SIMULTANEOUS PING-PONG PARTNERS IN PSL,(Z).

G. SOIFER, S. VISHKAUTSAN

ABSTRACT. We show that for any finite set F' of nonidentity elements
in PSLy,(Z) for n > 3, counsisting of hyperbolic, finite order or unipo-
tent elements, there exists an element g of infinite order in PSL,(Z)
such that for any h € F', the subgroup (g, h) generated by g and h is
canonically isomorphic to the free product (g) * (h). We also show that
the set of such elements in PSL,(Z) is Zariski dense in PSL,(R).
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1. INTRODUCTION

This paper gives a partial positive answer to the following question due
to P. de la Harpe (cf. [2], [5]):

Question 1.1. Let F' be any finite set of nonidentity elements in PSLy(Z)
form > 3. Does there exist an element g of infinite order in PSLy(Z) such
that for any h € F, the subgroup (g, h) generated by g and h is canonically
isomorphic to the free product (g)  (h) ¢
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This property in a group is called P, by de la Harpe, and has already
been demonstrated in [2] for PSLy(Z) and more generally for Zariski-dense
subgroups of connected simple Lie groups with R-rank 1 and trivial center.

It is a well known fact that for each element g € GL, (k) (where k is
any local field) there exists a unique decomposition g = gsg, where g5 is
semisimple (diagonalizable), g, is unipotent and gsg, = gugs- This is known
as the multiplicative Jordan decomposition (see [3]). We call an element
¢ in a linear group hyperbolic if both ¢ and g~! have unique eigenvalues
with multiplicity 1 of maximal modulus. Such elements have unique fixed
points in projective space attracting the whole space except for a hyperplane
(we give precise definitions of hyperbolic elements and attracting points in
Section 4). It is clear that g is hyperbolic if and only if g5 is hyperbolic.

In this article we prove the property described by de la Harpe for an
important subset of PSL,(Z):

Theorem 1.2. Let F' be any finite set of nonidentity elements in PSL,(7Z)
for n > 3, such that for every h € F, hs is either hyperbolic, of finite order
or trivial. Then there exists an element g of infinite order in PSLy(Z) such
that for any h € F, the subgroup (g, h) generated by g and h is canonically
isomorphic to the free product (g) * (h).

We call elements g such as in theorem 1.2 ping-pong partners for the
elements in the set F' (This terminology will be explained in section 2). We
will show that there are many such ping-pong partners g in PSL,(Z):

Theorem 1.3. Let Qp be the set of all ping-pong partners for a set F as
in theorem 1.2. Then Qp is Zariski dense in PSLy,(R).

Question 1.1 is a special case of a more general question of P. de la Harpe
(cf. [2], [6]):

Question 1.4. Let G be a connected, semisimple Lie group without com-
pact factors and with finite center, and let I' be a center-free subgroup whose
image is Zariski-dense in the adjoint group Ad(G). Does T' enjoy the prop-
erty that, for any finite set F' of nonidentity elements of ', there exists an
element g of infinite order such that for any h € F, the subgroup (g,h)
generated by g and h is canonically isomorphic to the free product (g) * (h) ¢

This question was answered for "most” semisimple groups by T. Poznan-
ski (cf. [8]):

Theorem 1.5. Let G be a connected, semisimple Lie group without compact
factors and with finite center. Let I' be a center-free subgroup whose image is
Zariski-dense in the adjoint group Ad(G). Let Gy be the subgroup generated
by the almost simple factors of G of type A, or Dony1 for n > 1, or Eg.
If ' Gy = 1, then for any finite set F' of nonidentity elements of ", there
exists an element g of infinite order such that for any h € F, the subgroup
(g, h) generated by g and h is canonically isomorphic to the free product

(g)  (h).
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Notice that PSL,(R) is of type A, making theorem 1.5 inapplicable for
theorem 1.1.

In this article we employ techniques introduced by J. Tits[10] and ex-
tended in articles such as [7] and [1] among many others. The techniques
are based on dynamic properties of transformations in projective space.

