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1 Introduction

This account of heat kernels on metric measure spaces is based on the results of [23], [24], [25].

1.1 Heat kernel in R"

The classical Gauss-Weierstrass heat kernel is the following function

(:L‘ ) 1 e |LE _y‘2
= — X —
Dt Y (47rt)n/2 p At )

where x,y € R™ and ¢t > 0. This function is a fundamental solution of the heat equation

ou
E = AU,

where A = >"7" | aa—; is the Laplace operator. Moreover, if f is a continuous bounded function

on R” then the fun(;tion
u(t)= [ (o) Wy

solves the Cauchy problem
{ % = Au
u(0,z) = f (x)

In the modern terms, this also can be written in the form

u(t,) =exp(—tL) f,
where £ here is a self-adjoint extension of —A in L? (R™) and exp (—t£) is understood in the
sense of the functional calculus of self-adjoint operators. This means that p; (z,y) is the integral
kernel of the operator exp (—tL).
The function p; (z,y) has also a probabilistic meaning: it is the transition density of the
Brownian motion {X;},-, in R™. The graph of p; (z,0) as a function of = is shown on Fig. 1.

Figure 1: The Gauss-Weierstrass heat kernel at different values of ¢

2
The term |z_ty| determines the space/time scaling: if |z —y|> < Ct then p; (z,y) is com-
parable with p; (y,y), that is, the probability density in the C'v/#-neighborhood of y is nearly
constant.



1.2 Heat kernels on Riemannian manifolds

Let (M, g) be a connected Riemannian manifold, and A be the Laplace-Beltrami operator on
M. Then the heat kernel p; (z,y) is can be defined as the integral kernel of the heat semigroup
{exp (=tL)},~, where L is the Dirichlet Laplace operator, that is, the minimal self-adjoint
extension of —A in L2 (M, ), and p is the Riemannian volume. Alternatively, p; (z,y) is the
minimal positive fundamental solution of the heat equation

ou

The function p; (z,y) can be used to define the Brownian motion {X;},., on M. Namely,
{Xi}>0 Is a diffusion process (that is, a Markov process with continuous trajectories), such that

P, (X; € A) = /Apt (z,y) dp (y)

for any Borel set A C M (see Fig. 2).

Figure 2: The Brownian motion X; hits a set A

Let d (z,y) be the geodesic distance on M. It turns out that the Gaussian type space/time

(z,y)

2
scaling d - appears in heat kernel estimates on general Riemannian manifolds:

1. (Varadhan [36]) For an arbitrary Riemannian manifold,

d? (z,y)

ast — 0,
4t

log py (z,y) ~ —

2. (Li & Yau [30]) If (M, g) is a complete manifold with Ric > 0 then

where V (z,7) = p (B (z,7)), B(z,7) being a geodesic ball, ¢,C are positive constants,
and the sign < means that both < and > take place, but possibly with different values of
C and c.

3. (Dawvies [15]) For an arbitrary manifold M, for any two measurable sets A, B C M

A/ISPt(x,y)dﬂ(x)du(y)S M(A)N(B)exp<_%)



4. (Grigor’yan [19]) For an arbitrary manifold M, if for two points z,y € M and all ¢t > 0

pe(z,2) < f1(t) and p: (y,y) < fa (1)

where f; and f functions with some regularity properties then, for all £ > 0,

d? (z,
A R e (~— 1),
Technically, all these results depend upon the following property of the geodesic distance:
|Vd| < 1.
It is natural to ask the following question:

Are there settings where the space/time scaling is different from Gaussian?

1.3 Heat kernels for fractional powers of Laplacian

Easy examples can be constructed using another operator instead of the Laplacian. As above,
let £ be the Dirichlet Laplace operator on a Riemannian manifold M, and consider the evolution
equation

% + L8y =0,

where 5 € (0,2). The operator £P/? is understood in the sense of the functional calcu-
lus in L% (M, u). Let p; (x,y) be now the heat kernel of £%/2, that is, the integral kernel of
exp (—tﬁﬁ/Q).

The condition 8 < 2 leads to the fact that the semigroup exp (—t[ﬂ/ 2) is Markovian,
which, in particular, means that p; (z,y) > 0 (if 8 > 2 then p; (z,y) may be signed). Using
the techniques of subordinators, developed in the theory of Markov processes, one obtains the
following estimate for the heat kernel of £5/2 in R™ (see [11] or Section 4.3 below):

_ntp
c z—y\""P _ C z—y”\ 7
pt(x,y),\tn/ﬁ (1+ VEE = /B 1+T . (1.1)
The heat kernel of v/£ in R” (that is, the case § = 1) is known explicitly:
o y?\ t
c xT—y c
pt(mvy) = t_Z (1 + t2 ) = - ntl
2 2) 2
(2+ 1o - )

where ¢, =T (”TH) /m("+1)/2 (which is nothing but the Poisson kernel in the half-space Riﬂ).

As we see, the space/time scaling is given by the term m where 8 < 2. The heat
kernel of the operator £7/2 coincides with the transition density of a symmetric stable process
of index 3, which belongs to the family of Levy processes. The trajectories of this process are
discontinuous thus allowing jumps. The heat kernel p; (z,y) of such process is nearly constant
in a Ct'/P-neighborhood of y.

If ¢ is large then
t/8 > 172

which means that this neighborhood is much larger than that for the diffusion process. This is
not surprising because of the presence of jumps. The space/time scaling with § < 2 is called
super-Gaussian.



1.4 Heat kernels on fractal spaces

A rich family of heat kernels for diffusion processes has come from the study of fractals. The
notion of a fractal appeared in physics as a model for disordered media (cf. [31]). Mathematically,
fractals are sets in R™ with certain self-similarity properties. On Fig. 3, the reader can see the
three first steps of the construction procedure of a fractal set called the Sierpinski gasket (SG):

NN

Figure 3: Construction steps of the Sierpinski gasket

Hence, SG is a compact connected subset of R?. Using a similar procedure for expanding
(see Fig. 4) one obtains the unbounded SG. refer the reader to [4], [17], [29] for the details of

Figure 4: Unbounded SG

the construction of fractals.

Barlow and Perkins [10] constructed a natural diffusion process on SG, which has the same
self-similarity as SG. They considered random walks on graph approximations of SG and then
showed that, with appropriate scaling, the random walks converge to a diffusion process. More-
over, they proved that this process has a transition density p; (x,y) with respect to a proper
Hausdorftf measure p of SG and the following estimate:

Bz )\ P
pe (z,y) < ta%exp <—c <M) 7 ) ’ (1.2)

where d (z,y) = |z — y| and
log 3 log 5

=di SG = ——, =——>2
@ o log 2 b log 2

Similar estimates were proved by Barlow and Bass [6], [7], [8] for a large family of various
fractals, and the parameters a and 3 are determined by the intrinsic properties of the fractal.



In all cases, « is the Hausdorff dimension (which is also called the fractal dimension). The
parameter 3, that is called the walk dimension, is in all examples larger than 2.

In this case, the space/time scaling is sub-Gaussian: the heat kernel p; (z, -) is nearly constant
in Ct!'/P-neighborhood of z, and for large ¢

/8 « $1/2,

The physicists call such a diffusion anomalous thus emphasizing that the estimates of the kind
(1.2) are features of very specific singular spaces. However, surprisingly enough, (1.2) with g > 2
can occur on Riemannian manifolds, although for a restricted range of time ¢. Indeed, consider
the Sierpinski graph, which is obtained similarly to the Sierpinski gasket, but using enlargement
instead of shrinking (see Fig. 5).
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Figure 5: The Sierpinski graph

It is not difficult to believe that the heat kernel p; (z,y) of the simple random walk on this
graph (where ¢ is now an integer) admits the the estimate (1.2) in the range

t > max (1,d (z,y))

(see [27]). Now, make the Sierpinski graph into a manifold by blowing up the edges. Then
the heat kernel p; (z,y) for the Laplace-Beltrami operator on this manifold also admit the sub-
Gaussian estimate (1.2) for the above range of time. In the opposite case

t < max (1,d(z,y))

the heat kernel satisfies the Gaussian estimate (cf. [9]).

1.5 Summary of examples

Observe now that in all the above examples, the heat kernel estimates can by unified in one
formula as follows:

_C d(z,y)
Dt (:Evy) - ta/ﬂq) <C tl/fg > ) (13)

where «, 3 are positive parameters and @ (s) is a positive decreasing function on [0, 4o00). For
example, for the Gauss-Weierstrass function we have o = n, § = 2 and

D (s) = exp (—s?).



For diffusions on fractals, we have g > 2 and
_B_
® (s) =exp <—sﬁ—1) .
For the symmetric stable process of the index 8 € (0,2) in R™, we have
®(s) = (14s5)" P

where a = n.
In this survey we focus on the following question:

What values of parameters o, 3 and what functions ® can actually occur in the estimate (1.3)?

The answer will be given in the setting of metric measure spaces that will be described in
the next section.

2 Abstract heat kernels

Let (M,d) be a locally compact separable metric space and pu be a Radon measure on M with
full support. The triple (M, d, n) will be called a metric measure space.

2.1 Basic definitions

Definition 2.1 A family {p:},., of measurable functions p;(xz,y) on M x M is called a heat
kernel if the following conditions are satisfied, for p-almost all x,y € M and all s,t > 0:

(2) Positivity: p; (x,y) > 0.

(13) The total mass inequality:

/ P, y)du(y) < 1. (2.1)
M

(tit) Symmetry: pi(x,y) = pi(y, x).

(tv) The semigroup property:
pesi(es) = [ pule e )du(e). (22)
M
(v) Approzimation of identity: for any f € L? .= L* (M, ),

/M P, ) F @) dnly) 5 F(2) ast— 0+ (2.3)

If in addition we have, for py-a.a. x € M and all ¢ > 0,

| e dut) =1 (2.4)
M
then the heat kernel p; is called stochastically complete (or conservative).

Any heat kernel gives rise to the heat semigroup {Pt}tzo where Py = id and P, for ¢t > 0 is
the operator in L? defined by

Puf(z) = /Mpt(x,mf(y)du(y). (2.5)

7



It follows from (i) — (i7) that the operator P, is Markovian, that is, f > 0 implies P,f > 0
and f < 1 implies P.f < 1. It follows that P; is a bounded operator in L? and, moreover, is a
contraction, that is, || P/ ;2_,;2 < 1. The symmetry property (4i) implies that the operator P
is symmetric and, hence, self-adjoint. The semigroup property (iv) implies that P,Ps = Piis,
that is, the family {P;},. is a semigroup. It follows from (v) that

s-lim P, =id = By
t—0

where s-lim stands for the strong limit. Hence, {P;},-, is a strongly continuous, symmetric,
Markovian semigroup in L?. Conversely, if {P;} is such a semigroup and if it has the integral
kernel p; (z,y) then the latter is a heat kernel in the sense of Definition 2.1.
Given a strongly continuous, symmetric, Markovian semigroup P; in L?, define the infinites-
imal generator L of the semigroup by
. [=Bf
Lf:= %gl(l) — (2.6)
where the limit is understood in the L2-norm. The domain dom(L) of the generator £ is the space
of functions f € L? for which the limit in (2.6) exists. By the Hille-Yosida theorem, dom(L)
is dense in L?. Furthermore, £ is a self-adjoint, positive definite operator, which immediately
follows from the fact that the semigroup {P;} is self-adjoint and Markovian. Moreover, we have

P, = exp (—tL), (2.7)

where the right hand side is understood in the sense of spectral theory.
The notion of the heat kernel is closely linked to Markov processes. Let <{Xt}t20 APz} e M)

be a reversible Markov process on M, and assume that it has the transition density p: (z,v),
that is, a function such that, for all x € M, t > 0, and all Borel sets A C M,

P, (X; € A) = /Mpt (z,y)dp (y) -

Then p; (z,y) is a heat kernel in the sense of Definition 2.1. Furthermore, in this case all the
properties (i) — (iv) are satisfied for all z,y € M rather than for almost all.

