arXiv:0709.3995v3 [math.PR] 1 Nov 2007

The Circular Law for Random Matrices

F. Gotze A. Tikhomirov!
Faculty of Mathematics Faculty of Mathematics and Mechanics
University of Bielefeld Sankt-Peterburg State University
Germany S.-Peterburg, Russia

November 1, 2007

Abstract

We consider the joint distribution of real and imaginary parts of eigenvalues of
random matrices with independent real entries with mean zero and unit variance. We
prove the convergence of this distribution to the uniform distribution on the unit disc
without assumptions on the existence of a density for the distribution of entries. We
assume that the entries have a finite moment of order larger than two and consider
the case of sparse matrices. The results are based on previous work of Bai, Rudelson
and the authors extending results to a larger class of sparse matrices.

1 Introduction

Let Xk, 1 < j,k < 0o, be complex random variables with EX;, = 0 and E|X;|> = 1. For
a fixed n > 1, denote by Aq,..., )\, the eigenvalues of the n x n matrix

Cn ‘ 1 ‘
X = (Xn(j7k))j,k=17 Xn(j7k) = %X]ku for 1 < j7k < n, (11)

and define its empirical spectral distribution function by

1 n
Gn(r,y) = m ZI{Re{Aj}gx, Im {)\;}<y} (1.2)
j=1

where I;py denotes the indicator of an event B. We investigate the convergence of the
expected spectral distribution function EG),(z,y) to the distribution function G(x,y) of
the uniform distribution over the unit disc in R?.

The main result of our paper is the following
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Theorem 1.1. Let X be independent random variables with
E X, =0, E|X;x?>=1, and E|X;]*o(Xk) < 5,

where p(x) = (In(1 + |z|))***7, for some n > 0. Then EGy(x,y) converges weakly to the
distribution function G(x,y) as n — oo.

We shall prove the same result for the follows class of sparse matrices. Let &,
J,k = 1,...,n denote Bernoulli random variables which are independent in aggregate
and independent of (Xjx)%,_, with p, := Pr{ej;, = 1}. Consider the matrix X =

\/W(eij k)7 =1 Let )\ge), cee A%) denote the (complex) eigenvalues of the matrix X(¢)

and denote by GS) (x,y) the empirical spectral distribution function of the matrix X g
e.

GO (z,y) (1.3)

Z {Re (A} <o, m Ay <y}

Theorem 1.2. Let Xj;, be independent random variables with
EXj; =0, E[Xp>=1, and E|Xjle(X;) <,

where @(x) = (In(1 + |2[))*", for some n > 0. Assume that p;' = O(n'~?) for some
1 >80 >0. Then EGS)(az,y) converges weakly to the distribution function G(x,y) as
n — oo.

Remark 1.3. The crucial problem of the proofs of Theorems 1.1 and 1.2 is to bound the
smallest singular values s1(z) of the shifted matrices X — 2T and X(®) — 2I. These bounds
are based on the results obtained by Rudelson and Vershynin in [21]. In our preprint [10]
we have used the corresponding results of Rudelson [20] proving the circular law in the
case of i.i.d. sub-Gaussian random variables. In fact, the results in [10] actually imply
the circular law for i.i.d. random variables with E|X;;|* < 504 < oo in view of the fact
(explicitly stated by Rudelson in [20]) that in his results the sub-Gaussian condition is
needed for the proof of Pr{||X| > K} < Cexp{—cn} only. Restricting oneself to the
set Q,(z) = {s1(z) < cn_3; ||X|| < K} for the investigation of the smallest singular
values, the bound Pr{Q } < en~2 follows from the results of Rudelson [20] without the
assumption of sub-Gaussian tails for the matrix X. A similar result has been proved
by Pan and Zhou in [15] based on results of Rudelson and Vershynin [21] and Bai and
Silverstein [3].

The circular law assuming less restrictive moment condition of order larger than 2 only
and comparable sparsity assumptions was proved independently by T. Tao and V. Vu in
[25] based on the results of [26] in connection with the multivariate Littlewood Offord
problem.

The approach in this paper though is based on the fruitful idea of Rudelson and
Vershynin to characterize the vectors leading to small singular values of matrices with
independent entries via 'compressible’ and ’incompressible’ vectors, see [21], Section 3.2,



p- 15. For the approximation of the distribution of singular values of X — zI we use a
scheme different from the approach used in Bai [1].

The investigation of the convergence the spectral distribution functions of real or com-
plex (non-symmetric and non-Hermitian) random matrices with independent entries has
a long history. Ginibre’s in 1965, [7], studied the real, complex and quaternion matrices
with i. i. d. Gaussian entries. He derived the joint density for the distribution of eigen-
values of matrix. Applying Ginibre formula Mehta in 1967, [17] determined the density of
the expected spectral distribution function of random matrix with Gaussian entries with
independent real and imaginary parts and deduced the circle law. Pastur suggested in
1973 the circular law for the general case (see [18], p. 64). Using the Ginibre results,
Edelman in 1997, [5] proved the circular law for the matrices with i. i. d. Gaussian entries.
Rider proved in [24] and [23] results about the spectral radius and about linear statistics
of eigenvalues of non-Hermitian matrices with Gaussian entries.

Girko in 1984, [6], investigated the circular law for general matrices with independent
entries assuming that the distribution of the entries have densities. As pointed out by Bai
[1], Girko’s proof had serious gaps. Bai in [1] gave a proof of the circular law for random
matrices with independent entries assuming that the entries had bounded densities and
finite sixth moments. His result does not cover the case of the Wigner ensemble and in
particular ensembles of matrices with Rademacher entries. These ensembles are of some
interest in various applications, see e.g. [27]. Girko’s [6] approach using families of spectra
of Hermitian matrices for a characterization of the circular-law based on the so-called
V-transform was fruitful for all later work. See, for example, Girko’s Lemma 1 in [1]. In
fact, Girko [6] was the first who used the logarithmic potential to prove the circular law.
We shall outline his approach using logarithmic potential theory. Let £ denote a random
variable uniformly distributed over the unit disc and independent of the matrix X. For
any r > 0, consider the matrix,

X(r) =X —rl,

where I denotes the identity matrix of order n. Let ,ug) (resp. py,) be empirical spectral

measure of matrix X(r) (resp. X) defined on the complex plane as empirical measure of
the set of eigenvalues of matrix. We define a logarithmic potential of the expected spectral

measure E,ug)(ds, dt) as
) 1 1
UM (z2) = —;E log | det(X(r) — 2I)| = _EZE log |\ — z — 1€,

where Aq,..., A\, are the eigenvalues of the matrix X. Note that the expected spectral
measure E ug) is the convolution of the measure E yu,, and the uniform distribution on the
disc of radius r (see Lemma 6.4 in the Appendix for details).

Lemma 1.1. Assume that the sequence E,ug) converges weakly to a measure [ as n — o0
and r — 0. Then

w= lim E pu,. (1.4)

n—oo



Proof. Let J be a random variable which is uniformly distributed on the set {1,...,n}
and independent of the matrix X. We may represent the measure E ,ug) as distribution of
a random variable \; 4+ r{ where \; and £ are independent. Computing the characteristic
function of this measure and passing first to the limit with respect to n — oo and then
with respect to r — 0 (see also Lemma 6.5 in the Appendix), we conclude the result. [
Now we may fix > 0 and consider the measures E uﬁ{”. They have bounded densities.
Assume that the measures E p, have supports in a fixed compact set and that E u,
converges weakly to a measure p. Applying Theorem 6.9 (Lower Envelope Theorem)
from [16], p. 73 (see also Subsection 6.1 in the Appendix), we obtain that under these

assumptions
lim inf UM (2) = U7 (2), (1.5)

n—~0o0

for quasi-everywhere in C (for the definition of “quasi-everywhere” see for example [16], p
24 and Subsection 6.1 in the Appendix). Here U(")(z) denotes the logarithmic potential
of measure p(") which is the convolution of a measure p and of the uniform distribution
on the disc of radius r. Furthermore, note that U(")(z) may be represented as

2 T
U o) == [ oLl z0,0)o
0

where | g
L(p; z0,v) = —/ UM (29 4+ vexp{if})do. (1.6)

2 J_,
Applying Theorem 1.2 in [16], p. 84, (Theorem 6.2 in Subsection 6.1 in the Appendix) we
get

lim U (z) = Un(2).

Let $1(X) > ... > s,(X) denote the singular values of the matrix X.

Since E Tr (XX*) = 1 the sequence of measures E p,, is weakly relatively compact.
These results imply that for any n > 0 we may restrict the measures E pu, to some
compact set K, such that suan,un(Kff)) < 1. Moreover, Lemma 6.2 implies the ex-
istence of a compact K such that lim, . sup, E p,(K(9)=0. If we take some subse-
quence of the sequence of restricted measures E u,, which converges to some measure p,
then liminf, U,(j;) (2) = U,ST)(z), r > 0 and lim,_,o U,ST)(Z) = Uu(z). If we prove that
liminf, U;(;)(z) exists and U,(z) is equal to the logarithmic potential corresponding
the uniform distribution on the unit disc then the sequence of measures E u,, weakly con-
verges to the uniform distribution on the unit disc. Moreover, it is enough to prove that
for some sequence r = r(n) — 0, lim, U,SZ)(Z) =Uu(2).

Furthermore, let sge)(z,r) > ... > ng)(z,r) denote the singular values of matrix
XE)(z,r) = XE(r) — 2. We shall investigate the logarithmic potential U;(LZ)(z). Us-
ing elementary properties of singular values (see for instance Lemma 3.3 [8], p.35), we



(r)

n

may represent the function Uy, (z) as follows

. 1 o () 1 [
U/Sn)(z) = _E;E log s;”(z,1) = —5/0 log z v (dx, z, 1),

where /") (+, z,7) denotes the expected spectral measure of the matrix H (z,7) = (X (r)—

21)(X(®) ()= zI)*, which is the expectation of the counting measure of the set of eigenvalues
of the matrix Hgf)(z, 7).

In Section 2 we investigate convergence of measure fo)(-, z) = (-, 2,0). In Section
3 we study the properties of the limit measures v(-,z). But the crucial problem for the
proof of the circular law is the so called “regularization of potential” problem. We solve
this problem using bounds for the minimal singular values of matrices X(®)(2) := X(¢) — 2T
based on techniques developed in Rudelson [20] and Rudelson and Vershynin [21]. These
bounds are given in Section 4 and in the Appendix, Subsection 1.2. In Section 5 we give
the proof of the main Theorem. In the Appendix we combine precise statements of relevant
results from potential theory and some auxiliary inequalities for the resolvent matrices.

In the what follows we shall denote by C' and ¢ or «a, 3,9, p,n (without indexes) some
general absolute constant which may be change from line to line. To specify a constant we
shall use subindexes. By I4 we shall denote the indicator of an event A. For any matrix
G we denote the Frobenius norm by |G|z and we denote by ||G|| the operator norm.

