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Abstract

We investigate the behavior of optimal alignment paths for related and non-
related random sequences. An alignment between two finite sequences is optimal
if it corresponds to the longest common subsequence (LCS). We prove the exis-
tence of lowest and highest optimal alignments and study their differences. High
differences between the extremal alignments imply the high variety of all optimal
alignments. We present several simulations indicating that the related sequences
have typically the distance between the extremal alignments of much smaller size
than independent (unrelated) sequences. In particular, the simulations suggest that
for the related sequences, the growth of the distance between the extremal align-
ments is logarithmical. The main theoretical results of the paper prove that (under
some assumptions) this is the case, indeed. The paper suggests that the properties
of the optimal alignment paths characterize the relatedness of the sequences.
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1 Introduction

Let A be a finite alphabet. In everything that follows, X = X1 . . . Xn ∈ An and
Y = Y1 . . . Yn ∈ An are two strings of length n. A common subsequence of X
and Y is a sequence that is a subsequence of X and at the same time of Y . We
denote by Ln the length of the longest common subsequence (LCS) of X and Y .
LCS’s are a very important tool in computational biology, where they are used
for comparing DNA- and protein-alignments (see, e.g. [17, 18, 3, 7]). They are
also used in computational linguistics, speech recognition and so on. In all these
applications, two strings with a relatively long LCS, are deemed related. Hence, to
distinguish related pairs of strings from unrelated via the length of LCS (or other
similar optimality measure), it is important to have some knowledges about the
(asymptotical) distribution of Ln. Unfortunately, although studied for a relatively
long time, not much about the statistical behavior of Ln is known even when the
sequences X1, X2, . . . and Y1, Y2, . . . are both i.i.d. and independent of each other.
Using the subadditivity, it is easy to see the existence of a constant γ such that

Ln

n
→ γ a.s and in L1. (1.1)

(see, e.g. [1, 18]). Referring to the celebrated paper of Chvatal and Sankoff [6],
the constant γ is called the Chvatal-Sankoff constant; its value is unknown for even
as simple cases as i.i.d. Bernoulli sequences. In this case, the value of γ obviously
depends on the Bernoulli parameter p. When p = 0.5, the various bounds indicate
that γ ≈ 0.81 [15, 10, 4]. For a smaller p, γ is even bigger. Hence, a common subse-
quence of two independent Bernoulli sequences typically makes up large part of the
total length, if the sequences are related, LCS is even larger. As for the mean of Ln,
not much is also known about the variance of Ln. In [6], it was conjectured that for
Bernoulli parameter p = 0.5, the variance is of order o(n

2
3 ). Using an Efron-Stein

type of inequality, Steele [15] proved V ar[Ln] ≤ 2p(1 − p)n. In [16], Waterman
conjectured that V ar[Ln] grows linearly. In series of papers, Matzinger and others
prove the Waterman conjecture for different models [5, 12, 9, 11].
Because of relatively rare knowledges about its asymptotics, it is rather difficult to
build any statistical test based on Ln or any other global optimality criterion. The
situation is better for local alignments (see e.g. [3, 16]), because for these alignments
approximate p-values were recently calculated [14, 8].

In the present paper, we propose another approach – instead of studying the length
of LCS, we investigate the properties and behavior of the optimal alignments.
Namely, even for moderate n, the LCS is hardly unique. Every LCS corresponds to
an optimal alignment (not necessarily vice versa, but for time being these notions
can be considering equivalent), so in general, we have several optimal alignments.
The differences can be of the local nature meaning that the optimal alignments
do not vary much, or they can be of global nature. We conjecture that the varia-
tion of the optimal alignments characterizes the relatedness of the sequences. The
simulations in Section 3 clearly indicate that for related sequences the differences
of optimal alignments are of local nature, whilst for independent sequences they
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vary much more. Those simulations motivate to find a way to quantify the non-
uniqueness and use the obtained characteristic as a measure of the relatedness. For
that we define the lowest and highest alignment and measure their distance in terms
of maximal vertical difference or Hausdorff’s distance. The simulations in Section 3
show that for independent sequences, the growth of both of them is almost linear;
for related sequence, however, it is logarithmic. Under some assumptions, the latter
is confirmed by the the main theoretical results, Theorems 5.1 and 5.2. We would
like to mention that to our best knowledge, such an approach has not been exploited
before, although the optimal alignments have been deserved some attention before
[2]. Therefore, the present paper as the first step does not aim to minimize the
assumptions or propose any ready-made tests. These are the issues of the further
research. Instead, we present several simulation results to motivate the study in
this direction.
We finish the introduction with an example giving the insight in what follows.

Example. Let us look at a practical example. Take the two related words: the English
X = mother and the German Y = mutter. The longest common subsequence is mter and
hence L6 = 4. This relatively large value of 4 indicates that the words are related. We
represent any common subsequence as an alignment (possibly a collection of alignments)
of X with Y . An alignment can contain gaps. The letters appearing in the common
subsequence are aligned one on top of the other. The letters which are not aligned with the
same letter in the other text get aligned with a gap. In the case of the present numerical
example the common subsequence mter corresponds to the following alignment:

m o t h e r
m u t t e r

(1.2)

Every common subsequence can be represented by such an alignment with gaps. An align-
ment corresponding to a LCS is called an optimal alignment. The optimal alignment is, in
general, not unique. For example, to the same common subsequence mter corresponds also
the following optimal alignment:

m o t h e r
m u t t e r

(1.3)

In the following, we represent alignments in 2 dimensions. For this we view alignments as
subsets of R2, in the following manner:
if the i-th letter of X gets aligned with the j-th letter of Y , then the set representing
the alignment is to contain (i, j). For example, the alignment (1.2) can be represented as
follows: (1, 1), (3, 3), (5, 5), (6, 6) with the corresponding plot

r x
e x
t
t x
u
m x

m o t h e r

(1.4)

Here, the symbol x indicates pairs of aligned letters. The alignment (1.3) has the following
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2-dimensional representation: (1, 1), (3, 4), (5, 5), (6, 6) with the corresponding plot

r x
e x
t x
t
u
m x

m o t h e r

(1.5)

Since Y3 = Y4 = t, both alignments correspond to the same LCS mter. In our present
example, there exists no other 2-dimensional representation of a LCS. In both cases, the
letter m in the two words are aligned with each other. Hence, (1, 1) is part of the optimal
alignment in any case (more precisely, (1, 1) is part of the 2-dimensional representation of
any optimal alignment of X and Y ). Such a point is called uniqueness point of the optimal
alignment of X and Y . In the present example (5, 5) and (6, 6) are other uniqueness points
of the optimal alignment. Between (1, 1) and (5, 5) there are no further uniqueness points.
We call this stretch a non-uniqueness stretch. We describe it by giving its x-coordinate:
[1, 5] is a non-uniqueness stretch. We measure its length by projection on the x-coordinate:
in our example this means that [1, 5] is a non uniqueness stretch of length 4.
Note the following: all the points of the alignment-representation (1.4) are below the points
of the alignment-representation (1.5). Hence we say that (1.4) is the lowest optimal align-
ment and (1.5) is the highest optimal alignment.

2 Notation and preliminaries

Recall that X = X1 . . . Xn and Y = Y1 . . . Yn are two strings of length n from alpha-
bet A. Let there exist two subsets of indices {i1, . . . , ik}, {j1, . . . , jk} ⊂ {1, . . . , n}
satisfying i1 < i2 < . . . < ik, j1 < j2 < . . . < jk and Xi1 = Yj1 , Xi2 = Yj2 , . . . , Xik =
Yjk

. Then Xi1 · · ·Xik is a common subsequence of X and Y and the pairs {(i1, j1), . . . , (ik, jk)}
are (the 2-dimensional representation of) the corresponding alignment. Ln is the
biggest k such that there exist such subsets of indices.

We now formally define the highest alignment. Let {(iα1 , jα
1 ), . . . , (iαk , jα

k )}α be the
set of all optimal alignments. Hence, k = Ln and α ∈ A runs over all possible
optimal alignments. We denote

J := {jα
l : α ∈ A, l = 1, . . . , k}, I := {iαl : α ∈ A, l = 1, . . . , k}.

Let jh
k := maxα jα

k = maxJ . There might be many alignments α such that jα
k = jh

k .
Among such alignments take ihk to be minimum. Formally, ihk = min{iαk : jα

k = jh
k}.

