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Abstract

It is shown that, for the heat equation on Rd × R, d ≥ 1, any convex
combination of harmonic (= caloric) measures µU1

x , . . . , µUk
x , where U1, . . . , Uk

are relatively compact open neighborhoods of a given point x, can be approx-
imated by a sequence (µWn

x )n∈N of harmonic measures such that each Wn is
an open neighborhood of x in U1 ∪ · · · ∪ Uk. Moreover, it is proven that, for
every open set U in Rd+1 containing x, the extremal representing measures
for x with respect to the convex cone of potentials on U (these measures are
obtained by balayage, with respect to U , of the Dirac measure at x on Borel
subsets of U) are dense in the compact convex set of all representing mea-
sures. Since essential ingredients for a proof of corresponding results in the
classical case (or more general elliptic situations; see [13]) are not available
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for the heat equation, an approach heavily relying on the transit character of
the hyperplanes Rd × {c}, c ∈ R, is developed.

In fact, the new method is suitable to obtain convexity results for lim-
its of harmonic measures and the density of extremal representing measures
on X := X ′ ×R for practically every space-time structure which is given by
a sub-Markov semigroup (Pt)t>0 on a space X ′ such that there are strictly
positive continuous densities (t, x, y) 7→ pt(x, y) with respect to a (non-atomic)
measure on X ′. In particular, this includes many diffusions and corresponding
symmetric processes given by heat kernels on manifolds and fractals.

Moreover, the results may be applied to restrictions of the space-time
structure on arbitrary open subsets.

Keywords: Heat equation, parabolic potential theory, balayage space,
semigroup, resolvent, excessive function, heat kernel, space-time process, sta-
ble process, balayage, harmonic measure, caloric measure, extremal measure,
Harnack’s inequality, Green function,
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1 Introduction

In [13] it is shown that any convex combination of harmonic measures µU1

x , . . . , µUk
x ,

where U1, . . . , Uk are relatively compact open neighborhoods of a given point x ∈ Rd,
d ≥ 2, can be approximated by a sequence (µWn

x )n∈N of harmonic measures such that
each Wn is an open neighborhood of x in U1 ∪ · · · ∪Uk. Moreover, it is proven that,
for every Green domain X containing x, the extremal representing measures for x
with respect to the convex cone of potentials on X (these measures are obtained by
balayage, with respect to X, of the Dirac measure at x on Borel subsets of X) are
dense in the compact convex set of all representing measures. These results were
established simultaneously for the classical potential theory, for the theory of Riesz
potentials, and for fairly general Brelot spaces. The methods used in [13] rely heavily
on Harnack’s inequalities in a form which is valid only for elliptic structures. It
remained entirely questionable, if analogous results would hold for the heat equation
on open sets in Rd ×R or even in more general parabolic situations.

The purpose of this paper is to show that, nevertheless, the main convexity and
density statements hold for the heat equation and similar space-time structures,
given by strong Feller semigroups such as, for example, the symmetric α-stable
semigroup or semigroups for diffusions on fractals.

The clue to these results is the observation that, for the heat equation, say,
potentials of measures, which are supported by a compact set K in Rd × (−∞, 0),
still satisfy local Harnack’s inequalities on Rd × (0,∞). Having this in mind, the
“uniform motion” structure in the time coordinate can be exploited to obtain a
suitable approximation of balayage on Borel sets by sweeping on unions of small
compact sets contained in finitely many hyperplanes of the form Hc := Rd × {c},
c ∈ R. In fact, we shall use only two properties of the underlying space.

• The sets Hc, c rational, are pairwise disjoint and their union A is finely dense.

• Each Hc is a transit set.
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In probabilistic terms, the first condition expresses the fact that the corresponding
process will immediately hit the set A, whereas the second condition means that
it may hit each Hc once, but then never again (for an analytic definition, see (1.3)).

Therefore we shall present our results in the general setting of balayage spaces
(see [4]). The reader, who is not interested in this generality, may assume that we
are only dealing with the heat equation or the space-time structure given by the
symmetric α-stable semigroup (or by more general strong Feller semigroups; see
Section 7).

So let X be a locally compact space with countable base and let W be a convex
cone of positive lower semicontinuous functions on X (the positive hyperharmonic
functions) such that (X,W) is a balayage space, where all points are polar. For
convenience, we shall suppose that 1 ∈ W (which can always be achieved by nor-
malization).

Let C(X) denote the set of all finite continuous functions on X, and let K(X)
and C0(X) be the set of all functions f ∈ C(X) having compact support S(f) and
vanishing at ∞, respectively. Let B(X) denote the set of Borel measurable functions
on X. We shall write A ∈ B(X), if the characteristic function 1A is Borel measurable.

Let us recall that, for all A ⊂ X, v ∈ W, and x ∈ X,

RA
v := inf{w ∈ W : w ≥ v on A} and R̂A

v (x) := lim inf
y→x

RA
v (y).

It is known that R̂A
v = RA

v on X \ A (see [4, VI.2.4]).
Let P denote the convex cone of finite continuous potentials on X, that is, P is

the set of all p ∈ W ∩ C(X) such that p/v ∈ C0(X) for some strictly positive
v ∈ W ∩ C(X). The superharmonic support C(p) of p ∈ P is the smallest closed
set A in X such that RA

p = p.
Let M(P(X)) denote the set of all positive Radon measures ν on X such that

ν(p0) < ∞ for some p0 ∈ P, p0 > 0. We note that every finite measure is contained
in M(P(X)). For every A ∈ B(X) and every ν ∈ M(P(X)), there exists a unique
measure νA ∈ M(P(X)) such that

νA(v) =

∫

RA
v dν for every v ∈ W.

In particular,

(1.1) ‖εA
x ‖ = RA

1 (x) for all x ∈ X.

If U is an open set in X and x ∈ U , then εUc

x is the harmonic measure µU
x (where

U c := X \ U). Moreover, let us recall the following facts on iterated balayage (see
[13, Lemma 2.5]). For all ν ∈ M(P(X)) and A, B ∈ B(X),

(1.2) νB = (νA∪B)B = νA∪B|B + (νA∪B|Bc)B and ‖(νA)B‖ ≤ ‖νB‖.