All examples of heat kernels considered in Introduction, satisfy Definition 2.1. Now we can
ask again the main question.

Let py (z,y) be a heat kernel on a metric measure space (M,d, ) and assume that it satisfies
for all t > 0 and p-a.a. x,y € M the estimate

_C d(z,y)
Pt (:Evy) - ta/ﬂ(I) <C tl/ﬂ > : (28)

What values of the parameters o, 3 and what function ® can actually occur in this estimate?

The answer will be given in Theorem 6.7. Before we embark on the study of this problem,
let us show some simple examples of stochastically complete heat kernels that do not satisfy
(2.8).

Example 2.2 (A frozen heat kernel) Let M be a countable set and let {x)} -, be the sequence
of all distinct points from M. Let {4 }7—; be a sequence of reals and define measure p on M
by u({zr}) = py. Define a function p; (z,y) on M x M by

o T=Y =Tk

pt(%y):{ ik’

0, otherwise.



We claim that p; (z,y) is a stochastically complete heat kernel. We call it frozen because it does
not depend on time ¢t. For example, let us check the approximation of identity: for any function
f € L? (M, i), we have

afmw:Aﬁmawf@MM@wwuawfmnmmn=fm»

whence the claim follows.
The Markov process associated with the frozen heat kernel is very simple: X; = X for all
t > 0 so that it is a frozen diffusion.

Example 2.3 (The heat kernel in H?) The heat kernel of the Laplace-Beltrami operator on
the 3-dimensional hyperbolic space H? is given by the formula

p(z,y) = L exp (——2 - t) (2.9)

(47rt)3/2 sinhr
where 7 = d (z,y) is the geodesic distance between z,y (see [22]).
Example 2.4 (The Mehler heat kernel) Let M = R, measure p be defined by
dp = e dr,

and the operator £ be given by

2 d ([ 2d
L=—e %(e da:)

d—2 + 2xi
dx? dx )’
Then the heat kernel of £ is given by the formula

1 2rye 2t — z2 — 42
—t 2.10
P (=) (2 sinh 2¢)"/2 P ( 1—e ¥ (2.10)

(see [22]).

2.2 The Dirichlet form

Given a heat kernel {p;} on a metric measure space (M,d, i), define for any ¢ > 0 a quadratic

form & on L? by b
& u] = (“_ t“,u) : (2.11)

t

where (-, -) is the inner product in L?. An easy computation shows that & can be equivalently
defined by

&l =g [ [ 1) ) mlepduidn) + 5 [ (0= Pia@) @), (212)

Indeed, by (2.5) we have

u(@) - Pu(e) = u(a) B <> BM) (1 - PA(x) u ()
— [ (@) - ul) pep)duty) + (1~ PA@) u o)
M
whence by (2.11)
[ ] @) ) u@ne pauana@ ;[ 1= P @) du o). (213)

9



Interchanging the variables x and y in the first integral and using the symmetry of the heat
kernel, we obtain also

el =7 [ [ ()~ @) u@p o y)dut)dua) + [ (1= @) @) du @), (210)
MM M
and (2.15) follows by adding up (2.13) and (2.14).

Note that by (2.1) P,1 < 1 so that the second term in the right hand side of (2.12) is non-
negative. If the heat kernel is stochastically complete, that is, P;1 = 1, then that term vanishes
and we obtain

&l =5, [ [ 1u(@) = u)l mlep)du(o)dno). (215)

In terms of the spectral resolution {F)} of the generator £, & can be expressed as follows

o'} 1_671‘:/\
el = [ Sy —d|Esl},
0

which implies that & [u] is decreasing in t (indeed, this is an elementary exercise to show that
the function ¢ — 1_‘;;M is decreasing).
Let us define a quadratic form & by

Elu] :== lim & [u] = /000 || Exul|3 (2.16)

t—0+
(where the limit may be +oo since &€ [u] > & [u]) and its domain F = dom (£) by
F:={uecL?: £[u] < oo}.

It is clear from (2.12) and (2.16) that & and &£ are positive definite.
It is easy to see from (2.16) that F = dom(LY?). It will be convenient for us to use the
following notation:

domg (L) := F = dom(L'/?). (2.17)

The domain F is dense in L? because F contains dom(£). Indeed, if u € dom(L£) then using
(2.6) and (2.11), we obtain

€ [u] =lim & [u] = (Lu,u) < co. (2.18)

t—0

The quadratic form & [u] extends to a bilinear form & (u,v) by the polarization identity

E(u,v)==-(Eu+v]—Eu—1]).

N | —

It follows from (2.18) that &(u,v) = (Lu,v) for all u,v € dom(L).
The space F is naturally endowed with the inner product

&1 (u,v) := (u,v) + € (u,v). (2.19)

It is possible to show that the form £ is closed, that is, the space F is Hilbert.
The fact that P; is Markovian implies that the form & satisfies the Markov property, if u € F
then v := min(uy,1) € F and & [v] < € [u]. Hence, & is a Dirichlet form (see [18]).

Definition 2.5 The form (£, F) is called local if € (u,v) = 0 whenever the functions u,v € F
have compact disjoint supports. The form (&, F) is called strongly local if € (u,v) = 0 whenever
the functions u,v € F have compact supports and 4 = const in an open neighborhood of supp v.

10



For example, if p; (x,y) is the heat kernel of the Laplace-Beltrami operator on a complete
Riemannian manifold then

€ (u,v) = /M (Vu, Vo) du

and F is the Sobolev space Wi (M). Note that this Dirichlet form is strongly local because
u = const on supp v implies & (u,v) = 0.

If p; (x,y) is the heat kernel of the symmetric stable process of index (§ in R", that is, £ =

(=A)?2, then
) e [ [ LOZIDOD 06,

|z —y[" P

and F is the Besov space Bg /22 (R™). This form is non-local.
Denote by Cy (M) the space of continuous functions on M with compact supports, endowed
with sup-norm.

Definition 2.6 The form (&,F) is called regular if F N Cp (M) is dense both in F and in
Co (M).

All the Dirichlet forms in the above examples are regular.
2.3 Identifying ¢ in the non-local case
Fix two positive parameters o and 5 and a monotone decreasing function ® : [0, +00) — [0, 4+00).

Lemma 2.7 ([25]) Assume that {p:} is a heat kernel on (M,d, p) such that, for all t > 0 and
almost all x,y € M,

1 d(z,y)
pe(@,y) < 59 ( Y ) : (2.20)
Then either the associated Dirichlet form £ is local or
D (s) > c(1+s)~ P (2.21)
for all s > 0 and some c > 0.

Proof. Consider the bilinear form & on L? (M, i), which is given by

g = 5 [ [ -uw) 0@ - 0@ nd@ie @2
M M

+ % /M (1 - P1(z))u(z)v(z)du(x) (2.23)

(cf. (2.12)). Let u,v € L? (M, 1) be two non-negative functions with compact disjoint supports
A = suppu and B = suppv, and set

r=d(A,B) >0
(see Fig. 6).

The integral (2.23) is clearly equal to 0. The integrand in (2.22) vanishes if either both z,y
are outside A or both z,y are outside B. Hence, we can restrict the integration to the domain

11



Figure 6: Functions v and v with disjoint supports

where one of the variables x,y is in A and the other is in B. Hence, we obtain, using the
symmetry of the heat kernel,

Ewo) = 5 [ [ ule @) plepduw)dntz)
B
1 / u(y)v () pe(@, y)dp(y)du(z)
B A
- B/ w(@)v (4) pe(, ) da(y)dia(z). (2.24)

If x € A and y € B then d(z,y) > r. Therefore, for almost all z € A and y € B,

pe(ey) < s ()

which together with (2.24) implies
1 r
& (w)] < s75® (575 ) lullaliel o (2.25)

(note that |jul|;: < p(A)Y? |lul| ;2 < oo and the same holds for v). If (2.21) fails then there
exists a sequence {si} — oo such that

sg+6<1> (sk) >0 ask — oc.

Define a sequence {t;} from the condition

r

Sk = —75-
£1/7

Then
roth

+8 _ r
Sz @(Sk)—m‘b (W) —0 ask‘%oo,
k k

and (2.25) implies that
& (u,v) -0 as k — oo. (2.26)

If in addition u,v € F then, by (2.16) and (2.26),
€ (u,v) = lim &, (u,v) =0,
k—oo

whence the locality of £ follows.

12



Lemma 2.8 ([25]) Assume that {p:} is a heat kernel on (M,d, ) such that, for all t > 0 and
almost all x,y € M,

1 d(x,y
Then
®(s) < C(1+s)~@0) (2.28)

for all s > 0 and some C > 0.

Proof. Let u be a non-constant function from L? (M, u). Choose a ball Q C M where u is
non-constant and let a > b be two real values such that the sets

A={z€Q:u(zx)>a} and B={ze€Q:u(x)<b}

have positive measures (see Fig. 7).

Figure 7: Sets A and B

If R = diam @ then, by (2.27), we have, for almost all z,y € Q,

c R
pe (z,y) > W(I) (m) ;

whence by (2.12)

el = &l =g [ [ () - uw) mlenduw)du(o)
A B
> @R () s ()

d R
- tl—l—a/ﬂq) (m) ’ (2'29>

where ¢ > 0. If (2.28) fails then there exists a sequence {s;} — oo such that
SZH_B(I) (sg) — 00 as k — oo.

Define a sequence {t;} from the condition



Then

L R —(a+ +5
t]-+—a/,8@ (.tl%) =R (@ B)Sz P (Sk) — o0 as k — 00,
k k
and (2.29) yields & (u,u) = 0.

Hence, we have arrived at the conclusion that the domain of the form £ contains only
constants. Since F is dense in L? (M, u), it follows that L? (M, u) consists only of constants.

Since p is a Radon measure on M with full support, it follows that M consists of a single point,
say, M = {z}. Then (2.4) implies that, for all ¢ > 0,

1
P = iy

while by (2.27) pi(x,x) — oo as t — 0. This contradiction finishes the proof. m

Corollary 2.9 Assume that the following estimate holds for all t > 0 and almost all x,y € M:

pe (x,y) < tcgﬂ(b <cd§f/’ﬁy)) : (2.30)
Then either the Dirichlet form & is local or
& (s) ~ (1+s)" @), (2.31)
Proof. Indeed, if £ is non-local then, by Lemmas 2.7 and 2.8, the function ® must satisfy
(2.21) and (2.28), whence (2.31) follows. m
2.4 Volume of balls

Let
B(z,r):={ye M :d(z,y) <r}

be the metric ball in (M, d) of radius r centered at the point z € M.

Theorem 2.10 ([24]) Let p; be a heat kernel on a metric measure space (M,d, ). Let a, 3 be
positive constants and 1, P2 be monotone decreasing functions from [0,+o00) to [0,+0c0) such
that @1 (s) > 0 for some s > 0, and
o0
d
/ s%®g (s) 2 < . (2.32)
0 S

(a) If for pu-almost all z,y € M and allt >0

1 d(x,y
pe (T, y) 2 YR ( 551/6)> (2.33)

then, for all x € M and r > 0,
w(B(z,r)) < Cre. (2.34)
(b) If pt (x,y) is stochastically complete and, for p-almost all x,y € M and all t > 0,
1 d(z,y) 1 d(z,y)
ta/ﬂq)l( 4175 ) <pi(z,y) < ta/ﬁq)Z( 1178 (2.35)

then, for all x € M and r > 0,

w(B(z,r)) ~r*. (2.36)

14



Proof. (a) Fix r,t > 0 and consider the following integral!

