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ABSTRACT. In this paper, we prove the existence of a unique strong solution to a sto-
chastic tamed 3D Navier-Stokes equation in the whole space as well as in the periodic
boundary case. Then, we also study the Feller property of solutions, and prove the
existence of invariant measures for the corresponding Feller semigroup in the case of
periodic conditions. Moreover, in the case of periodic boundary and degenerated ad-
ditive noise, using the notion of asymptotic strong Feller property proposed by Hairer
and Mattingly [14], we prove the uniqueness of invariant measures for the corresponding

transition semigroup.
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1. INTRODUCTION

The classical 3D Navier-Stokes equations (NSE) describe the time evolution of an in-

compressible fluid and are given by
ou(t) = vAu(t) — (u(t) - Viu(t) + Vp(t) + £(¢),
and
divu(t) =0,

where u(t,z) = (u'(t,x),u?(t, ), u’(t, x)) represents the velocity field, v is the viscosity
constant, p(t, z) denotes the pressure, and f is an external force field acting on the fluid.
In [18], Leray initially constructed a weak solution for the Cauchy problem of NSE in

the whole space, since then, it is still not known whether there exists a smooth solution

existing for all times. In [24], we analyzed the following tamed scheme for the classical
3D NSE:

dau(t) = vAu(t) — (u(t) - Vu(t) + Vp(t) — gn(Ju(t)*)u(t) + £(t),

where the taming function gy : R, — R, is smooth and satisfies for some N > 0

gn(r) =0, if r <N,
gy(r)=(r—N)/v, ifr>N+1, (1.1)
gy(r) =0, r >0,

Therein, we prove the existence of smooth solutions to this tamed equation when f and
the initial velocity are smooth. The main feature of this tamed equation is that if there
is a bounded smooth solution to the classical 3D NSE, then this smooth solution must
satisfy our tamed equation for some N large enough.

Following the above tamed scheme, in the present paper we shall study the stochastic
tamed 3D NSE. Let us now describe our model equation. Let D := R? or T3(in the
periodic case), where T = [0,1) is the unit circle. Note that any function from T? to
T3 can be identified with a periodic function from R? to R?. We consider the following
stochastic tamed 3D Navier-Stokes equation with v = 1 in D:

du(t) = [Au(t) = (u(t) - V)u(t) + Vp(t) — gn(lu(t)[*)u(t) + £(t, u(t)) | dt

+3 [(ak(t) V)u(t) + Vie(t) + hy(t, u(t) | dw (1.2)
k=1
subject to the incompressibility condition
divu(t) =0, (1.3)
and the initial condition
u(0) = uy, (1.4)

where p(t, z) and p(t, z) are two unknown scalar functions, N > 0 and the taming function
gy @ RY — RT as above satisfies (1.1), and {WF;t > 0,k = 1,2,---} is a family of
independent one dimensional standard Brownian motions on some complete filtration
probability space (€2, F, P; (Ft)i>0). The stochastic integral is understood as [t0’s integral.
The entries of the coefficients are given as follows:

R, xDxR*> (t,z,u) — f(t,z,u) € R
R, xD> (t,z) — o(t,z) € R x>

R, xDxR*> (t,z,u) — h(t,z,u) € R® x 7,
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where [? denotes the Hilbert space consisted of all sequences of square summable real
numbers with standard norm || - ||;2. In the following, f, o and h are always assumed to
be measurable with respect to all their variables.

The study of stochastic Navier-Stokes equations (SNSE) began with the work of Ben-
soussan -Temam in [1]. Using Galerkin’s approximation and compactness method, Flan-
doli and Gatarek in [9] proved the existence of martingale solutions and stationary so-
lutions for any dimensional stochastic Navier-Stokes equations in a bounded domain. In
particular, when the transition semigroup is well defined, the stationary martingale solu-
tions will yield the existence of invariant measures. We remark that their results can not
be used in the case of whole space because of the absence of compact Sobolev embeddings.
Recently, Mikulevicius and Rozovskii in [22] proved the existence of martingale solutions
to SNSE in R%(d > 2) under less assumptions on the coefficients. To avoid the use of
compact Sobolev embeddings, they used the approach of mollifying and cutting off the
coefficients. In the case of two dimension, they also obtained the existence and pathwise
uniqueness of L2-continuous adapted solutions.

On the other hand, the ergodicity of invariant measure for 2D stochastic Navier-Stokes
equations has been studied extensively (cf. [10, 21, 6, 14] and reference therein). Espe-
cially, Hairer and Mattingly [14] recently developed two important tools: the asymptotic
strong Feller property and an approximative integration by parts formula in the Malliavin
calculus, and then used them to derive an optimal ergodicity result for 2D SNSE in the
sense that the random forces only has two modes. As pointed out in [14], the asymptotic
strong Feller property is much weaker than the usual strong Feller property since many
degenerated equations have the former property rather than the later one.

Up to now, to the best of our knowledge, most of the well known results about the
stochastic Navier-Stokes equations such as the existence of invariant measures and the
ergodicity under different conditions on the noise are for 2D SNSE. As for the three
dimensional case, there are only a few results(cf. [3, 4, 11]), of course, because of the
absence of uniqueness. But we also refer to the recent results on the existence of Markov
selections in [3, 4, 11].

In the present paper, we shall prove the existence of a unique strong solution to our
stochastic tamed 3D Navier-Stokes equation (1.2) under some assumptions on f, ¢ and
h. Here, the word “strong” means “strong” both in the sense of the theory of stochastic
differential equations and the theory of partial differential equations. Let H™ denote the
Sobolev space of divergence free vector fields(see (2.2) below). Instead of working on the
evolutional triple H' ¢ H° c H™!, we shall work on the evolution triple H? c H' c HY.
This will enable us to obtain the “strong” solution in the sense of partial differential
equation. For the “strong” solution in the sense of stochastic differential equation, we
shall use the famous Yamada-Watanabe theorem: the existence of martingale solutions
plus pathwise uniqueness implies the existence of a unique strong solution. Different from
the method in [22], we still use the classical Galerkin approximation to prove our existence
of strong solutions. To overcome the absence of compact Sobolev embeddings, we shall
use localization method to prove tightness. We think that it is of interest in itself and
can be used in other cases.

After obtaining the existence of a unique strong solution to Eq. (1.2), we turn to the
study of uniqueness of invariant measure in the case of periodic boundary conditions and
degenerated additive noise. As a first step, we need to prove the Feller property and
the existence of an invariant measure. Then, using the asymptotic strong Feller property
and approximative integration by parts formula in [14], we can prove the uniqueness of
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invariant measure. As said above, since we shall work in the first order Sobolev space
H*, all of our discussions will take place in H'. This requires some delicate analysis and
calculations, and the special form of gy plays an important role throughout this paper.
It should be emphasized that the optimal results in [14] seem to depend strongly on
the structure of 2D Navier-Stokes equations, we can not develop a similar non-adapted
analysis along their lines to obtain some optimal result for our tamed 3D SNSE.

This paper is organized as follows: in Section 2, we give some preliminaries, that include
some necessary estimates and a tightness result for later use. In Section 3, we shall prove
the existence and uniquess result by Galerkin’s approximation. In Section 4, we study the
Feller property of the solutions to Eq. (1.2) and the existence of invariant measures for
the Feller semigroup in the case of periodic boundary conditions. In Section 5, we study
the ergodicity of invariant measure. In the Appendix, for the reader’s convenience, two
necessary basic estimates are given, and the derivative flow equation is proved.

2. PRELIMINARIES

2.1. Notations and Assumptions. Let C5°(D;R?) denote the set of all smooth func-
tions from D to R? with compact supports. When D = T3, a function f € C§°(D;R?)
means that it is a smooth periodic function from R? to R3. For p > 1, let LP(D; R?) be the
vector valued LP-space in which the norm is denoted by || - ||zr. For m € Ny := NU {0},
let H™ be the usual Sobolev space on D with values in R?, i.e., the closure of C§°(ID; R?)
with respect to the norm:

1/2
lalle = ([ 17 = ay2upac)
D

Here as usual, (I — A)™? is defined by Fourier transformation. For two separable Hilbert
spaces K and H, Ly(IK; H) will denote the space of all Hilbert-Schmidt operators from K
to H with norm || - || £, ).

The following Gagliardo-Nirenberg interpolation inequality will be used frequently. It
plays an essential role in the study of Navier-Stokes equation(cf. [29]). Let ¢ € [1, oo] and
m € N. If

1 1
— =35 @7 0 < o < 17
q 2 3
then for any u € H™
lallze < Congllullfm|full 2. (2.1)
Set for m € Ny
H™ :={ue H™ : div(u) = 0}. (2.2)

Then (H™, ||-|| =) is a separable Hilbert space. We shall denote the norm ||| gm in H™ by
|- ||lmm. We remark that HP is a closed linear subspace of the Hilbert space L?(D; R3) = H°.

Let & be the orthogonal projection from L*(D;R?) to H® (cf. [7] [19]). It is well
known that & commutes with the derivative operators, and that & can be restricted to
a bounded linear operator from H™ to H™. For any u € H° and v € L*(D; R?), we have

(W, V)go := (U, PV)yo = (U, V) 2.
Let V be defined by
V= {u:ue CeD;R?,div(u) = 0}.

We have the following density result(cf. [24]).
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Lemma 2.1. V s dense in H™ for any m € N.