After fixing (ihk , jh
k ), we take jh

k−1 as the biggest j ∈ J such that the corresponding
i, let it be i(j), is smaller than ihk . Formally, jh

k−1 = max{j ∈ J : i(j) < ihk}. There
might be several i’s such that corresponding j is jh

k−1. Amongst them, we choose
the minimum. Thus ihk−1 = min{i : j(i) = jh

k−1}. Proceeding so, we obtain an
alignment. We call this the highest alignment procedure. We now prove that the
procedure can be repeated k-times, i.e. the obtained alignment is optimal.
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Proposition 2.1 The highest alignment procedure produces an optimal alignment
{(ih1 , jh

1 ), . . . , (ihk , jh
k )}, where (iht , jh

t ) can be obtained as follows

jh
t = max{jα

t : α ∈ A}, iht = min{iαt : j(iαt ) = jh
t }, t = 1, . . . , k. (2.1)

Proof. Clearly the pair (ihk , jh
k ) is the last pair of an optimal alignment, i.e. there

exists α ∈ A such that (ihk , jh
k ) = (iαk , jα

k ). So (2.1) holds with t = k. Similarly,
there exists a β ∈ A such that jh

k−1 = jβ
k−1. Let us show this. There exists a β

such that jh
k−1 = jβ

l , we have to show that l = k − 1. Note that l cannot be k,
since otherwise (iβ1 , jβ

1 ), . . . , (iβk , jβ
k ), (ihk , jh

k ) would be an alignment of length k + 1.
Suppose l = k − 2. Since jβ

k−2 < jβ
k−1 < jβ

k ≤ jh
k = maxJ , by definition of jh

k−1,
it must be that ihk ≤ iβk−1. Since ihk = iαk > iαk−1, we have that iαk−1 < iβk−1 < iβk .
On the other hand, jα

k−1 ≤ jh
k−1 = jβ

k−2 implying that jα
k−1 < jβ

k−1 < jβ
k . Hence

(iα1 , jα
1 ), . . . , (iαk−1, j

α
k−1), (i

β
k−1, j

β
k−1), (i

β
k , jβ

k ) would be an alignment of length k + 1.
Hence jh

k−1 = max{jα
k−1 : α ∈ A, iαk−1 < ihk}. Let us now prove that (2.1) with

t = k − 1 holds. If this were not the case, then jh
k−1 < max{jα

k−1 : α ∈ A}. This
implies the existence of β so that jβ

k−1 > jh
k−1 and iβk−1 ≥ ihk . But as we saw, those

inequalities would give an alignment with the length k+1. This concludes the proof
of (2.1) with t = k − 1. For t = k − 2, . . . , 1 proceed similarly.

One can also think of the right-most alignment. The right-most alignment could
be defined as an alignment {(ir1, jr

1), . . . , (i
r
k, j

r
k)}, where ir1 = min I, jr

1 = max{j ∈
J : i(j) = ir1} and irt := min{i ∈ I : j(i) > jr

t−1}, jr
t = max{j ∈ J : i(j) = irt},

t = 2, . . . , k. By the analogue of Proposition 2.1,

irt = min{iαt : α ∈ A}, jr
t = max{jα

t : i(jα
t ) = irt}, t = 1, . . . , k. (2.2)

Using (2.1) and (2.2), it is easy to see that the right-most and highest alignments
actually coincide. Indeed, by (2.1) and (2.2), jh

t ≥ jr
t and irt ≤ iht , ∀t. If, for a t,

(iht , jh
t ) 6= (irt , j

r
t ), then, by the definitions, both inequalities have to be strict, i.e

irt < iht and jr
t < jh

t . This would imply the existence of an alignment with the length
k + 1.

The lowest (the left-most) alignment {(il1, jl
1), . . . , (i

l
k, j

l
k)} will be defined similarly:

jl
1 =: minJ , il1 = max{i ∈ I : j(i) = jl

1},
jl
u := min{j ∈ J : j > jl

u−1}, ilu = max{i ∈ I : j(i) = jl
u}, l = 2, . . . , k.

By the analogue of Proposition 2.1, the lowest alignment {(il1, jl
1), . . . , (i

l
k, j

l
k)}, sat-

isfies

jl
t = min{jα

t : α ∈ A}, ilt = max{iαt : j(iαt ) = jl
t}, t = 1, . . . , k. (2.3)

Finally note that the right most alignment equals the highest alignment of (Yn, . . . , Y1)
and (Xn, . . . , X1) implying that the latter equals to the highest alignment of (X1, . . . , Xn)
and (Y1, . . . , Yn). Similarly, the lowest alignment can be defined as the highest align-
ment between (Xn, . . . , X1) and (Yn, . . . , Y1); the left-most alignment is the highest
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alignment between (Y1 . . . Yn) and (X1 . . . Xn) implying that they are equal.

We are interested in measuring the distance between the lowest and highest align-
ment. One possible measure would be the maximum vertical or horizontal distance
(provided they are somehow defined). However those distances need not match the
intuitive meaning of the closeness of the alignment. For example, the following
two alignments (marked with x and o, respectively) have a relatively long maximal
vertical distance (3), though they are intuitively rather close:

xo

o

o x

x

xo

(2.4)

To overcome the problem, we measure the distance between two alignments also
in terms of Hausdorff’s distance. More precisely, let A = {a1, . . . , ak} and B =
{b1, . . . , bl} be two alignments, both represented as sets of two-dimensional points.
The Hausdorff’s distance between A and B is:

h(A,B) := max{sup
a∈A

inf
b∈B

d(a, b), sup
b∈B

inf
a∈A

d(a, b)},

where d is a distance in R2. In our case, we take d as the maximum-distance (but
one can also consider the usual Eucledian metric). We remark that Hausdorff’s
distance is defined for any kind of sets. For the alignments in (2.4), the Hausdorff’s
distance is obviously 1 (if d were Euclidean, the Hausdorff’s distance would be

√
2).

In the following, we consider long sequences, hence the optimal alignments are long
as well. When representing such optimal alignments in two dimensions, the dots
appear like a line. To make the pictures more illustrative, we connect the points of
such representations with a line. Then, to every alignment corresponds a curve. We
shall call this curve the alignment graph (when it is obvious from the context, we
skip ”graph”). Given two alignment graphs, it is easy to find the maximal vertical
(horizontal) distance between them. Besides the Hausdorff’s distance, we shall also
use this quantity, called the vertical (horizontal) distance, as a measure of the close-
ness of the graphs. Note that the minimum of the vertical and horizontal distances
gives an upper bound to the Hausdorff’s distance.

3 Simulation study: motivation of the research

The main purpose of the paper is to study the difference (distance) between the
lowest and highest optimal alignment graphs. We start with the simulation study
by generating random sequences and finding the highest an lowest alignment graphs.
In all simulations, the alphabet A consists of four symbols. The sequences X and
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Y are i.i.d. with uniform distribution over A. We begin with the case, when X and
Y are independent of each other.
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Figure 1: X and Y are independent, n = 1000. Right: zoomsection.
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Figure 2: X and Y are independent, n = 1000. Right: zoomsection.

Figure 1 shows the highest and lowest alignment graphs (red and green curve, re-
spectively) for a random draw of independent sequences of length n = 1000. Hence
all optimal alignments are located between the red and the green path. In those
places where the red and the green path coincide all optimal alignments are identi-
cal. As already mentioned, such places are called uniqueness places of the optimal
alignment. Figure 2 represents the results of another draw of the same setup. Both
pictures are provided with a zoomsection picture to illustrate the local behavior.
Note that all over the path there are uniqueness points with some non-uniqueness
stretches between them. The longest non-uniqueness stretch is marked with ∗’s, as
well as the maximum vertical and horizontal distance. From the pictures, one gets
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the impression that the non-uniqueness stretches are in size of strictly smaller order
than linear in n but many are typically larger than logarithmic order in n. To see
the long-run behavior better, we increase n and perform the same simulations with
n = 10000. The results are presented in figures 3 and 4.
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Figure 3: X and Y are independent, n = 10000. Right: zoomsection.
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Figure 4: X and Y are independent, n = 10000. Right: zoomsection.

The main aim of this paper is to investigate the difference in the geometric structure
of optimal alignments between the case where X and Y are independent and the
case where they are not. By ’geometric structure’ we mean, among others, size and
frequency of the non-uniqueness bulbs (stretches) and uniqueness stretches. Let
us look next at the picture of the highest and lowest optimal alignment when the
sequences X and Y are dependent of each other. In Section 4, we formally define
the notion of relatedness in our setup (condition R). Let us right now just mention
that X and Y are related, if there is a sequence of common ancestors Z1, Z2, . . .,
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from which both X and Y are obtained by random mutations and deletions. The
sequences X and Y are both still i.i.d. with uniform marginal distribution, but
they are not independent of each other any more. As previously, we simulate the
sequences of length 1000 (Figures 5 and 6) as well as 10000 (Figures 7 and 8). The
red dots in the zoomsection pictures correspond to the pairs that are equal (have
the same color) and have the same ancestor of the same color. Hence, a pair (i, j) is
marked with a red dot, if Xi and Yj have the common ancestor, say Zk, and there
are no mutations, i.e. Xi = Yj = Zk.
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Figure 5: X and Y are related, n = 1000. Right: zoomsection.
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Figure 6: X and Y are related, n = 1000. Right: zoomsection.

