GLOBAL EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR A
VISCOELASTIC TWO-PHASE MODEL WITH NONLOCAL
CAPILLARITY

ALEXANDER DRESSEL & CHRISTIAN ROHDE

ABSTRACT. The aim of this paper is to study the existence and uniqueness of solu-
tions of an initial-boundary value problem for a viscoelastic two-phase material with
capillarity in one space dimension. Therein, the capillarity is modelled via a nonlocal
interaction potential. The proof relies on uniform energy estimates for a family of
difference approximations: with these estimates at hand we show the existence of a
global weak solution. Then, by means of a nontrivial variant of the arguments in [2],
uniqueness and optimal regularity are proven. The results of this paper also apply to
interaction potentials with non-vanishing negative part and constitute a base for an
analysis of the time-asymptotic behaviour.

1. INTRODUCTION

This paper is concerned with the global existence and uniqueness of weak solutions to
the initial value problem

wy — v, = 0,
(1.1) v —o(w)+ Lw], = g,
(1.2) v(x,0) = vo(z), w(x,0)=wy(x),
where the real-valued unknown functions v = v(z,t) and w = w(x,t) of (z,t) €

[0, 1] x [0, 00) represent the velocity and the strain field in Lagrangian coordinates; we
impose either the inhomogeneous Dirichlet boundary condition

(1.3) /0 w(y,t)dy:/o wo(x)dx Yt € [0, 00)

or the homogeneous Neumann boundary condition

(1.4) o(w(1,1)) + (Law)(1,t) = 0 Vt € [0, 00).

In system (1.1), the diffusion coefficient 1 > 0 is fixed, and the deformation stress
w — o(w) is given by

(1.5) o(w) = w* —w.

For A\ > 0, the capillarity stress L. is defined by
5
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(1.6) Lou = MNoe xu—u).

Therein, u +— ¢, * u is the convolution operator given by

(1.7) (60 u) /¢ - yuly)dy, o) = o (%),

More specific assumptions on the non-local interaction kernel ¢ : R — R will be given
in the next section. Here we only note that the interaction kernel is also allowed to
have nonvanishing negative part.

The function ¢ : R — R in (1.5) represents a toy example of a material law for a
homogeneous viscoelastic two-phase medium. The stored energy function associated
to o is

g 1,

(1.8) S(w) = /Ow o(u)du = Y v

It has the form of a double-well potential with minima at +1. In case of w €
(—o0, —/1/3) (w € (\/1/3,00)) a state w is referred to be in the low (high) strain
phase. On the interval J = (—+/1/3,1/1/3), the transitional region, the function

S’ = o is decreasing.
Due to the double-well structure of S, the energy minimizing configuration allows for
mixtures of the high and low strain phase, but, at least for nonnegative ¢, the capillarity

stress L. penalizes sharp interphases. This can be most easily seen from the fact that
the evolution process governed by (1.1) dissipates the nonlocal energy

H(v.w) = / <>>+“(2’ do + €(u),
E(w) = / / bl — ) (w(z) — w(y))? dydz.

A local version of (1.9) is given by

(1.9)

YAE?
2

This energy is dissipated by the more frequently addressed third-order evolutionary
system

(1.10) Hioe(v, W) / S(w + — + w?(x) dz.

wy — v, = 0,
v — [o(w) + VAW, = Uz
We will show in the next section in more detail how the nonlocal and the local

model are connected. In particular we relate the positive constant v in (1.10) and
(1.11) to the interaction kernel. Concernig the different modelling background we refer

(1.11)
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to [6, 12, 10]. Here we mention that in contrast to (1.11), solutions of (1.1) do not
require more regularity as needed for the solution of (1.1) in the case A = 0.

Moreover and more important, an advantage of the nonlocal model 1.1 is the fact
that jin case of ¢. having negative parts, solutions with a finite scale microstructure
can develop (cf. [11]) and it is supposed that, in general, the time-asymptotic limit of
solutions to (1.1) contains multiple phase transitions induced by the negative part of
the kernel. This behaviour cannot be modelled within the approach (1.11).

For non-negative ¢., the existence of weak solutions to system (1.1) for given initial
values (on the spatial domain R) was proven for arbitrary Lipschitz continuous o with
a variational technique (see [13], Theorem 5.4) relying on the ideas in [4]. This result
is extended in this contribution in various directions: initial boundary value problems
are addressed, partly negative kernels are treated, and optimal regularity is proven
under quite rough initial conditions. Note that we merely assume that the energy of
the initial data is bounded.

For the existence of solutions for the initial boundary value problem for (1.11) we
refer to [2] and [7] in the case A = 0. Existence and asymptotic behaviour of solutions
to (1.11) with A > 0 has been studied in [3, 8]. Furthermore, for the non-stationary
local model, global existence and time-asymptotic convergence to a stationary solution
for bounded spatial domains in higher dimension were studied (see [8] and references
therein). Note that, in the analysis of the local model, the initial strain wy has to be
uniformly bounded.

Let us describe the paper’s content in more detail. To obtain a global existence
result for weak solutions of our viscoelastic system we will in the first step consider a
spatial difference approximation to system (1.1) and obtain uniform energy estimates.
With these estimates at hand, we succeed to construct a weak solution to system (1.1).

Then, by a nontrivial variant of the techniques in [2], we prove optimal regularity.
Furthermore, for any of these weak solutions, we show by means of a detailed analysis
of weak solutions close to ¢t = 0, also referred to as time layer estimates, that there
exists an L> bound on (0, 1) x (J,00) for any 6 > 0. Note that, in contrast to [2] and
[3], the initial strain wy has not to be contained in L*°(0, 1).

