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Abstract

We prove a gluing formula for Seiberg-Witten invariants which de-
scribes in particular the behaviour of the invariant under blow-up and
rational blow-down.

1 Introduction

In this paper we use the results of [A 6] to establish a gluing formula for
Seiberg—Witten invariants of certain 4—manifolds containing a negative defi-
nite piece. The formula describes in particular the behaviour of the Seiberg—
Witten invariant under blow-up and under the rational blow-down proce-
dure introduced by Fintushel-Stern [3]. While the formula will be known
in principle to experts, to our knowledge no complete proof has previously
been published. As for the classical blow-up formula, this was proved by
Bauer [, Corollary 4.2]. (Earlier, a proof had been announced by Sala-
mon [9], and there is a sketch of a proof in Nicolaescu [§].) In the case
of rational blow-down the formula was stated by Fintushel-Stern [3, Theo-
rem 8.5] with a brief outline of a proof. Apart from providing a proof in the
general case, the main motivation for writing this paper was to show how
the parametrized version of the gluing theorem in [6] can be used to handle
at least the simplest cases of obstructed gluing, thereby providing a unified
approach to a wide range of gluing problems.

Before stating our results we explain how the Seiberg—Witten invariant,
usually defined for closed 4—manifolds, can easily be generalized to compact
spin® 4-manifolds Z whose boundary Y’ = 9Z satisfies b1(Y’) = 0 and
admits a metric g of positive scalar curvature. (By a spin®~manifold we
mean as in [5] an oriented smooth manifold with a spin®-structure.) As
usual we also assume that b3 (Z) > 1. Let {Y]} be the components of Y,
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which are rational homology spheres. Let Z be the manifold with tubular
ends obtained from Z by adding a half-infinite tube R, x Y’. Choose a
Riemannian metric on Z which agrees with 1 x g on the ends. We consider
the monopole equations on Z perturbed solely by means of a smooth 2—form
pon Z supported in Z as in [5, Equation 13]. Let M = M(Z) denote the
moduli space of monopoles over Z that are asymptotic over R x Yj’ to the
unique (reducible) monopole over Yj’ . For generic p the moduli space M

will be free of reducibles and a smooth compact manifold of dimension
1
dim M = 2h(Y”) + Z(cl(cz)2 —0(2)) = bo(Z) +b1(Z) — b5 (2),

see [B, Section 9]. Choose a base-point z € Z and let M, be the framed
moduli space defined just as M except that we now only divide out by those
gauge transformations u for which u(z) = 1. Let L — M be the complex
line bundle whose sections are given by maps s : M, — C satisfying

s(u(w)) = u(z) - s(w) (1)
for all w € M, and gauge transformations u. A choice of homology ori-
entation of Z determines an orientation of M, and we can then define the
Seiberg—Witten invariant of Z just as for closed 4—manifolds:

(cr(L)F,[M]) if dim M =2k >0,
0 if dim M is negative or odd.

SW(Z) = {

The use of L rather than IL.~! prevents a sign in Theorem [l below. (Another
justification is that, although M, — M is a principal bundle with respect to
the canonical U(1)-action, it seems more natural to regard that action as a
left action.) This invariant SW(Z) depends only on the homology oriented
spin“—manifold Z, not on the choice of positive scalar curvature metric g on
Y’; the proof of this is a special case of the proof of the generalized blow-up
formula, which we are now ready to state.

Theorem 1 Let Z be a connected, compact, homology oriented spin® 4—
manifold whose boundary Y' = 0Z satisfies b1(Y') = 0 and admits a metric
of positive scalar curvature, and such that b; (Z) > 1. Suppose Z is separated
by an embedded rational homology sphere Y admitting a metric of positive
scalar curvature,

Z = ZyUy Zy,

where by(Zy) = by (Zy) = 0. Let Zy have the orientation, homology orienta-
tion, and spin® structure inherited from Z. Then

SW(Z) = SW(Z,) if dimM(Z)>D0.



We will show in Section B that dim M (Zy) < —1. (A particular case
of this was proved by different methods in [3, Lemma 8.3].) The addition
formula for the index then yields

dim M (Z) = dim M (Zy) + 1 + dim M (Z;) < dim M (Z,).