From the pictures we see the clear difference between related and unrelated case.
We are interested, however, in finding some statistics that are sensible with respect
to that difference, and, therefore, can be used for measuring the relatedness.
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Figure 7: X and Y are related, n = 10000. Right: zoomsection.
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Figure 8: X and Y are related, n = 10000. Right: zoomsection.

A classical measure is the relative length of LCS: Ln/n. In our simulations, Ln/n
for independent sequences has values 0.65, 0.645, 0.652, 0.651 (figures 1,2,3,4, resp.),
while for related sequences Ln/n is 0.79, 0.747, 0.7672, 0.7663 (figures 5,6,7,8, resp.)
The difference is noticeable.
Another measure could be the length of the biggest non-uniqueness stretch i.e.
the (horizontal) length between ∗’s. For independent sequences, those numbers are
381 = 0.381×1000, 458 = 0.458×1000, 5278 = 0.5278×10000 1541 = 0.1541×10000
(figures 1,2,3,4, resp.) – linear order of n. For related sequences, those numbers are
22 = 0.022 × 1000, 26 = 0.026 × 1000, 28 = 0.0028 × 10000, 37 = 0.0037 × 10000
(figures 5,6,7,8, resp.) – about logarithmic order of n. The difference between re-
lated and unrelated case is very noticeable.
Although the length of the biggest non-uniqueness stretch seems to be a good
measure of relatedness, it certainly has some disadvantages. The main problem
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is that it is not robust against shifts. For example, the sequences ATATATAT and
TATATATA are rather related (L8 = 7), however because of the shift, the high-
est and lowest optimal alignment run parallel, so there are no uniqueness points
(biggest non-uniqueness stretch has length 7).
Next, we compare the vertical distances between highest and lowest alignment
graph. For independent sequences, those numbers are 57 = 0.057 × 1000, 73 =
0.073 × 1000, 468 = 0.0468 × 10000, 226 = 0.0226 × 10000 (figures 1,2,3,4, resp.)
Although the increase seems to be slower as linear in n, it certainly is much
faster than logarithmic growth. For related sequences the vertical distances are
7.5 = 0.0075×1000, 6 = 0.006×1000, 9 = 0.0009×10000 10.75 = 0.001075×10000
(figures 5,6,7,8, resp.) The growth seems to be logarithmic.
The same holds for horizontal distance between the highest and lowest alignment
graph. For independent sequences, those numbers are 58 = 0.058×1000, 70 = 0.07×
1000, 466 = 0.0466× 10000 179 = 0.0179× 10000 (figures 1,2,3,4, resp.) For related
sequences the horizontal distances are 6.25 = 0.00625× 1000, 4.5 = 0.0045× 1000,
8.2 = 0.00082 × 10000 13 = 0.0013 × 10000 (figures 5,6,7,8, resp.) The growth,
again, is logarithmic.
Finally, we measure the Hausdorff’s distance between the highest and lowest align-
ments with respect to the maximum norm. Since the Hausdorff’s distance is well-
defined for the alignments as the sets of (2-dimensional) dots, we do not actu-
ally need to join the dots by the lines (make the alignment graphs). Hence, the
Hausdorff’s distance is measured between the alignments not between the graphs.
(Of course, one could also measure the Hausdorff’s distance between the graphs,
that would be bigger). So, for independent sequences, we have the numbers 26 =
0.026×1000, 33 = 0.033×1000, 232 = 0.0232×10000, and 91 = 0.0091×10000 (fig-
ures 1,2,3,4, resp.). Whereas for related sequences the numbers are 4 = 0.004×1000,
3 = 0.003×1000, 5 = 0.0005×10000, and 6 = 0.0006×10000 (figures 5,6,7,8, resp.).

The zoomsection pictures for related sequences (Figures 5,6,7,8) indicate another
interesting phenomenon – the local differences between the highest and lowest align-
ment graphs are relatively big in the regions that contain less common ancestors
(red dots), while in the regions which are relatively less mutated, the highest and
lowest alignment coincide or are close to each other. Since finding the (unobserv-
able) common ancestors is often of interest, the described phenomenon suggests
that the uniqueness stretches of optimal alignments can provide more reliable infor-
mation about the common ancestor, while the regions where the highest and lowest
alignment are far from each other indicate many mutations.

Figures 9 and 10 complement the previous study. The aim of these simulations
is to find out more about the order of growth of all considered statistics. In those
simulations, for different n-s up to 10000, 100 pairs of i.i.d sequences of length n
with uniform marginals were generated. Half of them were independent and an-
other half were related. In both cases, the average of considered statistics: Ln, the
horizontal of the maximum non-uniqueness bulb, then length of maximum vertical
distance, Hausdorff’s distance are plotted against n.
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Figure 9: Growth of Ln Growth of non-uniqueness stretch

The left-plot in Figure 9 shows the growth of Ln. The standard deviation around
the means are marked with crosses. For independent case the crosses are almost
overlapping implying that the deviation is relatively small. As the picture shows, the
growth of Ln is linear in both cases, the slope, however, is different: the upper line
corresponds to the related sequences, the lower line is for independent sequences.
The right-plot in Figure 9 shows the horizontal length of maximum non-uniqueness
stretch. For independent sequences (blue curve), the growth is, perhaps, smaller
than linear but considerably faster than logarithmic. The black line is, in some
sense, the best linear approximation. The blue +-signs mark the standard deviation
around the mean that in this case is rather big, meaning that these simulations do
not give enough evidence to conclude the non-linear growth. For related sequences
(brown curve), the growth is clearly logarithmic because it almost overlaps with
the 4 lnn-curve. We also point out that the standard deviation for this case is
remarkable smaller and this only confirms the conjecture of logarithmic growth.
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In Figure 10, the maximum vertical distance (left) and Hausdorff’s distance (right)
are plotted. Both pictures are similar to the right picture of Figure 9 and can be
interpreted analogously. For the related case, the growth is clearly logarithmic and
that is a full correspondence with our theoretical result in Section 5, where we prove
that all optimal alignments lie within a narrow band with breadth of logarithmic
order in n (Theorems 5.1 and 5.2).

4 Related sequences: definition and theory

4.1 Definition of relatedness

Let us now define the relatedness of the sequences (X, Y ). Our concept of relatedness
is based on the assumption that there exists a common ancestor, from which both
sequences X and Y are obtained by independent random mutations and deletions.
In the following, the common ancestor is an A-valued i.i.d. process Z1, Z2, . . .. We
could imagine that X and Y is the genome of two species whilst Z is the genome
of a common ancestor. In computational linguistics X and Y could be words from
two languages which both evolved from the word Z in an ancient language.
A letter Zi has a probability to mutate according to a transition matrix that does
not depend on i. Hence, a mutation of the letter Zi can be formalized as f(Zi, ξi),
where f : A × R → A is a mapping and ξi is a standard normal random variable.
The mapping fi(·) := f(·, ξi) from A to A will be referred as the random mapping.
The mutations of the letters are assumed to be independent. This means that the
random variables ξ1, ξ2, . . . or the random mappings f1, f2, . . . are independent (and
identically distributed). After mutations, the sequence is f1(Z1), f2(Z2), . . . . Some
of its elements disappear. This is modeled via a deletion process Dx

1 , Dx
2 , . . . that

is assumed to be an i.i.d. Bernoulli sequence. If Dx
i = 0, then fi(Zi) is deleted.

The resulting sequence, let it be X, is, therefore, the following: Xi = fj(Zj) if and
only if Dx

j = 1 and
∑j

k=1 Dx
k = i. We call the index j the ancestor of i, it shall be

denoted by ax(i). The mapping ax depends on the deletion process Dx, only. Now

Xi = fax(i)(Zax(i)), i = 1, . . . , n.

Similarly, the sequence Y is obtained from Z. For mutations, fix an i.i.d. stan-
dard normal sequence η1, η2, . . . so that the mutated sequence is h1(Z1), h2(Z2), . . .
with hi(·) := f(·, ηi). Note that the transition matrix corresponding to Y -mutations
equals the one corresponding to X-mutations implying that the random mappings
hi and fi have the same distribution. Since the mutations of X and Y are sup-
posed to be independent, we assume the sequences ξ and η or the random map-
pings sequences f1, f2, . . . and h1, h2, . . . are independent. Note that then the pairs
(f1(Z1), h1(Z1)), (f2(Z2), h2(Z2)), . . . are independent, but fi(Zi) and hi(Zi), in gen-
eral, are not. Finally,

Yi = fay(i)(Zay(i)),

where, as previously, ay(i) = j if and only if Dy
j = 1 and

∑j
k=1 Dy

k = i. Here,
Dy

1 , Dy
2 , . . . is an i.i.d. Bernoulli sequence with the same parameter as Dx but
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independent of Dx. Hence the deletions of Y and X are independent.
The formal definition goes as follows.

