ORBIT CLOSURES OF DIRECTING MODULES
ARE REGULAR IN CODIMENSION ONE

GRZEGORZ BOBINSKI

ABSTRACT. We show that the orbit closure of a directing module
is regular in codimension one. In particular, this result gives infor-
mation about a distinguished irreducible component of a module
variety.

Throughout the paper k is a fixed algebraically closed field. By Z,
N, and N, we denote the sets of integers, nonnegative integers, and
positive integers, respectively. If i, j € Z, then [i, j] denotes the set of
all [ € Z such that 1 <[ < j.

INTRODUCTION AND THE MAIN RESULT

Given a finite-dimensional k-algebra A and an element d of the
Grothendieck group Ky(A) of the category of A-modules; one defines
the variety mod$ (k) of A-modules of dimension vector d. A product
GLq(k) of general linear groups acts on mod$ (k) in such a way that
the GLq4(k)-orbits correspond to the isomorphism classes of A-modules
of dimension vector d. A study of properties of the module varieties
is an interesting and important direction of research in the representa-
tion theory of algebras (for some reviews of results see [13,17,19] and
for some more specific results see [3,6,8]). In particular, the author
has showed [5] that if d is the dimension vector of a directing module
and A is tame, then mod§ (k) is normal if and only if it is irreducible.
In general, if M is a directing module, then the closure O(M) of the
GLg(k)-orbit O(M) of M is an irreducible component of mod$ (k).
Thus the above result naturally rises a question about the properties
of O(M). We also note that O(M) coincides with the closure of the set
modules of projective (injective) dimension at most 1, which is known
to be an irreducible component of a module variety in many other cases
(see [3, Proposition 3.1] for details).

The question about properties of O(M) for a directing module M is a
special case of another geometric problem investigated in representation
theory of finite-dimensional algebras, namely, study of properties of
orbit closures in module varieties (see for example [4,9, 12,25, 26]).
In particular, Zwara and the author proved [10] (using, among other
things, the results of [7]) that if M is an indecomposable directing

module, then O(M) is a normal variety. Recall that normal varieties
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are regular in codimension one, i.e. the set of singular points is of
codimension at least two. Thus, the following main result of the paper
is the first step in order to generalize the above result about the closures
of the indecomposable directing modules over the tame algebras to
arbitrary directing modules over arbitrary algebras.

Main Theorem. If M is a directing module, then O(M) is regular in
codimension one.

The paper is organized as follows. In Section 1 we recall definitions
of quivers and their representations. We also describe properties of
directing modules needed it the proof of our main result. In Section 2
we discuss interpretations of extension groups useful in geometric in-
vestigations. Next, in Section 3, we define module schemes and some
schemes connected with them. Finally, in Section 4, we proof the main
result of the paper.

The main idea of the proof is the following. We first observe that
each minimal degeneration N of a directing module M (i.e. a module

N whose orbit is maximal in O(M) \ O(M)) over an algebra A is of
the form N = U @ V for a short exact sequence

E:0—-U—-M—-V —N0.

Now we use a connection between the tangent space Ty mod$ (k) to the
module variety at N and the first extension group. As a consequence, it
follows that Ext3 (V,U) measures a difference between dim O(M) and
dimy, Ty mod§ (k). On the other hand, we show for a general minimal
degeneration N of M, that if

&E:0—-U—-W, —-U—0 and 0=V W, —=V =0

are short exact sequences, then (&1,&;) corresponds to an element of
TyO(M) if only only if the sequences & 0& and o0&, determine the same
element in Ext%(V, U). We prove that the space of such pairs of se-
quences is of codimension dimy Ext3 (V, U) in Ext) (U, U) x Ext} (V, V),
and this will finish the proof.

For a basic background on the representation theory of algebras (in
particular, on tilting theory) we refer to [1]. A functorial approach
to schemes in algebraic geometry used in the article is explained for
example in [16].

An article was written while the author was staying at University
of Bielefeld as Alexander von Humboldt Foundation fellow. The au-
thor expresses his gratitude to Professor Ringel for his hospitality and
helpful discussions.
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1. PRELIMINARIES ON QUIVERS AND THEIR REPRESENTATIONS

In this section we present basic facts about quivers and their repre-
sentations. We also collect facts about directing modules necessary in
the proof.

By a quiver A we mean a finite set Ay of vertices and a finite set
A1 of arrows together with two maps s,t : Ay — Ay, which assign
to an arrow «a € A its starting vertex s, and terminating vertex t,,
respectively. By a path of length n € N, in A we mean a sequence
o = aj---ay of arrows such that s, = t,,,, for each ¢ € [1,n — 1].
We write s, and t, for s,, and t,,, respectively. Additionally, for each
vertex x of A we introduce a path x of length 0 such that s, =z = t,.

