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Abstract

In this paper we give the solution of Bessis-Moussa-Villani conjecture
(BMV ) conjecture for the generalized Gaussian random variables

G(f) =alf)+a"(f) ,

where f is in the real Hilbert space H.

The main examples of generalized Gaussian random variables are q-Gaussian
random variables , (—1 < g < 1), related to ¢ — CCR relation and others
commutation relations. We will prove that (BMV) conjecture is true for
all operators A = G(f), B = G(g); i.e. we will show that the function

F(z) =tr(exp(A +izB))

is positive definite function on the real line. The case ¢ = 0 ,i.e. when
G(f) are the free Gaussian (Wigner) random variables and the operators
A and B are free with respect to the vacuum trace was proved by M.Fannes
and D.Petz [23].

1 Generalized Gaussian Random Variable.

Generalized Gaussian random variables, G(f) were introduced in our paper with
R.Speicher [16], where the main example was coming from the q-CCR relation
for g € [-1,1] :

a(f)a*(g) — qa*(9)a(f) =< f.g > I,
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here f, g are in a real Hilbert space H and

G(f) = alf) +a*(f).

The others examples of generalized Gaussian random variables were constructed

by L.Accardi and M.Bozejko[1],M.Bozejko and M.Guta[9], M.Bozejko and J.Wysoczanski[17,
18], M.Guta and H.Maassen|[25, 26], M.Bozejko and H.Yoshida[19], A.Buchholz[20],
M.Bozejko M. A Krystek and L.Wojakowski[10] and recently M.Bozejko M.[8]
constructed gq-Gaussian random variables for |g| > 1.

Let H be a real Hilbert space. A family of self-adjoint operators G(f) =
G(f)*,f € H is called Generalized Gaussian random variables or Generalized
Brownian Motion (GBM) , if there exists a state € on the von Neumann algebra
generated by G(f), f € H and a complex valued function

t: U P2(2n) — C,
n=1

(here - P2(2n) is the set of 2-partitions of the set {1,2,...,2n} ),
such that the following generalized Wick formula holds:

0 if k is odd
e(G(fr).-.G(fr)) = { Zvepz(%)t(v) H(i,j)ev < fi,fy> ifk=2n.

If the dimension of a Hilbert space H is infinite, then the above definition is
equivalent to the following (see F.Lehner-II,[32]):

for each orthogonal linear map O : H — H and f; € H :

e(G(f1)--G(fx)) = e(G(O(f1))--.G(O(fk)))s

Typical examples of (GBM) was obtained by R.Speicher and myself[13] in
1991, using q-CCR relations for —1 < g < 1, then putting G(f) = a(f) + a*(f)
and knowing that a(f)Q = 0 we obtain the following Wick formula:

<G(f1)G(fan)Q>= > ¢ I <fifi>.

VePa(2n) (4,5)€V

Here c¢r(V) is the number of crossing, which is given by the number of pairs
of blocks of ¥V which will cross. To obtain the above Wick formula we need a
deformed Fock space Fy(Hc) constructed by the completion of the free Fock
space

F(He)=CQB®HcD...



by introducing a new scalar product on H?i” as follows:
For ¢,n € H%” we define a g-deformed scalar product,

<& >g=< PME n >,

where

Pq(n): Z qcr(ﬂ')ﬂ_7
TeS(n)

and where for a permutation 7 € S(n) ,

er(m)=4{(,7):1<i<j<mn, and =w(i)>n(j)}

In the construction of F,(H¢) we need the positivity of the operator Pq(n) for
—1 < ¢ <1 ,which was done by Bozejko and Speicher in the papers [11,12,13] .

The very large class of Gaussian random variables were obtained in the
very important paper of M.Guta and H.Maassen[25]. Many others examples
of Generalized Gaussian random variables we can find in the related papers
of L.Accardi-M.Bozejko, M.Anshelevich, Ph.Biane, M.Bozejko , M.Bozejko-
M.Guta, M.Bozejko-A .Krystek-L.Wojakowski, M.Bozejko-M.Leinert-R.Speicher,
M.Bozejko-R.Speicher, M.Bozejko-J. Wysoczanski, M.Bozejko-H.Yoshida, A.Buchholz,
M.Guta-H.Maassen, F.Hiai, [.Krolak, A.Krystek-H.Yoshida, F.Lehner, W.Mlotkowski,
L.Wojakowski and H.Yoshida.