/B(w,r) pe(z,y) duly) == /M Pt (2,9) 1@y (¥) du () -

This definition is not entirely trivial as it requires the following justification. Indeed, the function
F (x,y) = pt (*,y) 1p(z,) (y) is measurable jointly in x,y so that by Fubini’s theorem the integral
Jo F (@, y) dp (y) is well-defined for p-a.a. z € M and is a measurable function of x.

For a fixed ¢t > 0 (the value of ¢t = ¢ (r) will be specified below), choose a pointwise version
of p; (z,y) as a function of z,y. By Fubini’s theorem, there is a subset X C M of a full measure
such, that, for any « € X, the following is true:

1. the function p; (z,y) is measurable in y;

2. the following inequality is satisfied

/ P, y)du(y) < 1, (2.37)
B(z,r)

which follows from (2.1);

3. the inequality (2.33) is satisfied for p-a.a. y € M.

It follows from (2.37) that, for any = € X,

-1
u(BGr) < ((esint p(e)
yEB(z,r)

Choose € > 0 so that ®; (¢) > 0. Applying (2.33) and choosing t from the identity r = et'/# we
obtain

: 1 — - _x
yfésgzg)pt(:v,y) > W% (tm) =7 %P (¢),

whence (2.34) follows with C' = (¢*®; (¢))~'. Finally, having proved (2.36) for all z € X, we
obtain (2.36) for all x € M because X is dense in M.
(b) We first show that the upper bound in (2.35) and (2.34) imply that, for p-a.a. x € M,

0<t< €Tﬂ,
[ ) <
M\B(z,r)

provided € > 0 is sufficiently small (the measurability issues are handled in the same way as in
part (a) so we skip the details). Setting r; = 2¥r and using the monotonicity of ®; and (2.34)

DN | =

(2.38)

!The integral fB(m .y (z,y) du(y) cannot be understood as the value on the diagonal {z = z} of the function

G (z,2) :=/B( P ),

because a measurable function cannot be restricted to a set of measure zero.

15



we obtain

o0

[ wewde) = Y [ pr (2,9) diu(y)
M\B(z,r) k=0 B@,rk41)\B(z,rk)

: / t-/09, (2) dp(y)
k=0 B(z,rk+1)\B(z,1) (t”ﬁ)
" O —a/B Tk
< ZCTkJrlt /o, <t1/ﬂ>
k=0
o [ 2F7\° 2k
— ! c« ar
- Cz<t1/5) ®2 (tl/ﬁ>
k=0
< cf/ Dy (5) L. (2.39)
%r/tl/ﬁ S

Since by hypothesis (2.32) the integral in (2.39) is convergent, its value can be made arbitrarily
small provided %/t is large enough, whence (2.38) follows.

From (2.4) (which is true by the stochastic completeness of the heat kernel) and (2.38), we
conclude that the condition 0 < ¢t < er? implies

1
| mlewidn) = 5. (240
B(z,r)
whence 1
1
pw(B(x,r) > = | esssup pe(z,y) | -
2 yEB(z,r)
Finally, choosing ¢ = er” and using the upper bound
pe(z,y) <t7Bdy(0) = r=%=/Bd, (0),
we obtain
u(B(z,r)) = cr?, (2.41)

where ¢ = %5a/ﬁ (@ (0))"!. Combining (2.34) and (2.41), we finish the proof. m

Corollary 2.11 If a heat kernel p; is stochastically complete and satisfies (2.35) then p (M) =
co. If in addition ®1(s) > 0 for some s > 0 then diam M = oo.

Proof. Without further assumptions on the functions ®; and ®5 except for the monotonicity,
(2.35) is equivalent to the upper bound

pi (x,y) < Ct=/P, (2.42)

Let us show that (2.42) implies p(M) = oco. Indeed, take any non-negative function f on M
such that ||f||; =1 (for example, take f to be the normalized indicator function of a non-empty
relatively compact open set) and consider the family of functions

Ut = Ptf
The stochastic completeness of p; implies that ||us|| = 1 for any ¢ > 0, whereas by (2.42)

lue oo < CE/P.
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Hence, we obtain

u(ar) > Mol oovjass,
[t oo
whence p (M) = oo it follows by letting t — oo.
Under the additional condition that ®; (s) > 0 for some s, it follows from Theorem 2.10(a),
that the measure of any ball is finite. Hence, M does not contain any ball, which implies
diamM =o0. =

Corollary 2.12 Let a heat kernel p; (x,y) be stochastically complete and satisfy the two-sided
estimate

_C d(z,y)
Y2 (m,y) - ta/ﬂcb <C +1/8 ) ’ (243)

where ® is a monotone decreasing function from [0,+00) to [0,4+00). Then for all x € M and
r >0,
w(B(x,r)) ~re. (2.44)

Proof. Let us first show that ® (s) > 0 for some s > 0. Indeed, assuming the contrary, we
obtain that p; (z,y) = 0 for p-almost all x # y. The stochastic completeness of p; (x,y) then
implies

/ N (z,y) du(y) =1 (2.45)

for p-a.a. x € M, which means that there is a point x € M with a positive measure, that is,
u({z}) > 0. The set {z} x {x} has a positive measure in M x M which implies that the estimate
(2.43) holds for this = and for y = x:

pt (z,x) < ta%fb (0). (2.46)

It follows from (2.45) that ® (0) > 0. But substituting (2.46) back into (2.45), we obtain that
the left hand side of (2.45) goes to co as t — 0.
This contradiction proves that ® (s) > 0 for some s > 0. By Lemma 2.8, we obtain

D(s) < C(1+s) ), (2.47)

In particular, ® satisfies the condition (2.32) of Theorem 2.10. Hence, (2.44) follows from
Theorem 2.10(b). =

Lemma 2.13 Assume that, for all x € M and r € (0,7¢)
(B (z,7)) =17,
where a,rg > 0. Then, for any non-empty open set Q C M,
dimg Q = a.
Moreover, for all Borel sets A C M,
i (A) = H (4),

where H* is the Hausdorff measure of the dimension « in M.

17



Proof. Recall that the Hausdorff measure H* of a Borel subset A C M is defined by

H*(A) = lim H? (4) (2.48)

where

H:(A) = inf{er tACUB (xi,ri), zie M,r; < 6}. (2.49)

Note that H? (A) increases as € decreases so that lim._,o in (2.48) can be replaced by sup,.
It follows from the definition that H® (A) decreases as s increases. This allows to defined
the Hausdorff dimension of A by

dimpg A =sup{s: H*(A) > 0}.

In fact, if there is a such that 0 < H* (A) < oo then aw = dimpy A. Indeed, it follows from (2.49)
that if s > o then
H:(A) <& *HZX(A) < *H*(A)

£

whence H® (A) = 0.
Let 2 now be a bounded non-empty open subset of M and let us prove that 0 < H* (2) < oc.
In fact, it is suffices to prove that
H (9) = 1 ()

(note that © contains a ball and is contained in a ball so that 0 < p () < c0).
If {B (x;,r;)} is any finite or countable sequence of balls covering 2 and r; < r then

p () < ZM(B(%H)) < CZT?-

Taking inf over all such sequences with r; < &, where ¢ < ry, we obtain
p(Q) < CHZ () < CH* (Q).

To prove the opposite inequality, it suffices to show that, for any € € (0,7¢) there is a covering
of by a sequence of ball {B (x;,7;)} such that r; < € and

u(Q)ZCZT?

where the constant ¢ > 0 is the same for all sets 2 and for all € € (0,79). For any point x € ,
there is r, € (0,¢) such that the B (z,r;) C Q. Using the ball covering argument (see, for
example, [13, Lemma 2.6]), it is possible to select a finite or countable sequence {z;} of points
from  such that the balls B (z;,7;) cover ) while the balls B (z;,1r;) are disjoint (where

r;i =7rg,). Then
p(82) > ZM (B (zi,373)) > CZT?,

which was to be proved.

Finally, let €2 be an arbitrary non-empty open set. Then it can be represented as the union
of a sequence {Q;};°, of bounded open sets. Since H*(Q2) > H*(L;) > 0 it follows that
dimg (2) > . On the other hand, if s > a then H® (£;) = 0 which implies that H® (2) = 0
and, hence, dimg () < a. We conclude that dimg (©2) = «, which finishes the proof.

The above argument yields also that the relation

H (A) ~ p(A) (2.50)



holds for any bounded open set A C M. Since Borel sets in a metric space can be obtained
from bounded open sets by applying the operation of a monotone limit, which preserves (2.50),
it follows that (2.50) holds for all Borel sets. m

Combining Theorem 2.10(b) or Corollary 2.12 with Lemma 2.13, we obtain the following
statement.

Corollary 2.14 Assume that either the hypotheses of Theorem 2.10(b) or those of Corollary
2.12 are satisfied. Then
a=dimg M and p~ H®.

Consequently, the parameter a is the invariant of the metric space (M,d), and measure p is
determined (up to a factor ~ 1) by the metric space (M,d) alone.

3 Besov spaces

3.1 Besov spaces in R”

Recall that the Sobolev space W, (R™), where p € [1,400], consists of functions u € LP(R")
such that € LP(R™) for all i = 1,2,...,n, where a“ is the distributional derivative of w. It is
known that 1f p € (1,400] then a functlon ue P (R") belongs to Wp1 (R™) if and only if

wp D) —u@ly

2€R7\{0} 2|

(see [16, pp.277, 279]). Fix p € [1,+o0], o € (0,1) and consider a more general Besov-Nikol’skii
space By ., (R™) that consists of functions u € LP (R") such that

lu(z+2) —u(z)lp

’ o

< o0, (3.1)

sup
z€R™,0<z|<1 |Z

and the norm in B} ., is the sum of |lu||, and the left hand side of (3.1).
A more general family By (R™) of Besov spaces is defined for any 1 < g < oo but alongside
the case ¢ = oo considered above, we will need only the case ¢ = p < +o0o. In this case,

u € By, (R") if u € LP (R") and

p
// |um+zn+pa( 2l dr dz < oo, (3.2)

R” R™

with the obvious definition of the norm in B]‘; - Here are some well known facts about Besov
and Sobolev spaces, where we assume 1 < p < 400 (see for example [3]).

1. u € By, (R") if and only if u € LP (R") and

Dp(U,T)
sup ——= < o0,
ourey  ptpo
where
D, (u,r) = // u(y) — u(z)? dzdy = / )l d ).
zl<r

{zyeR™[z—y|<r}
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2. u € By, (R") if and only if u € LP (R") and

* D d
p (U,T) _T < 00.
0 rntpo p

Indeed, assuming for simplicity that « is a smooth function with compact support, we
obtain
Ju( w+z —u(z)/” Ju(-+2) —ul”

R" R™
B ||lw (- +z — ul?
— / /zes nﬂw dS,dr

0D, (u, )
= / —Tnﬂw dr

Dy (u,r) dr
= n + pU n+p0’
where S, = {z € R" : |z| = r} and we have used that
Dy (u,r) = O(r"P) =0 (r"™) asr — 0
Dy (u,r) = O(1)=o0(r"**?) asr — oo.

3. For any 0 < ¢ < 1 the following relations take place

Wy (R") C  Bf,(R") < Bf(R")
| | (3.3)
domg (—A) C domg (—A)°

3.2 Besov spaces in a metric measure space

Fix @ > 0,0 >0, p € [1,400) and introduce the following functionals on LP = LP (M, u):
Dy = [[ ) - uw)l du@)du(y). (3.4)
{z,yeM:d(z,y)<r}

and
(3.5)

Furthermore, for any ¢ € [1,4+00) set

Npy (uw) = (/Ooo (%)m %)p/q. (3.6)

We will need only particular case of (3.6) when p = ¢. In this case, we have

> Dp (u,r) dr

ratpo oy’

N () =

For all 1 <p < 400 and 1 < ¢ < 400 define the space

AT = {uelLr: N2 (u) < oo}
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and the norm in this space by
ol = Nl + Ngig (w).