We now introduce the following assumptions on the coefficients f, o and h:

(H1) For any T > 0, there exist a constant Cr¢ > 0 and a function Hg (¢, z) € L*([0, T| x
D) such that for any ¢t € [0,7],z € D,u € R* and j =1,2,3

0 £(t, 2, W) + [£(t, 2, 0) P < Crg - [uf’ + He(t,2)
10f(t,z,u)] < Crg.
(H2) For any T > 0, there exists a constant ¢, > 0 such that

sup HafBjU(t?a:)le < Co,T) ] = 172737
t€[0,T],z€eD

and

sup |lo(t, )|k < 1/2. (2.3)

teRy,zeD

(H3) For any T > 0, there exist a constant Cr, > 0 and a function Hy,(¢,z) € L*([0, T] x
D) such that for any ¢t € [0,7],z € D,u € R3 and j = 1,2,3

|10z h(t, 2, W)l + [t z, W)k < Crn- |uf* + Hu(t, @)
|0uh(t, z,u)]le < Crn.
For any u € H?, define
Au) == ZAu - Z((u-V)u) = Z(gn(|uf*)u), (2.4)
and for any v € H?, we write
[A(w),v] = (A(w), (] = A)V)go
= Ai(u,v)+ As(u,v) + As(u,v),
where
Ar(u,v) = (Au, (I = A)v)go

As(u,v) = —((u-V)u,(I — A)v)yo
Az(a,v) = —{gn(Jul)u, (I = A)v)g.

Below, for the sake of simplicity, the variable “x” in the coefficients will be dropped.
Define for k € N

Bu(t,u) := P((oy(t) - V)u) + Phy(t, ). (2.5)

Letting the operator P act on both sides of equation (1.2), we can and shall consider
the following equivalent abstract stochastic evolution equation in the sequel :

{du(t) = [A@u®) + 2 )] ae+ 52, Byt u()awt, 26)

u(O) = g € H*.
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2.2. Estimates on A and B. We now prepare several important estimates for later use.
In the sequel, we shall use the following convention: The letter C' with subscripts will
denote a constant depending on its subscripts and the coefficients. The letter C' without
subscripts will denote an absolute constant, i.e., its value does not depend on any data.
All the constants may have different values in different places.

Lemma 2.2. For any u € H?, we have

[ A(w)]|eo
(A(w), w)go

[A(w), u]

C(1+ [ulZ), (2.7)

—[IVullfo — [V an([ul?) - [ul[72 (2.8)

—[IVullfo — llullzs + Nullfo. (2.9)
1 1

—5 i = 5lal- [Valllz: + (1+ N)[Vulfi + uffo. (2.10)

Proof. The estimate (2.7) is direct from (2.4) and the Sobolev inequality (2.1). The
estimate (2.9) follows from

and gy > 0.

((u-V)u,u)y =0,

For the inequality (2.10), we have
Ar(wu) = —[|(7 = Aullfo + (u, (7 = A)u)yo

—l[ullge + [[Vullg + [[ullE.

and by Young’s inequality

where

1 1
Ap(u,u) < (1 = A)ullizo + 1w V)ull%

1
< gl + Sl [Vl

[uf* = Z|u“, [Vuf? = ZWU’“2

k=1

From (1.1), we also have

As(wu) = —(V(gw([u*)u), Va)zo — {gn([uf*)u, u)g

- —z/au Han(uyit)de = [ uf - gy(uf)d
kyi=1

< —z/au (av(Iu) - O — giy([uP)iful® - u*) da
kyi=1

= — [ IVl an(uP)ar = 5 [ gy(uP)IViaPRds

< — [ IVl juPde + V| Tulf.

Combining the above calculations yields (2.10). O
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Lemma 2.3. Let v € V, and let the support of v be contained in O := {x € D, |z| <

for some m € N. Let T > 0. For any u,u’ € H? and t € [0,T], we have
[A(w). V]l < Cv- (14 [lullZso)),
(B.(t,w), V)2 < Cvr- (L+ [Ha(®)ll) + [[ulZz0)
and
[[A(w) — A(W), v]| < Cy - [lu = d'l|2(0) - ([ullf + [[W]lEn)-
Proof. For the estimate (2.11), we have
Ar(u,v) = (u, (I = A)Av)yo < Cllullr20) - [[V] |

As(,v) = (0", V(T = Ao < Cllullfao) - sup [V - A)viz)]

where u* denotes the transposition of the row vector u, and

As(u,v) < [[ullZs o) sup (7 = A)v(@)].

Combining them gives (2.11).
For the estimate (2.12), by (H2) and (H3) we have

KB.(t,u), V)l < C sup I\U(tw)llzzz-Sgg\V(I—A)V(w)F'HUH%w)

t€R+ ,QTGID)

+Csup IVao(t,2)|2 sup |(1 = A)v(@)* - [[ullZz o)

m}

+Csup [(I = A)v(@)[* - (Crn - [[ullZ2(0) + 1 Hn(t) | 2()

zeD

< Cor (L [Hn (@)l @) + ullZ20))-
We now look at (2.13). For A;, we clearly have

[Ar(w, v) = Ay (W', v)] = [(u =) - 1o, (I = A)AV)go| < Cy - [lu — | 20

For A,, we have

|[Az(u, v) — Az (', v)]
|( tu—u"u, V(I = A)V)yol
< Oy flu=llz20) - ([[ullso + [[u']go).
For Az, by the Sobolev inequality (2.1) we similarly have
[As(w,v) = A3(0,v)] < Oy flu=lr2o) - (JullZzs + [[w'l|70)

~
< Oy flu =]z - (Jull + u'[l)-

Lemma 2.4. For any T > 0 and u € H?
1
1Bt )17, @20 < §||11||1%11 + Orlullfo + | Ha ()] 2 m)

1
1B Wi,y < Sllullie + Crllullg + ClH @)l )
7
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Proof. First of all, by (H2) and (H3) we have
B I g0 = Y [ |Bult.,u(e)Pda
k=1

< /D lo(t,2)|% - [Vu(z)|2dz + /D (Cralu(@)]? + Ha(t, z))dz

< gl + Crlulio + 1)l
Secondly, noting that
1B W, o) = 1B 0B 0, + VB W2, o0
and
OuBy(tn) = P20, ((on(t) - V) + PO,hy(t u)
— 9((0xjak(t) - V)u + (o4 (t) - v>aﬂu)

3
+2 (Do) (8 0) + D7 Dy (t, w) - Dy,
=1

by (H2) and (H3) we have

1
1B WL, < 5llullie + Crllullg + ClH(0)]l2 @)
0J

2.3. Tightness Criterion. In the following, we only give a tightness criterion in the case
of D = R3 When D = T3, since H'! is compactly embedded in H, the corresponding
result is simple and well known.

By H,. we denote the space of all locally L?-integrable and divergence free vector fields
endowed with the Fréchet metric: for u,v € HY

V) = Z gm (U<m () — V(:zr)|2da:} - 1) |

Thus, (HY,., p) is a Polish space and H® C HY .
Let X := C(R;HY ) denote the space of all continuous functions from R to (HY , p)
equipped with the metric

te[0,m]

= ZZm(sup p(u(t), (t))/\l).

In the following, we shall fix a complete orthonormal basis & := {ey, k € N} C V
of H' such that span{&} is a dense subset of H? and, in the case of periodic boundary
conditions, we also require that & is an orthogonal basis of H°. Moreover, for u € H° and
v € H?, the inner product (u, v)y, is taken in the generalized sense, i.e.,

<11, V>H1 = <ll, (I - A)V>H0
We need the following relative compactness result.
Lemma 2.5. Let K C X. If for any T > 0
(1°) SUPye SUDgepo. 7] [U(8) [l < +o00,



(20) lim5—>0 SUPyek SUP¢ se[0,T7,|t—s|<6 |<u<t) - ll(S), e>]1-]I1| =0 fOT any e € g;
then K is relatively compact in X.

Proof. We only need to prove that K is relatively compact in C([0,T]; HY, ) for any T > 0.
Let {u,,n € N} C K be any sequence of K. Define for e € &

G (1) = (un(t), €) g

Then, by (1°) and (2°), the sequence {t — G&(t),n € N} is uniformly bounded and
equi-continuous on [0,7]. Hence, by Ascoli-Arzela’s lemma, there exist a subsequence
ny(depending on e) and a continuous function G*(t) such that Gf, () uniformly converges
to G°(t) on [0,7]. Since & is countable, by a diagonalization method, we may further
find a common subsequence (still denoted by n) such that for any e € &

lim sup |GS(t) — G°(t)| = 0.

N0 (0,7

Thus, by the weak compactness of closed balls in H!, there is a u € L>(0,T;H') such
that for any e € &

lim sup |(u,(t) —u(t),e)m| =0.

By a simple approximation we further have for any v € H!

lim sup [(u,(t) —u(t),v)m,| =0.
n— o0 te[0,7]

Note that (I — A)~'v € H? for any v € H°. Hence we also have for any v € H"

lim sup [(u,(t) —u(t), V)| = 0.

n—00 4¢(0,7)

Hence, by Helmholtz-Weyl’s decomposition(cf. [28, 12])
lim sup [(u,(t) —u(t),v)|=0 (2.16)
=0 (0,7

for any v € L*(R* R?).
We now show that

lim sup p(u,(t),u(t)) =0.
00 40,7

It suffices to prove that for any m € N
lim sup / (¢, 2) — u(t,2)2dz = 0,
=0 ¢e(0,T) J |z|<m

which follows from (1°), (2.16) and the following Friedrichs inequality (cf. [17, p.176]):
Let O C R? be any bounded domain. For any € > 0, there exist N, € N and functions
hi € L*(0),i=1,---, N, such that for any w € W,*(O)

/Olw(:v)de < 2: (/Ow(a:)hi(:)s)dx)zjte/o|Vw(x)|2d:v.

