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In a series of papers [1]–[4] we considered parabolic equations for measures on Rd. Our
motivation was a study of the Kolmogorov equations for transition probabilities of diffusion
processes. Here we are concerned with similar problems in infinite dimensions. Applications
are given to stochastic partial differential equations such as stochastic equations of Navier–
Stokes and reaction-diffusion types. Some ideas of our works [5] and [6] on elliptic equations
will be employed. First we explain our problem in the finite-dimensional case. Let us consider
a second order parabolic operator

Lu(x, t) :=
∂u(x, t)

∂t
+

∑
i,j≤d

aij(x, t)∂xi
∂xj

u(x, t) +
d∑

i=1

bi(x, t)∂xi
u(x, t),

where the matrices A(x, t) := (aij(x, t))i,j≤d are symmetric nonnegative. We assume that the
functions aij and bi are Borel measurable. Suppose we are given a family µ = (µt)t∈(0,1) of
Borel probability measures on Rd. By the same symbol µ we denote the probability measure
µ = µt dt on Rd × (0, 1) defined by∫

Rd×(0,1)

f(x, t) µ(dx dt) :=

∫ 1

0

∫
Rd

f(x, t) µt(dx) dt.

We shall say that µ satisfies the weak parabolic equation

L∗µ = 0 (1)

if the functions aij and bi are integrable on every compact set in Rd× (0, 1) with respect to the
measure µ and, for every u ∈ C∞

0 (Rd × (0, 1)), one has∫ 1

0

∫
Rd

Lu(x, t)µt(dx) dt = 0. (2)

We shall say that µ satisfies the initial condition µ0 := ν at t = 0 (or has an initial distribution ν)
if ν is a Borel probability measure on Rd and

lim
t→0

∫
Rd

ζ(x) µt(dx) =

∫
Rd

ζ(x) ν(dx) (3)

for all ζ ∈ C∞
0 (Rd). In this case we write µ = (µt)t∈[0,1). In the above cited papers we obtained

a number of results on existence and uniqueness of solutions to such equations along with
certain a priori estimates. For example, a solution µ of the indicated form exists for any initial
distribution ν if the coefficients aij and bi satisfy certain rather mild local conditions and one
has LV ≤ C − CV , where C ≥ 0 is a constant and V ≥ 0 is a C2-function on Rd such that
the sets {V ≤ R} are compact and there is a sequence cn →∞ for which the sets V −1(cn) are
C1-surfaces. Our considerations in the inifinite-dimensional case will be based on some results
from [3], [5] and [6]. We need the following corollary of Lemma 2.2 in [3].

Lemma 1. Let µ = (µt)t∈[0,1), where each µt is a Borel probability measure on Rd, satisfy (1)
and (3), where ν is a Borel probability measure on Rd. Suppose that there exist a nonnegative
function V ∈ C2(Rd) and a number M ≥ 0 such that V ∈ L1(ν), lim

|x|→∞
V (x) = +∞, and

LV (x, t) ≤ MV (x)−Θ(x, t) µ-a.e.
1
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for some Borel function Θ with the property that the function min(Θ, n) is µ-integrable for
every n (the latter is fulfilled if Θ ≥ C for some constant C). Then, for a.e. t ∈ [0, 1), one has∫

Rd

V dµt +

∫ t

0

∫
Rd

Θ dµs ds

≤ (MeM + 1)

∫
Rd

V dν + MeM

∫ t

0

∫ s

0

∫
Rd

max(−Θ, 0) dµr dr ds. (4)

If Θ ≥ 0, then we have∫
Rd

V dµt +

∫ t

0

∫
Rd

Θ dµs ds ≤ (MeM + 1)

∫
Rd

V dν. (5)

Furthermore, if the functions t 7→
∫

Rd

ζ(x) µt(dx) for all ζ ∈ C∞
0 (Rd) are continuous on [0, 1),

then (4) is true for all t ∈ [0, 1).