For every ν ∈ M(P(X)), the set

Mν(P(X)) :=
{

µ ∈ M(P(X)) : µ(p) ≤ ν(p) for every p ∈ P
}
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is a convex set which is compact in the topology of weak convergence of measures
(that is, the topology given by the seminorms µ 7→ |µ(ϕ)|, ϕ ∈ K(X)). By [22] and
[4, VI.12.4], its set of extreme points is the set

(

Mν(P(X))
)

e
=

{

νA : A ∈ B(X)}.

Let us fix a metric ρ on X which is compatible with the topology of X. The
main results below will be established under the following assumptions (A): There
exist pairwise disjoint sets Hn, n ∈ N, such that the following holds.

(i) Each Hn is a transit set, that is, Hn is closed and

(1.3) R̂Hn

1 = 0 on Hn.

(ii) The union
⋃

n∈NHn is finely dense in X.

(iii) For every finite set M ⊂ N, all ε > 0 and relatively compact open sets W
in X, there exists δ > 0 such that, for every m ∈ M , for all x, y ∈ Hm ∩ W
and compact sets K in

⋃

n∈M\{m} Hn ∩ W ,

(1.4) ‖εK
x ‖ ≤

(

1 + ε
)

‖εK
y ‖, if ρ(x, y) < δ.

THEOREM 1.1. For every ν ∈ M(P(X)), the set {νA : A ∈ B(X)} of extreme
points is dense in Mν(P(X)).

In view of the Krein-Milman theorem, this is a diluted version of Theorem 6.2.
The next result is a weakened version of Corollary 6.4, which can be sharpened if
(X,W) is a harmonic space (see Corollary 6.5).

For every k ∈ N, let

Λk :=
{

λ ∈ [0, 1]k : λ1 + · · ·+ λk = 1
}

.

THEOREM 1.2. Let ν ∈ M(P(X)), let U1, . . . , Uk be open sets in X, and λ ∈ Λk.
Then there exist relatively compact open sets Wn in X, n ∈ N, such that

lim
n→∞

νW c
n =

k
∑

j=1

λjν
Uc

j .

Let us observe that the open sets Wn in Theorem 1.2 may become very large.
Hence it is important to notice that for the heat equation a choice of Wn within the
union of U1, . . . , Uk is possible (for a more general statement see Corollary 6.5).

THEOREM 1.3. Let us suppose that (Rd+1,W) is the harmonic space associated
with the heat equation, U1, . . . , Uk are open sets in Rd+1, ν ∈ M(P(Rd+1)) is sup-
ported by U1 ∩ · · · ∩ Uk, and λ ∈ Λk.

Then, for every exhaustion (Vn) of (U1 ∪ · · · ∪Uk) \ (∂U1 ∪ · · · ∪∂Uk), there exist
relatively compact open sets Wn such that Vn ⊂ Wn ⊂ U1 ∪ · · · ∪ Uk and

lim
n→∞

νW c
n =

k
∑

j=1

λjν
Uc

j .
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Moreover, there is a corresponding corollary to Theorem 1.1 (where UνA denotes
the reduced measure with respect to U).

COROLLARY 1.4. Let U be an open set in Rd+1, let U be equipped with the
harmonic structure given by the heat equation, and ν ∈ M(P(U)). Then the set
{UνA : A ∈ B(X)} of extreme points is dense in Mν(P(U)).

The material in the subsequent sections is organized as follows. In Section 2, we
shall prove that already the existence of an associated Green function in a very weak
sense implies the Harnack property (iii). In particular, we shall see in Section 3 that
all assumptions are satisfied for the heat equation on arbitrary open sets.

In Section 4, we will use properties (i) and (iii) to obtain that, given ε > 0 and
a compact set K which is contained in a finite union of sets Hn, every finite family
of pairwise disjoint compact sets in K is a weak (1 + ε)-Harnack family provided
their diameters are small enough.

It is this fact which allows us to use the technique of continuous growth of bal-
ayage on compact sets, developed in [13], in order to establish, in Section 5, a con-
vexity result for balayage on weak Harnack families in our setting. Then all tools
are available for proofs of the main theorems, which will be given in Section 6.

In Section 7, it is shown that our results can be applied not only to the heat
equation, but as well to the space-time balayage space given by the symmetric
α-stable semigroup or semigroups on fractals and, in fact, to practically all right
continuous strong Feller semigroups P on a locally compact space with countable
base. In particular, we cover a wide class of parabolic differential equations

Lu = ∂u/∂t,

where L may be a very general second order elliptic operator (see Remark 7.2).
In Section 8, we discuss the extension of our results to the restriction of space-

time structures on arbitrary open subsets.

2 Sufficient Greenish conditions

In this section, we shall see that, having a sequence (Hn) of pairwise disjoint sets
which are just closed (and not necessarily transit sets), mild continuity properties
of an associated Green function (in a weak sense) imply the Harnack property (iii).
This will show, in particular, that our assumptions hold for the heat equation.

So let us suppose that we have a function G : X × X → [0,∞) such that the
following is true:

• The set {G > 0} is open and G is continuous on {G > 0}.

• For every p ∈ P and open neighborhood U of C(p), there exist measures µn

on U , n ∈ N, such that

(2.1) Gµn :=

∫

G(·, y) dµn(y) → p as n → ∞.1

1The proof of Proposition 2.1 will show that we only need that, given any two points x1, x2 ∈ X ,
we can find a sequence (µn) of measures on U such that Gµn(x) → p(x) for x = x1, x2.
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PROPOSITION 2.1. Let (Hn) be a sequence of pairwise disjoint closed sets such
that, for each choice of different m, n ∈ N, G > 0 on Hm ×Hn or RHn

1 = 0 on Hm.
Then (iii) holds.

Proof. Let M ⊂ N be finite, ε > 0, and let W be a relatively compact open set in X.
Let us fix m ∈ M , and let M+ denote the set of all n ∈ M \ {m} such that G > 0
on Hm × Hn. There exist γ > 0 and pairwise disjoint compact neighborhoods Ck

of W ∩ Hk, k ∈ M+ ∪ {m}, such that G ≥ γ on Cm × Cn for all n ∈ M+. Let C
be the union of the sets Cn, n ∈ M+. Since G is finite and continuous on Cm × C,
there exists δm > 0 such that, for all x, y ∈ Cm with ρ(x, y) < δm and every z ∈ C,

(2.2) |G(x, z) − G(y, z)| < εγ

and hence

(2.3) G(x, z) ≤ G(y, z) + εγ <
(

1 + ε
)

G(y, z).

