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Abstract

In the present paper we generalize the Quillen presentation lemma.
As an application, for a given functor with transfers we prove the
exactness of its Gersten complex with supports.

1 Introduction

The history of the subject of the present paper starts with the famous proof
of the geometric case of the Gersten conjecture for K-theory by Quillen. The
main tool in his proof was the, so-called, presentation lemma [8, Lemma 5.12].
Later on using this geometric result Bloch and Ogus proved Gersten conjec-
ture for cohomology theories satisfying certain set of axioms, in particular,
for étale cohomology with torsion coefficients [2]. The next step was done by
Gabber and Ojanguren. They provided two different versions of the presen-
tation lemma which allowed to extend essentially the original set of axioms
[B]. For example, using the presentation lemma of Ojanguren the Gersten
conjecture was proven for general cohomology theories endowed with transfer
maps [7].

Summarizing these facts one can expect that any new (more subtle) ver-
sion of the presentation lemma provides a better understanding of the be-
havior of the Gersten complex. The present paper is mainly inspired by
this observation. Our main result (Theorem EZ7) generalizes the Quillen’s
presentation lemma by endowing it with the support condition. As a direct

*Supported by SFB 701, INTAS 05-1000008-8118



application it gives a uniform proof of the exactness of the Gersten complex
with support for functors with transfers in the sense of [7].

In the present paper k is always an infinite base field. All schemes are
assumed to be Noetherian and separated. By a variety we mean an irreducible
reduced scheme of finite type over k.

2 The generalized Quillen’s trick

The present section is devoted to the generalization of the Quillen’s lemma
(cf. [H@).

2.1. Let X be an affine scheme over k and f € k[X] a regular function.
We denote by {f = 0} a closed subscheme of X defined by the ideal (f) in
k[X] and call this subscheme a vanishing locus of f. By A™ we denote an
affine space of dimension n over k. All linear projections are assumed to be
surjective. If Y} and Y5 are closed subschemes of X defined by ideals I; and
15 respectively, then the intersection Y; NY5 is a closed subscheme defined by
the ideal I; + I>.

2.2 Lemma. Let L be a r-dimensional linear subspace of A%, 1 < r < d,
and Z a proper closed subset of L. Then there exist a linear projection
pr: A — AL and a regular function f € k[AY] such that

(1) the image pr(L) is a (r — 1)-dimensional linear subspace of A~*;
(2) Z is a closed subset of the vanishing locus {f = 0};

(3) the restriction pr|(j—oy: {f =0} — A% is a finite surjective morphism
(in particular, the restriction pr|z is finite).

Proof. Given a closed subset Z C A?¢ we denote by Z its closure in the
projective space P? and by Z* the intersection of Z with the hyperplane at
infinity P4~!. By dimension reasons we can find

(i) a regular function f € k[A?] such that the vanishing locus {f = 0}
contains Z and {f = 0}* does not contain the subspace L*°;

(ii) a line [ C L over k such that {f = 0}> does not contain the rational
point [*°;



(iii) a hyperplane H C A? which does not contain the line I.

Then the projection pr: A4 — H along the line [ is the desired projection
and the regular function f is the desired function. Indeed, the condition (1)
holds by (iii), (2) holds by (i) and (3) holds by (ii). O

2.3 Lemma. (c¢f. [4, Lemma 8.3]) Let X be a d-dimensional closed subvari-
ety of an affine space A". Let'Y be a r-dimensional closed subvariety of X .
Let x be a closed point of Y. Suppose X and Y are smooth at the point x.

Then there exists a linear subspace L over k of codimension d in the hyper-
plane at infinity Pr—1 = P\ A" such that the linear projection prp: A™ — A4
along L satisfies the following properties:

(1) the restriction prp|x denoted by p is finite surjective;
(2) p is etale at the point x;

(3) the scheme-theoretic image p(Y) is a r-dimensional subvariety of A?
which is smooth at the point p(x).

Proof. By [B, Lemma 8.3] there exists a linear subspace L over k of codimen-
sion d in P"~! such that the restriction p : X — A? of pry (in the notation
of [H] p = ¢2) satisfies the following properties:

(i) p is finite surjective;
(ii) p is etale at the point x;

(iii) k(p(x)) = k(x) and Y N p~(p(z)) = {x} (as sets).

Observe that in [B Lemma 8.3] it is assumed that X is smooth over k and
Y is the vanishing locus of a regular function on X. Indeed, the arguments
used there also work if X is only smooth at  and Y is a subvariety of X.