The space Apy was denoted by Lip(o,p,q) in [28] and by ALY in [35]; the space Ay, was
denoted by WP in [24].

Comparing the equivalent definitions of the Besov spaces in R™ and Apy, we obtain the
following identities:

Apy (R") = By, (R"), 0<0<1,
App ®™) = {0},
o (R") W, (R™),
AZ’;’ (R") = {0}, o> 1.
The definitions of Ay and Bf, match only for ¢ < 1. For ¢ > 1 the definition of By, becomes
more involved whereas the above definition of Ay is valid for all o > 0 even if the space Apd
degenerates to {0} for sufficiently large 0. With some abuse of terminology, we refer to Apy

also as a Besov spaces.
The fact that D), (u,r) is increasing in r implies that, for any r > 0,

Dy, (u,r) ga-+po " Dy (u, p) dp
rotpo  — a+pa
whence Np 2 (u) < CNpyy (u) and
Ay = ApS (3.8)

It is clear from (3.5) that Ny (u) is monotone increasing in o, which means that the space
Ap% shrinks when o increases. Let us show the same holds also for the spaces Ap}y with ¢ < oo,
provided the parameter « satisfies the following property:

p(B(z,r)) < Cr® forall x € M and r > 0. (3.9)

Indeed, using (3.9) we obtain, for any u € LP,

Dy(ur) < 2! // (T (@) + u ()I) dp () dps (1)

{d(z,y)<r}
_ // fu ()PP dp () dpe ()
x,y)<r}
- zp/ lu ()P 1 (B (y,7)) dp ()
< CTQHUHZ-

Therefore, the integral (3.6) converges at oo for all w € LP and ¢ > 0, and the the condition
Np (u) < oo amounts to the convergence of the integral at 0. This implies the above claim
that the space Ay shrinks when o increases.

3.3 Embedding of Besov spaces into Holder spaces

Let us define a Holder space C* = CA(M, d, ) as follows: u € C* if?

|lullor == |Julloo +  esssup Ju(z) = uly)] < 0. (3.10)

z,y € M d(.’L‘,y)A

2The restriction d(z,y) < 1/3 in (3.10) is related to the restriction r < 1 in definition (3.5). If (M, d) satisfies
the chain condition (see Definition 5.5 below) then the 1/3 can be replaced by any other positive constant.
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Theorem 3.1 ([24]) Let (M,d, 1) satisfy
p(B(z,r) ~=r" (3.11)

for allx € M and r > 0. Then, for any o > /2 and all u € L?,

lullon < Cllullages (3.12)
where
A=o0—a/2.
Consequently, we have the embedding
A
AYS — C.

Remark 3.2 From (3.8) it follows that also A3’y — C*.

Proof. For any z € M and r > 0, set
1
u(B(z,r))

We claim that for any u € L?, any 0 < r < 1/3, and all 2,y € M such that d(z,y) < r, the
following inequality holds:

up(z) :=

/ u(€)du(€). (3.13)
B(z,r)

Jur () — ur ()| < Cr NG (u)'/2. (3.14)
Indeed, setting By = B(z,r), By = B(y,r), we have

N(lBl) /B1 w(§)du(§) = B1 ) /131 /B2 €)du(n)du(€),

Uy Ydu(n)d
(y) = 31 (B) /B1 /32 p(m)du(E).-
Applying the Cauchy-Schwarz inequality, (3.11) and (3.5), we obtain

@) - w0F = (pm Bl iR /B 2 D da(©))

< 31 s /B 1 /B 2 2 du(n)du(e)
< or // u(€) — u(n)|? du(m)du(€)

{&meM:d(&,m)<3r}
Cr—2%Dy (u, 3r)
CTQU*O‘N;’;(u),

up(z) =

and similarly

IN

thus proving (3.14).
Similarly, one proves that, for any 0 < r <1/3 and x € M,

|uzr () — ur(z)| < C T N5 (u)'2. (3.15)
By the Lebesgue theorem, we have

up () = u(z) asr — 0, for p-a.a. z € M (3.16)
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(this theorem requires the doubling property of the measure, which is true by (3.11)). Setting
ry = 2 Fr for any k = 0, 1,2, ... we obtain from (3.15) and (3.16), for y-a.a. x € M,

u(@) —ur(2)] < D fur (@) =y, (2)]
k=0
< C (Z r,§> NS (u)'/?
k=0
< Cr NG (u)'/2, (3.17)

Applying the Cauchy-Schwarz inequality
Jur ()] < Cr2ull2

and using (3.17) to some fixed value of r, say r = 1/4, we obtain
u(@)] < fu(z) — up(@)] + ()] < © (lulls + N2 (w)?).

whence
[ulloo < Cllullage - (3.18)

Using (3.14) and (3.17), we obtain, for p-a.a. x,y € M such that r := d(z,y) < 1/3,
Ju(@) — u(y)| < [u(@) = ur(@)] + |up(@) = ur(y)] + |ur(y) — u(y)| < Cr Nag (w)'/2.

Hence,

‘U((E) B u(y)| a,0
Ty = O

which together with (3.18) yields (3.12). =
4 The energy domain

Recall that a heat kernel p; on a metric measure space (M, d, i) has the associated energy form
£ and the generator L.

4.1 A local case
The following theorem identifies the domain F of the energy form in terms of Besov spaces.

Theorem 4.1 ([24]) Let p; be a heat kernel on (M, d, n), o, B be positive constants, and &1 and
@y be monotone decreasing functions from [0,400) to [0,400).
(a) If the heat kernel satisfies the lower bound

1 d(z,y)
pe(z,y) = ta/B(I)l( AYE )

where ®1 (s) > 0 for some s > 0, then, for any u € L* (M, ),

€ [u] > Ny (u)

and, consequently, FC A;’fo/ 2
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(b) If the heat kernel is stochastically complete and satisfies the upper bound
1 d(z,y)

0 d
/ sa+ﬂ<1>2(s)?8 < 00, (4.1)

where

then, for any u € L? (M, 1),
€ [u] < ONg2* (u)

and, consequently, FD Ag}’fo/ 2

Corollary 4.2 If the heat kernel is stochastically complete and satisfies the two-sided estimate
(2.35) with functions ®; and ®5 as in Theorem 4.1 then, for any u € L? (M, i),

a,3/2
€ [u] = N322(w), (4.2)
and, consequently, F = A;’Oﬁo/ 2,

The identity F = A o / ? was obtained in different setting by Jonsson [28, Theorem 1],
Pietruska-Paluba [32, Theorem 1], and [24, Theorem 4.2].

Let us show the sharpness of the condition (4.1). If 0 < ¢ < 1 then the heat kernel of the
operator (—A)? in R™ satisfies (2.35) with the function ®5 (s) = C (1 + s)_(a+’6), where a = n
and 8 = 20 (see Introduction or Lemma 4.4 below). For this function, the condition (4.1) breaks
just on the borderline, and the identity F = Ag}’fo/ % is not valid either. Indeed, in R™ by (3.3)
domg (—A)? = Bf, that is strictly smaller than Bf = Agfo/ ®. This case will be covered by
Theorem 4.3 below. ,

As we will see in the proof below (cf. (4.5) and (4.7)), under hypothesis (4.1) we have in
fact

& ] = limsup //} u(y) 2dps(y)da(z). (4.3)

In particular, this implies that the energy form is strongly local, that is for all functions u,v € F
with compact supports, if u = const in an open neighborhood of the support of v then & (u,v) = 0
(note that the locality of £ follows also from Lemma 2.7). The operator (—A)? is not local for
0 < 0 < 1, and this explains why Theorem 4.1 does not apply to this operator.

The stochastic completeness in the hypotheses of Theorem 4.1(b) and in Corollary 4.2 is
essential. Indeed, consider in R™, n > 2, the operator £ = —A + ¢ (x) where ¢ (z) is a positive
continuous function in R™ such that

sup/ &dy < 00.
zeRn Jrn |z — y|"

For example, the function ¢ (z) = (1 + |33|) (2+2) gatisfies this condition provided & > 0. Then
it is possible to show (see [22]) that the heat kernel of £ satisfies the Gaussian estimate

(29) = L exp [ —elZ
Dt 'Y Atn/? p t )

while the domain of the Dirichlet form is

F= {u € L*(R™) : /n (|Vu|2 +c(x) u2) dx < oo}
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which is strictly smaller than

ApL =Wy = {u €L*(R"): / \Vu|? do < oo}.

Proof of Theorem 4.1. (a) For a function v € L?, we have by (3.4) and (3.5)

where

Do) = [ [ fule) - uw)? du(w)du(o). (4.4
M J B(xz,r
It suffices to prove that, for some ¢ > 0 and for all » > 0,

Dy (u,r)

Eul > ¢ e

which would then imply

D; (u,7) 2,3/2
> —_— > ’ . .
¢ [U] o CO<S71“1500 ro+h N ( ) (4 5)

Chose € > 0 such that ®; (¢) > 0. Let r,¢ > 0 be such that r = t'/%. Using the lower bound of
pt (z,y) and the monotonicity of ®;, we obtain from (2.12) that

el > &lulzg [ /B ()~ )i ) tz)
> ;WH (w5) /. / | (00) )P
1€a+,3
= §W—+ﬁ®1(5)D2(u,7’),

which was to be proved.
(b) Let us prove that, for any r > 0,

D; (u, p)
Elul <C sup ———=, 4.6
[ ] 0<p<r pa—i-ﬁ ( )
which would imply
D a
Eu) < Chmsup(—:fﬂr) < CN, £/2 (u). (4.7)
r—04+ ¢ ’

For any positive ¢, 7, we have by (2.15)

&l = ;[ ] (ule) ) Ppu(o )dntu)auta) = A) + B (48)
where

At) = — / /M\BM(u(sc)—u(y))zpt<x,y>du<y>du<x), (4.9)

B(t) = / / ()00, ) dpa () (). (4.10)
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To estimate A(t) let us observe that by (2.39)

* ds > ds
/ pe(z,y)du(y) < C s%®y(s )— < C’ 3 s9TBPy(5)— | (4.11)
M\B(z,r) Lp—1/8 r %thl/ﬁ S
whence by (4.1)
1
—/ pe(z,y)du(y) =o(t) ast— 0+ uniformly in x € M. (4.12)
U JM\B(z,r)

Therefore, applying the elementary inequality (a —b)? < 2(a? +b?) in (4.9) and using (4.12), we
obtain that for t — 0

A(t)

IN

% // (u()® + u(y)*)pe (2, y)dp(y)dp(z)

{z,y:d(z,y)<r}

2
! /M v </M\B(m,r) pt(w’y)du(y)> dp()
= o(1)]ull3,

whence

Jim A(t) = 0. (4.13)

The quantity B(t) is estimated as follows using the upper bound of the heat kernel, (4.4), (4.1),
and setting 7, = 27 *r

B(t) - / / (@) )P dy)tz)
< —ZtHa/ﬂ 2 (%555) //H —u(y)) du(y)du(z)
< 0% () e () 2 (410
o PP [

Finally, (4.6) follows from (4.8), (4.13) and (4.15) by letting ¢ — 0. m

4.2 Non-local case

The following theorem identifies the domain F in the case of non-local form.