Based on the regularity results we obtain uniqueness by a Gronwall argument. In
order to apply these techniques, we perform careful Green’s function estimates.

The regularity results of this paper will also be used as a base for the analysis of the
time-asymptotic behaviour (cf. [5]).

The paper is organized as follows. In Section 2, we specify the assumptions on our
non-local model in more detail and relate this model to the local one. In Section 3, we
introduce some notation and formulate the main result. In Section 4, we sketch out
and perform the proof of the main result.

2. SPECIFICATION OF THE NONLOCAL MODEL AND ITS RELATION TO THE LOCAL
ONE

It is not hard to show that, for g = 0, system (1.1) can be derived from the stationary
action principle with the Hamiltonian $ in (1.9).
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We assume that

(2.1) ¢ € L=(R)
and
(2.2) o(r) = ¢(—x) Vo € R.

From (2.1) and definition (1.6) it follows for any v € L>(0, 1)

ILeulloo < —llulloo,

where C' depends on the normalized interaction kernel ¢.

Define the bilinear form B, via

23 Blww) =5 [ [ oo = n)(n(@) — )t wl)dsds

where \ > 0.

For any € > 0, there exists a finite constant C'(e) such that

(2.4) | Be(u1,u2)| < C(e)|lut|l 201y |u2l|L20,1) Yur, uz € L*(0,1).
From (1.9) and (2.3) we see that, for any w € L*(0,1), we have
1

(2.5) E(w) = éBe(w, w).

Exploiting the symmetry (2.2), it is not hard to show that, for any € > 0, the operator
L. defined in (1.6) fulfills the following relation (cf. [12], p. 112):

(2.6) /0 uy () (Leug) (w)dr = Be(uy, us) Yup,ug € L*(0,1).

In this sense, by virtue of relation (2.5), the operator L. is associated to the nonlocal
interaction potential €.

Finally, we add some comments on the relationship between the local Cahn-Hilliard

type (also called Van-der-Waals type) energy and the nonlocal model under the moment
assumption

(2.7) 0< / z"¢(x)dr < oo for n=2,3.
0

In case of w being in C?([0,1]), the nonlocal model (1.1) can be related to the local
one by means of the following Taylor expansion argument: for € small there holds
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/01 / bz — ) (w(z) = w(y))*dyds

:/O /O Oc(x — y) [w,(2)(x — y) + O((z — y)?)]” dydz,

and therefore

(2.8) / / bz — y)(w(x) — w(y)Pdyde = I + I,

h= [ [ e - sty - oy,

(2.9)
I, = / / de(x —y)O(|x — y| Ydydzx.
Set
(2.10) yi=x—1, gj::%
and
(2.11) M., ::{xzyeR | yE[O,l]}.

From definitions (2.9), (2.10) and (2.11) it directly follows

= /01 (/01 Pe(z —y)(z — y)Qdy) w, () dx
_ /01 ( erqbe( y)y dy) o(2)’de = € /01 ( - qﬁ(zj)gfdg) w,(2)2dz,

//w— 0|z — y|)?)dydz
=/0 [ admousr dydx—e//j O(|g*)didz.

Due to (2.7), for any x € [0, 1],
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1 o0
i [ o= [ owita ™} [ swra=-

Me o o)
/ / o(H)0(31°) djdz

1
L = 627/ w,(x)*dx 4+ O(e%).
0
Hence, due to I, = O(€®) and (2.8), we obtain

and

sup < 00.

e>0,2€[0,1]

In particular,

/01 /01 ez —y)(w(z) — w(y)) dyde = 627/01 w,(2)2dz + O(€%).

We formally obtain the local analogue of the energy (1.9), namely the Cahn-Hilliard
(Van-der-Waals) type energy for phase separation given by (1.10) corresponding to
system (1.11).

3. NOTATION AND MAIN THEOREM
In this section, we formulate the main result about the existence and asymptotic be-

haviour of weak solutions to system (1.1) with boundary condition (1.3) (resp. (1.4)).

A locally integrable function (v,w) : [0,1] x [0,00) — R? is referred to as a weak
solution of system (1.1) iff v, o(w) and L.w are locally integrable on (0,1) x (0, c0)
and, for any ¢ € C§°((0,1) x (0, 00)),

/ / —yw + Yu dadt = 0,
[0,00) J[0,1]

/ / —v + Y, [o(w) + Lew| dedt = / / L) dxdt.
[0,00) /[0,1] [0,00) J/[0,1]

Before we formulate the main result, we make some remarks on the stored energy S in
(1.8), the functional & defined in (1.9) and the operator L. defined in (1.6).

From (1.8) it easily follows

(3.1) im 2 _

|z| =00 22

In particular, there exists a finite real number C' such that

S(z) > C+2* Vz €R.
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Furthermore, due to definition (1.9) and relation (2.4), there exists a finite real number

C'(€) such that

[€(w)] < C(e)|wllz, Yw € L*(0,1).
Due to (1.6),

(3.2) Law = —M\w+ Law, where Law = A\ % w.
The main result of this paper can be formulated as follows:

Theorem 3.1. Assume that, in system (1.1), the scaling parameter € and the diffusion

coefficient p are strictly positive, that the initial values (vy, wy) are Lebesque-measurable
on (0,1) and the functional $ defined in (1.9) is bounded from above:

$H(vg, wy) < o0.
In case of the homogeneous Neumann boundary condition (1.4) additionally assume
that

wo is continuous at x =1 with lirq o(wo(z)) + (Lewp)(x) = 0.