Next we fix a compact set K in
⋃

n∈M\{m} Hn ∩ W . Let L := K ∩ C and

M0 := M \ ({m} ∪ M+). By assumption, RHn

1 = 0 on Hm for all n ∈ M0. Since
K \ L is contained in the union of all Hn, n ∈ M0, we hence conclude that

RL
1 ≤ RK

1 ≤ RL
1 +

∑

n∈M0

RHn

1 = RL
1 on Hm,

that is RK
1 = RL

1 on Hm.
Now let x, y ∈ Hm ∩ W with ρ(x, y) < δm and let η > 0. By [4, VI.1.2], there

exists an open neighborhood U of L in C such that RU
1 (y) < RL

1 (y) + η. Choosing
ϕ ∈ K(X) such that 1L ≤ ϕ ≤ 1U , we know that p := Rϕ ∈ P, C(p) ⊂ S(ϕ) ⊂ C
(see [4, III.5.6]), and hence RC

p = p (see [4, II.6.3]). Further, RL
1 ≤ p and p(y) ≤

RU
1 (y) < RL

1 (y) + η. By assumption on G, there exists a measure µ on U such that
p(x) − η < Gµ(x) and Gµ(y) < p(y) + η. Then, by (2.3),

RL
1 (x) − η ≤ p(x) − η < Gµ(x) =

∫

G(x, z) dµ(z)

≤
(

1 + ε
)

∫

G(y, z) dµ(z) =
(

1 + ε
)

Gµ(y) ≤ (1 + ε
)

(RL
1 (y) + 2η).

This shows that RL
1 (x) ≤ (1 + ε)RL

1 (y), that is, RK
1 (x) ≤ (1 + ε)RK

1 (y).2

In view of (1.1) the proof of (iii) is finished taking δ := min{δm : m ∈ M}.

3 Heat equation on arbitrary open sets

Let us recall that, for the harmonic space associated with the heat equation

1

2
∆u =

∂

∂t
u

2Let us note that, in contrast to the reduced function RK
1

, the balayage R̂K
1

need not be
harmonic on X \K (see [4, VI.2.7]) so that we would not be able to approximate R̂K

1
by potentials

Gµ with support in U !
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on Rd+1, d ≥ 1, the function G, defined for (x′, r), (y′, s) ∈ Rd ×R by

G
(

(x′, r), (y′, s)
)

:=







1

(2π(r − s))d/2
exp

(

−
|x′ − y′|2

2(r − s)

)

, if r > s,

0, if r ≤ s,

is finite, lower semicontinuous on Rd+1 × Rd+1, and continuous off the diagonal.
If −∞ < a < b < ∞, then obviously G = 0 on Ha × Hb and G > 0 on Hb × Ha

(where, as before, Hc = Rd × {c}).
The functions 1Rd×(c,∞), c ∈ R, are hyperharmonic. So it is clear that

(3.1) R
Rd×[c,∞)
1 = 1Rd×[c,∞) and R̂

Rd×[c,∞)
1 = 1Rd×(c,∞)

(for the first equality consider the functions 1Rd×(c−1/n,∞), n ∈ N). Moreover, since
Hc ⊂ Rd × (−∞, c], we conclude from (3.1) that

(3.2) RHc

1 = 0 on Rd × (−∞, c) and R̂Hc

1 = 0 on Hc.

So the sets Hc, c ∈ R, are transit sets, and RHc

1 = 0 on Hc′ if c′ < c.
Further, for every p ∈ P, there exists a measure µ on X such that p = Gµ,

and then the support of µ is C(p) (see, for example, [9, Theorem 1.XVII.7] or [28,
Theorem 22] and [29]).

Finally, for every dense set D in R, the union of the hyperplanes Hc, c ∈ D,
is finely dense in Rd+1 (see [4, VI.4.7.5]).

Thus, because of Proposition 2.1, the assumptions (A) from Section 1 are satisfied
for the heat equation on Rd+1.

This is already fine, but we can do much better. Let U be an arbitrary open
set in Rd+1 (relatively compact or not) and let GU denote the corresponding Green
function. For each c ∈ R, the intersection Hc ∩ U consists of (at most) countably
many connected components. They are open in Hc and closed in U . Let C ⊂ Hc

and C ′ ⊂ Hc′ be any two different connected components obtained this way (where
c = c′ or not). We claim that

(3.3) GU > 0 on C × C ′ or GU = 0 on C × C ′.

This could be deduced from a remark on strict positivity sets of GU in [9, p. 300]
using an additional geometric argument. For the convenience of the reader and
to see what will be needed in a more general setting, let us give a complete proof.

So let us suppose that there exist x0 ∈ C and y0 ∈ C ′ such that GU(x0, y0) = 0.
Let h := GU(·, y0) and A := C ∩ {h = 0}. Since h is harmonic on U \ {y0}, and
hence continuous on C, the set A is closed in C. We claim that A is open in C
as well. Indeed, let x = (x1, . . . , xd+1) ∈ A. There exists ε > 0 such that the closure
of the cube Q obtained as the product of the intervals (xj −ε, xj +ε), 1 ≤ j ≤ d+1,
is contained in U . By [7, p. 83, Lemma 1], h = 0 on Q ∩ Hc, that is, Q ∩ Hc ⊂ A.
So A is open in C. Since x0 ∈ A, we hence obtain that A = C, that is, G(·, y0) = 0
on C.

Next let x ∈ C, h′ := GU(x, ·), and A′ := C ′ ∩ {h′ = 0}. Then y0 ∈ A′ and
A′ is closed in C ′. Applying the arguments above to the adjoint harmonic structure,
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we obtain that A′ is open in C ′. Thus A′ = C ′, that is, G(x, ·) = 0 on C ′, and the
proof of (3.3) is finished.

Let us note, in addition, that URC′

1 = 0 on C, if GU = 0 on C × C ′. To see this,
it suffices to recall that URC′

1 = UR̂C′

1 on C and to observe that

UR̂C′

1 = sup
{

UR̂K
1 : K compact in C ′

}

(see [4, VI.1.7]), where, for each compact K in C ′, there exists a measure µ on K
such that UR̂K

1 = Gµ
U (see [9, Theorem 1.XVII.7] or [28, Theorem 22] and [29]).

Every connected component C of Hc ∩U is a transit set, since URC
1 ≤ RHc

1 on C.
If D is a dense set in R, then the union of the connected components of the sets
Hc ∩ U , c ∈ D, is obviously finely dense in U .