Proof. We have LV (x, t) ≤ MV (x) − min(n, Θ(x, t)) for µ-almost all (x, t). By the cited
lemma, estimate (4) is true for min(n, Θ) in place of Θ. By Fatou’s theorem this estimate holds
for Θ. �

Let us consider the infinite-dimensional case. Let H be a separable Hilbert space with inner
product ( ·, · ) and an orthonormal basis {en}. Set xi := (x, ei) and Pnx :=

∑n
i=1 xiei, x ∈ H.

The linear span of e1, . . . , en is denoted by Hn.
Let aij : H × [0, 1] → R1 and bi : H × [0, 1] → R1 be continuous functions. Suppose that the

matrices (aij)i,j≤n are symmetric nonnegative for all n. Let b denote the vector (bi) in R∞ (we
do not assume that b ∈ l2). Set

Lu(x, t) :=
∂u(x, t)

∂t
+

n∑
i,j=1

aij(x, t)∂xi
∂xj

u(x, t) +
n∑

i=1

bi(x, t)∂xi
u(x, t)

for functions u that are smooth functions of the variables x1, . . . , xn, t.
We say that a Borel measure µ = µt dt, where each µt is a Borel probability measure on H,

satisfies the parabolic equation

L∗µ = 0

on H × (0, 1) if the functions aij and bi are µ-integrable and, for every function u of the form

u(x, t) = w(x1, . . . , xn, t), w ∈ C∞
0 (Rn × (0, 1)),

one has ∫
H×(0,1)

Lu(x, t) µ(dxdt) = 0.

We shall say that µ has the initial distribution µ0 if µ0 is a Borel probability measure on H
and one has

lim
t→0

∫
H

ζ(x) µt(dx) =

∫
H

ζ(x) µ0(dx)

for every function ζ on H of the form ζ(x) = ζ0(x1, . . . , xn), ζ0 ∈ C∞
0 (Rn). If we identify H

with l2 and regard l2 as a subset of R∞, then all these objects make sense on R∞ as well.
Our motivation to consider this equation is that, under broad assumptions, it is fulfilled

for the transition probabilities of the diffusion process governed by the stochastic differential
equation

dξt =
√

2A(ξt, t)dWt + b(ξt, t)dt

associated with A = (aij) and b = (bi). However, we do not assume that such a diffusion
exists. Our results show that the Kolmogorov equation for transition probabilities can have
a solution under much weaker assumptions that are usually imposed in order to construct a
diffusion process.
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Theorem 1. Suppose that the functions bi are weakly sequentially continuous and there exists
a number C > 0 such that for all x ∈ Hn, n ≥ 1, we have

∞∑
i=1

aii(x, t) ≤ C + C‖x‖2, (b(x, t), x) :=
n∑

i=1

bi(x, t)xi ≤ C + C‖x‖2.

Assume also that there exist constants Ci and ki such that

|bi(x, t)| ≤ Ci + Ci‖x‖ki .

Then, for every Borel probability measure µ0 on H with finite moments of each order the
equation L∗µ = 0 with the initial distribution µ0 has a solution of the form µ = µt dt with Borel
probability measures µt on H.

Proof. For every fixed n let aij
n denote the restriction of aij to Hn× (0, 1). Let bn = (b1, . . . , bn)

and An := (aij
n )i,j≤n. Finally, let µ0,n be the projection of µ0 on Hn. We show that there exists

Borel probability measures µt,n on Hn such that the measure µn := µt,n dt satisfies equation (1)
with the coefficients An and bn on Hn × (0, 1) and the initial distributions µ0,n. To this end we
consider a Lyapunov function Vm(x) = ‖x‖2m on Hn, where m ≥ 2. By using that

(A(x, t)z, z) ≤ Trace A(x, t)‖z‖2 ≤ C‖z‖2 + C‖x‖2‖z‖2,

we obtain

LVm(x) = 2m‖x‖2m−2

n∑
i=1

aii(x, t) + 4m(m− 1)‖x‖2m−4(An(x, t)x, x)

+ 2m‖x‖2m−2(b(x, t), x) ≤ 2mC‖x‖2m−2 + 2mC‖x‖2m + 4m(m− 1)[C‖x‖2m−2

+ C‖x‖2m] + 2mC‖x‖2m−2 + 2mC‖x‖2m ≤ Cm + Cm‖x‖2m = Cm + CmVm(x).