Acknowledgment. The authors would like to thank Terence Tao for drawing our
attention to a gap in a first version of the paper. The authors would like to thank Dmitry
Timushev for careful reading of the manuscript.

2 Convergence of 17 (-, 2)

Denote by JoI (x, z) the distribution function of the measure V,(f)(', z),

1 n
F9(z,2) = ~ Z EI, () (@) <z}’
j=1

where s&a)(z) > ... 2> sgf)(z) > 0 denote the singular values of the matrix X&) (z) =
X() — 2I. For a positive random variable ¢ and a Rademacher random variable (r. v.)
k consider the transformed r. v. & = k&, If ¢ has distribution function F,(f) (x,z) the

variable E has distribution function 1?’,(15) (z,z), given by
~ 1
FO(x,2) = S+ sgn{z} P (2%, 2))

for all real 2. Note that this induces a one-to-one corresponds between the respective

measures V,(f)(', z) and ﬁ,(f)(-, z). The limit distribution function of Jol (x,2z) asn — o0,



is denoted by F(-,z). The corresponding symmetrization F(z, z) is the limit of ol (z,2)
as n — oo. We have

Sup|Fr(LE)($7Z) - F(:E,Z)| = 28up|ﬁr(za)($vz) - ﬁ($7z)|

Denote by sgf)(a,z) (resp. s(a,z)) and S (x,2) (resp. S(z,z)) the Stieltjes trans-
()

forms of the measures V,(f)(-,z) (resp. v(+,2)) and vy’ (-, z) (resp. V(-, z)) correspondingly.
Then we have

S (a,z) = asl®(a?, 2), S(a,z) = as(a?, 2).

Remark 2.1. As is shown in Bai [1], the measure v(-, z) has a density p(x, z) with bounded
support. More precisely, p(z,z) < C' max{l, %} Thus the measure (-, z) has bounded

support and bounded density p(x, z) = |z[p(z?, 2).

Theorem 2.2. Let EXj; = 0, E|X;x|? = 1. Assume for some function p(x) > 0 such
that p(x) — oo as x — oo and such that the function x/p(x) is non-decreasing we have

= 1<I;12x E | X;k[* (X)) < 0. (2.1)
Then )
sup [E) (2, 2) — F(x, 2)| < Co(p(y/pn)) 7o (2.2)
Corollary 2.1. Let EXj;, =0, E |Xjk|2 =1, and
= E | X;i|* < 0. 2.
= 20 B < o0 @9
Then X
sup | (x, 2) — F(x, 2)| < C(np,)” 2. (2.4)

Proof. To bound the distance between the distribution functions o) (z,2) and F(z,z) we
investigate the distance between their the Stieltjes transforms. Introduce the Hermitian

2n X 2n matrix ()
[0, (X —2I)
W= ((X@ — 2D on> ’

where O,, denotes n x n matrix with zero entries. From Sur’s complement formula (see
for example [12], Ch. 08, p. 21) it follows that, for « = u + iv, v > 0,

—1

(W—aly,) ! = ( a (X(e)(z)(x(e)(z))* — a’T) XE) (2 )( 9 (2)(XE)(2))* — azI)_l >

(XO=)XO () = ) (XO()" (X (2)XEO(z) - s
2.5



where X()(z) = X() — 2T and I, denotes the unit matrix of order 2n. By definition of
S (a, ), we have

S (a, 2) = %E Tr (W — aly,) !

Set R(a, 2) == (R x(c, z))?f,g:l = (W —aly,)"!. It is easy to check that

1+ aS® (o, 2) = 2LE TrWR(a, 2).
n

We may rewrite this equality as

1+ aS®(a,z2) =

2”\/712% Z E (€5 Xk Rictnj(@ 2) + €jp X jaRjn k(e 2))

ZER] j+n(a, 2) ZERJ—HLJ(Q z). (2.6)

We introduce the notations

A= (XE)(XO(2) —’)7!, B=X)(2)A,
C=((XO@)XE(2) —a’)7t, D=CX®(z))".

With these notations we rewrite equality (2.5) as follows

. o -1 aA B
R(a,2) = (W —aly,) " = <D ozC) . (2.7)
Equalities (2.7) and (2.6) together imply
1 +a5(5)(a z) = L Z E (63 Xk Riin.i(a,2) + e X jpRjkan(a, 2))
n ) Zn\/m J J J J J 5
- %E D — %E TrB. (2.8)

In the what follows we shall use a simple resolvent equality. For two matrices U and
Viet Ry = (U—-al)™', Rysy = (U+V —al)™!, then

Ry+v = Ry —RuyVRyyv.

Let {eq,...e2,} denote the canonical orthonormal basis in R2". Let WUK denote the
matrix is obtained from W by replacing the both entries X;; and X;; by 0. In our
notation we may write

W = WUk

T Y T
€k Xjk€j€h1n + ik X jkCh4n€; - (2.9)

1 1
\/ Pn \V/1Pn



Using this representation and the resolvent equality, we get

R = RUK _

. 1 _ ,
X RUMejel, R — ——eii X xRUPe,, e R. 2.10
- ik 7 €Cktn \/ﬂ jk<N Gk k+n€; ( )
Here and in the what follows we omit the arguments « and z in the notation of resolvent
matrices. For any vector a, let a’ denote the transposed vector a. Applying the resolvent
equality again, we obtain

R — RUK _ 1p £ X;sRUMe el RUK) 1p e X RN ey, e RGD) 4 TGY,
' ’ (2.11)
where
TGk — \/%gjk X RUMejel, (RUY _ R)
+ \/iﬂeijij(j Mejel,,(RVY —R)
+ e (T ROV o] (RO —R)
+ \/T%aijijUv’ﬂeHnef(RU?’“) - R). (2.12)
This implies
R = RY, — \/:m% WREORIE - ﬁeﬂjﬂc(f{g i)+ T
Riing = R, - w%ejkx R R — e KR R + T

(2.13)

Applying these notations to the equality (2.8) and taking into account that X;; and R*)
are independent, we get

k) p(.k)
Z EejpR J Rk]—l—n k4n

TrB—
n

14+ aS¥) (a, 2) + o Z“TvD+ 5

n2pn

Z E ¢ X0 2B (R, )?
7,k=1

1
 2n%p,

(3:k) (J:k)
Zn\/m Z E 6]"’ Tk-i—ﬂ] +€]kaij k+n)

(2.14)



From (2.10) it follows immediately that for any p,g =1,...,2n, j,k=1,...n

» Ce | Xkl
k gkl gk ]k ik )
|Rpp — R < — 25 W(IR [ Bt pl + B gl [ Ripl)- (2.15)
Since Yo7 iy [Rmy? < n/v? and Y0 |R]kl|2 < n/v?, equality (2.13) implies
1 ,_ C
Ly mR < (2.16)

Ji,k=1

By definition (2.12) of TUX)  applying standard resolvent properties, we obtain the fol-
lowing bounds, for any z = u + iv, v > 0,

Cx
N < 2.17
Z_: E]k‘ ij ]k‘-i-n‘ - U&p(@) ( )

For the proof of this inequality see Lemma 6.3 in the Appendix. Using the last inequalities
we obtain, that for v > 0

npn

1< 1 1 (k) (k)
EZER]-J;ZRHH,H” ) J? Rk]-‘rnk-i-n
=1 =1 7=1k=1
ZZEs Xl (B R | + 1RSI Ry51)
npnv Jk1X gk k+n,j G k+n 1457
=1k
C

< (2.18)

Since 1 w2 Ry = LS Risngin = 5= TrR(a, z), we obtain

<

7 (2.19)

(k) p(ik) 1
LS BRI, B TR, 2 <

nv
7=1k=1

Note that for any Hermitian random matrix W with independent entries on and above
the diagonal we have
e,

1 1
E |-T —E-TrR <
- rR(a, 2) ~Tr (v, 2)] <—5.

2.20
. (2:20)
The proof of this inequality is easy and due to a martingale type expansion already used
by Girko. Inequalities (2.19) and (2.20) together imply that for v > 0

(k) p(ik) C
LSS BRIRE, - (97| <
7=1 k=1

(2.21)



Denote by 7(«, z) some generic function with |r(«, z)| < 1 not necessary the same from
line to line. We may now rewrite equality (2.8) as follows

r(a, 2)

1+ aS®(a,2) + (S9(a,2))? = ——ETrD — ZETB +
" o 2n 2n 3o(y/npn)

(2.22)

where v > cp(\/np,)/n.
We now investigate the functions T'(ev, z) = 2ETr B and V(a, 2) = 1ED. Since the

arguments for both functions are similar we provide it for the first one only. By definition
of the matrix B, we have

1
B = T Js R(XE (2)(XE) () - o) g — 2TrA.
"Pn j,k=1
According to equality (2.7), we have
1 n
TrB = Z €jpXjpRrj — 2Tr A.
/NPy, Py

Using the resolvent equality (2.10) and Lemma 6.3, we get, for v > co(\/npy)/n

Crr(a, z)
T ERVK) RUM _ S,(f) 0, 2) + 2 2.23
( Oé’I’L2 ];1 kk—i—n 77 ( ) Ug(p(m) ( )
Similar to (2.21) we obtain
Z ER(Jk kk—l—n — V(e 2)SE(a, 2)| < o (2.24)
7,k=1
Inequalities (2.23) and (2.24) together imply, for v > cp(\/npn)/n,
(e)
T(a,z) = -2 (E()a’z) + C%T(a’z)(g) . (2.25)
a+Sn(a,z)  p(y/npn)vdla+ Sn’ (o, 2)|
Analogously we get
=gl
Vi, z) = — 2o (5()0"2') o ¢ = . (2.26)
a+Sn'(,z)  p(ynpn)vdla+ Sn' (e, 2)]
Inserting (2.25) and (2.26) in (2.14), we get
2g(©)
(50 (@, 2))” + a8 (o, 2) 41— LENOE 5 (2.27)

a+ S8 (a, 2)

10



where
Cx

|0n(c, 2)| < B .
o(y/npn)v3|Sy’ (a, 2) + af

or equivalently

2 _
S,(f) (a, 2) (Oé + S,(f)(oz, z)) + <a + Sn((a)oz, z)) — |z|2S£f)(oz, 2) = dp(a, 2), (2.28)

where gn(oz, z) = Gﬁ%ﬁ;}g. We may rewrite the last equation as
(€) .
S (a,z) = — a ?_)S" (@ 2) + 0 (a, 2), (2.29)
(a4 Sp” (e, 2)) — |22

where ~

dn(a,z) = (5)”(0" 2) . (2.30)

(4 S (a, 2))2 — |22
Furthermore, we prove the following simple Lemma.

