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Abstract

We consider random finite permutations and prove the following version of
Thoma’s theorem in [8]: Random finite permutations which are class functions
satisfy a new integration by parts formula iff they are given by a certain Ewens-
S1té process. The main source of inspiration for the results in this note is the
fundamental work of Andras Siit6 [7], from which some results are reestablished
here again in the present point process approach.

1 Introduction

We are interested in the construction of point processes realizing configurations of
finite cyclic permutations which represent a cycle decomposition of a finite permu-
tation. This means, we consider random finite permutations considered as a point
process on a space of cycles. This point of view differs from the one taken for instance
by Olshanski in [6] where also random permutations are constructed. But there S,
the symmetric group on [1,n] = {1,...,n}, is imbedded into S, the infinite sym-
metric group, whereas here the groups S, as well as Sy, the collection of all finite
permutations, are considered as a subset of M (Cy), the set of finite subsets of the
set C; of finite cyclic permutations of a subset of the natural numbers N.

We’ll start the construction with a special finite measure p on N and build with
it a point process £, on Sy which we call the Fwens-Sité process for p. It is a
special mixture of a sequence of point processes on S,, which had been discovered
independently by Ewens [2] and Siit6 [7] in completely different contexts. Our main
result is its characterization by means of an integration by parts fomula in terms of
its Campbell measure. This result can be viewed as a version of Thoma’s theorem
im [8].

We mention finally the important paper of Fichtner [3] where already random
permutations of random point configurations had been constructed.
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2 The main lemma

We consider the following finite Poisson process P, on the set of natural numbers N.
Its intensity measure p is defined by

p(j) = d(j) - 7,.7'6N, (2.1)

where 0 < z < 1 and d > 0. We assume that p is a finite measure on N, i.e.
p(N) = 3772, p(j) < oo. This is a condition on the function d. Condition (2.1)
implies that P, is a law on the collection M (N) of all finite point measures y on N.

Ezxamples for p are: (1) d is a constant d given by some natural number; (2)
d(j)=C- j72 where v € N and C is a positive constant.

We denote by ((;);jen the field variables (j(p) = p(j). It is well known that these
variables are independent if P, is the underlying law; moreover (; has a Poisson
distribution with parameter p(j). This implies immediately that

Py(p) = exp(—p(N)) - 20 - d(p) - g(ps), (2.2)

where

DR | — (2.3)

d(p) = [] d()* and (24)
j>1

N(u) = pl)- (2.5)
j>1

We remark that here the products resp. the sum terminate after finitely many
steps because p is finite. The range of N therefore is Ny, the collection of natural
numbers augmented by 0.

Denoting by M the identity on M;(N), we have

Pp{M = i, N =n} = exp(—p(N)) - 2N - d(p) - q(1) - Linpy(u),n > 0. (2.6)

Summing over all 4 and n we obtain

exp(p(N)) = 3 @uld) - ", (27)

n>0

where

Qn(d) = > d(p)-q(p),n <0,Qo(d) =1,

piN(p)=n

denotes the socalled canonical partition function of the ideal Bose gas in quantum
statistical mechanics, where it is the starting point of the investigations.

Comparing the power series on the right hand side of (2.7) with the one obtained
by inserting the power series p(N) into the exponential, we obtain as an aside the
following representation of the canonical partition function which is of independent
combinatorial interest.



ope d(A(
Proposition 2.1 Q,(d) =3, G 2o\ =n Hle %

Here the summation is taken over all point measures A on the interval [1, k], which
do not vanish; and |A| = A(N).

In case of example (1) Qn(d) = (dJrZ*l) which contains Cauchy’s formula for
d=1.

Formula (2.6) implies that the random variable N is distributed according to the
following version of the negative binomial distribution:

Proposition 2.2 P,{N =n} = exp(—p(N)) - 2" - Qn(d),n > 0.

Corollary 2.3 Po{(M = ulN = n} = g d(2)-q()1 vy (1), = 0,11 € M(N)

We use the following notations in the sequel:

P = P,(IN =n),n > 1; (2.8)
PFSO) = 0¢; (0jdenotes the Dirac measure atj); (2.9)
My ={N =n}. (2.10)

Observe that P,g") does no longer depend on z.