Condition R We say that X and Y satisfy condition R if and only if all of the
following five conditions are satisfied:

1. There exist Z1, Z2, . . ., h1, h2, . . ., f1, f2, . . ., Dx
1 , Dx

2 , . . . and Dy
1 , Dy

2 , . . . five
i.i.d. sequences independent of each other.

2. The Zi’s are elements of A; hi’s and the fi’s are maps from A to A and the
sequences Dx

1 , Dx
2 , . . . and Dy

1 , Dy
2 , . . . are Bernoulli sequences with the same

parameter p.

3. The sequence h1, h2, . . . has same distribution as the sequence f1, f2, . . ..

4. The sequence X1, X2, . . . is obtained by the following rule: Xi = fj(Zj) iff
Dx

j = 1 and
∑j

k=1 Dx
k = i.

5. The sequence Y1, Y2, . . . is obtained by the following rule: Yi = hj(Zj) iff
Dy

j = 1 and
∑j

k=1 Dy
k = i.

In the simulations of Section 3, the related sequences satisfied the condition R with
the following parameters: the common ancestor process Z1, Z2, . . . was i.i.d. with
uniform marginal distribution. The mutation matrix is the following

(
P (f1(Z1) = aj |Z1 = ai)

)
i,j=1,...,4

=




0.9 0.02 0.02 0.06
0.02 0.9 0.06 0.02
0.02 0.06 0.9 0.02
0.06 0.02 0.02 0.9

.




With such a matrix, the marginal distribution of Y and X is uniform. The deletion
probability 1− p = 0.05.

4.2 Properties

When condition R is satisfied, X1, X2, . . . and Y1, Y2, . . . are i.i.d. sequences which
depend on each other only through Z1, Z2, . . .. Note that because of the deletion,
the pairs

(X1, Y1), (X2, Y2), . . . (4.1)

are not any more independent, so the 2-dimensional process (4.1) is not i.i.d. How-
ever, it is a stationary process and, as the following simple observation shows, it is
still an ergodic process.

Proposition 4.1 Let the processes X1, X2, . . . and Y1, Y2, . . . satisfy condition R.
Then the 2-dimensional process (4.1) is mixing and, therefore, ergodic.

Proof. Recall that a stochastic process U1, U2, . . ., taking values on a countable set
U , is mixing, if for every k, l ∈ N and uk ∈ Uk, ul ∈ U l, it holds

lim
n→∞P

(
(U1, . . . , Uk) = uk, (Un+1, . . . , Un+l) = ul

)
= P

(
(U1, . . . , Uk) = uk

)
P

(
(U1, . . . , Ul) = ul

)

(4.2)
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(see e.g. [13]). Take Ui = (Xi, Yi), U = A × A. Fix k, l, uk, ul. Let Uk
1 :=

(U1, . . . , Uk) and Un+l
n+1 := (Un+1, . . . , Un+l). Note that when

∑n
i=1 Dx

i ≥ k and∑n
i=1 Dy

i ≥ k, then

P
(
Uk

1 = uk, Un+l
n+1 = ul|Dx, Dy

)
= P (Uk

1 = uk)P (U l
1 = ul).

Define the events

Ex(n) :=
{ n∑

i=1

Dx
i ≥ k

}
, Ey(n) :=

{ n∑

i=1

Dy
i ≥ k

}
, En := Ey(n) ∩ Ex(n).

Clearly

P
(
Uk

1 = uk, Un+l
n+1 = ul|En

)
P (En) ≤ P

(
Uk

1 = uk, Un+l
n+1 = ul

)

≤ P
(
Uk

1 = uk, Un+l
n+1 = ul|En

)
P (En) + P (Ec

n).

Since P
(
Uk

1 = uk, Un+l
n+1 = ul|En

)
= P (Uk

1 = uk)P (U l
1 = ul

)
, we have that (4.2)

holds, if P (En) → 1. The latter follows easily from the large deviation. Indeed,
recall p = P (Dx

i = 1). If n is so big that k
n ≤ p

2 , then, by Hoeffding’s inequality,

P (Ec
x) = P

( n∑

i=1

Dx
i < k

)
= P

( n∑

i=1

Dx
i − np < k − np

)

≤ P
( n∑

i=1

Dx
i − np < −p

2
n) ≤ exp[−p2

2
n] → 0.

Having the ergodicity, we can apply the Kingman’s subadditivity theorem to deduce
the existence of a constant γR such that

lim
n→∞

Ln

n
= γR, a.s. and in L1. (4.3)

The convergence in L1 implies
ELn

n
→ γR.

We say that X = X1X2 . . . Xn and Y := Y1Y2 . . . Yn are related if they satisfy con-
dition R. For related sequences, we say that letters Xi and Yj are related if and only
if they have the same common ancestor. In other words, Xi and Yj are related, if
and only if ax(i) = ay(j). This means that there exists Zk such that Xi = hk(Zk)
and Yj = fk(Zk).

Next we prove a large deviation lemma for related sequences similar to the one
proven for independent sequences by Waterman and Arratia [3].

Lemma 4.1 Assume X and Y are related. Let Ln be the length of the LCS of X
and Y . Then, for every ∆ > 0 and n big enough

P (|Ln −E[Ln]| ≥ n∆) ≤ 4 exp[− p

16
∆2n]. (4.4)
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Proof. For independent sequence, (4.4) trivially follows from McDiarmid’s inequal-
ity (see, e.g. [12]). In the present case, we have to add an extra control over the
deletion process, exactly as in the proof of Proposition 4.1. Let

Ex(m) :=
{ m∑

i=1

Dx
i ≥ n

}
, Ey(m) :=

{ m∑

i=1

Dy
i ≥ n

}
, Em := Ey(m) ∩ Ex(m).

If Ex(m) holds, then X1, . . . , Xn is a function of

(f1(Z1), Dx
1 ), . . . , (fm(Zm), Dx

m),

where (fi(Zi), Dx
i ) are i.i.d.. Similarly, if Ey(m) holds, then Y1, . . . , Yn is a function

of (h1(Z1), D
y
1), . . . , hm(Zm), Dy

m). Hence, Ln is a function of

(f1(Z1), h1(Z1), Dx
1 , Dy

1), . . . , (fm(Zm), hm(Zm), Dx
m, Dy

m),

where (fi(Zi), hi(Zi), Dx
i , Dy

i ) are i.i.d. The proof is based on the fact that changing
(fi(Zi), hi(Zi), Dx

i , Dy
i ) changes the value of Ln at most by 2. Indeed, changing

fi(Zi) corresponds to the change of an element of X (if Dx
i = 1) and this changes

the value of Ln at most by 1. Changing Dx
i corresponds to removing one element of

X and adding another element (somewhere else). This, again, changes the value of
Ln at most by 1. It is easy to see that changing fi(Zi) as well as Dx

i has the same
effect – the value of Ln changes at most by 1. Thus, the maximum change of Ln

that we could obtain by changing all elements in (fi(Zi), hi(Zi), Dx
i , Dy

i ) is at most
2. Hence, by McDiarmid’s inequality, conditioning on Em, we get for every ∆ > 0

P
(|Ln − E[Ln|Em]| > m∆

∣∣Em

) ≤ 2 exp[−∆2

2
m]. (4.5)

Take m = 2
pn. Then (4.5) is

P
(|Ln −E[Ln|Em]| > 2∆

p
n
∣∣Em

) ≤ 2 exp[−∆2

p
n]. (4.6)

Since ELn = E[Ln|Em]P (Em) + E[Ln|Ec
m]P (Ec

m) and 0 ≤ Ln ≤ n, we have

|E[Ln|Em]− ELn| = |E[Ln|Em](1− P (Em))− E[Ln|Ec
m]P (Ec

m)|
= P (Ec

m)|E[Ln|Ec
m]− E[Ln|Em]| ≤ nP (Ec

m) =: α(n).

As in the proof of Proposition 4.1, we have

P (Ec
m) ≤ 2 exp[−p2

2
m] = 2 exp[−pn].
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Hence, if n is so big that α(n) < ∆
p n, from (4.6), we have

P
(|Ln − ELn| ≥ 2∆

p
n|Em

) ≤ P
(|Ln −E[Ln|Em]|+ |ELn − E[Ln|Em]| ≥ 2∆

p
n
∣∣Em

)

≤ P
(|Ln −E[Ln|Em]|+ α(n) ≥ 2∆

p
n
∣∣Em

)

= P
(|Ln −E[Ln|Em]| ≥ 2∆

p
n− α(n)

∣∣Em

)

≤ P
(|Ln −E[Ln|Em]| ≥ ∆

p
n
∣∣Em

)

≤ 2 exp[−∆2

4p
n].