Thus we know that the assumptions (A) from Section 1 are satisfied for the heat
equation even on arbitrary open sets in Rd+1.

4 Harnack properties of unions of transit sets

Let us observe first that every transit set H in X has the following simple property.
For all A ⊂ X and B ⊂ H ,

(4.1) R̂A
1 = R̂A∪B

1 on H.

Indeed, R̂A
1 ≤ R̂A∪B

1 ≤ R̂A
1 + R̂B

1 , where R̂B
1 ≤ R̂H

1 = 0 on H .
The following results will allow us to approximate balayage on arbitrary Borel

sets by balayage on weak Harnack families of small compact pieces, which are pair-
wise disjoint and contained in finitely many transit sets, where (in contrast to elliptic
situations) the pieces within one of these sets may be uncontrollably close to each
other.

In this section, let (Hn) denote a sequence of pairwise disjoint transit sets in X,
let M be a finite set in N, and

A :=
⋃

n∈M

Hn.

PROPOSITION 4.1. If (iii) holds, then, for all ε > 0 and relatively compact open
sets W in X, there exists δ > 0 such that, for every compact set K in A ∩ W and
all x, y ∈ (A ∩ W ) \ K,

(4.2) ‖εK
x ‖ ≤

(

1 + ε
)

‖εK
y ‖, if ρ(x, y) < δ.

Proof. Let us fix ε > 0, a relatively compact open set W in X, and choose a cor-
responding δ > 0 according to (iii). Of course, we may assume that δ is strictly
smaller than the distances between the compact sets Hn ∩ W , n ∈ M .

Let K be a compact set in A∩W and x, y ∈ (A∩W ) \K such that ρ(x, y) < δ.
Then there exists n ∈ M such that x, y ∈ Hn. Then L := K \ Hn = K ∩ (A \ Hn)
is compact and we obtain, by (iii), that

(4.3) ‖εL
x‖ ≤

(

1 + ε
)

‖εL
y ‖.
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By (4.1), R̂K
1 = R̂L

1 on Hn. In particular, for z ∈ {x, y},

‖εK
z ‖ = RK

1 (z) = R̂K
1 (z) = R̂L

1 (z) = RL
1 (z) = ‖εL

z ‖.

So (4.2) follows from (4.3).

If ε > 0 and K1, . . . , Km are pairwise disjoint compact sets in X, we shall say
that (Ki)1≤i≤m is a weak (1 + ε)-Harnack family provided that, for every 1 ≤ i ≤ m
and all compact sets K in

⋃

j 6=i Kj,

(4.4) ‖εK
x ‖ ≤ (1 + ε) ‖εK

y ‖ for all x, y ∈ Ki.

COROLLARY 4.2. If (iii) holds, then, for all ε > 0 and compact sets K in A,
there exists δ > 0 such that every family K1, . . . , Km of pairwise disjoint compact
sets in K with diam(Ki) < δ, 1 ≤ i ≤ m, is a weak (1 + ε)-Harnack family.

Proof. It suffices to choose a relatively compact open neighborhood W of K and
a strictly positive δ, which is smaller than the distance between the sets W ∩ Hn,
n ∈ M , such that the statement of Proposition 4.1 hold.

Finally, we observe the following.

LEMMA 4.3. Transit sets do not have finely interior points.
In particular, if the union of all Hn, n ∈ N, is finely dense, then, for every

N ∈ N, the union of HN+1, HN+2, HN+3, . . . is finely dense in X.

Proof. Let H be a transit set, x ∈ H . Then f-lim infy→x RH
1 (y) = R̂H

1 (x) = 0 (see [4,
II.4.3]). Since RH

1 = 1 on H , we see that H cannot be a fine neighborhood of x.

5 Downsizing of weak Harnack families

Throughout this section let K1, . . . , Km be pairwise disjoint compact sets in X and
let ν be a measure in M(P(X)) not charging points of K1 ∪ · · · ∪ Km.

By Proposition 7.1 in [13], for every 1 ≤ i ≤ m, there is an increasing family
(Kt

i )0≤t≤1 of compact sets in Ki such that K1
i = Ki and the following holds:

• The family (Kt
i )0≤t≤1 is increasing and right continuous, that is, Ks

i ⊂ Kt
i

if s ≤ t, and each Kt
i , t ∈ [0, 1), is the intersection of all Ks

i , s > t.

• The mapping t 7→ νKt
i is continuous on [0, 1] and νK0

i = 0.

The following result generalizes [13, Lemma 4.2] in a way which already was used
in [13, Section 7] (without giving all details explicitly). For the convenience of the
reader we include the complete proof.

LEMMA 5.1. Let γ1, . . . , γm ∈ [0,∞) and let Γ denote the set of all t ∈ [0, 1]m

such that, for every 1 ≤ i ≤ m,

νAt(Ki) ≤ γi, where At := Kt1
1 ∪ · · · ∪ Ktm

m .

Then there exists s ∈ Γ such that s ≥ t for every t ∈ Γ. Moreover, νAs(Ki) = γi for
every i ∈ {1, . . . , m} such that si < 1.
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Proof. Let us note first that νAt(Ki) = νAt(Kti
i ) for every t ∈ Γ and for every

1 ≤ i ≤ m, since νAt is supported by the subset At of A.
0. Of course, (0, . . . , 0) ∈ Γ, since νK0

i = 0 for every 1 ≤ i ≤ m.
1. If t, t̃ ∈ Γ, then t ∨ t̃ ∈ Γ. Indeed, let us fix 1 ≤ i ≤ m. We may assume

without loss of generality that ti ≥ t̃i. Since At ⊂ At∨t̃, we conclude by (1.2) that

νAt∨t̃(Kti∨t̃i
i ) = νAt∨t̃(Kti

i ) ≤ νAt(Kti
i ) ≤ γi.

By [13, Proposition 7.4], for every ϕ ∈ K(X), the mapping t 7→ νAt(ϕ) is continuous.
Since the compact sets K1, . . . , Km are disjoint, we obtain that the mapping

t 7→
(

νAt(K1), . . . , ν
At(Km)

)

is continuous on [0, 1]m. Therefore Γ is closed.
2. Combining the previous two parts of the proof, we see that

s := (sup
t∈Γ

t1, . . . , sup
t∈Γ

tm) ∈ Γ.

