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Abstract

We establish a gluing theorem for monopoles over 4-manifolds con-
taining long necks. The theorem is stated in terms of an ungluing map
defined explicitly in terms of data that appear naturally in applications.
Orientations of moduli spaces are handled using Benevieri-Furi’s con-
cept of orientations of Fredholm operators of index 0.
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1 Introduction

In this paper we prove a gluing theorem for monopoles suitable for the con-
struction of Floer homology groups in the simplest cases and for establishing
certain gluing formulae for Seiberg—Witten invariants of 4-manifolds (to be
discussed in [12} [13]).

There is now a large literature on gluing theory for instantons and
monopoles. The theory was introduced by Taubes [23, 24], who used it
to obtain existence results for self-dual connections over closed 4—manifolds.
It was further developed in seminal work of Donaldson [3], see also Freed—
Uhlenbeck [9]. General gluing theorems for instantons over connected sums
were proved by Donaldson ] and Donaldson-Kronheimer [6]. In the setting
of instanton Floer theory there is a highly readable account in Donaldson [5],
see also Floer [8] and Fukaya [T4]. Gluing with degenerate asymptotic lim-
its was studied by Morgan—-Mrowka [19]; part of their work was adapted
to the context of monopoles by Safari [21]. Nicolaescu [20] established glu-
ing theorems for monopoles in certain situations, including one involving
gluing obstructions. Marcolli-Wang [I7] discuss gluing theory in connection
with monopole Floer homology. For monopoles over closed 3—manifolds split
along certain tori, see Chen [2]. Finally, gluing theory is a key ingredient in
a large programme of Feechan—Leness [7] (using ideas of Pidstrigach-Tyurin)
for proving Witten’s conjecture relating Donaldson and Seiberg—Witten in-
variants.

As should be evident from this brief survey, there are many different
hypotheses under which one can consider the gluing problem. This paper
does not aim at the utmost generality, but is an expositary account of gluing
in what might be called the favourable cases. More precisely, we will glue
precompact families of regular monopoles over 4-manifolds with tubular
ends, under similar general assumptions as in [I1]. Although obstructed
gluing is not discussed explicitly, we will show in [I2] how the parametrized
version of our gluing theorem can be used to handle one kind of gluing



obstructions.

One source of difficulty when formulating a gluing theorem is that gluing
maps are in general not canonical, but rather depend on various choices
hidden in their construction. We have therefore chosen to express our gluing
theorem as a statement about an ungluing map, which is explicitly defined
in terms of data that appear naturally in applications.

If X is a 4-manifold with tubular ends and X the glued manifold as
n [I1], then the first component of the ungluing map involves restricting
monopoles over X(T) to some fixed compact subset K ¢ X (which may
also be regarded as a subset of X(T) when each Tj is large). In the case of
gluing along a reducible critical point, the ungluing map has an additional
component which reads off the U(1) gluing parameter by measuring the
holonomy along a path running once through the corresponding neck in
X,

Ungluing maps of a different kind were studied already in [3, @], but later
authors have mostly formulated gluing theorems in terms of gluing maps,
usually without characterizing these maps uniquely.

The proof of the gluing theorem is divided into two parts: surjectivity
and injectivity of the ungluing map. In the first part the (quantitative)
inverse function theorem is used to construct a smooth local right inverse f
of an “extended monopole map” Z. In the second part the inverse function
theorem is applied a second time to show, essentially, that the image of ¢
is not too small. There are many similarities with the proof of the gluing
theorem in [6], but also some differences. For instance, we do not use the
method of continuity, and we handle gluing parameters differently.

It may be worth mentioning that the proof does not depend on unique
continuation for monopoles (only for harmonic spinors), as we do not know
whether solutions to our perturbed monopole equations satisfy any such
property. (Unique continuation for genuine monopoles was used in [IT],
Proposition 4.3] in the discussion of perturbations, but this has little to
do with gluing theory.) Therefore, in the injectivity part of the proof, we
argue by contradiction, restricting monopoles to ever larger subsets K C X.
This is also reflected in the statement of the theorem, which would have
been somewhat simpler if unique continuation were available.

We also give a detailed account of orientations of moduli spaces, using
Benevieri-Furi’s concept of orientations of Fredholm operators of index 0 [TJ.
This seems simpler to us than the standard approach using determinant line
bundles. Our main result here, Theorem ET], tells when the ungluing map
preserves resp. reverses orientation. The length of this part of the paper is
much due to the fact that we allow gluing along reducible critical points and



that we work with (multi)framed moduli spaces (as a means of handling
reducibles over the 4-manifolds). Although the orientability of monopole
moduli spaces over closed 4-manifolds is well documented (see [I8, 22]) and
the behaviour of the determinant line bundle under gluing along irreducibles
is described in [5], beyond this the existing literature seems short on details
concerning the orientation issue in the type of gluing problem considered in
this paper.

The author gratefully acknowledges the hospitality of the Institut des
Hautes Etudes Scientifiques, where a large part of this work was carried
out.

2 The gluing theorem

2.1 Statement of theorem

Consider the situation of [IT], Subsection 1.4], but without assuming any of
the conditions (B1),(B2),(C). We now assume that every component of X
contains an end Ry x Y; or Ry x (=Yj) (ie an end that is being glued).
Fix non-degenerate monopoles «; over Y; and oz;» over Yj’ . (These should
be smooth configurations rather than gauge equivalence classes of such.)
Suppose a; is reducible for 1 < j < rg and irreducible for 79 < j < r, where
0 < ro < r. We consider monopoles over X and X T) that are asymptotic to
o’ over Ry x Y/ and (in the case of X) asymptotic to a; over Ry x (£Yj).

J
These monopoles build moduli spaces

My = My(X;@,a,d), M5 = My(xD;a).

Here b C X is a finite subset to be specified in a moment, and the subscript
indicates that we only divide out by those gauge transformations that restrict
to the identity on b, see [Tl Subsection 3.4]. The ungluing map f will be a

diffeomorphism between certain open subsets of M éT) and My, when

T :=min(Ty,...,T;)

is large.

When gluing along the critical point oy, the stabilizer of a; in Gy, ap-
pears as a “gluing parameter”. This stabilizer is a copy of U(1) if «; is
reducible and trivial otherwise. When «; is reducible we will read off the
gluing parameter by means of the holonomy of the connection part of the
glued monopole along a path v; in X (T) which runs once through the neck



[—T},T;] x Y. To make this precise, for 1 < j < rg fix y; € ¥; and smooth
paths
’y;»—L i [=1,00) = X

such that ’yf(t) = ch(t,yj) for ¢ > 0 and ’y;:([—l,O]) C X.o. Let b denote

the collection of all the start-points oé-t = 7;5(—1). (We do not assume that
these are distinct.) Note in passing that we then have

Mg = My.
Define the smooth path
’)/j . Ij = [—Tj — 1,Tj + 1] — X(T)

by
’Y'(t _ WT’Y;_(Tj—l-t), —Tj—1§t<le,
! mryy (T —t), —Tj <t <Tj+1,

where 77 : X7 — X(T) is as in [TT], Subsection 1.4].

Choose a reference configuration S, = (4,, ®,) over X with limit «; over
Ry x (£Y;) and o) over R x Y/. Let S, = (4;, ®,) denote the reference
configuration over XT) obtained from S, in the obvious way when gluing
the ends. Precisely speaking, S! is the unique smooth configuration over
X ) which agrees with S, over int(X.7) (which can also be regarded as a
subset of X).

If P — X temporarily denotes the principal Spin‘(4)-bundle defining
the spin® structure, then the holonomy of a spin® connection A in P along
7; is a Spin®(4)-equivariant map

hol, (A) : Poj+ — PO;.
Because A and A/ map to the same connection in the tangent bundle of
X ™) there is a unique element Hol;(A) in U(1) (identified with the kernel
of Spin®(4) — SO(4)) such that

hol,; (A) = Hol;(A) - hol,, (4}).

Explicitly,

Hol;(A) = exp (- / V(A - A;)> : (1)

J



where as usual A — A] is regarded as an imaginary valued 1-form on X (1)
For gauge transformations u : X(¥) — U(1) we have

Hol;(u(A)) = u(o; ) - Hol;(A) - u(oj)_l. (2)
In particular, there is a natural smooth map
Hol : M{"™) — U(1)®, [A,®]— (Holy(A),...,Hol,(A))
which is equivariant with respect to the appropriate action of
T := Map(b, U(1)) ~ U(1)?,
where b = |b].

Consider for the moment an arbitrary compact codimension 0 subman-
ifold K C X containing b. Let D) be the subgroup of H'(X™);7Z) con-
sisting of those classes whose restriction to each Y] is zero. Let Dk be
the cokernel of the restriction map DT) — H'(K;Z). Here T should be so
large that K may be regarded as a subset of X(), and Dy is then obviously
independent of T'. In the following we use the L} configuration spaces etc in-
troduced in [TT], Subsection 2.5]. Let Gp(K) be the kernel of the (surjective)
group homomorphism

G(K) =T x D, ur (uly, [u]),

where [u] denotes the image in Dy of the homotopy class of u regarded as
an element of H'(K;Z). Set

Bo(K) = C(K)/Go(K),  By(K) = Cy(K)/Go(K).

On both these spaces there is a natural action of T x Dg. Note that Dy
acts freely and properly discontinuously on the (Hausdorff) Banach manifold
l’;’z(K) with quotient B (K).

It is convenient here to agree once and for all that the Sobolev exponent
p > 4 is to be an even integer. This ensures that our configuration spaces
admit smooth partitions of unity, which is needed in Subsections Bl and 2.4
(but not in the proof of Theorem 2TI).

Fix a T-invariant open subset G C My whose closure G is compact and
contains only regular points. (Of course, G is the pre-image of an open set
G’ in M, but G’ may not be a smooth manifold due to reducibles and we
therefore prefer to work with G.)

Definition 2.1 By a kv-pair we mean a pair (K,V') where



e K C X is a compact codimension 0 submanifold which contains b and
intersects every component of X,

o V C By(K) is a T—invariant open subset containing R (G), where
Ry denotes restriction to K.

We define a partial ordering < on the set of all kv-pairs, by decreeing
that
(K, V') < (K,V)

if and only if K C K’ and R (V') C V.

Now fix a kv-pair (K,V) which satisfies the following two additional
assumptions: firstly, that V' C lé’*g(K ); secondly, that if X, is any component
of X which contains a point from b then X, N K is connected. The second
condition ensures that the image of Ry : My, = M — By(K) lies in l’;’Z(K)

Suppose we are given a T—equivariant smooth map

q:V — My (3)

such that q(w|x) = w for all w € G. (If T acts freely on G then such a map
always exists when K is sufficiently large, see Subsection 24 In concrete
applications there is often a natural choice of g, see Subsections Bl B2)
Let X# and the forms ﬁj,ﬁ; be as in [II, Subsection 1.4], and choose
Ajs )\9 > 0.
Theorem 2.1 Suppose there is class in H>(X#) whose restrictions to Y;
and Yj’ are \;1n; and )\;»77;, respectively, and suppose the perturbation param-
eters p,p’ are admissible for &'. Then there exists a kv-pair (K,V) < (K, V)
such that if (K', V') is any kv-pair < (K, V) then the following holds when
T is sufficiently large. Set

mﬂ:{weMﬂzwwev},
q: HD Mg, w— q(wlk).

Then q~'G consists only of reqular monopoles (hence is a smooth manifold),
and the T—equivariant map f := q x Hol restricts to a diffeomorphism

a 'G — G x U(1)r.

Remarks. 1. When T is large then K’ C X can also be regarded as a
subset of X in which case the expression w|g in the definition of H (1)
makes sense.



2. Except for the equivariance of f, the theorem remains true if one
leaves out all assumptions on T-invariance resp. —equivariance on G and
g, and on V in Definition EZT], above. However, it is hard to imagine any
application that would not require equivariance of f.

3. The theorem remains true if one replaces By(K) and BE(K ) by Bp(K)
and B{(K) above. However, working with B gives more flexibility in the
construction of maps ¢, see Subsection B2

4. Concerning admissibility of perturbation parameters, see the remarks
after [IT, Theorem 1.4]. Note that the assumption on A;7j; and A.7j; in the
theorem above is weaker than either of the conditions (B1) and (B2) in [I1].
However, in practice the gluing theorem is only useful in conjunction with
a compactness theorem, so one may still have to assume (B1) or (B2).

The proof of Theorem Bl has two parts. The first part consists in
showing that f has a smooth local right inverse around every point in G x
U(1)™ (Proposition 21l below). In the second part we will prove that f is
injective on q~'G. (Proposition below).

2.2 Surjectivity

The next two subsections are devoted to the proof of Theorem Bl Both
parts of the proof make use of the same set-up, which we now introduce.
We first choose weight functions for our Sobolev spaces over X and X (7).
Let oj, 0;- > 0 be small constants and w : X — R a smooth function which
is equal to ot on Ry x (£Y;) and equal to 0%t on Ry x Y/. As usual,

we require o; > 0 if «; is reducible (ie for j = 1,...,rp), and similarly
for 0;. For j = 1,...,r choose a smooth function w; : R — R such that
w;(t) = —o;t| for [t| > 1. We will always assume T > 4, in which case we

can define a weight function x : X(¥) — R by
k=w on X\ U; [T}, Tj] x Vj,
k(t,y) = o;T; +w;(t) for (t,y) € [-T;,T;] x Y.

Let C denote the LY configuration space over X defined by the refer-
ence configuration S,, and let C’ denote the L} configuration space over
X(T) defined by S;. Let Gy, Gy, be the corresponding groups of gauge trans-
formations and By, By, the corresponding orbit spaces.

Now fix (wp,2) € G x U(1)™. Our immediate goal is to construct a
smooth local right inverse of f around this point, but the following set-up
will also be used in the injectivity part of the proof.

Choose a smooth representative Sy € C for wg which is in temporal gauge
over the ends of X. (This assumption is made in order to ensure exponential



decay of Sp.) Set d = dim My and let m : C — By be the projection. By the
local slice theorem we can find a smooth map

S:RY ¢

such that S(0) = Sy and such that w = 7o S is a diffeomorphism onto an
open subset of M.

We will require one more property of S, involving holonomy. If a €
LYY (X;iR) then we define Hol;.—L(Ao +a) € U(1) by

+ _ +\*
Hol} (Ao + a) = exp <— /[_1700)(7]- ) a> .

The integral exists because, by the Sobolev embedding L} C C’% in R* for

p > 4, we have
le“allos < Clle“alle = Cllal| o (4)

for some constant C. It is clear that Hol;E is a smooth function on C.
Because any smooth map R? — U(1) factors through exp : Ri — U(1),
we can arrange, after perhaps modifying S by a smooth family of gauge
transformations that are all equal to 1 outside the ends Ry xY} and constant
on [1,00) x Yj, that

Hol+(S(u)) - (Hol; (S(v))~! = 2 (5)
for j =1,...,79 and every v € R%. Here Hol;-—L(S(v)) denotes the holonomy,

as defined above, of the connection part of the configuration S(v), and the
zj are the coordinates of z.

Lemma 2.1 Let E, F,G be Banach spaces, S : E — F a bounded operator
and T : E — G a surjective bounded operator such that

S+T:FE—->F&G, z— (Sx,Tx)
1s Fredholm. Then T has a bounded right inverse.

Proof. Because S+T is Fredholm there is a bounded operator A : F&G — E
such that (S+7)A—1I is compact. Set A(z,y) = A1+ Agy for (z,y) € FOG.
Then

TA2 —-1:G— @G

is compact, hence T'Ay is Fredholm of index 0. Using the surjectivity of T’
and the fact that any closed subspace of finite dimension or codimension in



a Banach space is complemented, it is easy to see that there is a bounded
operator K : G — E (with finite-dimensional image) such that T'(A2 + K)
is an isomorphism. O
Let
©:C— LY

we be Seiberg-Witten map over X. By assumption, every point in G is
regular, so in particular wq is regular, which means that DO(Sy) : LI —
LP" ig surjective. Let ® be the spinor part of Sy and define Zg as in [I1],
Subsection 2.3]. Then

I3 + DO(Sy) : LYY — LPY

is Fredholm, so by Lemma[ZT] DO(Sy) has a bounded right inverse . (This
can also be deduced from [T}, Proposition 2.2 (ii)].)

