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Phase Transition in Compressible Media
and Nonlocal Capillarity Terms
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ABSTRACT. Nonlocal integral operators can be used to substitute
the usually chosen high order differential operators to model the ef-
fect of capillarity close to phase boundaries in compressible media.
We establish the existence of nonlocal viscosity-capillarity profiles
for phase boundaries connecting states close to the Maxwell line.
Furthermore numerical experiments in one space dimension com-
paring the local and the nonlocal approach are presented.

1. Introduction

One of the crucial issues in phase transition problems is the correct modelling of
capillarity effects. In this context diffusive-dispersive models have been analyzed
intensively in recent years. Typically the resulting evolution equations are nonlin-
ear dissipative conservation laws with spatial differential operators of at least third
order (see e.g. [5, 6, 8, 10, 11, 12, 13, 18]).

As an alternative to the local high order terms one can also use low-order but non-
local terms that involve convolution integrals. For some analytical issues (e.g. local
existence [15]) nonlocal models are more easy to treat. From the numerical point
of view explicit schemes get along with much less restrictive time steps restrictions.
More important is that the physical derivation usually leads to nonlocal models and
the local models appear then by a Taylor approximation argument. In this sense
the nonlocal approach is more fundamental [2]. Tt is our general goal to develop a
theory for this kind of models and compare them with the local models. Results in
this direction can be found in [15, 16, 17].

In the HYP2004-contribution we report on some recent analytical and numerical
results for phase transitions in compressible media in the one-dimensional case. In
Sect. 2 we consider the dynamics of phase transitions for liquid-vapour flow in a
pipe. We introduce the nonlocal model and prove the existence of a traveling wave
solution for phase boundaries (Theorem 2.1). In a certain sense this is an analogue
of a result due to Slemrod in the local case [18].

The final Sect. 3 is devoted to a numerical experiment to compare the behaviour
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of the local and the global approach. The experiment is for the one-dimensional
elasticity system but the results should directly transfer to the liquid-vapour case.

2. Traveling-wave Solutions for a Nonlocal Navier-Stokes-
Korteweg Model

In Lagrangian coordinates the dissipation-free dynamics of an isothermal fluid is
described by the system

1) i ovg =0, 4 p(r)e =0 in R x (0,00).

Unknowns are the specific volume 79 = 79(£,¢) > 0 and the velocity v* = v%(£,t) €
R. The given positive pressure function p € C2((0,00)) is supposed to have Van-
der-Waals shape (see Fig. 1).
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FIGURE 1. Graph of the pressure p. The horizontal dashed line
connecting (51,p(01)) and (B2, p(f2)) is the Maxwell line.

The non-monotone shape of the pressure allows to define different phases. A
state with specific volume 7 € (0,c1) is called a liquid state while a state with
T € (ag,00) is called a vapour state. The Mazwell states [31, 32 are chosen such
that [ p(r)dr = p(B1)(B2 — 1) and p(B1) = p(Ba) holds.

If we take into account the small-scale effects of viscosity and capillarity the dy-
namics can be described for some regularization parameter £ > 0 by the system

(2)  —vg =0, v; +p(7°) = eavi — DF[r¢].

Here a > 0 is a positive number. For the capillarity term D¢ possible choices are
2

(3) Dleocal [T] =& Tge Or Dglobal [T} = ¢z—: *T —T.

In the latter case x denotes convolution and the kernel ¢. is given by ¢.(§) =
#(€/€)/e. The function ¢ € CH(R) x WH1(R) is supposed to be nonnegative and
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even. For the derivation of both regularizations and its motivation we refer to
[3, 7, 14]. The local version is called a Navier-Stokes-Korteweg system.

We consider now traveling waves for (1) and (2) with D* = Dy, ., (for the local
choice see [5, 18] and [9] for a related model).
Let (14,v+) € U:= (0,00) x R, and s € R be given. A function

@ (TO) (To(f,t)) (r_,v_ )T : € — st <0,
o) =1\.,0 =
v v (£7t) (’7’+,’U+)T 5—8t>0

is called a phase boundary if the Rankine-Hugoniot conditions

S(re—7) = —(vy —v),

st —v-) = p(ry) —p(1-)
hold and if 7— and 74 lie in different phases. In particular we then get a weak
solution of (1).

Let (74,v+) € U and s € R be given such that (7°,0°) from (4) is a phase
boundary. A function (r,v)T : R — U with 7 € CY(R), v € C?*(R) is a non-
local viscosity-capillarity profile for (7°,v°)T if it solves in R the differential-integro
boundary value problem

(5)

—ST — UV = —8T_ —U_,

(6) ab = (647 —7) = p(r) — s — (p(r_) — sv_),
T(+oo) =14, v(+o0) =vy.