Since the conditions (1) and (2) follows from (i) and (ii), in order to finish
the proof we have to check the last condition (3), i.e. we have to show that
the local ring of the scheme-theoretic image Y’ = p(Y’) at the point y = p(x)
is regular. Here Y’ = Spec(k[A9]/Iy N k[AY]), where Iy C k[X] is the ideal
defining Y.

Since the morphism p is finite, its restriction p|y is finite as well. Consider
the scheme-theoretic fiber Y, of p|y over y. Since pl|y is finite, the morphism
Y, — y is finite. Since Y N p~'(y) = {z} (as sets), we have Y, = = (we may
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assume Y}, is reduced). Hence, the local ring Oy, is finite over Oy~ . Since p
is etale at x, the local ring Oy, is etale over Oy~ ,. Therefore, Oy, is finite
etale over Oy ,. Together with the fact that the residue fields of Oy, and
Oy, are the same (see (iii)) it implies that Oy, = Oy’ ,. So Oy, is regular
because Oy, is regular. O

2.4 Corollary. Let X be a d-dimensional affine variety over k. Let Y be a
r-dimensional closed subvariety of X. Let x be a closed point of Y Suppose
X andY are smooth at the point x.

Then there exists a morphism p: X — A% such that

(1) p is finite surjective;
(2) p is etale at the point x;

(3) the scheme-theoretic image p(Y') is a r-dimensional closed subvariety
of A? which is smooth at the point p(z).

2.5 Corollary. Let Y be a r-dimensional closed subvariety of A® which is

smooth at a closed point x € Y. Let f be an irreducible reqular function on

A? such that its vanishing locus {f = 0} is smooth at x and contains Y .
Then there exists a morphism p : AT — A? such that

(1) p is finite surjective;
(2) p is etale at the point x;

(8) the scheme-theoretic image p(Y) is a r-dimensional closed subvariety
of A® which is smooth at the point p(z);

(4) the image p({f = 0}) is a hyperplane in A%

Proof. We apply Lemma to the case X = {f = 0}. We get the linear
projection pr: A® — A%! such that prigs—oy: {f = 0} — A% is finite
surjective and étale at the point = € {f = 0}, the image of Y is smooth at
the point pr(x). We define the morphism p: A? — A? as follows:

The projection to the first coordinate is given by the regular function
f: A? — A, the projection to the last d —1-coordinates is given by the linear
projection pr: A% — A1 Observe that in terms of coordinate functions it is
given by p*: klty,..., ta — k[t}, ..., t}], where t; — f(t},...,t,) and t; — t},
1> 1.



The morphism p satisfies (1) since the polynomial f is unitary in ¢; (the
latter follows from the fact that pr|(,—gy is finite). It satisfies (2) since the
Jacobian of p* is non-zero at z. And it satisfies (3) and (4) by the very
definition. O

2.6 Lemma. Let X be a d-dimensional smooth affine variety over k and x a
closed point of X. Let'Y be a r-dimensional closed subvariety of X. Assume
that x € Y and Y 1is smooth at the point x.

Then there exists a finite surjective morphism m : X — A? such that m is

etale at the point x and the image w(Y') is a r-dimensional linear subspace
of A

Proof. First, we prove the particular case X = A?. We proceed by induction
on the codimension of the subvariety Y. The base of induction, i.e., the case
codimY =1, follows from Corollary EZ5

Assume that the lemma holds for any subvariety Y of codimension m > 1.
Let Y be a subvariety in A? of codimension m + 1 that is smooth at x. We
can find a regular function f € k[A?] such that the vanishing locus {f = 0}
contains Y and is smooth at . Apply Corollary to the subvariety Y and
the regular function f. We get a finite surjective morphism p : A% — A? such
that p is etale at x, the image p({f = 0}) is a hyperplane in A¢ denoted by
L and the image p(Y') is a subvariety in L smooth at the point p(z). Recall
that the morphism p is defined by the projection to the first coordinate given
by the regular function f and by the projection to the last (d—1) coordinates
given by the linear projection pr.

By induction hypotheses the lemma holds for the (d—1)-dimensional affine
variety L(= A1), the closed subvariety p(Y) of L and the point p(z) € L.
Hence, there is a finite surjective morphism #’ : L. — L such that 7’ is etale
at x and the image 7'(Y') is a linear subspace in L.

