughly speaking, for large ¢, this can be thought of
as a function of ¢ alone but it depends on the global geometry of M and, in particular, of
all the ends taken together.

(b) Quantities that depends only on the geometry of the ends taken separately. One such
quantity is the Dirichlet heat kernel in F; (i.e., the transition function of Brownian motion
killed as it exits F;). Another such quantity is the probability that Brownian motion
started at © € E; hits K before time ¢. In both cases, it is clear that these quantities
involves only the end Ej;.

Section 4 is devoted to heat kernel upper bounds on manifolds with ends. It starts with
background on various results that are used in a crucial way in this paper. Several of these
results were in fact developed by the authors with the applications presented here in mind.
Faber-Krahn inequalities on manifolds with ends are studied in [41] where a rough initial upper
bound of the heat kernel on manifolds with ends is derived. Hitting probabilities are studied in
detail in [39]. Using these ingredients and the gluing techniques of Section 3, we prove sharp heat
kernel upper bounds on manifold with ends under the basic assumption that each end satisfy
a certain relative Faber-Krahn inequality (other situations, e.g. flat Faber-Krahn inequalities,
can be treated by the same technique — see [42]). The main result of Section 4 is Theorem 4.9.

Section 5 is devoted to heat kernel lower bounds on M = Mi#Ms#...#M;. These lower
bounds match (in some sense) the upper bounds of Section 4 but they require stronger hypothe-
ses. Namely, we assume that each M; is a non-parabolic manifold satisfying (VD) and (PI).
Here the key ingredients are a lower bound for hitting probabilities that is taken from [39] and
a lower bound on the Dirichlet heat kernels of the different ends which is taken from [38]. Both
the lower bound on hitting probability and the lower bound on the Dirichlet heat kernels depend
crucially on the hypothesis that each end is non-parabolic. The main Theorem of Section 5 is
Theorem 5.10.

Sections 4 and 5 both ends with examples illustrating Theorems 4.9 and 5.10 respectively.
In particular, these examples cover the case of the manifolds M = RN1# .. #RNe with n =
min<;<x N; > 2, discussed earlier in this introduction.

Section 6 treats the mixed case, that is, the case when at least one end is non-parabolic but
parabolic ends are also allowed. The main result of this section (as well as that of the whole
paper) is Theorem 6.5. In order to treat the mixed case, we use a Doob’s transform technique
that turns the original manifold into a weighted manifold all of whose ends are non-parabolic.
The difficulty here is to verify that the ends of this weighted manifold still satisfy (V' D) and (PI).
This follows from [40] provided the manifolds M; satisfy (V D), (PI) and an additional technical
property labeled by (RC'A) (the relative connectedness of certain annuli in M;). Theorem 6.5
applies to all manifolds of type (1.4) with max; N; > 2. These examples are discussed in detail
at the end of Section 6.

Section 7 deals with a restricted class of parabolic manifolds where all the ends have com-
parable volume growth. This allows us to treat the case of R2#R?. The general treatment of
parabolic manifolds with ends including R!#R? require different additional arguments and is
postponed to the forthcoming paper [43].



Finally, Section 8 gives a perhaps surprising application of the main results (Theorems 4.9,
5.10) to the study of the one-dimensional Schrodinger operator with a positive potential of at
least quadratic decay at oo.

2 Preliminaries

2.1 Weighted manifolds

Let N > 2 be an integer and M = (M,g) be an N-dimensional Riemannian manifold with
boundary dM (which may be empty). Given a smooth positive function o on M, we define a
measure g on M by du(x) = 0?(z)dx where dr is the Riemannian measure. The pair (M, ) is
called a weighted manifold and it will be the main underlying space for our considerations. Let
us recall some standard definition from Riemannian geometry.

For x,y € M, denote by d(z,y) the Riemannian distance induced by the metric g. Let

B(z,r) ={y € M|d(z,y) <r}
be the geodesic ball with center x € M and radius r > 0 and let
V(z,r) := u(B(z,r))

be its p-volume. For any set A C M, denote by As the d-neighborhood of A.

The manifold M is called complete if the metric space (M, d) is complete. Equivalently, M
is complete if all metric balls are precompact. If §M = () then M is complete if and only if M
is geodesically complete.

The Riemannian metric induces the notion of gradient. For any smooth enough function f
and vector field X on M, the gradient V f is the unique vector field such that g(V f, X) = df (X).
In a coordinate chart x1, xs, ...z, the gradient V f is given by

N
(V) = Zg”%,
J

=1

where g;; are the matrix entries of the Riemannian metric g and g%/ are the entries of the inverse
matrix [|g;]| "

A weighted manifold possesses a divergence div, which is a differential operator acting on
smooth vector fields and which is formally adjoint to V with respect to p. Namely, for any
smooth enough vector field F, the divergence div, F' is a function which, in any coordinate
chart, is given by

, 1 SN0, .,
div, F := 02—\/526_@(0 \/§F),
where g := det ||g;;|| . The weighted Laplace operator L on M is defined by
Lu = div,(Vu) = o2 div(c?V u),
for any smooth function v on M. When o = 1, div, F' is the Riemannian divergence div F' and

L coincides with the Laplace-Beltrami operator A = divoV.
Consider the Hilbert space L?(M, i) and the Dirichlet form

D(u,v) = /M(Vu, Vv)dp

10



defined for all u,v € C§°(M), where C5° (M) is the set of smooth functions on M with compact
support (note that functions in C§° (M) do not have to vanish on §M). The integration-by-parts
formula for the operator L implies

D(u,v) = —/ uLvd,u—/ u@du', (2.1)
M sm OV

where v is the inward unit normal vector field on §M and y’ is the measure with density o2 with
respect to the Riemannian measure of codimension 1 on any smooth hypersurface, in particular,
on M. Clearly, the operator L is symmetric on the subspace of C§° (M) of functions with
vanishing normal derivative on §M. It follows that the operator L initially defined on this
subspace, admits a Friedrichs extension L which is a self-adjoint non-positive definite operator
on L2(M, ).

The associated heat semigroup P; = e’ has a smooth integral kernel p(t, z, y) which is called
the heat kernel of (M, ). Alternatively, the heat kernel can be defined as the minimal positive
solution u(t,x) = p(t,x,y) of the Cauchy problem

(O —L)u=0 on (0,00)x M
uég,x) :58, (x) (2.2)
Wlony

(see [12], [28], [53]). Note that the heat kernel is symmetric in x,y, that is,

p(t,z,y) =p(ty,x).

The operator L generates a diffusion process (X;),», on M. Denote by P, the law of (X¢)¢0
given Xg = x € M and by E, the corresponding expectation. The heat kernel coincides with
the transition density for X; with respect to measure u, that is, for any Borel set A C M,

P, (X, € A) = /A p(t, z, ) du(y).

Note that the Neumann boundary condition corresponds to the fact that the process X; is
reflected on the boundary M. A weighted manifold (M, u) is called parabolic if

/ p(t,z,y)dt = o0
1

for some/all z,y € M, and non-parabolic otherwise. It is known that the parabolicity of M is
equivalent to the recurrence of the associated diffusion X; (see, for example, [35]).

Any open set 2 C M (equipped with the restriction of u to €2) can be consider as a weighted
manifold with boundary? §Q = Q N JM. The weighted Laplace operator Lo on ) generates a
diffusion in © which is killed on 9 and reflected on §Q2. Let pq(t,z,y) be the heat kernel in
(2, ). Sometimes it is convenient to extend pq (¢, z,y) to M by setting pq (¢, x,y) = 0 if one of
the points x,y is outside (2.

We say that an open set 2 C M has smooth boundary if the topological boundary 0f is a
smooth submanifold of M of dimension N — 1, which is transversal to §M (the later condition
being void if 6 M is empty). If Q has smooth boundary then pq (¢, x,y) satisfies the Dirichlet
boundary condition on 992\ § M and the Neumann boundary condition on 6€2.

3Note that if M has a boundary then, topologically, Q may contain points of 6M as interior points. Indeed,
by the definition of a manifold with boundary, any point of 6 M is an interior point of M. This makes the notion
of boundary of a manifold different from the notion of the topological boundary of a subset of M.

11



2.2 Connected sum of manifolds

Let {Mi}le be a finite family of non-compact Riemannian manifolds. We say that a Riemannian
manifold M is a connected sum of the manifolds M; and write

M = My# Ma# - - - # My, (2.3)

if, for some non-empty compact set K C M (called a central part of M), the exterior M \ K is
a disjoint union of open sets E1, Fs, ..., Ey, such that each E; is isometric to M; \ K;, for some
compact K; C M;; in fact, we will always identify E; and M; \ K; (see Fig. 5).

—

Figure 5:

If (M, p) and (M;, ;) are weighted manifolds then the isometry is understood in the sense
of weighted manifolds, that is, it maps the measure p to p;. Of course, taking connected sums
is not a uniquely defined operation. Without loss of generality, we will always assume that K is
the closure of an open set with smooth boundary.

Conversely, let M be a non-compact manifold and K C M be a compact set with smooth
boundary such that M\ K is a disjoint union of a finitely many connected open sets E1, Fs, . .., Fj
that are not precompact. We say that the F;’s are the ends of M with respect to K. Consider
the closure F; as manifold with boundary. Then by definition of a connected sum we have
M = E\#FEx# - - #FE}.

Sometimes it will be convenient to choose a precompact open set Ey C M with smooth
boundary containing K, so that M is covered by the open sets Ey, E1, ..., Ef.

We end this section with a description of natural classes of examples of connected sums
involving curvature conditions.

Say that a complete Riemannian manifold M (without boundary) has asymptotically non-
negative sectional curvature if there exists a point o € M and a continuous decreasing function
Ek: (0,00) — (0, 00) satisfying

/00 sk(s)ds < oo

and such that the sectional curvature Sect(z) at € M satisfies Sect(z) > —k(d(o,x)). Such
manifolds where studied in [47, 45] and include, of course, all manifolds with non-negative
sectional curvature outside a compact set. The catenoid of Fig 1 is also a manifold with asymp-
totically non-negative curvature.

All such manifolds have a finite number of ends and thus can be written as a connected
sum M = Mi#...# M of complete manifolds; furthermore, each manifold M; satisfies the
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properties (VD) and (PI) as well as the property (RC'A) considered in Section 6 (see, e.g., [40,
Sect. 7.4]).

Complete manifolds (without boundary) having non-negative Ricci curvature outside a com-
pact set also have only finitely many ends, see [6, 47]. Thus, if M has non negative Ricci
curvature outside a compact set, it can be written has has a connected sum M = Mi#...# My,
where each M; corresponds to an end of M. These M;’s should be thought of as manifolds with
non-negative Ricci curvature outside a compact set having exactly one end (strictly speaking,
even so M has no boundary, we may have to allow the M;’s to have a (compact) boundary).
Unfortunately, the structure of the M;’s appearing in such a decomposition is not as well under-
stood as in the case of manifolds with asymptotically non-negative sectional curvature (see [47]).
In particular, it is not known whether the M;’s satisfy (V' D), (PI) and (RCA) (in fact, what is
crucial here is property (RCA), see [47, 40]). But it follows from [47] and [40] that any complete
manifold (without boundary) M with non-negative Ricci curvature outside a compact set and
finite first Betti number can be written as a connected sum M = My #...# M) where each M; is
a complete manifold (possibly with boundary) satisfying (V' D), (PI) and the condition (RC'A)
of Section 6 below.

Hence, our main Theorem 6.5 applies to all non-parabolic manifolds with asymptotically
non-negative sectional curvature as well as to all non-parabolic manifolds of non-negative Ricci
curvature outside a compact set with finite first Betti number. Similarly, Theorem 7.1 applies
to parabolic manifolds of these types provided the ends have comparable volume growth.

3 Gluing techniques for heat kernels

We start with general inequalities which relate the heat kernel with hitting probabilities on an
arbitrary weighted manifold (M, ). These inequalities will be one of the main technical tools
we introduce here to handle heat kernel estimates on manifolds with ends. However, in this
section we do not make any a priori assumption about the manifold in question.

For any closed set I' C M define the first hitting time by

r=inf{t >0: X, € T'}.
Let us set
Yp(t,x) :=Py(rr < t). (3.1)
In other words, ¥r(t,z) is the probability that the process hits I' by time ¢. Observe that

Yp(t,x) is an increasing function in ¢, bounded by 1, and ¢ (z,t) = 1 if z € I'. We will denote
by ¥ the time derivative of (¢, z).

Lemma 3.1 LetI' C M be a closed set and 2 C M be an open set such that 02 C I'. Then for
allx € Q,ye M, andt >0

p(t,x,y) < pQ(tv‘Tay) + 0S<ur<)tp(87 Z,y) wl“(twr)' (32)
er
Furthermore, we have
t/2
t
p(t,z,y) < pa(t,z,y) + sup p(s,z,y)¥r(5,z)+ sup Yr(s,z) /Supp(97z,y)d9 (3.3)
t/2<s<t 2 t/2<s<t zel
zel
and
t/2
t
> i - i ! i ) )
p(t,z,y) = pa(t,z,y) +t/211§1£§tp(saz,y) Ur(3,2) +t/2lgggt¢r(s7:v)/;Ielgp(ﬁz,y)d@ (3.4)
zel 0
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Remark 3.2 Inequality (3.2) will not be used in the main part of the paper. However, its proof
is instructive since it contains the main idea of the proof of the more involved inequalities (3.3),
(3.4) as well as other inequalities presented below.

Proof. By hypothesis any continuous path from z to y either intersects I' or stays in Q (the
latter can happen only in the case y € Q). Set 7 = 7p. The strong Markov property yields

p(tvmay) = pQ(tvmvy) + Em (1{0§T§t}p(t - TvXTay)) (35)

= pQ(t’ Zz, y) +E,; <1{0§T§%}p(t -7, X7, y)) (3'6)

+E; (1{%<T§t}p(t - T, XT7 y)) (37)

(see Fig. 6).
Q =Xz
y
X
r

_/

Figure 6: A path between points x,y

The identity (3.5) implies

p(ta£ay) < pQ(ta$ay) + sup p(t - G,z,y)]P’x {0 <7< t}
zel
0§€6’§t

which is exactly (3.2).
To prove (3.3) and (3.4) we will use (3.6)-(3.7). The second term in (3.6) can be estimated
as above. This gives

t
E. (1{0§T§%}p(t -7, X7, y)) < ilellfi‘) p(t -0, Z,y)¢r(5,3«")- (3'8)
0<o<i

To estimate the term in (3.7), let us denote by v the joint distribution of (7, X;) on (0,00) x I.
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Then we have

E. (1{%<T§t}p(t — T,XT,y)) = /p(t —8,2,y)dv(s, 2)
r

~+

IN
W— e BT v T—

Supp(t -5, Z??/)/dy(sa Z)

zel
r

~+

Supp(t - $5,%, ?/)831/11‘(& $)d8
zel
t

t
< sup ¢%(S,I)/SUPp(t—s,z,y)d8
/2

%SSSL‘ zel
t

whence (3.3) follows.
To prove (3.4) note that the second term in (3.6) is bounded below by

inf p(t—0,2, 9P (0=7<t/2) = inf p(s 2 y)Yrt/2,2).
ogzeegtm t/fgsgt

Finally, the term in (3.7) is estimated from below by writing

t

_ > i _
E, <1{%<T§t}p(t TvXT7y)> = /;Iel{;p(t S,Z,y)/dl/(S,Z)
t/2 r
t

— [t plt - 5,500 (5.2
ze
t/2

t

> inf o} inf p(t — ds.