With a quiver A we associate its path algebra kA, which as a k-vector
space has a basis formed by all paths in A and whose multiplication is
induced by composition of paths. If p = A\joy + - -+ + A\, 0, for scalars
A, .-y Ay € k and paths o1,...,0, € x(kA)y, where z,y € Ay, then
we put s, = y and ¢, = x. Such p is called a relation in A if the length
of o; is at least 2 for each i € [1,n]. A set R of relations is called
minimal if for every p € R, p does not belong to the ideal (R \ {p}) of
kA generated by R\ {p}. A pair (A, R) consisting of a quiver A and
a minimal set of relations R, such that there exists n € N with the
property o € SR for each path ¢ in A of length at least n, is called a
bound quiver. If (A,9R) is a bound quiver, then the algebra kA/(R) is
called the path algebra of (A, fR).

Let R be a commutative k-algebra and (A, 2R) a bound quiver. By an
R-representation of A we mean a collection M = (M, My)zen,, aca,
of free R-modules M,, x € Aq, of finite rank and R-linear maps M, :
M,, — M,,, a € A;. An R-representation M of A is called an R-
representation of (A, fR) if M, = 0 for all p € R, where we put M, =
Idy,, for x € Ay, M, = M,, ---M,, for a path 0 = a7 ---«, with
at, ..., a, € Ay, and

M, = MM, + -+ \M,,

for p = Moy + -+ + \yo, with scalars Aj,..., A\, € k and paths
01y .., 05 € T(kA)y, where z,y € Ay. By a morphism f: M — N we
mean a collection (f;)zen, of R-linear maps f, : M, — N,, © € Ay,
such that f, M, = N,fs, for each a € Ay, If A = kA/(R), then
the category of R-representations of (A,fR) is equivalent to the full
subcategory mod, (R) of the category of A-R-bimodules formed by the
bimodules M such that xM is a free R-module for each x € A (see
for example [1, Theorem II1.1.6] for this statement in the case R = k).
We will identify such A-R-bimodules and R-representations of (A, fR).
For M, N € mod,(R) we denote by Homy (M, N) the space of homo-
morphisms from M to N in mod(R). Moreover, if dimy R < oo, then
[M, N| denotes dim; Homy (M, N). Similarly, for n € N we denote by
Ext} (M, N) the n-th extension group in the category of A-R-bimodules
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and, if dimy R < oo, by [M, N]" the dimension of Ext} (M, N) over k.
For an R-representation M of A its dimension vector dim M € N2 ig
defined by (dim M), = rkg M, for z € A,.

In the rest of this section we will work in the category mod, =
mody (k) of A-modules for the path algebra A of a bound quiver (A, fR).
For subcategories A and B of mod, we denote by AV B the additive
closure of their union, i.e. the full subcategory of mod, whose objects
are M @& N with M € Aand N € B.

By a path in mod, we mean a sequence Xy — X; — -+ — X,
of nonzero maps between indecomposable A-modules for n € N,. A
A-module M is called directing if there exists no path of the form

M- 717X —>x—>X—--— M

for an indecomposable nonprojective A-module X and indecomposable
direct summands M’ and M" of M, where 7 denotes the Auslander—
Reiten translation in mod,. If M is indecomposable, then M is direct-
ing if and only if there is no path in mod, of the foom M — --- — M
(see [18, Section 1, Corollary]).

A A-module T is called tilting if [T,T]' = 0, pd, T < 1, and there
exists an exact sequence of the form

0->A—=T =-T"' =0

for T',T" € add T, where for a A-module M we denote by add M the
full subcategory of mod, consisting of direct sums of direct summands
of M. Any tilting A-module T determines the torsion theory (7, F),
where

F=FT)={N €mod, | [T,N] =0}
and
T =T(T)={N € mod, | [T, N]' = 0}.

An algebra A is called tilted, if there exists a hereditary algebra ¥ and
a multiplicity free tilting ¥-module 7" such that A ~ Endy(7)°P. It is
known that if A is tilted, then gl. dim A < 2 and there are no oriented
cycles in A.

Let M be a directing A-module. Then the support of M is convex [5,
Lemma 1.1], where by the support of a A-module N we mean the
full subquiver of A whose vertices are all x € Ay such that N, # 0.
Moreover, a full subquiver A’ of a quiver A is called convex if for
each path z9 — -+ — x,, n € Ny, in A with z, 2, € Af, x; € A]
for all ¢ € [1,n — 1]. Consequently, we may assume that considered
directing modules are sincere, i.e. M, # 0 for all x € Ay. If this is
the case, then there exists a directing tilting A-module 7', such that
add M C add T [2].