Lemma 2.2. Let a =u+iv, v > 0. Let S(«, z) satisfy the equation

S, 2) = —— 0+ Sl@:2) (2.31)

(a+ S(e,2))? — [z
and Im{S(«a, 2)} > 0. Then the following inequality

PSR v
o+ S(a,2)]2 v+ 1

1—[8(a, 2)?

holds.

Proof. For a = u + iv with v > 0, the Stieltjes transform S(c, z) satisfies the following

equation
a+ S(a, z)

(a+ S(a,2))% —|2|?

Comparing the imaginary parts of both sides of this equation, we get

S(a, z) = —

(2.32)

o o, Z 2 z 2

Equations (2.31) and (2.33) together imply

la + S(a, 2)|? + |2]? > _
(a0 + S(e, 2))? — [

Since v > 0 and Im{a + S(a, 2)} > 0, it follows that

Im{a + S(a, 2)} <1 - (2.34)

o+t S(a, 2)2 + |2/
" et St

11



In particular we have
1S(a, 2)] < 1.

Inequality (2.34) and the last remark together imply
la + S(a, 2)|? + |2|? v v

= > .
(a4 S(a,2))?2 — 222 Im{a+ S(a,2)} ~v+1
The proof is completed. 0

To compare the functions S(«, z) and Sy (a, z) we prove

Lemma 2.3. Let

Then the following inequality holds

B |a+51(1€)(0z,z)|2+|z|2 v
o+ S5 (a,2))2 — [222 4

Proof. By the assumption, we have

Im {0, (cv, 2) + a} > g

Repeating the arguments of Lemma 2.2 completes the proof. O

The next Lemma give us a bound for the distance between the Stieltjes transforms
S(a, z) and S (o, 2).

Lemma 2.4. Let R
|0n (v, 2)] <

| <

Then

]Sﬁf)(a, z) — S(a, 2)| < M.

Proof. Note that S(a, z) and Sy(f)(oz, z) satisfy the equations

B a+S(a,z)
S(a, z) = (@1 S(a -1 (2.35)
and @
S (ay2) = —— +()S" (@2) 15 (a,2) (2.36)
(a4 Sn (e, 2) = |22
respectively. These equations together imply
S(0,2) - 9 (az) = — {0 S 2D+ (0 2)) 4 P
(o S(er2)2 = [22) (@ + 517 (0,2)2 — |2P2)
x(S(ct, 2) — 89 (e, 2)) + Sy (v, 2). (2.37)

12



Applying inequality |ab| < (a? + b?), we get

(o + Sy(f) (o, 2))(a+ S(a, 2)) + \2]2
(@ + S(a, 2)2 — [z2)((a + S5 (@, 2) — |2[2)
> 1 <1 a4 Sa(a2)PP + |2 )
: [+ S5 (@, 2))2 — |22

17 la + S(a, 2)|? + |2]?
> (1 {0+ S 2)2 \zPP) |

1—

+

The last inequality and Lemmas 2.2 and 2.3 together imply

L (a+57(f)(a,z))(a+5(a, 2)) + |2|? .
((+ S(e,2)? = |2 (@ + S5 (@, 2) — [22)| ~ 4
This completes the proof of the Lemma. O

To bound the distance between the distribution function F,(x, z) and the distribution
function F'(x, z) corresponding the Stieltjes transforms S, («, z) and S(«, z) we use Corol-
lary 2.3 from [9]. In the next lemma we give an integral bound for the distance between

the Stieltjes transforms S(«, z) and Sy(f)(oz, z).
Lemma 2.5. For v > vy(n) = c(go(,/npn))_% the inequality

 1S(a 2) — SO (a. 2y < SLH )
[ 18602 S lan < om0

holds.
Proof. Note that
(@ + 55 (@,2))? = |27 = |+ 55 (@, 2) = 2Dl + 5§ (@, 2) + [2])]] = 0% (2.38)

It follows from here that |§n (o, 2)] < W and

[0, 2)| < v/8
for v > ¢(p(y/npy)) "'/, Lemma 2.4 implies that it is enough to prove inequality
Sy ~
| Butaz)du < 03,

— 00

where 7, = ﬁm. By definition of g(a, z), we have
R cx o du
5o, 2)]du < / . (2.39)
/_oo vIo(yPn) J-oo |(a + S (, 2))2 — |22

13



Furthermore, the representation (2.29) implies that

(€) D
(4 S (@, 2))? = |22 Ja+ S (@, 2)] |a+ Sp'(a;2)]
Note that, according to the relation (2.27),
2| g(e)
1 < |Z| |Sn (Q7Z)|2 + ’57(5)(@,2)’ + |5n(0172)| (2'41)

o+ S (e, )| ~ Ja+ S (a,2)] o+ S (a, )2

This inequality implies

00 Sﬁf) C(1 2 o) 0o Sﬁf)
/ | ((ac))‘vz” du < ( —|—2|Z| ) / lsy(Le)(a’Z)Pdu_’_/ !%(a,z)! | ((ac)lvz” du.
—oo |+ Sy (o, 2)| v —oc0 —oc0 lae + Sy’ (e, 2)|

(2.42)

It follows from the relation (2.27), for v > ¢(¢(, /npn))_%, that
Cu

6n a, z §7<1 2. 2.43
onle NS et < e
The last two inequalities together imply that for sufficiently large n and v > ¢(p(\/np ))_%,
oo |ge) 2) oo g
/ Mdu < C+Y) +2‘Z’ ) / 1SE) (e, 2)[Pdu < C(LJZH (2.44)
oo fa+ 8 (0, 2)| v e ’

The inequalities (2.41), (2.39), and the definition of 4, (e, z) together imply

EalIP C(1+ |z?) Cr /00 ~
On(a, 2)|du < + on(a, 2)|du. 2.45
e < G s ey [ et 24
If we choose v such that % < % we obtain
= C(1+ |z}
on(a, 2)|du < ———21 7 2.46
[t < SELE (2.46)

O

In Section 3 we show that the measure v(-,z) has bounded support and bounded

density for any z. To bound the distance between the distribution functions Fr(f) (z,z) and
F(z,z) we may apply Corollary 3.2 from [9] (see also Lemma 6.6 in the Appendix). We
take V =1 and vy = C((p(‘/npn))_%. Then Lemmas 2.2 and 2.3 together imply

sup |F{© (2, 2) = F(,2)] < Clo(v/npn) 0. (2.47)

O
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3 Properties of the measure v(-, 2)

In this Section we investigate the properties of the measure v(-, z). At first note that there
exists a solution S(a, z) of the equation

S(a,2) + «
(S(a, 2) + @) — |2

Sla,z) = — (3.1)

such that, for v > 0,
Im{S(c,2)} >0

and S(a, z) is an analytic function in the upper half-plane o = u +iv, v > 0. This follows
from the relative compactness of the sequence of analytic functions S, («, z), n € N. From
(2.35) it follows immediately that

|S(a, 2)| < 1. (3.2)

Set y = S(z,2) + « and consider the equation (2.35) on the real line

y
y=——2_ 1z 3.3
P 3.3)

or
y? —azy? + (1 — |2y + z[z)* = 0. (3.4)

Set
54222 (1+822)2 —1 5420212 (1+8|2[2)7 +1

22 = + 202 (482 2= +2[27  (1+82P°)2 + (3.5)

2 8|z|2 ' 2 8|z|2

It is straightforward to check that for |2| < 1 v/3(1 —|z|2) < |21| and 23 < 0 for |z| < 1
and 23 = 0 for |2| = 1, and 23 > 0 for |2| > 1.

Lemma 3.1. In the case |z| < 1 equation (3.4) has one real root for |x| < |z1| and
three real roots for |x| > |x1|. In the case |z| > 1 equation (3.4) has one real root for
|xo| < x < |z1| and has tree real roots for |x| < |xe| or for |x| > |z1|.

Proof. Set
L{y) = y° —ay® + (1 = |2y + 2|2,

We consider the roots equation
L'(y) = 3y* = 2zy + (1 - |2*) = 0. (3.6)

The roots of this equation are

£ /22 - 3(1 - |2]?)
3 :

Y12 =
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This implies that, for |z| < 1 and for
|z < V/3(1—12]),

the equation (3.4) has one real root. Furthermore, direct calculations show that

1
L{y)L(y2) = o (—4l21%2* + (8]2]* +20]2> — 1)a? + 4(1 — |2)*) .
Solving the equation L(y1)L(y2) = 0 with respect to z, we get for |z| < 1 and
3(1 = [2?) < Jaf < ||
L(y1)L(y2) = 0,

3
and for |z| <1 and |z| > \/20+§|Z|2 + (1+85‘;T§37_1
L(y1)L(y2) <0,

These relations imply that for |z| < 1 the function L(y) has three real roots for |z| > |z1|
and one real root for |z| < |z1].
Consider the case |z| > 1 now. In this case y o are real for all x and #3 > 0. Note that

L(y1)L(y2) <0
for |x| < |x2| and for |z| > |x1| and
L(y1)L(y2) > 0

for |zo| < x < |z1]. These implies that for [z| > 1 and for |z2| < x < |z1] the function
L(y) has one real root and for |z| < |z2| or for |z| > |x1| the function L(y) has three real
roots. The Lemma is proved. O

Remark 3.1. From Lemma 3.1 it follows that the measure v(x, z) has a density p(z, z) and
e p(x,z) <1, for all x and z;
e for |z| < 1,if |x| > 1 then p(x,z) = 0;
e for |z| > 1, if [x| > x; or |z| < zg then p(z, z) = 0;
e p(z,z) > 0 otherwise.
The next lemma is an analogue of Lemma 4.4 in Bai [1].