Then, the following claims are true:

(i). There ezists a global weak solution

(3.3) (v,w) € C°(]0,00), L*(0,1) x L*(0,1))

of system (1.1) fulfilling the initial value condition (1.2) and the Dirichlet boundary
condition (1.3) (resp. the homogeneous Neumann boundary condition (1.4)). Fur-
thermore, in case of the homogeneous Neumann boundary condition (1.4), for any
t €10,00), w(-,t) is continuous at x =1 and

(3.4) lim o(w(x,t)) + (Lew)(z,t) = 0.

x—)l

(7). For this weak solution there holds
(35) *6(1)('7 t)a w('7 t)) < *6(,007 ’wo) vt > 0,

(3.6) (v, w) € L=(8,00; H*(0,1)) x L>=((0,1) x (J,00)) V6 >0
and, in case of the Dirichlet boundary condition (1.3),

(3.7) v € L*(0, 00; Hy?(0,1)).

(iii). On the other hand, any weak solution (v,w) € C°([0,00), L*(0,1) x L?*(0,1)) to
one the aforementioned initial-boundary value problems with (3.5) is unique.
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Remark 3.1. (i). On the initial values (vy,wp), we only assume that the Hamiltonian
(v, wo) is bounded. In particular, the initial strain wo has not to be contained in
L>(0,1) (cf. [2] and [3]).

(7). In general, the reqularity is optimal: it is well known that, for stationary solutions
to system (1.1), the strain w may be discontinuous (cf. [1]). As the heat kernel is
explicitly given, we obtain optimal reqularity for the velocity field v by means of Green’s
function estimates.

(iii). In contrast to [2], we do not assume vy € Hy>(0,1). In fact, we only assume vy €
L?(0,1) and we will see that, under the Dirichlet boundary condition (1.3), the weak so-
lution (v, w) constructed below a posteriori is contained in C°([0, 00), L*(0,1)x L?(0,1))
and fulfills relation (3.7). These conditions together with (1.8) imply uniqueness for
the Dirichlet case. The treatment of the homogeneous Neumann boundary condition
will be reduced to the Dirichlet case condition by means of a mirroring argument.

4. PROOF OF MAIN THEOREM

The proof is subdivided into six parts:
(i) uniform energy estimates on a family of difference approximations for the
Dirichlet boundary condition (1.3),
(ii) construction of a weak solution as a weak accumulation point of this family in
an appropriate space,
(iii) analysis of this weak solution close to ¢ = 0 (time layer estimates),
(iv) proof of uniqueness,
(v) Green’s function estimates on the velocity field v,
(vi) treatment of the homogeneous Neumann boundary condition (1.4).

Remark 4.1. In fact, we first prove the existence, reqularity and uniqueness of a weak
solution to the Dirichlet boundary condition (1.3) and then, in part (vi), apply a mirror-
g argument in order to construct a solution to the homogeneous Neumann boundary
condition (1.4).

4.1. Energy estimates on difference approximations. In order to construct the
difference approximations in part (i) of the proof, we introduce some notation.

Notation 4.1. For an integer n > 2, define h = ﬁ, and, for v = 1,--- ,n, set

x; = (i — 1)h. For an (n — 1)-vector u, let Po(n)u : [0,1] — R denote the piecewise
constant function with (Po(")u) (y) =uy for0 =21 <y < x5 and (Po(n)u)(y) =uw; for
x; <y <xip1, (i =2,--+ ,n—1). Furthermore, for an n-vector u, let Pl(n)u :[0,1] = R
denote the piecewise linear function with (Pl(n)u)(xi) =u; fort=1,---,n.

In this subsection, for fixed n € IN, set

(4.1) X, ={ueR" | yy=u,=0},
and, for i = 1,2, write P, instead of Pi(n).

Consider the following initial value problem for (v,w) : [0,00) — R™ x R %
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w;, —opv = 0,
(42) vi—0ng(W) = pdndpv,
(4.3) (v(0),w(0)) = (v, wp) € X,, x R"1.

Therein, for any u € R"!, the mapping u — g(u) is defined by

(4.4) g(u); = o(w;) + (Le(u))s,

where o is given in (1.5) and L. : R"™' — R"! is set to

(Le(0))i = (Le(Pou)) ().
For any u € X,,, 6,u € R" ! denotes the forward difference quotient defined by

(4.5) (5hu)i:% for i=1,--- ,n—1,

and, for any u € R™ !, set

(16) "

(Shu)i:% for i=2--- . n—1.

System (4.2) is our spatial discretization of system (1.1) to step-size h.

Due to the classical existence theory for ODE, for some T" > 0, there exists a solution
of the initial value problem (4.2) on the time interval [0, 7] with

(47) (V(>’W()) S Ol([OvT]aRn X Rn_l)? (V<O)7W(O>> = (V07W0>>'
Due to definition (4.6),

(4.8) Range(d5) C X,,.
According to (4.8), (4.2) and (4.3),

v(t) = vy + /Ot on (g(w(s)) 4+ pépv(s)) ds € X,, vt € [0,T].

In particular,

(4.9) vi(t) =v,(t) =0 YVt € [0,T].
By definition (4.5), for any u € X,,,

(4.10) Py(0pu) = 0,(Pyu)
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in the weak sense and therefore

1
(4.11) By’ :/ 0,(Pyu)(x)dz Yu € X,,.
0

Recall the definition of Py = P{™ in Notation 4.1 and obtain for any C' solution
(v,w) = (v(t), w(t)) of (4.2):

d [ d <A —
i, (Pow(t))()dz = h— ;(W(t))i = h;(wt(t))i
= ni(dhv(t))i =2 ni Vi (t) — vi(t) = va(t) — v1(t) 2 0.