Since the function Vm is µ0,n-integrable, we can apply our result from [3] and obtain the desired
probability measures µt,n on Hn such that the function

t 7→
∫

Hn

ζ(x) µt,n(dx)

is continuous on [0, 1) for every ζ ∈ C∞
0 (Hn). Moreover, the following estimate holds for all

m ≥ 2 and almost all t ∈ (0, 1):∫
Hn

Vm(x) µt,n(dx) ≤ Mm + Mm

∫
Hn

Vm(x) µ0,n(dx) (6)

with some Mm > 0 independent of n. Therefore, by Fatou’s theorem and the above stated
continuity of t 7→ µt,n it follows that (6) holds for all t ∈ [0, 1). Suppose now that ζ ∈ C∞

0 (Rd).
Let us identify Hn with Rn. If n ≥ d, then ζ regarded as a function on Rn belongs to the class
C∞

b (Rn). Let m = max(k1, . . . , kd). Then we have the estimate

|Lζ(x, t)| = |trace (Anζ
′′) + (bn,∇ζ)| ≤ K + K‖x‖2 + K‖x‖m,

where K is some number which depends on ζ (but is independent of n since ζ is a function of
x1, . . . , xd). Therefore, one has the identity∫

Hn

ζ(x) µt,n(dx) =

∫ t

0

∫
Hn

Lζ(x, s) µs,n(dx) ds +

∫
Hn

ζ(x) µ0,n(dx).

According to [3], this identity holds for all ζ ∈ C∞
0 (Rd), hence in our situation it remains valid

also for all ζ ∈ C∞
b (Rd). Letting

ϕn(t) :=

∫
Hn

ζ(x) µt,n(dx),
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we see that the function ϕn is Lipschitzian and (7) yields the estimate

|ϕ′n(t)| ≤
∫

Hn

|Lζ(x, t)|µt,n(dx)

≤ K + K

∫
Hn

‖x‖2 µt,n(dx) + K

∫
Hn

‖x‖m µt,n(dx) ≤ Λ (7)

with some Λ independent of n. It follows from (6) that, for every fixed t ∈ (0, 1), the sequence of
measures µt,n is uniformly tight on H with the weak topology. Hence we can find a subsequence,
denoted for simplicity by the same indices n, such that it converges weakly on H with the weak
topology for every rational t ∈ (0, 1). However, (6) and (7) yield that this convergence holds
for every t. The family of measures µt obtained in this way is the desired solution. Indeed, by
using (6) and (7) it is readily verified that µ = µt dt satisfies our parabolic equation with the
initial distribution µ0. �

The same reasoning along with a priori estimates from [2], [3] yields the following result.

Corollary 1. Suppose that in Theorem 1 we have the following stronger estimates:

∞∑
i=1

aij(x, t) ≤ C and (b(x, t), x) ≤ M −M‖x‖2 whenever x ∈
⋃

n Hn,

where C, M > 0. Let κ ∈ (0, 2M/C). Then, for every Borel probability measure µ0 on H such
that exp(κ‖x‖2) ∈ L1(µ0) the equation L∗µ = 0 with the initial distribution µ0 has a solution
of the form µ = µt dt with Borel probability measures µt on H such that

sup
t∈[0,1)

∫
H

exp(κ‖x‖2) µt(dx) < ∞.

Under the assumptions of this corollary we have exp(εi|bi|) ∈ L1(µ) for any εi ∈ (0, κ/ki).
Now the next result follows from [7].

Corollary 2. Suppose that in the previous corollary the functions aij are constant and the
matrices (aij)i,j≤n are invertible. Assume additionally that ki = 1 for all i. Then the projections
on Hn× (0, 1) of the measure µ constructed above possess strictly positive continuous densities.

The assumption of the sequential weak continuity is rather stringent. However, there are
important examples where it is satisfied (see the elliptic case in [6]). In order to drop this
assumption one can require a stronger bound in terms of a Lyapunov function.