Assume now that T is a directing tilting A-module. We have the
following properties, which are either a general statements of tilting
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theory or were proved by Bakke [2]. First of all, A is a tilted algebra.
Secondly, mody = F V7. Moreover, pdy N < 1forall N € FVaddT,
idy N < 1forall N € 7, and [N',N"] = 0 and [N",N']'! = 0 for
all N € T and N” € F. Finally, modules in addT are uniquely
determined by their dimension vectors and if [X, T # 0 and [T, X] # 0
for an indecomposable A-module X, then X € add T

Now assume that A is tilted (more generally, gl. dim A < 2 and there
are no oriented cycles in A). We define the Euler bilinear form (—, —) :
720 x 720 — 7 by

(d.d") =) dd =Y ddi +) d.d

FASYANG) acAq PER

for d’,d” € Z”. Tt is known (see [11, 2.2]), that if M and N are
A-modules, then

(dim M, dim N) = [M, N] — [M, N]* + [M, N]2.

We also have the Euler characterisitic y : Z2° — Z defined by x(d) =
(d,d).

2. INTERPRETATIONS OF EXTENSION GROUPS

Throughout this section we assume that A is the path algebra of a
bound quiver (A,fR). Moreover, R is a commutative k-algebra. Our
aim is this section is to present interpretations of extension groups,
which are useful in geometric considerations.

We first present a construction investigated by Bongartz [12]. For
two collections U = (U,)zen, and V = (V,)zen, of free R-modules of
finite rank we introduce the following notation:

VV7U = H HomR(‘/;:)Ua:)) AV’U = H HomR(‘/;oﬂUta)’

TEAQ aEA;

and

R"Y = [ Homg(Vi,. Us,).
PER
If M € mod,(R), then we denote also by M the corresponding collec-
tion (M,).en, of free R-modules.
Fix U,V € mody(R). If Z € A"V, then we define Z)"V for p €
x(kA)y, where x and y run through Ay, in the following way: ZY'V = 0
for z € Ay,

ZVU = Z Uni Uy ZaVesor -+ Ve

for a path 0 = aq - - - oy, with aq,...,a, € A1, and

ZPV =MZV -+ X 20T
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for p = Moy + -+ + \yo, with scalars Aq,...,\, € k and paths

o1,...,04 € £(kA)y, where 2,y € Aq. Observe that Z))0 = 77UV, +

U, Z[‘;/;U for all possible p; and py with s,, = t,,. We define Z"'V as the

set of all Z € AV'Y such that Z;/’U =0 for all p € R. For Z € Z"'Y we
define an R-representation WZ of A by WZ = U, @V, for x € Ay and

WaZ: |:I{)a ‘Z/a:| s aGAl.

Then W7 = 0 for all p € R, hence W7 € mod,(R). Moreover, we
have a short exact sequence
Zo-uwr v o

in mody(R), where the maps fZ and ¢g# are the canonical injection
and the canonical projection, respectively. On the other hand, for
every short exact sequence

E0—-U—-M-—-V =0

of A-R-bimodules, there exists (nonunique) Z € Z"'Y such that [7] =
[€]. More precisely, the map Z""Y — Ext}(V,U), Z — [¢7], is a surjec-
tive R-linear map. The kernel BY"U of this map consists of Z € Z"'Y
such that the corresponding sequence splits, i.e. there exists h € V'V
such that Z, = Uyhs, — sV, for all & € Ay. From now on we identity
Ext} (V,U) with Z"'V /B"U. Observe that

dim, 2"V = [V,U]' = [V,U] + dimy R- Y rkp U, - tkp V,

TEAQ

provided dimy R < oo.
We also present interpretations of some other homological construc-
tions.

Proposition 2.1. Let U, V, M € mod,(R).
(1) If h € Homy (U, M), then the homomorphism

Ext)(V.U) — Exty(V, M), [f] = [ o],
s given by
Z 4+ B s (hoZs) + BV,
(2) If h € Homp (M, V), then the homomorphism
Exty (V,U) — Exty (M, U), [¢] = [£oh],
18 given by

Z +BYY s (Zyhga) + BMY,
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Proof. We only prove the first assertion. The proof of the second one
is dual. Fix Z € Z"'Y and let Z/, = hy Z, for a € A;. Tt follows easily
that Z)"M = h,, Z}"V = 0 for all p € R, hence Z' € Z""". We define

K € Homp (W%, W%') by

hl(u) = hy(u), u € Uy, and KL (v) =v, v eV,
for x € Ag. Since fZh = B'f? and ¢g?'h' = g7 (vecall that W7 =
U, ®V, and WxZ/ = M, ®V, for all z € Ay, f? and fZ/ are the

canonical injections, while g% and g% are the canonical projections),
[€7] = [h o £7], and this finishes the proof. O

We would like to have an analogous interpretation of second exten-
sion groups and the homomorphisms

Exty (V,U) — Ext3(V, M), [¢] — [& 0 &],
and
Exty (V,U) — Ext}(M,U), [¢] — [£o &),

for [¢1] € Exty (U, M), [&)] € Exty (M, V), and A-modules U, V, M.