Since
P

(|Ln − ELn| ≥ ∆n
) ≤ P

(|Ln − ELn| ≥ ∆n|Em

)
+ P (Ec

m),

we have that with ∆′ = 2∆
p ,

P
(|Ln − ELn| ≥ ∆′n

) ≤ 2 exp[−(∆′)2p
16

n] + 2 exp[−pn].

If ∆′ ≤ 1, then 2 exp[−pn] ≤ 2 exp[−(∆′)2pn], implying that the right side is
bounded by 4 exp[− (∆′)2

16 pn]. This proves (4.4) for ∆ ≤ 1. Since Ln ≤ n, for
∆ > 1, (4.4) trivially holds.

Corollary 4.1 Assume X and Y are related. Let Ln be the length of the LCS of
X and Y . Then, for every ∆ > 0 there exists no(∆) big enough

P (|Ln − γRn| ≥ n∆) ≤ 4 exp[− p

64
∆2n], n > no (4.7)

Proof. Let n be so big that |ELn/n− γR| < ∆/2. Then |ELn− γRn| ≤ (∆/2)n and

P
(|Ln − γRn| ≥ n∆

) ≤ P
(|Ln − ELn|+ |ELn − γRn| ≥ n∆

)

≤ P
(|Ln − ELn| ≥ n

∆
2

) ≤ 4 exp[− p

64
∆2n].

4.3 Combinatorics

Let us introduce some notation. Let x1, . . . , xn and y1, . . . , ym be two fixed finite
sequences. An alignment of x1, . . . , xn and y1, . . . , ym is a strictly increasing mapping

v : {1, . . . , n} ↪→ {1, . . . , m}. (4.8)

Notation (4.8) means: There exists I ⊂ {1, . . . , n} and a mapping

v : I → {1, . . . , m}
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such that yv(i) = xi, ∀i ∈ I and v is strictly increasing: v(i2) > v(i1), if i2 > i1. The
length of v is denoted as |v|.

Consider now the case m = n, i.e. both sequences are of length n. Let then
Vk be the set of all alignments with length k. Formally,

Vk :=
{
v : {1, . . . , n} ↪→ {1, . . . , n} ∣∣ |v| = k

}
.

Fix ∆ > 0 and let

Vn :=
(γR+∆)n⋃

k=(γR−∆)n

Vk.

From Corollary 4.1, it follows that with high probability, all optimal alignments of
X and Y belong to the set Vn, provided n is big enough (depending on ∆). Let H
be the binary entropy function:

H(p) := −p log2 p− (1− p) log2(1− p)

and let
H1 := max

α∈[γR−∆,γR+∆]
H(α). (4.9)

Since
Cpn

n ≤ 2H(p)n,

for every
(γR −∆)n ≤ k ≤ (γR + ∆)n, (4.10)

it holds
|Vk| = (C

k
n

n
n )2 ≤ 22H1n

and, therefore,
|Vn| ≤ 2∆n22H1n. (4.11)

Let us consider now a more general case m > n. Assume that m ≤ n(1 + ∆). Then

|Vk| = (C
k
n

n
n )(C

k
m

m
m ) ≤ 2H( k

n
)n+H( k

m
)n(1+∆).

Instead of (4.10), we assume k to satisfy

γR −∆ ≤ k

n
≤ γR + 2∆. (4.12)

Then
γR − 2∆ ≤ γR −∆

1 + ∆
≤ k

m
≤ k

n
≤ γR + 2∆.

Let
H2 := max

α∈[γR−2∆,γR+2∆]
H(α). (4.13)

Then
2H( k

n
)n+H( k

m
)n(1+∆) ≤ 2H2n+H2n(1+∆) = 2H2n(2+∆)
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In this case, defining

Vn,m :=
(γR+2∆)n⋃

k=(γR−∆)n

Vk,

it holds
|Vn,m| ≤ 3∆n2(2+∆)H2n.

5 Main results

5.1 Every optimal alignment contains a related pair

In this section, we prove that for related sequences typically all optimal alignments
lie in a narrow band of breadth having logarithmic order in n.

Lemma 5.1 Assume that X and Y are related and

2H(γR) + γR log2(max
a∈A

P (Y1 = a)) < 0. (5.1)

Then there exists a constant k2 > 0 such that for every n big enough,

P (∃ optimal alignment of X and Y aligning no related letters) ≤ e−nk2 .

Proof. Let v be a mapping (4.8) of length k. More precisely, there exists indexes
1 ≤ i1 < i2 < · · · < ik ≤ n such that Xil = Yv(il), l = 1, . . . , k. To keep the notations
simple, without loss of generality, we assume that i1 = 1, i2 = 2, . . . , ik = k.
Denote

ax =
(
ax(1), . . . , ax(k)

)
, ay =

(
ay(v(1)), . . . , ay(v(k))

)

and
ax 6= ay ⇔ ax(1) 6= ay(v(1)), . . . , ax(k) 6= ay(v(k)).

Define an event

A(v) := {X1 = Yv(1), . . . , Xk = Yv(k), a
x 6= ay}.

Thus, A(v) is the event that v is an alignment that aligns no related letters. We
calculate

P
(
A(v)

)
=

∑

ax,ay : ax 6=ay

P
(
A(v)|ax, ay

)
P (Dx = ax, Dy = ay).

P
(
A(v)|ax, ay

)
=P

(
X1 = Yv(1)|ax, ay

)× P
(
X2 = Yv(2)|X1 = Yv(1), a

x, ay
)

× · · · × P
(
Xk = Yv(k)|X1 = Yv(1), . . . , Xk−1 = Yv(k−1), a

x, ay
)
.

Note,

P (Xi = Yv(i)|X1 = Yv(1), . . . , Xi−1 = Yv(i−1), a
x, ay) =

P (fax(i)(Zax(i)) = hay(v(i))(Zay(v(i)))|fax(j)(Zax(j)) = hay(v(j))(Zay(v(j))), j = 1, . . . , i− 1)

19



When ax 6= ay, then for every i, ax(i) 6= ay(v(i)). Suppose without loss of generality
that ax(i) > ay(v(i)). Then ax(j) < ax(i) and ay(v(j)) < ax(i) j = 1, . . . , i − 1.
This means that Zax(i) is independent of

Zay(v(i)), Zax(i−1), Zay(v(i−1)), . . . , Zax(1), Zay(v(1)).

Then also Xi = fax(i)

(
Zax(i)

)
is independent of

hay(v(i))

(
Zay(v(i))

)
, fax(i−1)

(
Zax(i−1)

)
, hay(v(i−1))

(
Zay(v(i−1))

)
, . . . , fax(1)

(
Zax(1)

)
, hay(v(1))

(
Zay(v(1))

)
.

Thus, Xi is independent of Yv(i), Xi−1, Yv(i−1), . . . , X1, Yv(1) and, hence, skipping ax

and ay from notations,

P
(
Xi = Yv(i)

∣∣∣Xi−1 = Yv(i−1) . . . , X1 = Yv(1)

)
=

∑

a∈A
P (Xi = a|Yv(i) = a,Xi−1 = Yv(i−1), . . . , X1 = Yv(1))P (Yv(i) = a|Xi−1 = Yv(i−1), . . . , X1 = Yv(1)) =

∑

a∈A
P (Xi = a)P (Yv(i) = a|Xi−1 = Yv(i−1), . . . , X1 = Yv(1)) ≤

q
∑

a∈A
P (Yv(i) = a|Xi−1 = Yv(i−1), . . . , X1 = Yv(1)) = q,

where q := maxa∈A P (Xi = a). Therefore, P
(
A(v)|ax, ay

) ≤ qk and P (A(v)) ≤ qk.
By assumption, 2H(γR) < γR(− log2 q). Since H is continuous, it is possible to choose
∆ so small that

2H1 < (γR −∆)(− log2 q), (5.2)

where γ1 is as in (4.9). Fix now ∆ > 0 so small that (5.2) holds. Let

E∆ := {|Ln − nγR| < n∆}.

When E∆ holds, then all optimal alignments belong to the set Vn. Finally, let

A := {∃ optimal alignment of X and Y aligning no related letters}.

When E∆ holds, then ∪v∈VnA(v) = A. So, when E∆ holds, then with n big enough,

P (A) ≤
∑

v∈Vn

P (A(v)) ≤
∑

v∈Vn

q|v| =
∑

v∈Vn

2|v| log2 q ≤
∑

v∈Vn

2(γR−∆)n log2 q

≤ 2∆n22H1n2(γR−∆)n log2 q = 2∆n2
(
2H1−(γR−∆)(− log2 q)

)
n.