The following corollary describes the effect on the Seiberg—Witten in-
variant of both ordinary blow-up and rational blow-down:

Corollary 1 Let Zy, Z|,, Z1 be compact, homology oriented spin® 4—manifolds
with —0Zy = 0Zy = 0Z) =Y as spin® manifolds, where Y is a spin® ratio-
nal homology sphere admitting a metric of positive scalar curvature. Suppose
b;(Zl) > 1, bl(Zo) = bl(Z(/)) =0, and bQ(Zo) = b;(Z(/)) =0. Let

Z = Zy Uy Zq, Z,:Z{)Uyzl

have the orientation, homology orientation and spin® structure induced from
Z(), Z(,], Zl. Then

SW(Z)=SW(Z') if dimM(Z')>0.
Proof. Set ny = dim M(iZo) and W = Zy Uy (—Zp). Then
—1l=dmMW)=ny+1+n_,
hence n4 = —1. Thus
dim M(Z) = dim M(Z,) > dim M(Z') > 0.
The theorem now yields

SW(Z) =SW(Z,) =SW(Z'). O

2 Preliminaries on negative definite 4—manifolds

Let X be a connected spin® Riemannian 4-manifold with tubular ends R X
Yj, j = 1,...,r, as in [B, Subsection 1.3]. Suppose each Y; is a rational
homology sphere and b;(X) = 0 = by (X). We consider the monopole
equations on X perturbed only by means of a 2—form y as in [5l, Equation 13],
where now p is supported in a given non-empty, compact, codimension 0
submanifold K C X. Let a; € Ry; be the reducible monopole over Y; and
M, = M(X;d; p;0) the moduli space of monopoles over X with asymptotic
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limits @ = (a, ..., ;). This moduli space contains a unique reducible point
w(p) = [A(n),0]. Let Q% ;- denote the space of (smooth) self-dual 2-forms
on X supported in K, with the C> topology. Let p and w be the exponent
and weight function used in the definition of the moduli space M,,, as in [5,
Subsection 3.4].

Lemma 1 Let R be the set of all € Q}K such that the operator
Dagy + IV (S%) — LM (Sk) (2)
1s either injective or surjective. Then R is open and dense in Q}’K.

Of course, whether the operator is injective or surjective for a given
1 € R is determined by its index, which is independent of p.
Proof. By [B, Proposition 2.2 (ii)] and the proof of [B, Proposition 5.2],
the operator
d™ s ker(d*) N LYY — LY

is an isomorphism. Therefore, if A, is a reference connection over X with
limits o as in [Bl, Subsection 3.4] then there is a unique (smooth) a = a(u) €
LYY with

d*a =0, dta=—F(A,) —ip.
Hence we can take A(u) = A, + a(p). Since the operator () has closed
image, it follows by continuity of the map p — A(p) that R is open in
0% k-

To see that R is dense, fix p € Q% ;- and write A = A(u). Let W be a
Banach space of smooth 1-forms on X supported in K as provided by [3],
Lemma 8.2]. Using the unique continuation property of the Dirac operator
it is easy to see that 0 is a regular value of the smooth map

h: W x (IP(S%)\ {0}) — LP(Sy),
(T], (I)) — DA—i—incI)-

In general, if f1 : F — F} and fy : E — F5 are surjective homomorphisms
between vector spaces then fi|ker £, and falker f; have identical kernels and
isomorphic cokernels. In particular, the projection m : h=1(0) — W is a
Fredholm map whose index at every point agrees with the index m of D 4.
By the Sard-Smale theorem the regular values of 7 form a residual (hense
dense) subset of W. If n € W is a regular value then we see that D a4y, is
injective when m < 0 and surjective when m > 0. Since the topology on W
is stronger than the C'*° topology it follows that R contains points of the
form p + d*n arbitrarily close to p. O



Lemma 2 Suppose the metric on each Y; has positive scalar curvature. Let
R’ be the set of all u € Q}K such that the irreducible part M, is empty and

the operator D 4, in (@) is injective. Then R’ is open and dense in Q} K-

Proof. Recall that M, has expected dimension 2m — 1, where m =
indcD Ap)-

Suppose m > 0. We will show that this leads to a contradiction. Let R”
be the set of all y € Q} . for which M, is regular. (Note that the reducible
point is regular precisefy when D 4, is surjective.) From Lemma [l and 5,
Proposition 8.2] one finds that R” is dense in Q_J{( - (Starting with a given
u, first perturb it a little to make the reducible point regular, then a little
more to make also the irreducible part regular.) But for any u € R” the
moduli space M, would be compact with one reducible point, which yields
a contradiction as in [4]. Therefore, m < 0.