Theorem 4.3 ([20]) Let p; be a stochastically complete heat kernel on (M,d, ) satisfying esti-
mate (2.35) with functions ®1 and P2 such that

Dy (s) ~ s~ (ath) fors>1 and Ps(s) < Cs(ath) for s > 0. (4.16)

Then, for any u € L? (M, i),
a,3/2
€ [u] = Ny (u) (4.17)

B/2
and, consequently, F = Ag’z/ .
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Proof. The proof is similar to that of Theorem 4.1. Fix a decreasing geometric sequence
{rk}rez and observe that by (3.7)

8/2 Dy (u, k)
Noy? () = Y0 =2
kez Tk
Using (2.15) and the upper bounds in (2.35) and (4.16) we obtain

6l = 13 [ /B (u() — u(y))*pe(, y)dp(y)du(o)

keZ (z,r)\B(Z,rk+1)

1 7“k+1 / / 9
< — d d
< w5 (155) [y Juomepaons sy M) MO 0
1 Tk+1
Z t1+o¢/,8 @2 (tl/ﬁ ) D2 (U,Tk)
Dy (u,ry)
CZ oz-i—ﬁ
keZ
CN; (),

IN

IA

whence

Eu] = lim & [u] < ONsy"? (u). (4.18)

Similarly, using the lower bound in (2.35), we obtain
28 [u] > Z t1+1a/5 7;1%1 / / Bl (u(x) — u(y))*du(y)du(z)
Z t1+a/ﬁ<b1 (7:7;) (D2 (u, %) — D2 (u, 7k 41))
- kGZZ t1+1a/ﬁ <c1>1 <7Z;751> @ <t1/5>> Ds (u, k) - (4.19)

The first part of the hypothesis (4.16) implies that there exists a large enough number a such
that

P, (2) > 2P, (s) Vs>a.

Setting 7, = a~*, we obtain from (4.19) and (4.16)

1 Tk Ds (u,7x)
Z tl-i—a/ﬂ(l)l (tl/ﬁ> D2 (U,Tk) >c Z Toe-i—ﬁ ’
{k:rk>at1/5} {k:'r’k>at1/5} k

gt [’U,] Z

N =

Letting t — 0, we conclude

) Dy (u,ry) a,8/2
Elul = %g%gt[u] > CéT ~ Nyy '~ (u),

which together with (4.18) finishes the proof. =
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4.3 Subordinated heat kernel

Let ¢ be a non-negative continuous function on [0, +-00) such that ¢ (0) = 0, and let {n,},., be
a family of non-negative continuous functions on (0, +00) such that for all ¢ > 0 and A > 0

exp (—tp (A)) = /000 n, (s) e ds. (4.20)

Then, for any heat kernel p; on a metric measure space (M, d, u), the following expression

@ (2,y) = /0 () pe (2, 9) ds (4.21)

defines a new heat kernel {g;},., on M, which is called a subordinated heat kernel to p; (and 7,
is called a subordinator). Indeed, applying (4.20) to the generator £ of p; we obtain

exp (~tp(0) = [ (o) Puds.

Comparing to (4.21) we see that ¢; is the integral kernel of the semigroup {e*ts"(ﬁ)} ¢ 8ener-

ated by the operator ¢ (£). Since {B—W(ﬁ)} >0 15 @ self-adjoint strongly continuous contraction
semigroup in L?, the family {4t} satisfies the properties (iii) — (v) of Definition 2.1. Let us
show that ¢; satisfies also (i) and (iz). Indeed, the positivity of ¢; follows from 7, > 0, and the
total mass inequality from

/M at (z,y) du (y) = /ooo n (8) (/Mps (z,y) dp (y)) ds < /OOO e (s)ds =1, (4.22)

where the last identity is obtained from (4.20) by taking A = 0. Hence, {g;},. is a heat kernel.
It follows from (4.22) that ¢ is stochastically complete if and only if p; is stochastically complete.
For example, it follows from the definition of the gamma-function that, for all ¢ > 0 and
A>0,
1

exp (—tlog(1+ X)) =(1+X) "= I‘_(t)/o stle s N g,

which takes the form (4.20) for ¢ (\) =log (1 + A) and 7, (s) = St;t—fﬁ Therefore, the operator
log (1 + £) (that generates the semigroup {(I + £)_t}t>0) has the heat kernel

1

0 o) = g5 [ s

It is well known that for any ¢ € (0, 1) there exists a subordinator 7, = ngé) such that (4.20)
takes place with ¢ (A) = A°. In this case, (4.21) defines the heat kernel g; of the operator £9.
For example, if § = % then

m (5) =~ exp <‘t_> |
! 473 4s

For any 0 < § < 1, the function 771(56) (s) possesses the scaling property

@ L @[5
Up (S)—mm (m),
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and satisfies the estimates

t
t
) (s) ~ S Vst >0 (4.24)

As s — 0+, 7756) (s) goes to 0 exponentially fast so that for any v > 0

/000 3_71756) (s)ds < oo (4.25)
(see [38] and [12]).

Lemma 4.4 ([20]) Let a heat kernel p; satisfy the estimate (2.35) where @1 (§) > 0 for some
& > 0 and P9 satisfies the condition

o0 , d
/ 8, (€) &« . 00, (4.26)
0 3
where 3 = 63, 0 < § < 1. Then the heat kernel q; (z,y) of operator L9 satisfies the estimate
1 d (LU, y) ~leth) . —a/pB t
at (z,y) =~ /B (1 + /5 ) ~min | ¢ ,W ) (4.27)

for p-a.a. z,y € M and t > 0.

Proof. Chose € > 0 such that ®; (¢) > 0. Using (4.21), (2.35), (4.24) and setting r = d (z, y),
we obtain the lower bound in (4.27) as follows:

*° 1 T (5)
> -
wiwn) > (05.00/2)°) s (7m) i (o) s

max

> o (e) / h Lt
> c®q (e max(£1/9,(r/2)) sa/B g1+9o s
—(oe/B+9)

= ctmax (tl/‘s, (r/s)ﬁ)
> ¢ min (t*a/ﬁ/,tr*(oﬁﬁl)) )
Similarly, using (4.21), (2.35), (4.23), we obtain

* 1 r

g (w,y) < /0 W% (m)m@()ds

t
< C/ YA 1/,@) pEr Ll

d
= O [ €O G

By (4.26) the above integral converges, whence

t
q (z,y) < Cm- (4.28)

On the other hand, using the upper bound p; (z,7y) < Cs~*/# and the change 7 = s/t'/? we
obtain

(z,y) <c/ a/ﬁnt = ¢ Q/W‘”/ a/gm r)dr < Ct/ (4.29)

where the last inequality follows from (4.25). Combining (4.28) and (4.29) we obtain the upper
bound in (4.27). m
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Corollary 4.5 (]20], [34]) If p: (x,y) is a stochastically complete heat kernel that satisfies the
hypotheses of Lemma 4.4, then
dome (L) = A5y /. (4.30)

Proof. By Lemma 4.4, the heat kernel ¢; of the operator £° satisfies the estimate
1 d(z,y)
qt (:U7y) — ta/ﬁ/(b < tl/ﬁ/ )

& (s) = (1+s)" @)

where

Since ¢; is stochastically complete, Applying Theorem 4.3 to the heat kernel ¢; and its generator
L% we obtain (4.30). m

4.4 The Bessel potential spaces

Let p; be a heat kernel on a metric measure space (M,d, ) and let £ be its generator. Since
L is positive definite, the operator (I + £)~° is a bounded operator in L? for any s > 0. This
operator is called the Bessel potential.
Fix # > 0, and for any o > 0 define the Bessel potential space H° as the image of (I 4+ E)fo/ﬂ,
that is
H? := (14 L) (L?) = dom 1+ £)°/7,

with the norm
ull o == || T+ £)7% ull.

This definition of H? depends on the parameter 3. A priori the value of § is arbitrary but
normally  is taken the same as in (2.35) assuming that (2.35) holds. For example, for the
Gauss-Weierstrass kernel in R we take 8 = 2. In this case £ = —A and it is easy to see that
H? (R") consists of functions u € L? (R") such that

[ @ (1 1ef) " e < o,

where w is the Fourier transform of u. Of course, this coincides with the classical definition of
the fractional Sobolev space H?(R").

The purpose of this section is to prove an embedding theorem for the space H? in a special
case when a < (.

Lemma 4.6 For any o > 0 we have H° = dom(L?/7).

Proof. Indeed, let {E)},.r be the spectral resolution of the operator L. Setting s = /8,
we have

e dom(I+£)s:{ueL2: [ drEAuH2<oo}
0

= {u e L?: / N2 d||Eyul]? < oo}
0
= dom(L?),

which was to be proved. m
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Theorem 4.7 ([24]) Assume that a heat kernel p; is stochastically complete and satisfies the
two sided estimates (2.35) where a < 3, function ®1 is such that ®1(s) > 0 for some s > 0,
and ®y satisfies the condition

oo
d
/ s9HBP, () Y < .
0 S

Then, for any o > a/2 we have
H? < C* where A\ = min (0,3/2) — a/2. (4.31)

Proof. Note that H—s H° wherever o > o’. Therefore, it suffices to prove the embedding
(4.31) for o < 3/2, which will be assumed below.

By Corollary 4.2 we have domg (£) = AP and by Corollary 4.5 domg(L%) = Ag”gﬁ /2

2,00

provided ¢ € (0,1). Using Lemma 4.6, we obtain that if o = 3/2 then

H = dom (£1/?) = dome (£) = A5/ = ASY

2,007

and if o < 3/2 then
H = dom (£7/7) = dome (£%7/%) = A3
If o > /2 then the both spaces A5’7 and Agg embed into C* (see Theorem 3.1 and Remark

2,00
3.2), which finishes the proof. m
For further results of this type see [14, Theorem 4.1], [20], [35, Theorem 3.13(a)], [37].

5 The walk dimension

5.1 An intrinsic characterization of the walk dimension

Definition 5.1 Fiz o > 0 and set

B* := 2sup {a : dim Ag‘:go = oo} (5.1)
and refer to 3% as the critical exponent of the family {Ag‘go} . of Besov spaces.
b o,>

Note that the value of 5* is an intrinsic property of the space (M,d, u), which is defined
independently of any heat kernel. For example, for R” with o = n we have §* = 2.

Theorem 5.2 ([24]) Let p; be a heat kernel on a metric measure space (M,d, p) that satisfies
the estimate (2.35).

(a) If @1 (s) > 0 for some s > 0 then dim A;"’fo/2 = 0o and, consequently, 3 < [3*.

(b) If in addition the heat kernel is stochastically complete and, for some € > 0,
[o.¢]
d
/ sa+ﬁ+8‘1>2(s)—s < 00, (5.2)
s

then Ay, = {0} for any o > /2. Consequently, 3 = (*.
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If p; is the heat kernel of the operator (—A)ﬁ/2 in R", 0 < 8 < 2, then by (1.1) it does
not satisfy (5.2). In this case, the conclusion of Theorem 5.2(b) is not true either, because [ is
smaller than 0% = 2.

Proof. (a) By Theorem 4.1(a), we have the inclusion F C Ag‘”fo/ ?. On the other hand,
F is always dense in L?, whereas it follows from Corollary 2.11 that dim L? = co. Therefore,
dimAg‘,’o’Bo/2 = 00, whence by (5.1) 8 < g*.

(b) Let us first explain why 8 = 3* follows from the first claim. Indeed, the identity A3>7 =
{0} for any o > (/2 implies that §* < (. Since the opposite inequality holds by part (a), we
conclude 8 = 3*.

Let us prove that A3’7 = {0} for any o > (3/2. It suffices to assume that o — 3/2 is positive
but sufficiently small. Namely, we can assume that € := 20 — (3 is so small that the condition
(5.2) holds.