Of course, s ≥ t for every t ∈ Γ.
To finish the proof, let us consider i ∈ {1, . . . , m} such that si < 1 and suppose

that νAs(Ki) < γi. Let us define s̃ := (s1, . . . , si−1, b, si+1, . . . , sm), where si < b ≤ 1.
By continuity, we may choose b in such a way that νAs̃(Ki) < γi. Since As ⊂ As̃,
we obtain, by (1.2), that νAs̃(K

sj

j ) ≤ νAs(K
sj

j ) ≤ γj for every j ∈ {1, . . . , m}, j 6= i.
Thus s̃ ∈ Γ, s̃ ≤ s, b = s̃i ≤ si, a contradiction.

In addition, we shall need the following simple fact.

LEMMA 5.2. Let A, B ∈ B(X) and c > 1 such that ‖εA
x ‖ ≤ c ‖εA

y ‖ for all x, y ∈ B.
Then, for all measures σ, τ ∈ M(P(X)) such that σ(B) ≤ τ(B),

(5.1) ‖(σ|B)A‖ ≤ c ‖(τ |B)A‖.

Proof. We may suppose that τ(B) > 0. Fixing x ∈ B, we have

RA
1 (x) = ‖εA

x ‖ ≤ c ‖εA
y ‖ = c RA

1 (y) for every y ∈ B.

An integration with respect to τ |B yields that that τ(B)RA
1 (x) ≤ c ‖(τ |B)A‖. Hence

τ(B)RA
1 ≤ c ‖(τ |B)A‖ on B. Integrating next with respect to σ|B, we see that

τ(B)‖(σ|B)A‖ ≤ c σ(B)‖(τ |B)A‖ ≤ c τ(B)‖(τ |B)A‖.

THEOREM 5.3. Let us suppose that ε > 0 and (Ki)1≤i≤m is a weak (1+ε)-Harnack
family. Moreover, let Lj :=

⋃

i∈Ij
Ki, where I1, . . . , Ik is a partition of {1, . . . , m},

let β1, . . . , βm ∈ [0, (1 + ε)−1], λ ∈ Λk, and let ν be a measure in M(P(X)) not
charging points of K1 ∪ · · · ∪ Km.

Then there are s1, . . . , sm ∈ [0, 1] such that K := Ks1

1 ∪ · · · ∪ Ksm
m satisfies

(5.2) νK(Ki) = βi

k
∑

j=1

λjν
Lj (Ki) for every 1 ≤ i ≤ m.
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Proof. Since the measures νLj are supported by Lj , the sum on the right side of (5.2)
reduces to the term λjν

Lj (Ki) if i ∈ Ij. By Lemma 5.1, there exists s ∈ [0, 1]m such
that

K := Ks1

1 ∪ · · · ∪ Ksm

m

satisfies

(5.3) νK(Ki) ≤ βiλjν
Lj (Ki) for all i ∈ Ij , 1 ≤ j ≤ k,

with equality whenever si < 1. We claim that we have

(5.4) νK(Ki) ≥ λjν
Lj (Ki), if si = 1, i ∈ Ij , 1 ≤ j ≤ k,

and this will clearly finish the proof, since βi < 1 (in fact, it even shows that si cannot
be equal to 1 for i ∈ Ij, unless λjν

Lj (Ki) = 0).
Indeed, let us suppose, for example, that sn = 1 for some n ∈ I1 and let I ′

1 :=
I1 \ {n}. Then A := Kn = Ksn

n ⊂ K. Hence, by (1.2),

(5.5) νA = νK |A + (νK |K\A)A,

where

(5.6) νK |K\A =
∑

i∈I′
1

νK |Ki
+

k
∑

j=2

∑

i∈Ij

νK |Ki
.

Since βi ≤ (1 + ε)−1, (5.3), (4.4), and Lemma 5.2 imply that, for all i ∈ I ′
1,

‖(νK |Ki
)A‖ ≤ (1 + ε)βiλ1‖(ν

L1 |Ki
)A‖ ≤ λ1‖(ν

L1|Ki
)A‖.

Similarly, ‖(νK |Ki
)A‖ ≤ λj‖(ν

Lj |Ki
)A‖ for all i ∈ Ij , 2 ≤ j ≤ k. Taking sums we see

that

∑

i∈I′
1

‖(νK |Ki
)A‖ ≤ λ1‖(ν

L1 |L1\A)A‖ and
∑

i∈Ij

‖(νK |Ki
)A‖ ≤ λj‖(ν

Lj )A‖

for every 2 ≤ j ≤ k. Therefore, by (5.5) and (5.6),

(5.7) ‖νA‖ ≤ νK(A) + λ1‖(ν
L1 |L1\A)A‖ +

k
∑

j=2

λj‖(ν
Lj )A‖,

where ‖(νLj )A‖ ≤ ‖νA‖ by (1.2). Thus

λ1‖ν
A‖ ≤ νK(A) + λ1‖(ν

L1 |L1\A)A‖.

Since νA = νL1 |A+(νL1 |L1\A)A by (1.2), we obtain the inequality λ1ν
L1(A) ≤ νK(A),

and the proof is finished.
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6 Main convexity and density results

Throughout this section, let us suppose that we have pairwise disjoint sets Hn in X,
n ∈ N, satisfying the assumptions (A) from Section 1. The following convexity
result will easily lead to Theorem 1.1 and Theorem 1.2.

THEOREM 6.1. Let U1, . . . , Uk be relatively compact open sets in X, ν ∈ M(P(X)),
and λ ∈ Λk. Then there exist compact sets Kn in U1 ∪ · · · ∪ Uk, n ∈ N, such that

lim
n→∞

νKn =
k

∑

j=1

λjν
Uj .

Proof. Let Q be a finite set in P such that ν(q) < ∞ for every q ∈ Q and let p
denote the sum of all q ∈ Q. We may assume without loss of generality that p ≥ 1
on U1 ∪ · · · ∪Uk. Let ε > 0. It suffices to construct a compact set K in U1 ∪ · · · ∪Uk

such that, for every q ∈ Q,

(6.1)
∣

∣νK(q) −

k
∑

j=1

λjν
Uj (q)

∣

∣ < (4 + 3ν(p))ε

(having chosen (qm) according to Lemma 2.1 in [13], then, for every n ∈ N, we may
consider Q := {q1, . . . , qn} and ε := (4 + 3ν(p))−1(1/n)).

Since ν(p) < ∞ and the sets Hn, n ∈ N, are pairwise disjoint, there exists N ∈ N
such that

∞
∑

n=N+1

∫

Hn

p dν < ε.