Lemma 3.2. The following equality
o ([ rogavtanz)) = FRg(e.2) (37)
a5 \ s ogav(dz,z) | = ;Rig(w, 2 )
holds.
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Proof. Following Bai [1] Lemma 4.4, we consider

C
dy(x)
I = . .
(©) /0 1) g (3.8)
We have
v 42z + 2%y — |22y +y 4+ =0. (3.9)

Taking the derivatives with respect to x and s correspondingly, we get

8_9yc (3y* + 4oy + (1 — |2)* + 2%)) = -1 — 2y(z + y) (3.10)
and 5
a—i (3y + dzy + (1 — |2]> + 22)) = 2sy. (3.11)

These equalities together imply

o 2w oy

= — . 3.12
Js 1+ 2y(x + y) Ox (312)
From equation (3.9) it follows that
14+ 2y(y + ) = £/ 1+ 42|22 (3.13)
Using the results of Remark 3.1, it is straightforward to check that for |z| <1
14+ 2y(y + ) = /1 +4]z2y? (3.14)
and for |z| > 1 there exists a number z such that /1 + 4|z]?y? = 0. Furthermore, we
have for —zg < 2 <0
14+ 2y(y + ) = /1 + 4]z2y? (3.15)
and for x < —xy we obtain
14 2y(y 4+ x) = —/1 + 42?92 (3.16)
Using these equalities, we get
0 0
2
/ Y gy = —/ Dy, (3.17)
_c Os _c 14 2y(z+vy)ox
For |z] <1, we have
/0 @dx =— i 2¢@dgn = (\/1 +4|2]292(=C) + /1 + 4]22(|2]2 - 1))
—C O0s _C 1/1—|—4|,z|2y2 ox 4’2‘2
(3.18)
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In the limit C' — oo, we get, for |z| <1,

/ ayd s (3.19)

For |z| > 1, we have

/ ayd / 28y /_xo 2sy 8 S (3.20)
o /1 + 4222 c%: Vi T o '

Similar to Bai [1] (equality (4.39)) we have

/_OC y(x)dx = /_OC y(x)dx = /OC /OOO " i :Eu(du,z)dx

=InC + /000 In(u+ C) — Inu] v(du, 2)

=InC +/ In(1 + %)I/(du, z) — / Inuv(du, z). (3.21)
0 0

After differentiation we get

o [ 9 [ u 0 9
%/0 Inuv(du, z) = %/0 ln(1+6)1/(du,z)—/_c %y(:n)d:r (3.22)

Relations (3.19)—(3.22) together imply the result. O

4 The smallest singular value

Let X(©) = ﬁ (Eijjk)Zkzl be an n x n matrix with independent entries €, X, j,k =
1,...,n. Assume that E X, = 0 and E ijk = 1 and ¢, denote Bernoulli random variables
with p, = Pr{e;r = 1}, j,k = 1,...,n. Denote by sge)(z) > ... > s,(f)(z) the singular
values of the matrix X(¢)(z) := X(®) —zI. In this Section we prove a bound for the minimal
singular value of the matrices X(¢)(z). We prove the following result.

Theorem 4.1. Let X be independent random complex variables with E X, = 0 and
E|X k|2 = 1, which are uniformly integrable , i.e.

n}iXE|Xjk| Iix, >y — 0 as M — 0. (4.1)

Let ej, j,k =1,...,n be independent Bernoulli random variables with p,, := Pr{e;, = 1}.
Assume that €j, are independent from X in aggregate. Let pt = On'=%) for some
0<0<1. Let K > 1. Then there exist constants ¢,C, B > 0 depending on 0 and K such
that for any z € C and positive € we have

Cvinn

Prs,(f)z <€nB;s(E)z < Kny/pp} < exp{—cp,n} + .
() < 2/ 57(2) < Kny) < expl—epum) +

(4.2)
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Remark 4.2. Let X, be ii.d. random variables with E X, = 0 and E \Xij = 1. Then
the condition (4.1) holds.

Remark 4.3. Consider the event A that there exists at least one row with zero entries only.
Its probability is given by

Pr{A} > 1— (1— (1—pa)")". (4.3)
Simple calculations show that if np, < Inn for all n > 1, then
Pr{A} > 4§ > 0. (4.4)

Hence in the case np, < Inn and np,, — oo we have no invertibility with positive proba-
bility

Remark 4.4. The proof of Theorem 4.1 uses ideas of Rudelson and Vershynin [21], to
classify with high probability vectors x in the (n — 1)-dimensional unit sphere S"~! such
that || X(®)(2)x]| is extremely small into two classes called compressible and incompressible
vectors.

We develop our approach for shifted sparse and normalized matrices X(e)(z). The
generalization to the case of complex sparse and shifted matrices X(¢)(2) is straightforward.
For details see for example the paper of Gotze and Tikhomirov [10] and proof of the Lemma
4.1 below.

Remark 4.5. We can relax the condition p; ' = O(n'=?) to p;* = o(n/In?n). The quantity
B in Theorem 4.1 should be of order Inn in this case. See Remark 4.10 for details.

Lemma 4.1. Let x = (x1,...,x,) € S ! be a fized unit vector and X©)(z) be a matriz
as i Theorem 4.1. Then there exist some positive absolute constants vy and cy such that
forany 0 <17 <

Pr{[|X©) (2)x||s < 7} < exp{—conpn} V exp{—con}, (4.5)

where x V y denotes the larger of x and y

Proof of Lemma 4.1. Recall that E X;; = 0 and E |X;;|*> = 0. Assume first that X;; are
real independent r.v. with mean zero, and variance at least 1. Let Xi(;) = Xjje;; with
independent Bernoulli variables which are independent of X;; in aggregate and let z = 0.
Assume also that x is a real vector. Then

1 n n
1XE)x]|3 = P S mXjein
P j=1 k=1

2 n
1
— E 2. 4.6
npn = J (46)

By Chebyshev’s inequality we have

2 npy,
2

Pr{zn: Cjz < 7np,} = Pr{

1 n n
~3 Z Cjz > 0} < exp{np,72t?/2} H E exp{—tzgjz/Z}.
i=1 =1

j=1
(4.7
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Using e /2 =F exp{it{} where ¢ is a standard Gaussian random variable, we obtain

n n n
Pr{z CJZ < 2npp} < exp{np,r3t?/2} H E¢, H E., x,, explit§rpen X},  (4.8)
j=1 j=1 k=1

where {;, j = 1,...,n denote ii.d. standard Gaussian r.v.’s and E 7z denotes expectation
with respect to Z conditional on all other r. v.’s. For every o,z € [0,1] and p € (0,1) the
following inequality holds

p B
aa;—i—l—agxﬁ\/(—) = (4.9)
a

(see [4], inequality (3.7)). Take o = Pr{|{;| < C1} for some absolute positive constant Cy
which will be chosen later. Then it follows from (4.8) that

n
Pr{z 4]2 < 72np,} < exp{np,m2t*/2}
j=1

Furthermore, we note that

n
E¢ (H E¢, x; eXp{it5j$k€ijjk}‘|fj| < Cl)
k=1

+1-— a> . (410

. 1 .
|E ek Xk exp{it§rre X}l < eXp{i(‘Eaijjk eXp{thjxkEijjk}P -1}

< exp{—pn (1 = pu)(1 = Re fiutangy)) + 21 = [ fin(torgs) )}, (411)

where fji(u) = E exp{iuX;;}. Assuming (4.1), choose a constant M > 0 such that
s%ng Xk I x5 00y < 1/2. (4.12)
j

Since 1 — cosz > 11/242? for || < 1, conditioning on the event |¢;| < Cj, we get for
0<t< 1/(MC1)

11
1 —Re fjr(tzi;) = E x;,, (1 — cos(tep X)) = ﬂtzxiifE Xk I x <y (413)

and similarly

- 11 -
1— [ f(tag;) ] = E x,, (1 = cos(top Xjré;)) > ﬂtziﬂié’?E (X T x <y (414)

It follows from (4.11) for 0 < ¢t < 1/(MC7) and for some constant ¢ > 0

|E ¢, x;, explitérren X | < eXp{—cpnt2$2§j2-}. (4.15)
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This implies that conditionally on |¢;| < C; and for 0 <t < 1/(MCh)
| H E..x; exp{it& e X i}| < exp{—cpnt2§]2-}. (4.16)
k=1

Let ®¢(z) := 2®(z) — 1, x > 0 where ®(z) denotes the standard Gaussian distribution
function. It is straightforward to show that

Be, (exp{-cpat’§}} |16 < C1)

1 i) (Cl m>

= ) 4.17
1+ 2¢t2p, ®o(Ch) (4.17)
Applying Taylor’s formula, we obtain
Dy (C1\/1 + 2ct2p,
( ) =1+ (VI+20p, - 1)
Po(Ch)

' (01(1 i 2ct2pn)

x . (4.18)

®0(C1)

Using that for 0 < y < 8 we have y/4 > /T +y—1 < y/2 and ¥, <C’1(1 + 1+ 2t2pnc> <
B}(Ch), we st
P <Cl v 1+ 2Ct2pn>
<1+ ct’p, =1~ (4.19)

P (C1) " Py (Cy)

We may choose C7 large enough such that following inequalities hold

®5(Ch)

1+ ct?p,/8
o 2¢2 | < < iniz
Eg <eXP{ cpnt 53}‘|5J| = Cl) =1+ ct?p, /4

< exp{—ct?p,/24} (4.20)

for all |t| < 1/(MC1) < 8. Inequalities (4.8), (4.9), (4.11), (4.20) together imply that for
any 3 € (0,1)

n 103
Pr { Z (f < Tznpn} < exp{npn7'2t2/2}(exp{—cﬁntzpn/M} + <§> > (4.21)
j=1
Without loss of generality we may take C; sufficiently large, such that o« > 4/5 and choose
B =2/5. Then we obtain

2n

Pr{z CJZ < mnp,} < exp{npn7'2t2/2}(exp{—ct2npn/60} + (%) N > (4.22)
j=1
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For 7 < % we conclude from here that for |t| < 1/(MC)

n
Pr{z (f < %npp} < exp{—ct®*np,/120}. (4.23)
j=1

Inequality (4.23) implies that inequality (4.5) holds with some positive constant ¢y > 0.
This concludes the proof in the real case.

Consider now the general case. Let X5 = & + in; with i = /—1 with E|Xj;> = 1
and x = up + ivp and z = u + 4v. In this notation we have

Pr{[|(X® —zI)x|» < 7}

2
n n
< exp{m?np,t*/2} min { E exp { —t* Z Z(gjkuk — NjkVk)Ejk — /Pn(uuj —vvy)| /2 2,
j=1 k=1
n n 2
E exp { —t? Z Z(fjkvk + Njkuk)Ejk — /P (VU + uvy)| /2
j=1 k=1
(4.24)

Note that for x = (z1,...,2,) € S™ 1 (the unit sphere in C") and for any set A C

{1,...,n}

max{ ) _ |zx’, Y |axl*} = 1/2. (4.25)
k€A ke Ae
For any j = 1,...,n we introduce the set A; as follows
Aji={ke{l,...,n}: Bl&ru, —npo|* > [ax]?/2}. (4.26)

It is straightforward to check that for any k ¢ A;
E [njrur + Epoel® > |ok)?/2. (4.27)

According to inequality (4.25), for any j = 1,...,n, there exist a set B; such that

>zl = 1/2 (4.28)
kJEBj
and for any k € B;
E |&rur, — nipvel® > |2k)?/2, (4.29)
or
E |njkuk + Epvwl® > |zel*/2. (4.30)
Introduce the following random variables for any j,k =1,...,n
Cik = ke — Nk, (4.31)
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and

ij = MUk + EjEVk- (4.32)
The inequalities (4.29) and (4.30) together imply that one of the following two inequalities
card {j : forany ke B; E |ij|2 > |:Ek|2/2} >n/2 (4.33)

or N
card {j . forany k€ B; E|(x > ]a:k]2/2} >n/2 (4.34)

holds. If (4.33) holds we shall bound the first term on the right hand side of (4.24). In the
other case we shall bound the second term. In what follows we may repeat the arguments
leading to inequalities (4.10)—(4.16). Thus the Lemma is proved. O