> t/ggsgtwr(syw)/gelrp( $,2,y)ds
/2

t

Inequality (3.4) follows.

Lemma 3.3 Let Q1 and Qs be two open sets in M with boundaries I'y and Ty respectively.
Assume that T's separates Qs from I'y. Then for all x € Qq, y € Qa, and t > 0 we have

t t

p(tvxay)gpﬂl(t’x7y)+ sup p(savvy)¢F1(§7$)+ sup p(svw’$)¢F2(§vy) (39)

t/2<s<t t/2<s<t

vely wel2

and
2(t,2,y) > oy (ho,y) + inf pls,0,y) vp, (5,0) + il pls,w,a) b, (S,9). (3.10)
x x in S,v -,z in S,w, T -, ). .

P, T,Yy) =2 pa\L, L, Y t/2§8§tp yU, Y T 2 t/2§s§tp Iy 2 Yy

vely wels

Remark 3.4 The hypothesis that I'y separates (2o from I'; means that either €2; and 29 are
disjoint or Q9 C Q; (see below Fig. 7 and 8 respectively). Note that in the former case the term
po, (t,x,y) vanishes.
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In the case Q2 C ; we need the following refinement of (3.9), which will be essential for
Theorem 3.5 below. Namely, under the above hypotheses, the following inequality holds

t ~ t
p(t,m,y) Sle(t,ﬂf,y) -+ sup p(S v y) ¢F1( )+ sup le(S,w,fL’) ¢F2(§ay); (311)
t/2<s<t t/2<s<t
vely wel'y
where
Doy (s,w,z) :==p(s,w,z) — pa, (s,w,x). (3.12)

Note that (3.11) also holds when ©; and € are disjoint since in this case po, (s, w,z) = 0.

Proof. Applying (3.4) with Q = Q;, I' =T'; we obtain

t
p(taxay) 2p91(t7x7y) +t/2u<l£ tp(s v y) ¢F1( )

vel'y

and similarly

t
t > t f .
p( ,l’,y) prQ( axvy) +t/2123< p(S w l’) ¢F2(2ay)
welsy

Adding up these inequalities, we obtain (3.10).

For the upper bound (3.9) we need some preparation. Fix some 7" > 0 and consider P,
as a measure in the space Qp of all continuous paths w : [0,7] — M. Note that P, sits in
Qr, = {weQr:w(0) ==z} For any p-measurable set A C M with pu(A) < oo define a
measure P4 in Q7 by

Pa(A) = /A P, (A) dp (z) , (3.13)

where A4 is an event in Qr. For any two such sets A, B C M define a probability measure
Pr 4B in Qr by
Pa(A N (X7 € B))

Py (XT S B)
For any paths w € €1 denote by w* the path obtained from w by the time change t — T — ¢,
that is w* (t) = w(T — t). Respectively, for any event A C Q7 set A* = {w* : w € A}. Then we
claim that

PT,A,B (.A) =

Prap(A) =Prpa(AY). (3.14)
Indeed, observe that by the symmetry of the heat kernel
]P’A(XTEB)—/IP (Xr € B)dp (= // (T, y) dpu (y) du (z) = Py (X7 € A). (3.15)
A

Hence, (3.14) will follow if we show that
Pa(A N (XreB)=Pg(A* N (XreA). (3.16)
It suffices to prove (3.16) for an elementary event .4, that is for
A= (X, € B1,Xy, € Eg, ..., Xy, € Ey)

where 0 < t; <ty < ... <t, < T and E}, are measurable sets in M. For this A, we have

Pa(A N (X7 € B)) = /Px (X,, € i1, Xy, € Ba,.., Xs, € En, Xp € B)dp (z),
A
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where the right hand side is equal to

// // b1y, 21) D (2 — t1, 21, 22) o9 (T — by 2, ) djt () dp (21) -l (20) dp (1)
B E, Ei A
(3.17)
Similarly, we have

Pp(A* N (Xr € A)) = /Py (X7—t, € Eny..., X7, € E1, X7 € A)du(y),
B

where the right hand side is equal to

// // —tny Yy 2n) P (tn, — tn—1, Zny 2n—1) .0 (t1, 21, ¢) di (y) dp (2p,) ...dp (21) dp ()
A E, E,

(3.18)
Comparing (3.17) and (3.18) we obtain (3.16).

Now we are in position to prove (3.9). For any path w € €7, denote by 7; (w) the first time
the path w hits I';, provided w does intersect I';. Fix sets A C Q1 and B C (2 and observe
that the measure Pr 4 p sits on the set 7 4 p of paths w such that w (0) € A and w(T) € B.
Clearly, for any w € Q7 4 p, either w stays in € (which is only possible in the case Q5 C Q1) or
both 71 (w) and 79 (w*) are defined and 71 (w) + 72 (w*) < T'. Hence, in the latter case we have
either 71 (w) <T/2 or 79 (w*) < T/2 (see Fig. 7 and 8).

Figure 7: The case 21 and 25 are disjoint. Any path from x to y crosses I'1 and I's.

Therefore, we obtain
1< ]P)T,A,B (w C Q1) + IF)TyA’B (7’1 (w) < T/2) + PT,A,B (T2 (w*) < T/Q) . (3.19)

y (3.14) we have
Prap (2 (w*) <T/2) =Prp.a(re(w) <T/2).

Substituting into (3.19) and multiplying (3.19) by P4 (X1 € B) = Pp (X1 € A) we obtain
//p(T,a:,y) du (y) dp (z) < Pgl (X € B)4Py (11 <T/2, X7 € B)+Pp (1o <T/2, X1 € A).

(3.20)
Clearly, we have

Py (e B) = [ [0, (Tow) dn @) du o),
A B
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V= xrl(w) W= sz(ooD

Figure 8: The case 25 C ;. Any path from z to y either stays in €y or crosses I'1 and I'y

whereas by the strong Markov property and (3.8)

Pa(r1 <T/2,Xr€B) = //Ew (Lgr,<ry3p(T — 71, X71,y)) dpe (y) dps ()

sup  p(s,v,y) du(y) dp ().

IN
—
—

<

NS
w/\'ﬂ
&

T/2<s<T
A B vely
Similarly, we obtain
T
B(To <T/2,Xr € A) < //iﬂrz(g,w) sup  p(s,w,z)dp(z)du(y). (3.21)
T/2<s<T
B A wels

Substituting into (3.20), dividing by p (A) p (B) and contracting the sets A and B to the points
x and y, respectively, we finish the proof of (3.9).

Finally, let us prove (3.11) assuming that Q9 C ©;. The last term in (3.19) can be replaced
by

Pr 4. (T2 (w*) < T/2 and w crosses 9€)
Pr p.a (T2 (w) < T/2 and w crosses 9€)
= Prpa(r2(w) <T/2) —Prpa(r2(w) <T/2 and w does not cross 9€) .
Multiplying by Pp (X7 € A) we obtain that the last term in (3.20) can be replaced by
IP)B T2 < T/2 Xr € A) Pp (T2 < T/2, X ¢ 0 for all t € [O,T], Xr e A)

= // (Lry<r/y3p(T — 72, X7y, @) — By (17, <rjype, (T — 72, Xrp, )| dpa () dpa (y)

IN

/ / Yra(g9) s, (s, 0,2) dy (2) di )
T/2<s<T
B A wels

where pq, is defined by (3.12). Using this estimate instead of (3.21) we obtain (3.11).
The next statement is the main result of this section.
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Theorem 3.5 Let 21 and Qo be two open sets in M with boundaries I'y and I'y respectively.
Assume that T'y separates Qo from T'y. Write for simplicity 1,;(t, ) = ¢, (t, ), i = 1,2, and set

t

t
G(t) / sup  p(s,v,w)ds and G(t) :—/ inf  p(s,v,w)ds. (3.22)
vel'y,wel's ’UEFL'LUEFQ
0 0
Then, for all x € Q1, y € Q9, and t > 0,

plt,z,y) < pa,(tz,y)+2

sup  sup p(s,v,w)] Uit 2)a(t,y)
s€t/4,t] vel,wels

+G(t) Ls[;gﬂ w'l(&w)] ¢2(t,y)+5(t)[ sup @bé(s,y)] Uy (t, )  (3.23)

sE[t/4,t]
and

t t
> i i - - .
2p(t,x,y) > po,(t,z,y) +2 Lel[?/it} verﬁ?@femp(s’”’w)] ¢1(4,x)¢2(4,y) (3.24)

t . , t t . , t
s |t oo e+ mt v nion629

Proof. By (3.11) and the monotonicity of v, (¢,z) in ¢ we have

p(t,ac,y) gpgl(t,x,y) + sup p(s,v,y) '(/}1(t7$) + sup ﬁﬂl(s’w’m) ¢2(t7y) . (326)
t/2<s<t t/2<s<t
vely wel's

Applying (3.3) with Q =y and I' = I'; we obtain, for all w € I'y and s > 0,

ﬁﬂl (S,U),l‘) p(s,a:,w) — POy (s,x,w)
< s pOzw) i)+ sup Gi(0,) [ swp(0,zw)ds.
5/2<60<s 5/2<0<s zel
zel'y
Set
q(0) sup  p(0,21,22).

z1€l'1,22€l2

As 9, (t,x) is increasing in ¢, the above inequality gives, for s € [t/2,t],

Z/)\Ql (57 w, 33) <

t
sup (0) v (b2) + sup W, (6,2) / 4(6) do.
0€(t/4,t] 0elt/4,t] 0

Similarly, as pq, (s,y,v) = 0, (3.3) with Q = Q9 and I' = I'y implies that, for any v € I'; and
s € [t/2,t],

p(s,v,y) <

t
sup T(O) v (ty) + sup Wb (0,y) / 4(6) do.
0€lt/4,t] 0elt/4,t] 0

Using these two estimates in (3.26) yields (3.23).

The lower bound (3.24)-(3.25) is proved in a similar way. Indeed, by (3.10) we have
. t . t
2p(t,z,y) = po, (L2, y) + inf p(s,v,y) i(5,2) + inf p(s,w,z) ¥a(5,y)
t/2<s<t 4

. 3.27
t/2<s<t 4 ( )
vely wel's
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Setting

t) := inf 0,21,z
2( ) 21€F1,z2€F2p( 1 2)

and using (3.4) we obtain for any w € I'y and s € [t/2, ]

t/4
t
> inf = inf
p(s,z,w) _t/229§t2(0)¢1(47$)+t/4120§;¢1(0>33)/2(0)d07
0

and a similar inequality for p (s, y,v). Substituting into (3.27) finishes the proof. i

Remark 3.6 Since 1),(t, x) is the P,-probability of X; hitting I'; by time ¢, the function ;(t, x)
is fully determined by the intrinsic geometry of the set €2;, and so is po,. Thus, the estimates of
p(t, x,y) given by Theorem 3.5 are determined by the intrinsic geometries of ; and by estimates
of p(t,v,w) where v € I'; and w € I's. To obtain the latter, we will use different techniques for
upper and for lower bounds — see Sections 4.3 and 5.4.

4 Upper bound

4.1 Faber-Krahn inequalities and the heat kernel

Let (M, p) be a non-compact complete weighted manifold, possibly with boundary. For any
region 2 C M, set

Vol du
A() := inf Jo| Vel du .
$CEe(Q) f9¢ dp

In words, A(2) is the smallest eigenvalue of L in Q satisfying the Dirichlet condition on 9 and
the Neumann condition on 6€).
The classical Faber-Krahn theorem says that, for any open set @ ¢ R and L = A,

M) > enp(@) 7V, (4.1)

where y is the Lebesgue measure in RY (the constant cy is such that equality is attained for balls;
however, the exact value of ¢y is of no importance for our purpose). For an arbitrary manifold,
(4.1) may not be true. However, as balls in M are precompact, a compactness argument implies
that for any ball B (x,r) there exists b (x,r) > 0 such that for any open set Q C B(z,r)

() > bla, r)u(9) 2.
If we know the function b(z,r) then we can control the heat kernel on M as follows.

Theorem 4.1 ([32, Theorem 5.2]) Assume that (M, u) is a complete weighted manifold such
that, for any ball B(x,r) and any open set Q C B(z,r),

A(Q) > bz, r)pu(2)79, (4.2)
where b(x,r) >0 and o > 0. Then, for all z,y € M and t > 0,
Cexp (—c@)
(Pb(a, VEb(y, vB)

One particular case of (4.2) will be frequently used so that we separate it out as the following
condition:

p(t,z,y) <
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(RFK) The relative Faber-Krahn inequality: there exist a > 0 and ¢ > 0 such that, for any ball
B(z,r) C M and for any precompact open set Q C B(z,r),

A(Q) > 762 (VM(ECS’);))Q. (4.3)

In other words, the condition (RFK) means that (4.2) holds with

b(xz,r) = T%V(;B,r)a.

For example, (RFK) holds with a = 2/N if M is a complete Riemannian manifold with non-
negative Ricci curvature (see [31, Theorem 1.4]).

Note that if (4.3) holds for some a = ag then it is satisfied also for any smaller value a < ay
because () <V (z,7).

Consider also the following properties which in general may be true or not.