The authors would like to thank G.Noskov pointed out our attention on de
la Harpe question (see Harpe-Open-Questionl) and very useful discussions;
several institutions and foundations for their support during the preparation
of this paper: Bielefeld University, Yale University, SFB 701 ”Spektrale
Strukturen und Topologische Methoden in der Mathematik”, USA- Israel
Binational Science foundation under BSF grant 2004010, the Emmy Noether
Research Institute for Mathematics, Bar-Ilan University.

2. THE PING-PONG LEMMA

The following criterion is central in identifying free subgroups in groups
[10].

Theorem 2.1 (Ping-Pong Lemma). Let G be a group acting upon a set M.

Let I be an index set, and {M;|i € I} be subsets of M. Let {gi|g; € G,i € I}
be a set generating G. If there exists mg € M such that mg ¢ |J M; and

el
Viel,jel,zeZ gimoUDM;) C M; when gi # 1 then the group
G = (gi)ier 1s canonically isomorphic to the free product x;c1(g;).

Proof. Suppose (g;|i € I) is not free, i.e. there exist n;,,...,n; € Z such
that gZ” --~g::’“ = e. In that case gZil . -g;:"’ (mgo) = e(mg) = mg. However,
Uz n iy

T i ng . . .
9i, " 9;, " (mo) = gzl( i 9, " (mo)) € M;, (by inductive reasoning)
n

and because mq ¢ | J M; we get a contradiction. O
1

Remark 2.2. It is only necessary to require in lemma 2.1 that g;(mg) € M;
for somei € I. This is because g;lhgi =1 <= h=1 forhe G (stretching
the metaphor, the players can still play ping-pong even if only one of them
knows how to serve). Also notice that the subsets M; can intersect non-
trivially.

Definition 2.3. Let G be a group, and g,h € G. ¢ is a ping-pong partner
for h if the subgroup (g, h) generated by g and h is canonically isomorphic
to the free product (g) * (h).

Remark 2.4. We also say that g, h in the definition above play ping-pong
with each other.
3. STANDARD METRIC ON PROJECTIVE SPACE

Let V' be an n-dimensional vector space over the local field k, and let P
be the corresponding projective space of V.
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For using the dynamic properties of projective transformations, we need a
stronger topology than the Zariski topology on projective space. We define
the standard metric on P(cf. Breuillard & Gelander [4]):

For any [v], [w] € P we set d to

_ lonw]
Toll - Trwl

d([v], [w])
(v A w is the standard vector product.)
Notice that this is the same as defining the distance between the 2 points

to be the sine of the angle between any 2 representatives of [v] and [w].

Proposition 3.1. d is a well defined distance function on P, and it induces
the canonical topology inherited from the local field k.

Proof. First we show that d is well defined. Since v and w are both nonzero
by the definition P, we never get 0 in the denominator. Let v’ (resp. w’) be
another representative of [v] (resp. [w]). This means there exists A1, Ao € k
such that v/ = \jv and W' = \qw.

D I Adew] el o Al
d’l),,w, :H’U = = = d([v], [w]).
0 0 = 1T el = Tl Tawll ~ el Dl ol -l — A1)

P is isomorphic to a quotient space of the sphere S~ !, where the angle
metric is equivalent to the Euclidean distance function, inducing on S™!
the canonical topology inherited from k. d is equivalent to the quotient
metric of the angle metric on P inducing the canonical topology inherited
from the local field k. U

In the rest of this paper, when we refer to topological properties of P they
are in the topology induced from the metric d defined above, unless stated
otherwise.

4. PROXIMALITY

The contents in this section are based on Tits[10].
Let V be an n-dimensional vector space over a local field k, and let P be
the corresponding projective space of V.