Lemma 2.6. Let u, be a family of probability measures on (X, B(X)). Assume that
9



(1°) For each e € & and any €,T >0

lim sup ,un{u eX: sup [(u(t) —u(s), e)y| > e} =0.
610 p 5,t€[0,T7],|s—t| <8

(2°) For any T >0

lim sup ,un{u e X: sup |[u(s)||m > R} = 0.
R—oo o s€[0,T]

Then {j,,n € N} is tight on (X, B(X)).
Proof. Fix n > 0. For any [ € N, by (2°) one can choose R, sufficiently large such that

sup,un{u € X: sup ||u(s)||m > Rl} < Ql (2.17)
n s€[0,]] 2
For k,l € N and e; € &, by (1°) one may choose Jx;; > 0 small enough such that
1 U
sup,un{uEX: sup u(t) —u(s), e;)m >—}<—.. 2.18
n 5,t€[0,0],|s—| <0k i1 |< ( ) ( ) >H | k 2kttt ( )

Now let us define

K = () {u eX: sup [(u(t) —u(s), e)m| <
s,t€[0,1],|s—t| <k, 1,1

j

| =

kleNe,e&
Ko = ({uex: s fuls)a < Ri}.
leN s€[0,]]

By Lemma 2.5, K; N K5 is a relatively compact set in X. By (2.17) and (2.18), we also
have

sup i, (K7 U K3) < 21,
In view of the arbitrariness of 1, {u,,n € N} is tight on (X, B(X)). O

3. EXISTENCE AND UNIQUENESS OF STRONG SOLUTION

3.1. Weak and Strong Solution. For a metric space U, we use P(U) to denote the
total of all probability measures on U. We first introduce the following notion of weak
solutions to Eq. (2.6).

Definition 3.1. We say that Eq. (2.6) has a weak solution with initial law v € P(H') if
there exist a stochastic basis (Q, F, P; (Ft)i>0), an H'-valued continuous (F;)-adapted sto-
chastic process u and an infinite sequence of independent standard (F;)-Brownian motions
{Wk(t),t > 0,k € N} such that

(i) u(0) has law v in H';

(ii) for almost allw € Q and any T > 0, u(-,w) € L*([0,T]; H?);
(iii) it holds that in HY

t 0ot
u(t) =ug + / [A(u(s)) + 21 (s, u(s))}ds + Z/ By(s,u(s))dWk,
0 = Jo
forallt >0, P-a.s..
This solution is denoted by (0, F, P; (Fi)i=0; W;u).

Remark 3.2. Under (H1)-(H3), by (2.7) the above integrals are meaningful.
10



Definition 3.3. (Pathwise Uniqueness) Given two weak solutions of Eq. (2.6) defined on
the same probability space together with the same Brownian motion

(Qa fa P7 (-7:1&)@0; I/Va LI)
(Qa ‘7:’ Pa (ﬂ)t}oy VI/’ ﬁ)a
if P{u(0) =1u(0)} =1, then P{w : u(t,w) = u(t,w),Vt > 0} = 1.
We have the following martingale characterization for the weak solution(cf. [27, 25]).

Proposition 3.4. Let & be given in Subsection 2.3. For v € P(H'), both of the following
statements are equivalent:

(1) Eq. (2.6) has a weak solution with initial law v.
(it) There exists a probability measure P, € P(X) such that for P,-almost all u € X and
any T'> 0

u e L>=([0, T]; H") N L([0, T); H?), (3.1)

and for any h € C§°(R), i.e., any smooth function with compact support, and any
ecé®

M(t,u) = h({u(t),e)y) — h({u(0), e)y)

W ((u(s), e)g) - [A(u(s)), e]ds
W ((u(s), e)ge) - (£(5, u(s)), ey ds

—5/0 R'((a(s), €)g) - [[{B(s,u(s)), ) [l2ds

is a continuous local martingale under P, with respect to By(X). Here and below,
B.(X) denotes the sub o-algebra of X up to time t.

Remark 3.5. Condition (3.1) guarantees that P, concentrates on C([0,00), H') by Ito’s
formula(cf. [26, 23]). Indeed, if we define for each e; € &

Me,(t, 0) = <u(t)_u<0)7ej>]}]11_/(; [[A(U(S)),ej]]ds—/o (f(s,u(s)), €j)pds

and
= Z M, (t,u)e;,
j=1

then we can show t — M(t,u) is an H'-valued continuous square integrable martingale
under P, with respect to By(X) (cf. [13]). Thus, the following equality holds in H°

/A ds+/ £(s, u(s))ds + M(t,u), P, —a.s.

By Ité’s formula(cf. [26, 23]), one obtains P,(C(]0,00), H')) = 1.

In order to introduce the notion of strong solutions to Eq. (2.6), we need a canonical
realization of an infinite sequence of independent standard Brownian motions on a Polish

space.
11



Let C(R,;R) denote the space of all continuous functions defined on Ry, which is
equipped with the metric

plw, w' 222k<sup lw(t) — '(t)|/\1>.
k=1

te[0,k]

Define the product space W := H C(R4;R), which is endowed with the metric:
j=1

22] (W, WAL, w=(w,w?- )0 =W w? ).

Then (W, pw) is a Polish space. Let B,(W) C B(W) be the o-algebra up to time t. We
endow (W, B(W)) with the Wiener measure P such that the coordinate process

w(t) = (w'(t), w(t), )

is an infinite sequence of independent standard B;(W)-Brownian motions on (W, B(W), P).
Let B := C(R,;H') denote the space of all continuous functions from R, to H', which
is endowed with the metric

Zz k <Sup Ja(t) — (t)HHl/\l).

te[0,k]

In the following, B;(B) denotes the sub o-algebra of B up to time ¢. For a measure space
(S,S, M), S will denote the completion of & with respect to A.

Definition 3.6. Let (2, F, P; (Fi)i=0; W, 1) be a weak solution of Eq. (2.6) with initial
vXP

distribution v € P(H'). If there exists a B(H') x B(W) ~ /B(B)-measurable functional
F, :H' x W — B, with the property that for everyt > 0

vxP

F, e B,/B,(B); B, :=B(H") x B,(W) (3.2)
and such that
u(-) = F,(u(0),W(.)), P-—a.s.,

we call u together with W a strong solution.
We shall say that Eq. (2.6) has a unique strong solution associated with v € P(H') if
there exists a functional F, : H' x W+ B with the same properties as above such that

(i) for any infinite sequence of independent standard (F;)-Brownian motions {W(t),t >
0} on stochastic basis (2, F, P; (Ft)i>0), and any H'-valued random variable uy € Fy
with distribution v,

(Q,F, P; (Ft)iz0; W, F,(uo, W(+))) is a weak solution of Eq. (2.6);
(i1) for any weak solution (Q, F, P; (Fi)i=0; Wiu) of Eq. (2.6) with initial law v,
u(-) = F,(u(0),W(.)), P—a.s.
The following Yamada-Watanabe theorem holds in this case (cf. [25]).

Theorem 3.7. Ezistence of weak solutions plus pathwise uniqueness implies the existence
of a unique strong solution.
12



3.2. Pathwise Uniqueness. We first prove the following pathwise uniqueness result.
Theorem 3.8. Under (H1)-(H3), pathwise uniqueness holds for Eq. (2.6).

Proof. Let u and u be two weak solutions of Eq. (2.6) defined on the same probability
space together with the same Brownian motion, and starting from the same initial value
ug. For any 7' > 0 and R > 0, define stopping time

T = inf{t € [0, 7] ¢ [Ju(®)|ls V [[a)|m = RY.

By the definition of weak solutions, one knows that 75 T oo as R T oo.
Set
Then by Ito’s formula, we have
WOl = 2 [ (A(s) = A W) s
2 /0 (E(s. u(s)) — £(5, 8(5)), W(5) s

23 / (Be(s.u(s)) = Bu(s. (s)), w(s))god W

+Z HBksu ) — Bi(s, u(s))][fpds

= I (t) + Io(t) + I3(t) + 14(2). (3.3)

By |gn(r) — gn (") < | — '] and a simple calculation, it is easy to see that
L) = =2 [ Vw2 [ (Fwls) (5] uts) = (5] - als)pecs
-2 [ (o) uts) — g (80 )6), (5D
- [ Ivwo)lds + / I s) - uts) W) - 08 s
+8 / I19(5)] - (Fu(s)] + [a(s)li2ods.

Noting that by the Sobolev inequality (2.1)
lu*(s) - u(s) —0(s) - a(s) || o

< lw(s)I(rals)] =+ [a(s))fo (3.4)
< 2llw(s)lIZs(Jlus)1Zs + [lals)]7s)
< 207, (W)l Iw(s) 1o (lals) 3+ a(s) ), (3.5)

we have by Young’s inequality

t/\TR 9 t/\TR 3/2 1/2
LtATr) < = i VW (s)[[fods + Cr i 1w () l[gzr (1w ()l o

1 tATR ) tATR 9
< _5/ ||VW(5)HHodS—l—CR/ [[w(s)|[fods.
0 0

13



Moreover, it is clear that

tATR
IQ(t A TR) < CT/ HW(S)H]%IOCIS
0

and
tATR

tATR
Lenm) < swp flotta)le: [ [Vw(s)lEads +Cr [ w(s)lfods
0 0

t>0,2€D

Taking expectations for (3.3) and combining the above calculations as well as (2.3) give
that for any ¢t € [0, 7]

tATR
Elwitnmlfe < Cur B ([ Iw(o)liads )
0

t
< CR,T/ EHW(S/\TR)H]%IOCIS.
0

By Gronwall’s inequality, we get for any ¢ € [0, T]
E|[w(t A 7g) g0 = 0.
Now the uniqueness follows by letting R T oo and Fatou’s lemma. 0

3.3. Existence of Martingale Solution. We now prove the existence of a weak solution
to Eq. (2.6).

Theorem 3.9. Under (H1)-(H3), for any initial law v € P(H'), there exists a weak
solution u to Eq. (2.6) in the sense of Definition 3.1.

We shall use Galerkin’s approximation to prove this theorem. In the following, we fix a
stochastic basis (2, F, P; (Fi)t>0), and an infinite sequence of independent standard (F)-
Brownian motions {W*(t),t > 0,k € N}, as well as an Fy-measurable random variable
uy having law v.