(VD) The volume doubling property: for all z € M and r > 0,

V(z,2r) < CV(x,r). (4.4)

For a later reference, we also note that (V' D) implies that for any ¢ > 0 and for all z,y €

M, t >0,
V(y, vt d ¢ d?
M < (1 + (J:,y)) < C.exp (5M> . (4.5)
V(z, V1) Vit t
(UED) The on-diagonal upper estimate of the heat kernel: for all x € M and all ¢t > 0,
C
to,x) < — 4.6
plta) < (4.6)
(UE) The off-diagonal upper estimate of the heat kernel: for all z,y € M and all ¢t > 0,
c dQ(w,y)>
tr,y) < ————exp | —c———= . 4.7
plt.) < e (e (@.7)

Theorem 4.2 ([32, Proposition 5.2]) For any complete weighted manifold (M, 1), the following
equivalences take place

(RFK) <= (VD) + (UED) <= (VD) + (UE) .

Proposition 4.3 ([35, Theorem 11.1]) Let (M, u) be a complete weighted manifold satisfying
(RFK). Then (M, u) is non-parabolic if and only if

® ds
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4.2 Hitting probability

Given a complete weighted manifold (M, p), fix a compact set K with non-empty interior and
a reference interior point o € K. Set

|z| ;== supd(z,y), z € M,
yeK

;= min —\az|2 t —ds
H.(x,t) == {1, Vio 2] + (/m? Vo, \/§)>+}, (4.9)

where (-) is the positive part, that is, max(-,0). Note that H, (z,t) in increasing in t. The
following result is a combination of Proposition 4.3 and Corollary 4.2 from [39].

and

Theorem 4.4 Let (M, u) be a complete non-compact manifold satisfying (RFK), K C M be a
compact set, o € K be an interior point of K, and § > 0. Then, for all x € M \ K5 andt > 0,

2
Y (t,z) < CH,(x,t) exp (—c%) (4.10)

and
Eds

C
O (t,x) < Wexp <—CT> . (4.11)

Note that the function H used in [39, Corollary 4.2] is slightly different from the function
H, defined above, and this is why the present estimates require also Proposition 4.3 from [39].

4.3 Initial upper bound

In this and the next section, we assume that M = My#...4# M}, and will use the notation from
Section 2.2. In particular, let us recall that M is the disjoint union of the central part K and
the ends Ej,...E, with respect to K. Each F; is identified with the complement of a compact
set in M;.

Geodesic balls are denoted by B(z,r) in M and by B;(x,r) in M;. We also set V(z,r) =
w(B(z,r)) and Vi(z,r) = p;(B;i(x,r)). Observe that if B;(z,r) C E; then B;(x,r) = B(z,r) and
Vi(z,r) = V(x,r). For each index i > 1, fix a reference point o; € OF;, and set

Vi(r) = Vi(oi,r), Vo(r) = lrélilélkvz(r). (4.12)
It will also be useful to set
Vo (,7) = Vo (r)

for all x € M. If all functions V; (r) satisfy the doubling property then so does Vj (7).
For any x € M, r > 0, set

V(z,r), if B(z,r)CE;, 1>1,

Fla,r) = { Vo(r), otherwise. (4.13)

Note that if 7 stays bounded and x varies in a compact neighbourhood of K then V;(z,r) ~ r¥.

For this range of x and r we have also

F(z,r) =~ Vo(r) =N =V (2,r). (4.14)
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Theorem 4.5 ([41, Proposition 3.6]) Assume that for each i = 1,...,k, the manifold (M;, p,

(2

satisfies (RFK). Then there exists a > 0and ¢ > 0 such that for any ball B = B(z,r) C M

and for any open set Q C B
¢ (F(z,m)\*
Q) > — .
vz 5 (%)

Combining with Theorem 4.1 we obtain the following result.

Corollary 4.6 Assume that for each i = 1,..., k, each manifold (M;, p;) satisfies (RFK). Then
the heat kernel on (M, u) satisfies

p(t,z,y) < ¢ exp (—c@) , (4.15)
VF (@ VOF(y, V1)

for all x,y € M and t > 0, where F is defined at (4.13).

Corollary 4.7 Let Ey be a precompact open set with smooth boundary containing K. Referring
to the setting of Corollary 4.6, we have:
(1) For any positive finite tg, for all x,y € M and 0 < t < to,

2
p(t,z,y) < ¢ exp (—6@) : (4.16)
V@OV (5, V)
(i) For all x,y € Ey and t > 0,
c d*(z,y)
p(t,x,y) < AV exp (—CT) . (4.17)

Proof. (i) It suffices to show that, for all z € M and 0 < r < rq := 3,
F(z,r) =V (z,7).

If B(x,r) is in some end E; then F (x,r) = V (z,r) by definition. Otherwise, the condition
r < ro implies that x belongs to K, and the claim follows from (4.14).
(73) It suffices to show that for all z € Ey and r > 0,

F(z,r) > cVo(r).

If B (z,r) is in E; then r has a bounded range and hence the claim follows from (4.14). Otherwise,
we have F' (z,7) = Vp (r) by definition. I

Remark 4.8 The inequality (4.16) is equivalent to say that, for all z,y € M and 0 < t < tq,

c d*(z,y)
p(t,z,y) < me}ip <—CT) .

Indeed, (4.18) implies (4.16) by switching x,y in (4.18) and using the symmetry of the heat
kernel. Conversely, (4.16) implies (4.18). To see this, observe that the function V satisfies
V(z,2r) < CV(z,r) for all z € M and all r € (0,rp). It follows (see, e.g., [57, Lemma 5.2.7])

that
VD ( dy)
Vv p<C i )

which easily shows that (4.16) implies (4.18).

(4.18)
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4.4 Full upper bounds

For any z € M set
(4, fzeB,i>1,
=10, ifrek.

Set also

|z| = sup d(z,y)
yeK

and notice that |z| is bounded away from 0. Define the function H(x,t) by

o) —mind1, ([ 4
H(zx,t) = {1, Wz(‘x|>+(/|w2 Vim(\/§)>+}' (4.19)

Clearly, H (z,t) is bounded away from 0 when |z| is bounded from above. Let us spell out
explicitly the simple relationship between H and the functions H: obtained on each M; by
considering a compact set K; such that E; = M; \ K; and applying Definition (4.9). Setting for
convenience H?(z,t) = 1, we have

H(z,t) ~ Hi=(z,t). (4.20)

Indeed, for bounded z, we have H(x,t) ~ 1 ~ Hi=(x,t) whereas, if z € E; with i € {1,...,k},
then the volume functions used in (4.9) and (4.19) are comparable and thus H(z,t) ~ Hi(z,t).
In the case the function V;_ (r) satisfies in addition the condition

- 2+¢

Vl—(R)Zc E forall R>r >1,
Vi, (r) r

with some ¢ > 0 and € > 0, one easily obtains from (4.19) that

e

Hiw.t) ~ )

(4.21)

(cf. the proof of Corollary 4.5 in [39]).
For z,y € M, let us set

di(z,y) = inf{length (y) : v(0) =z, v(1) =y, YN K # 0}, (4.22)

where the infimum is taken over all curves v : [0,1] — M connecting z,y and passing through
K. Let us define also

dg(z,y) = inf{length (y) : v(0) =z, vy(1) =y, yNK =01}, (4.23)

where the infimum is taken over all curves [0, 1] — M connecting z,y, without intersecting K.

Note that always dy(x,y) > d(z,y) and dyg(z,y) > d(z,y), and, moreover, one of these
inequalities must in fact be an equality. For example, if x € E; UK, y € E; UK and i # j,
then dy(x,y) = oo whence dy(x,y) = d(z,y). If z,y € E; then the elementary argument with
the triangle inequality shows that

| + |y| — 2diam K < dy (z,y) < [z|+ [y (4.24)

and
d(z,y) < dy(z,y) <d(z,y) + Ck (4.25)

where Ck is a constant depending on K.
The next theorem is one of the main results of this paper.
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Theorem 4.9 Assume that (M, ) is a connected sum of complete non-compact weighted man-
ifolds (M, p;), @ = 1,2,...,k, each of which satisfies (RFK). Assume further that (M, u) is
non-parabolic. Then, for all x,y € M and t > 0, the heat kernel on M is bounded by

H(m,t)H(y,t) H(y7t) H(:I:,t) _cd?&—(l‘7y)
V(i) +mﬂ>+mﬂ>)x( 1)

¢ exp (_Cd%(m,y)> . (4.27)
V@, VOV, (4, VD) !

p(t,z,y) < C’(

_l’_

Each term in (4.26)-(4.27) has a geometric meaning and corresponds to a certain way a
Brownian particle may move from z to y. To start with, the term (4.27) estimates the probability
of getting from z to y without touching K. This may happen only if z,y belong to the same
end E;, and the term (4.27) comes from estimating pg,. The third (and, similarly, the second)
term in (4.26) estimates the probability that starting from z, the particle hits K before time ¢
and then reaches y in time of order ¢. The first term in (4.26) estimates the probability that
the particle hits K before time t, loops from K to K in time of order ¢ and finally reaches ¥ in
time smaller than ¢. It is natural to use the distance dy in (4.26) since the corresponding events
involve trajectories from z to y passing through K. Using the distance dj in (4.27) reflects the
fact that the trajectories from z to y, corresponding to that term, avoid K.

Remark 4.10 If x € E; UK and y € E; U K with i # j then dy (z,y) = oo so that the term
(4.27) vanishes, whereas dy (z,y) in (4.26) can be replaced by d (z,y).

If z,y belong to the same end E; and t > to > 0 then, by (4.24), d+ (z,y) in (4.26) can be
replaced by |z| + |y| and, by (4.25), dy (z,y) in (4.27) can be replaced by d (z,y).

Remark 4.11 If k = 2 and z € E; UK, y € E» U K then the term W in (4.26) is
0

dominated by the two other terms and, hence, can be neglected.

Remark 4.12 An equivalent heat kernel estimate is obtained by replacing the volume functions
Vi, (V1) and V;, (V) in (4.26) by V;, (z,v/t) and V;, (y,v/%), respectively. Indeed, if 2 € K

then 7, = 0 and
Vo (= Vi) = Vo (V).

If i, =4 > 1 and |z| is large enough then, by (4.5), for any € > 0,

Vi (Vt) _ Vi(oi, V1) d? (z,0;) &2 (z,y)
V; (x’ \/%) - Vi (m’ \/E) < C:exp <5 ; _> < Ccexp <€C—+ P ) (4.28)

If |x| is bounded then (4.28) holds again because

Vi (V) = Vi (0 VE) ~ Vi (, V).

Indeed, for small ¢ all these functions are of the order ¢/? and, for large t, (VD) applies. In
the same way, we obtain

Choosing ¢ small enough proves the claim.
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Remark 4.13 Note that the term in (4.27) can be replaced by

—C ex —c—d%(x7 y) orb —C ex —cd% (@)
Vil T\ TV T )

which can be seen by an argument similar to that of the previous remark.

Remark 4.14 Observe that the non-parabolicity of (M, u) is equivalent to the fact that one
of the manifolds (M;, u;) is non-parabolic (see [35, Proposition 14.1]). However, the estimate
(4.26)-(4.27) is sharp only if all (M;, pu;) are non-parabolic (see Sections 5.4 and 6).

Proof of Theorem 4.9. Set § = diam K and let K’ and K” be compact sets with smooth
boundaries such that K ¢ K’ ¢ K” and

d(0K,0K') > 26 and d(0K’,0K") > 26.
Since the estimate (4.26)-(4.27) is symmetric in z,y, there are three essentially different cases:

1. z,y € K".
2. z€ E;\ K' and y € E; \ K" where i, j > 0 may be the same or not.

3. z€ K'and y € E; \ K" for some j > 0.

Case 1. Let z,y € K”. By Corollary 4.7, we have

exp <—cd2(f’y)) . (4.29)

p(t,z,y) <

C
~ (Vi)
If dy(z,y) = d(z,y) then (4.29) implies

o (D) ¢ GHEDHO) (D) g

C
Pl y) = Vo(v1)

(because H (z,t) and H (y,t) are separated from 0 for z,y € K”), which in turn yields (4.26)-
(4.27). If dy (x,y) < V/t then the same argument works because the Gaussian factor in (4.30) is
comparable to 1.

Assume now that d. (z,y) > d(z,y) and dy(z,y) > vt. Then = and y belong to the same
end E;, i > 1, and dy(z,y) = d(z,y). Also, t is bounded by 4 diam? (K") whence

Vo (W) ~ 2 m Vi, VEVi(y, V).

Therefore, the right hand side of (4.29) is majorized by the term (4.27).
Before we consider the other two cases, let us set

oo

/ sup p(s,v,w)ds. (4.31)
vwEK"

0 d(v,w)>6d

It follows from (4.29) and from the condition d (v, w) > ¢ that the integral (4.31) converges at 0.
The fact that M is non-parabolic, ensures the convergence of the integral (4.31) at co. Hence,
J < co. The number J will enter the heat kernel upper bounds as a constant.

Case 2. (“the main case”) Let z € E; \ K’ and y € E; \ K" (see Fig. 9 when ¢ # j).
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Figure 9: Case z € E; \ K' and y € E; \ K", 1 # j

By Theorem 3.5 with Q; = E; and Qs = E; \ K’ we obtain

P(t7$7y) < PE; (t7$7y) + sup sup p(s,v,w) ¢K(tax)¢K’(t7y) (432)
s€(t/4,t] veOK
wedK'’
t
veOK SE[t/4,t]
0 wedK’
t
+/ sup p(S, v, w)ds ( Sup QrblK’(s? y)) ¢K(t7 1’) (434)
vEOK sE[t/4,t]
0 wedK'’
If i # j then pg, (t,z,y) = 0 whereas for i = j Theorem 4.2 yields
C dj (z,y)
PE; (tvmvy) < P, (taxay) < €xp <_C 0 t )
Vi (V) Vi (9, V)

where we have used the fact that dyy, (z,y) =~ dg (z,y) for all z,y € E; \ K.
As x € E; \ K', the hitting probability ¢ (¢,z) depends only on the intrinsic properties of
the manifold (M;, i;). Since (M;, p;) satisfies (RFK), Theorem 4.4 and (4.20) yield

2
Y (t,z) < CH(z,t)exp (—c%) (4.35)
and ,
c 2]
Lt a) < —— i By 4.36
il ﬂﬁ)—vi(x,ﬁ)exp(ct) (4.30
Since z € E; \ K', we have d; (z;,0;) ~ |z| and, by Remark 4.12,
c 2/
be(t ) < —c—|. 4.37
vk "’C>—Vi(¢z)exp<ct) (4.37)

Similar estimates take place for ¢ (¢,y) and its time derivative for y € E; \ K”. By (4.29),
we have for all v,w € K’

sup p(s,v,w) < (4.38)

selt/4] Vo(vt)
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Finally, each integral in (4.33) and (4.34) is bounded from above by the constant J defined by
(4.31) because d (v, w) > §. Substituting the above estimates into (4.32)-(4.34) and observing
that
[ + y* ~ % (2,y),
we obtain (4.26)-(4.27).
Case 3. Let x € K’ and y € E; \ K" for some j > 0. € be an open subset of E; containing

Figure 10: Case x € K and y € E; \ K"

E; \ K" but such that d (0, K’) > §. By inequality (3.3) of Lemma 3.1 for this  and for
I' = 09 we have

t
p(t,z,y) < sup p(s,z,2)¢r(t,y)+ sup ¢p(s,y) /SUPP (0, z,2)db. (4.39)
t/2<s<t t/2<s<t 9 zel
zell

By (4.29) we obtain, for all z € K', z € T, and s € [t/2,1],
C
p(s,2,7) < :
Vo(V1)

The integral in (4.39) is bounded from above by the constant J because d(z,z) > 6. The
functions ¥ (t,y) and ¥ (s,y) are estimated as in (4.35) and (4.37), respectively. From (4.39)
we obtain

Hy,t

), 1 ) lyl*
p(t,z,y) <C ( + exp | —¢c— ], 4.40
Gon) =\ T v : (440
which implies (4.26)-(4.27) because H(z,t) ~ 1 and |y| ~ d; (z,y).