In particular,

(4.12) /0 (Pyw(t))(x)dz — /0 (Pyw(0))()dz Vi € [0, 00).

In this sense, the difference approximation is consistent with the displacement bound-
ary condition (1.3).

Due to definitions (4.1) and (4.8),

(4.13) X1 =X, = (0ny)1 = (0ny)n = 0 ¥(x,¥) € X;, x R*,
In particular, for any (x,y) € X,, x R*™1,

< N (4.13) N (4.6) yi —Yi-
x-(0y) = > x(0hy)i = Y _xi(Oy)i = ZXle
i=1 i=2 i=2
nflxy Xy nflxy n72X y
o Wi A i—1 _ (DA +1Y 1
N h h h Z h
=2 =2 =1
(4.13) I x y i x y x x
- L iyl +1Y1 _ 141 1
o h Z h Z h t
i=1 =1 i=1
(4.5)
= —((ShX) 'y,
and we obtain
(4.14) x - (6py) = —(0nx) -y V(x,y) € X, x R".

Recall the definition (1.8) of the stored energy function S and set
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n—1
1
4.15 E..(v,w):=h S(w;) + =v2| + B.(w,w).
(4.15) n(V, W) ; (wi) + 5vi| + Be(w,w)
In particular,
(4.16) %Ew(v7 w) = hg(w) - W + hv - v,

Therein, B, is the discrete analogue to the bilinear form defined in (2.3):

1

(417) B€<u1,UQ) = 51,11 : LELIQ.
The energy E.,, defined in (4.15) is the discretized analogue of the Hamiltonian $ in
(1.9).
The aim of this section is to prove the following lemma:
Lemma 4.2. For any (vo,wy) € X,, x R"™!, a solution

(v(-), w(-)) € C'([0,00); X, x R"7Y)
of the initial-value problem (4.2)-(4.3) exists globally in time. More precisely, the
mapping

t— (Pyv(t), Pow(t)),
is uniformly bounded in C°([0,00); L?(0,1)x L?(0,1)) by a constant C' = C(H(P1vq, Pywy)),
and, for any t > 0,

TP v w(0) = = [ 0,(Prv(o)(a)dz <o

Furthermore, there exists a finite real number K = K(9(Pyvq, Powy)) such that

(4.18)

(4.19) B (V(0), W(t)) > K + [|Pow(t) |20y Vi € (0,00).

Proof of Lemma 4.2: Our aim is to derive an energy estimate for the solution (v(-), w(-))
of (4.2) with (4.7). With this estimate at hand, we will prove global existence by means
of a bootstrap argument.

Due to (4.14), we have

(4.20) g(w) - ov +v - g(w) =g(w) - v —g(w) - 6v =0.

Scalar multiplication of hg(w) (resp. hv) to the first (resp. second) equation in (4.2)
from the left, addition of the resulting two equations and exploiting relation (4.20) give
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(4.21) hg(w) - wy + hv - vy = huv - (6,0,v) = —hp|dyv|* < 0.
Relation (4.21) together with (4.11) and (4.16) implies relation (4.18).

It remains to verify relation (4.19).

From (4.15) we conclude that

o (v(0). w(0) > Blw(t) w(t) + [ HAW(0)(@)* = S(Rw(0)(a)

where B, is the bilinear form in (4.17).
There holds for some constant C' = C'(e)

Be(w(t), w(t))| < C|1Pow ()70,

and, for any 6 > 0, we have

460
Hence, relation (4.19) follows and Lemma 4.2 has been proven. g

/0 l(Pow)(a:)de <5+ /O I(POW)(x)4dx.

4.2. Construction of weak solution. Recall the definition of PO(”) and Pl(n) in No-

tation 4.1 and let {(Pl(")v(-),Pé")W(-))}nem be a sequence of solutions of (4.2) in
C*(]0,00), L*(0,1) x L*(0,1)) with

lim (Pl(n)vo, Pén)w()) = (vg,wp) in L*(0,1)

such that

1 1
(4.22) / (P wo) (z)dx = / wo(x)dz VYn € .

0 0
Such a sequence exists: with (wyg); being set to
1 Tit1
(Wo)i:—/ wo(x)dx for i =1,---n—1,
Tip1 — i Jg,

(where z; is defined in Notation 4.1) relation (4.22) is fulfilled.

According to Lemma 4.2 there exists a finite real number C'(€, vg, wy) (also not depend-
ing on n) such that

(4.23) E..(v(t),w(t)) < C(e,v,wp) Yt € [0,00).
From (4.18) we obtain
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Ecn(v(0),w(0)) — Ecn(v(00), w(c0))

1
0

(4.24) =1 /0 h / 8, (P (1)) (x) dadt

= :u”ar(Pl(n)V('))||%2([0,oo)><[0,1})'
Note that, due to (4.19), the mapping

t— Ecn(v(t),w(t))

is bounded from below. Furthermore, due to (4.18), this mapping is monotone in t.

From (4.23) and (4.24) we conclude that the sequence {Pl(")v(~)}n€m is bounded in
L2(0,00; Hy?(0,1)) by a constant K (p, vy, wp). Hence, from the weak lower semiconti-
nuity of the L?(0,00; H*(0,1)) - norm we conclude that, for any weak accumulation

point v € L2(0, 00; Hi?(0,1)) of the sequence { P v} aen,

oo 1
(4.25) / / v(w, 1) + v (z, 1) dodt < K(p,vo, wo).
o Jo

Due to Lemma 4.2, for any finite 7" > 0, the sequence {Pén)w}nem has a weak accu-
mulation point in w € L?(0,T; L?(0,1)).