We now see, exactly as for R”, that R’ is dense in Q% . To prove that
R’ is open we use a compactness argument together with the following fact:
For any given gy € R’ there is a neighbourhood U of w(pg) in B(X; &) such
that

M;nU =90

for any p € Q} 5 with || — pol|, sufficiently small. To prove this we work
in a slice at (A(uo),0), ie we represent w(u) (uniquely) by (A,0) where
d*(A— A(po)) = 0, and we consider a point in M; represented by (A +a, @)
where d*a = 0. Note that since b;(X) = 0, the latter representative is
unique up to multiplication of ¢ by unimodular constants.

Observe that there is a constant C7 < oo such that if || — poll, is
sufficiently small then

[l pe < Crl[Dath||Low
for all yp € L. Hence if L = (d* 4+ d*, D4) then for such p one has
”S”Lf’w < Cy||Ls|| o

for all s € L. Denoting by SW, the Seiberg-Witten map over X for the
perturbation form p we have

0=SW,(A+a,¢)—SW,(A,0) = (d"a—Q(¢), Dag + ag),
where @ is as in [B]. Taking s = (a, ) we obtain

Isll .z < CollLsl|zow < Csllsl|F2pw < Calls| 7o
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Since s # 0 we conclude that
Isllpw > O
Choose § € (0,C; ") and define
U = {[A(po) + b, 9] = [[(b, )| pw < 6, d”b = 0}
If |l = pol[p is so small that [|A — A(uo)|ppw < Oy — 6 then
I(A+a - AGo), &)z > sl — 4 — Auo)llzn = 6,
hence [A+a,¢] ¢U. O

3 The extended monopole equations

We now return to the situation in Theorem [l Set X; = Zj for j = 0, 1.
Choose metrics of positive scalar curvature on Y and Y’ and a metric on the
disjoint union X = Xy U X; which agrees with the corresponding product
metrics on the ends. Let Y be oriented as the boundary of Zj, so that X
has an end Ry x Y and X; an end R, X (—Y'). Gluing these two ends of X
we obtain as in [, Subsection 1.4] a manifold X(™) for each T > 0.

Choose smooth monopoles a over Y and o over Y] (these are reducible,
and unique up to gauge equivalence). Let S, = (A,, ®,) be a reference
configuration over X with these limits over the ends, and S/, the associated
reference configuration over X (¥). Adopting the notation introduced in the
beginning of [6, Subsection 2.2], let C be the corresponding L™ configura-
tion space over X and C’ the corresponding L configuration space over
X (@) For any finite subset b C X.g = ZoUZ; let Gy, Gy, be the corresponding
groups of gauge transformations that restrict to 1 on b.

As in Section Bl we first consider the monopole equations over X and
X () perturbed only by means of a self-dual 2-form p = pg + 1, where 1
is supported in Z;. The corresponding moduli spaces will be denoted M (X))
and M) = M(X™). Of course, M(X) is a product of moduli spaces over
X and X7:

M(X) = M(Xo) x M(Xy).
By Lemmaf we can choose i such that M (X() consists only of the reducible
point (which we denote by wieq = [Ared, 0]), and such that the operator

D, s LP¥(S,) — L (Sx,) (3)

red

is injective. By [B Proposition 8.2] and unique continuation for self-dual
closed 2—forms we can then choose p; such that



e M (X)) is regular and contains no reducibles, and

e the irreducible part of M(D) is regular for all natural numbers 7.

Set
k = —indc(Da,.,) > 0.

If £ > 0 then wyeq is not a regular point of M (X() and we cannot appeal to
the gluing theorem [6, Theorem 2.1] for describing M (T) when T is large. We
will therefore introduce an extra parameter z € C* into the Dirac equation
on Zy, to obtain what we will call the “extended monopole equations”, such
that w,eq becomes a regular point of the resulting parametrized moduli space
over Xg. This will allow us to apply the gluing theorem for parametrized
moduli spaces, [0, Theorem 5.1].

We are going to add to the Dirac equation an extra term (A, @, z) which
will be a product of three factors:

(i) a holonomy term hy (to achieve gauge equivariance)
(ii) a cut-off function g(A, ®) (to retain an apriori pointwise bound on ®)

(iii) a linear combination ) z;1; of certain negative spinors (to make wyeq
regular).

We will now describe these terms more precisely.
(i) Choose an embedding f : R* — int(Zp), and set o = f(0) and
Uo = f(R*). For each = € Uy let v, : [0,1] — Uy be the path from zg to x
given by
(t) = (21 (2).

For any spin® connection A over Uy define the function hy : Uy — U(1) by

hA(LZ') = exp <_ /[0 1 ’Y;ck(A - Ared)) 5

cf. [0, Equation 1]. Note that hy depends on the choice of A,oq, which is
only determined up to modification by elements of G.