Recall that & = {ej,k € N} C V is a complete orthonormal basis of H'. Fix n € N.
Fory = (y', .-+ ,y") € R", set

y-e = ZyieiEV,

i=1
An(y) = ([Aly-e),ei], - [Aly - e) en]),
fu(t,y) = ({f(t,y-e),er)m, -, (f(t,y-e) en)m),
Bi(ty) = ((Bi(t,y-e),e)m, -, (Bi(t,y - €),en)y).
Consider the following stochastic ordinary differential equation
{dyn(t) = [Aa(¥a(®) + falt, ya(®))]dt + 32, B (¢, ya(t)) AW,
yn(0) = ({uo, 1), -, (o, €n)yp).

By Lemmas 2.2 and 2.4, we have for some C), y > 0
<Y7 An(y) + fn(ta Y)>Rn < C",N(‘y‘z + 1)
IB"(t.3) leers < Can(lyl* +1).
Moreover, by (H1)-(H3) it is easy to see that

R" >y~ A, (y) +f.(t,y) € R"
14



and

R" >y +— B"(t,y) € > x R"
are locally Lipschitz continuous. Hence, by the theory of SDE(cf. [16, 23]), there is a
unique continuous adapted process y,(t) satisfying

Yult) = yul(0) + / An(yn(s))ds + / (s, yu(s))ds + 3 / B (s, ya(s))dIWE.
0 0 1 0

Set
w,(t) = ya(t) -e:nyl(t)ei,
L, A(u,(t) = Z[[A(un(t»,ei]]ei,
an(t7un(t)) = Z<f(t7yn(t))7ei>H1ei7
11, By, (t, u, (t)) = Z(Bk(t,un(t)),eimle,-.
Then

W) = u(0)+ /O I, A (s))ds + /0 I, (s, u, (s))ds

0
+ Z/ IL, By (s, u,(s))dWE, (3.6)
k=1"0
and for any n > 1

(o) e = (U, ) + / [A(un(s)), e;]ds + / (E(5, a(5), €4y s
S /0 (Ba(s, un(s)), €0) AW, (3.7)

We now prove a series of lemmas.

Lemma 3.10. For any T > 0, there exists a positive constant Cr y > 0 such that for any
n €N

T T
E(sup ||un(t)||§p) +/ E||un(s)||§pds+/ B||V 1, (s)]2[2ds < Crw,  (3.8)
0 0

te[0,7

and also in the periodic case

T
/ Eflun(s)[[44ds < Crn. (39)
0

Proof. We have by Ito’s formula and Lemmas 2.2 and 2.4

@l = wollf +2/0 [[A(un(S)),un(S)]]dSJr?/o {£(s,un(s)), wn(s))p ds

15



t
M) + / 1B(5, ()12, g2 s

N

t t
ol — / i (s) [2eds — / lun(s)] - [Van(s)][2adls (3.10)
t t
1214 N) / IV, (5) | Zods + 2 / ln(s) Z0ds
0 0
t
2 / (5, () o - [l (5) Jecls + M (2)

t
1
+/0 (5“11,1(5)‘@]12 +OT“un(S)H]?-]I1 +OHH}1(8)HL1(D))dS’

where M () is a continuous martingale defined by
M(t) := Qi/ot <Bk(s,un(s)),un(s)>H1de.
k=1
Taking expectations and by Young’s inequality, one finds that for any ¢ € [0, T
Bl @l < Bl — ;[ Bluds = [ Bl [Vu (o)
F2(14 ) /OtEHVun(s)H%ods e /OtEHun(S)H%Hods

t
+CT/0 (HHf(s)HLl(D) - |\Hh(s>|\L1(D))d3_

Hence, by Gronwall’s inequality we have for any 7" > 0

T T
sup Bl ()% + [ Blun(s)fads+ [ EIVin(s)P[Eds < Orx. (311
0 0

te[0,7)

Here, the constant Cr v is independent of n, and we have used that |V]u|?| < C|ul-|Vul].
Furthermore, from (3.10) and using Burkholder’s inequality, Young’s inequality, Lemma
2.4 and (3.11), we have for any 7"> 0 and € > 0

T 1/2
E<sup ||un<t>||%ﬂ1> < Croy+CE ( / ||B<s,un<s>>||%2<,2ﬂ0)-||un<s>||§pds)

t€[0,T

< Oy +e-E ( sup ||B(S7un(3))||%2(12;H0)>

te[0,T

T
—i—C’e/ Ellu,(s)|f2ds
0

< COpne+e-CrE ( sup Hun(t)HIQHIl> .

te[0,7)
Choosing € small enough, we get

E ( sup “un(t)“]%ll) < Crw.

te[0,77]
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In the periodic case, since & is also orthogonal in H°, we have by (2.9) and (H1)-(H3)

Ellu, (t)lfo = EIIUollﬁo+2/0 E(A(un(s)), un(s))gods

+2/0 ]E(f(s,un(s)),un(s)>Hods—1—/0 E||B(s,un(s))H%Q(lg;HO)ds

N

t t
Elluls 2 [ E[Vun(s)lods -2 [ Elu(o)ds
0 0

t
‘|‘CN/ EHun(S)H]%IodS + CT,
0

which yields (3.9) by Gronwall’s lemma. O

Lemma 3.11. Let p, be the law of u, in (X,B(X)). Then the family of probability
measures {p,,n € N} is tight on (X, B(X)).

Proof. Set for R > 0
TR =1nf{t > 0: ||u,()||m = R}.
Then, by (3.8) we have for any 7' > 0

C
sup P(r < T) =sup P [ sup |u,(t)||m > R | < == (3.12)
n n te[0,T] R?

On the other hand, from (3.7) and using (2.11), Lemma 2.4 and Burkholder’s inequality,
we have for any ¢ > 2 and s,t € [0, 7]

El(un(t A7) — un(s A TR), €i)p [*

t/\Tg 4
/ [A(u,(s)), e]ds| + CE
s/\Tg

t/\Tg q
l/ (£ (s, n(s)), 1) dls
s/\'r]’%

q

< CE

t/\Tg
%CE/ (Bi(s, n(5)), € AW
s/\‘r}%
t/\TE q t/\'rg q
<caﬂ/ OHM@%W-%ME/ 1£(5, un(s)) s
s/\ﬂ-I"?L s/\rﬁ3
t/\TE q/2
+Co, B /M 1B(s, (DI egmds| < Coumr- It — ]2
S ’TR

By Kolomogorov’s criterion(cf. [15]), for any 7' > 0 and 0 < o < 3 we get

E ( sup [(u,(t ATR) —u,(s A TR), €)m |> < Co,pr - 0%
s,t€[0,T],|t—s|<d

So, for any € > 0 and R > 0

supP{ sup [(w, (t) — up(s), €)m| > e}

n 5,t€[0,T,|t—s|<é

< supP{ sup [(un(t) —u,(s), €| > €1h = T}

n 5,t€[0,T,|t—s| <6
17



@mr5+@w

+sup P{r; < T} <

€ R?’
which then gives that
lim sup P sup [(u,(t) —u,(s),ei)m| >e€p =0. (3.13)
610 s,t€[0,T],|t—s|<d
The tightness of {u,,n € N} now follows from (3.12), (3.13) and Lemma 2.6. O

In the sequel, without loss of generality, we assume that pu, weakly converges to
€ P(X). By Skorohod’s embedding theorem(cf. [15]), there exist a probability space
(Q, F, P) and X-valued random variables " and @ such that

(I) @™ has the same law as u” in X for each n € N;

(II) @* — @ in X, P-a.e., and 1 has law .

Moreover, by (3.8) and Fatou’s lemma, we have for any 7" > 0

E* ( sup ||u(t)||%11> = EF ( sup ||ﬁ(t)||12HI1> < 400 (3.14)

te0,T] te[0,T]
T T
/ EX||u(s)||zeds = / IEPHﬁ(s)H?des < 400 (3.15)
0 0
T T
/ EX||VIu(s)]?||3.ds = / E”(|V[a(s)|?||?.ds < 4o, (3.16)
0 0

and also in the periodic case

T T
/ B [[u(s)|[4.ds :/ EP|[(s)||%ds < +oo. (3.17)
0 0
Let h € C§°(R) and e; € &. Define for any t > 0 and u € X
M:i(t7 u) = I{L(tu u) - [g<t7 u) - [Z?(t7 u) - Il]ll(tv Ll) - Ig(tu U)

where

It u) = / H((u(s), e) - [A(u(s)), e;]ds
It u) = / 1 ((u(s), e5)ym) - (E(5,u(s)), €i)yadls
Bw) = g / WY ((u(s), ey - [{B(5,1(s)), &) s,

Lemma 3.12. We have
sup BP| M2 (¢, @,)[Y? + EP | M (¢, @)[*/* < +oc. (3.18)

Proof. 1t is clear that I7'(¢,,) and I%(¢,1,) are bounded by some constant Cj,.
Let the support of e; be contained in O := {z € R3, |z| < m} for some m € N. For I},
noting that in the whole space case,

[ul[zs < C[[Vul|L2,
18



by (2.11) and (3.8) we have

~ T B
EP |12 (¢, )|V < Oh/ EP|[A(in(s)), e ds
0

/A

T
Cher [ B (14 a(5) o)) ds
0

/N

T
Ches [ B (15 (o)1) ds
T
— Che, | B7 (14 lan(o)P ) ds
0

T
< Che / EP (14 [V (s)[2[2.) ds
0

< Che, TN

In the periodic case, by (2.11) and (3.9) we have

- T
]EP‘I;}(t, ﬁn)’4/3 < Ch/ ]EP (1 + Hﬁn<8)’|%3(T3)> ds
0

N

Che [ B (1 1o 0
< Ch,ei,T,(jv.
For I, by (2.12) we similarly have
BB (¢ 80)[* < Cho, v
For I, it is clear that
EP |10 (t,0,)|? < Choeyon-
Moreover, by (3.14)-(3.17) we also have

EP|M! (t, )| < +o0.

The proof is thus complete. 0
Lemma 3.13. For anyt > 0 and e > 0,
lim P(|M.(t,&,) — ME(t, @) > €) =0. (3.19)

That is, M] (t,1,) converges to ML (t,0) in probability P asn — oo.