Let r : R — R be a smooth function such that r(t) = 1 for t < 0
and r(t) = 0 for t > 1. For 7 > 1 set r.(t) = r(t — 7) and let S, . be the
configuration over X which agrees with S(v) away from the ends Ry x (£Y)
and satisfies

Spr = (1—=r)a; +1:S(v)

over Ry x (+Y;). Here a; denotes, as before, the translationary invariant
monopole over R x Y; determined by «;. For each v we have

[Sv,r = 8(v)||ppw — 0 as T — 00.
Therefore, when 7 is sufficiently large, the operator
DO(Sy)oQ : LPY — LPY
will be invertible, and we set
Qr = Q(DO(So,) 0 Q)71 s LM — LI,

which is then a right inverse of DO(Sp ;). It is clear that the operator norm
|Qr — Q| — 0 as 7 — oo.

For the remainder of the proof of Theorem [Zl, the term ‘constant’ will
always refer to a quantity that is independent of T,T, unless otherwise in-
dicated. The symbols C1,C5, ... and c1,c,... will each denote at most one
constant, while other symbols may denote different constants in different
contexts.

Consider the configuration space

Cj=a;+ L™

10



over R x Y} and the Seiberg-Witten map

©;:C; — L™,
As explained in [T, Subsection 3.4] there is an identification
4
dt
By the results of [B] the operator on the right hand side defines a Fredholm

operator Lf’wj — LP%i and this must be surjective because of the choice of
weight function w;. In particular,

I;_’_D@j(gj): + Pa.

DO;(ay) L™ — 17 ()

is surjective, hence has a bounded right inverse P; by Lemma Il (Here
one cannot appeal to [I1l, Proposition 2.2 (ii)].)

Let © : ¢’ — LP* be the Seiberg-Witten map over X (7). When 7' > 7+
1 then by splicing S, ~ in the natural way one obtains a smooth configuration
Sy, -1 over X (T) There is a constant Cy > 0 such that if

T>T—|-Co (7)

then we can splice the right inverses @), and Pi,..., P. to obtain a right
inverse Q1 of
DO'(Sorr) : LY — LP*

which satisfies

1Qrrl < C [ 1@<+ 15l
i

for some constant C, see the appendix. Since ||@Q;|| is bounded in 7 (ie as a
function of 7), we see that ||Q; 7| is bounded in 7, T.

The inequality (@) will be assumed from now on.

We now introduce certain 1-forms that will be added to the configura-
tions S, - 7 in order to make small changes to the holonomies Hol;. For any
c=(c1,...,cry) € R define the 1-form 6., over X(T) by

0 outside (J;2, [T}, Tj] x Y},
gt dt o =T T x Yy, j=1,... .

where r(t) = Lry(t). Set

E =R xR™ x LPF(XT) AT @ S7).

11



For 0 < e < 1 let B. C E be the open e-ball about 0. Define a smooth
map ¢ : E — C' by

C(U7 c, E) = SU,T,T + 90,7’ + QT,T£7 (8)

where 6., is added to the connection part of S, ;.

When deciding where to add the perturbation 1-form 6., one has to
balance two concerns. One the one hand, because the weight function s
increases exponentially as one approaches the middle of the necks [T}, T}] x
Y;,j=1,...,r0, it is desirable to add 6. ; as close to the boundaries of these
necks as possible. On the other hand, in order for Lemma EZ4 below to work,
the spinor field of S, - 7 needs to be “small” in the perturbation region. We
have chosen to add 6., at the negative end of the cut-off region, where the
spinor field is zero.

Although we will sometimes use the notation ((x), we shall think of ¢
as a function of three variables v, ¢, &, and D;¢ will denote the derivative of
¢ with respect to the j’th variable. Similarly for other functions on (subsets
of) F that we will define later. Set

o =max(o1,...,0.).

Notice that if 7o = 0, ie if we are not gluing along any reducible critical
point, then we may take o = 0.

Lemma 2.2 There exists a constant C1 > 0 such that for x € E the fol-
lowing hold:

@) D@l 1D (@) < 1 if o] < 1,
() [DoC(a)]] < Cre,
(iii) | DsC(a)] < Ci.

Proof. To prove (ii), note that if ro > 0 and ¢ = (cy,...,¢,,) then

oC(v,c, )
HM = const - €777
dcj lgp-
The other two statements are left to the reader. O

Let C; be the set of all S € C’ such that [S|x] € V, ¢(S|k) € w(R?),
and Hol;(S) # —z; for j = 1,...,7r9. Then C} is an open subset of C’, and
there are unique smooth functions

nj € — (=7, 7)

12



such that Hol;(S) = z;j exp(in;(S)). Set n = (m,...,nr,) and define

(1

=(w loqoRk,n,0):C; — E.

A crucial point in the proof of Theorem EZT] will be the construction of a
smooth local right inverse of 2, defined in a neighbourhood of 0. The map
¢ is a first approximation to such a local right inverse. The construction of
a genuine local right inverse will involve an application of the quantitative
inverse function theorem (see Lemma 27 below).

From now on we will take 7 so large that K C X., and

Hol (So,r) - (Hol} (S0)) ™" # 2

for j = 1,...,79. Note that the left hand side of this equation is equal to
Hol;(So,r,7) whenever T; > 7 + 1. There is then a constant € > 0 such that
¢(Be) C €1, in which case we have a composite map

E=Eo0(:B.— L.

Choose A > 0 so that none of the operators ﬁaj (j=1,...,r) and ﬁa;

(j =1,...,r") has any eigenvalue of absolute value < X. (The notation H,
was introduced in [IT), Subsection 6.1].) Recall that we assume the o; are
small and non-negative, so in particular we may assume 6o < A.

Lemma 2.3 There is a constant Cy < 0o such that
IZ(0)]| < Coel™VT,

Proof. The first two components of Z(0) = é(SomT) are in fact zero:
the first one because So 7 = Sp over K, the second one because the dt—
component of

So,r — 8o = (1 —r)(a; — So)

vanishes on [1, 00) x (£Y}) since Sp and a; are both in temporal gauge there.

The third component of Z(0) is ©'(Sp,r). It suffices to consider 7
so large that the p—perturbations do not contribute to ©'(Sp 1), which
then vanishes outside the two bands of length 1 in [-T},T;] x Y; centred
at t = £(T; — 7 — %), j = 1,...,r. Our exponential decay result from
[TT] says that for every k > 0 there is a constant C), such that for every
(t,y) € Ry x (£Y;) we have

IVF(So — ;)|t.y) < Cre .

13



Consequently,
10/ (So.+.7) |00 < const - (€77 4 e722T) < const - e .
This yields
IZ(0)]| = |©(So.r.7)|lLre < comst -7 O

Lemma 2.4 There is a constant C3 < oo such that for sufficiently large T
the following hold:

(i) [IDEO)] < Cs,

(ii) DZ(0) is invertible and || DZ(0)7!|| < Cs.

Proof. By construction, the derivative of = at 0 has the form

I 0 B
DE(O)=| & I 5 |,
5 0 I

where the k’th column is the k’th partial derivative and I the identity map.

The middle top entry in the above matrix is zero because 6. ; vanishes on
K. The middle bottom entry is zero because Sy, 1 = Q; on the support of
0, and the spinor field of a; is zero (for j=1,...,70). Adding 6., to So 1
therefore has the effect of altering the latter by a gauge transformation over
T +7+1,-T;+7+2] xY;,j=1,...,70.

We claim that §; is bounded in 7,7 for £k = 1,2. For k = 1 this is
obvious from the boundedness of ;7. For k = 2 note that the derivative

of nj : C{ — (—m,m) at any S € C] is

Diy(8)(a, 6) = i / Yia (9)

I .

where a is an imaginary valued 1-form and ¢ a positive spinor. Because of
the weights used in the Sobolev norms it follows that Dn(S) is (independent
of S and) bounded in 7,7 (see ([ )). This together with the bound on Q1
gives the desired bound on fs.

Note that, for k = 2,3, ||0 || is independent of T" when 7 > 0, and routine
calculations show that ||0x|| — 0 as 7 — oo. (In the case of d9 this depends
on the normalization (H) of the holonomy of S(v).)

14



Write D=(0) = x — y, where

I 0 B I 0 -p
z=| 0 I B |, zl=0 1T —p
0 0 I 0 0O I

When 7 is so large that ||y|| [|z7!|| < 1 then of course |lyz || < ||ly|l |z~ <
1, hence  —y = (I — yz~')x is invertible. Moreover,

@—y) et = T -y ) =D =27 (g,
k=1

which gives

—12
||($—y)_1—33_1“§ 1”33 H ||yH 0 as T — oo O

— [z~ yl

We now record some basic facts that will be used in the proof of Lemma 2.6l
below.

Lemma 2.5 If Ey, Ey, E3 are Banach spaces, U; C Ej; an open set for
i =12, and f : U — Us, g : Uy — FE3 smooth maps then the second
derivate of the composite map go f : Uy — Ej3 is given by

D*(go f)(x)(y, 2) = D*g(f(x))(Df (x)y, Df (x)2)
+Dyg(f(x))(D*f(2)(y, 2))

forx e Uy and y,z € E.

Proof. Elementary. O

It is also worth noting that embedding and multiplication theorems for
LZ Sobolev spaces on R* (k >0, 1 < ¢ < 00) carry over to X and that
the embedding and multiplication constants are bounded functions of 7.

Furthermore, a differential operator of degree d over X (T) which is
translationary invariant over necks and ends induces a bounded operator
LZ d LZ whose operator norm is a bounded function of 7T'.

Lemma 2.6 There is a constant Cy > 0 such that || D*Z(x)|| < Cy whenever
|z|| < Oyt and T > Cy.
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Proof. We will say a quantity depending on x, 7 is s-bounded if the lemma
holds with this quantity in place of D?Z.

Let 21,29, Z3 be the components of Z.

The assumption K C X.; ensures that = (v, ¢, &) is independent of c. It
then follows from Lemma [Z5land the bound on Q- 7 that D?= is s-bounded.

When v, ¢, £ are small we have

52(% ¢, 5) = U(SU,T,T + 00,7 + QT,T&) =c+ U(SU,T,T + Qr,Tg)-

Since Dn is constant, as noted above, we have D%y = 0. From the bounds
on Dn and Q1 we then deduce that D?Z, is s-bounded.

To estimate =3, we fix h > 0 and consider only 7 > h. It is easy to see
that

Z3(2)x.,

is s-bounded. By restricting to small x and choosing h large we may arrange
that the p—perturbations do not contribute to

Es,j = E3l[-1;1h,1—H)xY;

for j = 1,...,r. We need to show that each D233,j is s-bounded, but
to simplify notation we will instead prove the same for D?Z3 under the
assumption that the p perturbations are zero.

First observe that for any configuration (A, ®) over X (T) and any closed,
imaginary valued 1-form a we have

O'(A+a,®) =0'(A,®)+(0,a - P).
Moreover,
la - @[l = Clla- e"@], < Cllallzp le"@]l2p < C’llallzp ([ 1y

for some constants C,C’ < co. Taking (A, ®) = S, ;7 + Q7§ and a = 6.,
we see that Dy DyZ3(x) is s-bounded for k = 1,2, 3.

Next note that the derivative of the Seiberg-Witten map O : ¢’ — LP*
at a point S) + s; has the form

D@/(S:) + 81)82 = Lso + B(Sl, 82)

where B is a pointwise bilinear operator, and L a first order operator which
is independent of s; and translationary invariant over necks and ends. This
yields

IDO(SG + 5)|| < const - (1 + [|s]l2)- (10)
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Moreover, D?©’(S) = B for all S, hence there is a constant C” < co such
that
ID*6e'(8)]| < ¢”

for all T.
Combining the above results on ©' with Lemma EZH we see that D;Dy=3
is s-bounded also when j, k # 2. O

Lemma 2.7 There exist c5 > 0 and Cg < oo such that if 0 < € < cze < cg
then for sufficiently large T the following hold:

(i) 2: B — E is injective,
(ii) There is a (unique) smooth map E=' : By — Be such that 2o =71 =1,
(iil) [D(E"")(z)[| < Cs for all x € Be,
(iv) [[D*(E")(z)|| < Cs for all x € Be,
(v) [ETHO)]| < Coel7 7.
Proof. For sufficiently large 7 we have
€ +[|Z2(0)| < cse

by Lemma Statements (i)—(iv) now follow from the inverse function
theorem, [I1l, Proposition B.1], applied to the function z — Z(x) — Z(0),
together with Lemmas 4 and To prove (v), set h = =71 2 = Z(0)
and take 7 so large that x € By. Since Z is injective on B, we must have
h(z) =0, so

[(0)[[ = [[n(z) = R(O)[| < l[z]| sup [|DA(y)]-

lyll<e’

Now (v) follows from (iii) and Lemma 23} O
From now on we assume that €, €, 7 are chosen so that the conclusions
of the lemma are satisfied. Define

Q::COE_I:BE/HCL

Then clearly

=o(=1.
Thus, (v,c) — é(v,c, 0) is a “gluing map”, ie for small v,c it solves the
problem of gluing the monopole S(v) over X to get a monopole over X (1)
with prescribed holonomy zjeicj along the path ~; for j =1,...,r9.
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Lemma 2.8 There is a constant C7 < oo such that for © € By one has
ID¢ ()|, [|ID*¢ ()| < Cre™.

Proof. This follows from Lemmas and 70 and the chain rule. O
The following proposition refers to the situation of Subsection X1l and
uses the notation of Theorem BTl

Proposition 2.1 If (K', V') is any kv-pair < (K, V') then G x U(1)™ can be
covered by finitely many connected open sets W in My x U(1)™ such that if T
is sufficiently large then for each W there exists a smooth maph : W — H(T)
whose image consists only of reqular points and which satisfies foh = 1.

: = /
Here we do not need any assumptions on 7;,7; or on pj, p;.

Proof. Let (wg,2) € G x U(1)™ and consider the set-up above, with 7 so
large that K’ C X., and € so small that

C(x)|r € V' for every x € B.. (11)

Note that taking e small may require taking 7 (and hence T) large, see
LemmafZ7l For any sufficiently small open neighbourhood W € My x U(1)"
of (wo, z) we can define a smooth map v : W — C{ by the formula

v(w,a) = (@ (w), —ilog g, 0).

Here log " = u for any complex number v with [Imu| < 7, and ilog 2 € R
denotes the vector whose j’th component is ilog Z—j Because = o f =1 and

the Seiberg—Witten map is the third component of =, the image of v consists
of regular monopoles. Let h : W — By be the composition of v with the
projection C" — Bj. Unravelling the definitions involved and using ([ITl) one
finds that h has the required properties.

How large 7' must be for this to work might depend on (wp,z). But
G x U(1)™ is compact, hence it can be covered by finitely many such open
sets W. If T is sufficiently large then the above construction will work for
each of these W. O

2.3 Injectivity

We now continue the discussion that was interrupted by Proposition E11
Set

S=Sorr, S=C(0).
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Lemma 2.9 There is a constant C's < 0o such that for sufficiently large T
one has

18 = Sz < Coe® ™7, || = S < G,
Proof. Set Z71(0) = (v, ¢, &) € Be. For sufficiently large 7 we have

”S - g”LT{’"€ < |Svrr — SO,'r,THLﬁ"N + [[0e,r + QT,T§HL’1"”

< const - (||v]] + €7 [|c]l + 1)
< const - e277,
where we used Lemma EZ71(v) to obtain the last inequality. Because ||S —
S’ o s bounded in 7,7, and we assume 60 < A, the second inequality of
the lemma follows as well. O

For positive spinors ® on X'/ it is convenient to extend the definition
of T to complex valued functions on X1):

Iof = (=df, [®).