Let @ : A? — A? be the base extension of 7’ by means of the linear
projection pr : A% — L. Then the composite 7 = 7’ 0 p : A? — A9 is a finite
surjective morphism, etale at x, which maps Y to the linear subspace of A?,
i.e. 7 is the desired morphism. This finishes the proof of the case X = A9,

To finish the proof of the lemma we apply Corollary 24l to the variety X,
the subvariety Y and the point x € Y. We obtain the morphism p : X —
A% the closed subvariety p(Y) in A% and the point p(x) which satisfy the
properties (1-3) of Corollary 4. We apply the case X = A? of the lemma
to the subvariety p(Y) of A? and the point p(x). We obtain the morphism



7 : A? — A? Then the composite 7 o p provides the desired morphism and
the lemma is proven. O

2.7 Theorem. Let X be a d-dimensional smooth affine variety over an in-
finite field k and x a closed point of X. Let'Y be a r-dimensional closed
subvariety of X (d > r > 1). Assume that x € Y and Y is smooth at the
point x. Let Z C'Y be a proper closed subset.

Then there exist a morphism q : X — AY"' and a regular function f €

k[X] such that

(1) q factors as q = prom, where m : X — A% is a finite surjective morphism
and pr : A? — A% is a linear projection;

(2) q is smooth at x;

(3) the image q(Y) is a (r — 1)-dimensional linear subspace of A%~';

(4) Z is a closed subset of the vanishing locus {f = 0};

(5) the restriction q|j—oy : {f = 0} — A%t is a finite surjective morphism;

(6) ¢ (q(Y)) =Y UY’ (as sets) for some closed set Y C X which avoids
x.

Proof. We apply Lemma to the subvariety Y of X. We get a finite
surjective morphism 7 : X — A“ such that 7 is etale at  and the image
7(Y) is a r-linear subspace in A%. We denote L = 7(Y'). Since 7 is a finite
morphism, the image 7(Z) of Z is a proper closed subset of L. We denote
Z'=mn(Z).

We apply Lemma to the chosen L and Z'. We get a linear projection
pr: A? — A% and a regular function f’ € k[AY], where Z' C {f’ = 0}, such
that the image pr(L) is a (r — 1)-linear subspace of A%~! and the restriction
pr|{s=oy is finite surjective.

Composing 7 with pr we get the desired map ¢q. The image of f’ by means
of the homomorphism 7* : k[A?] — k[X] gives the desired regular function f
on X.

Indeed, since 7 is etale at z and the linear projection pr is a smooth
morphism it’s composite ¢ is smooth at x. Hence, we have checked (2). By
construction the image ¢(Y') = pr(L) is a (r — 1)-dimensional linear subspace
of A%l and Z is a closed subset of {f = 0}. This checks (3) and (4).



Since m is finite surjective it’s restriction 7|gs—oy : {f = 0} — {h' = 0} is
finite surjective. The composite of two finite surjective morphisms q|;r—o, =
prigp—oyom|{s=oy is finite surjective as well. This checks the property (5). Now
the last property (6) follows from (2) and (5). Namely, since the morphism
q: X — A1 is smooth at the point z the scheme ¢ !(g(Y)) is smooth at
z. Thus, ¢ '(¢(Y)) contains only one component, namely Y, that passes
through x. O

In particular, for the case r = d (i.e., Y = X) and Z is the vanishing
locus of a regular function f on X we get the following version of Quillen’s
trick (see [8, Lemma 5.12]):

2.8 Corollary. Let X be a d-dimensional smooth affine variety over an in-
finite field k, d > 1, and x a closed point of X. Let f € k[X] be a reqular
function on X and Z be the vanishing locus of f. Then there exists a mor-
phism q : X — AT with the following properties:

(1) q factors as q = prom, wherew : X — A% is a finite surjective morphism
and pr: A? — A% s a linear projection;

(2) q is smooth at x;
(3) qlz : Z — AY! s finite surjective.

And for the case r = d —1 and Z = Y NV, where V is the vanishing
locus of a regular function g on X such that Y ¢ V, we get precisely [5,
Lemma 8.2]:

2.9 Corollary. Let X be a d-dimensional smooth affine variety over an in-
finite field k, d > 2, and x a closed point of X. Let f € k[X] be a regu-
lar function on X which is a regqular parameter of the local ring Ox , and
g € k[X]. Denote byY the vanishing locus of f and by V' the vanishing locus
of g. Suppose that'Y is irreducible and not contained in V. Then there exists
a morphism q : X — A1 with the following properties:

(1) q factors as q = prom, wherew : X — A% is a finite surjective morphism
and pr: AT — A% s a linear projection;

(2) q is smooth at x;

(3) the image q(Y) is a (d — 2)-dimensional linear subspace of A%~1;



(4) alyrv : Y NV — AL s finite;

(5) ¢ (q(Y)) = YUY’ (as sets) for some closed subset Y C X which
avoids x.