2 Generalized Bessis-Moussa-Villani conjecture.

Let (A,7) be a von Neumann algebra A with a finite trace 7. We say that
generalized (BMV) conjecture holds, if for all a = a*, b = 0" in A, the function

F,p(z) = 7(exp(a + ixb))

is positive definite on the real line,
i.e. there exists a positive , bounded Borel measure p on the real line such that

Fasle) = [ e*ou(as)

— 00

In the case of the algebra of all complex nxn matrices A = M,,(C) and the
trace 7 is the classical trace,
(BMV) conjecture is called (BMV),,.
From the paper of Lieb-Seiringer[33] , we know that for
a fixed natural number n ,
(BMYV),-condition is equivalent to the following statement:



(LS),, : For each positive definite matrices A, B € M, (C), for all natural m
and complex z , the polynomial

Lapgm(z)=Tr[(A+2B)™]

has only non-negative coefficients.
From the last condition it is easy to show that (LS),, is true for n = 2.

The hint for that result is the following: for two positive definite 2x2-complex
matrices there exists a basis , in which that matrices have only non-negative
entries.

The case (BMV)3 for 3x3 matrices is STILL. OPEN!

See more in the recent paper of Ch.Hillar[?].
In this note we show the generalized(BMV) conjecture for all generalized Gaus-
sian random variables by reducing to the case
g-Gaussian, where ¢ = —1, i.e. the classical canonical anticommutation relation-
(CAR) , in which we have representation of (CAR) relations using Dirac-Pauli
matrices.

3 Pauli-Dirac matrices.

We are looking for 2x2-complex self-adjoint matrices @1, Q2
satisfying the following conditions:

(i1) Q1Q2+ Q2Q1 =0

and

(7’”) TT(leQjZ"'QjZH): Z (_1)CT(V) H 6jl’j"”'

VeP2(2n) (I,m)ey

One can see that the following matrices satisfying (i)-(iii).

0 1
a=(15)

and



Hence we have the following well know fact(folklore):

Proposition 3.1. For all real s,z , the function

ps(x) = Tr(exp(s(Q1 + ixQ2))

is positive definite on the real line as a function of variable x.

Moreover
(z) = Z (L= a)ms™ cosh(sv/1—22)
N N O [ '
Proof.
. 0 1—=z
LetZ(m)—Ql—l—szg—(ler O).
Hence
Z(.%‘)Qn _ (1 _ .1‘2)n[ , TT‘(Z(.CL’)27L+1) =0
and

Tr(Z(@)") = (1 —2*)" |

where Tr is the normalized trace.
By the result of Lieb-Seiringer [33], we obtain that our function ¢ is positive
definite.

This finishes the proof.

Remark. One can also show that the function ¢, is of the following form:

pol) = [ e (an)

— 00

where the measure

palda) = 3 (5(s) + 6(~5)) + fo(a)da



The density
I (Vs? — x?)

2 — 12

Here the function

hi@=3 2 EI(k + 1)

k=0
is the modified Bessel function.

Now we are in position to state and proof our main result:

Theorem 3.2. If f1, fo are in the real Hilbert space H and G(f1), G(f2)
are generalized Gaussian random variables with respect to the state e, then the
function

Fg(z) = e(exp(G(f1) +izG(f2))

is positive definite on the real line.

Moreover, if < f1, fo >=0 and ||f;]| =1, then

Fo(z) = / " o (@)dve(ds),

—00

where v is the probability distribution of the operator G(f) .| f]| =1
with respect to the state ¢,
ie.

o0

() = / v (de),

forall k=0,1,2....
Proof. In the first part of the proof, we can assume that

[fill|=1,and < fi,fo>=0.
Let us consider the following function on the complex plane C :

on(2) = e((G(f1) +2G(f2))") ,z€C.

By the very definition we have that d2,11(2) =0 and d2,(2) is a polyno-
mial of the degree 2n.



But for real x we have G(f1) + zG(f2) = G(f1 + x f2).

That last fact for the g-Gaussian case follows from the construction, but for
generalized Gaussian field it follows from the Theorem of Guta-Maassen, [26],
that each generalized Gaussian field is of the following form G(f) = a(f)+a*(f),

where a creation and an annihilation operators are R — linear.