By assumption, 2H1 − (γR − ∆)(− log2 q) is negative. So, there exists a constant
k1 > 0 such that the right hand is bounded above by exp[−k1n], provided n is big
enough. Hence, from Corollary 4.1, there exists k2 > 0 such that for n big enough

P (A) ≤ P (Ec
∆) + exp[−k1n] ≤ exp[−k2n].
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In the previous lemma, X and Y were of the same length, n. This lemma can
be generalized for the case X and Y are of different length, provided that the dif-
ference is not too big. Let Xn := X1 . . . Xn, Y m = Y1 . . . Ym. Without loss of
generality, let us assume m ≥ n. We know that if (5.1) holds, then there exists
∆ > 0 such that

(2 + ∆)H2 < (γR −∆)(− log2 q), (5.3)

where γ2 is defined in (4.13). The restriction for m is: m ≤ (1 + ∆)n.

Lemma 5.2 Let n ≤ m ≤ (1 + ∆)n, where ∆ > 0 satisfies (5.3). Assume that Xn

and Y m are related. Then there exists a constant k3(∆) > 0 such that for every
n > no,

P (∃ optimal alignment of Xn and Y m aligning no related letters) ≤ e−nk3 .

Proof. The proof follows the one of Lemma 5.1; ∆ is now taken from the assump-
tions , so instead of (5.2), it satisfies (5.3). This ∆ defines the set E∆ as in the
previous lemma. However, by definition, Ln is the length of the LCS between Xn

and Y n, whilst in the present case we are dealing with the LCS between Xn and
Y m. Let Ln,m be the length of that LCS. Clearly Ln ≤ Ln,m ≤ Ln + n∆. Hence, if
E∆ holds, then

γR −∆ ≤ Ln

n
≤ Ln,m

n
≤ Ln

n
+ ∆ ≤ γR + 2∆.

Hence, if E∆ holds, then all optimal alignments belong to the set Vn,m, implying
that, when E∆ holds, then with n big enough,

P (A) ≤
∑

v∈Vn,m

P (A(v)) ≤
∑

v∈Vn,m

q|v| =
∑

v∈Vn,m

2|v| log2 q ≤
∑

v∈Vn,m

2(γR−∆)n log2 q

≤ 3∆n2(2+∆)H2n2(γR−∆)n log2 q ≤ 3∆n2
(
(2+∆)H2−(γR−∆)(− log2 q)

)
n.

By (5.3),
(2 + ∆)H2 − (γR −∆)(− log2 q) < 0.

This finishes the proof.

5.2 The properties of related pairs

5.2.1 Global properties

Consider the sequences X1, X2, . . . and Y1, Y2, . . . that are related. Let τx
0 = τy

0 = 0
and let τx

k (τy
k ), k = 1, 2, . . . be the indexes of the k-th related pair. So, (Xτx

1
, Yτy

1
)

is the first related pair, (Xτx
2
, Yτy

2
) is the second related pair and so on. Let a0 = 0

and ak be the common ancestor of the k-th related pair, i.e. ak = ax(τx
k ) = ay(τy

k ).
Note that τx

k+1 − τx
k ≤ ak+1 − ak and for u ∈ N, P (ak+1 − ak > u) = (1 − p2)u

implying that, for fixed n and 1 > ∆ > 0, the probability that the last τx
k before n,

let it be i(n), is further than ∆n, is smaller than exp[∆n ln(1− p2)]. Formally,

P ((Gx
n)c) ≤ exp[∆n ln(1− p2)], (5.4)
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where

Gx
n = {n− i(n) ≤ ∆n}, Gy

n = {n− j(n) ≤ ∆n}, Gn =: Gy
n ∩Gx

n

i(n) = max{τx
k : τx

k ≤ n}, j(n) = max{τy
k : τy

k ≤ n}.

When Gn holds then the X-side index of the last related pair is at least (1 −
∆)n. Formally i(n) ≥ (1 − ∆)n. Hence, when drawing a line from the origin to
(i(n), j(i(n)), the slope of this line is at most 1

1−∆ . Reversing the roles of i and j, we
have that the Y -side index of the last related pair is at least (1−∆)n. This means
that the last related pair, say, (i′j′) satisfies: (i′, j′) ∈ [(1−∆)n, n]× [(1−∆)n, n].
In 2-dimensional representation, this means that the last related pair is located in
a square of size ∆n in the upper-right corner. If n is big enough, then Gn has a
big probability even when ∆ > 0 is small, implying that the last related pair is
located almost in the upper right corner. By symmetry, with high probability the
first related pair is almost in the lower-left corner. Hence, if n is big, then the
curve that joins all the related pairs in 2-dimensional representation, goes from one
corner to the opposite one. However, this does not mean that it should go along
the shortest way (approximately) i.e. diagonally from one corner to the other. On
the other hand, the figures 5 - 8 in Section 3 clearly indicate that this is the case,
since the red dots are almost following the diagonal line. In the following, we show
that for big n, this kind of behavior is typical, i.e. the related pairs go from corner
to corner also locally.

5.2.2 Local properties

Fix ∆ > 0 and denote α := 1 + ∆
2 , β := 1 + ∆ and l(n) := α

p n. We consider the
events

F x
n := {n ≤

l∑

i=1

Dx
i ≤ βn}, F y

n := {n ≤
l∑

i=1

Dy
i ≤ βn}, Fn = F x

n ∩ F y
n .

Let us estimate (F x
n )c.

(F x
n )c = {

l∑

i=1

Dx
i < n} ∪ {

l∑

i=1

Dx
i > βn}.

By Hoeffding’s inequality

P
( l∑

i=1

Dx
i − pl < n− pl

) ≤ exp[−2p
(1− α)2

α
n]

P
( l∑

i=1

Dx
i − pl > βn− pl

) ≤ exp[−2p
(β − α)2

α
n].

Since
(β − α)2

α
=

(1− α)2

α
=

∆2

2(2 + ∆)
=: a(∆),
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it holds
P (F c

n) ≤ 4 exp[−pan]. (5.5)

Consider the sequences X1, X2, . . . , Y1, Y2, . . . that satisfy condition R. Suppose Xi

and Yj are related and i ≤ n. When F x
n holds, then the ancestor of Xi is at most

l, i.e. ax(i) ≤ m. Since Xi and Yj are related, ax(i) = ay(j) =: a. If F y
n holds, we

have
∑a

i=1 Dy
i ≤

∑l
i=1 Dy

i ≤ βn, implying that j ≤ βn. By symmetry, the roles of
i and j can be changed.

The 2-dimensional process (X1, Y1), (X2, Y2), . . . is regenerative with respect to the
times (τx

k , τy
k ), i.e.

(Xτx
k +1, Yτy

k +1), (Xτx
k +2, Yτy

k +2), . . . (5.6)

has the same law as (X1, Y1), (X2, Y2), . . .. The Z-process for (5.6) is Zak+1, Zak+2, . . ..
In the following n′ ¿ n. Let

F (k, n′) =
⋃

n≥n′

{
n ≤

l(n)∑

i=1

Dx
ak+i,

l(n)∑

i=1

Dy
ak+i ≤ (1 + ∆)n

}

and
H(k, n′) := F (k, n′) ∩ {

n′ − ik(n′), n′ − jk(n′) ≤ ∆n′
}
,

where ik(n′) + τx
k (resp. jk(n′) + τy

k ) is the last τx
l ( resp. τy

l ) before τx
k + n′ (resp.

τy
k +n′). Since (X1, Y1), (X2, Y2), . . . is regenerative with respect to the times (τx

k , τy
k ),

the event H(k, n′) has the same probability as Gn′ ∩ (∪n≥n′Fn′). Hence, by (5.5)
and (5.4), there exist constants K(p, ∆), b(∆, p) that depend on ∆ and p such that

P
(
Hc(k, n′)

) ≤ 4
∑

n≥n′
exp[−an] + 2 exp[∆ ln(1− p2)n′] ≤ K(∆, p) exp[−b(∆, p)n′].