Let
µ := 1H1∪H2∪···∪HN

ν and τ := ν − µ.

Then τ(p) < ε. Hence, for all q ∈ Q and for every compact set K in X,

(6.2) τK(q) +
k

∑

j=1

λjτ
Uj (q) ≤ 2τ(q) ≤ 2τ(p) < 2ε.

By Lemma 4.3 and [4, VI.1.7, 1.9], we may choose pairwise disjoint finite sets Mj

in {N + 1, N + 2, . . . } and compact sets Fj , 1 ≤ j ≤ k, such that,

(6.3) Fj ⊂
⋃

n∈Mj

Hn ∩ Uj and
∣

∣µFj(q) − µUj(q)
∣

∣ < ε

for every q ∈ Q (see Figure 1).

1

2
U

U

1 2F F

Figure 1. Passage from U1, U2 to F1, F2
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Let us define
M := M1 ∪ · · · ∪ Mk, F := F1 ∪ · · · ∪ Fk,

and choose δ > 0 according to Corollary 4.2 with F in place of K. We may assume,
in addition, that

(6.4) |q(x) − q(y)| < ε, whenever q ∈ Q and x, y ∈ F, ρ(x, y) < δ.

For the moment, let us fix 1 ≤ j ≤ k. Of course, the compact set Fj is a finite
union of pairwise disjoint Kσ-sets having a diameter strictly less than δ. Replacing
each of these sets by a sufficiently large compact subset, we get finitely many pairwise
disjoint compact sets in Fj , having diameter strictly less than δ, such that their
union Lj satisfies

(6.5)
∣

∣µLj(q) − µFj(q)
∣

∣ < ε (q ∈ Q).

Collecting the compact sets obtained this way for F1, . . . , Fk, we get pairwise disjoint
compact sets K1, . . . , Km in F such that diam Ki < δ, 1 ≤ i ≤ m, and, for some
partition I1, . . . , Ik of {1, . . . , m},

Lj =
⋃

i∈Ij

Ki

(see Figure 2). The union L of L1, . . . , Lk is the union of K1, . . . , Km. It clearly
suffices to consider the case, where all the sets K1, . . . , Km are non-empty. By
Corollary 4.2, K1, . . . , Km is a weak (1 + ε)-Harnack family. Let

σ := λ1µ
L1 + · · · + λkµ

Lk .

Obviously,

σ(p) =

k
∑

j=1

λjµ
Lj(p) ≤

k
∑

j=1

λjµ(p) = µ(p) ≤ ν(p).

By Theorem 5.3, there exists a compact set K in L (see Figure 2) such that

(6.6) µK(Ki) = (1 + ε)−1σ(Ki) for every 1 ≤ i ≤ m.

1 2L L K

Figure 2. The sets L1, L2, and the set K

We now fix q ∈ Q, points xi ∈ Ki, 1 ≤ i ≤ m, and define g :=
∑m

i=1 q(xi)1Ki
. By

(6.6),

(6.7) µK(g) = (1 + ε)−1σ(g).

13



By (6.4), |g − q| ≤ ε ≤ εp on L. Therefore

∣

∣µK(g) − µK(q)
∣

∣ ≤ εµK(p) ≤ ν(p)ε,(6.8)

|σ(g) − σ(q)| ≤ εσ(p) ≤ ν(p)ε.(6.9)

Combining (6.7), (6.8), (6.9), and using the inequality 1 ≤ (1+ ε)−1 + ε, we see that

∣

∣µK(q) − σ(q)
∣

∣ ≤
∣

∣µK(q) − (1 + ε)−1σ(q)
∣

∣ + εσ(q) ≤ 3ν(p)ε.

Taking into account the estimates (6.3) and (6.5), we hence conclude that

∣

∣µK(q) −

k
∑

j=1

λjµ
Uj(q)

∣

∣ < 2ε + 3ν(p)ε.

Because of (6.2) we finally obtain (6.1).

THEOREM 6.2. Let ν ∈ M(P(X)), let A1, . . . , Ak ∈ B(X), let (Vn) be a sequence
of open neighborhoods of A1∪· · ·∪Ak, and λ ∈ Λk. Then there exist compact sets Kn

in Vn, n ∈ N, such that

lim
n→∞

νKn =

k
∑

j=1

λjν
Aj .

Proof. Consequence of Theorem 6.1 and the fact that, for every 1 ≤ j ≤ k, there are
relatively compact open Uj,n in Vn such that νAj = limn→∞ νUj,n (see [4, VI.1.6,1.2]).

REMARK 6.3. Theorem 6.2 shows that, in fact, Theorem 6.1 holds for arbitrary
open sets U1, . . . , Uk (take Vn := U1 ∪ · · · ∪ Uk, n ∈ N).

Let us say that a sequence (Vn) of open sets is an exhaustion of an open set V
in X provided that, for every n ∈ N, the closure of Vn is a compact set in Vn+1 and
the union of all Vn is V .

COROLLARY 6.4. Let ν ∈ M(P(X)), let U1, . . . , Uk be open sets in X, let (Ln)
be a sequence of compact sets in U1∩· · ·∩Uk, and λ ∈ Λk. Then there exist relatively
compact open neighborhoods Wn of Ln in X, n ∈ N, such that

lim
n→∞

νW c
n =

k
∑

j=1

λjν
Uc

j .

Proof. Let (Xn) be an exhaustion of X such that Ln ⊂ Xn, n ∈ N. For every
compact set K in X, limn→∞ νK∪Xc

n = νK , since limn→∞ νXc
n = 0. Applying Theo-

rem 6.2, we hence may find compact sets Kn in Lc
n, n ∈ N, such that

lim
n→∞

νKn∪Xc
n =

k
∑

j=1

λjν
Uc

j .

Defining Wn := Kc
n ∩ Xn the proof is finished.
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Let us stress that the open sets Wn in Corollary 6.4 might become very large.
As the following result shows, we obtain a better control of the sequence (Wn),
if (X,W) is a harmonic space and the restriction of the harmonic structure on some
open subset W of X, which contains the sets U1, . . . , Uk, satisfies the conditions (A)
imposed in Section 1. Let us recall that, for the harmonic space given by the heat
equation, we may even take W = U1 ∪ · · · ∪ Uk (see Section 3).