Our aim will be now to calculate the Campbell measure of P,En), which is defined
as follows:

Cpm(h) = D D h(Gm) - uld) - P (). h € Fr.
,ue/\/l'f'(N)jeN

Here F denotes the set of all non negative real functions. Now we are in the
position to state and prove the main lemma of this note.

. Qn—i(d) d(g n—j
Lemma 2.4 Cpén) = ZMer(N) > jen M p+65) - Qngé)) . % -P,E j)(u), heF,.

Proof. By definition one has

1 . .
Cpm (h) = PN =n} %: Lng, oo (1) - PG5 1) - () - Bp(p)-
Mecke’s characterization of the Poisson process in [4] implies that this equals

1

~P{N=n} D L, oo+ 85) - h(Go it 67) - p(3) - Bp(h)-
I



But (p+9; € /\/l'('n)(N) iff e M'('n,j)(N))- Thus one gets

Z Zh] M+5 Q” ]( ) d(ﬂ) P(n j)( ).qed

ueEM;(N) jeN Q (d> ']

A first immediate application of the lemma shows that its intensity measure v

P;Sn)’
defined as I/P(n)( ) = (CJ) , is given by
Vpm (J) = Qni&l) . Tu] € [1,n]. (2.11)

3 The Ewens-Siito cycle process

Given n > 1, consider the symmetric group S, , acting on [1, n]. We use the following
properties of S, (see [1] e.g.) : Every permutation o € S, can be decomposed in
a unique way into disjoint cycles. Let r;(0) be the number of cycles with length j.
Then ij -1j(0) = n. A conjugacy class consists of those permutations o having
the same decomposition into cycles, i.e. having the same r;(0).

A permutation o € S, is always considered as a simple point measure of disjoint
cycles, including the trivial ones:

U:Z(Sx.

rET

Here the sum is taken over all cycles x of the cycle decomposition of ¢. The
neutral element of S,, decomposes into trivial cycles only. We consider S, as a subset
of /\/lf(C #) where Cy denotes the collection of all finite cycles 2. This means that x is
a cyclic permutation of a finite subset I € N, I # (). (Recall that /\/l'f(Cf) is the set
of finite subsets of Cy considered as simple point measures.) For n = 0 Sy denotes
the singleton {0} consisting of the measure 0 on C¢. As a consequence Sf = J,,~o Sn,
the set of all finite permutations of N, is well defined subset of M (Cy). -

The connection between the cycle configurations ¢ in ./\/lf(C £) and the configura-
tions 4 in ./\/lf(N) is given by the transformation

r:ow— u=r(o),

where p(j) = r;(o) is the number of cycles of length j in 0. The length of a cycle
x is the cardinality of its domain, denoted by N(z). Thus N is a counting variable
defined on Cy.

Given p € M} (N) we denote by

ICu = SN(#) N {T‘ = ,u}

the conjugacy class of permutations defined by p. It is well known [1] that |IC,| =

N(p)!- q(p)-
We define the following law on S,

1
EM(g) = -PM(r(0)), o€ S, 3.1
(o) Kooyl 7 (r(o)) (3.1)



These probabilities are trivially extended to probabilities on the whole space M (Cy).

We call Sp(") the Fwens-Sito cycle process for the parameters (n,p). It is a simple

point process of cycles realizing a permutation o of [1,n]. Observe that é}(,n) is constant
on conjugacy classes and thus a so-called class function. Explicitly this Ewens-Stit6
cycle process is given by
1
M (o) = O ~d(p) - 1y=ny (1), o € Sy, (3.2)
where © = (o). We make the following useful observation that P,g") is the image
of 5{()71) under 7, denoted by re,S”). In the sequel we’ll use the notation: N(o) :=
N(r(o)), o € M}(Cy). Finally we observe that 8,()”) is well defined also for n =0 :
5,50) = 69, 0 denoting measure 0 from M (Cy).
We now define the main object of this note. The Fwens -Siito cycle process for

p is the following mixture of the (5,§”))n20 with respect to the negative binomial
distribution of NV under P,:

&, =exp(—p(N)) - > 2" Qn(d) - E. (3.3)
n=0

&, is a simple point process on the space C; of finite cycles. To be more precise:
According to the negative binomial distribution n is realized first, then a decompo-

sition of some ¢ € &, into disjoint cycles is realized according to 5,(,”).
Observe that r€, = P, and thus in particular

E{N = n} = exp(=p(N)) - 2" - @n(d), n > 0.