Let Θ: X → [0, +∞] be a Borel function such that the sets {Θ ≤ R} are compact and
Θ is finite on each Hn. For example, one can take numbers αi > 0 tending to +∞ and set
Θ(x) =

∑∞
i=1 α2

i x
2
i .

Theorem 2. Suppose that the functions aij and bi are continuous on the sets {Θ ≤ R} and
there exists a number C > 0 such that for all x ∈ Hn, n ≥ 1, one has

∞∑
i=1

α2
i a

ii(x, t) ≤ C + C‖x‖2, (b(x, t), x) :=
n∑

i=1

bi(x, t)xi ≤ C + C‖x‖2 −Θ(x).

Assume also that there exist constants Ci and ki such that

|bi(x, t)| ≤ Ci + Ci‖x‖ki(1 + δ(Θ(x))Θ(x)),

where δ is a nonnegative Borel function on [0, +∞) with lim
s→0

δ(s) = 0. Then, for every Borel

probability measure µ0 on H such that all functions Θ(x)‖x‖k are µ0-integrable, the equation
L∗µ = 0 with the initial distribution µ0 has a solution of the form µ = µt dt with Borel probability
measures µt on H such that Θ(x)‖x‖k ∈ L1(µ).
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The proof is similar to the proof of Theorem 1, but in place of the uniform tightness with
respect to the weak topology we establish the uniform tightness of finite-dimensional solutions
µn in the norm topology by using estimate (6) from Lemma 1 and compactness of the sets
{Θ ≤ R}. The justification of (1) employs (6) and the method of proof of Theorem 5.1
in [6]. Details will be presented in a separate paper, where we also prove parabolic versions of
Theorem 5.1 and Theorem 5.2 in [6], which involve more general Lyapunov functions. Let us
consider examples related to stochastic partial differential equations of reaction-diffusion type
and Navier–Stokes type.

Example 1. Let Ω = {ω ∈ Rd : |ω| ≤ 1}, let H = L2(Ω), and let {ei} be the eigenbasis of the
Laplacian in H with zero boundary condition, ∆ei = −α2

i ei. We consider the mapping

b(x) = ∆x + Φ(x),

where Φ is a continuous function on the real line with |Φ(s)| ≤ C + C|s|α, where α = 2 + 4/d.
Although b is not defined on all of H we have the following well-defined components on W 2,1(Ω)
(and even on Lα(Ω)):

bi(x) = −α2
i xi + (Φ(x), ei)L2 .

By using the bound on Φ and the multiplicative Sobolev inequality one estimates ‖Φ(x)‖L1 via
C1+C1‖x‖2

L2‖x‖2
W 2,1 . In addition, the Sobolev embedding W 2,1(Ω) ⊂ Lq(Ω) with q = 2d/(d−2)

in the case d > 2 and any q > 1 in the case d = 2 yields that the functions bi are continuous
on all balls in the Sobolev space W 2,1(Ω) with respect to the topology from L2(Ω). Therefore,
the previous theorem applies if we take aij = 0 whenever i 6= j and constant aii > 0 such that∑∞

i=1 α2
i a

ii < ∞. For Θ we take Θ(x) =
∑∞

i=1 α2
i x

2
i . Clearly, one has c0‖x‖2

W 2,1 ≤ Θ(x) ≤
‖x‖2

W 2,1 with some c0 > 0. Our restriction on Φ shows that only in the case d ≤ 4 one can take
for Φ a polynomial of degree 3; in higher dimensions it allows only slightly more than quadratic
growth.

Example 2. Now we turn to a more complicated equation with the drift b formally given by

b(x, t)(ω) = ∆ω[Ψ(x(ω), t)] + Φ(x(ω), t),

where Ψ and Φ are real functions on R1 × [0, 1]. Let

bi(x, t) :=

∫
Ω

[
Ψ(x(ω), t)∆ei(ω) dω + Φ(x(ω), t)ei(ω)

]
dω, x ∈ Lr(Ω).