We first present an interpretation of second extension groups. For
N € mod,(R) we define R-representations PV and QY of (A,R) and
homomorphisms f~ : Q¥ — P¥ and ¢V : PN — N such that PV is
projective in mod, (R) and the sequence

VooV I py L N
is exact, in the following way:
PN = EBxAy@Ny, r € Ay,
STAV
QY = @ z(rad A)y @ Ny, x € Ay,
ISTAN
n)=ao®n, a € Ay, 0 €s,Ay, n €Ny, ye€A,,
QN(c®@n)=ac®@n—a® N,n,
a €Ay, 0€s,(radA)y, ne Ny, y €Ay,

~
Z
Q

fNMo®n)=0c®@n—2® N,n, o € x(radA)y, n € N,, z,y € A,
9N (o ®n) = Nyn, 0 € zAy, n € N,, z,y € A,.

We now assume until the end of the section that R = k, i.e. we are
working in the category mod,.

Proposition 2.2. If M and N are A-modules, then the map
Exty (2", M) — Ext3(N, M), [¢] — [£0&™],

18 an isomorphism.
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Proof. Since PV is projective, the claim follows by standard homolog-
ical algebra (see for example [21, Chapter III]). O

From now on we identify Ext3 (N, M) with Ext} (QV, M), hence with
ZQN’M/BQN’M, for any A-modules M and N.

Proposition 2.3. Let U, V and M be A-modules.
(1) If Z € ZYM | then the homomorphism

Ext)(V.U) — Ext3(V, M), [¢] = [¢7 0 €],
is given by Z' + BV Z" 4+ BM  where
ZNo@v) = ZoZV 0, a € Ay, 0 € su(rad )y, v €V, y € Ay.
(2) If Z € ZMV | then the homomorphism
Ext} (V,U) — Exti(M,U), [¢] = [0 &7,
is given by Z' + BV — Z" + BV where
Zlo@m)=Z,ZMYm, a € Ay, 0 € so(radA)y, m € M, y € A,.

Proof. We only prove the first assertion, the prove of the second one is
analogous. Fix Z/ € Z"V and let Z” € A2"M be defined in the way
described in the proposition. One easily checks that Z” € Z M We
need to show that [¢Z0£7] = [€4"0€V]. In order to do this, it is enough
to construct homomorphisms h : W4 — W# and b/ : PV — W#' such
that fZ = hf?", fZ¢?h = W fVg¢?", and ¢ h = ¢¥. Such maps are
defined by

hy(m) =m, m € M,,
o

ho(o @v) = 2V, o € z(rad Ay, v €V, y € Ay,
and
R (o@v)=ZYY0+ Vv, 0 €xhy, veEV,, y€ Ay,
for x € Ay. O

We now construct a “smaller” model of Ext3 (N, M) for M, N €
mody. Let B"Y" be the image of the map AN — RV 71— (Z10M).

We define also @V ; 72" M _, RNM 1y
q)N7M Z Z Ai Mo‘l 1 Q5 — 1ZO‘Z J (O‘/l g1 Qim, & n)
i€[1,l] je[l,m;—1]

forpe Randn € N, if p= Aoy +- -+ Noy for scalars Ay,..., N €k
and paths 0; = ;1 Qim, € t,(kA)s, with o1,...,m € Ay, @ €
[1,1].



ORBIT CLOSURES OF DIRECTING MODULES 9

Proposition 2.4. Assume that A s tilted. If M, N € mody,, then
ONM s an epimorphism such that
Ker @M c B apd - @NM(BYM) = pANM

ONM induces an isomorphism

Ext3 (N, M) ~ RNM /g/N-M

In particular,

Proof. We first show that Ker @M < B2"M e for Z € Ker &M we
construct b € VM such that Z, = Myh,, — hy, QY for all o € Ay,
The definition of such h is recursive, namely

hi,(a®n) =0, a € Ay, n € Ny,
and
he, (o @ n) = Myhs, (0 @ n) — Z,(0c @n),
a €Ay, 0€s,(radA)y, n e Ny, y € Ay.