For any g, € (0,1) and K > 0 to be chosen later we define K,, := Kn\/p,, @n =
an/(I0(2/pp) In Ky,) and by, = pp/(In(2/py) In K,). Without loss of generality we shall
assume that

InK,/[lIny|>1 and Ink, >1. (4.35)

Proposition 4.6. Assume there exist an absolute constant ¢ > 0 and values vy, q, € (0,1)
such that for any x € C ¢ SM=1)

Pr{|X®(z)xl2 <7 and [|XO ()] < Kn} < exp{—cng,} (4.36)

holds. Then there exists a constant o9 > 0 depending on K and c only such that, for
k < dg ’I’LZ]\n,

Pr{ iilfl HX(E)(Z)X”Q < /2 and HX(e)(z)H < K} <exp{—cnq,/8}.
xeSF-INC

Proof. Let 7 > 0 to be chosen later. There exists an n-net A in S¥~1 N C of cardinality
V| < (%)% (see e.g. Lemma 3.4 in [20]). By condition (4.36), we have for 7 < ,

Pr{ there exists x € N : | X (2)x|]s < 7 and || X&) (2)|| < K,,} < (%)% exp{—cnag,}.
(4.37)
Let V be the event that [|[X()(2)| < K, and ||X©)(2)y|. < 7 for some point y €

S*=1 N . Assume that V occurs and choose a point x € N such that ||y — x|2 < 7.
Then

1
X (2)x]l2 < [XO)yllz + XD GE)lIx — vl < 5T HKan =7 (4.38)
if we set n = 7/(2K,,). Hence,

3\ 2d0/(In Ky In(2/pn)) Co ,\ Mn
<((2 - . :
Pr(V) < <<n) exp{—5 ) (4.39)

Note that under assumption (4.35) we have

21n(3/n)

=71 <10. 4.4

In2Iln K,, — 0 (4.40)
Choosing é9 = g5 and 7 = 7, we conclude the proof. O
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Following Rudelson and Vershynin [21], we shall partition the unit sphere S ("=1) into
the two sets of socalled compressible and incompressible vectors and we will show the
invertibility of X on each set separately.

Definition 4.7. Let §,p € (0,1). A vector x € R" is called Sparse if [supp(x)| < én. A
vector x € SV is called compressible if x is within Euclidean distance p from the set of
all sparse vectors. A vector x € (™1 is called incompressible if it is not compressible.

The sets of sparse, compressible and incompressible vectors depending on § and p will
be denoted by
Sparse(d), Comp(9, p), Incomp(4, p), (4.41)

respectively.

Lemma 4.2. Let X©)(2) be a random matriz as in Theorem 1.2, and let K,, = Kn./py,
with a constant K > 1. Assume there exist an absolute constant ¢ > 0 and values vy, ¢n €
(0,1) such that for any x € C ¢ S~V

Pr{||X©(2)x[ls <7, and [|X©(2)|| < K,} < exp{—cng,} (4.42)
holds. Then there exist 61, c1 that depend on K and c only , such that

Pr { inf IXO(@)xlla < 70 and |XO (=) < Ko} < exp{—cing,}, (4.43)
x€Comp(81qn, pn)NC

where pp, = v /(4K,).

Proof. At first we estimate the invertibility for sparse vectors. Let k = [d1nq,] with some
positive constant §; which will be chosen later. According to Proposition 4.6 for any
01 < dp and for any 7 < 7,,/2, we have the following inequality

Pr{ inf . |XE) (2)x]]2 < 7 and [|[XE)(2)]| < Kn}

x€Sparse(d1n )N

= Pr{ there exist o, |o| =k : inf |X©(2)x]]y < 7 and |X©)(2)]| < Kn}

x€RNC, ||x|]2=1
n
< <k:> exp{—cong,/8}.

Using Stirling’s formula, we get for some absolute positive constant C'

1
~In (:) < 061G, In(63,). (4.44)

n

We may choose 91 small enough that

1
In (Z) < ¢oqn/16. (4.45)

n
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Thus we get

Pr{ inf X (2)x]ls < 7 and [|[XE)(2)]| < Kn} <exp{—cing,}.  (4.46)
x€Sparse(§1pn)NC

Choose p := 7 := 7,/4. Let V be the event that ||X)(2)| < K, and [|X©)(2)y|s < m
for some point y € Comp(d1pn, pK,;!). Assume that V occurs and choose a point x €
Sparse(61pyn) such that |y —x[|2 < pK,*. Then

IX©(2)x]l2 < 1XE @)y ll2 + 1XEO ElIx = yllz < 711+ p = 70/2. (4.47)
Hence,

Pr(V) < exp{—%o ngn}- (4.48)
Thus the Lemma is proved. O
Lemma 4.3. Let §,p € (0,1). Let x € Incomp(d,p). Then there ezists a set o(x) C

{1,...,n} of cardinality |o(x)| > 4nd such that

1
> el > o (4.49)
keo(x)

and

p 1
—— <|zp| £ —, forany keo(x 4.50

which we shall call “spread set of 7 henceforth.

Proof. See proof in [21], p. 16, proof of Lemma 3.4. For the readers convenience we repeat
this proof here. Consider the subsets of {1,...,n} defined by

o1(x) = {k - oa(x) = {k : |z| > —2=}, (4.51)

1
< -
el < \/5n/2}7 2n

and put o(x) = 01(x) N o2(x). Denote by P,y the orthogonal projection onto R™) in
R™. By Chebyshev’s inequality |o1(x)¢| < 0n/2. Then y := P, (x)ex € Sparse(d), so the
incompressibility of x implies that || P, x)X[l2 = ||x — y|l2 > p. By the definition of o2(x),

we have || P, x)ex|* < n% = p?/2. Hence
1P %113 > [1P5, %13 = | Poy X113 = 07 /2. (4.52)
Thus the Lemma is proved. O

Remark 4.8. If x € Incomp(dpy, p) then there exists a set o(x) with cardinality |o(x)| >

%néﬁn such that
1

p
—/ <rpl € —— 4.53
van =1l = e (4.53)
and )
HPcr(x)XH% > 5/02- (454)
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Let Q(n) = sup,j, sup,ec Pr{|X;z — u| < n}. Introduce the maximal concentration
function of the weighed sums of the rows of the matrix (X;3)7,_;,

px(n) = max supPr Xireipxr —ul < nt. 4.55
() = o supPr{]3 ey = ul <) (155)

We shall now bound this concentration function and prove a tensorization lemma for
incompressible vectors.

Lemma 4.4. Let 6, and p, be some functions of n such that p,,d, € (0,1). Let ny and
ro as in Lemma 6.7. Let x € Incomp(On, pn). Then there exists positive constants r1 and
ro depending on ro such that for any 0 < n < mny we have

px(npn/ \ 2”) <1—1720,npy (456)
for néppn, < 1/3 and
px(Mpn/V2n) <1-71 <1 (4.57)

for nd,p, > 1/3.
Proof. Put m = nd,,. We have
sup Pr{] ZXjkajkxk —u| <npp/V2n} < Pr{z gjr =0}
“ k=1 k=1
+ Pr{| ZXjksjkxk —ul < npn/V2n; Zsjk > 1}
k=1 k=1

(4.58)
Introduce o(x) :={k € {1,...,n}: po/V2n <|zk| < 1//m/2}. Since x € Incomp(dy, pn)
the cardinality of o(x) is at least m/2. Using that the concentration function of sum of

independent random variables is less then concentration function of its summands, we
obtain

sup Pr{| Y Xjuejner —ul <npn/V2n} < (1—pa)™ + Q)1 — (1 —pa)™).  (4.59)
v k=1

According to Lemma 6.7 in the Appendix for any 1 < g, we have Q(n) < ro < 1. Assume
that mp, > 1/3. Then we have

m
sup Pr{| Y Xjxejnrr — u| < npp/vV2n} < ro+ (1 —rg)e” ™"
v k=1
<1—(1—e )1 —rg)=1—r <1. (4.60)

26



If mpy, < 1/3 then (1 —pp)™ <1—mp,/3 and
m
sup Pr{| ZXjk€jkiEk —ul <npp/V2n} <1—1—ro)mp,/3=:1—ramp,.  (4.61)
v k=1
The Lemma is proved. O
Now we state a tensorization lemma.

Lemma 4.5. Let (1,...,(, be independent non-negative random variables. Assume that
Pr{Cj < /\n} <1l-gq, (4'62)

for some positive g, € (0,1) and A\, > 0. Then there exists positive absolute constants K
and Ky such that

Pr{} ¢} < King.\i} < exp{-Kang,}. (4.63)

J=1

Proof. We repeat the proof of Lemma 4.4 in [13]. Let t = K1,/ A,. For any 7 > 0 we
have

Pr{i ¢ <nt’} <€ ﬁ E exp{—7(}/t*}. (4.64)
Furthermore, B B
E exp{—7(2/t?} = /0 " Priexp{—7C/?} > s}ds
_ /01 Pr{1/s > exp{r¢;/?}} ds

exp{~7A2/1%} 1
< / ds +/ (1 —qn)ds
0 e

xp{—TAZ /1?}
<1—gqp(l— exp{—T)\%/t2}) =1—qy(1— exp{—T/(K%qn)}). (4.65)

Choosing 7 := ¢, /4 and K7 := 1, we get

4In2>
Pr{) ¢} < nt’} < exp{—ng./2}. (4.66)
j=1
Thus the Lemma is proved. O

Recall that we assumed p;! = O(n'=%),1 > @ > 0. For this fixed 6 consider
L := [3]. Hence by definition p,; = (np,)'py — 0, n — oo for l = 1,...,L — 1 and
lim sup,,_, oo (npn) Y pn > 0. We put p,, 1, := 1.

We shall assume that n is large enough such that (npn)Lpn > ¢ > 0 for some constant
¢1 > 0. Starting with a decomposition of Cy := S™ Y into compressible vectors x in
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CAl = Co N Comp(01Pn1, Pn,1), Where pp1 = Dn, pn1 = Y0/(4K,), and the constants -y
and 7 as in Lemma 4.1 and Lemma 4.2 respectively. Then Lemma 4.1 implies inequality
(4.42) with ¢, replaced by p, and 7, replaced by ~y. Hence, using Lemma 4.2, one
obtains the claim for the subset of vectors C;. The remaining vectors xz in Cy lie in
C1 := Incomp(81pn,1, pn,1). According to Lemmas 4.4, 4.5 we again have inequality (4.42)
for these vectors but with new parameters g, = np, 01 pn,1 and v, = ¢pn,11/01 Pn,1. Thus
we may again subdivide the vectors in C; into the vectors within distance pj, 2 from these
sparses ones i.e. 52 = C1 N Comp(62 pn,2, pn,2) and the remaining ones, i.e. Cy := C; N
Incomp (02 ppn 2, pn,2). Iterating this procedure L times we arrive at the incompressible set
Cr, of vectors xx where Lemmas 4.4, 4.5 and Proposition 4.6 yield the required bound of
order exp{—dn}, for sufficiently small absolute constant ¢ > 0.