Proof. Let the support of e; be contained in O := {z € R?,|z| < m} for some m € N. By
(I) and the dominated convergence theorem

lim EP|10(t,@,) — I}(t, )] = 0

n—oo

lim EP |10 (¢, 0,) — I2(t, @)| = 0.

n—oo

ForI?, define for any R > 0

T = 1nf{t > 0 : |0, (t)|m > R}.
19



Then, by (I) and (3.8), for any 7" > 0 we have

=~ Crn
Thus, by the dominated convergence theorem and Lemma 2.3, we have from the proof of
Lemma 3.12

lim P(|I}(t, 0,) — Ikt 0)| > €)

n—oo

< ]%im lim P(|I}(t, 0,) — 12t Q)| > ;70 > t) + ]%im sup P(7% < T)
< lim T B (Lo - [15(06,) — 13(0.5)]) /e
ot
< lim E( [ (e (0060 ) - [AG5)) e
— 00 0 n—oo

—h'((a(s), e ) - [A(u(s)), e]

)ds> Je=0.

lim P(|I{(t,,) — I{(t,0)| > €) =0

Similarly, we also have

lim P(|Ik(t, 0,) — II(t,0)| > €) = 0.
Combining the above calculations yields (3.19). O

We can now give the proof of Theorem 3.9.

Proof of Theorem 8.9: Now let t > s and G be any bounded and real valued B, (X)-
measurable continuous function on X. Then by (3.18) and (3.19), we have

B (ML (8, w) = M (s,0)) - G(w))

— EP((M (1 8) - M (s, 0) - G(@)

n—oo

= lim Eﬁ’<(M£i(t,ﬁn) — M (s,1,))- G(ﬁn)>
=t B (M (h ) — Ml (s.m,)) - Glw,)) =0,

where the last step is due to the martingale property of M7 (¢,u,) on (0, F, P; (F)i0)
and G(u,) € F,. This means that {M} (¢t,u),t > 0} is a B;(X)-martingale. The existence
of a weak solution to Eq. (2.6) now follows from Proposition 3.4.

Summarizing Theorems 3.8, 3.9 and 3.7, we have the following main result in the present
paper.
Theorem 3.14. Under (H1)-(H3), for any uy € H', there exists a unique u(t,z) such
that
(1°) uw € L*(Q, P;C([0,T),HY)) N L*(2, P; L*([0, T),H?)) for any T > 0, and

E ( sup |\u(t)||§{1> +/0 El[u(s)]fzzds < Cr(1 + [[uo|[fn) (1 + N); (3.20)

te[0,7
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(2°) it holds that in H°

u(t) = u + / t [A(u(s)) + PE(s, u(s))} ds + i / t Bu(s, u(s))dw*,
0 1 70

forallt >0, P-a.s..

Proof. We only need to prove the estimate (3.20). By Ito’s formula, (2.8) and Lemma

2.4, we have

Ellu(t)f = !\UOllﬁoJr?/o]E<A(u(8)),u(5)>Hod8

+2/0 ]E(f(s,u(s)),u(s)>Hods+/0 ]EHB(S,u(S))H%Z(ZZ;HO)dS

1 t t
< ||u0||1%10 +C - 5/ E||u(s)||]%11ds + C/ E||u(s)||]%lods.
0 0

By Gronwall’s inequality, we obtain

t€[0,T]

T
sup E[|u(t)[[o +/ E|fu(s)|fnds < Cr(fluolfZ0 +1).
0

Using this estimate, as in in the proof of (3.8), we obtain (3.20). O

4. FELLER PROPERTY AND INVARIANT MEASURE

In the following, we consider the time homogenous case, i.e., the coefficients f, o and
h are independent of ¢, and assume a stronger assumption than (H3), namely:

(H3’) There exist a constant C, > 0 and a function Hy(z) € L'(D) such that for any

reDuveRiandj=1,23
105z, w) 172 + [[(z, w)|
Haxjh(xuu) - amjh(xvv)HP
[0y (2, w) 2
Haujh(xvu) - 6vjh(x7v)”12

NN N

N

Ch - |u]* + Hy(z),

Ch - ju—vl|,
Ch7
Oh' |11 — V|.

For fixed initial value uy = v € H!, we denote the unique solution in Theorem 3.14 by
u(t;v). Then {u(t;v) : v € H' ¢ > 0} forms a strong Markov process with state space

H!. We have

Lemma 4.1. For v,v' € H! and R > 0, define

o o=1nf {t > 0: ||u(t; v)||m > R}

and

vwv v v/
TR =TprNTg.

Assume (H1), (H2) and (H3’), then

Ellu(t AV iv) —a(t AT V)R < Cur - v — V[

Proof. Write u(t) := u(t;v), u(t) := u(t,v’) and
w(t) :=u(t) —u(t).
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Set tg = TE’VI At. By Ito’s formula([26, 23]), we have

(el = WOl +2 [ (Alu(s) = AG(). () s
#2 [0 (5) = £(s,8(9). W)
23 [T (Buls.u(s) - Buls.t(s)) w() W
k=170
#30 [TIBs u() - Buls,(s) s
k=10
= [w(O)l[f + Li(tr) + La(tr) + Is(tr) + L(tr).
By |gn(r) — gn(r")] < |r — | and Young’s inequality, it is easy to see that
Bte) = =2 [ Iw()lads+2 [ fwls) aas
2 [ ((a(s) - V)u(s) = ((s) - D)), (7 = A)ww(s) s

9 / " (an(lu(s)P)uls) — gy (8(s) P)a(s), (7 — A)w(s))gods
- / " (s [2eds + 2 / " w(s) [2ads

tr

e / w(s) - Vyu(s)|Zads + € / ((s) - V)yw(s)|2ds

N

+0 [l (Gute) P+ [ s,

By Holder’s inequality and the Sobolev inequality (2.1), we further have

tr tr
Litn) < — / () [Zds + 2 / ()| ds
0 0
tr
O / [w(s)|Zeds + C / ()12 - [Fw(s)|Zods
tr
c / W)l - (la(s) 2 + lia(s)[12)2ds
tr tr
< - / [ (s)|Pds + Cr / w(s)|ds
0 0
tr tr
+Cr / Iw(s)[|%5 - [w(s)|lids + Cr / [w(s)[g2 - [w(s)|eds

3 [r 2 b 2
< 5[ IwElReas + G [ Iwoaas
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By (H1), (H2) and (H3’), we similarly have
1 tr ) tr )
Bitn) < g [ Iw(s)ads + Cr [ w(s) s
0 0

1 tr tr
Lite) < 2 / w(s)|Zeds + Cn / v () % ds.
0 0

2
So,
tr
Ellw(t A el < [w(0)ll +CR/O Iw(s)ll7ds
t
< Iv=vIPu+ CR/ (s A7) | ds.
0
By Gronwall’s inequality, we get the desired estimate. 0

Let C{o¢(H') denote the set of all bounded and locally uniformly continuous functions
on H'. Then C{°¢(H') is clearly a Banach space under the sup norm

[@lloc := sup |p(u)].

ueH!
For t > 0, we define the semigroup T, associated with {u(t;v): v € H',¢ > 0} by
T.p(v) = E(¢(u(t:v)), ¢ € Cy(H').
We have:

Theorem 4.2. Under (H1), (H2) and (H3’), for every t > 0, Ty maps Cl°°(H') into
Clec(H'). That is, (T;)io is a Feller semigroup on C{o°(H?').

Proof. Let ¢ € Cl°°(H') be given. We want to prove that for any ¢t > 0 and m € N
lim sup ITip(v) — Tep(v)] = 0, (4.1)

0—0 Vv,V EBm, ||V = || g1 <6

where B,, := {v € H' : ||v|lm < m} denotes the ball in H'.
For any v,v' € B,, and R > m, as in Lemma 4.1, define

= {62 0 ult:v)fm > R}
and ,
V=T ATY .
By (3.20), we have
Elg(u(t; v)) — d(u(t ATpY5v))|
< 2l - Pl <)

< 2@l - sup E (Sup IIU(S;V)II%1> s
vEB,, s€[0,t]
< 2||¢||oo ’ Ctym,N/R?
For any € > 0, choose R > m sufficiently large such that for any v,v' € B,,
Elp(u(t;v)) — d(u(t ATyYiv))| < e (4.2)
<

El¢(u(t;v') — ¢(“(2t3/\ V)l €. (4.3)



For this R, since ¢ is uniformly continuous on Bg, one may choose n > 0 such that for
any u,u’ € Bg with |[u —u'[|m: <7

[¢(u) — ¢(u)] <e.