Definition 4.1. For any g € GL(V), let f(t) = [[;=,(t — X\;) be it’s
characteristic polynomial. We look at the set of eigenvalues of maximal
modulus of g, Q := {\;, | \i| = maz{|\j|}i<j<n}. f(t) = fi(t)f2(t) where
f1(t) = Tnea(t = Ai) and fa(t) = J1),¢ o(t — Ai). We define A(g) to be
the subspace of P corresponding to Ker(fi(g)), and call it the attracting
subspace of g. We define A’(g) to be the subspace of P corresponding to
Ker(fa(g)), and call it the repulsing subspace of g.

Definition 4.2. An element g € GL(V) is called prozimal if g has a unique
eigenvalue \ of maximal absolute value of algebraic multiplicity one. For
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a proximal element g we denote by A(g) the unique eigenvalue of maximal
modulus of g.

Remark 4.3. If k = C then A(g) has to be real (otherwise A\(g) the complex
conjugate of A(g) will also be an eigenvalue of mazimal modulus).

Remark 4.4. For a prozimal element g € SLy (k) we have |A(g)| > 1, since
the determinant of g is 1.

Remark 4.5. For a prozimal element g € GL(V'), A(g) is a point in P and
is called the attracting point of g. A'(g) is a projective hyperplane.

It is easy to see why the following two propositions are true.

Proposition 4.6. If g € GL(V) is prozimal, then so is g" for n € Z where
n>0. Mg") = Ag)". Alg") = Alg) and A'(g") = A'(¢").

Proposition 4.7. Let g € GLy(k). Then for any h € GL,(k) we have
A(hgh™%) = hA(g) and A'(hgh™') = hA'(g)

Corollary 4.8. Let g € GLy(k) be proximal. Then for any h € GLy(k),
hgh™! is proximal, and A\(hgh™") = A(g).

The following proposition explains the name ”attracting point” (For proof
see [10]):

Proposition 4.9. Let ¢ € GL(V) be a proximal element, K C P be a
compact set such that K N A'(g) = 0, and r be any positive number in R.
Then for every neighborhood U of A(g) there exists M € Z, M > 0, such
that for allm > M, g"K C U and ||¢g"™|k]| <.

Conversely we have a sufficient condition for an element being proximal
(For proof see [10]):

Proposition 4.10. Let g € GL(V) and let K C P be a compact set. Let
int(K) denote the interior of K in P. If for some m € Z,m > 0, ¢"K C
int(K) and ||g™|k|| < 1 then g is proximal and A(g) € int(K).

Proposition 4.11. If g € GL(V) is proxzimal, then there exists a small
enough neighborhood W of e (the unit element in GL(V')) such that wigws
is proximal for any wy,wy € W.

Proof. It suffices to prove the proposition for gw for any w in W, since we
can conjugate wigws by wi Land get gwsow; and use property 4.7.

Given a compact K C P such that A(g) € int(K), we know by proposition
4.9 that there exists a large enough power m such that ||¢"|x| < r for
some r < 1. Moreover, we have A(g) € int(¢"K), and we can assume
(g™ Y(K)) C int(¢™ 'K). We can choose a small enough neighborhood
W of e such that wg™K C int(¢™ 1K), and such that ||w|| < r~1. Therefore
we have gw(¢™K) C int(¢"K) and |[gw|sm k| < 1. Using proposition 4.10
we get that gw is proximal, and A(gw) is in int(¢g™K). O
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Definition 4.12. We will call g € GL(V) hyperbolic if both g and g~! are
proximal.

(Hyperbolic elements are called very prozimal by Poznansky [8].)

5. TRANSVERSALITY

Definition 5.1. For any two elements g,h € GL(V),g # h, g and h are
called transversal if A(g) U A(g~') ¢ P — A'(h) — A'(h™1), and A(h) U
AWy cP—Alg) - Ag™)

The following important theorem was proved by Tits [10]:

Theorem 5.2. Let F' be a finite set of hyperbolic elements in G Ly, (k).
Suppose that the elements in F' are transversal in pairs. Then there exists
M € Z,M > 0 such that for any integer m > M, the set F"™ = {¢g"™|g € F'}
is free in GLy (k).