Summarizing, we will determine iteratively constants d;, p,, for [ = 1,..., L and the
following sets of vectors

C = mézlfncomp(& Pnis pn,i) (467)
and R
Cl = Cl—l N Comp((sl Pn,l, pn,l) with CO = S(n_l)' (468)
Note that N
S("_l) = UlL:_IICl UCy,. (4'69)

The main bounds to carry out this procedure are given in the following Lemmas 4.6 and
4.7.

Lemma 4.6. Let 6, p, € (0,1) and let x € Incomp(dy,, pp) and X&) (2) be a matriz as in
Theorem 4.1. Then there exists some positive constants c; and co depending on K, rg, 1o
such that for any 0 < 7 <,

Pr{||X®) (2)x||s < 7} < exp{—c1n((pnnd,) A1)} (4.70)

with
Yo 1= C2Pn\ On, (4.71)

where a \'b denotes the minimum from a and b.

Proof. Assume at first that no,p, < 1/3. According to Lemma 4.4, we have, for any
j=1...,n,

n
Sug Pr{| Z Xikejprr —ul <nopn/V2n} <1 =118, npy. (4.72)
ue k=1

Applying Lemma 4.5 with ¢, = 716, np,, we get
Pr{|X® (2)x|ls <7,/2 and [|X©(2)| < K,} < exp{—cnd,np,}. (4.73)

Consider now the case nd, p, > 1/3. According to Lemma 4.4, we have

n
sug Pr{] ZXjksjkxk —ul <nopn/V2n} <1 —ry. (4.74)
ue k—1
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Applying Lemma 4.5 with ¢, = 71, np,, we get

Pr{||X®) (2)x]jz <7,/2 and || XE(2)|| < K,} < exp{—cn}. (4.75)
This completes the proof of the Lemma. O
Lemma 4.7. For | = 2,...,L assume that 6;, pn; have been already determined for i =
1,...,1 —1. Then there exist absolute constants ¢; > 0 and ¢, > 0 and 0; > 0 such that
Pr{inf |X©)(2)x|ls <yny and |X©(2)] < K} < exp{—an(((npn)'~"'pn) A D},
xeC;
(4.76)
with vy, defined by
Tnd = Cl P i1V 01—1 Pnji—1, (4.77)
and pp; defined by
Pn,l = ’Yn,l/(4Kn)7 (478)

where CAl == Ci—1 N Comp(61 P i, Pni)-
Remark 4.9. There exists some absolute constant ¢ > 0 that
VL > en E? and Pn.L > en~(H3)/2, (4.79)

Proof of the Remark. Note that p;% = O(n~ ') This implies that

_ _ L(L-1)6 _
Yo = praOn= T HHI0) (4.80)
According to Lemmas 4.1 and 4.2, we have p, | = O(n%e) After simple calculations we
get
Yot = O, (4.81)
O

Proof of Lemma 4.7. To prove of this Lemma we may use arguments similar to those in the
proofs of Lemmas 2.6 and 3.3 in [21]. From x € C; it follows that x € Incomp(01—1Pn,1-1, Pni—1)-
Applying Lemma 4.6 with d,, = p,;—1 and p, = pp -1, We get

Pr{|X® (z)xl2 < vny and [IXO(2)]| < Kn} < exp{—c1n((npnPrg—1) A1)} (4.82)

with
T = €2 Pri—1\/O1—1 Pni—1- (4.83)

Inequality (4.82) and Lemma 4.2 together imply
Pr{ in£ HX(a) (2)x[|2 <ny and HX(a) (2)|| < K} <exp{—cinpn,} (4.84)
xe(;

with §; defined in Lemma 4.2 and

Pn,l ‘= 7n,l/(4Kn) (485)

Thus the Lemma is proved. O
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The next Lemma gives an estimate of small ball probabilities adapted to our case.

Lemma 4.8. Let x € Incomp(6,pn,r). Let Xi,...,X, be random variables with zero
mean and variance at least 1. Assume that the following condition holds,

L(M) := max max E|X;|? Iixysmy — 0 as M — oo. (4.86)

Then there exists some constants C' > 0 depending on & such that for every e > 0

Cvinn
Px(Epn,1/V2n) = supPr{\ szstk —v| <eppr/V2n} < (4.87)
k=1 V1P
Proof. Put Ly := [—logy(pn.1V/20)]. Note that
n 1 2pn
Pnl < ZPnl (4.88)

Von T 2Lit1/2\/ns T \2n

According to Remark 4.9, we have p, 1 > en~ L. This implies L; < Clon. Let o(x)
denote the spread set of the vector x, i.e.

o(x):= {k:: P /20 < |z < \/nzé} (4.89)

By Lemma 4.3, we have

lo(x)| > nd/2. (4.90)
We divide the spread interval of the vector x into L1 4+ 2 intervals A;, I =0,...,L1+1 by
Boi={b: 2L <o < 1 (491)

\/% 2L1+1/2m
Al::{k: y%g]a:klgﬁ%}, I=1,...,L +1. (4.92)

Note that there exists an [p = 0,...,L; 4+ 1 such that
|A | >nd/(2(Ly +2)) > Cn/Inn. (4.93)

Lety = PAIOX. Put a; := mingen, || and b := maxgen, |zx|. Choose a constant M such
that L(M) < 1/2. By the properties of concentration functions, we have

px(gpn,L/\/%) < py(Epn,L/\/%) < py(Mblo)- (4'94)

By definition of A;,, we have

D ol = ad | M| = pf 1/ (20)[ Ay, (4.95)
kEAlO
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and

S]

G 1 4
2o (4.96)
Define
D(&,A) = APE [P Ijje<ny (4.97)

and introduce for a random variable &, £~ =& — E where E denotes an independent copy
of £&. Put & := xpep X We use the following inequality for a concentration function of a
sum of independent random variables

D=

py(Mby,) < CMby, | > AD(&ers M) (4.98)
kEAm

with A\, < Mby,. See Petrov [22], p.43, Theorem 3. Put A\, = M|zy|. It is straightforward
to check that,

Y NDEER M) 2 on | D [nP(BIXG - L) | - (4.99)
k‘eAlO keAlO
This implies
- Pn Pn
Z )\%D(fk&‘k,)\k) > 7 Z ’xk’2 > 7’Alo‘al20' (4.100)
k)eA[O keAlO

Combining this inequality with (4.98) and (4.94) we obtain

CMb, - CM CvVlInn

px(epn,n/V2n) < < < : (4.101)
V |Alo |pnalo V |Alo |pn \/ Pn
The last relation concludes the proof. O

Invertibility for the incompressible vectors via distance.

Lemma 4.9. Let X1,Xs,...,X,, denote the columns of\/nan(e)(z), and let Hj denotes
the span of all column vectors except k-th. Then for every d,p € (0,1) and every n > 0
one has

Pr{ inf [|X©®(2)x]s < n(pn,L/\/ﬁ)2/\/W} < ﬁ > " Pr{dist(Xg, Hr) < npn.1./V1}.
k=1

x€eCy,

Proof. Note that
Pr{ inci XS (2)x]l2 < n(pn,L/\/ﬁ)z/\/npn}
xelr,

gPr{ inf |rx<€><z>xuz<n<pn,L/\/ﬁ>2/m}. (4.102)

x€Incomp(L,on,1)
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For the upper bound of the r.h.s. of (4.102) see [21], proof of Lemma 3.5. For reader
convenience we repeat this proof. Introduce the matrix G := MX(E)(Z). Recall that
Xq,...,X,, denote the column vector of the matrix G and Hj denotes the span of all
column vectors except the k — th. Writing Gx = Y ,_; 21X}, we have

IGx|| > max dist(xp Xp, Hi) = max |z |dist(Xg, Hi)- (4.103)
Put
pr = Pr {dist(Xy, Hx) < npn,r/v/n} . (4.104)
Then .
E ‘{k : dist(Xp, Hy) < pnc/ VY] = Y pi. (4.105)
k=1

Denote by U the event that the set oy := {k : dist(Xy, Hy) > npn.r/+/n} contains more
than (1 — 07 )n elements. Then by Chebyshev’s inequality

1 n
Pr{Uc} < — . 4.1
U} < 5 > ow (4.106)
k=1
On the other hand, for every incompressible vector x, the set o9(x) = {k : |zg| >

pn,L//n} contains at least ndy elements. (Otherwise, since ||P,,x)eX|l2 < pp 1, We have
[x = yll2 < pn,1 for the sparse vector y := P,,x)x, which would contradict the incom-
pressibility of x).

Assume that the event U occurs. Fix any incompressible vector x. Then |0 +
|oa(x)| > (1 — d1)n + ndr, > n, so the sets o1 and o9(x) have nonempty intersection. Let
k € o1 Noa(x). Then by (4.103) and by definitions of the sets o1 and o2(x), we have

1Gx||o > |a|dist(Xg, Hi) > 1pn.n~ 2. (4.107)

Summarizing we have shown that

1 n
Pr{ inf 1Gx|l2 < n(pnpn~Y?)?} < Pr{U°} < — Zpk. (4.108)
’ nir, P

x€Incomp(dr,pn,L)

This completes the proof.
O

We now reformulate Lemma 3.6 from [21]. Let X to be any unit vector orthogonal
to Xq,...,X,—1. Consider the subspace H,, = span(Xy,...,X,_1).