Thus, for any v,v’ € B,, with ||[v — v/||m < 2\0/;2’ by Lemma 4.1 we have
»CtR

Elg(u(t ATyY'sv)) = glult ATy'sv))|
< €420, P(Jut AT5Y5v) —ult ATeYsv) |l > 1) < 2. (4.4)
Combining (4.2) (4.3) and (4.4), we get (4.1). O

In the periodic case, we have the following existence of invariant measures associated
to (Tt)t>0'

Theorem 4.3. Under (H1), (H2) and (H3’), in the periodic case, there is an invariant
measure v associated to the semigroup (Ty)¢so such that for any t > 0 and ¢ € Cl¢(H')

/H Totwr(an) = | o),

Proof. In the following, we assume that ug = 0. Using Itd’s formula, we have by (2.9)
and (2.14)

Elu(t)2 = 2AHMAm@»u4ﬁmws+2AHﬂﬂw@xu@mwm

t
+ [ BB s
0

3 [t !
< —5/ E||Vu(s)||[2ﬂod8—2/ Ellu(s)| 7ads
0 0
t t
MN/MMW@®+Gg/MMM@®+%ﬂ
0 0
3 t 2 ! 4
< =5 [ Elu)lids =2 | Elu(s)]ads
0 0

t
+Ch,f,N/ E||u(s)||fﬂods + Ch et
0

In the periodic case, noting that for any ¢ > 0
lullz < CllullZs < ellullze + Ce,

we further have

3 t t
Ellu(t)o < 5 [ Blu(s)eds ~ [ Blu(s)iids + Cuea- .
0 0

Hence, for any ¢t > 0
t t
Ela(t)o + [ Elu(s) s + [ Blu(s)ids < Cuga -t (45)
0 0

On the other hand, by Ito’s formula again and (2.10), (2.15), as above we have

Efu(t)|2: = {AEM@@»m@mm+zAE@m@LM$mds
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t
+Amwwmmwmw

1 t t
< =5 [ Elu[ads + Curs - [ Elu()lads+ Cuey -
0 0
I )
< _Z_l E||U(S>||H2d8+0h7f,N't.
0
Therefore, for any ¢t > 0
1 t
;/ EHU(S)H%IQdS < Ch’f’N
0
In the periodic case, since H? is compactly embedded into H!, the existence of an invariant
measure v now follows from the classical Krylov-Bogoliubov method(cf. [2]). O

5. ERGODICITY: UNIQUENESS OF INVARIANT MEASURE

In the following, we shall work in the case D = T3, and suppose that for f € H°, the
mean value of f on T? vanishes, i.e.,

/T f(a)dr =0

In this case, we assume that the orthonormal basis & of H! consists of the eigenvectors
of ZA, i.e,
Qeri = —)\Z-e,-, <ei,ei>H1 = 1, 1= 1, 2, ety
where 0 < Ay < --- < A\, T 0o. Recalling that the following Poincare inequality holds:
[l < 1/A: ][V, (5.1)
two equivalent norms in H' and H? are given by
[allm = [[Vullgo, [uflmz = [|Au[zo.

We shall use these two norms in what follows.

For m € N, let 2 := Cy(R,;R™) denote the space of all continuous functions with
initial values 0, P the standard Wiener measure on F := B(Cy(R;R™)). Then, the
coordinate process

Wi(w) :=w(t), weq,
is a standard Wiener process on (2, F, P).
Consider the following stochastic tamed 3D Navier-Stokes equation:
du(t) = A(u(t))dt + dw(t), (5.2)
11(0) = g € Hl, '
where w(t) := QW is the noise, and the linear map @ : R™ — H! is given by
Qei:qiei7 qi >07 L= 17 y 1.

Here, {€;,i = 1,--- ,m} is the canonical basis of R™.

Set . .
&= qu//\i, &= qu
=1 =1
Then the quadratic variation of w(t) in H° and H' are given respectively by

[W]Ho(t) = g()t, [W.]Hl (t) = glt
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We remark that & < & /.

Our main result in this section is the following:

Theorem 5.1. Let (Ty)i>o be the transition semigroup associated with (5.2). For any
sufficiently large m, = m.(E1,\1, N) € N, there exists a unique invariant probability
measure associated with (Ty)i>o.

We shall divide the proof into two parts. In the first part, we shall prove the asymptotic
strong Feller property of (T;):>o(cf. [14, Proposition 3.12]). In the second part, we shall
prove a support property of the invariant measure, namely that the origin 0 is contained
in the support of each invariant measure(cf. [5]). By [14, Proposition 3.12 and Corollary
3.17], these two parts will imply Theorem 5.1.

5.1. Asymptotic Strong Feller Property. Let u(t,w;ug) be the unique solution of
Eq. (5.2). For 0 < s < t, let J,; denote the derivative flow of u(t,w;uy) between s and ¢
with respect to the initial values uy, i.e., for every v € H!, 7, ;v € H' satisfies

O Tsiv = AT v+ K(u(t,w; ), Tsiv), TssV =1, (5.3)
where C is linear with respect to the second component and given by
K(u,v) = =2((v-V)u+ (u- V)v) = Z(gn([uf’)v + 2gx([uf*) (u, v)gsu).
In the Appendix, we shall prove that for every w

(Josv)(w) = lim “

el0 €

(t,w;ug + ev) — u(t, w;ug)

in H'. (5.4)

Let us now consider the Malliavin derivative of u(t,w;ug) with respect to w. Let 7 be
the Cameron-Martin space, i.e., all absolutely continuous functions from R, to R™ with
locally square integrable derivative. For any v € 77, the Malliavin derivative is defined
by

.ou(l,w+ ev;ug) —ult,w;u
D*u(t,w;ug) := hng ( o) ( U), P—a.s.. (5.5)
€— €
Notice that v can be random and possibly nonadapted to the filtration generated by W.
For the sake of simplicity, we write 4,0 := D u(t,w;ug). Then

8tAt’U = AAtU + lC(u(t,w; U.(]), AtU) + QU(t), A()’U = 0, (56)

where 0(s) is the derivative of v(s) with respect to s.
By the formula of variation of constants, it is easy to see that

t
A = / T.1Q(s)ds.
0

Moreover, for any v € H' and v € 27, set
v(t) == Jov — Aw.

Then
Ov(t) = Av(t) + K(u(t), v(t)) — Qo(t), v(0)=v. (5.7)
As done in [14], our main aim is to construct a suitable v such that v(t) exponentially
decays to zero in some sense as t — oo. We first introduce some necessary notations and
prove some preparing lemmas.
Let H} denote the following finite dimensional subspace of H'(called low mode space)
H; := span{e;,--- ,e,}.
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Then we have the following direct sum decomposition:
H' = H} © H;,
and for any u € H*
u=uw +uy u €Hy, u,cH;
The co-dimensional space H} is also called high mode space. For any v € H, we define

m

v =Y ((—Ae;, v)goe; € Hy

i=1
and
v :=v—II,v e H’
In what follows, we shall always write v, = II,v and vy = IIxv.
The following lemma is immediate.

Lemma 5.2. For any u € H?
IATIRu][Fo > A | VIR0 -
We also need the following lemma. Recall that ||u||gz = [|Au||po.
Lemma 5.3. For any u,v € H?, set
N (u) = [[ullfe + [[[a] - [Vul]|Z.. (5-8)
Then
(v, K(w, V) < %HAVRH%O +Cn - N () - (IVallip + [[vell)

and

T (u, V)l < Conll Vo - (14 [[ulf7s),
where the constant Cy (resp. C,) only depends on N (resp. m).
Proof. For the first, we write

<Vh, lC(u, V)>H1 = [1 + [2 + [3 + [4,

where
I, = —<Vh,f@((v-V)u)>H1,
I == —(vp, Z((0-V)V))u,
Iy = —(vi, Z(gn([u)V))g,

Ii = =2{vi, Z(gn([u*)(u,v)at))p.
For I, by Young’s inequality and the Sobolev inequality (2.1) we have

1
Lo < gllAvalE +2[v]- [Vullz.

1
< gllAvallge +20viize - [Vullz:

N

1
g”AvﬁHIQHIO + Cllvallz - [allfe + Cllvellzs - l[ullf.
For 15, we have

Iy

N

1
SIAvia -+ 219V - ull
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N

1
AVl + 2] v s - [lullz-

N

éIIAVhH?HIo + Cllvallz - lullg + Clivellg - ulF.
For I3, we have
I = —(Vvugn(ul*)VV))go — (Vi gy ([uf*) VIul*v))so
< Jullfe - 1VVal - VYl + 1VVallze - [VIze - [Vl e
< Cllulle - (valli + [Ivellfn) + éll%ll%p +Clviz - [l - [Vall|Z..

For I, noting that
’QIK/(T)’ <C- 1{N<T<N+1}7

we similarly have
1
I < Cllallg - (Ivalli + Ivelli) + g lVallie + Cwlivi - laf - [Val[lz=.

Combining the above calculations, we obtain the first estimate.
As for the second one, we may write

m m

T AC (u, v) |3 = Z (ei, K(u, v)) g = ZZ Jij,
where
Ja = —(ei, Z((v-V)u))m
Jio = —(e;, Z((u-V)Vv))
Jizs = —(e, @(gN(|u|2)v) H!
Ju = —2e, t@(gﬁvﬂup)(u “V)U))gp -

For J;1, we have

Ji = (Ae;, (V- V)u))ye = —(VAe;, v u)yo

< IVAe||=[[[v] - ullpr < Co |Vl [0l
Similarly, we have
Jio < Cel|vllmlullm,
Tis < Collvllmollulzs
Jiu < Cellvllmllulzs.
Summarizing the above calculations, we obtain the second estimate. 0

We now prove the following crucial estimate about the solution u(t).

Lemma 5.4. (i) For any n > 0, there exist constants C,, Cg, x, N, > 0 such that for any
t>0 and uy € Hy

t
Bexp {1 | Aulssun))ds b < exp(Cyllulf + Cepnth
0
where N'(u) is defined by (5.8).
(i1) There ezist constants Cy,Ce, », v > 0 such that for any t > 0 and uy € H,

Efu(t; uo)lfn < [uollfn (Cx -t +1)e™% + Cey o, v
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Proof. By Ito’s formula, we have
dllu(®)||f0 = 2(u(t), A(u(t))godt + 2(u(t), dw(t))yo + Eodt. (5.9)
By (2.9) and Young’s inequality, we know
(ut), Aut))gw < —[Vu®)lfo — a7 + Nlult)|

2 1 4 N?
< )~ @l + - (510)
Using Lemma 6.2 in the Appendix, we get for any t,n > 0
t
Bexp {u [ I()lEads h < cxplnlloll + et (5.11)
0

Again, by Itd’s formula and (2.10), we have
dlu)|fe = 2[u(t), A(u(t))]dt + 2(u(t), dw(t)) + Eidt
< (=N(u(t) + Cnllut)|Z)dt + 2{u(t), dw(t)) g + Erdt.