In order to prove that (IDN’M(IB%QN’M) C BVM take h € VUM and
let Zo = Myh,, — hy, QY for o € A;. Direct calculations show that

(PN’M(Z)p(n) - Z Z )‘iMai,l-"ai,j—lhta,-J (ai,j ® Nai,j+l"'ai,min)
i€[L,l] j€[1,m;—1]

for p as above (in the definition of @) and n € N;,, i.e. PVM(Z) =
(ZNA) for Z' € ANM defined by Z[,(n) = hy, (e @ n) for o € Ay and
n € Ngy.

We now show that BNM ¢ oNM(B2M) Take Z € ANVM. The
above calculations show that if we define h € V"M by

hi (a®@n)=Zy(n), a € Ay, n € Ny,
and
hi(aoc@n) =0, a € Ay, 0 € sq(radA)y, n € N, y € Ay,

and Z' € BYM by 7! = M,h,, —h, QN for o € Ay, then ®NM(Z') =
(Z)M).

Finally we show that Im ®¥™ = R¥M  Observe that dim, RVM =
> per @y, d; , where d’ = dim M and d” = dim N. On the other hand,

dimy Im CIDN M

= dim, Z®"M — dim,, Ker MM

= (dimy Z*M — dim B M) + (dimy, B M — dimy, Ker VM)
= [N, M)? + dim, BVM
= [N, M)? + dimy AN — dim,, 2V
= [N.MP+ > dld, — [N M+ [N,M - > dd,

aEAq RISIAN)
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=(d"d)+ > did > did, =) dld

aEA; TEAQ PER

hence the claim follows. O

We remark that we could replace the assumption A is tilted by a
more general assumption that there are no oriented cycles in A and
gl.dim A < 2. Moreover, this assumption is necessary only for proving
that ®VM is surjective, or more generally, in order to identify Im &~
We also mention, that the above obtained description of second exten-
sion groups is a trace of a much more general construction investigated
by Butler and King [14]. In particular, using their results one could
identify Im ®¥*™ in a general case.

Using the above isomorphism we can give another formulation of
Proposition 2.3. This formulation could also be deduced from [14]. Let
U, V and W be A-modules. For Z’ € ZV'Y and Z" € Z""V we define
Z'o 7" € RWU by

(Z, © Z”)p =

/ "
E : E , )\ani,l"'ai,jlflzaiyjlVaz‘,lerl"'Oéi,ijlZOéi’jzWai,j2+1'”ai,mi

71<72

for p € R, if p = Moy + -+ -+ \jo; with scalars Ay, ..., \; € k and paths
Op =1 Qi € t(kA)s,, where a;1,...,qim, € A1, 1 € [1,1].
Proposition 2.5. Let U, V and M be A-modules.
(1) If Z € ZYM | then, under the isomorphism induced by ®VM | the
homomorphism
Exty (V,U) — Exti(V, M), [£] — [¢Z o],
is given by Z' + BV +— Z o 7' + B'VM,
(2) If Z € ZMV | then, under the isomorphism induced by &MYV,
the homomorphism
Exty (V,U) — Ext}(M,U), [€] = [§ 0 €7],
is given by Z' +BYY +— 7' o Z + B'MU,

Proof. Direct calculations. U

3. MODULE SCHEMES

Throughout this section A is the path algebra of a bound quiver
(A,9R). We define in this section the schemes of A-modules. We also
investigate subschemes of products of module schemes consisting of
pairs of modules with given dimensions of the homomorphism space
and the first extension group.

For d € N?° and a commutative k-algebra R, let RY = (R%),cn,.
If M € AR'E? then we can treat M as an R-representation of A
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by taking M, = R% for x € A,. In particular, M, is defined for
cach p € z(kA)y with 2,y € Ag. Obviously, if M € AR“EY then
M € mod,(R) if and only if M, = 0 for all p € R. We define mod§ (R)
as the subset of all elements of AR for which the above condition
is satisfied. Then modﬂ is a functor from the category of commutative
k-algebras to the category of sets, which is an affine scheme. We call
mod} the scheme of A-modules of dimension vector d. Note that if
M € mod,(R) and dim M = d, then there exists (usually nonunique)
M’ € mod} (R) such that M ~ M’. Consequently, we will usually treat
A-modules as elements of mod§ (k).

We now generalize a construction described by Zwara [24, Section 3].
For d’,d” € N® and d € N we denote by Hgl’d” the subscheme of
modd x mod¢” such that Hgl’d”(k;) consists of all (U, V) € mod? (k) x
mod?” (k) such that [V, U] = d. We briefly describe its construction.