(A subset F' of a group G is said to be free if the inclusion F' — G extends
to an injective homomorphism of the free group generated by F into G).

Proof. We start by choosing a point p not in A(g), A’(g), A(g), A’(g) for all
g in F. We choose for every g in F' compact neighborhoods Uy of A(g) and
U,-1 of A(g™!) such that for all k in F we have:

(UguUy1) N (A'(R)UA'(R1)) = 0.

Such a system exists because g is transversal with any h in F'. By proposition
4.9 there exists M € Z, M > 0 such that for any m > M, z € Z and g € F
we have g"*p € U, UU,;~1. We can then apply the ping-pong lemma to
show that F'™ is free for any m > M. O

Obviously any two transversal hyperbolic elements are ping-pong partners
when taken in a large enough power. However this does not mean that these
two elements are ping-pong partners themselves. The notion of transversal-
ity does not take into account the orbit of the starting point chosen. In
section 8 we show a method of choosing a ping-pong partner that takes this
into account, providing a ping-pong partner for the actual element and not
for some power of it. The techniques used in proving it draw from the proof
of theorem 5.2 and the notion of transversality.

6. SOME FACTS FROM ERGODIC THEORY

We recall some well known facts from Ergodic Theory (See [11]).

Definition 6.1. Let Let (X,.”, u) be a measure space. We call a trans-
formation T' a measure preserving transformation if for all A € ., we have
that u(T(4)) = p(A).
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Theorem 6.2 (Poincaré Recurrence Theorem). Let (X,.7, 1) be a measure
space where pu(X) < oo and let f: X — X be a measure preserving transfor-
mation. For any E € ., the set of those points x € E such that f"(x) ¢ E
for alln > 0 has zero measure. That is, almost every point of E returns to
E. In fact, almost every point returns infinitely often; i.e.

u({x € E: there exists N such that f"(x) ¢ E for alln > N}) =0.

Proof. We define a descending chain of sets A; = (Jio, f*(E). We have
A; = fI7(A;), for all 0 < j < i. Therefore pu(4;) = p(4;) for all i,j >
0. Since E C Ag, then for all n > 0 we have £ — A, C Ay — A,, and
WE = Ap) < p(Ao — An) = u(Ao) — u(An) = 0. So u(E — ﬂzo:1 An) =
pw(Uol (B —Ap)) =0. E—(2, A, is exactly the set of points in E not
returning an infinite number of times to E. O

Definition 6.3. Let (X,.7, 1) be a finite measure space, and let f: X — X
be a measure preserving transformation. Then f is called ergodic if for every
set £ € .7, f(E) = E means that u(F) =0 or u(E) = 1.

Theorem 6.4. Let (X,.7, 1) be a finite measure space. If a measure pre-
serving map f: X — X is ergodic then for all sets E, F € % such that
w(E) >0 and pu(F) > 0, the set of points x € E such that f"(x) ¢ F for all
n > 0 has zero measure. That is, almost every point of E visits F'. In fact,
almost every point of E wvisits F' infinitely often; i.e.

w({z € E: there exists N such that f"(z) ¢ F for alln > N}) = 0.

Proof. We define Ay = E and A; = fY(E) for i > 0. Noticing that
FUZgAi) = U2y Ai, we get that p(J;2,A;) is either 0 or 1. Since
U2y 4i D E, we get u(U;2y A;) = 1. Therefore [ J;2, A; N F # (), meaning
there exists  in E and an integer j > 0 such that f7(x) is in F.