Remark 4.15 Alternatively, Case 3 can be obtained directly from Case 2 by extending the
range of x using a local Harnack argument (see Section 5.1 below).

Theorem 4.9 provides a heat kernel upper bound for all x,y € M and ¢ > 0. Still, it may be
useful and convenient to write more explicit estimates for certain ranges of x,y,t.

Corollary 4.16 Let Ey be a precompact open set with smooth boundary containing K. Referring
to the setting of Theorem 4.9, we have the following estimates:

0. For any fized to >0, if t <ty and x,y € M then

c d*(z,y)
p(t,z,y) < m exp (—CT> . (4.41)
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1. If x,y € Ey then, for allt > 0,

c d*(z,y)
p(t,z,y) < Vo exp (—c ; ) . (4.42)
2. Ifre E;,i>1, and y € Ey then, for all and t > 0,
H(,t) 1 Py
plhay) £ O <vo<ﬁ> * vM)) P ( T ) | (4.43)

3. Ifre By, ye€ Ej,i#j,14,j > 1, then, for all t > 0,

H(z,t)H(y,t) H(y,t) H(z,t) _L@y)
WD w(ﬁ))“( : ) (4.44)

4. If z,y € B;, i > 1, then, for all t > 0,

H(xat)H(%t) |£L'|2 + |y\2
p(t,x,y) S CW €xXp <—Cf)
2

c d*(z,y)
+m exp (—c ; ) . (4.45)

Proof. Parts 0,1 follows from Corollary 4.7 and Remark 4.8.

Part 2. If |z| is bounded then the result follows as in Part 1, so we can assume in the sequel
that |z| is large enough. If y € K then using iy, = 0, H(y,t) = 1 and d4(z,y) > d(z,y) in
(4.26)-(4.27), we obtain (4.43). Assume now y € Ey\ K. Then, for j = i,, we have y € E; N Ey,
and (4.26)-(4.27) yields

p(t,z,y) < C(

H(z,t) 1 H(1) @(z,y)
ptiz,y) < C(%(\/Z)—F%(\/%)—F‘/}(\/z))exp(—c ; > (4.46)
+ ¢ exp (—cd%(j’y)) (4.47)
Vil VOV, V)

Since Vo (v/t) < V; (Vt), the third term in (4.46) can be absorbed into the first one. If j # i
then the term in (4.47) vanishes and (4.43) follows. Assuming now ¢ = j, we have

dy (z,y) > d(z,y) ~ |z|

and, by Remark 4.12, the term (4.47) is dominated by the middle term in (4.46).

Part 3. Inequality (4.44) coincides with (4.26)-(4.27) since in this case dy(z,y) = oo and
di(z,y) = d(z,y).

Part 4. Assume first that |z| and |y| are bounded. If also ¢ is bounded then the last term
in (4.45) is comparable with the right hand side of (4.42) and the claim follows from Part 1. If
t is large enough then the first term in (4.45) is comparable with the right hand side of (4.42)
and the claim again follows from Part 1.

If one of |z|, |y| is bounded and the other is large enough then the claim follows from Part
2. Now let us assume that both |z| and |y| are large enough. We always have dy(x,y) > d(z,y)
and in the present case dy(z,y) = |z| + |y|. Thus, the first term in (4.26) and the term (4.27)
are dominated by the right hand side of (4.45).

To finish the proof, it suffices to show that the second term (and similarly, the third term)
in (4.26) is dominated by the last term of (4.45), that is

2 2
H(ya t) ex (—Cd+(m7 y)) S O exp (_Cld (:Cv y)) )
Vi(vt) t Vi(z, V1) t
As H (y,t) < 1, this follows from Remark 4.12. §
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4.5 Examples

Let us assume, under the hypotheses of Theorem 4.9, that

N;

rVio ifr >y
Vi(r) ~ N
Z() {7’ R ifr <wrg ’

where all N; > 2. By definition (4.12), we have

r* ifr >rg

VO(T)%{ IV, ifr <
where
n:=min N; > 2.
(2
By definition (4.19) we have, for any z € E;,

1

Thus, the estimates (4.44) and (4.45) yield, for t > to := 13, z € E;, y € Ej,

tay) <O " + 77 4.48
p( x ’y) < (tn/2 |$|Ni_2 |y’N]-—2 tNl/z |y|Nj—2 tN]-/Z |l,|Ni—2) exp ( C ; ( )

when i # j, 4,5 > 1, and

C 22 + |y|? C d*(z,y)
< — — .
p(t,z,y) < /2 mNi_Q ’y‘Ni_Q exp ( c " + N exp | —c— (4.49)

when ¢ = j > 1. These upper bounds yield the estimates (1.14) and (1.19) of the Introduction.
Note that if N; or N; is equal to n (which is the case when M has only two ends), then
(4.48) simplify to

1 1 d*(z,y)
< PR St
p(t,x,y) <C (tNi/2 W + N2 m”i?) exp ( S .

This gives (1.6).

5 Lower bounds

5.1 Parabolic Harnack inequality

Fix Ry € (0,+00] and consider the following property of a weighted manifold (M, u), which in
general may be true or not:

(PHpg,) The parabolic Harnack inequality (up to scale Rp): there exists C' > 0 such that any
positive solution u(¢,z) of the heat equation d;u = Lu in a cylinder

Q= (71,7 +4T) x B(xo,2R),
where g € M, 0 < R < Ry, T = R?, and 7 € (—00, +00), satisfies the inequality

supu(t,z) < C glf u(t,x), (5.1)
+

where

Q-=(+T,74+2T) x B(xo,R), Q4+ = (7+3T,7+4T) x B(xo, R).
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T+4T
Q-
T+3T
T+2T
Q
T+T
T
S —
B(xo,R)

Figure 11: Cylinders @+ and Q_

For simplicity, we will write (PH) for (PHs). For example, (PH) holds for Riemannian

manifolds with non-negative Ricci curvature (see [48]). Moreover, (P H ) still holds if the weighted

manifold M is quasi-isometric to a manifold of non-negative Ricci curvature and o,0~! are

uniformly bounded on M (see [31, 54]). Other examples are described in [54] and [56].
Consider also the following properties of M which, in general, may be true or not.

e Poincaré inequality: for any x € M, r > 0 and for any function f € x, 2T
PI) The Poincaré i lity: f M 0 and fi functi C'(B(z,2

C
Vitd Z—inf/ f—&72%du. 5.2
/B Pz G [ (e (5.2)

(ULE) The upper and lower estimate of the heat kernel: for all z,y € M, ¢t > 0,
c d? Ch d?

W exp(—C2T) <p(t,z,y) < W exp(—clT) , (5.3)
where d = d(z,y).

The following theorem combines results of [31] and [54]. For this statement, recall that (V' D)
and (RFK) are defined Section 4.1.

Theorem 5.1 Let (M, ) be a complete weighted manifold. Then the following is true:
1. (VD)+ (PI)<— (PH)<— (ULE).
2. (VD) + (PI)= (RFK).

Remark 5.2 In fact, Theorem 5.1 admits an extension treating (PHp,) with Ry < co. In this
case, (VD) and (PI) are also restricted to balls of radii < Ry, and (ULFE) holds for all z,y € M
and t < RZ (see [2, 52, 31, 33, 54, 56] or [57, Section 5.5.1]).

The following standard consequence of (PHpg,) will be useful (see [57, Corollary 5.4.4]).

Lemma 5.3 Assume that M satisfies (PHR,) for some Ry > 0 and let u(t,x) be a positive
solution to the heat equation Oyu = Lu in (0,00) x M. Then, for all positive p,c,C there exists
a constant a = a (p,c,C) > 0 such that

u(t,z) > au(s,y) ift>s>cp®, cp><t—s<Cp®, d(z,y)<Cp. (5.4)
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5.2 Dirichlet heat kernel

For any open set Q of a complete weighted manifold (M, p), the Dirichlet heat kernel pg in
satisfies

pﬂ(t7$7y) Sp(t,l‘,y). (51)

The next theorem provides for non-parabolic manifolds a lower bound for pg, which matches
the upper bound (5.1).

Theorem 5.4 ([38, Theorem 3.3])Let (M, p) be a non-parabolic, complete weighted manifold.
Assume that the parabolic Harnack inequality (PH) holds on (M, u). Let K C M be a compact
set and Q) := M \ K. Then there exists § > 0 and, for each ty > 0, there exist positive constants
C and c such that, for allt >ty and all z,y ¢ K,

c d*(z,y)
pa(t,z,y) > WGXP (—CT> . (5.2)

Remark 5.5 Recall that (PH) implies the upper bound (ULE). Thus, under the hypotheses
of Theorem 5.4, inequality (5.1) implies that, for all z,y ¢ K and ¢ > 0,

pa(t,z,y) < L\/E) exp <_Cd2(a:,y)) ) (5.3)

V(z, t
Hence the lower bound (5.2) is, in a sense, optimal. Furthermore (5.2) means that the Dirichlet
heat kernel pq(t,x,y) is essentially of the same order of magnitude than the global heat kernel
p(t,x,y). This hangs on the transience of the process X; which escapes to infinity without
touching K, with a positive probability. Therefore, the influence of the killing condition on the
boundary 0K becomes negligible in the long term. If, instead, the process X; is recurrent then
pqo may be substantially smaller than p (see [43]).

Remark 5.6 Since the heat kernel pq(t,z,y) is symmetric in z,y, (5.2) implies also the sym-
metric inequality

c d*(z,y)
pa(t,z,y) > Wexp (—C ; ) . (5.4)

5.3 Hitting probability

Theorem 4.4 gives an upper bound for the hitting probability ¢ (t,z). Here we will also need
a lower bound.

Theorem 5.7 ([39, Theorem 4.4]) Let (M, p) be a complete non-compact non-parabolic weighted
manifold satisfying (PH), and let K be a compact subset of M with non-empty interior. Then,
for any § >0 and for allz ¢ K5 , t >0,

|z |z
cH,(x,t) exp <_CT> < Yr(t,z) < CHy(x,t)exp (—CT> , (5.5)

where |x| and H,(z,t) are as in Section 4.2.
For the application of this theorem, we will need the following elementary lemma.

Lemma 5.8 On an arbitrary manifold M, we have, for all x € M andt > 0,

H,(x,2t) < 2H,(x,t).
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Proof. We have (see definition (4.9) of H,)

H,(x,t) := min{l, % - ( : %)J,

where V' (r) := V (0,7), 0 € K is a fixed point, and r = || > 0. It suffices to show

O e R

We will use only the fact that the function V (r) is increasing. If ¢ < r2 then (5.6) follows from

2t ds r2

2 V(5 = V)

If t > r2 then, by change of variable s = £/2, we obtain

t o ds 2 ge
2[2 Vs - / V)

and

T
N
=~
§|%
.
T
=~
§|%
IA

/:t V(d\sﬁ) - /jt w%
/2'12 ds < 2
e VE) SV

whence (5.6) follows. &

5.4 Full lower bounds

This section applies the results of Section 3, 5.2, and 5.3 to obtain global lower bounds for the
connected sum M = Mi#Ms#...#M;. We start with a simple lemma dealing with the small
time behavior of the heat kernel.

Lemma 5.9 Assume that (M, u) is a connected sum of complete non-compact weighted mani-
folds (M;, u;), i = 1,2,..., k, each of which satisfies (PH). Then, for all z,y € M andt > 0, For
any finite Ry, the manifold M satisfies (PHp,). Moreover, for any finite to there exist positive
constants ¢, C' such that for 0 <t <ty and all x,y € M,

dz(l"”) . (5.7)

c d*(z,y) C
vy e (0T satn = e (5

Proof. Let first Ry be so small that any ball of radius 2Ry on M lies either in one of the
ends F; or in Fy. Then one can apply either the Harnack inequality from M; or the one from FEj
which holds just due to the compactness of Ey. By a standard chaining argument, (PHpg,) holds
to any finite Ry. The estimate (5.7) follows then from Theorem 5.1 and Remark 5.2. Note that
no hypotheses concerning the parabolicity /non-parabolicity of the ends are required for Lemma
5.9.1

In the rest of this section we use the same notation as in Sections 2.2, 4.3, and 4.4. In
particular, the function H on M is defined at (4.19).
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Theorem 5.10 Assume that (M, p) is a connected sum of complete non-compact weighted man-
ifolds (M;, p;), i = 1,2,.... k, each of which satisfies (PH). Assume further that each (M, p;) is
non-parabolic. Then, for all x,y € M and t > 0,

H(m,t)H(y,t) H(yat) H(x7t) 2 ($7y)
plbmy) 2 ( To(vh) +Vi<ﬂ>+vi<ﬂ>>exp (=) e

+ exp (_Cd%(m,y)> . (5.9)
Vi (2, VOV, (9, V) !

Remark 5.11 Since (PH) implies (RF'K) and the non-parabolicity of one end (M;, i;) implies
the non-parabolicity of (M, i) (see [35, Proposition 14.1]), the heat kernel upper bound (4.26)-
(4.27) of Theorem 4.9 applies in the present setting. The upper bound (4.26)-(4.27) matches
the lower bound (5.8)-(5.9).

C

Remark 5.12 In (5.8) one can replace V;, (/%) and V,y(\/i) respectively by Vi, (z,/t) and
Vi,(y, Vt) (see Remark 4.12).