Without loss of generality, we can assume that {(Pl(n)v, Po(n)w)}nE]N weakly converges
in L?(0,T; L*(0,1)).

In particular, the spatial integral of (P{"™v, P\"'w) strongly converges for n — 0o, and,
as, due to the construction of the difference approximations,

1 1
/ (Pw)(z, £)dz — / wo(z)dz ¥n € N,
0 0

we conclude that, for any finite 7 > 0, the weak limit (v, w) solves (1.1), and, at any
Lebesgue point ¢ € (0,00) of t — w(-,t) in L*(0,T; L*(0,1)) there holds

/Olw(x,t)dx _ /Olwo(x)dx.

By means of a similar argument, we conclude that, at any Lebesgue point ¢ € (0, 00) of
t — v(-,t) in L*(0,00; H(0,1)), the traces v(0,t) and v(1,t) of the weak limit point
v are defined and

(4.26) v(0,t) =v(1,t) =0 for almost all ¢ € (0, 00).

In particular,
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(4.27) v € L0, 00; Hy?(0,1)).

Now, we will show relation (3.3) for the weak solution (v, w). In particular, it fulfills
the initial-value problem in the sense that the evaluation

(v, w) — (v(-,0),w(-,0)) = (vg, wo)
is well defined.

From (4.25) and the first equation in (1.1) we conclude that

(4.28) v, wy € L*(0, 00; L2(0,1)).
From wy € L*(0,1) and (4.28) we conclude, that, for any ¢ € (0,00), the integral

w(-,t) =wo + /Ot wy (-, s)ds

is contained in L?(0,1) and that

(4.29) w € C°([0,00); L*(0,1)).

From Green’s function estimates in Section 4.6 we easily obtain that

(4.30) v e C°([0,00); L*(0,1))

and we have proven part (i) of Theorem 3.1 under the Dirichlet boundary condition

(1.3).
Furthermore, after multiplying o(w(x,t)) + (Lew)(z,t) to the first and v(x,t) to the

second equation in (1.1) and spatial integration over (0,1), and exploiting relation
(4.26), we obtain for a.e. t € (0,00)

1 1
/ (o(w(z,t)) + (Lew)(x, t) wy(x, t) + v(x, t)vy(x, t) = —,u/ vp(x, t)?dr < 0.
0 0
Recall relations (2.5), (2.6) and that, due to (1.8), we have S’ = 0.

Hence, we obtain for the Hamiltonian § defined in (1.9) for a.e. ¢ € (0,00)

LBl t),w(1) <0

and relation (3.5) follows.
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4.3. L estimates on the strain. The aim of this section is to prove relation (3.6)
for any 6 > 0 by means of appropriate time-layer estimates.

Recall that S = S(w) denotes the stored energy function defined in (1.8). Furthermore,
for any (z1,22) € R? let & fulfill the following relation

(21, 22)(21 — 22) = 0(21) — 0(22).
A straightforward calculation gives

(4.31) o(z1,22) =22 + 2120+ 25 — 1

and, for its partial derivatives,

(432) 5‘21 (Zl, 2’2) = 221 + 22, 5’22 (2’1, ZQ) = 222 + Z1.

The L*(0,1)-bound of w(-,t) for ¢ > § > 0 of the main theorem under the Dirichlet
boundary condition (1.3) follows from the following lemma.

Lemma 4.3. Under the assumptions of Theorem 3.1 and the Dirichlet boundary con-
dition (1.3), for any 6 > 0, the function (z,t) — w(x,t) is contained in L>((0,1) x
(6,00)).

Proof: For x,y € [0,1] set

(433) o(a.9.0) = n(w(y.0) — wle, )+ [ o0
y

From definition (4.33) it follows immediately, that, for

a(2,y.1) = /y "o )z

we have

(4.34) w(x,t) = i la(x,y,t) — q(x,y,t)] + w(y,t).

In the first step, we will prove the following differential equality:

(4.35)

8(a(e 1)

A ~

= U(Q($a y7t)) X ((wa)(xvt) - (Lew)<y7t) - 2 (a(w,y,t) - Q(l',y,t))

P la(r.0) — . .8)] + wly. ) - a(w(y,t») .
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From v € L*°(0, 00; L?(0, 1)) we know that there exists a constant K > 0 not depending
on (z,y,t) such that

laa, y, )| < K.

Due to (4.29), there exists a point y € (0,1) and a strictly positive finite real number
C' such that

lw(y,t)] < C ae. on (0,1).

For z € [0,1] and t € [0, 00) set

V(z,t) = /Oxv(z,t)dz = a(z,0,t).

By integration of the second equation of (1.1) in the spatial variable we get for almost
every t € (0,00) and z,y € (0,1)

T

A atde = Vil t) — Vi)
it |,

=o(w(z,t)) + (Lew)(x, t) + po(z, 1)

- (O'(U)(y, t)) + (Lﬁw)(yv t) + /“Jx(y7 t))

Recalling also the first equation of (1.1) we summarize for convenience of the reader:

wy = v, in (0,1),
(4.36) — /i v(z,t)dz = o(w(z,t)) + (Lew)(z,t) + pog(z,t)
- (U(w(yv t)) + (ng)(y, t) + va(ya t))

With these identities at hand, we get for almost all ¢ € (0,00) and z,y € (0,1)
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T

d 4.33 d
%Q<w7y>t) ( = ) :u(wt(yat) - wt(xa t)) + %/ ’U(Z,t)dZ

(4.36) (v (y, t) — ve(z, ) + o(w(x, b)) + (Lew)(z, t) + pog(z,t)
- (U(w(y7 t)) + (Lew) (y’ t) + ,th(y, t))

= o(w(z,1)) + (Lew)(z,t) = (o(w(y, 1)) + (Lew)(y, 1))

~ A

= % (a9 1) — a(z,9,8)) + (Eaw) (2, £) — (Law) (. 1)

1
+O_(; (CL(.T, Y, t) - Q(‘ra Y, t)) + Uj(y, t)) - O'(U}(y, t))?
where L, is given by relation (3.2).
In particular, relation (4.35) follows for almost all ¢ € (0,00) and x,y € (0, 1).