Let E = {x € E : there exists N such that f*(z) ¢ F for all n > N}.
To prove u(E) = 0 we notice that E = |J;2, B; \ B;—1 where By = 0 and
Bi={x € E: f*(z) ¢ F for all n > i}. The sets B; = B; \ B;_; (i > 1) are
pairwise disjoint. Therefore u(E) = 3°5°, u(B; \ Bi—1). But u(B;) = 0 for
all i > 1 for otherwise we can define h = f**! and using the same reasoning
as for E and f get that there exists € B; such that f¥ € F for some

k> i+ 1. Therefore u(E) = 0. O

Theorem 6.5 (Moore’s Ergodicity Theorem [12]). Let G = IIG; be a finite
product of connected non-compact simple Lie groups with finite center. Let
I' C G be an irreducible lattice. If H C G is a closed subgroup and H is not
compact, then H is ergodic on G/T.

Corollary 6.6. The action of the group generated by a hyperbolic element
g € PSL,(R) on SL,(R)/SL,(Z) is ergodic.

Proof. To use Moore’s Ergodicity Theorem 6.5, we take the closure of the
group generated by g in PSL,(R) and all that remains to be proved is that
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this group is compact. Since g is hyperbolic we have |A\(g)| > 1. Therefore
the closure of the group generated by ¢ is unbounded in PSL,(R) i.e. a
non-compact subgroup of PSL,(R). O

7. SELBERG’S LEMMA

Selberg’s Lemma conveniently allows us to work with elements from SL,, (R)
and then replace them with elements from SL, (Z) having the same proper-
ties (See [9]).

Definition 7.1. Let G be a connected Lie group and H a subgroup of G. H
is said to have property (S) in G if for any neighborhood € of e (unit element
in G) and any element g € G, there exists an integer k£ > 0 (depending on g
and ), and wy,ws € Q and h € H such that gk = wihws.

Lemma 7.2 (Selberg). If H is a closed subgroup of G such that G/H has
a finite invariant measure then H has property (S) in G.

Proof. Take an element g € G (we can assume g # e), and any open neigh-
borhood W C G of e. Using Poincaré’s Recurrence Theorem (6.2) (notice
that g¥H is measure preserving due to the left-invariance of the measure un-
der all elements in G/ H), we get that for some k € Z, k > 0, ) WHNW H #
(). From this we immediately get the result of the lemma. [l

Since SLy(Z) is a lattice of SL,(R) we have:
Corollary 7.3. SL,(Z) possesses property (S) in SLy,(R).

Remark 7.4. Notice that g* = wihwy means that h = wl_lgkwg_l, so that
we found an element h € SLy,(Z) in a neighborhood as small as we like of
some power of g, for every g € SL,(R).

8. EXISTENCE OF PING-PONG PARTNERS IN PSL,(7Z)

In this section we provide a sufficient condition for the existence of ping-
pong partners in PSL,(Z). In the following sections we will use this lemma
to prove the existence of ping-pong partners for the individual cases of finite
order, unipotent and hyperbolic elements.

Lemma 8.1. Let V be an n-dimensional vector space over a local field k.
Let P be the projective space of V. Given a finite set of nonequal points
0, ..., Tm € P there exists a hyperplane in P passing through xo but not
through x1,...,Tm.

Proof. We employ the duality of points and hyperplanes in P. Each hy-
perplane in P corresponds to a hyperplane in V. Each hyperplane in V'
can be represented by a functional f € V* (V* is the dual space of V
- the space of all linear functions from V to k). Given f € V*, the set
Vi ={v € V|f(v) = 0} is a hyperplane in V. On the other hand, for v € V,
f(v) =0iff f(Av) = Af(v) =0 for all A € k. Therefore if f(v) # 0 then the
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corresponding point of v in P is not on the hyperplane in P corresponding
to the hyperplane Vy.

We now use the Zariski-topology defined on the linear space V* (having
dimension n). The following variety defines the set of all functionals f € V*
such that the hyperplane in P corresponding to V; satisfies the lemma:

(1) W =A{feV|f(zo) =0,f(z1) #0,..., f(xm) # 0}

It is obvious that for each f € W, the hyperplane in P corresponding to
Vy passes through zp but doesn’t pass through z;,1 <i < m.