Fix a commutative k-algebra R. Recall that for V' € mod?” (R) we
constructed in Section 2 the exact sequence

14 \4
00— L pV iy o
with PV projective. Iterating this construction we obtain the exact
sequence
v,V v
Pl priLy o
In particular, for each U € modi,(R) we have the exact sequence

v
Homy (gV,U) ) Homy (f¥ ¢ ,U)
_ _

0 — Homx (V,U) Homy (PY,U Homa (P2, U).

Recall that
PV = @ Az ® R% and P = @ Az @ z(rad A)y @ R%.

FISVANY) HRTISYANG)
Consequently,
Homy (PY,U) ~ @5 R%

TEAQ

and

Homy (P, U) ~ @ R%% @ z(rad A)y.

[RVISYANG)

Moreover,

FY a2 (01 @0 ®@v) = 0102 @ v — 01 @ Vv

for all oy € zAz, 0y € z(rad A)y, v € R%, x,y, 2 € Ay, hence if we fix
bases in z(rad A)y for all z,y € Ay, then simple (although technical)
analysis shows that there exists a morphism ¢ : mod$ x mod$ — M, ,
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such that Homy (fV¢®",U) is given by ¢(U, V) for all U € mod?d and
Ve modi//, where for

p=> dd; and g= Y dddim(z(radA)y)

€A z,y€Ap

M, , denotes the scheme of p x g-matrices. We define Hdd/’d” to be
the inverse image by ¢ of the reduced subscheme of M, , whose k-
rational points are the p x g-matrices of rank r with coefficients in £
(see [24, Subsection 3.2]). Obviously,

HG Y (k) = {(U, V) € mod$ (k) x mod}{" (k) | [V, U] = d}.

Let Ry = k[e]/(¢?) and let 7w : Ry — k be the canonical projection.
Recall, that if F is a scheme, then for x € F(k), F(7)~!(z) can be
interpreted as the tangent space T, F (k) to F(k) at x. The proof of
the following proposition just repeats the arguments used in the proof
of [24, Lemma 3.5], hence we omit it.

Lemma 3.1. Let M € mod? (Ry) and N € modd (Ry). Put U =
mod?' (7)(M) and V = mod?" (7)(N). Then (M,N) € HE Y (Ry) if
and only if [V,U] = d and [N, M] = 2d.

We now give another interpretation of this result. Fix W € mod_j{(k’)
for a dimension vector d. If L € mod§ (7)~*(W), then L = W +¢L for

some L € A*** Observe that
L,=W,+ eZZV’W
for all p € x(kA)y with z,y € Ag. This implies that the map
mod§ (7) (W) 3 L+ L e zZ"W
is well-defined and bijective.

Proposition 3.2. Let M € moddl(Ro) and N € mod¥ (Ry). Put
U =mod§ (r)(M) and V = mod}{ (r)(N). Then (M,N) € My " (Ro)
if and only if [V, U] = d and [¢M o f] = [f o&N] for all f € Hom,(V,U).

Proof. We need to show that under the assumption [V, U] = d, the con-

dition [N, M] = 2d is equivalent to the latter condition in the propo-
sition. Observe that a homomorphism f : N — M is of the form

f=f0+eftfor f° fl e VR Such that
Uafo = foVe and  Unfl +Mof) = fLVa+ [ Ng
for all « € A;. The first condition means that f° € Homy(V,U),

hence the dimension of the set of such fY equals d. Consequently, the
condition [N, M] = 2d is equivalent to the statement that for each

f € Homy (V,U) the set of g € VAR such that
Mafsa - ftawa = gtava - Uagsa
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for all a € Ay, has dimension d. However linear algebra says that this
is that case if and only if this system of equations has a solution, i.e. if
and only if (M, fs, — fi.Na) € B"Y, what finishes the proof according
to Proposition 2.1. Il

We now extend the above construction to extensions. Fix d’ € N. If
V € mod} (k), then we have the exact sequence

vV a2V v oV v
pr L p¥ L priy o
Repeating the previous construction (using also Hom, ( Fald gQQV,U )
this time) we define the subscheme 52 :i’,d " of Hdd/’dﬁ such that (U, V) €
Sg;fi”(k) for (U, V) € Hfll/’du(k) if and only if [V, U]! = d'. Moreover, if
(M,N) € Hgl’d”(Ro), U = modd (7)(M) and V = modd” (7) (), then
(M, N) € &3 (Ro) if and only if [V,U]' = d’ and [N, M]' = 2d'. An

alternate description of 5;15,‘1 "(Ry) is the following.

Proposition 3.3. Let M € mod$ (Ry) and N € modd (Ry). Put
U = mod$ (m)(M) and V = mod§ (r)(N). Then (M,N) € &5 (Ro)
if and only if (M, N) € HY Y (Ry), [V,U]* = d’, and [€M o&]+[¢0eN] =
0 for all [€] € Exty(V,U).