In the second step, by means of relation (4.35), we will show that there exist real
numbers K and K depending on the initial values (vg, wp) such that

[N

@37 a0l > K = 2 (S(ae.0) < K [S(a(.0)

From w € L>(0,00; L?(0,1)) we conclude that

(4.38) sup ‘ (Lew)(z,t) — (ﬁew)(y,t)‘ < 00.
(2,y,t)€(0,1) X (0,1) X (0,00) L2(0,1)
Recall from (1.5) that
o(z)=2"— 2.
Let ¢1, co and c3 be given real numbers. Then, we obtain
(4.39) o(2) (o(c1 — 2) + e + c32) = —2° + P(c1, ¢2, 3, 2),

where z — P(cy, 9, c3, 2) is a fifth-order polynomial function with coefficients depend-
ing on ¢y, cy and cs.

From (4.39) it easily follows that there exist strictly positive real numbers K =
K(|e1],|ezl, les]) and K = K(|ei, |cal, |e3]) (where K and K are monotone increasing
in |¢;| for any ¢ € {1,2,3}) such that
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(4.40) 2] > K = 0(2) (0(cy — 2) + ea + e32) < —K |S(2)]2

In particular, the negative contribution from the z°-term on the right-hand side of
relation (4.39) dominates in the following sense:

(4.41) 12| > K = 0(2) (0(c1 — 2) + 2 + ¢32) < 0.

Due to (4.35), (4.38) and (4.40), relation (4.37) follows for some strictly positive real
numbers K and K.

The L*° bound now easily follows from Lemma 4.4 below. g

Lemma 4.4. Let a, C and yqy be strictly positive real numbers with o € (1,00). Then,
any solution of the differential inequality

d a
—y < =Cly|*, y(0)=wo

dt
18 majorized by the solution of the differential equality
d — C—a —(0) —
dty = Yy, YylV)="o

given by

—1

Proof: elementary calculus g

4.4. Uniqueness. In this section, we prove part (iii) of Theorem 3.1 under the Dirich-
let boundary condition (1.3).

For i = 1,2 let (w®,v®) € C°([0,00); L?(0,1)) be weak solutions of (1.1) with

sup ﬁ(w(i)(-,t),v(i)(-,t)) < oo for i=1,2

te[0,00)
and
(4.42) wW(-,0) —w?(-,0) = vW(-,0) —v?(-,0) = 0.
Then,

(A, A) = (D — 0@ M @)
is a weak solution of the following system:

At - A:E — 0,

(443) A= oD WA+ LA] = pha,
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where & is given by (4.31).

We have for any 6 > 0
1
/ [(0+a(wh, w?) A+ LA] Ay + [o(w™, w®)A + LA] Adz
0

1 1
D [ (o, w®) A+ LA A, - o, w®)A + LA &, + 08Ads = [ 0A,ds,
0 0

Hence, after multiplying (6 + &(w, w®)) A + LA to the first and A to the second
equation in (4.43) and spatial integration over (0, 1), we obtain for a.e. ¢t € (0, 00)

/1 ((6+ a(wW, w(2))) A+ LA) Ay(z,t) + Az, ) Ay (z,t) + AN, (x,t)dr =

1
:u/ Az, t) Ay (2, t)da.
0

In particular, due to (3.7),

1 d d d ~
0+ a(wh. w?)) =A%+ =B(A,A) + —A%d
/0 (0 +a(wh,w?)) ZA T (A, )+dt T

1
< / _opA2? 4 20| A||A,|da
0

In the last relation, we have exploited the fact that, due to relation (2.6),
d
%BE(A, A) = 2L AA,.
Adding 2uA2 — 20| A||A,| + g_;Az > 0 to the right-hand side of the last relation gives

for K = %
! d d d « !
(4.44) / (0 +a(wh, w®)) —A*+ —B(A,A) + —A%dr < K/ A%dz.
0 dt dt dt 0

Due to Lemma 4.5 below, relation (4.44) implies for some g € L}, (0, 00)

1 1
(4.45) % (/ (0 +a(w®,w?)) A% + A%dr + BE(A,A)) < g(t)/ A%dz.
0 0

Note that, due to (4.31) and the boundedness of the bilinear form B, on L?*(0,1) x
L*(0,1), we can choose 6 > 0 such that

1 1
(4.46) / (0 + o (wh, w?)) A’z + B(A,A) > / A%dz.
0 0
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Due to (4.45) and (4.46), we can apply Gronwall’s lemma and obtain from (4.42) the
desired uniqueness. g
It remains to prove the following

Lemma 4.5. There exists a function f € L, .(0,00) such that, for a.e. x € (0,1),

loc

(4.47) o, 1), (1) < F(1).
Proof: For z € R define
(4.48) S(z) =0(z) — Az

Due to (4.48) and (3.2), the stress can be written in the following form:

(4.49) o(w(z,t)) + (Lew)(z,t) = S(w(z,t)) + (Law)(z,t).
Recall the definition (4.31) of & and assume that (v, w®) and (v®,w®) are solu-

tions of system (1.1).