The corresponding operator L is given by

Lu = ∂tu +
∞∑
i=1

qi∂
2
ei
u +

∞∑
i=1

bi∂ei
u,

where qi > 0 and
∑∞

i=1 qi < ∞. We assume that Ψ and Φ are continuous functions and Ψ has
a continuous partial derivative ∂sΨ(s, t) such that

κ0|s|r−1 ≤ ∂sΨ(s, t) ≤ C1 + κ1|s|r−1, |Φ(s, t)| ≤ C2 + κ2|s|r,

where κ0, κ1, κ2, C1, C2 ∈ (0, +∞) are some constants and r > 1. Set ζr(s) := |s|rsgn s, s ∈ R1.
If r is an odd number, then ζr(s) = sr. Let us employ the function

Θ(x) :=

∫
Ω

|∇(ζ(r+1)/2 ◦ x)(ω)|2 dω,

which has compact sets {Θ ≤ R} in the topology of L2(Ω) (this fact is verified in [5]). Similarly
to [5] one obtains the estimates

|bi(x)| ≤ C + CΘ(x), LV (x) ≤ C1 − C2Θ(x)

with some positive numbers C, C1, C2, where V (x) = (x, x).
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Example 3. The stochastic equation of Navier–Stokes type is considered in the space X0 of
Rd-valued mappings ξ = (ξ1, . . . , ξd) such that ξj ∈ W 2,1

0 (Ω) and div ξ = 0, where Ω ⊂ Rd is a
bounded domain with a smooth boundary. The space X0 is equipped with its natural Hilbert
norm ‖ξ‖0 defined by ‖ξ‖2

0 :=
∑d

j=1 ‖∇ξj‖2
L2 . The equation is formally written as

dξ(x, t) =
√

2dW (x, t) +
[
∆xξ(x, t)−

d∑
j=1

ξj(x, t)∂xj
ξ(x, t) + F (x, ξ(x, t), t)

]
dt,

where W is a suitable Wiener process in X0 and F : Ω×Rd×(0, 1) → Rd is a bounded continuous
mapping. Since the Laplacian ∆ is not defined on all of X0, this equation requires some
interpretation. Our approach suggests the following procedure. Let {ηn} be an orthonormal
basis in the closure of X0 in L2(Ω, Rd) formed by eigenfunctions of ∆ such that ηn ∈ X0. We
introduce functions

bn(ξ, t) := (ξ, ∆ηn)2 −
d∑

j=1

(∂xj
ξ, ξjηn)2 + (F ( · , ξ( · ), t), ηn)2,

where (a, b)2 := (a, b)L2(Ω). These functions are defined on all of X0. It is readily verified that
they are continuous on balls from X0 with respect to the topology of L2(Ω, Rd) (see [7], p. 39).
Choosing a suitable Wiener process, we arrive at the operator

Lu(ξ, t) = ∂tu(ξ, t) +
∞∑

n=1

αn∂
2
ηn

u(ξ, t) +
∞∑

n=1

bn(ξ, t)∂ηnu(ξ, t).

Since for every ξ from the linear span of {ηn} one has

∞∑
n=1

d∑
j=1

(ξ, ηn)2(∂xj
ξ, ξjηn)2 =

d∑
j=1

(ξ, ξj∂xj
ξ)2 = −1

2

∫
Ω

|ξ|2div ξ dx = 0

and (∆ξ, ξ)2 = −‖ξ‖2
0, we arrive at the estimate

N∑
n=1

(ξ, ηn)2b
n(ξ, t) ≤ C1 − C1‖ξ‖2

0

for all ξ in the linear span of η1, . . . , ηN , where C1 is a constant independent of N . Clearly,
we have also the estimate |bn(ξ, t)| ≤ C2 + C2‖ξ‖2

0. Therefore, there is a probability measure
µ on X0 × [0, 1) satisfying the equation L∗µ = 0 with any initial distribution µ0 for which
‖ξ‖2

0‖ξ‖k
2 ∈ L1(µ0) for all k.

Similar results are valid in the case of non-constant aij.
Although the idea to use a priori estimates based on Lyapunov functions is standard in this

area (see, e.g., [8]–[10] for the case of stochastic equations), the described method of construct-
ing solutions to infinite-dimensional Kolmogorov equations for measures leads to considerably
weaker assumptions on the coefficients of the considered equations.
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