Since z( defines a functional on V*, the set U = {f € V*|f(xg) = 0} is
a hyperplane in V* of dimension n — 1, from which we remove components
{f € V¥|f(xo) = 0, f(x;) = 0} for all 1 < ¢ < m. Each component is an
intersection between two non-coinciding hyperplanes in V* and is therefore
of dimension n — 2. The union of all components is of dimension n — 2
and is therefore not equal to all of U, and therefore W is non-empty. For
any element f € W, the corresponding hyperplane of Vy in P satisfies the
lemma. O

Lemma 8.2. Given an element g € PSL,(C), a point x € P, a compact
neighborhood U C P of the set {g'(x)|i € Z,i # 0,g'(x) # x}, a compact
neighborhood W C P of z disjoint from U such that g"(W) C U when
g'(z) # =, i € Z, and a hyperplane L C P passing through = and not
intersecting U, there exists an element h € PSL,(7Z) such that g and h play
ping-pong.

Proof. First, we replace L by two different hyperplanes L1, Lo C P that
intersect W but not U and such that x ¢ L; U Ly. We do this by choosing
hyperplanes in a small enough neighborhood of L (in the sense of the metric
defined in section 3) that do not intersect U U z. Since this is an open
condition on V* there must exist 2 different hyperplanes satisfying it.

We denote by L; and Ls the corresponding linear hyperplanes in V of Ly
and Lo.

We choose points [v1] € (L1 \ L2) "W and [va] € (L2 \ L1) N W, and
define a linear map in SL,(R):

20 ifv € [vy],
(2) h(v) :== v if [v] € L1 N Lo,
tv if v € [vg).

We claim h is a hyperbolic element in SL,(R): The eigenvalues are
2,1,% and their multiplication is 1; h is well defined because the sub-
space of V spanned by vi, L1 N Lg,ve is of dimension n; finally we have
A(h) = [Ul],A(h_l) = [UQ] e W, A,(h) = L1 and A,(h_l) = Lo.

We choose a point g € P such that zg ¢ A’(h) U A'(h™1). Using proposi-
tion 4.9 we can choose resp. compact neighborhoods Ky, K5 of A(h), A(h™1)
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such that K7 U Ko C W and there exists M € Z such that hi(xo) € Ky for
all i > M and h'(z¢) € K; for all i < —M. We replace h with KM Then
if we define K := K; U Ky we get for all i € Z that hi({mo}UU) C K and
g'(K) C U when ¢° # 1.

Noticing remark 2.2 we get that g, h satisfy the Ping-Pong Lemma (2.1),
and thus (g, h) = (g) = (h).

We now want to replace h with an element in PSL,,(Z). We use Selberg’s
Lemma (7.2) for this. Using remark 7.4, we find an element h € PSL,(Z)
such that h = wyhfw, for some j € Z, j > 0 and wy, ws € W where W is a
compact neighborhood of e. Using propositions 4.6 4.11 we can choose W
small enough such that h € PSL,(Z) is hyperbolic with the same properties
as h. And so (g,h) = (g) * (h).

O

9. PING-PONG PARTNERS FOR ELEMENTS OF FINITE ORDER IN PSL,(Z)

Proposition 9.1. Let g € PSL,(Z) be an element of finite order. This
means that g™ = e for a minimal m > 1. Then there exists a hyperbolic
element h € PSL,(Z) such that g and h are ping-pong partners.

Proof. We choose any vector v € P to get a finite sequence v, g(v), ¢%(v),
..., g™ Y(v). Using lemma 8.1, it is possible to choose a hyperplane L
in P such that v € L and g(v),¢%(v),...,¢g™ (v) ¢ L. Since the chosen
hyperplane is closed in P(therefore compact in P) and the finite point
set S = {v,g9(v),g*(v),..g™ (v)} is compact in P, the distance between
L and S is positive and we can choose a compact neighborhood W of v
such that g(W), g2(W),..., g™ (W) intersect L trivially and intersect each
other trivially in pairs. Define U := g(W)U...U g™ 1(W). Now we have
fulfilled all the requirements of lemma 8.2, so there exists h € PSL,(Z) that
is a ping-pong partner for g. ([

10. PING-PONG PARTNERS FOR HYPERBOLIC ELEMENTS IN PSL,(Z)

We will now prove that every hyperbolic element in PSL,(Z) has a ping-
pong partner in PSL,(7Z):

Proposition 10.1. If g € PSL,(Z) is hyperbolic, then g has a ping-pong
partner in PSLy,(Z).