Let us show that, for any function u € A3’ s> We have & [u] = 0. We use again the decom-
position & [u] = A(t) + B(t), where A(t) and B( ) are defined in (4.9) and (4.10) with r = 1.
Estimating B(t) similarly to (4.14) but using Ny instead of N2 572 e obtain

o0
/B T\ ot0te g\ Da(u, )
tPB(t) < CZ(tl/ﬂ) 2\ S5 JotB+e
k=0 Tk
Ds(u, ds
g DA [ oo
0<p<1 p 0 S

< ONyy (u).
Together with (4.8) and (4.13) this yields
Elu] < A(t) + Ct/PNgT(u) -0 ast— 0,
whence

Elul =lim & [u] = 0.

t—0

Since & [u] < & [u], this implies back that & [u] = 0 for all ¢ > 0.
On the other hand, choose s > 0 so that ®; (s) > 0. Then it follows from (2.15) and the
lower bound in (2.35) that

&t [u] > 2ta/1ﬁ+1 / / — u(y))dp(y)du(z),
d(z y)<st1/5}

which yields u(z) = u(y) for p-almost all z,y such that d(z,y) < st'/8. Since t is arbitrary, we
conclude that u is a constant function. Since p(M) = oo (see Corollary 2.11), we obtain u = 0.
[

Corollary 5.3 If a heat kernel p; satisfies the hypotheses of Theorem 5.2(b) then the values of
the parameters a and (B are the invariants of the metric space (M, d) alone. Moreover, we have

p~H® and €=~ Ny (5.3)

Consequently, both measure u and the energy form & are determined (up to a factor ~ 1) by the
metric space (M,d) alone.

Proof. By Corollary 2.14, « is the Hausdorff dimension of M and, hence, is the invariants of
(M, d). Furthermore, measure y is comparable with the Hausdorff measure H® so that measure

32



1 in the definition of the Besov spaces can be replaced by H*. Hence, the critical exponent (3*
of the family of the Besov spaces is the invariant of the metric space (M, d) alone. By Theorem
5.2(b), we have § = 8%, which implies that [ is determined by (M, d) as well.

The relations (5.3) follow from Corollaries 2.14 and 4.2. Finally, since measure g in the
definition of the seminorm N2of £/ 2

Na7ﬁ/2

2,00
E. m ‘

Assume that there are two heat kernels pgz) (z,y), ¢ = 1,2, on a metric measure spaces

(M , d,,u(z)) where the underlying metric space (M,d) is the same but measures u(!) and p(?)

can be replaced by the Hausdorff measure H%, the seminorm

is determined by the metric space structure alone, whence the same holds for the energy

may be different. Let £%) be the corresponding energy forms. Assume that each heat kernel

pgi) satisfies the hypotheses of Theorem 5.2(b) with parameters a® and ,B(i), respectively. Then

it follows from Corollary 5.3 that o) = (2, ﬂ(l) = B(Q), p ~ 1@ and €D ~ €@ Let us
show an example of application of this result.

Example 5.4 Consider in R” the Gauss-Weierstrass heat kernel

(l’ )_ 1 e _|$_y|2
Dt yY) = (47rt)n/2 Xp At

and its generator £ = —A in L? (R") with the Lebesgue measure. Then a = n, 3 = 2, and

£u] = / Vu|? da.

Consider now another elliptic operator in R"™:
1 - 0 d
L=———— — | aij —, 5.4
m (z) ijzzl Ox; (a 5 (@) 8xj) (54)

where m (x) and a;; (z) are continuous functions, m (x) > 0 and the matrix (a;; (x)) is positive
definite. The operator L is symmetric with respect to measure

dp =m(z) dz,

and its energy form is
Ou Ou

Let d(x,y) = |x —y| and assume that the heat kernel p; (x,y) of L satisfies the conditions of
Theorem 5.2(b). Then we conclude by Corollary 5.3 that « and § must be the same as for
the Gauss-Weierstrass heat kernel, that is, o = n and 8 = 2; moreover, measure p must be
comparable to the Lebesgue measure, which implies that m ~ 1, and the energy form must
admit the estimate

& [u] :/ \Vul|® dz,

which implies that the matrix (a;; (z)) is uniformly elliptic. Hence, the operator £ is uniformly
elliptic. By Aronson’s theorem (see [1], [33]), we obtain that the heat kernel of L satisfies the
estimate

~ O e [zl
pt(z,y) =~ 7z OXP |~ : (5.5)

The conclusion is that the estimate (5.5) for the operator (5.4) holds if and only if m ~ 1 and

(aij (x)) is uniformly elliptic (assuming that £ is stochastically complete). As far as we know,
the necessity part of this statement is a new result.
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5.2 Inequalities for the walk dimension

Definition 5.5 We say that a metric space (M, d) satisfies the chain condition if there exists
a (large) constant C such that for any two points x,y € M and for any positive integer n there
exists a sequence {z;};_, of points in M such that zg = z, z,, = y, and

d
d@hmﬂ)<0(2yx for all i = 0,1,...,n — 1. (5.6)

The sequence {z;};", is referred to as a chain connecting z and y.

For example, the chain condition is satisfied if (M, d) is a length space, that is if the distance
d(z,y) is defined as the infimum of the length of all continuous curves connecting = and y, with
a proper definition of length. On the other hand, the chain condition is not satisfied if M is a
locally finite graph, and d is the graph distance.

Recall that the critical exponent §* = 3*(M,d, u) of the family of Besov spaces A;’go was
defined by (5.1).

Theorem 5.6 ([24]) Let (M,d, ) be a metric measure space.
(@) If0 < p(B(z,1)) < 00 for allx € M and r > 0, and
w(B(z,r)) < Cr® (5.7)

forallz € M and 0 <r <1 then
8 > 2. (5.8)

(b) If the space (M,d) satisfies the chain condition and
u(B(z,r)) ~r* (5.9)

forallz € M and 0 <7 <1 then
B* <a+l. (5.10)

Observe that the chain condition is essential for the inequality * < a+1 to be true. Indeed,
assume for a moment that the claim of Theorem 5.6(b) holds without the chain condition, and
consider a new metric d’ on M given by d’ = d'/7 where v > 1. Let us mark by a dash all
notions related to the space (M,d’, ) as opposed to those of (M,d, n). It is easy to see that
o = ary and N('m = N,; in particular, the latter implies 3* = 3*v. Hence, if Theorem 5.6 could
be applied to the space (M,d’, u) it would yield 5%y < ay + 1 which implies §* < « because 7y
may be taken arbitrarily large. However, there are spaces with 8* > «, for example SG.

Clearly, the metric d’ does not satisfy the chain condition; indeed the inequality (5.6) implies

d'(z,y)

d,($i7$i+1) S C nl/'Y

, (5.11)

which is not good enough. Note that if in the inequality (5.6) we replace n by n'/7 then the
proof below will give 8* < a + « instead of 8* < o+ 1.

Corollary 5.7 Let p; be a stochastically complete heat kernel on a metric measure space (M, d, 1)
that satisfies the estimate (2.35) where ®1 (s) > 0 for some s > 0.

(a) If for some e >0
/ TR, (s) % < 00 (5.12)

then 3 > 2.
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(b) If (M,d) satisfies the chain condition and

/OOO s9®s (s) 5 <o (5.13)

then 8 < a—+1.

(¢) If (M,d) satisfies the chain condition and for some € > 0

o
/ sPotlteg, (s) ds < 00 (5.14)
0 S

then
2<pB<a+1l. (5.15)

Note that by Lemma 2.7, the condition (5.14) can occur only for a local Dirichlet form &£.
The set of couples (o, 3) satisfying (5.15) is shaded on Fig. 8.

Ba

\ 4

Figure 8: Theset 2 < < a+1

By [5], any couple of «, 8 satisfying (5.15) can be realized for the heat kernel estimate

Bz q)\ P
pr(z,y) < ta%exp <—c (d (tay))ﬂ > ’ (5.16)

with a local Dirichlet form.
In the case of a non-local form, we can only claim by Corollary 5.7(b) that

0<pB<a+l.

In fact, any couple «, 8 in the range 0 < § < a + 1 can be realized for the estimate

1 d(z,y)\

Indeed, if £ is the generator of a diffusion with parameters a and [ satisfying (5.16) then the
operator £, § € (0,1), generates a jump process with the walk dimension 3’ = §3 and the same
a (cf. Lemma 4.4). Clearly, 8 can take any value from (0, + 1). We do not know whether the
walk dimension for a non-local form can be equal to o + 1.

Proof of Corollary 5.7. (a) By Theorems 2.10(a) and 5.6(a) we have §* > 2, and by
Theorem 5.2(b) we have 8 = 8%, whence 3 > 2.
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(b) By Theorems 2.10(b) and 5.6(b) we have 8 < a + 1, and by Theorem 5.2(a) we have
6 < B*, whence 8 < o+ 1.

(c) By part (b), we have 8 < a + 1. Therefore, (5.14) implies (5.12), and by part (a) we
obtain 3> 2. m

Corollary 5.8 Let (M,d) satisfy the chain condition and p; be a stochastically complete heat
kernel on (M,d,p) such that

_ C d(z,y)
e (z,y) < ta/b’q) (c B ) (5.17)
Then 8 < a+ 1.

Proof. Asin the proof of Corollary 2.12, the estimate (5.17) implies that function ® satisfies
(5.13) and ® (s) > 0 for some s > 0, whence the claim follows by Corollary 5.7(b). =

Proof of Theorem 5.6(a). Let us show that dim Ag‘;o = 00, which would imply by
definition (5.1) of 5* that 5* > 2. Fix a ball B(xg, R) in M of a positive radius R, and let u(z)
be the tent function of this ball, that is

u(r) = (R —d(z,0)), - (5.18)

Let us show that u € Agolo Indeed, by (3.5), it suffices to prove that for some constant C' and
forall0 <r <1

= —u(y)|? x r2te, .
D)= [ [ Jute) —ulo)Pduante) < 0% (5.19)

Since the function u vanishes outside the ball B(zg, R) and r < 1, the exterior integration in
(5.19) can be reduced to B(zg, R+ 1). Using the obvious inequality

u(z) —u(y)| < d(z,y) <,
and (5.7) we obtain
Dy(u,r) < C rp (B (z,7)) du(z) = Cr**e,
B(mo,R+1)

whence (5.19) follows. Note also that ||ul|2 # 0 which follows from p(B(zo, R)) > 0.

Observe that M contains infinitely many points. Indeed, by (5.7) the measure of any single
point is 0. Since any ball has positive measure, it is an uncountable set. Let {x;};°, be a sequence
of distinct points in M. Fix a positive integer n and choose R > 0 small enough so that all balls
B(z;,R), 1 =1,2,...,n, are disjoint. The tent functions of these balls are linearly independent,
which implies dim Ag‘olo > n. Since this is true for any n, we conclude dim Ag‘;o =00. N

We precede the proof of Theorem 5.6(b) by a lemma.

Lemma 5.9 Let {z;}; , be a sequence of points in a metric space (M,d) such that for some
p > 0 we have d(zg,z,) > 2p and

d(xi, zit1) <p foralli=0,1,...,n—1. (5.20)
Then there ezists a subsequence {x;, }2:0 such that
(a) 0=1ip<i1 <..<i =mn;

(b) d(ws), i) <5p forallk=0,1,...,1 —1;
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(¢) d(ziy, ;) > 2p for all distinct k,j =0,1,...,1.

The significance of conditions (a), (b), (c) is that a sequence {z;, }2:0 satisfying them gives
rise to a chain of balls B(z;, , 5p) connecting the points x¢ and z,, in a way that each ball contains
the center of the next one whereas the balls B(x;,, p) are disjoint. This is similar to the classical
ball covering argument, but additional difficulties arise from the necessity to maintain a proper
order in the set of balls.

Proof. Let us say that a sequence of indices {ik}ig:o is good if the following conditions are
satisfied:

(@) 0=1ip <iyp <..<ip;
(') d(ziy,z4,,,) <3pforall k=0,1,..,1 - 1;
(¢) d(xi,,xi;) > 2p for all distinct k,j =0,1,...,1.

Note that a good sequence does not necessarily have i; = n as required in condition (a). We
start with a good sequence that consists of a single index 79 = 0, and will successively redefine
it to increase at each step the value of 4;. A terminal good sequence will be used to construct a
sequence satisfying (a), (b), (¢).