Lemma 4.10. Let 6, p1,¢, 1 = 1,...,L — 1 be as in Lemma 4.2 and 0r,pr,¢r as in
Lemma 4.7. Then there exists an absolute constant ¢y, > 0 such that

Pr{X* ¢ Cr, and | X©)(2)|| < Kn} < exp{—cLnpn}. (4.109)
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Proof. Note that N
s =yl tqucy. (4.110)

The event {X* ¢ C;, and || X©)(z)|| < K} implies that the event

£:={ inf IXE (2)x[]s < ¢ and X (2)] < K.} (4.111)

L—-15
x€U L Gt ([xl2=1
occurs for any positive ¢. This implies, for ¢ > 0,

Pr{X* ¢ Cy and [X©(2)] < K,} (4.112)

L—1
<> Pr{ _inf [XO@)x]<c and [|XO(2)] < K} (4.113)
=1

x€eC;: ||x||2=1
Now choose ¢ := min{vy,;, [ =1,...,L —1}. Applying Lemma 4.7 proves the claim. [

Lemma 4.11. Let X©)(2) be a random matriz as in Theorem 1.2 . Let X1, ...,X,, denote
column vectors of matriz /mp, X () (2), and consider the subspace H,, = span(Xy, ..., X,_1).
Let K,, = Kny/pn. Then we have

Cvinn

Pr{dist(X,, Hn) < pur/vVn and |XE ()| < K,} < =

(4.114)

Proof. We repeat Rudelson and Vershynin’s proof of Lemma 3.8 in [21]. Let X* be any
unit vector orthogonal to Xi,Xo,...,X,_1. We can choose X* so that it is a random
vector that depends on X1, Xo,...,X,,_1 only and is independent of X,,. We have

dist (X, Hp) > | < X0, X* > |

We denote the probability with respect to X,, by Pr, and the expectation with respect to
Xl, e ,Xn—l by E 1,...,n—1- Then
Pr{dist(X,,, H,) < pp.r/vn and [|XE(2)| < K,}
< E17,,,7n_1PI‘n{‘ < X*,Xn > ’ < me/\/ﬁ and X* e CL}
+Pr{X* ¢ Cy and [ X©(2)] < K,.}.
(4.115)

According to Lemmas 4.10, the second term in the right hand side of the last inequal-
ity is less then exp{—¢zn}. Since the vectors X* = (ay,...,a,) € S® 1 and X,, =
(€11, ... ,ené&n) are independent, we may use small ball probability estimates. We have

S =< Xn,X* >= Zak&“kfk.
k=1
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Let o denote the set of spread of coefficients of X* as in Lemma 4.3. Let P, denote the
orthogonal projection onto R” in R™. Denote by Sy = >, ., exaxx. Using the properties
of concentration function, we get

Prn{‘ < Xn7X* > ‘ < pn,L/\/ﬁ} < sup Prn{’S - U‘ < pn,L/\/ﬁ}

< sup Pr,{|Se — v| < pn.r./Vn}.
v

By Lemma 4.8, we have for some absolute constant C' > 0

" Cvinn
Pr,{] < X, X* > | < ppr/Vn} < — (4.116)
Thus the Lemma is proved. O

Lemma 4.12. Let X®)(2) be a random matriz as in Theorem 4.1. Let dp, pn.r € (0,1).
Let X4,...,X,, denote column vectors of matriz ./nan(a)(z). Let K, = Kn\/p, with
K > 1. Then we have

1
Pe(ing [XO(xla < s /) < PHIXO )] > K} + ST
X L )

Proof. Note that
Pr{ inf | X (2)x|}2 < p2. 1, /n}
x€eCy, ’

< Pr{ inf X (2)xl < pp p/n and [|XE(2)]| < K} + Pr{[|X)(2)]| > K,}.
xeCr, ’
(4.117)

Applying Lemma 4.9 with n = /p,, we get

1 n
Pr{ inf [|X©(2)x]l2 < p2 ; /n} < —— > Pr{dist(Xy, Hy) < pn.Lv/Pn/ v}
x€eCy, ’ ’I’L(5L —1

Applying Lemma 4.11, we obtain

V1

Pr{ inf X (2)x[ls < p2 , /n} < SYBI (4.118)
xeCy, ’ P

Lemma is proved. U

Proof of Theorem 4.1. By definition of the minimal singular value, we have

Pr{s)(z) <p2,/n and s (2) < Ky}
< Pr{there exist x € S™Y : |XE)(2)x|, < P%,L /n and sge)(z) < K,}.
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Furthermore, using the decomposition of the sphere & (n—1) — UlL:_lchlUC 1, into compressible
and incompressible vectors, we get

Prise(2) <pl,/n and  s{7(2) < K}

L—1
<3 Priinf [XO(2)xla < p2p /n and  s(2) < K}
=1 xeCy

+Pr{ incf X (2)x|2 < p? [ /0 and sge)(z) < K,}. (4.119)
xeCr, ’
According to Lemma 4.7, we have

Pr{inf [XE) (2)x]]2 < pi’L /n and sgs)(z) < K} < exp{—cnpn(np,) 1}
xeC;

Lemmas 4.12 and 4.7 together imply that
Pr{ incf [XE) (2)x]]2 < p?; /n and sge)(z) < K.}
xeCr, ’

< Pr{ inf IXEG)xll < p2/n and s$9(2) < K}

x€Incomp(dr,,pn,1.)

Cvinn
VvV Pn

The last two inequalities together imply the result. O

<

+ exp{—cLn}. (4.120)

Remark 4.10. To relax the condition p;;! = O(n'~?) of Theorem 4.1 to p; ' = o(n/In?n)
we should to put L = Inn. Then the value L; of Lemma 4.8 is at most C(Inn)? and
hence we have the bound C'Inn/,/np, in (4.87). The last yields the bound C'lnn/\/np, +
exp{—crn} in (4.120). Thus Theorem 4.1 holds with B chosen to be of order C'Inn.

5 Proof of the main Theorem

In this Section we give the proof of Theorem 1.2. Theorem 1.1 follows from Theorem 1.2

with p, = 1. Let v := % and let R > 0 and k; define in Lemma 6.2 with ¢ = 18. Using

the notations of Theorem 4.1 we introduce for any z € C and absolute constant ¢ > 0 the
set Q,(2) ={weQ: ¢/nB < sgf)(z), s1(e) < ny/Pn, ’)‘l(;)‘ < R}. According to Lemma
6.1

Pr{s{?(X) = ny/bu} < Clnpn) ™"

According to Theorem 4.1, with € = ¢,

Cvinn
Vv Pn

According to Lemma 6.2 with ¢ = 18, we have

Pr{c/n? > s (2)} < + Pr{sga) > ny/Pn }-

L

Pr{|AC)| < R} < OA) < Clo(ypn)] . (5.1)
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These inequalities imply

_1

Pr{Q,(2)} < (o(v/npn)) 15 (5.2)

Let 7 = r(n) be such that r(n) — 0 as n — co. A more specific choice will be made later.
Consider the potential U;(LZ). We have

UG = 1B log | det(X©) — 21 — reD)

1 © RS ©
= ZE log [\, = 1§ — 2|Ig, (z) — - ZE log [\, — 1€ — Z’IQ’ELC)(Z)
j=1 J=1
77(1) 77 (r
=0, +U",

where I4 denotes an indicator function of an event A and Q,,(2)“ denotes the complement

of Q,(2).

Lemma 5.1. Assuming the conditions of Theorem 4.1, for r such that

In(1/r) (90(\/”—%))_1/19 — 00 as n— 00

we have R
Ul(],;) — 0, asn — oo. (5.3)

Proof. By definition, we have

o 1 —
Uﬁn) = ——ZE 10g|)\§-€) —r€— 2|1

j=1
Applying Cauchy’s inequality, we get, for any 7 > 0,
071 < %ZE 7| log N — e — 2|7 (Pr{f})
‘]:
1
1 n 147 -
- (&) _ |+ () TH7
< ZlE log |\ — g — 2| (Pr{Qn }) . (5.5)
]:
Furthermore, since ¢ is uniformly distributed in the unit disc and independent of \;, we
may write
E|log|A; —r¢ — 2||'*7 = B / log |\ — ¢ —z|[7a¢ =E Y + EIY + EJY,
I€I<1
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where
; 1
W= [ e -,
¢I<t, N —r¢—z]<e

J(]) — _/ IOg )\(8) o TC — 1+Td<7
2 27T |C|S17 %>|>‘;5)_T<—Z|>5’ ‘ ] H

[log |\ — r¢ — 2|7 dc.

S

I

|
—

T JICI<T, [Aj—r¢—2|>1

: 1
9] < log (—) |

Since for any b > 0, the function —u’logu is not decreasing on the interval [0, exp{—%}],
we have for 0 < u < e < exp{—%},

1
—logu < e’u"log <—> .
€

Note that

Using this inequality, we obtain, for b(1 + 7) < 2,
) 1 1 1+71 - .
7] < 5=t <1og <—>> / © AT —r¢ =20 (5.6)
s € ICI<1, A7 =rl—z|<e

Lo L —b(1+7) 2 2 7
52C log - " I<| d¢ < C(r,b)er log B . (5.7)
<e

If we choose ¢ = r, then we get

9| < C(r,b) <log <%>>l+ (5.8)

The following bound holds for %zyzl E Jéj ). Note that |logz|'*™ < £2|loge|!+722 for
x> % and sufficiently small . Using this inequality, we obtain

IA

% S B < () logz—:|% STENE ¢ — 22 < O(r)(1+ 2 + 1222 log |
j=1 j=1
<C(r)(2+ \2]2)7*2] logr|. (5.9)

The inequalities (5.6)—(5.9) together imply that

1 & 1\ 77
];ZE\log]Ag-E)—rf—zHHT] §C<log <;>> . (5.10)
j=1
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Furthermore, the inequalities (5.4), (5.5), and (5.10) together imply

o) < c <1og (%)) (o)

We choose 7 = 18 and rewrite the last inequality as follows

=

1< (10s (1) ) ety < ¢ (10g (7 ) ) (etvmm)

If we choose r = \/iﬂ we obtain log(l/r)((go(,/npn))_% — 0, then (5.3) holds and the

Lemma is proved. O

r)

We shall investigate UL now. We may write

—(r 1< 1<
Uig = Zl E log |A§e> —z—rllg, ) = - Zl E log(s;(X©) (2,1) I, (-)
Jj= Jj=

= —/ log zdE F,(x, z,1), (5.11)

—B

where F',, (-, z,7) is the distribution function corresponding to the restriction of the measure
Un(+, z,7) on the set Q,(z). Introduce the notation

_ K7L+|Z|
U, = —/ log zdF'(z, z). (5.12)

—B

Integrating by parts, we get

—(r _ Kn+|z| EF _F
o) -7, = —/ w(@ ) = Flar) g
n-B x
+ C'sup |E Fy(z, z,7) — F(z,7)||log(n?™)]. (5.13)
This implies that
|Uf;) —U,| <Clansup|EF,(z,z,7) — F(z,2)]. (5.14)

Note that, for any r > 0, \sg»a)(z) — sga) (z,7)| < r. This implies that
EF,(z—r2z2) <EF,(x,z,7) <EF,(x+r2). (5.15)
Hence, we get

sup |E Fy,(z,z,7)— F(z,z)| <sup|EF,(z,z)—F(x,z)|+sup |F(x+r,z)—F(z, z)|. (5.16)
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Since the distribution function F(z, z) has a density p(x, z) which is bounded (see Remark
3.1) we obtain

sup |E F,(z, z,7) — F(z,2)| <sup|E F,(x,2) — F(z,2)| + Cr. (5.17)

Choose r = ﬁ. Inequalities (5.17) and (2.47) together imply

). (5.18)

From inequalities (5.18) and (5.14) it follows that

T T, < Clp(y/apn) ™ + ——) log(n®).