Remark 5.13 The term \/sz (z,Vt)Vi,(y,vt) in (5.9) can be replaced by either V;, (z,v/t) or
Vi, (y, Vt) — see Remark 4.13.

We precede the proof by a series of lemmas in which the hypotheses of Theorem 5.10 are
always implicitly assumed. It will be useful to choose the neighborhood Ej of K as follows. By
Theorem 5.4 applied to M;, there exists d; > 0 such that, for all z,y € E; \ K, and t > t

c d; (z,y)
pEi(t,x,y) > WGXD (—CT> , (5.10)

(2

where tg > 0 is arbitrary. Set

0 = max 9;
1<i<k

and choose Ejy so that it contains Kj.

Lemma 5.14 Fiztyg > 0. For all x,y € E;, 1 > 1, andt > tg,

C

dz(w,y))

t,x,y) > ————e -C . 5.11
p(t, z,y) iz D Xp( ; (5.11)
Proof. Observe that, for all z,y € F; and t > 0,

p(t,m,y) szi(t’m’y)’ (5'12)

where pg, is the Dirichlet heat kernel of E;. For z,y € E! := E;\ K, we have d (z,y) ~ d; (z,y).
Hence, for such z,y, (5.11) follows from (5.10) and (5.12).

In general, for z,y € E; and ¢t > t¢, find the points 2’ € E] and y' € E! such that d(z,2’) < 26
and d(y,y") < 2.

By Lemma 5.9, M satisfies (PHp,) for any finite Ry. Setting ¢’ =t —to/4 and t"" =t —ty/2
and applying (5.4) twice, we obtain

£

! / / n / / c
p(t,x,y)Zcp(t,m,y)Zcp(t,x,y)zmexp(—o £
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Figure 12: Points z,y € E; and ',y € E|

where we have used (5.11) for p(t”,2’,y’). Inequality (5.11) for p(t,z,y) follows from " = ¢,
d*(',y') < C(d*(z,y) +6%),

and

Vi(z', V") < CVi(w, V), (5.13)

which is a consequence of (VD). 1

Lemma 5.15 Fizty > 0. For all x,y € Ey and all t > ty,

C

p(t,z,y) > m. (5.14)
Proof. Fix t > tp and choose i > 1 so that (see the definition of Vj at (4.12))
Vo(Vt) = Vi(V1).
Fix a point z € E; N Ey. Using (5.4) observe that, for all z,y € Ey and ¢ > tg,
p(t,z,y) > ep(t', 2, 2),
where t' =t — ty/2. By Lemma 5.14 and the doubling property (VD) in M;, we have
/
W) 2 G T e
Applying again the doubling property (VD) in M;, we get
Vilz, Vi) < CViloy, VI) = CVi (VE) = €V (VE) .
Combining the above three estimates, we obtain (5.14). I
Lemma 5.16 Fizty > 0. For all x,y € M and t > ty, we have
p(t,x,y) > Mexp (—CM) . (5.15)
Vo(v) t
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Proof. Case 1. Assume z,y € K. Then (5.15) follows from Lemma 5.15 and H < 1. By
symmetry, we can now assume y ¢ K.

Case 2. Assume that ¢ € E; and y € E; (where 4,j > 1 may be equal or not) and apply
Theorem 3.5 with Q; = E; and Qs = E; (see Fig. 13). Using also Theorem 5.7, Lemma 5.8,
(4.20) and Lemma 5.15, we obtain, for ¢ > t¢/2,

) = (nt int p(ow) ) v(t/4)ict/40)

[t/4,t] vweK
2 2
c z|” + |y
> H(x,t)H(y,t)exp | -C——— | .
Vo (V1) t
W
:_: K ,—\\ EJ
/’——\\\\ U ————— - ;// \\\
s ~~__,. ~~‘ ’/ w Se
X( ~——— Yy

Figure 13: Points x € E; and y € E;

Case 3. Finally, assume € K and y € Ej, j > 1. Let 2’ be a fixed point in E; N Ey (hence
at bounded distance from z). By Case 2, for ¢t >t and ¢’ :=t — t(/2, we have

2 + [y|”
H(l‘,t)H(y,t) €xp -C n )

/ /

p(t, 2, y) >

Vo(v)

where we have used H (2/,t) ~ H (z,t) ~ 1 and |2/| =~ |z| ~ 1. By the local Harnack inequality
(5.4), we have

p(t,z,y) >cp(t',2,y),
whence (5.15) follows. &

Lemma 5.17 Fiz tyg > 0. For all x,y € M and t > ty, we have

cH (z,1) j2f* + [yl
p(t,x,y) > ———=—exp | - C——— | . (5.16)
Proof. Case 1. Assume y € Ey. Then (5.16) follows from (5.15) because H (y,t) ~ 1 and

Vi, (V) > Vo (V).
Case 2. Assume that z,y ¢ Ey. Then, for some i,j > 1, we have x € E] := E; \ K; and
y € E}. Lemma 3.1 with I' = K and Q = M \ K gives

p(t,z,y) 2 | inf  p(s,z,y)¢k(t/2,2).
zeEK

Fix 2 € By N E}. As 2’ € Ep and 2 € K (see Fig. 14), the local Harnack inequality (5.4)
yields
p(s,2,y) = ep(s', 2, y),
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Figure 14: Points y € E}, z € K and 2’ € Ep N £

for all s > t9/2 and s’ = s — to/4. Since
p(s', 2 y) > pE; (s, 2, y),

we obtain, for all ¢ > ¢,

p(t,z,y) > ct/4igsf,<tpEj(8’7Z’,y)¢K(t/2,w)- (5.17)

As z € Ej, Theorem 5.7 gives the lower bound for ¢k (¢/2,z). As y and 2’ are in E}, Theorem
5.4 gives the lower bound for pg;(s', 2,y). Using also s’ ~ t and d;(y,2") < C'y|, (5.17) gives

cH(z,t/2) z” + Jy|?
p(t,z,y) > mexp <—07) .

Finally, by Remark 4.12, Lemma 5.8 and (4.20), we obtain (5.16).

Case 3. Assume x € Ey and y ¢ Ey. Fix a point 2’ in M \ Ey. By the local Harnack
inequality (5.4), we have

p(tz,y) >cp(t',2',y)

where t' =t — to/2. Using the previous case to estimate p (¢',2’,y) and noticing that H (z,t) ~
H (2',t) =~ 1, we finish the proof. 1

Proof of Theorem 5.10. Fix ty > 0 and let Ey be large enough so that is contains
K ;- Let us assume t < to and deduce the estimate (5.8)-(5.9) from the lower bound in (5.7)
of Lemma 5.9 and its symmetric version in x,y. Since H < 1, d(z,y) < dy(z,y), it suffices to
prove

V(z,Vt) < CVi (z,v/t) and V(x,Vt) < C.Vo(Vt)exp (5%\/’;;)2> , Ve > 0. (5.18)

If 2 € Ey then all the functions V (z, /%), Vo(v/1), Vi, (x, V1) are of the order tN/2. Assume that
x € E; \ Ey for some i > 1. Then B(z,/t) C E; and

V(z,Vt) = Vi(z, V),

which proves the first inequality in (5.18). Next, by (4.5) we have

V(:L', \/%) _ Vl(xﬂ\/%) ex gd?(x,oi) ex gdi (x7y)
Vilonv) ~ Vilonv) = p( Vi )SC& p<0 i )

Finally, since V; (oi, \/f) ~ Vo (\/f) ~ /2, (5.18) follows.
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Let now ¢ > t9. Note that dy (x,y) is finite only when z,y are in the same end, say FE;. This
is the only case when we need to prove (5.9), and it follows from Lemma 5.14, its symmetric
version in z,y, and d(z,y) < dy (z,y). We are left to prove (5.8). If both z,y € Ey then this
follows from Lemma 5.15. If one of the points z,y is outside Ey then d (z,y) ~ |z| + |y|, and
(5.8) follows by adding up the inequalities (5.15) of Lemma 5.15, (5.16) of Lemma 5.17 and its
symmetric version in z,y. I

The next corollary gives lower bounds for x, y in different regions of M. Taken together, they
are equivalent to the lower bound of Theorem 5.10 but are more explicit. These lower bounds
match case by case the upper bounds of Corollary 4.16.

Corollary 5.18 Referring to the setting of Theorem 5.10, the following estimates of p(t,z,y)
hold.

0. For any fized tg > 0, if t < tg and x,y € M then

c d2($,y)>
tr,y) > —— —-C .
p(t,z,y) Vv exp ( ,
1. If x,y € FEy, then, for allt > 0,
c d* (z,y)
p(t,x,y) = exp (—C—) )

2. Ifx € E;,i > 1,y € Ey then, for allt > 0,

p@x”)zc<gf2§+vﬂb®>”m(‘ch?w)'

3. Ifxe B, ye Ej, i #3,14,j > 1 then, for allt >0,

H(z,t)H(y,t)  H(z,t)  H(y,t) A (z,y)
Vo(vD) +WﬂﬂWm@%m<O t)'

4. If x,y € E;, i > 1, then, for all t > 0,

cH(z,)H(y,t) (|l + ]y c
Vo(V2) < ¢ t )+‘/i(117,\/i) p( ¢

Proof. Part 0 coincides with the lower bound of Lemma 5.9. This lemma implies also Part
1 for t < ty because Vj (\/f) =~V (:1:, \/E) for bounded z and ¢. For ¢t > g, Part 1 follows from
Lemma 5.15.

In Part 2, if |z| is bounded then the estimate follows from Part 1. If |x| is large enough then
d+ (z,y) =~ d(x,y), and the estimate follows from Theorem 5.10 and H (y,t) ~ 1.

Part 3 also follows from Theorem 5.10 because in this case d (z,y) = d(x,y).

Part 4 for t > ty follows by adding up the estimates of Lemmas 5.14 and 5.16. If ¢ < ty then
the second term in (5.19) dominates because by (4.5)

Vi (z,vt) _ Vi(2,v1) d? (z,0;) |z)?
Vo(\/i) ~ ‘/z(\/%) < C.exp (&TT) < Ceexp <€T>

and |z| + |y| > d(z,y). Then (5.19) follows from Part 0 and the first inequality in (5.18). I

p(t,x,y) >c <

d(z,y)?

p(t,z,y) >

)- G19)

Remark 5.19 In the proofs in this section, we have used some lower bounds for the heat kernel
obtained in Section 3, namely, the middle term in (3.4) (Lemma 3.1) and the last term in (3.24)
(Theorem 3.5). Alternatively, we could have used the full estimate (3.24)-(3.25) of Theorem 3.5.
However, this would require using the lower estimates of the time derivative 1’ (¢, ) obtained
in [39]. These estimates are more involved than the estimates of ¥ (¢,x) given by Theorem 5.7.

38



5.5 Examples

Assume that each M; is a complete non-compact Riemannian manifold of non-negative Ricci
curvature equipped with its Riemannian measure p,;. Assume in addition that

/W#@o

so that each M; is non-parabolic. Then all hypotheses of Theorem 5.10 are satisfied, and we
have the heat kernel lower bounds on M = Mj# Ms#...# M), implied by this theorem. For the

case when
Ve <1,

Vi(r)%{rNi r>1

with N; > 2, the upper bounds for p were considered in Example 4.5. Now Theorem 5.10 yields

the matching lower bounds, which proves the estimates (1.15), (1.20) of the Introduction.
Another source of examples are domains in Euclidean space with ends isometric to convex

domains of revolution. For instance, in R® with coordinates x = (z1,z2,z3), set 2 = (z;,z),

i,5,k € {1,2,3}, i € {j,k}, j <k, and ||2?|| = ,/:1:? + 22. For i = 1,2, 3, consider the (closed)

domains of revolution
D; = {z = (z1,32,33) 1 2; > 0, ||| < fi(w)}

where the functions f; are smooth, concave with f;(0) = 0 and all derivatives equal to +oo
at 0. Let M be the closure of a domain in R? such that there exists a compact K C M for
which M \ K has 3 connected components E1, Fo, F3 with E; isometric to the complement of
a compact set in D;. Thus, M = D1#Dy#D3. Convex domains in R" satisfy (V D), (PI) and
(PH). Hence Theorems 4.9 and 5.10 apply and yield matching upper and lower bounds for the
heat kernel on M. Assume for instance that for each ¢ and » > 1, f;(r) < r. Then, in the
notation of Theorems 4.9 and 5.10, for ¢ = 1,2,3 and r > 1, we have

Vi(r) = /0” fils)*ds = rfi(r)*.

In particular, if f;(r) = y/rlog{(2 4+ r), a; > 0, then for r large enough
Vi(r) ~ r?log® r.

Of course, examples with more than 3 ends are easily constructed in a similar fashion.
More generally, consider a weighted manifold M = M;# ...# My satisfying the hypothesis
of Theorem 5.10 and such that for all : = 1,2, ...k,

Vi(r) = r?log®r, Vr>2, (5.20)
where a; > 1. Set a = min; «;. Clearly, by (4.12) we have,
Vo(r) = r*log®r, Vr > 2.

Therefore, by Theorems 4.9 and 5.10, the long term behavior of the heat kernel is given by
11
Vo(vE) ~ tlog™t’

Let us compute H(x,t) assuming x € E; and |z| > 2. Definition (4.19) of H gives

t — oo.

p(t,z,y) =

H(z,t) ~ log~% |z + (logl_a" 2|2 — logl—o t) . (5.21)
+
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In particular, one has
H(z,t) ~log i |z| if |z|> eVt (5.22)

and
H(z,t) ~log! ™% |z| if |z|<Ct, e<1/2. (5.23)

Suppose now that x € E;, y € Ej, i # j, ,5 > 1, and
lz| <CVt and |y| < CVt. (5.24)
Hence, Corollary 4.16(3) and Corollary 5.18(3) yield

H(z,t)  H(yt) H(z,t)H(y,t)
p(t,fﬂ,y) ~ Qg a; a .
tlogtit tlog™t tlog™t

(5.25)

Let t be large enough. For |z| ~ |y| ~ v/t, (5.22) and (5.25) give

(ta,y) ~

,(I;7 ~ . . *

P Y tlog®it®i ¢

For |z| < Ct¢ and |z| < Ct* with € < 1/2, (5.25) and (5.23) give

1 1 1
=+ + '
tlog™ tlog™~"a| " tlog™ tlog®™~'[y|  tlog tlog® " |z[log™ "y

p(t,z,y) =~

In particular, if |z| ~ |y| ~ t* with £ < 1/2 then

1
p(t,z,y) ~ Togeita—Tg’

tlog
Remark 5.20 In the examples above, the ends can easily be ordered according to their volume
growth and, in particular, one can identify the “smallest ” end (or ends). However, in the
settings of Theorems 4.9 and 5.10, it is well possible that no such ordering exists. Indeed, one
can construct two pointed manifolds (M, 01), Ms,02), both satisfying (H P) and such that the
volume functions Vj(r) = V;(o;,r) satisfy

Vi(r)

lim sup ———= = lim sup M =
r—00 ‘/Y2(7”) r—00 ‘/1(7')
Nevertheless, Theorems 4.9 and 5.10 yield matching upper and lower bounds for the heat
kernel of Mi# M.