As in the proof of Lemma 6.2 in the Appendix, using (5.11) and exponential martingales,
we then get the first estimate.
On the other hand, from (5.9) and (5.10), we have

Ala(t) o < 5 (O)lFedt + 20a(r), dw(t)) g + (€ + N+ )dt
It is direct by Gronwall’s inequality that
E[lu(t; uo)llize < [[ullfoe™? +2(& + N* + 1)
Thus, thanks to
() [Z < la()]le:lat)|w, (5.12)
we obtain

AP alb) ) = e2(2Ru(r), ACa()] + &+ lu(0)E )t + 26 u(t), dw(t)

< P lu@)lfe + Cnlu@)lf + )t + 2¢72(u(t), dw(t))
< (Cllu(®)lf + E)dt + 26 ((t), dw(t))yg.
Therefore,
¢PE[u(t; wo) |7
t
< laollf + C’N/ e*?E||u(s; ug) ||Zods + 2&e'/?
0
t
< Juollfn + CN/ (I[aollfzo + 2¢*/%(Ey + N? + 1))ds + 2&1¢"/?
0
< uollfn + CnlluollEot + €2(Cn (& + N* + 1) + 281),
which then gives the second estimate. 0

Based on the previous discussions and lemmas, we can now prove the following propo-
sition, which will imply the asymptotic strong Feller property of (T;):>o according to [14,
Proposition 3.12].
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Proposition 5.5. Let (Ty)i>0 be the semigroup associated with (5.2). There exist a
constant m, := m,(E,N) € N and constants Cy,C1,v > 0 such that for any t > 0,
uy € HY, and any Fréchet differentiable function @ on H with ||¢]|s, ||[V@]|ee < +00

IVTep(uo) [ < Co - exp{Cilluolliz } - (Il + e[ Vip]loc).

Proof. For any v € H! with ||v||zm = 1, define
ve(t) ;:{ ve (1= t/@lvellw)), ¢ € 0, 2velm!
, t € (2[lvelle, o0).
Let vp(t) solve the following linear evolution equation:
Ovi(t) = Allpva(t) + HpC(u(t), vi(t) + ve(t)), va(0) = vp.
Set
v(t) :=vi(t) + vi(t)
and
Ve L<ovilp)
2/|vella

B(t) = Q! ( AV + He/C(u(t)aV(t))) |

Then v(t) € . is a continuous adapted process. From the construction, one finds that
v(t) together with v(t) solves the equation (5.7).
Thus, we have
(VTio(uo), vig = E((Vi)(u(t; o)), Jouv)m
E((Ve)(u(t; uo)), Aww(t)) g + E{(V)(u(t; wo)), v (t))m
E(D"(p(u(t;uo)))) + E(Ve)(u(t;u)), v(t))m

)
- E(wu(t;uo» / @<s>dws>+E<<w><u<t;uo>>,v<t>>ﬂl

t
< IIsOHoo/O Eli(s)[*ds + |Vl B[ (t)|z, (5.13)

where the last equality is due to the integration by parts formula in the Malliavin calcu-
lus(cf. [20]).
By the chain rule, we have by Lemmas 5.3 and 5.2
OclIva(t)l[5: —2|| ATlRva(t)[[fo + 2(va(t), T (u(t), v(#))) g
—[[AIva(®) 50 + Cw - N (u(t)) - (Iva(®)ll + [[ve()]IE)
(=Am + Cn - N(u(t) - [[va(®)l[F + Cwv - N(u(t)) - [[ve(t) 7.

for t > 2, by Gronwall’s inequality we get

o NN

Noting that v(t) =

MOl < @l esp { A+ 0x [ Atute)as)

+exp {—)\m(t —2)+Cy /Otj\/'(u(s))ds} /02 [ve(s)[|ds.

By (i) of Lemma 5.4, since \,, T oo as m — oo, there exist constants v > 0 and m, =
m«(E1, A1, N) € N such that for all ¢ > 0

El[va(t)lEn < Cepaya - eIl =",
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Hence, for any t > 2
E||v(t)|lm < Cgyapn - VM0l (5.14)
On the other hand, by Lemma 5.3 we have
Eot)* < Cn (1+E(VO)llro (1 + [u(®)]Z)))
< G (L+ (E[v)[20)(1 + Efut)]|7:)"/?)
< Co (14 EIvO1E0) (1 + Ellu(t)]|24)) -
)

|

|

|
In view of f(t) fo Ellu(s)||7.ds < Cn(1+1)(see (4.5)), integrating the above inequality
and using (5. 14) we obtain

/ Elo(t)]2dt < cm,el,AI,N,w-eCN“()“?““(”/ ‘”tdf<t>)
0 0

< Oy - €Nl (5.15)
The proof is thus complete by combining (5.13)-(5.15). O
5.2. A Support Property of Invariant Measure.
Proposition 5.6. The point 0 belongs to the support of any invariant measure of (T4)i>o.
For the proof we need the following lemma, whose proof in turn is inspired by [5].

Lemma 5.7. For any ri,ro, > 0, there exists a T > 0 such that
inf  Plw: ||[u(T,w;up)|lm <12} > 0.

lluollg1 <r1
Proof. Set
v(t) :=u(t) — w(t).
Then
vi(t) = Av(t) + w(t)), v(0)=uy.
Let T'> 0 and € € (0,1), to be determined below. We assume that

sup [[w(t)||ms < e. (5.16)
te[0,7
First of all, by the chain rule, we have

d
&HVU)H?HIO =J1+ Jo+ J3+ Jy,

where
Bo= =2V + 2(Aw (), V()
Jy = =2(v(t), ((v(t) + w(t)) - V)(v(t) + W(t)))go
Jy = =2(v(t) + w(t), gn(|v(

t) + w(t)[*)(v(t) + w(t)))zo
Jo = 2(w(t), gn(Iv(t) + w(t)[*) (v(t) + W(t)))so

For Jy, by (5.16) we have

~—

=2|[Vv(t) [l + Cellv(#) .

Here and below, C' denotes an absolute constant.
For Jy, by the Sobolev inequality (2.1) and (5.16) we have

Jo = =2(w(t), (v() + w(t) - V)(v() + W(t))) o
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< 2[Vw()llpel[v(t) + w(t) o

< Ce- |Vl + Ce.
For J3, we obviously have

Js < 0.
For Jy, by (2.1) and Young’s inequality we have
Ja 2l w(t)llze - [[v(t) + w(t)]zs

Ce-|[v@)|3s + Ce*
Ce - Vv (t) g IV (B + Ce'
Vv (t)||Ze 4+ Ce* - ||v(t)||8o + Cet.
Combing the above calculations gives that

d
FIVOl < =IVV@llio + Ce- [V 50 + Ce

INCININ

N

1
< —A—IHV(t)II?H[o +Ce-|[v(t) o + Ce,

where the second step is due to the Poincare inequality (5.1).
Note that ||v(#)]|Z, depends on € through (5.16). By Lemma 6.1 in the Appendix, for
any 0, h > 0, we may choose a Ty > 0 sufficiently large and an e small enough such that

sup ||v(t)||mo < 2r4, (5.17)
t€[0,Tp)
and
sup  ||v()||mo < 6. (5.18)
tE[To,T0+h}

Let us now turn to the estimate of the first order Sobolev norm of v(¢). By the chain
rule again, we have

%Hv(t)ngﬂl = 2v(t), AV() + w(t)] = T + B+ Iy + I,
where
L o= 2[v(t) +wi(t), A(v(t) + w(t))]
I == —2(A°w(t),v(t) + w(t))mo
Iy = 2Aw(0), ((v(t) + w(0) - V)V () + W)
I = 2(Aw(t), gn([v(t) + W) (vV(E) + W(t)))go-

For Iy, by (2.10) and (5.12) we have
L < =|Iv(t) + wt)l[E + Cnllv(E) + w(t)llg

1
< —§||V(t)||12Hp + 4N||V(t)||I2HI1 + Cye

N

1
=7 IVl + Cxlv®) e + Cve.
Here and below, Cy denotes a constant only depending on N.
For I, we have

I, < Ce+ Ce||v(t)]|mo-
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For I3, we have
I < 2VAW(®)] = [v(1) + w(t) o
< Ce+ Ce||[v(t) |I30-

For 1, we have
1
I, < Ce+ Ce||v(t) |35 < §|yv(t)||§ﬂg + Ce + Ce||v(t)]|%.

Combing the above calculations gives that

d 1
VOl < —5IVO & + Ox - V@)l + Ce - [IV([D) 20 + Ce

< —Collv®)|Zn + On - V() |13 + Cel[v(t)||50 + Ce.
By Gronwall’s inequality, for any 0 < ¢; < t5 we have

1
[vit)llfn < €7C°(t27tl)HV(t1)Hﬁ1+—<CN' sup ||V (#)|[fo
CU tE[tl,tQ]

+Ce- sup |[v(t)]|5 + Ce).

tE[tl,tQ]
Firstly, letting t; = 0 and ¢, = T by (5.17) gives

1
V@I < ri+ = (Cn e sup vl
0 tG[O,To}

+Ce- sup ||[v(t)]|So + Ce>
te[0,To]

< CN,CO(T? + 1).
Secondly, letting t; = Ty and ty = Ty + h yields
1
MTo+h)lE < e MOng 1§+ 1)+ 5 (Cn- sup VD)l
0 te[Th, To+h)

+Ce-  sup  |[v(®)||S + C’e),
tG[To,TQ+h]

which together with (5.18) implies that for some 7" large enough and € > 0 small enough
V() e < 72/2.

Therefore, there exist a T sufficiently large and an € small enough such that for any
ol <71
(T, w; ug) [l < 72
That is, if we set

Qo= w: sup [[w(t,w)|ms <e€p,
te[0,7

Q. C mllﬂollﬂlém{w (T, wiug)|[m < o}

then

The desired estimate now follows from the fact that (). is an open subset of €2 and
P(,) > 0. O
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Proof of Proposition 5.6: For r > 0, let B, := {uy € H' : ||[ug|/m < 7} be the ball in
H'. For each invariant measure y, we can choose some r; > 0 such that

u(EB,,) > 1/2.

By Lemma 5.7, we further have for any ro > 0

pB) = [ (Trls,)(o)n(du

/B (Tr1s,,)(uo)p(duo)

1

=z inf (Trlg,)(wo) - u(B,,) >0,

ug G]Brl

WV

which means that 0 belongs to the support of p.