(However, T3 will always refer to the formal adjoint of Zg acting on imag-
inary valued functions.) When @ is the spinor part of SQ,S',S’ then the
corresponding operators Zg will be denoted It’),j ,Z, respectively. (We omit
the ~ on Z to simplify notation.) As in [I1], Subsection 2.2] we define

(T)

g ={felf (XD;C): I)f € LP"}.
We can take the norm to be
£ ller = 1o f Nl pom + D 1F(@)]-
€D

Lemma 2.10 There is a constant Cy < oo such that if 1 is any of the
operators I, T, T then for all f € & one has

1fllee < Co (I!IfHLw + \f(x)\) :

z€eb

Proof. We first prove the inequality for I =
easier). If X, is any component of X and 0 <
C> < oo one has

7 (the case of T, is similar, or
7 < 7 then for some constant

[flloo < comst - [| £l < Cr <Hff|!p + ) !f(w)!>

rebNXe
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for all L} functions f : (X.).> — C. Here the Sobolev inequality holds
because p > 4, whereas the second inequality follows from [IT, Lemma 2.1].
We use part (i) of that lemma if the spinor field of Sy is not identically zero
on X., and part (ii) otherwise. (In the latter case b N X, is non-empty.)
When 7, 7 are sufficiently large we can apply part (i) of the same lemma
in a similar fashion to the band [t,# + 1] x Y/ provided ¢t > 7 and o is
irreducible, and to the band [t — 1,¢ + 1] x Y} provided |t| < T; — 7 — 1
and «; is irreducible. To estimate |f| over these bands when a;- resp. «; is

reducible one can use [I1), Lemma 2.2 (ii)]. This proves the lemma for I =7
(and for I =1)). o

We now turn to the case I = Z. Let ¢ denote the spinor part of S — S.
Then

IZfprs < NZfllzow + [ fll o

< ZF Lo + const - (HffHLw + \f(w)\) N9l zes.

z€eb

By Lemma 23 we have ||¢|[r= — 0 as 7 — 0, so for sufficiently large 7 we
get

IZfllzw < const - <HIfHW + \f(x)\) :

z€eb
Therefore, the lemma holds with I = Z as well. O

Lemma 2.11 There is a constant C1g < oo such that for all f,g € £ and
¢ € LP(XT);ST) one has

@) [Ifgll < CrollfIlIgll,
(ii) £l < Croll £l

where we use the LY"" norm on spinors and the &' norm on elements of £'.

Proof. By routine calculation using Lemma with I = 7/ one easily
proves (ii) and the inequality

1d(fg)l| e < const - [|fller]|glle-

Now observe that by definition g®/ € LI"", where as before ®/ denotes the
spinor field of the reference configuration S/. Applying (ii) we then obtain

£ 9®5 | pp= < const - || flle [|g@oll = < const - [|f]le [lgller,
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completing the proof of (i). O
Recall from [T}, Subsection 2.4] that the Lie algebra LGy is the space of
imaginary valued functions in £’ that vanish on b.

Lemma 2.12 There is a constant C11 > 0 such that for 7 > C11 and all
f € LG one has

Co lZof e~ < NTZFllzps < CuallZofllps-
Proof. Let 1 denote the spinor part of S — S!. Then

[l g < const - ([| fllo o]l Lz + ldf[| L2p.x [|9]]2p)
< const - |[Zf | o= |l| o=,

and similarly with Z instead of Z. The lemma now follows from Lemma 20
We are going to use the inverse function theorem a second time, to show
that the image of the smooth map

II: LGy x By — Cf,
(f, @) = exp(f)(¢(2))-

contains a “not too small” neighbourhood of S. The derivative of II at (0,0)
is

DII(0,0) : LGy ® E — L™,
(f,) = Zf + D{(0).
To be concrete, let LG, @ E have the norm ||(f,z)| = ||fller + ||zl &-

Lemma 2.13 DII(0,0) is a linear homeomorphism.

Proof. By [T, Proposition 2.2], T*T : LG — LP* is a Fredholm operator
with the same kernel as Z. Now, Z is injective on LGy, because ¢ maps into
C; and therefore [S|x] € V' C Bj. Since

W = T*I(LG})

is a closed subspace of LP'* of finite codimension, we can choose a bounded
operator
m P — W
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such that 7|y = I. Set
I#* = 7T P — W.

Then
I#T: LG, — W

is an isomorphism. Furthermore,
. # 1/ & . . (T) _ .
index(Z% + DO'(S)) = dim M’ = dim My, + ro,

where ‘dim’ refers to expected dimension (which in the case of My is equal
to the actual dimension of G), and the second equality follows from the
addition formula for the index (see Corollary [A]J]). Consequently,

index(Z# + DZ(S)) = 0.
We now compute

I#T B

(I#wé(s))wn(o,m:( 0 I

>:Lg’b@E—>W@E, (12)

where B : E — W. The zero in the matrix above is due to the fact that

which holds because él,ég are Gy-invariant, =5 is Gp—equivariant, and
2(S) = 0.

Since the right hand side of () is invertible, it follows that Z# + DZ(S)
is a surjective Fredholm operator of index 0, hence invertible. Of course,

this implies that DII(0,0) is also invertible. O

Lemma 2.14 There is a constant Cia < oo such that for sufficiently large
T}

| DI1(0,0) 7| < Coe”™.

Proof. In this proof all unqualified norms are Lt norms. It follows from
@), (@) and Lemma that DZ(S) is bounded in 7,7. Therefore there
exists a constant C' < oo such that

2]l = IDE(S)(Z f + D{(0)2)| < C|IDIL0,0)(f, )|
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for all f € LGy, and x € E. From Lemma ZT2 and Lemma we get
CHllIZof I < 12
< [[DIL(0,0)(f, z)[| + |1 DC(0)|
< DI, 0)(f, z)[| + C7e” |[z| &
< (14 CC7e”T)|| DI, 0)(f, z)]-
This yields
Ifller + ||zl 2 < const - 77| DIL(0, 0)(f, =)[. O

Lemma 2.15 There is a constant C13 < oo such that for sufficiently large
T one has
ID*T0(f, )| < Cize”™

for all f € LG, x € E such that ||f|| <1 and ||z|| < €.

Proof. For the purposes of this proof it is convenient to rescale the norm
on £ so that we can take Cig = 1 in Lemma EZTT1
If f,g € & then efg € £, and from Lemma EZTT] we obtain

oo
1

lefgl < il gl < el/lg],
n=0

and similarly with a spinor ¢ € L{" instead of g.
The first two derivatives of exp : & — 1+ &' are

Dexp(f)g =gexp(f),  D*exp(f)(g,h) = ghexp(f),
SO
ID exp(f)], [ID? exp(f)]| < exp(]| £])-
Let fl, 62 be the connection and spinor parts of (, respectively, and define
11, II5 similarly. Then
I(f,2) = (Ci(z) — df, ¢! - Ga(2)).

We regard II(f,x) as a function of the the two variables f,z. Let D;II
denote the derivative of II with respect to the j’th variable. Similarly for
the second derivatives D; DI

Applying Lemmas and ZTTl we now find that

D31, (f,z)|| = [|D?*¢1(x)]| < const - €77,
| D; DiIly(f, z)|| < const - €7, j,k=1,2

23



for |f]l < 1 and ||z|| < €. Since D;DiII; = 0 for j = 1,2, the lemma is
proved. O

In the following, B(z;r) will denote the open r—ball about z (both in
various Banach spaces and in C’).

Lemma 2.16 There exist constants r1,re > 0 such that for sufficiently large
T the image of I contains the ball of radius roe™3°" about S in C'; more
precisely one has

B(S‘; 7‘26_3JT) c II(B(0; 7’16_2”)).

Proof. We wish to apply the inverse function theorem [I1, Proposi-
tion B.1] to the map II restricted to a ball B(0; Ry), where R; € (0,€]
is to be chosen. For the time being let M, L, k have the same meaning as
in that proposition. By Lemma we can take M = Cy3e°", and by
Lemma T4 we have ||L™!| < C12e°". We need

0<rk=|L7Y "= RM.

This will hold if
Ry < (C1aCh3) e,

When 7 is large we can take R; to be the right hand side of this inequality.
By [II}, Proposition B.1], II(B(0; R;)) contains the ball B(S; Ry) where

1 1
Ry = §R101‘21e‘” = 501—2201—?}(3—3”. O

Theorem ETlis a consequence of Proposition LTl and the following propo-
sition:

Proposition 2.2 Under the assumptions of Theorem [Z1, and using the
same notation, there is a kv-pair (K', V') < (K, V') such that £ is injective
on q 1 (Q) for all sufficiently large T.

The proof of Proposition occupies the remainder of this subsection.
For any natural number m which is so large that K C X.,, let V! be
the set of all w € 55(X;m) such that there exist a representative S of w, and
a configuration S = (A4, ®) over X representing an element of G, such that

dn(5.8)i= [ 18- SP+IVaE-5)P < o (13)

Xom
Note that B B

for any gauge transformation u over X.,,. In particular, V! is T-invariant.
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Lemma 2.17 Let w, € Vrﬁm forn=1,2,..., where m, — oo. Then there
exists for each n a representative S, of w, such that a subsequence of S,
converges locally in LY over X to a smooth configuration representing an
element of G.

Proof. By assumption there exist for each n a representative S, of wy,
and a configuration S,, over X representing an element of GG such that
= 1
dpm, (Sn,Sn) < —. (14)

Mn

After passing to a subsequence we may assume (since G is compact) that
[S,] converges in G to some element [S], and we can choose S smooth. Since
My = Mg, the local slice theorem guarantees that for large n we can find
un € Gp such that S, = u,(S,,) satisfies

180 = Sl gw 0.

Set S, = u,(Sy), which is again a representative of w,. Let A, A, be the
connection parts of S, S,,, respectively. Then ([d) implies that S,, — S,, — 0
and V1 (S, — Sp) — 0 locally in LP over X, hence also S,, — S locally in
L? over X. Now

VA(SH - S) = vﬁn(sn - Sn) + vﬁ(gn - S’) + (A - An)(sn - Sn),

and each of the three terms on the right hand side converges to 0 locally in L?
over X (the third term because of the continuous multiplication LV x P —
LP in R* for p > 4). Hence S,, — S locally in L} over X. 0O

Corollary 2.1 For sufficiently large n one has that Rx(V,)) Cc V. O

Lemma 2.18 Let w, € V,, forn = 1,2,..., where m,, — oco. Suppose
q(wn|K) converges in My to an element g as n — oo. Then g € G, and
there exists for each n a representative S, of w, such that the sequence Sy,
converges locally in L} over X to a smooth configuration representing g.

_ Proof. Let S, S, be as in the proof of Lemma T7l First suppose that
[S,,] converges in G to some element [S], where S is smooth. Choosing Sy, Sy,
as in that proof we find again that S,, — S locally in L} over X, hence

g =lim q(Sn|x) = (S|x) = [S].
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We now turn to the general case when [S,,] is not assumed to converge. Be-
cause G is compact, every subsequence of [S,,] has a convergent subsequence
whose limit must be g by the above argument. Hence [S,,] — ¢g. O

Suppose we are given a sequence {my, },=1,2, . of natural numbers tending
to infinity, and for each n an r—tuple T'(n) of real numbers such that

T(n) := min Tj(n) > m,.
j

Define q,, and £, as in Theorem Tl with K’ = X,,,, and V' =7V}, .

Lemma 2.19 Forn = 1,2,... suppose S, is a smooth configuration over
XT0) representing an element wy, € q;,(G), and such that

£, (wn) — (wo,2) € G x U1)™

asn — oo. There exists a constant C4 < oo such that for sufficiently large T
the following holds for sufficiently large n. Let the map é = én be defined as
above and set Sy, = CAn(O) Then there exists a smooth gauge transformation
upn € Gy such that

ltn (Sn) — 3n||L;11,K < OpaeB3o=N,

Note: This constant C14 depends on (wg, z) but not on the sequence S,.

Before proving the lemma, we will use it to show that f,, is injective
on q;!(G) for some n. This will prove Proposition Suppose wy, w,, €
q,}(G) and f,(w,) = £,(w},), n = 1,2,.... After passing to a subsequence
we may assume that f,(w,) converges to some point (wg,z) € G x U(1)™.
Combining Lemmas ET0LZT9 and the assumption 60 < A we conclude that
if 7 is sufficiently large then for sufficiently large n we can represent wy,
and w/, by configurations {(x,,) and ((z,), respectively, where x,,, 2!, € Be.
Now recall that Zo ¢ = I, and that the components =, =y are Gy, invariant
whereas Z3 is the Seiberg—-Witten map. Comparing the definitions of f,, and
2 we conclude that

Tn = Z(((@n) = 2(((a),) = 2,

hence w, = w/, for large n. To complete the proof of Proposition it
therefore only remains to prove Lemma

Proof of LemmalZI9: In this proof, constants will be independent of the
sequence S, (as well as of 7 as before).

By Lemma [ZTI8 we can find for each n an Lg’loc gauge transformation v,
over X with v,|p = 1 such that S}, = v,,(S,,) converges locally in L¥ over X
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to a smooth configuration S’ representing wg. A moment’s thought shows
that we can choose the v, smooth, and we can clearly arrange that S’ = Sj.
Then for any t > 0 we have

. A . & 20—\
hmnSUPHS;L_SnHLﬁ"”(X:t) = hmnsup [1S0=Snllp= x4y < const-e27~M7 (15)
when 7 is so large that Lemma applies.
For t > 0 and any smooth configurations S over X.; consider the func-
tional

B(S,t) = 3% (9(Slppar,) + 9(Sluovy)
j=1

+ N (9(SIpary) — 9(a))
j=1

where in this formula {t} x (£Y}) has the boundary orientation inherited
from X (Recall that the Chern-Simons-Dirac functional ¢ changes sign
when the orientation of the 3-manifold in question is reversed.) The as-
sumption on Aj, A and 7;,7; in Theorem Tl implies that E(S,?) depends
only on the gauge equivalence class of S. Since ¢ is a smooth function on
the L% s configuration space by [T, Lemma 3.1], we obtain

E(S,t) = E(S],t) — E(Sy,t)

as n — oo. By our exponential decay results (see the proof of [IT, Theo-
rem 6.1]),
E(Sp,t) < const - e~ for t > 0.

It follows that
E(Sp,t) < const - e~ for n > N(t)

for some positive function N. By assumption the perturbation parame-
ters p,p’ are admissible, hence there is a constant C' < oo such that when
T(my) > C, each of the (r + r') summands appearing in the definition of
E(Sy,t) is non-negative. Explicitly, this yields

0 < I(Snl{—7; ()11 xv;) — V(Snl{r; (n)—tyxy;) < const - e~ >N,

0< ﬁ(Sn\{t}ij/) —Y(a;) < const - e At
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where the first line holds for 0 < ¢t < Tj(n) and j = 1,...,r, the second
line for t > 0 and j = 1,...,7/, and in both cases we assume T'(n) > C' and
n > N(t).

In the following we will ignore the ends R x Yj’, of X, ie we will pretend
that X# is compact. If oz;», is irreducible then the argument for dealing with
the end Ry x Yj’, is completely analogous to the one given below for a neck
[T}, T;] x Yj, while if a;, is reducible it is simpler. (Compare the proof of
[T, Proposition 6.3 (ii)].)

For the remainder of the proof of this lemma we will focus on one par-
ticular neck [—T}(n),Tj(n)] x Y; where 1 < j < r. To simplify notation we
will therefore mostly omit j from notation and write T'(n), Y, « etc instead
of Ty(n), Y, ay.