3 The effacement theorem with supports

In the present section we follow the notation and definitions of [, Sect. 2].

3.1. Let U be a k-scheme. We denote by Cp(U) a category whose objects
are pairs (X, Z) consisting of an U-scheme X of finite type over U and a
closed subset Z of the scheme X (we assume the empty set is a closed subset
of X). Morphisms from (X, Z) to (X', Z’) are those morphisms f: X — X’
of U-schemes that satisfy the property f~'(Z’) C Z. The composite of f and
gisgof.

In the next definition we summarize the notions of additive, homotopy
mwvariant functor with transfers satisfying the vanishing property provided in
[, Sect. 2]. Observe that in [{] we require the existence of transfers for finite
flat morphisms. In the present paper we require slightly weaker assumption:
transfers for finite surjective morphisms between smooth varieties.

3.2 Definition. By a functor with transfers over U we call a contravariant
functor F': Cp(U) — Ab from the category of pairs Cp(U) to the category
of (graded) abelian groups such that

(A) Fis additive, i.e. F(X1 1 Xy, Z1 11 Zy) >~ F(Xy,7Z1) ® F(Xs, Zy) (see
7, 2.3]);

(H) F is homotopy invariant, i.e. F(X,Z) ~ F(X x A',Z x A!) for any
(X, Z), where X is (essentially) smooth over k (see [7, 2.4]);

(V) F satisfies vanishing property, i.e. F(X,0) =0 for any X (see [1, 2.5]);

(T) F has transfers for finite surjective morphisms between smooth vari-
eties, i.e. for any finite surjective morphism 7 : X’ — X of U-schemes
(essentially) smooth over k and for any closed Z C X it is given a ho-
momorphism of abelian groups Tr¥ : F(X',7~Y(Z)) — F(X, Z) such
that the family {Tr< } satisfies the base change [7, 2.6.(i)], additivity
[, 2.6.(i1)] and normalization ([, 2.6.(iii)]) properties.



3.3. Let p: U — Speck be the structural map and G: Cp(k) — Ab be a
functor with transfers over k. Define a new functor p*G: Cp(U) — Ab by
F(X - U)=G(X — U % Speck) and call it the restriction of G to Cp(U)

with respect to p. By definition p*G is a functor with transfers over U.

We shall also write Fz(X) for F'(X, Z) having in mind the notation used
for cohomology with supports. The following definition will be central in this
paper (cf. [0, Definition 4.1] and [3], 2.1.1])

3.4 Definition. Let X be a smooth affine variety over a field k. Let x =
{z1,...,2,} be a finite set of points of X and let & = Spec Ox, be the
semilocal scheme at x. Let Y be a smooth closed subvariety of X such that
x C Y. We say a contravariant functor F': Cp(X) — Ab is effaceable at x
with supports in Y if the following condition is satisfied

For any proper closed subset Z C Y there exists a closed subset Z' C Y NU
such that

(1) 2/ 5 ZNU and codimy(Z') > codimx(Z) — 1;
(2) the composite Fyz(X) 9, Frru(U) Fld), F7/(U) vanishes, where
j:U — X is the canonical embedding and Z NU = j71(Z).

The main goal of the present section is to prove the following

3.5 Theorem. Let X be a smooth affine variety over an infinite field k and
x C X be a finite set of points. Let Y be a smooth closed subvariety of X
such that x C Y. Let G: Cp(k) — Ab be a functor with transfers over k
and F' = p*G denote its restriction to Cp(X) by means of the structural
morphism p: X — Speck. Then F' is effaceable at x with supports in'Y .

Proof. We proceed as in the proof of [0, Theorem 4.2]. It is enough to show
that all the supports (closed subschemes of X) appearing in the proof are,
indeed, closed subschemes of Y. To do this we replace the usual Quillen’s
trick by its generalized version (Theorem 7).