Proof. Given any point x € P — A(g) — A'(g) — A(g™') — A'(g7 1), we use
lemma 8.1 to choose a hyperplane L passing through z and not passing
through A(g), A(g~!). We choose a compact neighborhood U of A(g) and
A(g™1) not intersecting with L. Using Property 4.9, we know that only a
finite number of points g‘(z) are not in U, for i € Z. That is there exists
M € Z, M > 0, such that for all [i| > M we have g'(x) € U.

The hyperplane L can still intersect a finite number of points g'(z) ¢ U.
The distance § between L and U is positive (L and U are compact), and
the set of hyperplanes passing through z and are at a distance less than §
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from L is an open nonempty set in V*. This open nonempty set is locally of
dimension n. Using the same reasoning as in the proof of lemma 8.1 (only
locally), we know that there exists a hyperplane in this open set that passes
through z but does not pass through any other ¢’(z), for i € Z, nor does it
intersect U. We replace L with this hyperplane.

We choose a compact neighborhood W of z small enough so that for all
li| < M, ¢g"(W) doesn’t intersect L, and for |i|] > M, ¢g*(W) Cc U. We
redefine U to be U U Uy ;< n, g (W).

We use lemma 8.2 to find an element h € PSL,(Z) that is a ping-pong
partner for g. O

11. PING-PONG PARTNERS FOR UNIPOTENT ELEMENTS IN PSL,(Z)

We begin by exploring the dynamic properties of unipotent elements
in PSL,(7Z) as actions on the projective space P corresponding to an n-
dimensional vector space V over C.

Let ¢ € PSL,(Z) be a unipotent element, and let g € SL,(Z) be a
representative of g. g has a Jordan canonical form g as a block matrix:

By

(3) g=
By,

nxn

Each block B; has 1s on the diagonal and 1s on the next upper diagonal
and Os elsewhere:

11 0 ... 0
01 1 0
(4) B; =
1 1
0 ...... 0 1 X
Notice that:
k k
Lk (5 - (1)
k
01 k (3)
(5) Bf = |
k
Lok @)
1 k
0 ...... 0 1 X
Given a vector = (a1, ...,am,)" in W; (the subspace of V' corresponding

-1
to B;), we apply Bf’ to z. Assuming a,, # 0 we get limy_, (m]il) Bf (z) =
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(am,0,...,0)T. We see that B¥ converges to a composition of a projection
and rotation.
Given M as the size of the maximal blocks in § and vectors x; = (a1, . ..,ap;)T

—1
in W; where we assume aps, # 0, we get limy_, (Mk—l) Bf(mz) = 0 when

the size of the block B; is smaller than M, and limy_, ., (Mlil)_le(xi) =
(ans;,0,...,0)T when the size of B; is M. Thus, given any point € P such
that it does not intersect any of the relevant hyperplanes (ap;, = 0), we get
a dynamic convergence towards a single point (dependant upon the choice
of the original point). Also notice that this point of attraction is fixed by g.

Since the unipotent elements in PSL,(Z) are a subgroup of PSL,(Z),
g~ ! is also a unipotent element, and it is not hard to check that ¢g—' has
the same attracting point as g. Therefore it is possible to choose a point
in P not lying in any of the "bad” hyperplanes for g and ¢g—', and we can
build the same scenario for lemma 8.2 as for hyperbolic elements, proving

the following property:

Proposition 11.1. If g € PSL,(Z) is unipotent, then g has a ping-pong
partner in PSLy(Z).