COROLLARY 6.5. Let us suppose that (X,W) is a harmonic space, U1, . . . , Uk

are open sets in X, ν ∈ M(P(X)) is supported by U1∩· · ·∩Uk, and λ ∈ Λk. Further,
let (Vn) be an exhaustion of (U1 ∪ · · · ∪ Uk) \ (∂U1 ∪ · · · ∪ ∂Uk) and W be an open
set containing U1, . . . , Uk such that the restriction of (X,W) on W satisfies (A).

Then there exist compact sets Kn in (U1 ∪ · · · ∪ Uk) \ Vn, n ∈ N, such that

(6.10) lim
n→∞

ν(W\Kn)c

=

k
∑

j=1

λjν
Uc

j .

21U U

K

ν

n

Figure 5. The sets Kn for W = U1 ∪ U2

Proof. Let us choose p ∈ P, p > 0, such that ν(p) < ∞. Let (ϕm) be a sequence
of functions in K(X) with support in W such that 0 ≤ ϕm ≤ p, m ∈ N, and,
for all σ1, σ2, . . . , σ∞ ∈ M(W ), limn→∞ σn = σ∞ if limn→∞ σn(ϕm) = σ∞(ϕm) for
every m ∈ N.

Let us fix n ∈ N. There exists N ∈ N, N ≥ n, such that, defining

µ := 1VN
ν,

we have (ν − µ)(p) ≤ 1/n and hence (ν − µ)B(p) ≤ 1/n for every B ∈ B(X).
For every 1 ≤ j ≤ k, there exists an open neighborhood Ũj of V N ∩ Uj which is

relatively compact in Uj and satisfies

(6.11)
∣

∣µŨc
j (ϕm) − µUc

j (ϕm)
∣

∣ <
1

n
for all 1 ≤ m ≤ n.

Since (X,W) is a harmonic space and µ is supported by Ũj , we know that

(6.12) µŨc
j = µ∂Ũj = µ∂Ũj∪W c

|W = Wµ∂Ũj (1 ≤ j ≤ k)

(see [4, VI.2.9]). By Theorem 6.2, there exists a compact Kn in W \ VN such that

(6.13)
∣

∣

WµKn(ϕm) −

k
∑

j=1

λj
Wµ∂Ũj(ϕm)

∣

∣ <
1

n
for all 1 ≤ m ≤ n.
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Moreover, there exists a relatively compact open neighborhood Y of Kn ∪ VN in W
such that, for all 1 ≤ m ≤ n,

(6.14)
∣

∣

WµKn∪(W\Y )(ϕm) − WµKn(ϕm)
∣

∣ <
1

n
,

∣

∣µKn∪Y c

(ϕm) − µKn∪W c

(ϕm)
∣

∣ <
1

n
,

where, similarly as in (6.12), WµKn∪(W\Y )(ϕm) = µKn∪Y c

(ϕm). So, by (6.12), (6.13),
and (6.14),

∣

∣µKn∪W c

(ϕm) −

k
∑

j=1

λjµ
Uc

j (ϕm)
∣

∣ <
4

n
for all 1 ≤ m ≤ n.

Finally, by our definition of µ, we conclude that

∣

∣νKn∪W c

(ϕm) −

k
∑

j=1

λjν
Uc

j (ϕm)
∣

∣ <
6

n
for all 1 ≤ m ≤ n.

Thus (6.10) holds.

7 Application to space-time structures given by

semigroups

Let X ′ be a locally compact space with countable base, let P := (Pt)t>0 be a sub-
Markov semigroup on X ′ and let V = (Vλ)λ>0 denote the resolvent of P (that is,
Vλ :=

∫ ∞

0
e−λtPt dt). We suppose that the following holds:

(i) There exist a measure m′ on X ′, not charging points, and a strictly positive
finite continuous function (x′, y′, t) 7→ pt(x

′, y′) on X ′ ×X ′ × (0,∞) such that

Pt(x
′, ·) = pt(x

′, ·) m′ for all t > 0 and x′ ∈ X ′.

(ii) For every t > 0, Pt1 ∈ C(X ′).

(iii) For every ϕ ∈ K(X ′), limt→0 Ptϕ = ϕ locally uniformly on X ′.

(iv) There exist β > 0 and strictly positive Vβ-supermedian u, v ∈ C(X ′) such that
u/v ∈ C0(X

′) (where Vβ := (Vβ+λ)λ>0 with potential kernel Vβ).

Let us note that (iv) certainly holds with v = 1, if Vβ maps C0(X
′) into C0(X

′) (or
even Pt(C0(X

′)) ⊂ C0(X
′) for every t > 0). Indeed, then, for every strictly positive

f ∈ C0(X
′), the function u := Vβf ∈ C0(X

′) is Vβ-supermedian and strictly positive.
For sufficient conditions, which are expressed solely in terms of the function

(x′, y′, t) 7→ pt(x
′, y′) and the measure m′, see Section 8.

We define X := X ′ ×R, m := m′ ⊗ λR, and G : X × X → [0,∞) by

(7.1) G
(

(x′, r), (y′, s)
)

:=

{

pr−s(x
′, y′), if r > s,

0, if r ≤ s.
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Let T := (Tt)t>0 denote the semigroup of uniform translation (to the left) on R,
that is, Tt(r, ·) := εr−t, r ∈ R, and let Q := P ⊗T (see [4, Section V.5]). In other
words, Q := (Qt)t>0, where, for every f ∈ B+(X),

Qtf(x′, r) = Ptf(·, r − t)(x′) =

∫

G((x′, r), (y′, r − t))f(y′, r − t) dm′(y′).

Finally, let EQ denote the set of all Q-excessive functions, that is,

EQ :=
{

v ∈ B+(X) : supt>0 Qtv = v
}

.

By (iii), the function 1 is excessive with respect to P, and hence 1 ∈ EQ.
With these ingredients we shall obtain the following.

THEOREM 7.1. (X, EQ) is a balayage space, where the statements of Theo-
rem 6.1, Theorem 6.2, and Corollary 6.4 hold.

REMARK 7.2. Let us note that, under very general assumptions, heat kernels
on manifolds, fractals, and the infinite-dimensional torus, as well as the correspond-
ing transition functions obtained by subordination using the one-sided stable semi-
group (ηα

t )t>0, α ∈ (0, 2), satisfy our assumptions (see [8, 1, 2, 5]).
In particular, this holds for fundamental solutions of equations Lu = ∂u/∂t on

open subsets X ′ of Rd, where

L :=

d
∑

i,j=1

aij
∂2

∂xi∂xj
+

d
∑

i=1

bi
∂

∂xi
− c

is an elliptic differential operator on X ′ with Hölder continuous coefficients (see
[26, pp. 86-88]). Further relevant results on parabolic partial differential operators
can be found, for instance, in [6, 11, 14, 19, 20, 24, 25].