VvV Pn
Note that

nfB
T — 0, < / log 2dF(z, 2)] < Cn~E|In(n~5)|.
0

Let K = {z € C: |z| < R} and let K¢ denote C \ K. According to Lemma 6.2 with
q = 18, we have, for k1 and R from Lemma 6.2,

k
L g =B (K9) < = + Pr{|\| > R} < Clio(npy)) 775, (5.19)

Furthermore, let ﬂg) and ﬁf{’ be probability measures supported on the compact set K

and K (9 respectively, such that

E " = ¢l + (1 — go)al". (5.20)

Introduce the logarithmic potential of the measure ﬁg),

Uy =~ [ 1oglz — clant) <)

Similar to the proof of Lemma 5.1 we show that

ol

lim (U7 = U_| < Clnn(p(npa))”

This implies that
lim U ) (2) = Uy(2)

n—oo Hn

for all z € C. Since the measures ﬁg) are compactly supported, Theorem 6.9 from [16] and

Corollary 2.2 from [16] (see also the Appendix, Theorem 6.1 and Corollary 6.8) together
imply that
) = (5.21)

s
n

lim 7

n—00
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in the weak topology. Inequality (5.19) and relations (5.20) and (5.20) together imply that

lim Euglr) = U

n—oo

in the weak topology. Finally, by Lemma 1.1 we get
lim Epu, =p (5.22)
n—oo

in the weak topology. Thus Theorem 1.2 is proved.

6 Appendix

In this Section we collect some technical results.
The largest singular value. We show the following

Lemma 6.1. Under condition of Theorem 1.1 for sufficiently large K > 1 we have,

Pr{sga) > ny/pn} < C/np, (6.1)
for some positive constant C' > 0.
Proof. Using Chebyshev’s inequality, we get
1

2 B XOXD)) <1/(npa) (6.2)

Pr{s\ (> ny/pn} <

Thus the Lemma is proved. O

Recall that |/\g€)| > ... > |/\£f)| denote the eigenvalues of the matrix X() ordered in
decreasing of absolute values and Sgs) > ... > sSf) denote the singular values of the matrix

X (),

Lemma 6.2. Assume that max; E |X;x20(X;r) < C with p(z) := (In(1 + |z]))?, ¢ > 7,

and A, = sup, |FT(L€) (z,2)— F(x,z)|. Then there exists some absolute positive constant R
such that

_a-6
Pr{A| > R} < (p(npn))” 5, (6.3)
where ki := [A%q%)/(zq)nln n]
Proof. Let us introduce kg := [Agﬁﬁ)/ (2q)n]. Using Chebyshev’s inequality we obtain, for

sufficiently large R > 0,

_ a=6
Pr{s,&? > R} < #ﬁ(m <A
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On the other hand
© k1 k1 1 k1
5 k k
Pr{|\;| > R} < Pr{VH:l A& > Rk} < Pr{V];[l s > RRy < Pr{k—l ;111356) > In R}.
Furthermore, for any value Ry > 1, splitting into the events s](j)) > R and s,(;) < R, we get
k1

Pr{—Hlns >lnR1}<Pr{sk >R}—|—Pr{ lnsl)—l—lnR>lnR1}

2
<A + Pr{ln s >1<;_11 ]Zl

Now choose R; := R?. Thus, since ki/ko ~ Inn,

4=6
Pr{|)\,(:1)| > R} <A +Pr{ln sge) >InR Inn}.

Taking into account Lemma 6.1 and inequality (2.47) we obtain

C _4a=6
PHIAD| > R} < A + - < Clpnp,)) ™t
npn
for some positive constant C' > 0, thus proving the Lemma. O

Lemma 6.3. Let » = max; E | X;1|20(X;k). The following inequality holds

C
E (TS |+ T ) < s 6.4
Proof. Introduce the notations
(k) (k)
: = Z E &,k Xx|( |Tkim|+|Tj]k+n|) (6.5)
and
2
By =~ Z Eeji| Xiul2 RS SIREY) S = Ricnjl,
pn, —1
Js
2 (jk)
By = Z el Xn 2| REE) ol IRV — Ry 5,
2pn, —1
Js
(k)
Bj := o Z EE]k‘XﬂC‘ ‘R] HRk-i-n k+n Rk"’”vk"""”
2pn, 1
Js
(k) (k)
By = — Z E e X 2RV RY L, = Rjgonl-
2pn, 1
Js
(6.6)
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Since the function |z|/¢(x) not decreasing, it follows from inequality (2.10) that

() 1 1 .

1By = Buml < 100> ey + W‘P(ka)' (6.7)

It is easy to check that

Cx
max{By, k=1,...,8} < . 6.8
{ B ¥ P o0 (6.8)
This implies that
Cx

B ——r—. 6.9
EENC (09
O

Lemma 6.4. Let p, be the empirical spectral measure of the matriz X and v, be the
uniform distribution on the disc of radius r. Let ug) be the empirical spectral measure of
the matriz X(r) = X — r&I, where £ is a random variable which is uniformly distributed
on the unit disc. Then the measure Eug) 18 the convolution of the measures E p,, and vy,
i e.

E ) = (Bpin)  (1): (6.10)

Proof. Let J be a random variable which is uniformly distributed on the set {1,...,n}.
Let A1, ..., A\, be the eigenvalues of the matrix X. Then A\{+7¢, ..., A, +7r§ are eigenvalues
of the matrix X(r). Let d, be denote the Dirac measure. Then

1 n
fn = ;Z% (6.11)
j=1
and
T 1 .
p(r) = - > O re- (6.12)
j=1

Denote by p,; the distribution of A;. Then

1 n
Eu, = E Z Hnj (613)

7j=1

and
1< 1<
Epl = Ezunj*yr = E_Z“"j % (vy) = (B pn) * (1) (6.14)
7j=1 j=1

Thus the Lemma is proved. O
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Let

fflr)(t,v) = / / exp{ite + ivy}ng") (z,y) (6.15)
and o e
fult,v) = / / exp{itx + vy }dG, (x,y), (6.16)
where .
GOz ) =
vz, y) = - ZPr{Re)\j +ré <z, Im\; + 1 <y}, (6.17)
j=1
and
1 n
Gn(z,y) = - ZPr{Re)\j <z, Im)\; <y} (6.18)
j=1

Denote by h(t,v) the characteristic function of the joint distribution of the real and imag-
inary parts of &,

h(t,v) = /00 /OO exp{iux + vy }dG(z,y). (6.19)
Lemma 6.5. The following relations hold
F5(t,0) = fult,v)h(rt, o). (6.20)
If for any t,v there exists lim, .~ fn(t,v), then

lim lim f(t,0) = lim lim £ (t,0) = lim f,(t,v). (6.21)

r—0 n—oo n—oo r—0

Proof. The first equality follows immediately from the independence of the random vari-
able ¢ and the matrix X. Since lim,_,gh(rt,rv) = h(0,0) = 1 the first equality implies
the second one. O

Lemma 6.6. Let F' and G be distribution functions with Stieltjes transforms Sg(z) and
Sa(z) respectively. Assume that [*_|F(x) — G(z)|dz < co. Let G(z) have a bounded
support J and density bounded by some constant K. Let V > vy > 0 and a be positive

numbers such that
1 / 1 du > 3
= — — du > -.
" s lu|<a u? +1 4

Then there exist some constants C1, Co, Cs depending on J and K only such that

sup |F(z) — G(x)| < Cy sup / |Sp(u+1iV) — Sa(u+iV)| du

zeJ J—oco

1%
+sup/ |SF(u+iv) — Sg(u + iv)|dv + Cs . (6.22)

ueJ Jug
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Lemma 6.7. Let X, 1 < j,k < n, be independent complex random variables with
EX;, =0 and E |X k| = 1. Assume furthermore that max;; E|X;|? Ixsmy — 0
for M — 4o00. Then we have, for some positive vy and 1o,

sup max Pr{| X, —u| <mo} <rp < 1.
ue(c Jvk

Proof. First we note, that there exists a positive number M such that
. 2 7

H]".flknE(|Xjk| Lix<any) > g

Let 19 be a small positive number. For |u| > M + 1y we have

7

1
Pr{| Xk — u[ 2 mo} = Pr{|X;;| < M} > WE(|Xjk|2I{|Xjk|SM}) > e

(6.23)

Consider now |u| < M + ng. Then

1
Pr{|X;x —ul =m0} = E (Igamr4ne> (X0 —ul>n0}) = T A (1 Xk — w* Ianr s> X, —ul2m})

2 (1= E (1 X — ulI{x;—al<no}) — B (1 Xk — ul* I x 0 —u/>200430}))

. 2 13 u?
> g~ w0~ B0 =P lean) 2 5 (3w - 33p)
1 7o
40 = <1 ) ) 24
= 16012 <3 o=\t (6.24)
Combining inequalities 6.23 and 6.24 we obtain the claim. H

6.1 Some facts from logarithmic potential theory

We cite here some definitions and Theorems about logarithmic potentials, see [16]. Let
Y, C C be a compact set of the complex plane and M (X) the collection of all positive Borel
probability measures with support in X. The logarithmic energy of p € M(X) is defined

as
o= [ [ o =auz)dute) (6.25)
and the energy of ¥ by
= inf{I(p)|p € M(2)}. (6.26)
The quantity
cap(X) = eV (6.27)

is called the logarithmic capacity of 3.
The capacity of an arbitrary Borel set F is defined as

N(E) := sup{cap(K)|K C E,K compact}. (6.28)

Note that every Borel set of capacity zero has zero two-dimensional Lebesgue measure. A
property is said to hold quasi-everywhere (q. e.) on a set F if the set of exceptional points
is of capacity zero. The next Theorem is called Lower Envelope Theorem
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Theorem 6.1. Let u,, n = 1,2..., be a sequence of positive Borel probability measures
having support in a fixed compact set. If p, — p weakly, then

liminf U (2) = U¥(2) (6.29)

n—oo

for quasi-every z € C.

The following fact is Corollary 2.2 from the Unicity Theorem of logarithmic potential
theory (see [16], p. 98).

Corollary 6.8. If u and v are compactly supported measures and the potentials U* and
UY coincides almost everywhere with respect to two-dimensional Lebesque measure, then

w=uv.
For reader convenience we give here the statement of Theorem 1.2 from [16].

Theorem 6.2. Let u be a finite positive measure of compact support on the plane. Then
for any zo and r > 0 the mean value

LU 2, 7) = / " Un (0 + 7 exp{i0})d0 (6.30)

™ —T

exists as a finite number, and L(U"; zo,7) is a non-increasing function of r that is abso-
lutely continuous on any closed subinterval of (0,00). Furthermore,

lin%) L(U%; z9,7) = U"(20). (6.31)
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