Proof. We need to show that, under the assumptions [V, U]' = d’ and
(M,N) € HSI’dII(RO), the condition [N, M]! = 2d' is equivalent to
the condition [€M o €] + [€ 0 €N] = 0 for all [¢] € Ext}(V,U). Thus
assume that (M, N) € Hgl’dﬁ(Ro) and [V,U] = d'. Since Ext}(V,U) =
ZVV /BYY and Exty (N, M) = ZNM /BNM it follows that [N, M]' =
2d' = 2[V,U]" if and only if dimy ZVM = 2 dim; Z"Y.

If Ze ANM then Z = Z' +¢Z for some Z', 7 € AR Moreover,
easy calculations show that Z € ZVM ie. Z)"™ =0 for all p € R, if
and only if Z’ € Z'Y and

MoZ +7'oN+ VY (Z)=0.

Consequently, dimy ZVM = 2dim; Z"Y if and only if Z' € Z"'V and
the set of Z € A5 such that the above condition is satisfied has
dimension dimy, Z"'Y. Since Ker ®V'V = Z"'V linear algebra says that
dimy, ZNM = 2 dimy, Z"'Y if and only if MoZ'+Z'oN € Im ®V'V = BVV
for all Z' € Z"Y, and this finishes the proof according to Proposi-
tion 2.5. Il

Let d € N%0. The product GLq(k) = [I.ca, GLa, (k) of general

linear groups acts on modﬂ by conjugation:

(9- M)o = g1 Mag, ', g € GLa(k), M € modfj(k), o € Ay.
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If O(M) denotes the GLqg(k)-orbit of M € mod{(k), then O(M,) =
O(Msy) for My, My € mod$ (k) if and only if My ~ M,. Tt is known (see
for example [20, 2.2]) that

dim O(M) = dim GLqa(k) — [M, M]
for M € mod§ (k). We put
a(d) = dim A*H =" d, dy,.

pPER

Note that a(d) = dim GLg(k) — x(d). Fix M € mod} (k). It fol-
lows from Voigt’s result [22] that the Zariski closure O(M) of O(M)
is an irreducible component of mod§ (k) provided [M, M]' = 0. More-
over, if [M, M]?> = 0, then M is a regular point of mod$ (k) [17], i.e.
dimy, Ty mod$ (k) equals the maximum of the dimensions of the irre-
ducible components of mod§ (k) containing M. Finally, if A is tilted
and [M, M]' =0 = [M, M]?, then dim O(M) = a(d).

Let M, N € mod§(k) for d € N2, We call N a degeneration of M
and write M <geg N if N € O(M). A deneneration M <ge, N is called
minimal if M % N and either M ~ L or N ~ L for each L € mod$ (k)
such that M <gqeg L <geg N. If M <gee N and M % N, then we write
M <deg N.

4. PROOF OF THE MAIN RESULT

Throughout this section we fix a sincere directing module M over
the path algebra A of a bound quiver (A, fR). Recall, that this implies
that A is a tilted algebra. We also fix a directing tilting module 7" such

that add M C addT. Let Ty, ..., T, be the pairwise nonisomorphic
indecomposable direct summands of T, F = F(T) and T = T(T).
Upper semicontinuity of the functions [T, =], [—,T]' : mod} (k) — Z

(see for example [15, Lemma 4.3]) implies that F4 and 79 are open
subset of mod{ (k) for each d € N2, where A% = AN modS (k) for a
subcategory A of mod, and d € N2, In order to generalize the above
observation we need the following lemma.

Lemma 4.1. If N',N" € T and [T;, N'] = [T;, N"] for all i € [1,n],
then dim N’ = dim N”.

Proof. We have the isomorphism ® : Z20 — Z" induced by the assign-
ment dim N — ([T;, N] — [T;, N]') (see [1, Theorem VI1.4.3]). Since
¢(dim N) = ([T;, N]) for all N € 7, this implies the claim. O

For U' C mod¥ (k) and 4" C mod?” (k), where d’,d” € N2 let
U' & U" be the subset of modd 4" (k) consisting of M such that M ~
M’ & M" for some M' € U and M" e U".
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Corollary 4.2. If d’,d” € N2, then F¥ @ T is a locally closed
subset of modd T4 (k).

Proof. Let d = d' +d” and N € mod$(k). If N ~ N’ @ N” for
N' € F and N"” € T, then [T;, N] = [T;, N"] = (dimT;,dim N”) for
each i € [1,n]. Consequently, it follows from the previous lemma that
NeF¥eTY ie. dim N” = d”, if and only if [T}, N] = (dim T}, d")
for all i € [1,n], hence the claim follows. O

Lemma 4.3. If N is a minimal degeneration of M, then there exists
an exact sequence
0—-U—-M-—->V —0

such that N ~U V.