12. MULTIPLICATION OF FINITE ORDER ELEMENTS WITH UNIPOTENT
ELEMENTS

In this section we prove that combinations of finite order elements with
unipotent elements (i.e. elements g in PSL,(Z) with Jordan decomposition
g = gsgu Where g is of finite order and g, is unipotent) also have ping-pong
partners in PSL,(Z).

Proposition 12.1. Let g € PSL,(Z) be an element such that it’s Jordan
decomposition is of the form where gs is of finite order. Then g has a ping-
pong partner in PSLy(Z).

Proof. Since g5 and g, commute, we have ¢ = (gsgu)™ = g2'gl'. Also
notice that g~ = g5 'g,!. We know that if we choose a point not intersect-
ing any of g,’s "bad” hyperplanes we get that the orbit of this point under
gy converges to a point. Since g, is of a finite order the orbit of the point
chosen has a finite number of limit points under g. Thus we can contain the
orbit in a compact set and use lemma 8.2, proving the existence a ping-pong
partner for g. O

13. SIMULTANEOUS PING-PONG PARTNERS FOR ELEMENTS IN PSL,(Z)

In this chapter we start with F' = {g1,...,gs} - a finite set of elements in
PSL,(Z) as in theorem 1.2.

We denote by Qf the set of all elements in PSL,(Z) that play ping-pong
simultaneously with all elements in F'.

Theorem 13.1. Qp # 0.
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Proof. When we used lemma 8.1 in the proofs of propositions 9.1, 10.1 and
11.1 we chose a point not in a closed set and a hyperplane not intersecting
a finite set of points in the vector space. Given the finite set of elements
F', we can build a finite union of these closed sets and find a point and a
hyperplane fulfilling the requirements of lemma 8.2 (under a finite union the
sets will remain compact and closed). Thus the hyperbolic element that we
built is in fact a ping-pong partner for all elements in F'. O

This proves theorem 1.2.

14. ZARISKI-DENSITY OF SIMULTANEOUS PING-PONG PARTNERS IN
PSLy(Z)

In this section we prove theorem 1.3.

Definition 14.1. Let G be any group. A subset H of G is called pro-
finitely dense if for every (e) # N <1y G (normal subgroup of finite index of
G), HN = G.

Let F be a set of elements as in the previous section.
Lemma 14.2. Qp is pro-finitely dense in PSL,(7Z).

Proof. Given a finite index normal subgroup N < PSL,(Z), we need to
show that Qp N = PSL,(Z). That is, we need to show that Qr contains a
representative of each left coset of N. In other words, we need to show that
for every g € PSL,(Z), voN N Qg # 0.

If N is a finite index normal subgroup of SL,,(Z) then N is also a lattice
of SL,(R). And so, SL,(R)/N is a finite measure space.

Let W C SL,(R) be any neighborhood of the identity element e, and let
g be any hyperbolic element from Qp (we have seen such an element exists
in the previous section). We can now use theorem 6.6. We know that ¢* is
ergodic on SL,(R)/N, for all s € Z,s # 0. We notice that u(W~N) > 0
and u(WN) > 0. Using theorem 6.4, we know that there exists an infinite
set of integers M C Z, M > 0, such that ¢*W N N W~oN # 0 for k € M.
Therefore there exists an element wigFws € N, where k > 0, wi,wy € W.
Using propositions 4.6 and 4.11 we can find a small enough neighborhood
W and a large enough power k such that wigFws € Qp. O

We cite the following lemma from [7] (proposition 2.3):

Lemma 14.3. Let G be a finitely generated subgroup of GLy(k), for an
arbitrary field k. If H is a pro-finitely dense subgroup of G, then H is
Zariski-dense in G.

A careful examination of the proof of this lemma shows that it remains
true for pro-finitely dense subsets, and so we get that Qp is Zariski-dense
in PSL,(Z). Since PSLy(Z) is Zariski-dense in PSL,(R) we have proved
theorem 1.3.
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