Assuming that {ik}gc:o is a good sequence, define the following set of indices

S:={s:iy <s<nandd(zs,z;) >2p forall k<lIl},

and consider two cases.
Set S is non-empty. In this case we will redefine {ix} to increase ¢;. Let m be the minimal
index in S. Therefore, m — 1 is not in .S, whence we have either m — 1 < 4; or

d(xm—1,x;,) < 2p for some k <1 (5.21)
(see Fig. 9). In the first case, we have in fact m — 1 = 4; so that (5.21) also holds (with k = 1).

X=Xo X,

<3p <2p Xi I

<p

Y=Xn Xm Xm-1
Figure 9: Illustration to the proof of Lemma 5.9

By (5.21) and (b') we obtain, for the same k as in (5.21),
d(xm, xi),) < d(@Tm, Tm—1) + A(Tm—1,24,) < 3p.

Now we modify the sequence {i;} as follows: keep ig, 1, ..., as before, forget the previously
selected indices tx+1, ..., %, and set i1 :=m and [ :=k + 1.

Clearly, the new sequence {ik}ézo is also good, and the value of i; has increased (although
[ may have decreased). Therefore, this construction can be repeated only a finite number of
times.

Set S is empty. In this case, we will use the existing good sequence to construct a sequence
satisfying conditions (a), (b), (c). The set S can be empty for two reasons:
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e cither iy =n

e or j; < n and for any index s such that i; < s < n there exists k <[ such that d(zs, z;,) <
2p.

In the first case the sequence {zk}gC o already satisfies (a), (b), (c), and the proof is finished.
In the second case, choose the minimal k£ <[ such that d(z,,z;,) < 2p (see Fig. 10).

X= XO * Z( I k-1 'S Xl Kk
¥<SP ////(‘
<5p <2p X,

Y=Xn

Figure 10: Illustration to the proof of Lemma 5.9

The hypothesis d(z,,xg) > 2p implies k > 1, and we obtain from (b')
d(zp, zi,_,) < d(xn, ;) + d(zi,, zi,_,) < 5p.

By the minimality of k, we have also d(zn,z;;) > 2p for all j < k. Hence, we define the final
sequence {i;} as follows: keep i, %1, ..., i—1 as before, forget i, ..., 7, and set i := n and [ := k.
Then this sequence satisfies (a), (b),(c). m

Let A be a subset of M of finite measure, that is u(A) < co. Then any function u € L? is
integrable on A, and let us set

1 / d
ug = —— | udpy.
1(A) Ja
For any two measurable sets A, B C M of finite measure, the following identity takes place
[ [ 1@ — ) dute)duty) (522)
AJB
= () [ fu—usl e plB) [ Ju sl p(A)(B) fua — usl?

which is proved by a straightforward computation.

Proof of Theorem 5.6(b). The inequality §* < a + 1 will follow from (5.1) if we show
that, for any o > a“ , the space A2 - contains only constants, that is, N2 ?(u) < oo implies
u = const. By deﬁnltlon (3.5) of Ny, 7 and (5.9) we have, for any 0 < r <1,

N () > er™ / [ @) - uly)Pdu(wdnte). (5.23)
(zy)<r}

Fix some 0 < r <1 and assume that we have a sequence of disjoint balls {Bk}szo of the same
radius 0 < p < 1, such that for all K =0,1,...;,1 — 1

x€ By and y€ By = d(z,y)<r. (5.24)
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Then (5.23), (5.22), and (5.9) imply
-1
N = e ey [ ) - uw) duty)dnto)
k=0 Y Bk ¥ Brt1
-1

> cr_2”_ap2a Z |UBk —UB,, |2 . (5.25)
k=0

By the chain condition, for any two distinct points x,y € M and for any positive integer n there
exists a sequence of points {z;};_, such that zy = z, 2, = y, and

d(zi, xi41) < C@ :=p, forall0<i<n.

Assuming that n is large enough so that d(z,y) > 2p and p < 1/7, we obtain by Lemma 5.9
that there exists a subsequence {z;, }2:0 (where of course ! < n) such that z;, = z, x;, = y, the
balls {B (z;,,p)} are disjoint, and

d(@iy, vy, ) < 5p, (5.26)

forall k=0,1,....,0 — 1.
Applying (5.25) to the balls By, := B (z;,, p) and setting » = 7p < 1 (which together with
(5.26) ensures (5.24)) we obtain

-1

9 2
N;; (u) = cp ? MZ ‘uBk _uBkJrl‘
k=0
W= 2
—2
> cp U+a7 (Z ‘uBk ~ UBp4q ‘)
k=0
—20+a 1 2
> cp - |UB0 - uBl|
n
2
- UB(z,p) — “B(y,p)‘
> cp 2’”‘““‘ . (5.27)
d(z,y)

By the Lebesgue theorem, we have, for py-almost all x € M,

})IL% UB(z,p) = u(z), (5.28)

It follows from (5.27) and (5.28) as n — oo (that is, as p — 0) that, for p-almost all z,y € M,
2

@) =) _ ¢y (o i

20—a—1
d(z,y) = A0 '

Since 20 > o+ 1 and Ny (u) < oo, the above limit is equal to 0 whence u = const. m

6 Two-sided estimates in the local case

6.1 The Dirichlet forms in subsets

Let (£,F) be a Dirichlet form in a metric measure space (M,d, ). Let £ be the generator of
£ and consider the corresponding heat semigroup P; = e *£, ¢ > 0. Denote by Ry, A > 0, the
resolvent operator of £, that is,

Ry = (L4 Xid) ™.
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For any open subset 2 C M, let Fy () be the set of functions from F whose support is
compact and is contained in Q. Then define F () as the closure of Fy (2) in F with respect to
the & -norm. It follows that any function from F (€2) vanishes in Q¢ and, hence, can be identified
as an element of L? (Q2). If F () is dense in L? (Q) then (£, F (Q2)) is a Dirichlet form in L? (2).
In this case, denote by L%, PtQ, R? respectively the generator, the heat semigroup, and the
resolvent of (£, F (Q2)). If f € L? (M) then set P{*f := P (f|a) and R f := RS (fla).

In general F (£2) need not be dense in L? (2). However, if the Dirichlet form (€, F) is regular,
that is, Co (M) N F is dense both in F and Cy (M) then Fy () is obviously dense in L? (2). In
this case, F (€2) coincides with the closure of F N Cp (2) in F, and (€, F (2)) is also a regular
Dirichlet form (see [18, Corollary 2.3.1, p.95 and Theorem 4.4.2, p.154)).

6.2 Maximum principles

We cite here two lemmas referring to [23, Appendix] for the proofs.
We say that a function w € F satisfies the inequality Lw < f weakly in an open set Q2 C M
where f € L% (), if, for any non-negative function ¢ € F (£2)

& (waSO) < (f7 QO)LQ :

Similar one defines the opposite inequality and equality. For example, if f € L2 (M) and
w = Ry f then w satisfies the equation

Lw+ w=f
weakly in any open set Q C M.

Lemma 6.1 Let (€, F) be a local regular the Dirichlet form in (M,d,n). Let Q C M be a
precompact open set and A > 0. If a function w € F N L* (M) is such that 0 <w <1 in Q and
w satisfies weakly in ) the inequality

Lw+  w <0, (6.1)

then
w < 1— AR in Q. (6.2)

Lemma 6.2 Let (€, F) be a regular Dirichlet form in (M,d,n). For any open subset U C M,
for any compact set K C U, for any non-negative function f € L* (M), for all t > 0, and for
w-almost all x € M, we have

0 < Pf(z) — P f(x) < sup essup P;f. (6.3)
sel0] Ke

6.3 Tail estimate

If B = B (z,r) then we use aB as a shorthand for B (z, ar).

Theorem 6.3 ([21], [23]) Assume that (€, F) is a regular conservative Dirichlet form in L?(M, 1)
and let all metric balls in M be precompact. Fix 3 > 0. The following conditions are equivalent:

(i) For any e € (0,1) there exists K > 0 such that, for any t > 0 and any ball B = B(xg,r)
with r > KtY/P,

1
Plpc <e ae.in ZB' (6.4)
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(ii) For any e € (0,1) there exists K > 0 such that, for any t > 0 and any ball B = B(xq,T)
with r > KtY/8,

1
PBlp>1—¢ ae. in ZB’ (6.5)

(#i1) For any € € (0,1) there exists K > 0 such that, for any X > 0 and any ball B = B(xg,r)
with r > KA\~Y8,

1
ARB1p>1—¢ ae. in B (6.6)

Remark 6.4 If the heat semigroup P, possesses the heat kernel p; (x,y) then the condition ()
can be equivalently stated as follows: for any £ € (0,1) there exists K > 0 such that, for all
t>0,r > Kt'/8 and almost all z € M,

[ meydut) < (67)
B(z,r)°
Indeed, for any ball B (zg,r) and for almost all x € B (xo,7/4) (or even x € B (x0,7/2)), we
have
Ppr @ = [ men)du) < [ p@y)dut).
B(zo,r)°¢ B(z,r/2)¢

so that (6.7) implies (6.4) (with K being replaced by 2K). Similarly, for almost all z €
B (.’130, 7"/2),

/ pe (2, y) du (y) < / pe (7, y) dp (y) = Pilpgyr/2)c (2),
B(z,r)° B(zo,r/2)°

so that (6.4) implies (6.7), for almost all x € B (z¢,r/8). Covering M be a countable family of
balls of radius r/8, we obtain that (6.7) holds for almost all z € M.

Proof of Theorem 6.3. (i) = (ii). Applying the estimate (6.3) of Lemma 6.2 to function
f =11z, we obtain that
2

PP1.,4(x) > Pil1g(z) — sup essup Pslig, (6.8)
2 2 SE[O,t] (%B)c 2

for all t > 0 and a.e. z € M. For any z € 1B, we have that B(z,r/4) C 1B (see Fig. 11). Using
(6.4) and the identity P;1 = 1 a.e., we obtain, for any x € }lB,

Plyp=1-Pl(1pe > 1— Plpg e
Applying the hypothesis (7) for the ball B (x,r/4), we obtain that
Plp, e <€ ae. in B(z,7/16),

provided
2 > KtY/8 (6.9)

with sufficiently large K. It follows that, for any x € %B,
Plip>1—cae. in B(z,r/16),
2
whence

1
Pligy>1—cae. in ZB. (6.10)
2
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Figure 11: Illustration to the proof of (i) = (i7)

On the other hand, for any y € (%B)c, we have B C B (y,r/4)° (see Fig. 11)), whence
Pl < Polpgyr/ae

Applying the hypothesis (i) for the ball B (y,r/4) at time s, we obtain that if (6.9) holds for
sufficiently large K then, for all 0 < s < ¢,

Pslp(yr/ac <€ ae.in B(y,7/16).
It follows that, for any y € (%B)c,
P15 <caee. in B(y,r/16),
2

whence .
3
Pl.,;<cae. in (ZLB> . (6.11)
2

Combining (6.8), (6.10) and (6.11), we obtain that, under the condition (6.9),
1
PP1p > PP1.15,>1—2¢ ae. in 15 (6.12)
2

which is equivalent to (6.5).
(i1) = (iii). By (ii), we have (6.5) provided t < (r/K)” whence

o0 (r/K)?
ARP1p = )\/ e M PB1pdt > A/ e M PP1pdt > (1—¢) <1 _ 6—A<r/K>B) ,
0 0

which holds almost everywhere in é—llB. If

A (%)ﬁ > logé (6.13)



then we obtain .
ARP1p > (1—¢)? ae. in ZB,

which is equivalent to (6.6). The condition (6.13) is equivalent to

g 1) /2
rzK( iﬁ) , (6.14)

which can be assumed to be true by the hypothesis of (7).
(731) = (7). Let us first show that, for all ¢,A > 0,

PP1p>1-eM(1-AR{1p). (6.15)
Indeed, using the facts that PSB 15 <1p and

PE 15 = PP (PP1p) < PP1p,
we obtain that

ARS1p = A/ e M PP1pds
0

t e8]
= )\/ e MPB1pds+ )\/ e M¥PB1gds
0 t

o0
< (1 - eiAt) + )\/ e*)‘(SH)PgtlB ds
0
<1- e—/\t + C_AtPtB].B,

thus giving (6.15).
Given € € (0,1), ¢t > 0 and r > Kt'/# (where K is defined by the hypothesis (i44)), choose A
from the condition r = KA™'/#. Then it follows from (6.6) and (6.15) that

1
Plp > PtBlg >1—ceMae. in ZB'

Using P;1 <1 and observing that

AtgA(%)ﬂzl,

we obtain )
Plge=1—-— Pl < ceM < ceea.e. in ZLB’

which is equivalent to (6.4). m
The following statement is an extension of Theorem 6.3 in the case of a local Dirichlet form.