If problem (6) has a solution a traveling wave solution for (2) can be constructed:
Taking into account ¢.(§) = ¢(£/e)/e for each € > 0 and £ € R the functions
¢ € CY(R x (0,00)) and v* € C*(R x (0,00)) defined by

(&) =T ((E—st)/e), v(E 1) =v((E—st)/e) ((£,1) € Rx(0,00))

are classical solutions of (2). Moreover we have for almost all (£,t) € R x (0, 00)

T ) — T D), v(E ) — O (& 0).
This observation and the fact that (6) does not depend on ¢ indicate that we have
chosen the correct scaling with respect to e. The main result is now
Theorem 2.1. Assume that p satisfies 2p’ < 1 and that p” vanishes only at a finite
number of points.
Then there exists a g > 0 such that for all states
(7) (T_,v_) € {(T,?)) € (a2, 00) % R’ }p(T) —p(ﬂl)‘ < 50}
there is a number o > 0, a speed s € R\ {0} and a state (74,v4) € (0, 1) x R with
the properties

(a) T4, v+, s satisfy the Rankine-Hugoniot condition (5),



4 JENNY HAINK AND CHRISTIAN ROHDE

(b) the phase boundary (1°,v°)T from (4) has a non-local viscosity-capillarity
profile (1,v)T € C*(R) x C?(R).

Proof. We can reduce the problem (6) to a first-order differential-integro problem
for T alone:
saf +¢*x17—71=h(r,7_,8%) = —(s%(t — 7_) + p(7) — p(1_)),
(8)
7(£00) = 74.
The proof now relies essentially on a result from [4] for general boundary value
problems of type (8) which is cited below (Theorem 2.2). For § > 0 we define

85 := {1 € (0,01) U (az,00) ||p(r) — p(B)| < d}.
Furthermore we introduce for 71,7 > 0 with 71 # 75 the quantity

1) — p(T°
q[ﬁ,rg] _ p(71) — p( 2).
T — T2
Now we choose dy > 0 so small such that we have for all 7, € 85,N (g, 0) and 7 €

85, N (0, 1) the properties
(9) max{pl(T1>7pl(T2>} < _q[ThTQL
(10) 2q[r1, 7] < 1,

(11) the chord between (72, p(72)) and (71, p(m1)) intersects p in (a7, asg).

Note that we always find a dg > 0 since we have ¢[01, 2] = 0 (cf. Fig. 1).

Now according to the assumptions of the theorem we choose an arbitrary state
(t—,v_) € (85, N (cv2,00)) x R. Furthermore we take a number 7, with 7. € 85, N
(0,1) and

(12) p(71) > p(7-).

Consider the auxiliary problem to find & € R and 7 € C!(R) such that

(13) oxT—T+ar = h(r,7—,q[7—,74]), T(—00) =7_, T(00) = T4
holds. Note that g[r_,74] is positive due to (12).

We apply Theorem 2.2 with F(7) = h(7,7_, q[7—, 7+]) to solve (13).

Condition (i) is clear since 7— > 74 by construction. The Rankine-Hugoniot rela-
tions (5) imply F(7—) = F(7+) = 0. We have for 7 > 0

2 b7l 7)) = 2 (7) — alr- 7]

The latter quantity is positive for 7 = 7_, 7, due to (9). Thus (ii) holds.
Condition (iii) is a direct consequence of the definition of A (cf. (8)), (11) and the
fact that p’ > 0 in (a1, ag).

Using (10) we compute for T € (74, 7_)

gl m)) 1= () gl R 41> () 4172
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The assumption p’ < 1/2 on the pressure function assures condition (iv).

We can apply Theorem 2.2 which tells us that there is a unique (up to translation)
function 7 € C'(R) and a unique number & € R that solves (13).

In the next step we want to show that 7, can be chosen such that & # 0. To
determine the sign of & it suffices to compute the sign of

T+
H:= / h(r,7—, q[t—, 74]) dT.

We obtain for some function W with W’ = p after straightforward calculations

W() — W(T—)>

7~'+*T_

Ho= B (e el -2

=: %G(i}ﬂ;).

To analyze the function G(.,7_) we compute

d /!
G = T (1),

Here ¢,_(7) denotes the third-order Taylor point in the Taylor expansion of .
The preceding computation and the assumption that p” vanishes only in finitely
many points implies the following. Assume that G(.,7_) vanishes in 7, and thus
we have & = 0 in (13). Then there is a specific volume 74 € 85, N (0, ) close to
T+ with p(r4) > p(7—)such that G(.,7_) does not vanish. In this degenerate case
we take the new specific volume 71 (and let it as it was if G(.,7_) does not vanish
in 74) as a new end state in (13).