(ii) Set Ko = f(D*), where D* C R* is the closed unit disk. Choose a
smooth function g : B*(Ko) — [0, 1] such that g(A, ®) = 0 when || ®|| o (x,) >
2 and g(A,®) = 1 when [|®|| g, < 1. Extend g to B(Kjp) by setting
g(A,0) =1 for all A.

(iii) By unique continuation for the formal adjoint D7}  there are
smooth sections 1, ..., of S)_(O supported in Ky and spanning a linear
complement of the image of the operator Dy, _, in ().



For any configuration (A4, ®) over X and z = (21,...,2;) € CF define
k
BA,®,2) = g(A, D) ha 3 205
j=1
Note that for gauge transformations u over X one has
u(z0) hy(ay = wha.
Since g is gauge invariant, this yields
Bu(A),u®,u(zp)z) =u- (AP, 2).
The following lemma is useful for estimating the holonomy term h4:

Lemma 3 Let a =) ajdz; be a 1-form on the closed unit disk D™ in R",
n > 1. For each x € D" let J(x) denote the integral of a along the line
segment from 0 to x, ie

n 1
J(x) = ij/o aj(tx)dt.
j=1

Then for any ¢ > 1 and r > qn and non-negative integer k there is a constant
C < oo independent of a such that

17122 (pny < CllallLy (pm)-

Proof. If b is a function on D™ and x the characteristic function of the
interval [0, 1] then

/n/olb(tx)dtdx :/nb(a:) /Olt_nx(t_l\x!)dtdm

L I=n _ x)dx
[ (== 1) ba) o

T n—1

From this basic calculation the lemma is easily deduced. O

It follows from the lemma that a +— ha, 1+ defines a smooth map
LY (Ko;iA') — Li(Ko) provided p > 4¢g > 16. Hence, if p > 16 (which
we henceforth assume) then

C(Ky) x CF — LP(K;S7),  ((4,®),2) — B(A,®,2)



is a smooth map whose derivative at every point is a compact operator.
Here C(K)p) is the LY configuration space over Kj.
The extended monopole equations for ((4,®),z) € C x C¥ are

Ff +ip—Q(®) =0,

Db B (4)
AP+ (A, D, 2) = 0.

(Cf. the holonomy perturbations of the instanton equations constructed in
[2, 2 (b)].) We define actions of G and G’ on C x C¥ and C’ x C* respectively
by
u(S, z) = (u(S), u(zo)z).

Then the left hand side of ([l describes a G—equivariant smooth map C x
Ck — L,

For € > 0 let B%*  CF denote the open ball of radius € about the origin,
and D?* the corresponding closed ball. For 0 < e < 1 set

My(X) = {solutions ((A4,®),z) € C x B¥* to (@)}/ Gp,
This moduli space is clearly a product of moduli spaces over Xy and X;:
Mp(X) = My, (Xo0) X My, (X1),

where b; = b N X;.
Noting that the equations (@) also make sense over X(T) we define

6]\/[[ET) = {solutions ((4,®),z) € C' x sz to (@)}/ gé.

We define ‘My(X) and ‘M éT) in a similar way as (M, (X) and (M, éT), but
with D2* in place of B2,
Choose a base-point 1 € Z;. We will only consider the cases when b is a

subset of {x(, 1}, and we indicate b by listing its elements (writing My, -,
and (M etc).

Lemma 4 Any element of "M (Xy) or '"MT) has a smooth representative.
Proof. Given Lemma B this is proved in the usual way. O

Lemma 5 There is a C < oo independent of T such that ||P||o < C' for all
elements [A, ®, 2] of 'M(X) or "M,



Proof. Suppose |®| achieves a local maximum > 2 at some point z. If
x ¢ Ko then one obtains a bound on |®(z)| using the maximum principle
as in [0, Lemma 2|. If 2 € K then the same works because then g(A, ®) =
0. O

Lemma 6 M (X) and "M are compact for all T > 0.

Proof. Given Lemmas Bl and B, the second approach to compactness in
[B] carries over. O

We identify Mp,(Xo) with the set of elements of 1 My, (Xo) with z = 0,
and similarly for moduli spaces over X, X(T). It is clear from the definition
of B(A,®,z) that wyeq is a regular point of ; M (Xp). Since 1My, (Xo) has
expected dimension 0, it follows that wyeq is an isolated point of ; M, (Xp).
Because 'M,,(Xo) is compact, there is an ¢ such that .M,,(Xo) consists
only of the point wyeq. Fix such an e for the remainder of the paper.