6 The mixed case

This section is devoted to heat kernel estimates on M = Mi#...# M} when M is nonparabolic
but some of the ends M;’s are (possibly) parabolic (recall that M is non-parabolic if and only if
at least one of the M;’s is non-parabolic [35, Proposition 14.1]). The case where M is parabolic
(i.e., all M;’s are parabolic) will be discussed in the forthcoming paper [43] (a special case is
treated in Section 7 below).
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6.1 Harmonic functions

Let (M, u) be a weighted manifold. We say that a function u defined in a region Q@ C M is
harmonic if A,u =0 in €. If the boundary 6M is non-empty, then we require in addition that
u satisfies the Neumann boundary condition on 62 := QN JM, that is

@ =0. (6.1)
on |z,

The structure of various spaces of harmonic functions on arbitrary complete manifolds with
finitely many ends is studied in [58]. Here, we will use the easy extension of the results of [58] to
weighted manifolds. Following the notation introduced in Section 2.2, let M = Mi# ... #Mj.
Pick a central compact part K with smooth boundary so that M \ K is the disjoint union of
k connected components Fj1,...Ey (the ends with respect to K) such that each E; is identified
with the complement of a compact set in M;. Define the subset I C {1,...,k} by

i € I < M; is parabolic. (6.2)

As mentioned earlier, M is non-parabolic if and only if I is a strict subset of {1,...,k} ([35,
Proposition 14.1]). From Lemma 3.1 and Proposition 2.7 of [58], we deduce the following state-
ment.

Proposition 6.1 Let M = Mi#...#M; be a connected sum of complete weighted manifolds
(M;, ;). Assume that M is non-parabolic. Referring to the notation introduced above, for each
i € I (the indez set for parabolic ends), let u; be a non-negative continuous function on M which
vanishes on M \ E; and is harmonic on E;. Then there exists a positive harmonic function u
defined on all of M and such that |u — Y, ; u;| is uniformly bounded on M.

Note that, in this proposition, the assumption that M is non-parabolic cannot be omitted.
It is known (see [58] and the references therein) that each parabolic end E;, i € I, admits a
continuous non-negative harmonic function u; vanishing on the boundary 0F; and such that
supg, u; = 0o. Thus Proposition 6.1 produces indeed non-trivial positive harmonic functions
on M. For our purpose, we need more information on the growth of existing positive harmonic
functions on the parabolic ends F;, ¢ € I and we will need to consider the following hypothesis.

Let (M, 0) be an arbitrary complete pointed manifold. Consider the following condition that
in general may be true or not:

(RCA) Relative connectedness of the annuli: there exists A > 1 such that for all R large enough
and for any two points z,y € M both at distance R from o, there is a continuous path
connecting z to y and staying in the annulus B(o, AR) \ B(o, R/A).

In particular, M has property (RCA) if the annuli B(o, AR) \ B(o, R/A) are connected.
Note that, although property (RCA) is defined for a pointed manifold, the role of the pole o
is very limited. Indeed, (M, o) has property (RCA) if and only if (M,0’) has it (the value of
the constant A may change, as well as how large R as to be before the relevant connectedness
property holds true).

It is easy to see that any two-dimensional convex surface in R? satisfies (RC'A) provided it
is complete and unbounded. Also, all manifolds R"™ introduced above satisfy these hypotheses.
In fact, it follows from [44, Proposition 4.5] that any weighted manifold satisfying the Poincaré
inequality (PI) and the condition V(z,r) ~ r™, r > 1, for some N > 2, satisfies (RCA).

Of course, a connected sum M = Mj#...# M) cannot have property (RCA) if k > 2
and the M;’s are non-compact. In what follows, we will use property (RCA) as one of our
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basic assumption on the components M; of M. From this viewpoint, (RCA) is a very natural
assumption. It implies that the ends F; are connected at infinity, i.e., that M has exactly k
“true ends”. Furthermore, it prohibits the situation when M; consists of two “nearly” disjoint
unbounded parts connected only by a rare sequence of small tubes.

Property (RCA) plays a role in the following Proposition.

Proposition 6.2 Let M = Mi#...#M; be a connected sum of complete weighted manifolds
(M;, ;). Assume that M is non-parabolic and that, for each i = 1,...,k, M; satisfies (PH).
Assume further that, for each i € I, My satisfies (RC'A). Then there exists a positive harmonic
function h on M such that, for all x € M,

ol ds
h(m)%1+</1 m)Jr

Remark 6.3 From the above estimate of the function h it follows that h(z) ~ 1 if x stays in
any non-parabolic end whereas h(z) — oo if £ — oo within a parabolic end.

Proof. For each i € I, the assumptions that M; satisfy (HP) and (RCA) imply that the
hypotheses of [38, Lemma 4.5] are satisfied. This Lemma yields a harmonic function w; on E;,
i € I such that u; vanishes on the boundary (see the proof of [38, Lemma 4.5]) and

ol gs
uil@) = ( 1 W)

for x € E; and |z| large enough. Thus Proposition 6.1 yields a positive harmonic function h
on M which is bounded on nonparabolic ends and behaves like u; in the end E; when ¢ € [
(i.e., when E; is parabolic). By adding if necessary a positive constant, we obtain the desired
harmonic function h. i

6.2 Doob’s transform

Let (M = My#...#Mj, p) be a connected sum of complete non-compact weighted manifolds
(M;, ;). Let h be an arbitrary positive harmonic function on M. We can then consider the new

weighted manifold M = (M, 1) where
dii = h2dp.

Moreover, by restricting h to E; = M; \ K; and extending the resulting function smoothly to
a function h; defined on M;, i € {1,...,k}, we obtain new weighted manifolds M; = (M;, 11;)
where dfi; = h?du; and such that

M = My#...#Mj.
As h is harmonic on M, the weighted Laplacian
L =Lz = h 2div,(h?*V)
of M is related to the weighted Laplacian L of M by the formula
L=h"toLoh.
This implies that the heat kernels on M and M are related exactly by

p(t,z,y)
h(x)h(y)

Thus, in this situation, any estimate of p(¢,z,y) translates easily into an estimate of p(¢,z,y).

pt,z,y) = (6.3)
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Proposition 6.4 Let M = My# ... #M; be a connected sum of complete non-compact weighted
manifolds (M;, p;). Assume that M is non-parabolic and that, for each i =1,...,k, M; satisfies
(PH). Assume further that, for each i € I, My satisfies (RC A). Let h be the harmonic function
from Proposition 6.2 and let ]\Ajz = (M;,1;), i =1,...,k, be the corresponding weighted manifolds
constructed as above. Then each ]\fZL-, i=1,...,k, is non-parabolic and satisfies (PH).

Proof. This is essentially [38, Lemma 4.8]. More precisely, if ¢ is such that M; is non-
parabolic then h; ~ 1. It then follows that M; is still non-parabolic and satisfies (PH) (see
Theorem 5.1). If instead 4 is such that M; is parabolic, that is, i € I, then

lz* g
ey ( 1 W)

In this case, the hypothesis that M; satisfies (RC'A) and (PH) (hence (V D)) together with [40,
Theorem 5.7] shows that M; satisfies (PH). A classical argument (see, e.g., the proof of [38
Lemma 4.8]) shows that M; is non-parabolic.

6.3 Full two-sided bounds

For a connected sum M = Mj# ... # M satistying the hypotheses of Proposition 6.4, let M ,
M;,i € {1,...,k} be the weighted manifolds constructed in Section 6.2 using the function h of
Proposition 6.2. We will use a tilde ~ to denote objects relative to the manifold M. In particular,
H denotes the function defined at (4.19) relative to M.

Proposition 6.4 allows us to apply Theorems 4.9 and 5.10 to M. This yields two-sided heat
kernel estimates for p(t, z,y) which we can transfer to the heat kernel p(¢, z,y) of M using (6.3).
The resulting estimates are recorded in the following Theorem that gathers in one statement all
the main results of this paper, that is, the upper bounds of Theorems 4.9 and the lower bounds
of 5.10. Recall that I defined by (6.2), is the set of indices i such that M; is parabolic.

Theorem 6.5 Let M = My#...# My be a connected sum of complete non-compact weighted
manifolds M;. Assume that M is non-parabolic and that each M;, i = 1,... k, satisfies (PH).
Assume further that, for each i € I, M; satisfies (RCA). Referring to the weighted manifolds
]\Z introduced above, the heat kernel p(t,z,y), t > 0, z,y € M, of the weighted manifold M
satisfies

L B ~ »
p(t,z,y) < Ch(z)h(y) (H(x’t)H@J) H(xt) H(y,t)>exp (—cd+( ,y)>

Van(VE) Vi, (VD) Vi, (VE) t

C’h( )h( ) o (ﬁ(axy))
\/‘/zz ly ya \/z) t

and

Hx,0)H(y,t) | H(e,t)  Hy,) & (z,y)
Py = Ch(w)h“”( VomVE) Vi (VD) h(ﬂ))“"( “ )

)
ch( )h y) o <_c (w,y)>
\/sz Vi, (¥, \/_) t

Remark 6.6 In the estimates above one can replace V;, (v/%) and sz(\/f) respectively by
Vi, (z,/t) and ‘Zy(y, Vt) (see Remarks 4.12 and 5.12). Similarly, \/1712 (x, \/Z)‘Z'y(ya V) can
be replaced by either ‘7%(.%', Vt) or %y(y, V/t) (see Remarks 4.13 and 5.13).
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Remark 6.7 Any geodesically complete non-compact manifold M with sectional curvature
outside a compact set can be written as M = M;# ... # M}, with each M; satisfying (PH) and
(RCA). The same is true for the larger class of manifolds having asymptotically non-negative
sectional curvature as well as for manifolds with non-negative Ricci curvature and finite first
Betti number. See Section 2.2 and also [47, 45, 40]. Thus Theorem 6.5 applies to any such
manifold as long as it is non-parabolic.

Let us give some general formulas for computing the various terms in Theorem 6.5. For

1=0,1,...,k, set
v ds

and note that

|z[?
h(z) = n;,(|z]) = ¢ (6.5)
: Vi (|z])
By [38, Lemma 4.8], we have, for x € E;, i =0,1,...,k,
Vi(w,r) = (7 (|2]) + 7 (r)) Vi (z, 7). (6.6)
Hence B
Vi(r) = i (r)Vi(r). (6.7)
and

~ . N |x’2 1 t ds
HE 0 = o GalVe, () + o (el e, (V) </| m<ﬁ>)+' (638)

When comparing (6.8) with Definition 4.19 note that, by (6.5), the right-hand side of (6.8) is
always bounded above so that there is no need to take the minimum with 1.
The following statement follows by inspection from the estimates of Theorem 6.5.

Corollary 6.8 Under the hypotheses and notation of Theorem 6.5, we have, for any fized
x,y € M and all large enough t,

supp (t,2',y) ~ max

oy % V; (\/E)

supp (t,z,y') ~ max

y iV (\/1_5) n; (\ﬁ)

1
p(t,z,y) ~ max

o Vi(VE)n? (Vi)

In particular, if I = () then, for any fixed z,y € M and all large t,

p(t,z,y) ~supp (t,z,y") = supp (t,2',y") ~ max :

Y ( ) 'y’ ( ) Vi (Vi)
Using the parabolicity test (4.8) and its consequence that 7, (r) — oo as r — oo on any parabolic
end, one can prove that if I # () then

t sup,, p (t,z,y
lim inf p(t,z,y) =0 and liminf pyp( v) =0

t—00  SUp,s p (t, x, y’) t—00  SUP,s . P (t7 @, y’)

Using the remarks from Section 2.2, we obtain the following.
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Corollary 6.9 Let M be a complete non-parabolic Riemannian manifold without boundary.
Assume that either M has asymptotically non-negative sectional curvature or non-negative Ricci
curvature outside a compact set and finite first Betti number. Then M has a parabolic end if
and only if for some/any x,y € M,

t
lim inf p( ,a:,y)l — =
=0 sup,s . p(t,z’,y’)

6.4 Examples

Example 6.10 Let M; = R! = Ry x SN=1 M, = R? and consider the connected sum
M = R'#R3. We have, for r > 1,

Vi(r)~r and Va(r) =7
By (6.4), we obtain, for r > 1,
m(r)=r and ny(r)~1.

Then, by (6.7), V; satisfies N N
Vi(r) =73 and Va(r) ~r3,

whence

Vinin () = min(Vy (r), Va(r)) =~ 2.

Using (6.8) to compute H(z,t), we find that H(z,t) ~ n,(|z])™ if z € E, and H(z,t) ~
|z|2/Va(|z|) if = € Es. It follows that, for all z € M and all ¢ > 0,

H(z,t) ~ |z|7t
Hence, Theorem 6.5 yields the following estimates:

1. Forx € EyUFE,y <€ EgUEyand t > 1,

c 2]\ _cd?wy)t c 2]\ _car(a)t
R 1 Z, < < — fhadl c z,y
372 (1 + |y\) e <p(t,z,y) < 372 1+ m e . (6.9)
2. Forx,ye EgUFE; andt > 1,
clzllyl —Cd(zy) /¢
t,x,y) > e &y
N (R ()
and
C
p(t,z,y) < =1 1y] e—cd*(@y)/t, (6.10)

TV [y @+ [2]?)
Note that for || > |y| > v/t, the above two estimates reduce to

tl%e—cm,yﬁ/t < p(tz,y) < t%e—cdwﬁ/t

as it should whereas for |z| ~ v/t > 1 and y ~ t, e € [0,1/2], we get p(t,z,y) ~ t~(17¢),
3. For x,y € Eg UFEs,and t > 1,

c _pdw)? ¢ _pdw)?
VT t Sp(t,x,y)gme 6. (6.11)
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In (6.9), the contributions of both ends R! and R? to the long time behavior of the heat
kernel on M are of the same order t~3/2. This may seem surprising in view of the heat estimates
(1.6)-(1.7) for the manifold R"#R™ with n,m > 2, which contains both terms ¢t~/ and t~™/2.
The explanation is that what counts for the manifold R!'#R3 is the heat kernel long time
behavior on R! rather than that on R!. On R!, we have 171(1“) ~ r3 and therefore a heat kernel
behavior of order t~3/2. This effect was first observed by E.B.Davies [25] in a model situation
of a one-dimensional complex.