Therefore for real x we have:

Son(@) = e((Gfr+af))™) = | +afe™ D V)=

VeP2(2n)

= (1 + 2%)"man(dvg),

Since -
m2n(dVG) = Z t(V) = / .I‘kdl/(;(d.r).

VeEP2(2n) >

By the analytic property of ds,(2) , we have that for real x ,
5271(11‘) = (1 - Z‘Z)nmgn(llg).

Therefore

n= n=00
0 (1 _ ,’EQ nSQn

FG(.’E) = Z WmZn(VG) = Z @TL;'dVG(dS) =
’ X n=0 :

n=0

= /OO cosh(sy/1 — z2)dvg(ds) = /OO vs(z)dva(ds).

— 00

In more general case, if

| fill =1,and < fi1,f2 >=a.



then as before we get

Fo(z) = /00 cosh(sv/1 — x? — 2iza)dvg(ds),

—0o0

and this function is positive definite on the real line.
This can be proved as before by reducing to the CAR relation. We are looking
for 2x2 complex, self-adjoint matrices

Ry = aQq1 4+ bQ2, Ry = cQ1 + dQ2,

a, b, c and d are real and a® + b2 =1,c¢? + d? =1, and also ac + bd = o
By the same calculations as before we get:

= (1 — 2% — 2iza)"
Tr(exp(Ry +irRy)) = Z -z iza) = cosh(V/1 — 22 — 2iza).
n=0

(2n)!

So that function is positive definite on the real line by Lieb-Seiringer [33]result.
This finishes the proof of Theorem 3.2.

Problem 3.3. The following problem seems to be interesting:

For real s and —1 < a <1 , find explicit the positive measure p , on the
real line such that

oo

cosh(sv/1— a2 — 2iza) = / e g o(dy) 7

—00

Acknowledgments

The Author would like to thank for fantastic working conditions at Graduate
School of Information Sciences at Tohoku University during his visit in Sendai
in February 2006, where the main part of that paper was done and many thanks
also to professor Friedrich Goetze and his group for support and nice conditions
at SFB at Bielefeld in September 2006 and October-December 2007. We also
would like to thank professors Jacques Faraut , Fumio Hiai and Nobuaki Obata
for their comments and references.

References

[1] Accardi L., Bozejko M., Interacting Fock spaces and gaussianisations
of probability measures, Infinite Dimensional Analysis, QP and Related
Topics,1(1998),663-670.



2]
[3]

[4]
[5]

[12]

[13]

[14]

Achiezer N., The classical moment problem, Moscow 1959.

Anshelevich M., Partition-dependent stochastic measures and g-deformed
cumulants, Documenta Math. 6(2001),343-384.

Biane Ph., Free hypercontractivity, Comm.Mth.Phys. 184(1997), 457-474.

Bozejko M., A g-deformed probability, Nelson’s inequality and central limit
theorems, in:Nonlinear fields,..(P.Garbaczewski and Z.Popowicz), World
Scientific, Singapore,1991,312-335.

Bozejko M., Completely positive maps on Coxeter groups and the ultra-
contractivity of the ¢-Ornstein-Uhlenbeck semigroup, Banach Center Publ.
43(1998),87-93.

Bozejko M., Ultracontractivity and strong Sobolev inequality for ¢-
Ornstein-Uhlenbeck semigroup (—1 < ¢ < 1), Infinite Dimensional Analy-
sis, QP and Related Topics,2(1999), 203-220.

Bozejko M., Remarks on q-CCR relations for |¢| > 1 ,Preprint,Wroclaw
2007,13pp.-

Bozejko M., Guta M., Functors of white noise associated to characters of
the infinite symmetric group, Comm.Math.Phys.,229(2002), 209-227.

Bozejko M., Krystek A., Wojakowski L., Remarks on the r and A convo-
lutions, Math.Z.(2006),177-196.

Bozejko M., Kuemmerer and Speicher R., ¢-Gaussian processes: Non-
commutative and classical aspects, Comm.Math.Phys. 185(1997),129-154.

Bozejko M., Leinert M. and Speicher R., Convolution and limit theorems
for conditionally free random variables, Pacific J.Math. 175(1996),357-388.

Bozejko M., Speicher R., An example of a generalized Brownian mo-
tion,Comm.Math.Phys. 137(1991),519-531.