Proof. 1f there is not such a sequence, then the minimality of the de-
generation M <4 N and [23, Theorem 4] imply that there exists an
indecomposable direct summand X of N such that M’ <ge, X for a
direct summand M’ of M. In particular,

(M, X] = [M', X]' + x(dim M") > 0.

Similarly, [X, M'] # 0. Consequently, X € addT, hence X ~ M’  a
contradiction. O

Corollary 4.4. IfU € F and T € T are such that U #0 and U &V
1s a minimal degeneration of M, then there exists an exact sequence

0—-U—-M-—-V —D0.
Proof. According to the above lemma there exists an exact sequence
c:0-U—-M-—->V' -0
such that U' @ V' ~ U & V. Since [M,U] = 0, U must be a direct
summand of U’. Let
o' =pooc:0—-U—M -V —0,
where p : U’ — U is the canonical projection. Since U ¢ add M, o’
does not split. Consequently,

M <geg Kerp® M' <geg Kerpd U V' U V' UV,
hence M ~ Kerp @ M’ and Kerp @ V' ~ V by the minimality of the
degeneration M <qeg N. Moreover, we have a short exact sequence

0—-U—M®Kerp— V' @& Kerp— 0

and the claim follows. O

Proof of the main result. Let X be an irreducible component of O(M)\
O(M). Our aim is to show that there exists an open subset of X' such

that all points of this subset are regular points of O(M). Since mod, =
F VT, it follows from Corollary 4.2 that there exist d’,d” € N®° such
that Y = (F¥ @ 79") N X is an open subset of X. If d’ = 0, then
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idy N < 1 for all N € U, hence the claim follows. Thus assume that
d’ #0. Let dy = min{[N,N] | N € X}, d; = min{[N,N]' | N € X},
and Uy be the subset of U consisting of all N € U such that [N, N| = do,
[N, N]' = dy, and N does not belong to an irreducible component of
O(M) \ O(M) different from X. Then U, is an open subset of X.
Moreover, all points of U, are minimal degenerations of M. We show
that all points of U, are regular points of O(M).

We first observe that in order to prove the above claim it is enough
to show that dimy, L(U, V) < a(d’) + a(d”) — [V,U)? for all U € F¥
and V € 79" such that U & V € U,, where

L(U, V) = Tyav((mody (k) x mod§" (k)) N O(M)),

for U € mod‘/j\,(k‘) and V ¢ mod‘/i\"(k;), and we identify modji\/(k;) X
mod?d” (k) with

{[g 3] ) U € mody (k), V € modg”(/@)} C mod§ (k).

Indeed, if N € Uy, then without loss of generality we may assume that
N=U®V forUe FY and V e T9". Consequently,

TNO(M) Cc LU, V) 7V ¢ 7"V
here we use that Ty mod¢ (k) = ZV¥-N). Since
( A

dim, Z"Y = Y " dd — (d’,d")

FASIANG)

and

dimy ZV = > " did, — [V, U] + [V, U]",
€A

the required inequality implies dimy 7,O(M) < a(d) = dim O(M),
and this will finish the proof.

Now we fix U € F¥ and V € T such that (U,V) € Uy. Observe
that [U,V] = (d',d"), [U,V]' = 0, and [V,U] = 0. Recall also that
UV, UsV]=dyand [UdV,U&V]' =d;. Finally, [U,U]? =0 and
[V,V]? = 0. Consequently, [V, U]! = d, where

d=d; —do+ x(d') + x(d") + (d’,d"),

thus Uy C E&Lid”. Observe that Uy is open in (mod?d (k) x mod (k) N
O(M), hence L(U,V) = TygvUy C T(va)éfgii’d”. Recall that according
to Proposition 3.3 T(U,V)S(i;’d" consists of (2, 2") € ZYY x Z"V such
that [£7 0 &] + [€ 0 &7"] = 0 for all [¢] € Ext)(V,U). Since U @V is a
minimal degeneration of M, there exists a short exact sequence of the
form

E0—-U—-M-—-V -0
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by Corollary 4.4. Moreover, pdy M < 1, hence the map [V,V]! —
VU2, [€] — [€ 0 €], is surjective. Consequently, the map

U2V x 2 = Exti(V,U), (Z',2") v [¢7 o €] + [€ 0 £7"),

is surjective. Finally, using T(Uy)f,’gd’d” C Ker ¥, dim; ZYY = a(d’),
and dimy, Z""V = a(d"), we finish the proof. O
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