Lemma 7 Ifw, € M) with T, — co then a subsequence of {wy,} chain-
converges to (Wyeg,w) for some w € M(X7).

Proof. Again, this is proved as in [5] using the second approach to com-
pactness. O

Corollary 2 If T > 0 then M™) contains no element which is reducible
over 7. O

4 Applying the gluing theorem

Let Hol = Hol; be defined as in [6l, Equation 1] in terms of a path in X (T)
from zg to x1 running once through the neck.

By [6, Proposition 2.3], if K1 = (X1).¢ with t > 0 then there is a U(1)-
invariant open subset Vi C Bj (K1) = By, (K1) containing Ry, (Mz, (X1)),
and a U(1)—equivariant smooth map

q Vi — My, (Xq)

such that ¢1(w|k,) = w for all w € M, (X;). Here Rk, denotes restriction
to K. It follows from Lemma [dthat if 7" is sufficiently large then w|x, € V3

for all w € 6Mg).
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Proposition 1 For all sufficently large T' the moduli space eMg)

and the map

1$ reqular

MDD — M, (X)), we q(w]k,) (5)

is an orientation preserving U(1)—equivariant diffeomorphism.

Proof. We will apply the version of [, Theorem 5.1] with (in the notation
of [6]) T acting non-trivially on W. Set

G= EMxo,m (X) = {wl‘od} X Mxl (X1)7
K = Ky UK,
V = By, (Ko) x Vi x B,

Note that @ is compact and Gu(K) = Gp(K). Define
q: V - G7 (U.)(),C()l,Z) — (Wred7Q1(wl))~

In general, an element (ug, u;) € U(1)? acts on appropriate configuration and
moduli spaces like any gauge transformation u with u(z;) = uj, j = 0,1,
and it acts on B by multiplication with ug. Then clearly, ¢ is U(1)*~
equivariant, so by the gluing theorem there is a compact, codimension 0
submanifold K’ C X containing K and a U(1)%?-equivariant open subset
V' C B, 2, (K') x B2* containing Ry(G) and satisfying R (V') C V and

such that for all sufficiently large 1" the space

GD = {(w,z) € M) (w|gr,2) €V}

Zo,T1

consists only of regular points, and the map
G(T) - U(l) X EM-'E07"E1 (X)’ (wv Z) = (HOl(w)v (wred’ Q1(W|K1))) (6)

is a U(1)?-equivariant diffeomorphism. But it follows from Lemma [ that
G = EMg,)xl for T'> 0, and dividing out by the action of U(1) x {1} in
@) we see that () is a U(1)—equivariant diffeomorphism.

We now discuss orientations. Given § = +1 we will say a map is §—
preserving if it changes orientations by the factor §. Set

c:=b1(X) + b5 (X).

By [6, Proposition 4.3 (ii) and Theorem 5.1] the map (@) is (—1)“"*-—preserving.
Using [6l, Proposition 4.4] it is a simple exercise to show that (Mg, z, (X) —
M, (X1) is (—1)“preserving. On the other hand, (ug,1) € U(1) x {1} acts
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on U(1) in (@) by multiplication with ug'. Thus we have got three signs,

which cancel each other since (¢+1) +c+ 1 is even. Therefore, the map (Hl)
does preserve orientations. O
Proof of Theorem [ For large T let L — M) be the complex line
bundle associated to the base-point z1 as in Section [l For j =1,...,k the
map
55 EM:S;{) —C, [A,®,2]— Hol(A) -z

is U(1)—equivariant in the sense of ([l) and therefore defines a smooth section
of .. The sections s; together form a section s of the bundle E = &FL whose
zero set is the unparametrized moduli space M D). Tt is easy to see that s is
a regular section precisely when M(T) is a regular moduli space, which by
Corollary 2] and the choice of pq holds at least when T is a sufficiently large
natural number. In that case s~1(0) = M) as oriented manifolds. Set

(= %dim M >,

so that dim M (X;) = 2(k + ¢). If ¢ is not integral then SW(Z;) = 0 =
SW(Z) and we are done. Now suppose ¢ is integral and let T' be a large
natural number. Choose a smooth section s’ of E' = @&‘L such that o =
§'|yem s a regular section of E'|, (), or equivalently, such that s @ s’ is a
regular section of E @ E' = @*+t/LL. Then

SW(Z1) = #(s ® s')7(0) = #071(0) = SW(Z),

where the first equality follows from Proposition [l and # as usual means a
signed count. O
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