For 0 <t <T(n) set

By = [~T(n)+t,T(n) — 1] x Y,

regarded as a subset of X(T(™)_ By the above discussion there is a constant
t; > 0 such that when n is sufficiently large, S,, will restrict to a genuine
monopole over the band By, +3 by [II, Lemmas 4.1,4.2,4.3] and will have
small enough energy over this band for [I1, Theorem 6.2] to apply. That
theorem then provides a smooth

’L~)n . Bt1 — U(l)

such that S = v,,(S,|B,.) is in temporal gauge and
n t

157 — QHL{“"(Bt) < const - TN ¢ > 1.
Writing R i o

S;{_Sn = (S;{_Q)‘F(Q_S)"’_(S_Sn)
we get

limsup ||S)) — Sn”L’f’”(Bt) < const - (e(QU—)\)T + e(a—)x)t) (16)

when ¢t > t; and 7 is so large that Lemma applies.

To complete the proof of the lemma we interpolate between v,, and 7,, in
the overlap region O, = X.; N B;_1. (This requires 7 > t; + 1.) The choice
of this overlap region is somewhat arbitrary but simplifies the exposition.
Define

wy, = vyt OF — U(1),
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Then
wy(S) =S on O,.

Set % = v(£(T — 7)), where v = «; is the path introduced in the beginning
of this section. If « is reducible then by multiplying each v, by a constant
and redefining wy,, S}/ accordingly we can arrange that wy,(z™) = 1 for all n.
These changes have no effect on the estimates above.

Lemma is a consequence of the estimates ([H), ([I6) together with
the following sublemma (see the proof of [L1l, Proposition 6.3 (ii)].)

Sublemma 2.1 There is a constant C15 < oo such that if T > Cq5 then

limsup [lwp — 1|20,y < Czel20=N7,

n—oo

Proof of sublemma: If « is irreducible then the sublemma follows from
inequalities ([H), ([[@) and [T, Lemmas 6.9, 6.11]. (In this case the sublemma
holds with Cj5e(=Y7 as upper bound.)

Now suppose « is reducible. We will show that

lim sup |wy, (z7) — 1] < const - e27V7 (17)

for large 7. Granted this, we can prove the sublemma by applying [IT],
Lemma 6.9] and [I1, Lemma 6.10 (ii)] to each component of O;.

In the remainder of the proof of the sublemma we will omit n from
subscripts. To prove ([[7), define intervals

JOZ[—T—l,—T+T], (]1:[—’T—|—7'7’T—7']7 J2:[T—7-7T_|_1]

and for k = 0,1,2 set v(#) = Y|, Let Hol®) denote holonomy along ~*)
in the same sense as (), ie Hol®) is the result of replacing the domain of
integration /; in that formula with Jj. Define 6k e C by

Hol®($) = Hol®(8")(1 +6W®)), k=0,2,
Hol™ (S) = Hol™ (8")(1 + 6M)

where as usual we mean holonomy with respect to the connection parts of
the configurations. For large 7 the estimates ([[H) and (IH) give

16| < const - 7T

when n is sufficiently large.
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Writing h = szo(l + 0®) we have
~ 2 A
z = Hol(5) = H Hol™® (8) = hHol®(5") Hol™ (5) Hol @ (S).
k=0

Now, by the definition of holonomy,

(z7)

(™)

and there are similar formulas for Hol®)(S"). Because w(z*) = 1 we obtain

(4!

Hol™M (") = Hol™M (9),

(4!

z = hHol(S)w(z™)""
Setting a = Hol(S)z~! we get
wz”)—1l=ah—1=(a—1)h+h—1.

Since by assumption a — 1 as n — oo, we have
|lw(z™) — 1| < const - <]a -1+ Z \5“”]) < const - e(27NT
k

for large n, proving the sublemma and hence also Lemma O
This completes the proof of Proposition and thereby also the proof
of Theorem 211

2.4 Existence of maps ¢

Let G C My be as in Subsection BZI1 In this subsection we will show that
there is always a map ¢ as in (@) provided T acts freely on G and K is
Suﬂiciently large. It clearly suffices to prove the same with B{(K) in place
of Bi(K).

Let B, M denote the configuration and moduli spaces over X with the
same asymptotic limits as By, Mp, but using the full group of gauge trans-
formations G rather than G.

Because Gy acts freely on C, an element in By has trivial stabilizer in T
if and only if its image in B is irreducible, ie when its spinor field does not
vanish identically on any component of X.

Throughout this subsection, K will be a compact codimension 0 sub-
manifold of X which contains b and intersects every component of X.
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Proposition 2.3 If T acts freely on G then for sufficiently large K there
exist a T—invariant open neighbourhood V. C Bi(K) of Rx(G) and a T-
equivariant smooth map q : V — My such that ¢(w|x) = w for all w € G.

We first prove three lemmas. Let H C M* be the image of G. Because
T is compact, the projection By — B is a closed map and therefore maps G
to H. Let Hy C M* be any precompact open subset which contains H and
whose closure consists only of regular points.

Lemma 2.20 If K is sufficiently large then Ry : M* — B*(K) restricts to
an immersion on an open neighbourhood of Hy.

By ‘immersion’ we mean the same as in [I6]. Since a finite-dimensional
subspace of a Banach space is always complemented, the condition in our
case is simply that the derivative of the map be injective at every point.

Proof. Fix w = [S] € Hy. We will show that Ry is an immersion at
w (hence in a neighbourhood of w) when K is large enough. Since Hj is
compact, this will prove the lemma.

Let W C L™ be a linear subspace such that the derivative at S of the
projection S + W — B* is a linear isomorphism onto the tangent space of
M at w. Let § denote that derivative. For ¢ > 0 so large that b C X let §;
be the derivative at S of the natural map S+ W — B*(X,). We claim that
¢ is injective for ¢t > 0. For suppose {w,} is a sequence in W such that
|wal[gpw =1 and &, (wn) = 0 for each n, where ¢, — co. Set Ky = X,
Then

wn|Kn =To fn

for some f, € LG(K,), where ® is the spinor field of S. After passing to
a subsequence we may assume that w, converges in L’l”w to some w € W
(since W is finite-dimensional). By [I1, Lemma 2.1] there exists for each n
a constant C),, < oo such that for all h € LG(K,,) one has

Ihllzs < CulZohll -

It follows that f,, converges in L over compact subsets of X to some function
f. We obviously have Zg f = w, hence f € LG and 6(w) = 0. But this is
impossible, since w has norm 1. This proves the lemma. O

Lemma 2.21 If K is sufficiently large then the restriction map Hy —
B*(K) is a smooth embedding. O

31



Proof. Because of Lemma it suffices to show that Ry is injective on
Hj when K is large.

Suppose wp,w!, € Hy restrict to the same element in B(X.,) for n =
1,2, ..., where t, — co. Since H is compact we may assume, after passing
to a subsequence, that wn,w; converge in Hy to w,w’ respectively. As in
the proof of Lemma one finds that w = w’. When n is large then
Hy — B(X4,) will be injective in a neighbourhood of w by Lemma 220
hence w,, = w/, for n sufficiently large. O

For the time being, we will call a Banach space E admissible, if x — ||x||"
is a smooth function on E for some r > 0. (The examples we have in mind
are Li Sobolev spaces where p is an even integer.)

Lemma 2.22 Let B be any second countable (smooth) Banach manifold
modelled on an admissible Banach space. Then any submanifold Z of B
possesses a tubular neighbourhood (in the sense of [10]).

Proof. According to [I6, p 96], if a Banach manifold admits partitions of
unity then any closed submanifold possesses a tubular neigbourhood. Now
observe that Z is by definition locally closed, hence C = Z \ Z is closed in
B. But then Z is a closed submanifold of B \ C. In general, any second
countable, regular T)-space is metrizable, hence paracompact (see [15]).
Because B\ C is modelled on an admissible Banach space, the argument in
[16] carries over to show that B\ C admits partitions of unity. Therefore, Z
possesses a tubular neighbourhood in B\ C, which also serves as a tubular
neighbourhood of Z in B. O

Proof of Proposition [Z23: Choose K so large that Hy — B*(K) is an
embedding, with image Z, say. Let Gy denote the preimage of Hy in My.

Let B{*(K) be the open subset of By(K) consisting of those elements
whose spinor does not vanish identically on any component of K. Then the
projection 7 : By*(K) — B*(K) is a principal T-bundle, and restriction to
K defines a diffeomorphism

L:Gy— 7 2.

By Lemma there is an open neighbourhood U of Hy in B*(K) and a
smooth map
p:Ux[0,1] - B*(K)

such that p(x,1) € Z for all x, and p(z,t) = xif v € Zort = 0. (In
other words, p is a strong deformation retraction of U to Z.) After choosing
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a connection in the T-bundle B;*(K) we can then construct a T-invariant
smooth retraction

prnl(U) =7 Y(2)
by means of holonomy along the paths ¢ — p(t,x). Now set

g=1"top: 77U — Gy. O

3 Applications

3.1 A model application

In this subsection we will show in a model case how the gluing theorem
may be applied in combination with the compactness results of [I1]. Here
we only consider gluing along irreducible critical points. Examples of gluing
along reducible critical points will appear in [T2, [[3]. The main result of this
subsection, Theorem Bl encompasses both the simplest gluing formulae for
Seiberg-Witten invariants (in situations where reducibles are not encoun-
tered) and, as we will see in the next subsection, the formula d o d = 0 for
the standard Floer differential.

Recall that the Seiberg—Witten invariant of a closed spin® 4-manifold
(with b5 > 1) can be defined as the number of points (counted with sign) in
the zero-set of a generic section of a certain vector bundle over the moduli
space. To obtain a gluing formula, this vector bundle and its section should
be expressed as the pull-back of a vector bundle £ — l’;’*(K ) with section
s, where K C X. In the proof of Theorem Bl below we will see how the
section s gives rise in a natural way to a map ¢ as in Theorem 2T Thus,
the section s is being incorporated into the equations that the gluing map
is required to solve. (We owe this idea to [B, p 99].)

We will now describe the set-up for our model application. Let X be as
in [I1, Subsection 1.4] with » = 1 and ' > 0, and set Y = Y;. In other
words, we will be gluing one single pair of ends R} x (£Y) of X, but X
may have other ends Ry X Yj’ not involved in the gluing. We assume X#
is connected, which means that X has one or two connected components.
For 7 =1,...,r fix a critical point oz;» € 7~€yj/. Let © be a 2-form and p a
perturbation parameter for Y, and let p7, p’; be similar data for Y. Let each

p,p;- have small C! norm. To simplify notation we write, for a, G € 7~€y,
Mog=M(X;0,8,&), M7 =MXD; ).

We make the following assumptions:
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e (Compactness) At least one of the conditions (B1), (B2) of [I1] holds

for some Aj, X > 0,

e (Regularity) All moduli spaces over Rx Y, Rx Y}, and X contain only
regular points, and

e (No reducibles) Given aj,ay € Ry and a; € 7~€yj/, if there exist a
broken gradient line over R x Y from a4 to as and for each j a broken
gradient line over R x Y] from o/} to §; then M(X; a1, az,d) contains
no reducible. (It then follows by compactness that M(7) contains no
reducible when T is large.)

The regularity condition is stronger than necessary, because there are energy
constraints on the moduli spaces that one may encounter in the situation to
be considered, but we will not elaborate on this here.

Note that we have so far only developed a full transversality theory in the
case when Y and each Yj’ are rational homology spheres; in the remaining
cases the discussion here is therefore somewhat theoretical at this time.

Let K C X be a compact codimension 0 submanifold which intersects
every component of X. When T > 0 then K may also be regarded as a
submanifold of X(@), and we have restriction maps

Rog:Mig— BY(K), R :MT) - B(K).

These take values in B*(K) rather than just in B(K) because of the unique
continuation property of harmonic spinors.

Suppose £ — 5*(K ) is an oriented smooth real vector bundle whose
rank d is equal to the (expected) dimension of M), Choose a smooth
section s of E such that the pull-back section s, 3 = R; 35 is transverse to
the zero-section of the pull-back bundle E, 3 = R; gk over M;’ﬁ for each
pair a, 3. (Here the Sobolev exponent p > 4 should be an even integer to
ensure the existence of smooth partitions of unity.) Set s' = (R’)*s, which is
a section of B/ = (R')*E. We write My = Ma,o = M, and sq = Sa,q etc.
Let M,, M) denote the zero-sets of so, s respectively. By index theory
we have

0 = dim MDY = dim Ma + Ng,

where n, = 0 if « is irreducible and n, = 1 otherwise. Thus, M, is empty
if « is reducible.

Lemma 3.1 If w, € MT1) forn = 1,2,..., where T(n) — oo, then a
subsequence of wy, chain-converges to an element of M, for some a € Ry, .
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Moreover, if w, = [Sn] chain-converges to [S] € M, then there exists for
each n a smooth u, : X(T'™) — U(1) whose restriction to each end R, x Yj’
is null-homotopic and such that the sequence uy,(Sy) c-converges over X to

S.

Proof. The statement of the first sentence follows from [I1), Theorem 1.4]
by dimension counting. Such maps u,, exist in general for chain-convergent
sequences when the w, all have the same asymptotic limits over the ends

Ry x Y/, see [[I]. O
Let J c H'(Y;Z) be the subgroup consisting of elements of the form
z|y where z is an element of H'(X#;7Z) satisfying z\yj/ =0forj=1,...,7".
This group J acts on the disjoint union
i = | i
ae?i*y

permuting the summands.
Lemma 3.2 The quotient M = M“/J is a finite set.

Proof. By [I1l, Theorem 1.3] any sequence w,, € Man, n=12,... has a
chain-convergent subsequence, and for dimensional reasons the limit (well-
defined up to gauge equivalence) must lie in some moduli space Mﬁ. Fur-
thermore, if w,, chain-converges to an element in Mg then Man is contained
in the orbit J - Mg for n > 0. Therefore, each M, is a finite set, and
only finitely many orbits J - M, are non-empty. This is equivalent to the
statement of the lemma. O

Note that J is the largest subgroup of H'(Y';Z) which acts on MY in a
natural way. On the other hand, if M" is non-emtpy then, since H YWy, 7)
acts freely on Ry, only subgroups J’ C J of finite index have the property
that M*/J' is finite.

Lemma 3.3 There is a compact codimension 0 submanifold Ky C X such
that the restriction map M — B(Ky) is injective.

Proof. Let [S;] € M ;> 3 = 1,2, where each Sj is in temporal gauge over
the ends of X (and therefore decays exponentially). Suppose there exists a
sequence of smooth gauge transformations u,, : X.;, — U(1) where t,, — oo,
such that u,(S1) = Sz over X, . After passing to a subsequence we can
arrange that u, c-converges over X to some gauge transformation u with
u(S1) = S2. If £ > 0 then u|(yyx(+y) will both be homotopic to a smooth
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v:Y — U(1) with v(a;) = as. Hence M,,, M,, lie in the same J-orbit,
and Sy, Sy represent the same element of M by [T}, Proposition 2.5 (iii))].
Thus we can take Ko = X.; for ¢ > 0. O
Now fix Ky as in Lemma and with K C Ky. Let {b1,...,by} be
the image of the restriction map R, : M — 5([(0). Choose disjoint open
neighbourhoods W; C B(Kp) of the points bj. If T'>> 0 then

Ry, (MM c | W
J

by Lemma Bl For such T we get a natural map
g: MT) — 1.

It is clear that if ¢’ is the map corresponding to a different choice of Ky and
neighbourhoods W; then g = ¢’ for T sufficiently large.

Theorem 3.1 For sufficiently large T the following hold:

(T)

(i) Ewvery element of M™) s q reqular point in M\*/) and a reqular zero of
/

s
(i) g is a bijection.

Proof. If M is empty then, by Lemma B, M™) is empty as well for
T > 0, and there is nothing left to prove.