(5.7)

Let Hn(n′,∆) denote the event that for every k that satisfies max{τx
k , τy

k } ≤ n,
H(k, n′) holds. Formally,

Hn(n′, ∆) :=
n⋃

i=0

(
{K = i} ∩ ( ∩i

k=0 H(k, n′)
))

,

where
K = arg max

k=0,1...
{max{τx

k , τy
k } : max{τx

k , τy
k } ≤ n}. (5.8)

Proposition 5.1 When (X, Y ) are such that Hn(n′,∆) holds, then in 2-dimensional
representation the following is true:

1. if (i, j) is a related pair satisfying i ≤ n, j ≤ n and (i′, j′) is another related
pair such that i′ ≤ i + n′, then j′ ≤ j + (1 + ∆)n′;

2. if (i, j) is a related pair satisfying i ≤ n, n′ ≤ n and (i′, j′) is another related
pair such that j′ ≤ j + n′, then i′ ≤ i + (1 + ∆)n′;
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3. if (i, j) is a related pair satisfying i ≤ n, j ≤ n and (i′, j′) is another related
pair such that i′ ≥ i + n′, then j′ ≤ j + (1 + ∆)(i′ − i);

4. if (i, j) is a related pair satisfying i ≤ n, j ≤ n and (i′, j′) is another related
pair such that j′ ≥ j + n′, then i′ ≤ i + (1 + ∆)(j′ − j);

5. if (i, j) is a related pair satisfying i ≤ n, j ≤ n and (i′, j′) is another related
pair such that j′ ≥ j + n′ and i′ ≥ i + n′, then

(j′ − j)
(1 + ∆)

≤ i′ − i ≤ (1 + ∆)(j′ − j),
(i′ − i)
(1 + ∆)

≤ j′ − j ≤ (1 + ∆)(i′ − i)

6. if (i, j) is a related pair satisfying n′ ≤ i ≤ n and n′ ≤ j ≤ n, then

i

1 + ∆
≤ j ≤ (1 + ∆)i,

j

1 + ∆
≤ i ≤ (1 + ∆)j;

7. if (i, j) is a related pair satisfying i ≤ n, j ≤ n then there exists another related
pair (i′, j′) such that i′ ≥ i + n′(1−∆);

8. if (i, j) is a related pair satisfying i ≤ n, j ≤ n then there exists another related
pair (i′, j′) such that j′ ≥ j + n′(1−∆).

Proof. Properties 1 – 6 follow from the event F (k, n′). This event states that if
(i, j) and (i′, j′) are related pairs such that i′−i = n, then the following 2 statements
hold: 1) If n ≤ n′, then (j′ − j) ≤ (1 + ∆)n′. This proves 1. 2) If n ≤ n′, then
(j′−j) ≤ (1+∆)n. This proves 3. The roles of i and j can be changed. This proves
2. and 4. Now 5. follows from 3. and 4. and 6. is a special case of 5. with i = j = 0
(recall that Hn(n′) includes the case k = 0). The properties 7 and 8 follow fron the
definition H(k, n′).

Thus, if n′ is relatively small in comparison with n and ∆ is small, too, then 6.
means that in 2-dimensional graphs the related pairs (τx

k , τy
k ), k = 1, . . . K are lo-

cated between the lines (1 + ∆)−1i and (1 + ∆)i except, perhaps, the first square of
size n′. The property 5. says that the pairs (τx

k+l − τx
k , τy

k+l − τy
k ) l = 1, 2, . . . K − k

have the same property. The properties 7 and 8 basically say that every n′ × n′-
square (inside the big n×n square) that has a related pair in a lower left corner has
another related pair (almost) in the upper right corner. So, if Fn, Gn and Hn(n′, ∆)
all hold (with relatively small n′), then the related pairs almost follow the diagonal.

We shall show now that P (Hn(n′, ∆)) → 1, if n′ = A ln n for a suitable chosen
A < ∞. Indeed, since the random variable K takes values in {0, 1, . . . , n}, we have

Hn(n′,∆) ⊃
n⋃

i=0

(
{K = i} ∩ ( ∩n

k=0 H(k, n′)
))

= ∩n
k=0H(k, n′).

Use (5.7) to see that there exists a constant E depending on ∆ and p such that

P
(
Hn(n′, ∆)c

) ≤ (n + 1)P (Hc(k, n′)) ≤ K(n + 1) exp[−bn′] = En1−bA → 0, (5.9)

if A(∆, p) is big enough.
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5.3 Main theorems

Let ∆′ > 0 and define

Bk(ñ, m̃) := {every optimal alignment of Xτx
k +1, , . . . , Xτx

k +ñ and Yτy
k +1, . . . , Yτy

k +m̃

contains a related pair}
B1

k(n′) :=
⋂

n′≤ñ≤m̃≤ñ(1+∆′)

Bk(ñ, m̃), B2
k(n′) :=

⋂

n′≤m̃≤ñ≤m̃(1+∆′)

Bk(ñ, m̃)

Bk(n′) :=B1
k(n′) ∩B2

k(n′).

By the regenerativity and Lemma 5.2, for every k, P (Bk(ñ, m̃)) ≥ 1 − exp[−ñk3],
provided ñ(1 + ∆′) ≥ m̃ ≥ ñ ≥ no and ∆′ > 0 is small enough to satisfy the
assumptions. Thus, there exists a constant B such that

P
(
B2

k(n′)
)

= P
(
B1

k(n′)
) ≥ 1−

∑

ñ≥n′
e−k3ñ ≥ 1− B

2
e−k3n′ , n′ ≥ no.

implying that
P

(
Bk(n′)

) ≥ 1−Be−k3n′ , n′ ≥ no.

Let Bn(n′) be the event that for every k that satisfies max{τx
k , τy

k } ≤ n, B(k, n′)
holds. Formally,

Bn(n′, ∆′) :=
n⋃

i=0

(
{K = i} ∩ ( ∩l

k=0 B(k, n′)
))

,

where K is as in (5.8). We know that for n′ = A′ ln n ≥ no,

P
(
Bn(n′)c

) ≤ (n + 1)P (Bc
k(n

′)) ≤ B(n + 1) exp[−k3n
′] = E′n1−k3A′ → 0, (5.10)

if A′(∆′) is big enough and E′(∆′) is a constant.

Lemma 5.3 Let ∆ > 0 and assume that Hn(n′, ∆) ∩ Bn(n′, 2∆) holds. Let u, v
be two arbitrary optimal alignments of X and Y that satisfy condition R. Then,
for every pair (i, j) of (the 2-dimensional representation of) u, there exists a pair
(iv, jv) of v such that

max{|i− iv|, |j − jv|} ≤ n′(1 + ∆). (5.11)

Proof. Fix ∆′ = 2∆ > 0 and let v be an optimal alignment of X and Y . Denote by
(i1, j1), (i2, j2), . . . , (iK(v), jK(v)) the related pairs of v. Thus (Xik , Yjk

) is a related
pair and v(ik) = jk, i.e. the pair is included into the alignment v. Clearly ik ≥ τx

k ,
jk ≥ τy

k and, unlike (τx
k , τy

k ), (ik, jk) depend on v. Let i0 :=: j0 := 0 and iK(v)+1 :=:
jK(v)+1 := n + 1.
By assumption, Hn(n′,∆) holds. Then for every 0 ≤ k ≤ K(v),

min{ik+1 − ik, jk+1 − jk} ≤ n′ (5.12)
max{ik+1 − ik, jk+1 − jk} ≤ n′(1 + ∆) (5.13)
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Let us show that (5.12) and (5.13) hold. Suppose there exists k such that (5.12) fails.
The pairs (ik, jk) and (ik+1, jk+1) are both in v. Since v is optimal, the restriction
of v between

Xik+1, . . . , Xik+1−1, and Yik+1, . . . , Yik+1−1

must be optimal as well. Denote ñ = ik+1 − 1 − ik and m̃ = jk+1 − 1 − jk. If
(5.12) does not hold, then m̃, ñ ≥ n′. Suppose, without loss of generality that
m̃ ≥ ñ. Since Hn(n′) holds, then the property 3) of Proposition 5.1 states that
(m̃ + 1) ≤ (ñ + 1)(1 + ∆) implying that m̃ ≤ ñ(1 + ∆′). Therefore, we have that
the sequences

Xik+1, . . . , Xik+ñ, and Yik+1, . . . , Yik+m̃

with n′ ≤ ñ ≤ m̃ ≤ ñ(1 + ∆′) have an optimal alignment that contains no related
pair. This contradicts Bn(n′, ∆′). If (5.12) holds, then the properties 1 and 2 of
Proposition 5.1 prove (5.13).
Hence, if Hn(n′,∆) ∩ Bn(n′,∆′) holds, then (5.13) holds, implying that for every
optimal alignment v, the maximum-norm between two consecutive related pairs in
v is at most n′(1 + ∆). Let u and v be now two optimal alignments and let (iuk , ju

k )
k = 1, . . . , K(u) and (ivk, j

v
k), k = 1, . . . , K(v) denote the related pairs of u and v,

respectively. Let (i, j) be a (not necessarily related) pair in u i.e. u(i) = j. There
exists 0 ≤ k ≤ K(u) such that iuk ≤ i ≤ iuk+1 and iuk+1− iuk ≤ n′(1+∆). We consider
2 cases separately:
1) Suppose there exists a related pair of v, (ivl , j

v
l ) such that iuk ≤ ivl ≤ iuk+1. This

means that |ivl − i| ≤ n′(1 + ∆). Because (iuk , ju
k ), (ivl , j

v
l ), (iuk+1, j

u
k+1) are related

pairs, we have that ju
k < jv

l < ju
k+1. Since (iuk , ju

k ), (i, j), (iuk+1, j
u
k+1) are aligned, we

have ju
k < j < ju

k+1. Because (iuk , ju
k ) are related and Hn(n′, ∆) holds, by (5.12) and

(5.13), we have ju
k+1 − ju

k ≤ n′(1 + ∆), implying that |j − jv
l | ≤ n′(1 + ∆). Hence,

with iv = ivl and jv = jv
l , (5.11) holds.