Example 6.11 Let us now generalize the previous example and describe a situation where the
formulas (6.4), (6.7) and (6.8) can be simplified. Assume that, for r large enough and i € I (i.e.,
E; is a parabolic end),

T2

/T2 ds N
L Vilvs) T Vi)

(6.12)

Then, for r large enough, we have

2 4

L

ni(r) =~ Vi(r)’ Vi(r) = Vil

_ N |4 A
Vielmr) = (W(Iml)2+%(r)2)

H(z,t) ~ ||V, (lzl).

r)
Vi, (x,7)

For example, (6.12) holds if V;(r) = r* with 0 < a; < 2 in which case we obtain

mr) m O V) i =
Valeyr) (o]t 25 4 0020) V, (a,1)
~ (a7 LY (@)

Hz,t) ~ [27% = o’

where
*

o =4 — .

We see that V;(r) and H(z,t) behave like the corresponding functions on a non-parabolic mani-
fold with volume growth 7% . Hence, to some extent, the parabolic manifold with volume growth
r% can be regarded as dual to the non-parabolic manifold with volume growth 7% . This leads
to the following statement.

Corollary 6.12 Referring to the setting of Theorem 6.5, assume further that for each manifold
M; there is a positive real n; # 2 such that Vi(r) =~ r™ for r > 1. Set

* . 4—n; ng <2
' n;, n; > 2

and

n = min n;.

1<i<k

1. Ifxe By UE;, yc By UE;, 1<i#j <k, andt>1 then

(t ) < C = + = + !
7ma = * * * * * *_
p Yy n/2 \x|n’ -2 |y‘nj72 tnj/2 |CC ny—2 /2 |y‘n] 2

2
x [ar| B+ |y 7+ exp (—c—d (f’y)) . (6.13)
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and

(t ) > 1 n 1 n 1
7:137 — & * * * *
p ) tn/? ‘$| |y"n, *_2 tnj/2 n; —2 tni /2 |y"n] 2

2
X ‘m|(2—m + |y| (2=75)+ exp (—Cd (f,y)) . (6.14)

2. Ifv,ye E;, 1 <1<k, andt > 1 then

T (2—n;) T 2 2
pltory) < S o (L) (619
Clally (o 1 o (oL @y)
+<(]:1:|+\/¥)(|y]+\/i)> \/Vi(x,\/g){/;(y, NG p( ¢ ) '
and
T (2—n; T 2 2
p(t,z,y) > %exp (—C%) (6.16)

21 Iy e ! (z,y)
+(<rx|+v%><|yr+\/i>) S ViV (‘C t >

In particular, (6.13)-(6.14) gives (1.6)-(1.7) and (1.14)-(1.15) for the manifold
RN GRN2 g #RN

when all N; are larger than 2. The estimate (6.9) for the manifold R'#R3 is also a straight-
forward consequence of (6.13)-(6.14). Similarly, (6.15)-(6.16) gives (1.19)-(1.20). It also gives
(6.10)-(6.11) for R*#R? although in that case there are additional simplifications due to the
similarity of the behavior of both ends.

The long time asymptotic in Corollary 6.12 is determined by the term ¢ ™2 where n =
min; n. This was noticed by Davies [25] for an one-dimensional complex, modelling manifolds
with ends. If n; >2foralli=1,...k then n/2 can be interpreted as the exponent of the largest
heat kernel of the M;’s. However, in general this is not true. It turns out that ¢~"/2 is the
long time decay rate of the Dirichlet heat kernel of E;, that is, the heat kernel on FE; with the
vanishing boundary condition on dE;. Therefore, the term ¢~™/2 is determined in general by the
largest Dirichlet heat kernel on the E;’s. In fact, we have used precise estimates of the Dirichlet
heat kernel on each E; as crucial tools for the proof of the results described above.

Assume that © € E;, y € Ej, 1 < i # j < k. Consider the long time asymptotic regime
lz| < n(t), |y| < n(t) where n is a positive function going to infinity slower than any positive
power of ¢ (see (1.9)). In this case, Corollary 6.12 gives

q(z,y)
pltz,y) ~ =0
with .

ly|> " if n=n}<nf,

2—n* . * *

— || 2=n) 41, (2—n5) + = if STy
x,y) = |z X " .
q(z,y) = |z| Y| |2+ |y’2 ny i n=n= nj,
|27 |y 2 if  n<min{n],n]

This generalizes (1.17) which treats the case where all n; are greater than 2.
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Next consider the medium time asymptotic regime when |z|, |y| ~ v/t and ¢t — co. In this
case Corollary 6.12 gives

p(t,z,y) ~ H2=ni) 4 +(2—nj)+ —nj—nj+2]/2 (6.17)

If both n;, n;j are greater than 2 then (6.17) gives p(t, z,y) ~ t~(%+)/2+1 a5 in (1.13). Similarly,
if both n;,n; are less than 2 (in this case there must be another end that is non-parabolic) then
(6.17) becomes p(t,z,y) ~ t~ " +)/2H1 However, if n; < 2 and n; > 2 then (6.17) gives
p(t,z,y) = t~"i/2. Thus, in this third case, the medium time asymptotic is determined only by
the larger end, in contrast to the previous two cases where both ends contribute.

However, the most interesting paradoxical effect in (6.13)-(6.14) occurs if n; < 2, n; > 2,
|z| ~ v/t, and |y| ~ 1. In this case, the middle term in (6.13)-(6.14) dominates and gives

p(t,z,y) =t (6.18)

regardless of the exponents n;, n;! Therefore, if x moves away at the rate V/t in a parabolic end
and y stays in Ep, then p(t,z,y) ~ ¢! is larger than p(t,y,y) =~ p(t,u,v), u,v € Ey, since the
latter satisfies p(t,u,v) ~ t~™2. Note that p(t,z,z) ~ t~"/2 in this situation. The explanation
is that if x and y are close to the central part and ¢ is large then the process X; started at
z tends to escape to infinity within the larger end so that its chances to loop back to y are
relatively small. On the contrary, if X; starts at the point = located at the smaller end at the
distance v/t from the central part, then it cannot escape to infinity within this end because of
its parabolicity. Hence, it moves towards the central part and hits y in time ¢ with a higher
probability. Note that, in this type of heuristic explanation, it is easy to forget that p(t,z,y) is
symmetric!

To describe what the above estimates say concerning the approximate hot spot for fixed z
and large t, consider the function

p(t z,y)
Hy) = —Lo0d
(y) Supy’ p(ta €, yl)

e If all manifolds M; are non-parabolic then # (y) ~ 1 on the set

Wi~y U {ven:pi<cvi

where m = minn; (see Fig. 15). Moreover, in this region

(t ) 1 1
pL,z,y)~ ~ ~p
Vmin (\/Z) tm/2

(t,z,x).

e If some M; are parabolic and some non-parabolic then # (y) ~ 1 on the set

U {yEEirlyI%\/f},

{ieI:n;=m}

where m = minn,; (see Fig. 16). Moreover, in this region

—_

1
p(tal‘ay) ~ Z > W %p(t,(E,CE)
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lyl<CNt

Xe

n

Figure 15: Non-parabolic case: the highest temperature (up to a constant factor) is attained in
the shaded area.

Figure 16: Mixed case: the highest temperature (up to a constant factor) is attained in the
shaded area.
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Example 6.13 Let us take M; = R? and My = R3. For r > 2 and |z| > 2, we have
Vi(ry =%, Va(r) =13,

hi(z) =~ log(1 + |z]), ha(z) =1
Vi(r) = r?log?(2 4 1), Va(r)~r
Vinin () = min(V4 (r), Va(r)) =~ r?log?(2 + 1),

and
Vi(z,7) ~ [log*(2 + |z]) + log?(2 + 7)]r?,  Va(z,r) ~r.

We first discuss the case where x € Fq, y € E5. Then, for ¢ > 1, we have fI(y,t) = |y\_1

whereas
~ 1

H(z,t) ~ +( ! — ! )
T log?(1 4 [xf) | \2log(1+ z[)  log(1+t)),

Hence, for such z,y,t, we obtain

log(1+ |z|) 1 [ 1 <1 log(1 + |:r|)) }) @y
ta,y) SC(— g | S -
P, ) (|yyt10g2(1+t) "B g+ 2) T \2 Tog(l+1) ). t

log(1 + |z|) 1 [ 1 (1 log(1 + |z|) ) ) cLew)
tr,y) >cl ——s——+ =5 |—————+ |z —
p(tz,y) <|y tlog?(1+1t) 32 [log(1 + |z|) 2 log(1+1t) /.,

In particular, for fixed z,y, the long time asymptotic is given by

1
tlog?t’

p(t, z,y) ~

The medium time asymptotic when |z| ~ |y| ~ v/t is given by

1

l,x, ~ 2o o
p(t @, y) 7 logl
If instead |z| ~ v/t and |y| ~ 1 then (compare with (6.18))

1
tlogt’

p(t,z,y) =

Next, assume that =,y € F; with |z|, |y| < Cv/t. Then we have

log(1 + |z[) log(1 +[y])

t? m?
p(t,z,y) =~ tlog ¢
Finally, if 2,y € E5 and |y| < |z| < CV/t, then
(t ) 1 + 1
» Ly N5 23/9°
Py lyltlog?t  t3/2

Example 6.14 Our last example is M = R'#R*#R3 (this is essentially the same as the
manifold with boundary on Fig. 2). For this example, we will only write down the long time
and medium time estimates. The various functions entering the inequalities of Theorem 6.5
have been already computed in the previous examples. The long time asymptotic for any fixed

xz,y € M is given by
1

tlog?t’

p(t, z,y) =~
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Setting M; = R, we obtain for the medium time regime |z| ~ |y| ~ /¢, that

—1/2

1
(tlogt)~!
t_3/2

p(t,z,y) =

z,y € By
z,y € By
r € F1UEs3, y€ Fy
re BiUEs y€ Es

If || ~ 1 and |y| < CVt, we get

1(_1  Jul ;

i (IOth + \/i) if Yy < E]_
1+1 .

p(t,r,y) ~ ;Ooggz'f if ye kb
1 1 1 :
i 7E+—\y|log2t> if ye€ Fs.

This proves the estimates (1.21) from the Introduction and allows to allocate the approximate
hot spots as follows. For fixed z,t, set

p(t,z,y)

Hiy) = sup, p (t,,y')

Then, for large enough ¢, we have the following (see Fig. 17):

e M (y) ~ 1 occurs only in the annulus E; N {|y\ R \/E} so that the approximate hot spot
contains such an annulus and is contained in one.

o H(y) = @onElﬂ{
approximate maximal value of H).

ly| =~ %} and on E» N {logy ~ logt} (for y € E5 this is the

o H(y) =~ log%t on {|y| = 1} (for y € E3 this is the approximate maximal value of #).

Iyt /log t

Iyt H(y)~1

lyl~1

2 H(y)=Vlogt

H(y)=Ulog’ t

loglyl~log t

Figure 17: The approximate hot spot (darkest shade) and other relatively hot regions on the
manifold RI#R2#R3.
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7 The homogeneous parabolic case

In this section we consider a very restricted class of parabolic manifolds with ends for which the
results from [38], [39], and Theorem 3.5 suffice to obtain sharp two-sided bounds (an example of
such a manifold is the catenoid). Let M = My# ...#Mj be a connected sum of complete non-
compact weighted manifolds. We assume that each M; satisfies (PH), (RCA) and is parabolic.
We assume further that M is homogeneous in the sense that, for any 4,5 € {1,...,k} and all
r > 0, we have

Vi(r) = Vj(r) = Vo(r). (7.1)

Thus all the ends M; of M have essentially the same volume growth. In this case, set

77(7“)=1+</1 o ))

[
Q) = Vol T \wIQVO >+,

and

()
Pt = e+ n (Vo)

With this notation, we have the following result.

Theorem 7.1 Let M = My#...#M; be a connected sum of complete non-compact weighted
manifolds. Assume that M is parabolic and that each M; satisfies (PH), (RCA). Assume
further that M satisfies (7.1). Referring to the notation introduced above, the heat kernel on M
satisfies, for all x,y € M andt > 0,

p(t,z,y) < (Q(z,t)Q(y,t) + Q(x,t)D(y,t) + D(x,t)Q(y, t)) exp (_Cd+(a:,y)2)

t
D(:E’t)D(yat) exp (_cd@(mvy)2>
Vi)

* t
V@ VOV (y
and
c d (z,y)*
pL) > = Q@D + Qe HD(.1) + Dlr. Q. ) exp T )

cD(z, )D(y, D exp <_Cd@(x,y)2>
\/ V(z, V)V (y, V1) !

Proof. For any fixed ¢y and ¢ € (0,%y) these bounds reduce to the two-sided estimate

given by Lemma 5.9. For t > %y, using the local Harnack inequality provided by Lemma 5.9,

it suffices to consider the case where |z|,|y| are large enough. In this case, we either have

d(z,y) = di(z,y) =~ |z| + |y| or d(z,y) ~ dy(x,y) depending on whether or not z,y are in

different ends.
In order to use Theorem 3.5, we need two-sided estimates for the following quantities:

1. p(t,u,v) when |ul, |v| are bounded;

2. Y(t,z) when |z| is large enough;
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3. ¢'(t,x) when |z| is large enough.
4. pg,(t,z,y) when |z|, |y| are large enough, z,y € E;.

Here % is the hitting probability for the central part K of M and pg, is the Dirichlet heat
kernel in the end E;.

We start with point 1. Because, by hypothesis, the volume functions V;, i € {1,...,k} are
all comparable, Theorems 5.1(2) and 4.5 show that the manifold M has the doubling volume
property (VD) and satisfies the relative Faber-Krahn inequality (4.3) for some o > 0. In
particular, it follows from Theorem 4.1 that, for all ¢ > o and |u|, |v| bounded,

p(t,u,v) < L (7.2)

Vo(vt)

By [18, Theorem 7.2], we also have the matching lower bound

c
>
p(t,u,v) > AG) (7.3)
Note that the above argument strongly uses the homogeneity hypothesis, i.e., the fact that all
ends have comparable volume growth. Without this hypothesis, Theorem 4.5 does not provide
a sharp central upper bound when M is parabolic. Under the present hypotheses, (7.2)-(7.3)
takes care of point 1 above.