We now fix b; and for the remainder of the proof omit j from notation.
(Thus b= b;, W = W;j etc.) We will show that for 7" > 0 the set

BD = {we M : wg, e W}

consists of precisely one element, and that this element is regular in the
sense of (i). This will prove the theorem.

By definition, b is the restriction of some wy € M,. Choose an open
neighbourhood V c B*(K) of b|x and a smooth map

7: Ely — R?

which restricts to a linear isomorphism on every fibre. Choose an open
neighbourhood Vy € W of b such that Rx(Vy) C V. Let Gy C M, be
a precompact open neighbourhood of wg such that Ry, (G4) C Vy. The
assumption that wg be a regular zero of s, means that the composite map

G, My TR
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is a local diffeomorphism at wg. We can then find an injective smooth map
. md
p: R — M,

such that pomoso Rig = id in some open neighbourhood G C G4 of wy.
In particular, p~!(wp) = {0} and p is a local diffeomorphism at 0. Set

g=pomos:V — M,.

By Theorem Bl there is a kv-pair (K', V') < (Ky, Vp) such that if T > 0
then q~'G consists only of regular monopoles and

f=q¢goRr:q°'G—G
is a diffeomorphism. By Lemma Bl one has
BT = q'G N (s") 71 (0) = £ (wo)
for T > 0. For such T the set B™) consists of precisely one point, and this
point is regular in the sense of (i). DO

3.2 The Floer differential

Consider the situation of [I1, Subsection 1.2]. Suppose a perturbation pa-
rameter p of small C'! norm has been chosen for which all moduli spaces
M(ay,a0) over R x Y are regular. (This is possible at least when Y is a
rational homology sphere, see [I1].) Fix aj,as € 7@; with

dim M(aq,a9) = 2.
We will show that the disjoint union

M= |J  Ma.B) x M az)

BeRE\{a1,02}

is the boundary of a compact 1-manifold. (In other words, the standard
Floer differential d satisfies d o d = 0 at least with Z/2 coefficients.) To this
end we will apply Theorem Bl to the case when X consists of two copies of
R x Y, say

X =RxY x{1,2},

and we glue Ry x Y x {1} with R_ x Y x {2}. Thus r =1, ' = 2. We
take K = K; U Ky, where K; = [0,1] x Y x {j}. In this case, B*(K) is
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the quotient of C*(K) by the null-homotopic gauge transformations. The
bundle E over B*(K) will be the product bundle with fibre R2. To define
the section s of E, choose §1,92 > 0 such that ¥ has no critical value in the
set

(V(az), 9(az) + 02) U [F(ar) — 61, 9(ar)).

This is possible because we assume Condition (O1) of [I1]. For any config-
uration S over [0,1] X Y set

1
5(8) = [ 98 dt = v(a) = (1.

Note that s;(S) does not change if we apply a null-homotopic gauge trans-
formation to S.

A configuration over K consists of a pair (S1,S2) of configurations over
[0,1] X Y. Define a smooth function s : B*(K) — R? (ie a section of E) by

s([S1], [S2]) = (51(51), 52(S2))-

If [S] belongs to some moduli space M (531, 32) over R x Y with 81 # 2 in
Ry then %19(515) < 0 for all t by choice of p. Since J = 0, the natural map

M — M is therefore a bijection.

Let s; be the pull-back of s; to M) Here M™) is defined using 1
Equation 17| with ¢ = 0, and so can be identified with M (a1, as). By [T},
Theorem 1.3] the set

ZM ={weMD : §j(w)=0, shw)<0}

is compact for all T > 0. If T >> 0 then, by Theorem B Z(™) is a smooth
submanifold of M), and the composition of the two bijections

92 — N1 2, i1 0
yields the desired identification of M with the boundary of a compact 1-
manifold.
4 Orientations

In this section we discuss orientations of moduli spaces and determine when
the ungluing map of Theorem 1] preserves resp. reverses orientation.

We will adopt the approach to orientations of Fredholm operators (and
families of such) introduced by Benevieri—Furi [I], which was brought to our
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attention by Shuguang Wang [25]. This approach is more economical than
the traditional one using determinant line bundles (see [6, 22, [T0]) in the
sense that it produces the orientation double cover directly. It also fits well
in with gluing theory.

After reviewing Benevieri—Furi orientations in Subsection EETl we study
orientations of unframed and (multi)framed moduli spaces, and the relation-
ship between these, in Subsection The framings require some extra care
because of reducibles. The orientation cover A — B = B(X; ) is defined by
the family of Fredholm operators Z§ + DOg parametrized by S € C (cf. [5, p
130]). Any section of A (which is always trivial, see Proposition EZ2 below)
defines an orientation of the regular part of the moduli space M for any fi-
nite, oriented subset b C X. If all limits «; are reducible then any homology
orientation of X determines a section of A\, see Proposition Bl below. To
relate ungluing maps to orientations we show that, in the notation of Subsec-
tion 22, any section of A — B determines a section of the orientation cover
N — B'. (Here B,B’ are configuration spaces over X, X7 respectively.)
This is explained in Subsection EE4l after some preparation in Subsection
concerning framings. With this background material in place, the result on
ungluing maps, Theorem ETl is an easy consequence of earlier estimates.
Subsection addresses the question of whether gluing of orientations in
the above sense is compatible with gluing of homology orientations in the
case when all limits «;, oz;- are reducible.

4.1 Benevieri—Furi orientations of Fredholm operators

We first review Benevieri—Furi’s concept of orientability of a Fredholm op-
erator L : ' — F of index 0 between real Banach spaces. A corrector of L
is a bounded operator A : E — F with finite dimensional image such that
L + A is an isomorphism. We introduce the following equivalence relation
in the set C(L) of correctors of L. Given A, B € C(L) set

P=L+A, Q=L+B.

Let Fy be any finite dimensional subspace of F' containing the image of
A — B. Then QP! is an automorphism of F' which maps Fj into itself. We
call A and B equivalent if the map Fy — Fy induced by QP! is orientation
preserving (which holds by convention if Fy = 0). This condition is inde-
pendent of Fy. The set C(L) is now partitioned into two equivalence classes
(unless E = F = 0), and we define an orientation of L to be a choice of an
equivalence class, the elements of which are then called positive correctors.
A corrector which is not positive is called negative.
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Benevieri-Furi consider Q' P instead of QP ™!, but it is easy to see that
this yields the same equivalence relation.

Note that the equivalence classes are open and closed subsets of C(L)
with respect to the operator norm. To see this, observe that C(L) is open
among the bounded operators £ — F' of finite rank. Therefore, if B is a
corrector sufficiently close to a given corrector A, then A; = (1 —t)A +tB
is a corrector for 0 < ¢ < 1. Since im(A; — A) C im(A) + im(B), it follows
by continuity that the A; are all equivalent. In particular, A and B are
equivalent.

If L : E — F is a Fredholm operator of arbitrary index then for any
non-negative integers m,n we can form the operator

Lypn:E@eR™ - F&R", (x,0)— (Lz,0). (18)

If L has index 0 then for any m there is a canonical correspondence between
orientations of L and orientations of L, ,, such that if A is a positive cor-
rector of L then A @ Igm is a positive corrector of Ly, ,,. If L has index
k # 0 then we define an orientation of L to be an orientation (in the above
sense) of Lo (if k> 0) or L_j ¢ (if £ <0).

Note that if A is a corrector of Ly, , where n —m = index(L), and C
an automorphism of R™ then A is equivalent to Ao (Ig & C) if and only if
det(C) > 0, and similarly for automorphisms of R".

It is clear that orientations of two Fredholm operators determine an
orientation of their direct sum. Also, a complex linear Fredholm operator
carries a canonical orientation (in this case we replace R by C in ([I8) and
the orientation is then given by any complex linear corrector).

We now consider families of Fredholm operators. Let E,F be Banach
vector bundles over a topological space T', with fibres E;, F; over t € T.
(We require that these satisfy the analogues of the vector bundle axioms
VB 1-3 in [I6, pp. 41-2] in the topological category.) Let L(E,F) denote
the Banach vector bundle over T whose fibre over ¢ is the Banach space of
bounded operators E; — F;. Suppose h is a (continuous) section of L(E, F)
such that h(t) : E; — F; is a Fredholm operator of index 0 for every ¢t € T'.
If E, # 0 for every ¢ then there is a natural double cover h — T, the
orientation cover of h, whose fibre over ¢ consists of the two orientations of
h(t). If U C T is an open subset and a a section of L(E,F) such that a(t)
has finite rank for all ¢ € U then a defines a trivialization of k over the open
set of those t € U for which h(t) +a(t) is an isomorphism. An orientation of
h is by definition a section of h. If instead each h(t) has index k # 0 then we
define the orientation cover h and orientations of h by first turning h into a
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family of index 0 operators as above and then applying the definitions just
given for such families.

Wang [25] established a 1-1 correspondence between orientations of any
family of index 0 Fredholm operators (between fixed Banach spaces) and
orientations of its determinant line bundle. While we will make no use of
determinant line bundles in this paper, we need to fix our convention for
passing between orientations of a Fredholm operator L : E — F of arbitrary
index and orientations of its determinant line,

det(L) = A" ker(L) @ A™**coker(L)*.

Set n = dimker(L) and m = dimcoker(L). Choose bounded operators
Ay : E — R™ and Ay : R™ — I which induce isomorphisms

Ap i ker(L) - R", Ay :R™ — coker(L).

Then A = < Xl ‘%2) is a corrector of L,, , which also defines an isomorphism

Ja : det(L) — R. Moreover, two such correctors A, B are equivalent if and
only if J Ang preserves orientation. (To see this, note that after altering
Aj, Bj by automorphisms of R or R" as appropriate one can assume that
A; = Bj, in which case (1 — t)A + tB is a corrector of Ly, for every
t € R.) This provides a 1-1 correspondence between orientations of L and
orientations of det(L).

4.2 Orientations of moduli spaces

In the situation of [T}, Subsection 3.4] set
S=IPY(X;iN @ SY), Fy = IPU(X;iR), Fy=IPU(X;iAt @S

(19)
and consider the family of Fredholm operators

0s =23 +DOg:S - F :=F @ F

parametrized by S = (A, ®) € C(X;&). This family is gauge equivariant in
the sense that

du(s)(us) = uds(s)
for any s € LY, w € G, where as usual u acts trivially on differential

forms and by complex multiplication on spinors. Therefore,Ng acts contin-
uously on the orientation cover § such that the projection § — C(X;a) is
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G—equivariant. The local slice theorem and Lemma ET below then show
that 0 descends to a double cover A — B(X;&).

(Note that in the situation of [T}, Subsection 2.4], the local slice theorem
for the group G at a reducible point (A,0) € C is easily deduced from the
version of [I1, Proposition 2.6] with b consisting of one point from each
component of X where ® vanishes a.e.)

Lemma 4.1 Let the topological group G act continuously on the spaces
Z,Z, and let T : Z — Z be a G—equivariant covering map. Suppose any
point in Z has arbitrarily small open meighbourhoods U such that for any
z € U the set

{geG :gzeU}

is connected. Then the natural map 7 : Z/G — Z/G is a covering whose
pull-back to Z is canonically isomorphic to w. Pull-back defines a 1-1 cor-
respondence between (continuous) sections of T and G—equivariant sections
of w. If in addition G is connected then any section of m is G—equivariant.

Proof. Let p: Z — Z/G and q: Z — Z/G. If U is as in the lemma and
s is a section of m over U then for all z € U, g € G with gz € U one has

s(gz) = gs(2).

Hence s descends to a section of & over p(U). If in addition 7—1U is the
disjoint union of open sets V; each of which is mapped homeomorphically
onto U by 7 then ¢(V;) Nq(Vy) = 0 when j # k. Moreover, Ujq(V;) =
7 p(U). O

The following proposition extends a well known result in the case when
X is closed (see [I8,22]). A related result was proved in [20, Prop. 4.4.18].

Proposition 4.1 If each Y} is a rational homology sphere and each o is re-
ducible then any homology orientation of X canonically determines a section
of N = B(X;d).

Proof. We may assume p = 0, since rescaling p yields a homotopy of
families J. For any (A,0) € C(X;d) the operator d(4 ) is the connected
sum of the operators —d* +d* and D 4. While the homology orientation of
X determines an orientation of —d* + d* (whose cokernel we identify with
H°@® H™ rather than H+@® H°, where Ht now denotes the space of self-dual
closed L? 2-forms on X), the family of complex linear operators D4 carries
a natural orientation which is preserved by the action of G. This yields a
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section of \ over the reducible part B4 ¢ B = B(X;d). Since the map
([A, ®],t) — [A,t®], 0 < t < 1 is a deformation retraction of B to B*d, we
also obtain a section of A over B. O

Returning to the situation discussed before Lemma BTl a section of A
determines an orientation of the regular part of the moduli space M*(X;d).
As we will now explain, it also determines an orientation of the regular part
of M (X;a) for any finite oriented subset b C X. (By an orientation of b
we mean an equivalence class of orderings, two orderings being equivalent if
they differ by an even permutation.)

Let W be the space of spinors that may occur in elements of By (X; &);
more precisely, W is the open subset of ®,+ L} consisting of those elements
® such that b U supp(®) intersects every component of X. For any such ®
the operator

Ag :=TpTep = A+ |0 : LG — F, (20)

is injective on LGy, hence
Vo = F1/As(LGs)

has dimension b := |b| by [II, Proposition 2.2 (i)]. Since ® — Ag is a
smooth map from ®,+ L} into the space of bounded operators LG — Fi,
the spaces Vg form a smooth vector bundle V over W. Because W is simply-
connected, V is orientable. To specify an orientation it suffices to consider
those ® that do not vanish identically on any component of X. Given such
a @, the operator (20) is an isomorphism, and we decree that a b-tuple
g1,---,9p € F1 spanning a linear complement of Ag(LGyp) is positive if the
determinant of the matrix

(_iA;I(gj)(xk))j,kzl,...,b

is positive, where (x1,...,xp) is any positive ordering of b.

It is natural to ask what it means for {g;} to be a positive basis for Vo
when & = 0. Subsection EE0l answers this question in the case b = 1.

For the purpose of understanding ungluing maps it is convenient to intro-
duce local slices for the action of Gy that are defined by compactly supported
functions on X. Given S = (A4, ®) € C}(X;d), choose compactly supported
smooth functions g;,h; : X — iR, j =1,...,b, such that

/ gihk = djk, (21)
X

where §;;, is the Kronecker symbol, and such that (gi,...,gp) represents a
positive basis for Vg. (Note that there is a preferred choice of hy, which lies
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in the linear span of the g;’s.) We define the operator p : 71 — Fi by

b
—f_ . .
uf = f ;g]/xfj (22)

Clearly, this is a projection operator whose kernel is spanned by g1,...,gs.
Furthermore, u restricts to an isomorphism

Agp(LGe) — im(p). (23)
Set Zg = poZy and
Sus =T8 +DOg: S — im(p) ® Fo. (24)

After composing with the inverse of (23], ng becomes an operator of the
same kind as considered in [I1, Subsection 3.4]. Therefore, the local slice
theorem [Tl Proposition 2.6] applies, and if S represents a regular point of
My (X;d) then an orientation of ¢, g defines an orientation of the tangent
space Tig My (X; Q).

We will now relate orientations of ds to orientations of J, . For any
imaginary valued function f on X let x/f € R have coordinates S < fhy,
j =1,...,b. Choose non-negative integers ¢, m with m — ¢ = index(dg) and
set

viFIeFeR™ 2 imp) e FeR R,

($1,$2,y) = (M!E1,$2,MI$1,Z/)-

To any corrector C of (d5)¢,, We associate a corrector Cy of (0,,5)¢,p+m given
by
(0,8)eb+m + Co = v 0 ((d5)e,m + C).