2) Suppose there exists no ivl such that iuk < ivl < iuk+1. However, there ex-
ists 0 ≤ l ≤ K(v) such that iul ≤ i ≤ iul+1 and iul+1 − iul ≤ n′(1 + ∆). Hence
ivl < iuk < i < iuk+1 < ivl+1 and jv

l < ju
k < j < ju

k+1 < jv
l+1. By (5.12) and (5.13),

again, jv
l+1− jv

l ≤ n′(1 + ∆). Thus, i− ivl ≤ n′(1 + ∆) and (5.11) holds with iv = ivl
and jv = jv

l . This proves the theorem in l 6= 0. However, it might be that l = 0.
But since ivl+1 − i ≤ n′(1 + ∆), we get that (5.11) also holds with iv = ivl+1 and
jv = jv

l+1.

Recall the definition of Hausdorff’s distance between alignments u and v, both
represented as a set of 2-dimensional points. If for an arbitrary element (i, j) of u,
there exists an element (iv, jv) of v such that (5.11) and vice versa, then the Haus-
dorff’s distance between u and v with respect to the maximum norm is at most
n′(1 + ∆). The Hausdorff’s distance between u and v with respect to the l2-norm
is
√

2n′(1 + ∆). This gives our first main result.

Theorem 5.1 Let X and Y be related. Let u, v be the (2-dimensional representa-
tions of) lowest and highest alignments of X and Y . Assume (5.1). Then there
exists C < ∞ such that, for n big enough,

P
(
h(u, v) > C ln n

) ≤ Dn−1, (5.14)
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where h is Hausdorff’s distance with respect to maximum or l2 norm and D is a
constant.

Proof. Choose 1 > ∆′ > 0 so small that (5.3) holds and take ∆ := ∆′/2. Let
A(∆) be such that bA = 2, where b is as in (5.9). Let A′(∆′) be such that k3A

′ = 2,
where k3 is as in (5.10). Take A1 = max{A, A′} and define n′ :=

√
2A1 lnn. Let

En := {h(u, v) > 2n′}. Since (1 + ∆) < 2, from lemma 5.3, we know that

Hn(n′,∆) ∩Bn(n′, 2∆) ⊂ En.

Hence, from (5.9) and (5.10), for n big enough,

P (Ec
n) ≤ P

(
Hc

n(n′, ∆)
)

+ P
(
Bc

n(n′, 2∆)
) ≤ En1−bA1 + E′n1−k3A1 ≤ (E + E′)n−1.

So, with C = 2
√

2A1, the lemma holds.

In Theorem 5.1, we used the 2-dimensional representation of alignments, so an
alignment were identified with a finite set of points. In the alignment graph, these
points are joined by a line. We consider the highest and lowest alignment graphs,
and we are interested in the maximal vertical (horizontal) distance between these
2 piecewise linear curves. This maximum is called vertical (horizontal) distance
between lowest and highest alignment graphs. The next lemma shows that under
the assumptions of lemma 5.3, the vertical distance between 2 alignment graphs is
bounded above by 2h(u, v).
We need some notations and conventions. Let u be an alignment between X and
Y . Thus u is a set of pairs u = {(iu1 , iu1), . . . , (iuL, ju

L)}, where iu1 < · · · < iuL and
ju
1 < · · · < ju

L, ju
l = u(iul ), (here (iul , ju

l ) stands for any pair of u, not necessarily
related, so L is the length of LCS of X and Y ). Let U be the corresponding graph.
Formally, U is a piecewise linear mapping from [iu1 , iuL] → [1, n] such that U(il) = jl,
l = 1, . . . , L.

Lemma 5.4 Let ∆ > 0 and assume that Hn(n′, ∆) ∩ Bn(n′, 2∆) holds. Let u, v
be two arbitrary optimal alignments of X and Y that satisfy condition R. Let U, V
be the corresponding alignment graphs defined on [iu1 , iuL] and [iv1, i

v
L], respectively.

Then
max

x∈[i1,iL]
|U(x)− V (x)| ≤ 2n′(1 + ∆), (5.15)

where i1 := max{iu1 , iv1}, iL := min{iuL, ivL}.
Proof. The proof goes along the same line as the one of lemma 5.3. Let (i, j)
be an arbitrary pair of u, i.e. (i, j) = (ius , ju

s ) for some 1 ≤ s ≤ k. Then there
exists two related pairs of u, (ik, jk) and (ik+1, jk+1) such that iuk < i < iuk+1 and
ju
k+1 − ju

k ≤ n′(1 + ∆). Similarly, there exists two related pairs of v, (ivl , j
v
l ) and

(ivl+1, j
v
l+1) such that ivl ≤ i ≤ ivl+1 and jv

l+1 − jv
l ≤ n′(1 + ∆). It might be that

iuk = 0 or iuk+1 = n + 1. It might also be that ivl = 0 or ivl+1 = n + 1. We consider 3
cases separately:
1) Suppose iuk ≤ ivl . This is the first case as in the proof of lemma 5.3. We know
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that then |j − jv
l | ≤ n′(1 + ∆). On the other hand, we know that iuk ≤ ivl ≤ i ≤ ivl+1

and i ≤ iuk implying that ju
k ≤ jv

l ≤ j ≤ ju
k+1 and jv

l ≤ jv
l+1. Then, |j − jv

l+1| ≤
(jv

l+1 − jv
l ) + (ju

k+1 − ju
k ) ≤ 2n′(1 + ∆).

2) Suppose ivl+1 ≤ iuk+1. This case is similar to the previous one.
3) Suppose ivl < iuk < i < iuk+1 < ivl+1. This corresponds to the case 2) in the proof
of lemma 5.3. Then |j − jv

l | ≤ n′(1 + ∆) and |j − jv
l+1| ≤ n′(1 + ∆).

There are no more options. Recall that (i, j) is an arbitrary point of u. The points
(ivl , j

v
l ) and (ivl+1, j

v
l+1) are the neighbors of (i, j), were the neighborhood is measured

along i-axis. We just showed that the the maximum distance along j-axis (this is the
vertical distance) between (i, j) and these neighbors is 2n′(1+∆). Since V is linear
between (ivl , j

v
l ) and (ivl+1, j

v
l+1), we get that |U(i)− V (i)| = |j − V (i)| ≤ max{|j −

jv
l |, |j − jv

l+1|} ≤ 2n′(1 + ∆). Therefore, maxl=1,...,L |U(iul ) − V (iul )| ≤ 2n′(1 + ∆).
Similarly, maxl=1,...,L |U(ivl )−V (ivl )| ≤ 2n′(1+∆). Finally, since the vertical distance
between two piecewise linear graphs achieves its maximum at the knots iu1 , . . . , iuL
or iv1, . . . , i

v
L, we obtain (5.15).

Theorem 5.2 Let X and Y be related. Let U, V be the lowest and highest alignment
graphs of X and Y . Assume (5.1). Then, for n big enough,

P
(

sup
x∈[i1,iL]

V (x)− U(x) > 2C ln n
) ≤ Dn−1, (5.16)

where [i1, iL] is as in Lemma 5.4 and the constant C is the same as in Theorem 5.1.

Proof. The proof follows from Lemma 5.4 along the same line as the proof of The-
orem 5.1.

Theorem 5.2 states that with big probability, the vertical distance between the
highest and lowest alignment graphs is at most 2C lnn, provided n is big enough.
The same holds for horizontal distance. Recall that, according to Theorem 5.1, for
Hausdorff’s distance between the alignments (but not alignment graphs!) the bound
is twice as small.

Theorems 5.1 and 5.2 hold under (5.1). If the marginal distribution of X and Y is
uniform over a four-letter alphabet, as in Section 3, the condition (5.1) is simply
H(γR) < γR. This clearly holds for sufficiently large γR. The simulation in Section 3
imply that the value of γR is about 0.76. Since H(0.76) ≈ 0.795, this particular γR is
a bit to small for (5.1) to hold. On the other hand, the simulations clearly indicate
that the statements of Theorems 5.1 and 5.2 also hold for this case implying that
the assumption (5.1) can be improved. This is matter of the further research.
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