Bozejko M., Speicher R., An example of a generalized Brownian motion
IT, in Quantum Probability and Related Topics VIL,L.Accardi(ed.), Word
Scientific, Singapore,1992,219-236.

Bozejko M., Speicher R., Completely positive maps on Coxeter
groups, deformed commutations relations, and operator spaces, Math.
Ann.300(1994),97-120.

Bozejko M., Speicher R., Interpolations between bosonic and fermionic re-
lations given by generalized Brownian motion, Math. Z.222(1996),135-160.

Bozejko M., Wysoczanski, New examples of convolution and non-
commutative central limit theorems, Banach Center Publications
43(1998),95-103.



[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

Bozejko M.,Wysoczanski, Remarks on t-transformations of measures and
convolutions, Ann.Inst.H.Poincare Probab.Statist. 37(2001),737-761.

Bozejko M., Yoshida H., Generalized g-deformed Gaussian Random vari-
ables, Banach Center Publications 73(2006),127-140.

Buchholz A., Operator Khinchine inequality in noncommutative probabil-
ity, Math. Ann. 319(2001),1-16.

Buchholz A., New interpolations between classical and free Gauusian pro-
cesses, Infinite Dimensional Analysis, QP and Related Topics, to appear.

Effros E.G. and Popa M., Feynman diagrams and Wick products associated
with g-Fock space, to appear.

Fannes M. and Petz D., On the function Tr(exp(H+iK)), Int.J.Math.and
Math.Sci.29(2001),389-394.

Fannes M. and Petz D., Perturbation of Wigner matrices and a conjecture,
Preprint 2005.

Guta M., Maassen H., Symmetric Hilbert spaces arising from species of
structures, Math.Z. 239(2002),477-513.

Guta M., Maassen H., Generalized Brownian motion and Second Quanti-
zation, J.Functional Anlysis,191(2002),241-275.

Hiai,F., g-deformed Araki-Woods algebras, in Operator Algebras and
Mathematical Physiscs, Theta, Bucharest 2003,169-202.

Hiai,F.,Petz D., The Semicircle Law, Free Random Variables and Entropy,
AMS,2000.

Ch.Hillar,Advances on the Bessis-Moussa-Villani trace conjecture, arXiv
2007.

Hora A.,Obata N., Quantum Probability and Spectral Analysis of Graphs,
Springer 2007.

Krolak 1., Wick product for commutation relation connected with Yang-
Baxter operators and new constructions of factors, Comm.Math.Phys.
210(2002),685-701.

Krystek A.,Yoshida H., The combinatorics of the r-free convolution, Infinite
Dimensional Analysis, QP and Related Topics,6(2003),619-628.

Lehner F., Cumulants in noncommutative probability theory, I-IV,
Math.Zeit.248(2004),67-100.

Lieb E., Seiringer R., Equivalent forms of the Bessis-Moussa-Villani con-
jecture, arXiv 2004.

10



[35]

[36]

[37]

[38]

[39]
[40]

[41]
[42]

[43]

[44]

[45]

Maassen H.,van Leeuwen H., A g-deformation of the gaussian distribution,
J.Math.Phys. 36(1995),4743-4756.

Mlotkowski W., Operator-valued version of conditionally free product, Stu-
dia Math.153(2002),13-30.

Nica A., Speicher R., Lectures on the Combinatorics of Free Probability,
Cambridge UPress, 2006.

Nou A., Non-injectivity of g-Gaussian von Neumann algebras, Math.Ann.
330(2004),17-38.

Pisier G., Introduction to Operator Space Theory, Cambridge UPress, 2003.

Ricard E., Factoriality of ¢-Gaussian von Neumann algebras,
Comm.Math.Phys.257(2005)659-665.

Ricard E., Remarks on t-Gaussian, preprint 2005.

Sniady P., Factoriality of Bozejko-Speicher von Neumann algebras,
Comm.Math.Phys. 246(2004),561-567.

Voiculescu D.,Dykema K., Nica A., Free Random Variables, CRM Mono-
graph Series 1,AMS,1992.

Wojakowski L., Probability Interpolating between Free and Boolean,
Ph.D.Thesis, University of Wroclaw 2004, to appear in Dissertationes
Math.2007.

Yoshida H., Remarks on the s-free convolutions, in: Non-Commutative,
Infinite Dimensionality and Probability at the Crossroads, N.Obata et
al.(eds.), Word Scientific, Singapore,2002,412-433.

11