Theorem 6.5 ([21], [23]) Assume that all the hypotheses of Theorem 6.3 hold, and in addition
that the Dirichlet form (£,F) is local. Then each of the conditions (i), (it), (iii) of Theorem
6.3 is equivalent to the following:

(iv) There are ¢,C > 0 such that, for all A\;t > 0 and any ball B = B(xg,r),

essup P1ge < Cexp ()\t - cr)\l/ﬁ> . (6.16)
iB
2
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Remark 6.6 If in addition the heat semigroup P; possesses the heat kernel p; (z,y) then the
condition (iv) can be equivalently stated as follows: for all A, ¢,7 > 0 and for almost all x € M,

/ pe(x,y)du (y) < Cexp ()\t — cr)\l/ﬁ) (6.17)
B(z,r)°

B
cf. Remark 6.4). If 3 > 1 then taking A = ($f) 7', we obtain from (6.17
2t

B\ BT
[ mwdut) < Con (7) .
B(z,r)°

Proof of Theorem 6.5. Let us first prove that (iv) = (7). Assuming that r > Kt'/% and
setting A = 1/t, we obtain
At —cerA/P =1 ¢K.

Hence, the right hand side of (6.16) can be made arbitrarily small, provided K is big enough,
which yields (6.4).

Now we prove the main implication (¢i¢) = (iv). This proof is rather long and will be split
into five steps.

Step 1. We claim that, for any € > 0, there exists K > 0 with the following property: if a
function w € F N L*® (M) is such that 0 <w <1 in a ball B = B (z,r) and w satisfies weakly
in B the equation

Lw+ dw =0,

where A > 0 and r are related by
r>K\VA
then
<ea.e. in -B.
w<eae in

Indeed, since the Dirichlet form & is local and the ball is precompact, we have by Lemma 6.1
that

w<1—ARP1pae. in B.
By (iii), we have

1
ARE1p >1—cae in ZB’

provided r > KA™Y/? where K is now defined by the condition (¢i7). Combining the above two
lines, we finish the proof of the claim.
Step 2. Let us show that there exists ¢ > 0 such that, for any ball B = B (xo,r) and any
A >0,
essup (AR)1pc) < exp (—cr)\l/ﬂ + 1) , (6.18)
B(zo,9)

where 6 = § (A\) > 0. Choose some R > 4r and consider the functions

® = 1B(20,R)\B(x0,r)

and
u = AR)¢. (6.19)

It suffices to prove that

essup u < exp (—cr)\l/ﬁ + 1) , (6.20)
B(a:o,é)
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and then let R — co. Since 0 < p < land ¢ € L? (M),wehave0 <u<lonM,u € dom/l C F,

and u satisfies in M the equation
Lu+ du = Ao. (6.21)

It suffices to assume that
cr > )\*1/[3, (6.22)

(where ¢ > 0 is to be specified later) because otherwise (6.20) is trivially satisfied due to u < 1.
Let n > 2 be an integer to be determined later on. For any 1 < i < n, set r; = %,

b; = essup u,

B(zo,ri)
and, for 1 <i < n,
wi(z) = M
bit1

Clearly, w; € F N L™ (M). Since ¢ =0 in B (zg,r), it follows from (6.21) that
Lw; + Aw; = 0 weakly in B (xo,r).

By definition of b;y1, we have 0 < w; < 1 in B (xg,7;+1). In particular, the same inequality
holds in any ball B (z,r;) for any = € B (zg,r;) (see Fig. 12).

I}
i
|
i
1
i
1
1
i
\
\
\
\

Figure 12: Balls B (zg,7;) and B (zo,7i+1)

Therefore, by Step 1 with € = e~!, we have that

1
wi<e ltae in Bz -r),
4

provided
r > KAY8, (6.23)

for an appropriate constant K. It follows that
essup w; < e_l,
B(zo,ri)
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that is,
b; < eilbﬂ_l. (6.24)

Before we proceed further, let us make sure that the condition (6.23) is satisfied. Since 1 = r/n,
it is equivalent to

rAL/B
<
n < 7k

rAl/P
n= % |-

Choosing in (6.22) ¢ = 51, we obtain that n > 2. Note also that

so that we can choose

n > 2er\Y/B 1,

Now, iterating (6.24) and using the fact that b, < 1, we obtain

b < e_("_l)bn < e /2 < exp (—cr)\l/ﬁ + 1) .

Clearly, this implies (6.20), where ¢ can be anything < r; = 7; for example, set § = KX~V/8,
Let us note that the iteration argument in this part of the proof is motivated by that in [26]
for the setting of infinite graphs.
Step 3. Let us show that there is K > 1 such that for any ball B = B (zg,r) with

r> KX Y8 (6.25)

we have

essinf (AR\1pc) >

6.26
e (6.26)

N

Indeed, for any = € (2B)°, we have B(z,r) C B¢, whence by the condition (7ii),
1 . 1
AR)\1pe > AR\1p(y ) > 5 &€ in B (m, ZT) .

provided (6.25) is satisfied with an appropriate K. Hence, (6.26) follows.
Step 4. Let us show that, for any non-negative function f € L> (M), the function u = ARy f
satisfies the inequality
Pu < eMu in M. (6.27)

for arbitrary ¢, A > 0. Indeed, we have
Pou =\ / e NP fds
0

= / e AP fds

t

o0
= e)‘t)\/ e_)‘sPsf ds < eMu.
t

Step 5. Finally, let us prove (6.16). Let ¢ be the same as in (6.18) (Step 2), so that for any
A > 0 and for u = AR)1pec,

essup u < exp (—cr)\l/ﬁ + 1) . (6.28)
B(CC(),(S)
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Let A > 0 be such that (6.25) is satisfied. Then it follows from (6.26) that
1 .
u > 51(23)6 in M.
Applying P; to the both sides of this inequality and using (6.27), we obtain
1
51%1(23)c < Pu < eMu, (6.29)
which together with (6.28) yields

essup P;1(ypy < Cexp ()\t - cr)\l/ﬂ> , (6.30)
B(mo,ﬁ)

where C' = 2e.
If A is such that (6.25) fails, that is, » < KA~/8 then (6.30) holds trivially with C' = e°X,
Hence, (6.30) holds for all A > 0, which is equivalent to (6.16). m

6.4 Identifying ® in the local case

Now we can state and prove the main result.

Theorem 6.7 ([25]) Assume that the metric space (M,d) satisfies the chain condition and all
metric balls are precompact. Let p; (x,y) be a stochastically complete heat kernel in a metric mea-
sure space (M,d, ). Assume that the associated Dirichlet form &€ is regular, and the following
estimate holds with some o, 8 >0 and ® : [0,4+00) — [0, 4+00):

c d(z,y)
bt (x,y) - ta/ﬂcI) <C tl/ﬂ : (631)
Then the following dichotomy holds:
s
e cither the Dirichlet form & is local, 2 < f < a+1, and ® (s) < Cexp <—csﬂ>.

e or the Dirichlet form & is non-local, 0 < f < a+1, and ®(s) ~ (1 + s)_(o‘+ﬁ).

Proof. By Corollary 5.8, we have 8 < o+ 1. If the form £ is non-local, then, by Corollary
2.9, ® satisfies (2.31), which finishes the proof in this case.
Assume now that the form & is local. By Lemma 2.8, the lower bound in (6.31) implies that
(2.28), that is,
®(s) < C(1+s) @, (6.32)

By Corollary 2.10, we have for all balls
w(B(x,r)) ~r*. (6.33)

Let us show that, for any € > 0 there is K > 0 such that, for all t > 0, r > Kt'/8 and almost
all x € M,

| meydut) < (6:39)
B(z,r)¢
Indeed, using (6.31) and (6.33), we obtain as in the proof of Theorem 2.10(b)
o o ds
| meyd <c 2D (s) 2. (6.35)
B(z,r)¢ %r/tl/ﬁ S



Since by (6.32) the integral in the right hand side of (6.35) converges, we see that the integral
can be made smaller than e provided r/ t1/8 is large enough, which was claimed.

The heat semigroup {P;} satisfies all the hypotheses of Theorems 6.3 and 6.5. Since the
condition (i) of Theorem 6.3 is satisfied by (6.34), we conclude by Theorem 6.5 that, for all
t,r,A > 0 and for p-a.a. x € M,

/ pt (z,y) dp (y) < Cexp ()\t - cr)\l/ﬁ) . (6.36)
B(z,r)°

If B < 1 then letting in (6.36) A — oo, we obtain that the right hand side in (6.36) goes to 0.
Letting then r — 0, we obtain that, for almost all x € M,

/ Pt (@) du (y) = 0,
M\{z}

which was shown to be impossible in the proof of Corollary 2.12. This contradiction proves that
B>1
Setting in (6.36)

(Cr>ﬂﬂ‘1, i3> 1,

A=1{ \2t
t1, ifg=1
we obtain that, for all positive r,¢ and almost all z € M,
5\ 71
/ pr () dpe(y) < { P <_C (TT)B_ ) , HG>1 (6.37)
B(z,r)° Cexp (_C%) ’ =1

(where the constants constants ¢, C' may be different from those of (6.36)).
By (2.2), we have, for all ¢ > 0, almost all z,y € M, and r := %d(:v,y),

ey = [ @)y G dule)

< (/ - >pt<x,z>pt<z,y>du<z>
B(z,r)¢ B(y,r)°¢ 2 2

< esswp (20) [ py (@) due) +essuppy (82) [ py (5,2)du(o).
zeM 2 B(z,r)¢ 2 zeM 2 B(y,r)¢ 2

Since by (6.31) esssup p; < Ct~*/8 combining this with (6.37) we obtain, for almost all z,y € M,

1
< B—1
ai/ﬁexp (—c <M> ), ifg>1
prlay)<{t t (6.38)
C T .
o exp (—c;) , ifg=1

Now we use Corollary 5.7(a). By (6.31) and (6.38), the heat kernel satisfies the two-sided
estimates (2.35) with the following functions:

@y (s) :=CP (cs)

and

B .
By (s) = Cexp (—csﬁ—l> , ifB>1,
Cexp (—cs), if 3=1.
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As was mentioned above, the heat kernel cannot identically vanish off the diagonal, which implies
that ®; (s) > 0 for some s > 0. Function ®; clearly satisfies the hypothesis (5.12) of Corollary
5.7(a). Hence, we conclude by Corollary 5.7(a) that 5 > 2.

If 3 > 2 (in fact, 8 > 1 is enough), then the standard chaining argument using the chain
condition (cf. [2], [24, Corollary 3.5]) shows that the lower bound in (6.31) implies the lower
bounds

C d° (x, B-1
pe(2,y) > 7a/B &P | —¢ (%) : (6.39)

Combining (6.38) and (6.39) with (6.31), we obtain
B
® (s) < Cexp (—csﬁ—l> ,

which finishes the proof. =
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