The map C — Cy clearly respects the equivalence relation for correctors
and therefore defines a 1-1 correspondence between orientations of dg and
orientations of J,, . Moreover, for gauge transformations u one has

(uCu™ 1)y = uCput,

where u acts by multiplication on spinors and trivially on the other compo-
nents.

If [S] is a regular point of M (X;d) then the above defined correspon-
dence between orientations of dg and orientations of M (X;d) at [S] does
not depend on the choice of the 2b—tuple ¢1,...,gp, h1,...,hy, because the
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space of such 2b—tuples supported in a given compact subset of X is path-
connected in the C'*°~topology.

The relationship between the orientations of M* = M*(X; &) and M =
Mg (X;d) can be described explicitly as follows (assuming M* is regular).
Let M¢* be the part of M that lies above M*. Then 7 : M* — M* is
a principal U(1)*~bundle whose fibres inherit orientations from U(1)*. If

(v1,...,vp) is a positive basis for the vertical tangent space of M* at w and
(Up41,---,vq) a (d—Db)-tuple of elements of T,,M;* which maps to a positive
basis for Ty () M* then (v1,...,vq) is a positive basis for To, M{™.

4.3 Gluing and the Laplacian

We continue the discussion of the previous subsection, but we now consider
the situation of Subection Bl so that the ends of X are labelled as in
[IT, Subsection 1.4] and b C X is the set of start-points of the paths ’y;:,
j = 1, ..., 7.

We define the function spaces S’ and F/ = F, @ F over X(T) just as the
corresponding spaces S, F etc over X, replacing the weight function w by
k. We also define the space W' of spinors over X(I) and the oriented vector
bundle V' — W' in the same way as V — W, using the same set b.

Let S = (A,®) € C be a configuration over X such that S — S, is
compactly supported, where S, is the reference configuration over X. For
large T consider the glued configuration S’ = (A’, ®') over X(T); this is the
smooth configuration over X(7) which agrees with S over int(X.7). (This
notation will also be used in later subsections. For the time being we are
only interested in the spinors.) Let g = (g1,...,95) be as in the previous
subsection.

Lemma 4.2 If g represents a positive basis for Vo then g also represents a
positive basis for Vi, when T is sufficiently large.

(In this lemma it is not essential that X be a 4-manifold or that ST be
a spinor bundle, one could just as well use the more general set-up in [I1]
Subsection 2.1], at least if p > dim X.)

Proof. There is one case where the lemma is obvious, namely when ® does
not vanish on any component of X and g; = Ag fj, where f; is compactly
supported. We will prove the general case by deforming a given set of
data ®, g to one of this special form. We begin by establishing a version
of the lemma where ‘positive basis’ is replaced by ‘basis’ and one considers
compact families of such data ®,g. To make this precise, choose p > 0
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such that supp(g;) C X., for each j, and let T > p. Let I" C LY(X;ST)
and T € C°°(X; (iR)?) be the subspaces consisting of those elements that
vanish outside X.,. Let I" (resp. I'r) be the set of pairs (¢, g) € I" x I'" such
that ®, + ¢ € W (whence @/ + ¢ € W) and such that g represents a basis
for Vo, (resp. Vg, 1 4)-

Sublemma 4.1 If K is any compact subset of T' then K C T'p for T > 0.

Assuming the sublemma for the moment, choose ¢ € I' such that on
each component of X exactly one of ®, ¢ is zero. Choose smooth functions
fj+ X — iR, j =1,...,b, which are supported in X., and satisfy f;(zy) =
0%, where (x1,...,xp) is a positive ordering of b. Choose a small € > 0 and
set §j = Aotepfj. Choose a path (®(t),g(t)), 0 <t <1inT from (®,g) to
(® + €¢, g) such that g(t) =g for 0 <t < e and

yw:{¢+w,0§t3a
D+ep, e<t<1.
Let ®'(t) be the glued spinor over X() obtained from ®(t). By the sub-
lemma, if 7 >> 0 then for 0 < ¢ < 1 one has (®'(t),g(t)) € T'r. Since §
represents a positive basis for V, teg 1 follows by continuity that g must
represent a positive basis for VJ,. This proves the lemma assuming the
sublemma.

Proof of Sublemma [f.1: Suppose to the contrary that for n = 1,2,...

there are (¢(n),g(n)) € K \ I'p(,), where T(n) — co. We may assume

(¢(n),g(n)) — (¢,g9) in K. Let V be the linear span of gq,...,g, and V,
the linear span of gi(n),...,gy(n). Set

D), = D), + ¢(n).

By assumption there exists a non-zero f,, € LGy with Ag: f, € V;,. Choose
real numbers 0,7 with p < o < 7. Since Ag f,, = 0 outside X.,, unique
continuation implies that f,, cannot vanish identically on X.,, so we may
assume that

I fnllzz(x.) = 1-

We digress briefly to consider an injective bounded operator J : E — F
between normed vector spaces and for fixed m a sequence of linear maps
P, : R™ — E which converges in the operator norm to an injective linear
map P. Then there is a constant C' < oo such that |le|]| < C||Je]| for all e in
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a neighbourhood U of P(S™~!). For large n one must have P,(S™!) C U,
hence
[Paz|| < C|lJ Poz|

for all z € R™.

We apply this result with m = b, E = L{(X), F = LP(X), J the
inclusion map, P,z = 2, x;g;(n), and Pz = } . x;9;. We conclude that
there is a constant C' < oo such that for sufficiently large n one has

[ollzr < Cllvllze

for all v € V,,. For such n,

(18 fallg + 1l
(180 Fully + 1122l +1)
(

(18, Fullos + 19125 fallp + 1)
< const - ([|Afullzr + 1)

< const,

anHLg(X:U) < const

< const

< const

where except in the first term all norms are taken over X.,.
Let %ﬁ%’ be the spinor parts of aj,a;-, respectively. Fix n for the
moment and write p = Tj(n) — p. Define ¢ similarly. Over [—p,p| x Y; we
then have
(=07 + Ay,) fo =0,

where 0; = % and Ay, = Ay, + ;2. If h is any continuous real function

on [—p, p] x Y; satisfying (—07 + Ay;)h = 0 on (=p,p) x Y; then for any
non-negative integer k and t € [~ + 1,6 — 1] one has

[Rll ok (t=1,41xv;) < const - (”hHLZ({—ﬁ}XYj) + HhHLZ({p}xyj)> :

where the constant is independent of n,t. (To see this, expand h in terms
of eigenvectors of Ay, and note that each coefficient function c satisfies an
equation ¢/ = A\?c, A € R, which yields (¢?)” = 2(c/)? +2(A\¢)? > 0. Combine
this with the usual elliptic estimates.) Similarly, if 4 is any bounded con-
tinuous function on [p,c0) x Y/ satisfying (-5 + Awé_)h =0on (p,00) x Y]
then for any non-negative integer k and ¢ > ¢ one has

1Pllen (it er1)xvy) < const - [|All2gpyxyy)s
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for some constant independent of ¢.

After passing to a subsequence, we may therefore assume that f, con-
verges in L} over compact subsets of X to some function f, whose restriction
to each end of X must be the sum of a constant function and an exponen-
tially decaying one, the constant function being zero if the limiting spinor
over that end (1; or 1/13) is non-zero. In particular, f € LGy. Furthermore,

Ag,+of €V, HfHLg(X:T) =1

Since Ag, 44 is injective on LGy this contradicts the assumption that V' is a
linear complement of Ag 1 4(LGp) in Fi.

This completes the proof of Sublemma BTl and thereby also the proof of
Lemma O

4.4 Orientations and gluing

Let S,S” be as in the beginning of Subsection EE3l For the time being we
will consider a map p defined by fixed but arbitrary b-tuples {g;}, {h;} of
imaginary valued, compactly supported, smooth functions on X satisfying
the duality relation (ZII), where b is any non-negative integer. We will show
that an orientation of §,, ¢ canonically determines an orientation of §,, ¢/ for
large T. Set

Fu=im(u) ® Fy, F,, =im(u) ® Fy.

Choose 7 > 1 so large that the functions g;, h; are all supported in X.;, and
define
Sr = LY(X.;iN @ ST).

Let &7 be the subspace of S consisting of those elements that are supported
in X.7, and define 7} C F, similarly. Set

CT = So +SZ(T—1)'

In other words, C'" is the set of all L117,1 oc configurations S over X such that
S — S, is supported in X.;_1). (The 7 — 1 is chosen here because of the
non-local nature of our perturbations.) Suppose we are given a bounded
operator

C:S,aR - F] aR" (25)

with finite dimensional image, where m —¢ = index(d, s). Clearly, C induces
linear maps

SR - F,oR", SeoR' -7, &R™
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(the latter when 7' > 7); these will also be denoted by C. Fix an ro-tuple of
paths v = (71,...,7,) as in Subsection X1l and for any imaginary valued
1-form a on X(T) let H,(a) € R have coordinates

H,,(a) ::/ ia, j=1,...,7r.
-

Lemma 4.3 There exists a constant C < oo with the property that if C is
any map as above and S any element of C™ such that

D:=6,5+C:SOR - F, o R™
1s invertible, then
E:=6,9+H,+C:SaR - 7, aR°&R™
is invertible when T > C(|[D~'|| +1).

Proof. Let P;j be a bounded right inverse of the operator (@). As in Ap-
pendix[A if 7' > const-(||D~ [+ [ P;]|) then we can splice D™', Py, ..., P,
to obtain a right inverse R of

Ous +C:S'@R  — F, & R™.

(The present situation is slightly different from that in the appendix, but
the construction there carries over.) Furthermore,

IR|| < const - (D] + D 121])-
j

Let f : R — R be a smooth function such that f(t) = 0 for ¢ < % and
f(t) =1 for t > 1. Set

q;(t) =f(T; — 7+ t)f(T; — T —1).

Thus, ¢; approximates the characteristic function of the interval [T} +
7,Tj — 7]. For any ¢ = (c1,...,¢,y) € R™ let 7(c) be the imaginary valued
1-form on X given by

n(e) = 0 outside (J52, [T}, Tj] x Y},
—@L) egyidt on [FTy T XYy, j=1L....ro.
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For the present purposes it is convenient to rearrange summands and regard
E as mapping into (F), @ R™) @ R™. Set

L=R+n:(F,oR™MOR" - S oR".

Then EF'L takes the matrix form

<é ?>+o, (26)

where for large T one has ||3|| < const - ||R|| and |o| < const - T~ the
constants being independent of S,T. As in the proof of Lemma Z4] we
conclude that FL is invertible when T' > const - (||3]| + 1), which holds if
T > const - (||[D7!| 4 1). Since E has index 0, it is invertible whenever EL
is surjective. O

Lemma 4.4 Suppose C,C are two maps as in (Z3) which define correctors
of (6,,5)e,m, and let v, be two ro—tuples of paths as in Subsection 2
Then for sufficiently large T the following holds: C and C define equivalent
correctors of (0,,5)e,m if and only if Hy + C and Hy + C define equivalent
correctors of (0,,5')e,rg+m-

Proof. We will use the same notation as in Lemma B3 and its proof. Let
D, E be defined as D, E, replacing C,~ by C,’y. Observe that the image
of D — D is contained in N & R™ for some finite dimensional subspace
N C F;J, and the image of £ — E is then contained in (N @ R™) @ R’
(again rearranging summands). Moreover,

EE~' = EL(EL)™!,

D'R 0
( 8 I > + o1, (27)

where ||31]] is bounded and |joy|| — 0 aS~T — o0, and D' = S+ C. From
the description [Z8) of FL we see that EE~! also has the shape (£1)).
If se .7-";] and p denotes restriction to X.,, then

and EL has the form

|pD Rs — pDD 5| s < const - | D] - [ pRs — pD~"s]| s
< const - [T - 1D]| - (1D~ + X2 12:) - sl
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It follows that as T — oo, the determinant of the endomorphism of (No®
R™) @ R™ induced by EE~! approaches the determinant of the endomor-
phism of N @ R™ induced by DD~ O

Consider again the situation before Lemma Choosing a corrector
C of (6,,9)e,m of the kind (23) we obtain, by Lemma E3] an orientation of
(04,5 ) t,rg+m for T > 0, which we can extend by continuity to 7' > 27. Now
fix T with 7' > 27, and let A, 5 (resp. A, g/) denote the set consisting of the
two orientations of d,, g (resp. 0,,s). From Lemmas and B4l we obtain a
natural map

Aus = Ap,sr

There are two cases that we are interested in: One is when b = 0 (so that
Au,s = Ag). The other is when b = |b| and (go, . . . , g») defines a positive basis
for V. Now letting p refer to the second case, the preceeding discussion
yields the following diagramme of bijections:

As — Ay

! ! (28)

)\Mvs - )\/»1'75/7

which commutes if and only if bry is even. (The reason for the sign is that
one has to permute the summands R® and R" in the target spaces of the
correctors.)

Turning now to the global picture, and taking b = 0, let C[’ﬂ denote the
set of all Libc configurations S over X(¥) such that S — S’ is supported
in X... Then the gluing operation S — S’ defines a homeomorphism wu :
CT — CfT], and Lemmas and 4] establish an isomorphism between the
orientation cover of C'7 and the pull-back by u of the orientation cover of
C[’T}. Combining this with Proposition below we see that any section of
A — B determines a section of the orientation cover ' — B’. (Here B, B’
mean the same as in the beginning of Subsection ).

Proposition 4.2 If X, & are as in [11, Subsection 3.4] then the orientation
cover A — B(X; @) is trivial.

Proof. We may assume X is connected. Let b C X consist of a single
point. Let 7 : By, — B be the projection, where B = B(X;a) etc. Since
B is the quotient of By by the natural U(1) action, the local slice theorem
and Lemma EJ] imply that any section of 7*\ descends to a section of .
It therefore suffices to show that 7*\ is trivial, or equivalently, that for any
loop ¢ in B that lifts to By the pull-back £*\ is trivial. Since C — By is a
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(principal) fibre bundle, such a loop is the image of a path z : [0,1] — C
such that z(1) = u(z(0)) for some u € Gy. After altering the loop ¢ by a
homotopy one can arrange that v = 1 and z(t) = S, (for all t) outside a
compact subset of X.

(Here is one way to construct such a homotopy. For 0 < s < 1 let
& = (s * Cs be the composite of the two paths (both defined for 0 <t <1)

Cs(t) = (1 = s)z(t) + $S,,
fs(t) = (1 - t)Cs(l) + tUS(CS(O)),

where vg is a path in G such that vg = u, and v; = 1 outside a compact
subset of X. Clearly, & = (p is homotopic to z relative to {0,1}. Moreover,
Us(fs(o)) = €8(1)7 and gl(t) = S, where v; = 1')

Now let —X be the Riemannian manifold X with the opposite orientation
and corresponding spin® structure. Starting with X U (—X) we form, for
any T > 0, a compact manifold W) by gluing the j’th end of X with the
j’th end of —X to obtain a neck [—7},T}] x Y;. Let S be any configuration
over —X which agrees with a; over the j’th end, and z1(f) the configuration
over W) obtained by gluing S and z(t). Then z; maps to a loop ¢; in
B(WT)). By Proposition B2 the orientation cover A\; — B(W ™)) is trivial.
Now Lemmas and E4] yield an isomorphism of Z/2-bundles £*A — 1\,
when T is large, hence £*)\ is trivial. O

We now consider the situation of Theorem Il Let b = |b|. Choose an
orientation of A — B, and let A’ — B’ have the associated orientation. Given
an orientation of b, this orients the regular parts of My and M éT). In terms
of Diagramme we are here using the top horizontal and vertical maps.
Because the proof of the next theorem will use the bottom horizontal map,
and the diagramme commutes if and only if brg is even, this causes a sign
in the theorem. Note that b is the cardinality of the set b of starting-points
of the paths ’yj-E, which of course is even if these points are distinct.