Analogously as in (4.33) set

T

(4.50) ¢ (w,y, 1) == p(w (y,t) — w (z, 1)) + / v (2, t)dz.
y
For ¢« = 1,2 we have a.e.

L9 (@, y,0) = 0w (@,0) + (L)@, 1) — (0w (y, 1)) — (L) (y, ).

(451)

d
This relation follows analogously as the third identity in the last section for aq(x, y,t)
on p.17.

For

~

(4.52) 99 (@, y.t) = (Law?)(2,t) = (S(w (y,1) — (Lew)(y, 1)),

relation (4.51) can be equivalently written as

(4.53)
Set

%q(i) (z,y,t) = o(w (x,t)) + g (x,y,1).

(4.54)

: d (1 [* . . 1 /. P

b® t) = — —/ D (2, t)d Dy, t) + — (Law®(x,t) — Law D (y,1)) ) .
(,9,1) dt(u 00t 00+ L (L) - Lu(0.0)
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Then we obtain

d _ 2 _ i
o (1), 0 (1)) = Za (wD (@, t), w® (z, t))wy” (z, 1)

2
S w0t g (| [ 000 - )]+ u00)
- M
=1 Y

2
. . 1, 1 ;
Y o), 0, ) (490 00) 4 L t) — LS o1) ).
=1

Due to w® € C°(0, 00; L?(0, 1)) and the Green’s function estimates in the next section,
there exists some y € [0, 1] with the following property:

(4.55) b (2,y,-), g (2,y,-) € Li,.(0, 00).
Due to (4.32) and
S(2) = 2 — (1+ 1)z,

there exist finite real numbers K; = K;(|c1], |ca, |cs], |ca]) (being monotone increasing
in each entry) with the following property:

2
(456) Z&Zi(zh ZQ) (Cl + C26(C3 — C4ZZ')) S Kl + KQC%.

i=1

From (4.55) and (4.56) the claim of Lemma 4.5 follows. q

4.5. Green’s function estimates. The aim of this section is to prove the following
lemma:

Lemma 4.6. Assume that, for some pn > 0, u = u(x,t) is the weak solution of

(4.57) Up — gy = fr in (0,1) x (0, 00)

to the following initial-boundary value problem:

(4.58) u(-,0) =up € L*(0,1), u(0,t) =u(l,t) =0 Vt € (0,00).
Furthermore, assume that, for some q € [1,00), the given right-hand side of equation

(4.57) has the following properties:

(459) ft € L2<<O’ 1) X (07 OO))’

(4.60) Fe L®(0, 00, L9(0,1))
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and, for any d >0,

(4.61) f e L=((0,1) x (8,00)).
Then,
(4.62) u € C°([0,00); H™1(0, 1))

and, for any o > 0,
(4.63) u € L™®(8,00; HY*(0,1)) Vt € (0,00).
Proof: For simplicity we assume that p = 1. The case of general p > 0 is analogous.

Fix any t € [0, 00). Then, for any 7 € R with t +7 € [0,00), f(x,t+ 7) can be written
in the following form:

(4.64) flz,t+71)= filt;z) + folt;z,7),
where
(4.65) folt;,0) = 0.

For notational convenience, we write fi(x) (resp. fo(z, 7)) instead of fi(t;x) (resp.

fo(t;z,7)).

From (4.59) we know that

(4.66) | fo(s )| p200,0) < K|t — 72,
where
(4.67) K = K(|| fill z2(0.00:22(0,1)))-

Assume we have shown that for the Green’s function to (4.57) and (4.58) there exists
a strictly positive real number K with the following property:

s
(4.68) |Gay(@,y,t = 7)|[ 12000y S K|t — 7| 4.

Then, u = u(x,t) can be written in the following form:

(4.69) u(z,t) = uy(z,t) + us(x / / Gy(z,y,t — 1) faly, 7)dydr,

where w5 is the solution to the Poisson equation
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with homogeneous Dirichlet boundary conditions

UQ(O) = UQ(l) = 0,
and wuy is the solution of the following initial-boundary value problem:

(4.71) Owuy — Oppun = 0, uy(+,0) = u(-,0) —ug, u1(0,t) =uy1(1,¢) = 0.

Derivation of (4.69) gives for u,(z,t) the following expression:

(4.72) Uz (2, 1) = urp(x,t) + uge(x / / v (T, y,t —7) fo(y, 7)dydr.
Due to (4.68), it follows

1
Gyac(w7 Y, t— T)f?(ya T)dydT

t 1
S / / |Gy$($ay7t_T)fZ(va)|dydT
0 JO

t t
Z/ Hny(-fUmt—T)fz(',T)HLl(OJ)dTS/ HG:cy(xa'>t_T)HLQ(O,l)HfQ('aT)HLZ(O,l)dT
0 0

¢
1
< / K2|t— 7| 1dr < Kt
0
From (4.70) it easily follows that

(4.73) 2z Lo,y < | fillLaco,1)s
and, in case of f; € L>(0,1),

(4.74) [uze||Loe0,1) < Il fillz0,0)-
Hence, the claim of Lemma 4.6 follows if we have shown relation (4.68).

In order to show relation (4.68) we recall that G can be written as follows

1
(475> G(l’,y,t) = t_§(01<$ay7t) +G2(x7yat))a
where
(4.76) Gy, 1) = t2 i —(z —y + 2n)?
. x y, (47T>1/2 P eXp 4t
and

o0

(4.77) Go(z,y,t) = —M;W Z exp <_($ +y+2n) ) '

4t

=—00
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As the series on the right-hand sides of (4.76) and (4.77) and their derivatives are
uniformly convergent for any ¢ > 0, we may derive them term by term.