For points 2 and 3, i.e., two-sided bounds on (¢, z) and v'(t,z), observe that the problem
is localized to each of the different ends, separately. The desired two-sided bounds are given in
[39, Theorem 4.6].

Finally, a two-sided bound on the Dirichlet heat kernel of each end is provided by [38,
Theorem 4.27], taking care of point 4.

Given those results, the rest of the proof of Theorem 7.1 reduces to bookkeeping and we
omit the details. |

We will illustrate Theorem 7.1 with two different examples.

Example 7.2 Consider the connected sum R?#7R? of two Euclidean planes (the same estimates
apply to the catenoid). The hypotheses of Theorem 7.1 are satisfied and n(r) ~ log(2+7). Hence,

N 1 1 log(2+ |z|)
Q1) ~ log(2 + |x|) + (5 - log(2 +t) )+
and log(2 + Jz1)

D(z,t) = .
(%) log(2 + |z|) + log(2 + t)

For all t > 0, and z,y in the same end F; U Ey, i = 1 or 2, we obtain

2 2
%eXP (—C@) <p(t,z,y) < %eXp (—0@> :

Indeed, for ¢ € (0,1), this follows from Lemma 5.9. Fix € € (0,1/2). If t > 1 and |z|, |y| > t¢,

then the term involving dy dominates (essentially) and gives the desired two-sided bound. If

|z| <t and |y| > t€ then Q(z,t) ~ 1 = D(y,t) whereas if |z|, |y| < t€ then D(z,t) ~ 1 ~ D(y,t).

In these two cases, the term involving d; dominates (essentially) and gives the desired result.
Fort > 1,z € Ey, y € Ey and |z|,|y| < CV/t, we have

p(t,7,) > (Qa, D (1) + D(w Q1) + QD (y.1).
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In particular, for t > 1, z € Ey, y € F» and |z|, |y| ~ v/, we have

(t,z,y) :
’wﬂ ~
P 4 tlogt

because

1
D(z,t) ~ D(y,t) 1, Q(z,t) ~ Q(z,t) = log2 1 8)°

Fort > 1,z € Ey, ly| € By and |z| =~ /1, |y| ~ t¢, € € [0,1/2), we have

—_

t,x ~ -
p(t,z,y) t
because Q(y,t) ~ 1 and D(x,t) ~ 1.

Example 7.3 Our second example is concern with the case where the function Vj satisfies

/7"2 ds <0 r? (7.4)
1 Vo(vs) = Va(r) '

In particular, this condition is satisfied when Vj(r) ~ r™, r > 1, for a real n € (0, 2).

Corollary 7.4 Under the hypotheses of Theorem 7.1, assume further that Vy satisfies (7.4).
Then, for all z,y € M and t > 0, the heat kernel satisfies (ULE), that is,

C C ex _Cd(mvy)2
V(e Vi) Ve, Vo) p( t ) (72

and M satisfies the parabolic Harnack inequality (PH).

2
exp (—C@> <p(t,z,y) <

Proof. Although (7.5) can be proved by inspection of the upper and lower bound in Theorem
7.1, it is simpler to first observe that the upper bound immediately follows from Corollary 4.6.
Indeed, under the hypothesis that each M; satisfy the volume doubling property and that (7.1)
holds, the function F' defined at (4.13) satisfy

F(z,r) = V(z,r).

Indeed, if the ball B(x,r) is contained in one of the ends E; then F(z,r) = V(x,r) by definition.
If not, then B(z,r)NK # () and it follows that F(x,r) = Vy(r) = V(x, r) because of the doubling
property. Now the upper bound in (7.5) follows immediately from (4.5) and Corollary 4.6. Note
that we have not use the additional hypothesis (7.4) to prove this upper bound.

For t < tg, the matching lower bound follows from Lemma 5.9.

To prove the matching lower bound for ¢ > ¢, we use Theorem 7.1. Observe that (7.4)
implies

Qx,t) =~ 1.

By Theorem 7.1, this implies that for |z| < v/

2 2
p(t,z,y) > ——— exp (—6M> :

Vo(v) t

By the volume inequality (4.5), this gives

c |z|* + W)
t: ’ > = —-C——F).
p(t, z,y) Vv exp( "
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As d(z,y) > |y|? — |z|> — diam(K), the last inequality implies (7.5) if |z| < v/t. By symmetry,
we can now assume that |z| and |y| are larger than v/# and thus D(z,t) ~ D(y,t) =~ 1. If z,y
are in the same end, then dy(z,y) ~ d(x,y) whereas if they are in different ends, d;(z,y) =~
d(z,y) ~ |z| + |y|. In the first case, the lower bound in (7.5) follows directly from the bounds of
Theorem 7.1 using the term involving dy. In the second case, it follows from (4.5) and Theorem
7.1, using the term involving d. This finishes the proof of (7.5).

The fact that M satisfies (PH) follows from (7.5) and Theorem 5.1.

The statement obtained in Corollary 7.4 is not new. It is contained in a previous result of
the author [40, Theorem 7.1]. However, the proof given here is very different from the one given
in [40)].

8 Omne-dimensional Schrodinger operator

In this section we apply our main result to estimate the heat kernel ¢ (¢,z,y) of the operator
% — ® in R where @ is a smooth non-negative function on R. Assume that there is a smooth

positive function h in R satisfying the equation h” — ®h = 0. Let X\ be the Lebesgue measure in
R and g be a measure in R defined by

dp = h2d. (8.1)
It is easy to verify the following identity
d? 1
w—@:hOLOhi (82)

where

is the Laplace operator for the weighted manifold (R, u) (cf. the discussion in Section 6.2).

This implies that the operator j—; — & in L? (R,dp) is unitary equivalent to the operator L in
L? (R, ;1). Consequently, if p (¢, ,y) is the heat kernel for L then we have the identity
q(t,z,y) =p(t,z,y)h(z) h(y). (8.3)

The manifold (R, u) can be considered as a connected sum of (R4, u) and (R_,u). If (R4, p)
and (R_, p) satisfy (PH) and are non-parabolic, then the heat kernel p (¢, z,y) can be estimated
by Theorems 4.9 and 5.10. This and (8.3) lead to the desired estimates of ¢ (¢, z,y).

A particularly interesting case, which received attention in literature is when ® (z) = ¢ || ™2
for large = (see, e.g., [27], [49], [50], [64]). In this case, as we will see below, the exponent of
the long time decay of ¢ (t,x,y) depends on c. In R™, n > 2, this problem is actually easier and
the result is simpler than in R! because R™ satisfies (RCA) and the gluing techniques are not
necessary (see [36, Section 10.4]).

We start with the following lemma.

Lemma 8.1 Let ® (x) be a smooth function on R such that
0<@(z) < Cola| 2,

for some Cy > 0 and for all x € R. Then the solution h of the initial value problem

W' —®h = 0
h(0) =
W) = 0
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is a smooth positive function on R, and there exists a constant C = C (Cy) > 1 such that

1 _ h(x)
o< <C 8.4
Shw) © &0
for all x,y € R of the same sign such that
1
5 vl <lal = 2]yl (8.5)

If in addition ® (0) > 0 then there there exists a constant § > 0 such that

|z
Zﬁm (86)

for all z,y of the same sign such that |x| > |y| > 1.

Proof. Note that if h is positive on some interval then h is convex on this interval, due
to the equation h” = ®h. Since h is positive in a neighborhood of 0, there is a maximal open
interval I containing 0 where h is positive. It follows that h is convex in I and since b’ (0) = 0,
h increases in the positive part of I and decreases in the negative part of I. Hence, if I has a
finite end, then h will have a non-zero limit at that end, which contradicts the maximality of I.
Thus, I = R which finishes the proof of the positivity of h.

To prove (8.4), let us consider the function g = %l It suffices to show that, for some constant

4 A
mwﬂsm- (8.7)

because then we have, for positive z,y satisfying (8.5),

h(x) /I x
In = t)dt < Aln— < Aln2
h(y) ng - y

whence (8.4) follows. Negative x,y are handled similarly.
We will prove (8.7) with C' being the unique positive root of the equation

A% — A= C,.

Assume that (8.7) is not true for some z > 0. Since (8.7) holds for x = 0, there is the minimal
a > 0 such that g (a) = % and g (z) > % in a right neighborhood of a, say in (a,b). It is easy
to see that g satisfies the equation

Jd+¢*=09. (8.8)

It follows that in the interval (a,b)

whence

A A
a z’

M@§§+M®—

which contradicts the choice of the interval (a,b).
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If ® (0) > 0 then A’ (0) = 0 implies that A’ (z) > 0 for z > 0. Hence, also g (z) > 0 for z > 0.
It follows from (8.8) that in (0, +o0)
/
5—2 +1>0.

Integrating this differential inequality, we obtain, for = > 1,

— —— _<z-1
g(z) g(1)
whence
() > —
g T rtao
where o = (ﬁ — 1) . Using ¢ = (Inh)’ and integrating again, we obtain, for all z >y > 1,
+
h(z) > T+« > 5
hiy) ~y+a ™y
where § = —1—. The case z < y < —1 is handled similarly. §

1+a-
To state the next result, we will use the notation f < g. ¢, which means that both inequalities

f < 9gcc and f > g.c hold but with different values of the positive constants c, C'.

Theorem 8.2 Let ® (z) be a smooth function on R such that

0<®(z) <Colz| 2,

for some Cy > 0 and for all x € R and ® (0) > 0. Then the heat kernel q (t,z,y) of the operator

% — @ satisfies the estimates:

0. Forallz,y e R and 0 <t <1,

C z —y|?
q(t,x,y)x%exp (—c| ty| )

1. Forallz <1,y>-1,t>1,

_C(ry)Atiz) h)A+]y) ) _C|»”C—y|2
q(t’x’y)ﬁﬂ(h(a:)h2(\/f)+h(y)h2(—\/f)> p( ; >

2. For all x,y of the same sign o such that |z|,|y| > 1 and for all t > 1,

_ O lz[lyl 1 1 ox _c\fL’Ierly\2
q(t,z,y) = NATOLD (h2(\/%)+h2(—\/i)) p( - )

N Ch(z)h (y) exp =l
Vth (z 4+ ovt) h (y + o/t) t '

Proof. Let h be as in Lemma 8.1 and define p on R by (8.1). The main point of this proof
is to estimate the heat kernel p (¢, z,y) of the weighted manifold (R, x) and use it to estimate
q(t,z,y) by (8.3).

Set M; = My = [0,+00) so that R = M;#M, where we follows the agreement that M;
maps to the positive half-line of R and My maps to the negative half-line. Let the central part
be K = [-1,1].
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Define on M; the function h; by

Then (R, i) is a connected sum of (M, p11) and (Ma, u5) where du; = h2d.

Since (M;, A), ¢ = 1,2, satisfies (PH) and (RCA), the weighted manifold (M;, ;) also
satisfies (PH) because the function h is increasing in |z| and satisfies (8.4) (see [40, Theorem
5.7] and [38, Theorem 2.11]). The volume function V; (x,r) on (M;, ;) is estimated by

Vi (z,7) = rh? (x +7), (8.9)

where the factor 7 comes from the volume of balls in (M;, A). It follows from (8.6) that h; (r) > cr
for r > 1 whence V; (z,7) > er? for r > 1. By Proposition 4.3, this implies that (M;, ;) is non-
parabolic.

Hence, all the hypotheses of Theorems 4.9, 5.10 are satisfied and we can apply these theorems
to estimate the heat kernel p (¢,z,y) of (R, ). Using the notation of Section 4.3, we have

Vi(r)ﬁzTh?(r), 1=1,2

and
Vo (r) = rmin (hy (1), ho (r))2 .

(<f>) =¢ (5)3

for R > r > 1. Therefore, the function H (z,t) defined in Section 4.4, can be estimated by (4.21)
as follows:

Due to (8.6), we have

=

=

z’ kd

H@0 5y~ @)

if |z| > 1 and z € M;,

and
H(xz,t) = 1if || <1.

Applying Corollaries 4.16, 5.18 for the cases 0 and 2 and Theorems 4.9, 5.10 for the case 1 (cf.
Remark 4.10), we obtain estimates for p (¢, z,y), which by (8.3) imply the desired estimates for

q(t,z,y). 1

Corollary 8.3 Let ® (z) > 0 for all x, ® (0) > 0, and

a+|x]_2, T > T,
® (z) = -2
a_|z|™7, x < —x,

where xo > 0 and ay,a_ are non-negative constants. Set

1 /1
= 44/ + . 1
/B:I: ) 4 (oS (8 0)

Then the heat kernel q (t,z,y) of the operator % — @ (x) satisfies the estimates:

0. Forallz,y e R and 0 <t <1,

C T —yl|?
q(t,m,y)xﬁexp (—c| ty| )
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1. Forallz <1, y>-1,t>1,
o (@) ()P ()P |z — y|”
q(t,z,y) <C ( Bet1/2 + B_+1/2 R T

where () =1+ |-|.

2. Forallz,y>1and allt > 1,

_ el Ty o + |y
a(t,z,y) = CWGXP B Ere—

—B -B
C VAN VAT -y’
+m (1 + m) (1 + a) exp < —t s

where 3 = min (ﬂ+,ﬁ,). A similar estimate holds for x,y < —1 with 8_ instead of B, .

Proof. Consider function f (z) = 27 for x > 0. It is easy to see that f”/f =y (y—1)z~2
Therefore, if v2 — v = o then f satisfies f/ — az~2f = 0. For a > 0 this quadratic equation has

two roots
:——i-\/——i—oz and 72———\/

and 7; > 0 > v,. It follows that any solution to the equation v’ — az~2u = 0 on an interval
(a,+00) is a linear combination of the functions 71 and z72. This implies that either u (z) ~
cx™ or u(x) ~ cx?? as x — +o0.

As a consequence, we obtain that the function h (z) from Lemma 8.1 satisfies

h(z) ~ %+ on [1,4+00) and h(z) ~ |z|°~ on (—o0, 1],

where 3, , f_ are defined by (8.10). Substituting into Theorem 8.2, we finish the proof. I

9 Appendix - the list of conditions
(RFK) - relative Faber-Krahn inequality, Section 4.1,

(VD) - volume doubling, Section 4.1,

(PH) - parabolic Harnack inequality, Section 5.1,

(ULE

)
) -
(PI) - Poincaré inequality, Section 5.1,
) -
) - upper and lower estimates of the heat kernel, Section 5.1,
)

(RCA) - relative connectedness of annuli, Section 6.1.
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