This means that N, the length of a permutation, is distributed according to the
negative binomial distribution for the Ewens -Siit6 cycle process &, .

4 The distribution of cycle lengths in the Ewens-Siito
field.

Given (n, p) we consider the following random field, which we call the Ewens-Siito
field for (n, p):

Egn) = (Sna g;gn)7 (fa)ae[l,n]) (41)
Here &,(0) denotes the length of the cycle in o containing a.

(n)

Lemma 4.1 =, is identically distributed in the following sense. For any choice of
distinct ay, ..., ax € [1,n] the distribution of (§a;)je[1,k 18 the same.

Proof. By definition for any j1,...,J, € [1,n]

g[()n){gal = j17 e 7§ak = jk} = Z W ° Pp(n)(,u) N Z 1{£a1:j1,~~-7fak:jk}(a)‘
peM;(N) T o€y,
(4.2)



We have to show that the inner sum does not depend on the choice of distinct

a;. Let by,...,b; € [1,n] be another choice of distinct elements in [1,n]. Then
choose a permutation 7 € S, such that 7(a;) = b, [ = 1,...,k and consider
the conjugation transformation ¢ — 707! = Y 2o Orzr—1. It is obvious that

(ar(0) = 1, - o (0) = ji i &, (rom71) = j1,.. &, (ToT71) = ji) (see for exam-
ple [1]). This implies that

-1
Y Yewy=itoban=is} (@) = D Lgy =iy, =i} (To7!).qed (4.3)
o€k, ek,

Theorem 4.2 (Sito [7]). (1) For any choice of distinct aq,...,ar € [1,n] and
distinct ji,...,Jk € [1,n]

EM e = ool =} = o e G G- ()

(2) For any choice of distinct ji, ..., ji € [1,n]

ke d() Qn—(i450) (d)
R e U o ¥ ()

As an immediate consequence the distribution of the lengths of the cycles con-
taining distinct aq,...,ax € [1,n] is given by

d(jy) -+ d(k)  @n—(itti) (D)

nn—1)---(n—k+1) Qn(d) ’

provided that ji,...,J; are distinct. We note that the distribution of (&4,)i=1,. &
depends only on d but not on z.

8;()n){§fll :j1>-'-7§ak :jk} = (46)

Proof. (1) Given distinct ji, ..., ji € [1,n] we have that

Z Z,l,...,akgén){gal = jl’ s 7§ak = jk}

=> &0 Z Zal ..... ar Lo, =1,y =msi=1,..k} (7).

O’ESn

Here the sum )7 is taken over all distinct a1,...,a; € [1,n] and (j(0) =
¢j(r(0)), j € [1,n]. Since the inner sum equals to

k
Hjl Sy - 1{le:ml,l:1,...,k}(0)>

=1

we obtain that

2217._,,ak€£n){£a1 = jla s 7£ak = ]k} = jl ]k g (le cee Cjk)

Combining this with lemma 2 we get (4.4).



(2) To evaluate the moment measure Sén)(le .- (j,) we use lemma 1 and the fact
that (; are class functions, i.e. they depend only on r(o). Thus

g;()n)(gﬁ T C]k) = Ppn)(le e C]k) = Cpé")(l{jl} ® (Cjz s <Jk))

d(y Qn—'l d n—ji
N Jil)' Qn](d())'Pé B (G G-

Here *A;, denotes the convolution with respect to the point process 55j1. Using then

that ji,...,Jjr are distinct by assumption the Campbell measure of Pp(n) factorizes
and one obtains

Elgn)(gjl ) = d(j1) ' Qn—j, (d) . pln—in)

j 1 Qn(d) P
Iterating this procedure yields (4.5). qed

(G Gin)-

5 An integration by parts formula characterizing &,

In this section we derive an equation for £, in terms of its Campbell measure. We
use the following transformation:

N@r:Cpx My(Cp) = No x M§(N); (z,0) — (N(z),r(0)). (5.1)

Observe that Cp, is the image of C¢, under N ® r because P, is the image of £,
under 7 .