Proof of Theorem 5.1: The assertion follows from Propositions 5.5 and 5.6 due to [14,
Proposition 3.12, Corollary 3.17].

6. APPENDIX

6.1. Two Basic Estimates. In this subsection, we prove two basic estimates used in
Section 5.

Lemma 6.1. Let {p.(-,70),€ € (0,1),r9 = 0} be a family of positive real functions on
Ry with ¢.(0,79) = ro. Suppose that for some p > 1, Cy,C1,Cy > 0, C3 > 0 and any
e€(0,1) andt >0

et o) < =Cowe(t,r0) + Cre - @c(t, ro)” + Cae + Cs.
Then: (i) For any T > 0 and R > 0, there exists ¢y > 0 such that

sup S05<t7 TO) < 2R+ 203/00
t€[0,T],e€[0,e0],r0€[0,R]

(i1) If C3 = 0, then for any 6 > 0 and R, h > 0, there exists T > 0 and ¢y > 0 such that

sup we(t,ro) < 0.
te [T7T+h} €€ [0760] OIS [OrR]

Proof. Let C5 := (Cye + C3)/Cy and set
(t) := e (pe(t,ro) — C9).
Then for fixed T' > 0 and any ¢ € [0, 7]
¢'(t) < Cree - p(t,10)" < Cre- (p(t) + Cf - ).
Solving this differential inequality gives that

1

O(T) < [(6(0) + C5 - €PT) 7 4 Cy(1 = p)eT |7 = (- .

Hence,
pTro) < T |(rg+ C5 - (%7 = 1)) 7+ Cy(1 = p)eT|
_1
< [(e‘COTR +CH)'P+Ci(1 - p)eTe(p_l)CoT] o
Now the assertions easily follow by suitable choices of € and T 0
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We now prove the following exponential estimate.

Lemma 6.2. Let X, be a positive Ito process of the form

t t
X, =20+ / M, AW, + / N.ds, (6.1)
0 0

where s — M, N, are two measurable adapted processes. Suppose that there exist a
positive process Yy and some o > 1 and Cy, Cy,Co, C3 > 0 such that for any s > 0
N, < —CoX2 =Y, +Cy, |M|* < CoX, + Cs. (6.2)

Then for any t,n >0

Ee™t < O, - exp{e” 2 nao}, (6.3)
and
t CO
Emﬂj/@wwym%<mwm+%w- (6.4)
0

Proof. Let us first prove that for any ¢,n > 0
et < 4o0. (6.5)

Set for R > 0
TR = inf{t > 0:|X;| > R}.
By Ito’s formula, (6.2) and Young’s inequality, we have

2
de™t = ne™t M,dW, + ne™** N,dt + %enXt|Mt|2dt

< e M AW, + e (—Co X2 + C) + g(cht +Oy))dt
C
< e M AW, + ne"Xt(—TOXf + Oy y)dt

C,
< e MW, + ne™ (—70)(1t + Cyy)dt.

Set

fr(t) := Ee™Xt g,
Then

fr(t) < Canfr(D).
Hence

fR(t> — FeXtarg < el%o gCant

By Fatou’s lemma, we obtain (6.5).
We now set
f(t) := Ee™t.

Then by Jensen’s inequality, we obtain

F(6) < =2 (010 £(6) + Cun (1)

Solving this differential equality gives the first estimate (6.3).
On the other hand, for any ¢, > 0, we have by (6.1) and (6.2)

b Cy ' " nCy

n/ (7X§“+Ys)ds <77x0+77/ Mdes+/ (—TX?+017])d5-
0 0 0
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Noting that by (6.2) and (6.3)

Eexp{ / M. [2ds } / E exp{tn2| M, ?/2}ds < +oo,

we know by Novikov’s criterion that

t 2 t
£ exp {n M,dW, — %/ |M5|2ds} — E(M)(2)
0 0
is an exponential martingale. Moreover, by (6.2) and Young’s inequality

2 C
%|M5|2 - %Xg ‘l‘ 0177 < Ca,n

Therefore,

t
Eexp {n JAE mds} < B (E(M)(t) - exp{Cat})
0
= ™ . exp{Cyt}.
The proof is thus complete. 0

6.2. Proof of the Derivative Flow Equation. In this subsection, we prove (5.3). Note
that (5.5) can be proved similarly.

Lemma 6.3. For any T > 0, there exists a constant Cy 1 > 0 such that for each w and
Ug € H!

T
sup [t + [ (e ) < Covr (1+ uallh + sup [wit.) )
te[0,T] 0 te(0,7

Proof. Following the proof of Lemma 5.7, let us give different estimates for J;,7 = 1,2, 3, 4.
For Ji, by (5.16) we have

Ji < =2[IVv() o + 2| AW (E)|s0 - [[v(8) lso-
For Js, by the Sobolev inequality (2.1) and Young’s inequality we have
o= =2(w(t), ((v(t) + w(t)) - V)(v(E) + W(t)))go
2(Vw(t), (v(t) + w(t)) @ (v(t) + w(t)))po
2[[Vw ()| o[V (t) + W ()l
CIVw(t)|[=][v(t) + w(t)||7s
[v(t) + w(t)llzs + CIVW(t)|[Z-

NN N

For J3, we have
I3 < =2[[v(t) + w(t)l|za + Nv(t) + w(t) o
For Jy, by (2.1) and Young’s inequality we have
T < 2w(t)|p= - [Iv(t) + w(t)]|zs
< 2 W) re - [[v(E) + w(t)][74
< =V + w)zs + Clw ()1

Hence
d 2 2 4 2
VOl < Cnllv®)lize + CUW Ol + lw(®)]z).
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By Gronwall’s inequality, we get

sup V(DI < Covr ([Ivollz + sup (Iw(t)lihe + [w()Z)). (6.6)
te[0,7) t€[0,T]

Using the similar calculations as in the proof of Lemma 5.7, one finds that

i) (L4 V() o),

which together with (6.6) gives the desired estimate. O

d 1
VOl < =gVl + Cn (1 + [[w(?)]

For v € H!, let us consider a small perturbation of the initial values given by u.(0) =
ug + ev. The corresponding solution of Eq. (5.2) is denoted by u.(t).

Set
v(t) = (uc(t) —u(t))/e.
Then v(t) satisfies
v(t) = Ave(t) = (uc(t) - V)ve(t) = (ve(t) - V)u(?)
—gn (O )ve(t) = (gn([ue()]*) — gn(Ju(t) ")) /e - u(?),

with initial value v¢(0) = v.
We have:

Lemma 6.4. For any T > 0, there is a Cyp > 0 such that for any € € (0,1)
T
sup V(O + [ IV 0)[ad < O
t€[0,7) 0

Proof. As in the proof of Lemma 4.1, we have

d
TV @l < —llvelt

+C||v.

[Ee + 2[ve®)lE + Clluc@®lZs - Vel 1s
B[ 70 - (@)l + Cllve®)IlZs - (Tae(®)llzs + [t 1s)

1
< —5lve® iz + Clluc® i + Ta@®li + 1) - v @l

)
(

which together with Lemma 6.3 gives the desired estimate. U

We are now in a position to prove (5.4). Set
Je(t) == ve(t) — Jouv,
where Jy v satisfies (5.3).
By Taylor’s formula, we have
gn(Juc(®)*) — gn(Ju(®)?)
= gy(u®)P)(uc®)” = [a@®)*) + gk (O) (ue ) * — fut)]*)*/2
= ¢ gn([u@))[ve®) + 295 ([u)]*){ve(t), u(t) s
+gn (0) (Juc ()] = Ju(t)[*)?/2,

where 6 takes some value between |u(t)|* and |u.(¢)|?.
Thus, it is not hard to see that j.(¢) satisfies

8

J(8) = Ajilt) = 3 )
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where

Ji(t) = e (ve(t) - V)ve(t)

Ja(t) = (ut) - V)je(t)

J3(t) = (je(t) - V)u(?)

Jit) = (gn([uc®)*) — gn(lu(®)]*)) - ve(t)
J5(t) = gn(lu(t)]*) -je(t)

Jo(t) = e gh(lu@®))|ve®)]* - u(t)

Jo(t) = 2gn(lu(®))Ge(t), u(t))ps - u(t)
Js(t) = gi(O)(luc(t)]” = [u(®)[*)* - u(t)/e.

By the chain rule and Young’s inequality, we have
8

d . . .
@l < =M@l + 2l + eI PAG]

i=1
For Ji(t), we have
17:(0)[f0 < Ce* - [ve(®)lEn - Ive(t) Iz

Here and below, the constant C' is independent of e.
For J,(t), we have

1 2(8) 10 < Cllu(@®) Iz - e )iz
For J5(t), we have
15Ol < @) - 137 < Clua) - 150l - 15[l
. L.
< Cllu@®lli - 3@ + 13-
For J,(t), we have
[l < Ce - [ve®)llze - (lue@®)l1Ze + u()]Zo)
< O vellg - (lue(®) i + Ila(e)lfz)-
For J5(t), we have
15 (6) 10 < Clla(®) 176 - 13176 < Cllu®)llz - 501z
For Js(t), we have
16 (60 < C€ - [[ve() g - Ilu(t)lfz-
For J;(t), we have
17 ()l < C - el - ()l
For Jg(t), we have
sl < Ce - Ive®)* - (Jue(®)* + [a(®)[*) Iz
< O ve®)ze - (Jue®)l7a + lu(t)l|74)
< O Ive(®)llg - (el + ) lz)-
Combining the above calculations and Lemmas 6.3 and 6.4 yields that
d,. .
T @l < CEQ+ [ve(®) i) + OO+ [u@)]lz=) - 1(0) [z
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By Gronwall’s inequality, we get

t t
Ol < ce (1+ / ||ve<s>|r§pds)-exp{c+o / ||u<s>||%pds},
0 0

which together with Lemmas 6.3 and 6.4 clearly gives (5.4).
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