In particular,

o0

(4.78)  0uyGi(z,y,t) = W > (% - w> exp (_(x _z?f: 2n)2)

n=—oo

and

(479) O Calr 1) =~ 11/2 Z <_ _ W) exp (‘@ s 2”)2> .

n=—oo

From (4.78) and (4.79) it is not hard to see that, for any

(z,y,1) € [0,1] x [0,1] x (0, 1],

|Glay(, y,t)| can be majorized as follows:

(4.80) Goay(,y,1)] < tg (t+ (z £ y)? Z|gl z,y,t
where

(4.81) Gi(z,y,t) = exp <_(I4—;y)2) ,
(4.82) Gao(z,y,t) = exp (_(le—iw) :
(489 Gulo.0) = (o — ey (20
(484 Guto0) = o+ e (210

and C' does not depend on (z,y,t).

Due to (4.80), there exists a constant C' such that

(4.85) Guyl@,y,1)* <

From (4.85) we derive the estimate
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| —(x +y)? e

and

Pl -y —(z£y)? R
(4.87) /0 NG ( yre > exp (Q—t) dy < /_Oo yle Y dy < oo.

Hence, fol Goy(z,y, t)?dy = O(t™%), or, in other words,

(4.88) |Gay(z, -, t)HL2(0,1) - O<t_i)
and relation (4.68) follows. g

5. TREATMENT OF HOMOGENEOUS NEUMANN BOUNDARY CONDITION

In order to consider the homogeneous Neumann boundary condition (1.4), let v =
v(z,t) and w = w(z,t) be weak solutions of system (1.1) with the following slight
modifications on the domain of definition for (x,¢) and the operator L.

(x,t) €10,2] x [0,00)

(instead of (x,t) € [0,1] x [0, 00)) and Leu = Leu — Au, where the convolution operator

1
Lou(z) = /\/ dc(x —y)u(y)dy, Vr € |0,1]
0
is extended by mirroring:

Leu(l+2) = —Lau(l —2) Yo e (1,2
We impose the Dirichlet boundary condition

/Ozw(x,t)dx = /02 wo(x)dzx,

where the initial values (vg,wp) are assumed to have finite energy and to fulfill the
following symmetry conditions:

(5.89) vo(14+2) =vo(l —x), woe(l+x)=—we(l —x) for almost every z € (0,1).

The proof of an analogous claim as in Theorem 3.1 for the modified operator L. goes
along the lines of the proof of Theorem 3.1 and is left to the reader.

Furthermore, due to (5.89) and straighforward symmetry considerations, for the weak
solution (v, w) there holds for any t € (0,00) and almost every = € (0,1):

(5.90) v(l+z,t) =v(l —z,t), wl+azt)=—-w(l—u=x,t).
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We will show the following lemma:

Lemma 5.1. If the initial values (vy,wy) fulfill relation (5.89) and the initial strain
wo 18 continuous at x = 1 with

(5.91) linq o(wo(x)) + (Lewp)(z) = 0,
then, for any t € [0,00), w(-,t) is continuous at v = 1.

Assume we have shown Lemma 5.1, then, due to (5.90), the homogeneous Neumann
boundary condition is fulfilled:

(5.92) lim o(w(z,t)) + (Lew)(z,t) =0

r—1
and we are ready with the proof of Theorem 3.1.

Proof of Lemma 5.1:

For convenience of the reader, we recall the definition

Q(‘/Ea yvt) = :u(w(y7t) - w(l‘7t>) + a(a:,y,t),
where
a(x,y,t) = /xv(z,t)dz,

and the identity following relation (4.36):

(5.93)

d
—_ t =
dtq(:c,y, )

A A

<Q(x7 Y, t) - a(:c, Y, t)) + <L6w>(‘r7 t) - (Lﬁw)(y7 t)

= >

+a<§ (az,,1) — a(z,9,1)) + w(y, 1)) — o(wly, ).

Due to the definition of ¢,

(5.94) w(z, t) = % la(e, 1,4) — g, 1,8)] + w(l, ¢).

Due to (5.94) and lim,_.; a(z,1,t) = 0, the continuity of x — w(x,t) at = = 1 is
equivalent to the continuity of z — ¢(x,1,t) at x = 1.

The continuity of z +— ¢(x,1,t) at x = 1 in turn follows from

(5.95) lq(z, 1,2)| S/O |91(x, s)| lq(z, 1, 5)[ + |ga(x, s)| ds Vi € (0,00)
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Gronwall’s lemma, where, for any finite interval [0, 7], there exists some constant

C' not depending on z,

(5.96) 191 (z, ‘)HLl(o,T) + | g2(z, ')HLl(o,T) <C
and
(5.97) al}_% 192 (, ')HLl(O,T) =0.

In fact, relation (5.95) directly follows from (5.93): for

and

g1(z,t) = 2 + 0(% (a(z,1,t) — q(x, 1,1))),

ool t) = %a (% (a(z, 1) — q(x, 1,t))) a(z,1,4) — 3a(zv, 18) + (Baw) (@, )

(where & is given by (4.31) and L, is the convolutional part of L.) we have

d
E (ZE, ]-at) = gl(fﬁ,t)Q(l’, 17t) + g2($’t)

Then, relation (5.96) is straightforward.

As t + v(+,t) is uniformly bounded in L?(0,1), we have

1
lima(z,1,t) =lim [ wv(z,t)dz =0 uniformly in ¢ for t € [0, 7.

r—1 r—1 -

The last relation and the assumptions on the convolution kernel in L. imply relation
(5.97). o

[1]
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