We now want to compute the Campbell measure of &, for class functions h of the
type h := ho (N ®r) with arbitrary h : Ny x M};(N) — R. Thus h:Cy xM;(Cr) — R

Using again Mecke’s characterization of the Poisson process , we obtain that
Ce,(h) =Cr,(h) = D D h(G.pu+8)p()Fplh). (5:2)
ue/vl'f'(N) jeN

Going then back to the level of cycles and permutations we find that

Ce,(h)= > > h(N(z),r(0) +5N(x))15N(0+5m)m5p(a). (5.3)

GESf xGCf
Here we used the fact that the number of cycles in some fixed domain of length
N(z) is equal to (N(z) — 1)!. Moreover (o + 0, € Sy iff 0 + 6, € Sy(s4s,))- Since
7(0) + On(z) = 7(0 + 6z), setting 7,(j) = ﬁ p(y) = ;—Zd(j), j € N, we obtain that
Ce,(h) = > > h(z,0+6;) - Loy (0 + 82) - o (N () - E,(0). (5.4)
O'ESf IECf
To summarize, we have
Theorem 5.1 The Ewens-Siito cycle process £, is a simple point process ) on Cy

which is concentrated on Sy, constant on conjugacy classes and solves the following
integration by parts formula

Coh)y =D D h(z,0+6:) 15y (0 +6:) - 1p(N(x)) - Q(o), (o)

UGSf :L"ECf

provided that h is a class function.



An immediate consequence is that the intensity measure of £, is 7,(NN(.)).This is
the probabilistic significance of 7, 0 NV for the Ewens-Siité process: 7, o N(x) is the
expected number of random permutations possessing x as a cyclic permutation.

Our next aim is to show the converse of this theorem. Let ) be an element of
PM;(Cy) ie. alaw on M}(Cy) which is concentrated on Sy and is constant on
conjugacy classes. We assume that () is a solution of the equation (fo’ ). Then
there exists a function P’ : M(N) — Ry which factorizes @ in the sense that
Q(o) = P'(r(0)), o0 € Sy. Consider then P :=rQ. P is a point process on M(Cy)
with P(u) = [Kyu| - P'(n), p € M}(N). Moreover, given any h € F(No x M}(N))
and setting h = h o (N ® r), with the help of (ZfN), we obtain then that Cp(h)
equals

CQ(E) = Z Z h + 5N(x)) 15N(g)+N(z) (U + 530) ' TP(N(‘T)) ’ Q(U)
oSy xeCy
R S ) TR RAUIS SHD S P!
neM;(N) j=1 o€, z:N(x)=j

It is obvious that the inner double sum factorizes and equals to (j — 1)! - |K,|. Thus
we obtain

Yo D> hlut65) () - Pu).

HEM;(N) j=1

for any h € Fy(No x M}(N)). This means that P solves the integration by parts
formula characterizing the Poisson process P, (see [4]). Hence P = P,. Then it

follows that )

Q(U) N ‘ICT(O')‘ '

Thus @ = &,. To summarize we have

Py(r(o)), o€ Sy.

Theorem 5.2 Let p be as above and Q be a simple point process on C; which is
concentrated on Sy and constant on conjugacy classes. If Q is a solution of (ZSPN)

then @ is the Ewens-Stito cycle process E,,.

Combining the last two theorems we see that random permutations of Sy whose
distributions are class functions , are solutions of (Z N iff they are special mixtures

of Ewens-Siito cycle processes (5[(,”))n20. This result can be viewed as a version of
Thoma’s theorem (see [8]).

Some concluding remarks are in order here: The integration by parts formula
(fo ) has to be compared with the corresponding characterization of Gibbs pro-
cesses of abstract particles, interacting in the sense of a classical gas (see [5]). In the
present situation we consider a system of cyclic permutations which interact strongly
in the sense that their configuration represents the cycle decomposition of a permu-
tation. Equation (Zf;v ) contains the precise expression of such an interaction: The
cycles are hard rods, but moreover they are glued together such that they form a
permutation. This therefore is a first step in finding characterizations in the spirit
of statistical mechanics of other random tesselations like the Plancherel process (see

[6]) or Delaunay and Voronoi tesselations.
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