Theorem 4.1 In the situation of TheoremZ, if T is sufficiently large then
the diffeomorphism

F:q!'G— U™ xG, wr— (Holw),q(w))

is orientation preserving if brg is even and orientation reversing if brg is
odd.

Proof. Given € = +1, we will say that a map is e—preserving if it changes
orientations by the factor e. A corrector of an oriented Fredholm operator
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of index 0 is called an e—corrector if it is positive or negative according to
the sign of e.

Now set € = (—1)b0, In view of Proposition EZIlit suffices to show that,
for any given point (z,w) € U(1)" x G, the inverse F~! is e-preserving at
(z,w) when T is sufficiently large.

Consider the set-up in Subsection ZZ with w : R? — M, orientation
preserving. Let 7 : C(K) — Z‘u?(K) be the projection. Then f:=w logon
maps a small neighbourhood of Sp|x in C(K) to RY. Let

C: IA(K;iN @ST) — R?

be the derivative of f at Sy. Let p be as in ([22)), with ® the spinor part of
Sp. For 0 <t <1 set

nn
o

~
S—

Il

(1 =)So +tSor—2, d(t) = du.50)s
5/

Sit)y=(1-t)S+ tS50,7—2,T+ (t) = 5M,§(t)'
(Thus, the 7 in the proof of Theorem Bl corresponds to the present 7 — 2.)
In the following, constants will be independent of 7, T'. Because q(w'|x) = &’
for all ' € G, we see that C defines a positive corrector of

5(t)oa: S — F, & RY

for t = 0. Hence, if 7 > const (for a suitable constant) then C will define a
positive corrector of §(t)g 4 for 0 < ¢ < 1. We want to show that if 7 > const
then

E,=§{t)+H,+C:S§ — F, @R & R

is an isomorphism for 0 < ¢ < 1 when 7' >> 0. This is a Fredholm operator
of index 0, so it suffices to show that it is surjective. As in the proof of
Lemma we can, for 7 > const and T° > 7 + const, construct a right
inverse R of

5'(1)+C:S'—>,7:LEB]Rd

such that ||R|| is bounded independently of 7,7. Set L = R + n as in the
said proof. For notational convenience we will here regard E;L as acting on

(7. oRY) o R™.
Then there is the matrix representation

_ [ @@®))+OR d(t)n
fak = < H\R Hym > '
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By Lemma 29 one has, for 7 > const,

I5'(t) + OR — Il = (&) ~ ¥ ()R]
< const - ||S(t) — ﬁ(l)HL,f,n < const - (27T

Furthermore, for 7 > const,

16’ (t)n|| < const - e7TT 1,
| HyR|| < const,
|Hyn —I|| < (7 — const) - T

Recalling the assumption 0 < 60 < A, we see that if 7 > const then E;L
(and hence E;) will be invertible for 0 < ¢ < 1 when 7 >> 0. Since H.,, + C
is an e—corrector of ¢'(1)g ro+d, it must also be an e—corrector of §(0)o.ro+d,
which in turn is equivalent to F being e¢-preserving at F~1(z,w). O

4.5 Homology orientations and gluing

In this subsection we will describe the “gluing of orientations” of Subsec-
tion EE4] in terms of homology orientations in the simplest cases. This result
will be needed in [I2].

Let X be as in [I1l Subsection 1.4] with » = 1, ie. only one pair of ends
Ry x (£Y) is being glued. Suppose Y and each Yj’ are rational homology
spheres. We assume the glued manifold X# is connected, so that X has at
most two components. As in Subsection EIllet ~ be a path in X™) running
once through the neck [-T,T| x Y, with starting-point g and end-point x.
If X is connected then we assume xg = .

As before in this section, we will denote by HT(X) the space of self-dual
closed L? 2-forms on X. It is useful to observe here that orientations of
H*(X) can be specified solely in terms of the intersection form on X. (We
made implicit use of this already in the definition of homology orientation
in [I1l Subsection 1.1].) To see this, let V' be any real vector space with a
non-degenerate symmetric bilinear form B : V x V — R of signature (m,n),
where m > 0 (the case m = 0 being trivial). Let V' denote the space of

all linearly independent m—tuples (vy,...,v,,) of elements of V such that B
is positive definite on the linear span of v1,...,v,,. Then VT has exactly
two path-components, and two such m—tuples (v1,...,v,,) and (wy, ..., Wy,)

lie in the same component if and only if the matrix (B(vj,wg))jr=1,..m
has positive determinant. In the case when B is the intersection form of
X, a choice of a component of V1 determines orientations of both H*(X)
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and H+ (X)) (since the intersection forms of X and X(7) are canonically
isomorphic).

Given the ordering of the ends Ry x (£Y') of X there is a natural 1-1
correspondence between homology orientations of X and of X#. In general
one can specify a homology orientation by choosing ordered bases for H?,
H', and H* (or equivalently, for the dual groups). If X has two components
then the correspondence is given by replacing the basis (zq) for Ho(X7)
with the ordered basis (29, x1) for Ho(X). If X is connected then we replace
a given ordered basis (e1,...,es) for H1(X) (where ¢ = b1(X)) with the
ordered basis (—[v],e1,...,es) for Hy(X#). (The sign in front of [y] is
related to a sign appearing in the formula for Hol; in ().)

Now fix homology orientations of X, X# which are compatible in the
above sense. Let B,B’ be the configuration spaces over X, X(T) with re-
ducible limits. According to Proposition 1] the chosen homology orienta-
tions determine an orientation o of A — B and an orientation o’ of N — B'.
On the other hand, )\’ inherits a glued orientation 6 from (\,0) as specified
in Subsection EEAL

Proposition 4.3 (i) If X is connected then o = o.

(ii) If X has two components, then o' = & if and only if by(X) + by (X) is
odd.

Proof. Let S, = (Ay,0) be a reference configuration over X as in Sub-
section 1] with reducible limit over each end. To simplify notation we will
now write S, A instead of S,, A,. Let S” = (A’,0) be the glued reference
configuration over X (M), Set Ly=dT® D 4, SO that

5S:—d*—|—LA:S—>.7'—.

Set by = b1(X), bT = b3 (X), m = dim ker(ds), and £ = dim coker(L,).
Choose smooth loops ¢1,...,0 in X.g representing a positive basis for
H,(X;R) and define

By : L} (X.0,iA') — R, a— (—/ z'a) .
¢ o
Jj=1,...,b1

geeey

Choose a bounded complex-linear map

By : LI (X.,0,ST) — C™
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whose composition with the restriction to X.o defines an isomorphism ker(D 4) —

C™2, Set
B=B;+By:S0— R @C™ =R™.

Choose smooth imaginary-valued closed 2—forms wy, . ..,wp+ on X which
are supported in X, and such that the cohomology classes [—iw1], ..., [—iwp+]
form a positive basis of a positive subspace for the intersection form of X.
Then the self-dual parts wf’ yens ,w;; map to a basis for coker(d™) on both
X and XD which in both cases is compatible with the chosen orientation
of H* = coker(dt)*. Choose smooth sections wy+ y1,...,we of Sy which
are supported in X.p and map to a positive basis for the real vector space
coker(Dy) (with its complex orientation).

The remainder of the proof deals separately with the two cases.

Case (i): X is connected.

Let g : X — iR be a smooth function supported in X.g and with [ g = .
Then for large T the orientations o', of dg/ are both represented by the
following corrector of (0s/)gt1,m+1:

SeRaeR - F R R™,

¢
(€7t7 Z) = (tg + szwjaH’ygv Bf)v
j=1

where H.{ means H,, applied to the 1-form part of .

Case (ii): X has two components Xo, X1, where z; € X;.

Thus, Ry xY C Xpand Ry x (=Y) C X;. For j = 0,1 choose a smooth
function g; : X; — iR supported in (X;).o and with [ g; = 4. Set

C:SoRORGR - F R B R,

14
(&t 2,t) > (tgo + Y zjwj, BE 1),
j=1
C,:SoROROR! - FFoROR™,
14

(f,t,t/,Z) = (tg() + t,gl + szwj7H’y€7 BS)
7=1

When T is large, C' and C, are both correctors of (dg)s+2m+1 Which
represent the orientations o/, 6 of dg, respectively. Let C be the corrector of
(057)e42,m+1 which has the same domain and target spaces as C,, and which
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is obtained from C’ by interchanging summands as follows. If

(x,y,2) € (S OR) o R O R,
C(z,y,2) = (u,v,w) € F dR" &R

then C(z,z,y) = (u,w,v). As explained in Subsection ] the correctors
C, " are equivalent if and only if £ + m is even. Set

E =65+ C, E’y:(SS"i'C'y-
We have
(C’Y - C)(Satvtlvz) = (t/glaH'yg - t/,O),

so the image N of C, — C has dimension 2. We need to compute the de-
terminant of the automorphism of N induced by EVE_l. Let s,s' € R and
set

(&, t,t,2) = E7 (sg1,5',0).

Write & = (a,¢) € I(iA' ©ST). Then
—d*a +tgg = sg1, t =5 (29)
Integrating the first equation gives t = s. The equation
E,E7'=(C,—-QFE ' +1
now yields
E,E~ Y (sg1,5,0) = ((s + )g1, H,£,0).

Note that £ depends on s alone, so we can write a = a(s). Set n = H(a(1)).
Then E,YE_1| n is represented by the matrix

11

n 0)’
so C,C, are equivalent correctors if and only if n < 0. We will show that
n > 0 when T is large. This implies that C’, C, are equivalent correctors if
and only if /4 m is odd. Since D4 is complex linear, this will prove part (ii)

of the proposition.
Let {T,} be a sequence tending to oo and, working over X (Tn) | set

(gny Sn, 07 zn) = E_l(snglv 07 0)7
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or more explicitly,
851 (6n) + > Znjwj = snlg1 — g0), B& =0,
J

where s,, > 0 is chosen such that

1€nll22(x.0) = 1.

(Because the supports of go and gy are disjoint, Equation (29) shows that
a # 0 over X,p when s # 0.) Write &, = (an, ¢n). Equation 9) yields

sallonl3 = — / (an, dg) < ldga |2,

hence the sequence s, is bounded. An analogous argument applied to the
equation

LA(gn) + Z Zn,jWi = 0
J

shows that the sequence z, is bounded as well. Thus, dg/(&,) is supported
in X.g, and for each k > 0 the C¥-norm of §5(&,) is bounded independently
of n. Now recall from [I1), Subsection 3.4] that over the neck [-T,,,7,] x Y
the operator dg/ can be expressed in the form % + P, where

0 —d 0
P=1—-d =«d 0
0 0 —0B

for some spin® connection B over Y. Because of our non-degeneracy as-
sumption on the critical points, the kernel of P consists of the constant
functions in iQ°(Y"). There is also a similar description of §g/ over the ends
Ry x Y]. In general, if (% + P)¢ =0 over a band [0,7] x Y and ¢ involves
only eigenvectors of P corresponding to positive eigenvalues then for any
non-negative integer k and 1 <t < 7 — 2, say, there is an estimate

€l (itetyxyy < comst - e [[Cll 2oy xy)s

where p is the smallest positive eigenvalue of P. This result immediately
applies to &, over the ends R, X Yj’ . Over the neck [-T,,T,] X Y one
can write &, = const - idt + & + &, where £ involves only eigenvectors
corresponding to positive/negative eigenvalues of P. One then obtains C*—
estimates on & in terms of its L?-norm over {F7,} x Y. It follows that
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after passing to a subsequence we may assume that &, c-converges over X
to some pair § = (a, ¢) satisfying [€|[2(x,) = 1. Of course, we may also
assume that the sequences s, z, converge, with limits s, z, say. Then

0s€ + Z zjw; = s(g1 —g0), BE&=0.
J

Moreover,
§=Zcidt+(+ on Ry x (£Y),

where (1 decays exponentially and

On the other hand, Stokes’ theorem yields

/ XAy = _/ d*an — _/ anO = —Sn’i’
{_Tn}XY (XO):O (XO):O

ci-Vol(Y) = / S lim/ *y = —Si.
{0}xY n J{-T,}xY

Thus, ¢-Vol(Y) = —s < 0. If ¢ = 0 then £ # 0 would decay exponentially on
all ends of X and satisfy dg€ = 0, contradicting B¢ = 0. Therefore, ¢ < 0,
and H,(ay) > 0 for large n.

This shows that n > 0 when T is large. O

hence

4.6 Orientation of )

In Subsection EEA the question arose what it means for {g;} to be a positive
basis for Vg when ® = 0. The following proposition answers this question
when b = 1. This result is not needed elsewhere in this paper, but will be
used in [T2].

Proposition 4.4 Let X be as in [I1, Subsection 1.3]. Suppose X is con-
nected, b = 1, and consider the bundle V — W = LP"(X;S*) with all
weights o positive. Then g € C°(X;iR), represents a positive basis for Vy
if and only if [y g/i > 0.

Proof. 1t suffices to prove that g = ih represents a positive basis when
Jxh > 0. Let b = {z}. By [I1], Proposition 2.3] we may assume h > 0,
h(z) > 0, and supp(h) C X,o. The proposition is then a consequence of the
following lemma.
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Lemma 4.5 Let X,h be as above and v a smooth positive function on X
whose restriction to each end Ry x Y; is the pull-back of a function v; on
R4. Suppose f is a real function on X satisfying

(A+v)f=h, df L.
Then f >0, and f > 0 where h > 0.

The proof will make use of the following elementary result, whose proof
is left to the reader.

Sublemma 4.2 Suppose a,u are smooth real functions on [0,00) such that
u” =au, a >0, u(0) > 0, and u is bounded. Then u >0 and v’ < 0. O

Proof of Lemmal[f.3: We first study the behaviour of f on an end Ry x Y.
We omit j from notation and write Y = Yj etc. Set f = flr, xy. By
[T, Proposition 2.1] the assumption df € L"" implies that f(¢,-) converges
uniformly towards a constant function ¢ as ¢ — oco. Let {e,} be a maximal
orthonormal set of eigenvectors of Ay with corresponding eigenvalues A\2.

Write
f(t, y) = Z uu(t)eu(y)'
Then
! = (N2 4+ v)u,.

By the sublemma, either u, = 0 or u,u!, < 0. Consequently,

[ Py =3 ik

is a decreasing function of ¢, and

f(t.y)| >
Izjleagl(,y)l_c

for all t > 0. In particular, if ¢ < 0 then there exists a (¢,y) € Ry x Y with
f(t,y) < c. Hence, if inf f < 0 then the infimum is attained.
Now, at any local minimum of f one has

vf =h—Af=>h,

so f > 0 everywhere. But then every zero of f is an absolute minimum,
so f > 0 where h > 0. This proves the lemma and thereby also Proposi-
tion EE4L O
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5 Parametrized moduli spaces

Parametrized moduli spaces appear in many different situations in gauge
theory, e.g. in the construction of 4-manifold invariants [6, 22] and Floer
homology [5], and in connection with gluing obstructions [I2]. A natural
setting here would involve certain fibre bundles whose fibres are 4-manifolds.
We feel, however, that gauge theory for such bundles in general deserves a
separate treatment, and will therefore limit ourselves, at this time, to the
case of a product bundle over a vector space. However, we take care to set
up the theory in such a way that it would easily carry over to more general
situations.

The main goal of this section is to extend the gluing theorem and the
discussion of orientations to the parametrized case.

5.1 Moduli spaces

As in [T}, Subsection 1.3] let X be a spin® 4-manifold with Riemannian met-
ric g and tubular ends R x Y;,7=1,...,r. Let W be a finite-dimensional
Euclidean vector space and g = {gw }wew a smooth family of Riemannian
metrics on X all of which agree with g outside X.,p. We then have a prin-
cipal SO(4)-bundle Pso(g) — X x W whose fibre over (x,w) consists of all
positive gy—orthonormal frames in 7, X.