By repeating all arguments above with the new end state and applying Theorem
2.2 we obtain a solution (&,7) € R\ {0} x C%(R) of (13).

In the final step we construct a solution of the original problem (8) by

(r-1)

s := sgn(@&) p(re) = p(r-) _p(Tf), o= M.
a—— E
To fulfill the Rankine-Hugoniot conditions for the velocity components we set vy =
v_ — s(74 — 7—). Note that v_ was given. We have proven (b). By construction it
is clear that also (a) holds.
O

The following theorem can be deduced from the results in [4].

Theorem 2.2 ([4]). Let u_,uy € R and F € CY(R) be given. For the unknowns
u:R — R and B € R consider the problem

(14) B+ ¢*xu—u=F(u), u(+£00) = ug.
We suppose that the states u+ € R and the function F satisfy
(1) u— >ug, (i) F(ux) =0, F'(ux) >0,

(#31) I wug € (uy,u_) : Flug) =0, (iv) u€ [uy,u_]= F'(u)+1>0.
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Then exactly one of the following statements holds true.
(a) There is a monotonely decreasing function u € C*(R) and a unique 3 €
R\ {0} such that (14) holds. In this case we have

Ut

6= H(u_,uy) ( / Z(u(&))zczs)l, Huu) = [ Fw)d

(b) There is a monotonely decreasing function u € C*(R) such that (14) holds
for B =0. In this case we have H(u_,uy) = 0.

In both cases the function u is unique up to translation.

3. A Numerical Experiment

Finally we present a numerical experiment for the 1D-elasticity model with the
unknowns strain w® : R x [0,00) — R and velocity v : R x [0, 00) — R that is given
by
(15) w; —vg =0, v —o(w), =evge — D[w¢ in (0,1) x (0, 00).
Here the stress strain relation o is given by the non-monotone function

o(w) =w* —w (weR).

and for D® we consider choices as in (3). With the definition for o the model (15)
allows to define a high- and a low-strain phase according to the w-intervals that
correspond to the monotone-increasing branches of the graph of o. The model
(15) obviously has the same kind of structure as the model (2) and we expect also
that a theorem like Theorem 2.1 holds for (15). On the other hand the subsequent
numerical experiment should also provide information on the liquid-vapour case
(2).

We choose the initial datum
1.2:£€(0,1/4)U[3/4,1),
wo(§) =
—-1.2:¢€[1/4,3/4),
As boundary conditions we take periodic conditions, i.e., w(0,t) = w(1,t) and
v(.,t) =v(,t) for t > 0.
For the numerical discretization we have chosen explicit (centered) finite difference

approximations. For D® = D¢, ., from (3) the kernel function ¢ is chosen to be

sier - o0 (@) (Prew () ) ee (-,

0 : otherwise.

vo =01in (0,1).

We present the results for two choices of € with numerical discretization parameter
Az = 1072 in Fig. 2. One observes for t = 0.06 that a (smeared) Riemann pat-
tern evolves. It is remarkable that the width of the transition layer for the phase
boundary in the global model is much smaller as in the local counterpart. We note
that it has been observed that the transition layer in local models is much wider
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than predicted by large-scale Monte Carlo simulations [1]. The phase boundaries
that evolve are static phase boundaries, that is, they connect the Maxwell states
(w = £1 in this case). In particular from the upper right figure in Fig. 2 one may
conclude that the static profile is not continuous. In this context note that the
profile equation (6) for v = 0 becomes a pure integral equation which might lead
naturally to discontinuous solutions.

= = 0
R R IR
a K J
15 15
o o1 02 03 04 05 06 07 08 09 1 o o1 02 03 04 05 06 07 08 09 1
X X
e _ e — e _ e —
(a) D° = D5, t = 0.06. (b) D= = D% 01, t = 0.06.
15 15
1 \ / 1 \\ ,_/
L] S L1
= 0 B 0
S { A R R R IR
- \ / - '~ -
o o1 02 03 04 05 08 07 08 09 1 % 01 o0z 03 04 05 o0s 07 08 09 1
X X
e _ e — e _ e —
(¢c) D° = D5, .., t = 0.06. (d) D= = D%, t = 0.06.

FIGURE 2. Graphs of the w-component for different choices of the
capillarity operator and £ = 0.1 (upper row) and e = 0.01 (lower
row). The graphs contain also the initial datum. The dashed lines
in the graphs indicate the position of the phases.
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