Let Z C Y be a proper closed subset. We want to construct a closed
subset Z' C Y NU, where U = Spec Ox ,, which satisfies the conditions of
Definition B2

As in [7] we may assume x N Z is non-empty. By Theorem B we can
find a regular function f and a morphism ¢: X — A" where n = dim X,
such that



(a) qlgr=0y: {f =0} — A" is finite surjective;
(b) ¢ is smooth at x;

(c) g can be factorized as ¢ = proll, where I1: X — A" is finite surjective
and pr: A" — A" 1 is a linear projection;

(d) the image ¢(Y) is a (d — 1)-dimensional linear subspace of A", where
d=dmY.

(e) ¢ 1 (q(Y)) =Y UY” for some closed Y' C X which avoids z.

Consider the commutative diagram, where all squares are Cartesian

X = X (1)
/J _ /
Xy j g '(q(Y)) a
P pu it p An1
/ /
uny ; q(Y)

q0)

Namely, the back square is the fiber product diagram for the morphism ¢ by

means of the composite r: U & X < A" ! and the bottom square is induced
by the closed embedding Y — X.

Let 6: U4 — X = U x, X be the diagonal embedding. Clearly, ¢§ is a
section of p and the same is true for its restriction d|yny. As in [7] we take
instead of ¢~ !(¢(Y)) and Xy the irreducible components containing 6(I) and
(U NY) respectively.

We define Z = r'(Z) and Z' = p(Z). By commutativity of the diagram
Z C Xy and Z/ CUNY. The rest of the proof is a word by word copy of
the proof of [7, Theorem 4.2]. The only minor change is that in order to use
transfers for finite morphisms between smooth varieties we have to replace
the geometric presentation lemma [7, Lemma 3.5] by its refined version [10,
Theorem 6.1]. Observe also that in the proof of the specialization lemma [7,
Lemma 3.3] all the fibers ), Z} and Z] are closed subschemes in Xy by the
very definition. O
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In the same way as in [7] we can extend the effacement theorem to functors
with finite monodromy. Recall that (see [1, Definition 4.6))

3.6 Definition. Let X be a smooth variety over k. We say that a con-
travariant functor F': Cp(X) — Ab has a finite monodromy of type (p: ¥ —
X X X,s: X —Y), where p is a finite etale morphism and s is a section of
p over the diagonal, if there exists an isomorphism ®: piF' — piF' of func-
tors on Cp(Y'), where pfF is the restriction of F' by means of the composite
V5 X > X 55 X,

Then we obtain (cf. [0, Theorem 4.7])

3.7 Corollary. Let X be a smooth affine variety over an infinite field k and
x C X be a finite set of points. Let Y be a smooth closed subvariety of X
containing x. Let F: Cp(X) — Ab be a functor with transfers. If F is a
functor with finite monodromy, then F is effaceable at x with supports in'Y .

Proof. The proof is the same as for [7, Theorem 4.7]. Again to show that
Z'=p(Z) C Y NU we use Theorem 27 and the diagram (). O

4 Applications to cohomology theories

4.1 Definition. We say h* is a cohomology theory with supports over k if

e there is a long exact sequence for a triple of closed subschemes in the
sense of [3, Definition 5.1.1.(a)] and

e the Zariski excision holds for h* (see [3, Remark 5.1.3]).

4.2. Let X be a smooth affine variety over k and x C X be a finite set of
points. Let Y be a smooth closed subvariety of X containing x. Then for
a cohomology theory h* with supports there is an induced coniveau exact
couple and the convergent coniveau spectral sequence as in [3, Sect. 1]

B =[] X)) = X)), where h2(X) = lim hZy (U)
yeXx®ny Uy

Its Ei-terms yield Cousin complexes

S | GRS @)

yex®ny
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4.3 Corollary. Let F' = h* be a cohomology theory with supports and a
functor with transfers at the same time. Let X be a smooth affine variety
over an infinite field k. Let x C X be a finite set of points and U = Spec Ox .
Let'Y be a smooth closed subvariety of X containing x.

Then the Gersten complex with supports in'Y induced by @) is exact

0= hiyey U) = By @) — [T BFWU) — -, (3)

yeUletny
where ¢ = codimy X .

Proof. We apply Theorem B to F' = h* and obtain that h* is effaceable with
supports in Y. Then the exactness of the Gersten complex with supports
follows by the same arguments as in the proof of [, Lemma 5.4]. O

4.4. Observe that we don’t assume that h* satisfies the étale excision (see
[3, p.25, COH1]). Our conditions on h* are the minimal possible for which
the Cousin complex exists, i.e. it makes sense to speak about the Gersten
resolution. Observe also that our notion of a functor with transfers is weaker
than that of Voevodsky [9].
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