In the notation of [I1, Subsection 3.1] let Pgre — Pgp+ be the spin®
structure on X. Denote by Pspinc(g) the pull-back of Pso(g) under the
projection Pgre x W — Pgp+ x W. Then Pgpine(g) is a principal Spin®(4)-
bundle over X x W.

For j =1,...,r let oj € C(Yj) be a non-degenerate smooth monopole.
Let C(gw) denote the L' configuration space over X for the metric g,, and
limits o, where p,w are as in [I1, Subsection 3.4]. We will provide the
disjoint union

Cg) = | Clow) x {w}
wew

with a natural structure of a (trivial) smooth fibre bundle over W. Let
v 1 Popinc(8) — Pspinc(g0) X W (30)

be any isomorphism of Spin®(4)-bundles which covers the identity on X x
W and which outside X.; x W is given by the identification Pgpinc(gw) =
Pspinc(go). There is then an induced isomorphism of SO(4)-bundles

Pso(g) — Pso(go) x W,
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since these are quotients of the corresponding Spin®(4)-bundles by the U(1)-
action. Such an isomorphism v can be constructed by means of the holonomy
along rays of the form {z} x R w where (z,w) € X x W, with respect to any
connection in Pgpine(g) which outside X.; xW is the pull-back of a connection
in Pspinc(go). Then v induces a G = G(X; &)—equivariant diffeomorphism

C(gw) — C(90) (31)

for each w, where the map on the spin connections is obtained by identifying
these with connections in the respective determinant line bundles and apply-
ing the isomorphism between these bundles induced by v. Putting together
the maps (B for all w yields a bijection

vi : C(g) — C(go) x W.

If V is another isomorphism as in (B0) then v,(v.)~! is smooth, hence we
have obtained the desired structure on C(g). Furthermore, because of the
gauge equivariance of v, we also get a similar smooth fibre bundle structure
on

Bi(g) = |J Bilow) x {w} (32)

wew

for any finite subset b C X. The image of (S,w) € C(g) in B(g) will be
denoted [S, w].

We consider the natural smooth action of T on Bj(g) where an element
of T maps each fibre By (g ) into itself in the standard way. (There is another
version of the gluing theorem where T acts non-trivially on W, see below.)

The principal bundle Pgpine(g) also gives rise to Banach vector bun-
dles S(g), F(g), Fa(g) over W whose fibres over w € W are the spaces
S(gw), F(gw), F2(gw) resp. defined as in ([I9) using the metric g, on X.

Let © : C(g) — Fa(g) be the fibre-preserving monopole map whose
effect on the fibre over w € W is the left hand side of [I1], Equation (20)],
interpreted in terms of the metric gy. If we conjugate © by the appropriate
diffeomorphisms induced by v then we obtain the smooth G—equivariant map

Oy : Clgo) x W — Fa(go),

(A,®,w) = | (vw(Fa+m(4,2)" = Q(®), > vule;) - VT (a)
J

where the perturbation m is smooth, hence © is smooth. Here v,, denotes
the isomorphism that v induces from the Clifford bundle of (X, gy) to the
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Clifford bundle of (X, go), and {e;} is a local g,—orthonormal frame on X.
Finally, if we temporarily let V) denote the g,,~Riemannian connection in
the tangent bundle of X then

ay = vy (VW) — v,

Note that a,, is supported in X.1.

In situations involving parametrized moduli spaces there will often be an
additional perturbation which affects the equations only over some compact
part of X. For the gluing theory one can consider quite generally perturba-
tions given by an isomorphism v and a smooth G—equivariant map

0: C(Xut, g0) X W — (F2)*(g0)

for some t > 0, using notation introduced in Subsection EE4l We require that
the derivative of 0 at any point be a compact operator. Let

©:C(g) — F(g) (33)

be the map corresponding to ©, := O, + 0. We define the parametrized
moduli space My(g) to be the image of ©71(0) in By(g). By construction,
v, induces a homeomorphism

My(g) = ©,(0)/Ge.

A point in Mg(g) is called regular if the corresponding zeros of O, are regular
(a regular zero being one where the derivative of ©, is surjective). This
notion is independent of v. By the local slice theorem, the set of regular
points in M (g) is a smooth submanifold of B(g).

5.2 Orientations

Fix orientations of the vector space W and of the set b. For any S € C(gw)
let

5w+ S(gw) = F(gw)

be the Fredholm operator dg defined in terms of the metric gy, now using the
perturbed monopole map (B3]). The orientation cover of this family descends
to a double cover \(g) — B(g). (Note that the perturbation o can be scaled
down, so that an orientation of \(g) for 0 = 0 determines an orientation for
any other 0.) Clearly, any section of A(g) over B(go) extends uniquely to all
of B(g). On the other hand, a section of A\(g) determines an orientation of
the regular part of M;(g), as we will now explain.
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Let TVC(g) C TC(g) be the subbundle of vertical tangent vectors. We
can identify Ty, C (g) = S(gw). A choice of an isomorphism v; as in (B0)
determines a bundle homomorphism

Py :TC(g) — T"C(g)
which is the identity on vertical tangent vectors. This yields a splitting
T(S,W)C(g) = S(gw) ®& W

into vertical and horizontal vectors (the latter making up the kernel of P
and being identified with W through the projection).

In general, a connection in a vector bundle £ — W determines for every
element u of a fibre F,, a linear map T, F — E,,, namely the projection
onto the vertical part of the tangent space. Moreover, if © = 0 then this
projection is independent of the connection. Together these projections form
a smooth map TE — E. Let

Py TFy(g) — Fa(g)

be such a map for E = F»(g) determined by some isomorphism vs.
Now let
I*: TUC(g) — .7:1

be the map which sends s € T(”S’W)C(g) to Z(s), where the * refers to the
metric gy. Set

0:=T"o P+ P,oDO:TC(g) — F(g),

where DO is the derivative of the map (B3)). By restriction of § we obtain
bounded operators

Osw  Tisw)C(8) = Flgw)-

Since the restriction of dg,, to the vertical tangent space S(gw) is equal to
the Fredholm operator dg, we conclude that dg,, is also Fredholm, and

ind(dg,,) = ind(dsw) +d,

where d = dim W.

Choose non-negative integers ¢, m with ind(ds.,) = m — ¢ and an orien-
tation preserving linear isomorphism h : W — RY. If C is any corrector of
(5S,W)Z,m then

Sgwth+C:S(gn) ®W B R — F(gw) @RI R™
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is an injective Fredholm operator of index 0, hence an isomorphism. The
map C — h+ C respects the equivalence relation for correctors and therefore
defines a 1-1 correspondence between orientations of dg, and orientations
of dg -

Fix S € C{(gw), choose a map p as in ([22), and let

éM,S,w = S(gw) ®W — fu(gw)

be the operator obtained from dg,, by replacing Zg by poZg (cf. @4])). Just
as in the unparametrized case one establishes a 1-1 correspondence between
orientations of dg,, and orientations of §,, g, -

Now suppose [S,w]| € M{(g). Working in the trivialization v; and using
the local slice theorem for the metric gy, one finds that [S, w] is a regular point
of M{(g) if and only if §,, g, is surjective, and in that case the projection
Ci(g) — Bi(g) induces an isomorphism

ker (3, g) = Tisw Mi(g).

This establishes a 1-1 correspondence between orientations of dg,, and ori-
entations of Tjg Mg (g). This correspondence is obviously independent of
P, and it is independent of P; because the set of such operators form an
affine space. It is also independent of u for reasons explained earlier.

This associates to any orientation of \(g) an orientation of the regular
part of M (g).

5.3 The gluing theorem

We continue the discussion of the previous subsection, but we now specialize
to the case when the ends of X are Ry x (£Yj), j=1,...,7 and Ry x Yj/,
j =1,...,7", with non-degenerate limits a; over Ry x (£Y;) and o’ over
Ry x Yj’, as in Subsection LTl Let the paths 7;[,7]- and b C X be as in
that subsection. The family of metrics g on X defines, in a natural way, a
smooth family of metrics {g(T,w)}wew on X©) for any 7. We retain our
previous notation for configuration and moduli spaces over X, whereas those
over X(T) will be denoted C'(g), B, (g), MéT) (g) etc. Fix an isomorphism v
as in (B0).

We first discuss gluing of orientations. The isomorphism v defines a cor-
responding isomorphism over XT) and operators P;, P, over both X and
X We then get families of Fredholm operators §,d" parametrized by
C(g),C'(g) resp. The procedure in Subsection B for gluing orientations
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carries over to this situation and yields a 1-1 correspondence between ori-
entations of § and orientations of §’. Given S € C%(gw), if Asw Tesp. Asw
denote the set of orientations of dg, resp. dg,,, and similarly for the glued
configuration S’ € C’(gy), then the diagramme of bijections

)\S,w I )\S’,W

! !

AS,W AS’,W

commutes if and only if drg is even.

Now fix an orientation of A\(g) — Bp(g) and let N'(g) — By (g) have the
glued orientation. These orientations determine orientations of the regular
parts of the moduli spaces My(g) and M, éT) (g), respectively, as specified in
the previous subsection.

As before, a choice of reference configuration in C(gg) gives rise to a glued

reference configuration in C’'(gp) and a holonomy map

By(g0) — U(1)".
Composing this with the map MéT) (g) — Bi(go) defined by the chosen
isomorphism v yields a holonomy map

T
Hol : Mé )(g) — U(1)™.
Fix an open T-invariant subset G C My(g) whose closure is compact
and contains only regular points.
By a kv-pair we mean as before a pair (K, V'), where K C X is a compact
codimension 0 submanifold which contains b and intersects every component

of X, and V is an open T-invariant neighbourhood of Rk (G) in

gb(K7 g) = U gb(Kv gW) X {W}
wew

Now fix a kv-pair (K,V') satisfying similar additional assumptions as
before: firstly, that V' C BE(K ,8); secondly, that if X, is any component of
X which contains a point from b then X, N K is connected.

Suppose

q:V — My(g)

is a smooth T—equivariant map such that ¢(w|x) = w for all w € G. (We do

not require that ¢ commute with the projections to W.) Choose \;, )\;- > 0.
Let ‘admissibility of @ be defined in terms of the parametrized moduli

spaces MéT) (g) (see [T}, Definition 7.3]).
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Theorem 5.1 Theorem [2Z holds in the present situation if one replaces
My, and MéT) by My(g) and MéT)(g), respectively. Moreover, the diffeo-
morphism F defined as in Theorem [[.1] preserves or reverses orientations

according as to whether (b + d)rg is even or odd.

Proof. The proofs carry over without any substantial changes. O

There is another version of the theorem (which will be used in [12])
where the family of metrics g is constant (ie g, = go for every w) and T acts
smoothly on the manifold W. One then has a product action of T on

Mb(g) = Mb X W7

and the theorem holds in this setting as well. In fact, the action of T affects
the proof in only one way, namely the requirement that K be T-invariant.
To obtain this, let dist be a T—invariant metric on the set W (arising for
instance from a T—invariant Riemannian metric) and replace the definition

of dy, in ([I3) by

(S, w), () = / 15— S|P+ |V 4(5 — )PP + dist(w, ).

m

Then V!, will be T-invariant.

5.4 Compactness

In contrast to gluing theory, compactness requires more specific knowledge
of the perturbation o, so we will here take 0 = 0. We observe that the
notion of chain-convergence has a natural generalization to the parametrized
situation, and that the compactness theorem [I1, Theorem 1.4] carries over
to sequences

[An, @y i) € M(X T (T (n), wy,); )

provided the sequence w,, is bounded (and similarly for [IT, Theorem 1.3]).
The only new ingredient in the proof is the following simple fact: Suppose
B is a Banach space, E, F' vector bundles over a compact manifold, L, L’ :
I'(E) — I'(F) differential operators of order d, and K : I'(F) — B a linear
operator. If L satisfies an inequality

1y <€ (IS g, + 1K SI5)
and L, L are sufficiently close in the sense that

L= L) fller_, < ellfllee
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for some constant € > 0 with eC' < 1, then L’ obeys the inequality

1y < (=)' C (1L fllgy_, + 1K Sllz)

A Splicing left or right inverses

Let X be a Riemannian manifold with tubular ends as in [I1, Subsection 1.4]
but of arbitrary dimension. Let £ — X be a vector bundle which over each
end Ry x (£Y;) (resp. Ry x Y]) is isomorphic (by a fixed isomorphism) to
the pull-back of a bundle Ej; — Yj (resp. £} — Y). Let F' — X be another
bundle of the same kind. Let D : I'(E) — I'(F)) be a differential operator of
order d > 1 which is translationary invariant over each end and such that
for each j the restrictions of D to Ry x Y; and Ry x (—Yj) agree in the
obvious sense. The operator D gives rise to a glued differential operator
D' : T(E") — I'(F') over XT), where E',F' are the bundles over X ()
formed from E, F resp. Let k, ¢, m be non-negative integers and 1 < p < oo.
Let L7 (X; F').o denote the subspace of L} (X; F') consisting of those elements
that vanish a.e. outside X.,o. We can clearly also identify LY (X; F). with a
subspace of LE(X™); F'). Let

VI (X E)eR — LY(X;F)g®R™
be a bounded operator and set

P=D+V:L} (X;E)®R' - L}(X;F)&R"
(s,x) — (Ds,0) + V(s|x.,0, ).

Define the operator P’ = D’ + V over X(T) similarly.

Proposition A.1 If P has a bounded left (resp. right) inverse @ then for
T > C1||Q|| the operator P’ has a bounded left (resp. right) inverse Q' with
Q|| < C2||Q||. Here the constants C1,Cy < oo depend on the restriction of
D to the ends Ry x (£Y}) but are otherwise independent of P.

For left inverses this was proved in a special case in [I1}, Lemma 5.4], and
the general case is not very different. However, we would like to have the
explicit expression for the right inverse on record, since this is used both in
Subsection and in Subsection EE41

Proof. Choose smooth functions fi, fo : R — R such that (fi(t))? +
(fo(1—1t))* =1for all t, and fy(t) = 1fort < 1,k =1,2. Define 8: X — R
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fi(t/(2T;)) on each end Ry x Y,
B =< f2(t/(2T;)) on each end Ry x (—Yj),

1 elsewhere,
where ¢ is the first coordinate on Ry x (£Y;). If s’ is a section of F” let the
section ((s’) of F be the result of pulling s’ back to X {T} by means of 7{7},
multiplying by (3, and then extending trivially to all of X. (The notation
7T} was introduced in [T, Subsection 1.4].) If z € R™ set B(s',x) =
(B(s'),z). For any section s of E we define a section 3(s) of E' as follows
when 7' > 3/2. Outside [~T;+1,T;—1]xY; we set 3(s) = s. Over [T}, Tj] x
Y let B(s) be the sum of the restrictions of the product 3s to [0, 2T xY; and

[0,2T}] x (=Y};), identifying both these bands with [—T},T;] X Y; by means
of the projection 7T} : X{Th — XTI If € R set B(s,xz) = (B(s), ).
Note that _
GB=1.
Now suppose @ is a left or right inverse of P. Define
R =8QB: L{( XD FyeR™ - LF (XD F) o R

If QP = I then a simple calculation yields

IR'P — 1| <CT Q.
Therefore, if T > C||Q| then R'P’ is invertible and Q' = (R'P)"'R' is a
left inverse of P’. Similarly, if PQ = I then

IP'R — 1| <CTHQ,

hence Q' = R'(P'R')~! is a right inverse of P’ when 7' > C||Q||. In both
cases the constant C' depends on the restriction of D to the ends R x (£Y})
but is otherwise independent of P. As for the bound on [|Q’]|, see the proof
of Lemma 241 O

From the proposition one easily deduces the following version of the
addition formula for the index, which was proved for first order operators in

[B.

Corollary A.1 If
D Li_i_d(X;E) — LV (X F)

is Fredholm, then for sufficiently large T,
D' L} (X E) — LX) F)
is Fredholm with ind(D'") = ind(D).
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