The proof of Theorem 7.1 will be given in several steps.

LEMMA 7.3. P is a strong Feller semigroup.

Proof. Let t > 0. By (i) and Lebesgue’s theorem, Ptf ∈ C(X ′), if f ∈ Bb(X
′)

has compact support. Let (ϕn) be an increasing sequence in K+(X ′) such that
sup ϕn = 1 and the interiors of the sets {ϕn = 1}, n ∈ N, cover X ′. Then the
functions Pt(1 − ϕn) = Pt1 − Ptϕn are continuous and decreasing to 0 as n → ∞.
By Dini’s lemma, the convergence is locally uniform on X ′.

Finally, let f ∈ B(X ′), 0 ≤ f ≤ 1. Then limn→∞ Pt((1 − ϕn)f) = 0 locally
uniformly on X ′. Knowing that Pt(ϕnf) ∈ C(X ′) for every n ∈ N, we hence see
that Ptf ∈ C(X ′).

LEMMA 7.4. There exist strictly positive u0, v0 ∈ EQ ∩ C(X) such that u0/v0

vanishes at infinity.

Proof. Let us fix β > 0 and Vβ-supermedian functions u, v ∈ C(X ′) according
to (iv). We may assume without loss of generality that u ≤ 1 and v ≥ 1 (it suffices
to replace u by u ∧ 1 and v by v + 1). By (iii), u and v are even Vβ-excessive.
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For the moment, let w be any Vβ-excessive function on X ′. Then w is ex-
cessive with respect to (e−βtPt)t>0, that is, supt>0 e−βtPtw = w (see, for example,
[4, II.3.13]). Then, for every λ ∈ [β,∞), the function

wλ : (x′, r) 7→ eλrw(x′), (x′, r) ∈ X,

is contained in EQ. Indeed, for every t > 0,

Qtwλ(x
′, r) = Ptwλ(·, r − t)(x′) = eλ(r−t)Ptw(x′) = eλre(β−λ)te−βtPtw(x′),

where e(β−λ)t ≤ 1. Hence supt>0 Qtwλ(x
′, r) = eλrw(x′) = wλ(x

′, r).
For all x′ ∈ X ′ and r ∈ R, let

u0(x
′, r) := eβru(x′) and v0(x

′, r) := e2βrv(x′) + 1.

By the considerations above, u0, v0 ∈ EQ∩C(X). Further, u0(·, r)/v0(·, r) ≤ e−βru/v
and, for all x′ ∈ X ′ and r ∈ R,

u0

v0

(x′, r) ≤
eβr

e2βr + 1
≤ e−β|r|.

Given ε > 0, we may choose R > 0 such that e−βR < ε and a compact set K ′ in X ′

such that u/v < e−βRε on X ′ \ K ′. Then u0(·, r)/v0(·, r) < ε, if |r| > R. Moreover,
u0(·, r)/v0(·, r) ≤ eβRu/v < ε on X ′ \ K ′, if |r| ≤ R. Hence u0/v0 < ε outside the
compact set K ′ × [−R, R]. Thus u0/v0 ∈ C0(X).

Let W be the potential kernel of Q, that is, for every f ∈ B+(X),

Wf(x′, r) =

∫ ∞

0

Qtf(x′, r) dt =

∫ ∞

0

Ptf(·, r − t)(x′) dt

=

∫

G((x′, r), (y′, s))f(y′, s) dm(y′, s).

In particular, W is proper, since for every bounded interval (a, b) in R,

W1X′×(a,b)(x
′, r) =

∫ (r−a)+

(r−b)+
Pt1(x′) dt ≤ b − a.

Thus, by [4, V.5.6], (X, EQ) is a balayage space.
For every c ∈ R, let Hc := X ′ × {c}. Since Pt1 ≤ 1, the functions 1X′×(c,∞),

c ∈ R, are Q-supermedian. Being lower semicontinuous, they are even Q-excessive.
So, for every c ∈ R,

R
X′×[c,∞)
1 = 1X′×[c,∞) and R̂

X′×[c,∞)
1 = 1X′×(c,∞)

(for the first equality consider the functions 1X′×(c−1/n,∞)), and hence

(7.2) RHc

1 = 0 on X ′ × (−∞, c) and R̂Hc

1 = 0 on Hc.

This shows, in particular, that Hc is a transit set. Moreover, we see that, given
c, c′ ∈ R, c 6= c′, we have RHc

1 = 0 on Hc′ if c > c′, whereas G > 0 on Hc′ × Hc,
if c < c′.
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Next let D be a dense set in R and let A denote the union of all Hc, c ∈ D. Given
x = (x′, r) ∈ X and ε > 0, there exists t ∈ (0, ε) such that c := r− t ∈ D. Then the
measure Qt(x, ·) is supported by Hc, and hence Qt(x, X \ A) = 0. Therefore X \ A
is not a fine neighborhood of x (see [4, II.4.9]). Thus A is finely dense in X.

Now we shall convince ourselves that every point in X is polar. To that end
let us fix x′ ∈ X ′, c ∈ R, and consider the point x := (x′, c). We have to show

that R̂
{x}
1 = 0. By (7.2), it suffices to show that R̂

{x}
1 = 0 on X ′ × (c,∞). So let

s > c, y′ ∈ X ′, y := (y′, s), and ε > 0. By assumption, m′({x′}) = 0. Hence there
exists ϕ ∈ K+(X ′) such that ϕ(x′) > 1 and Ps−cϕ(y′) < ε. Since limt→0 Ptϕ(x′) =
ϕ(x′) > 1 and the function t 7→ Ptϕ(y′) is continuous, there exists δ > 0 such that
Pδϕ(x′) > 1 and Ps−c+δϕ(y′) < ε. We define a function v on X by

v(z′, r) :=

{

Pr−c+δϕ(z′), if z′ ∈ X ′, r > c − δ,

0, otherwise.

Then v ∈ EQ, v(x) > 1, and v(y) < ε. So R
{x}
1 (y) ≤ v(y) < ε, and the proof for the

polarity of {x} is finished.
Finally, let p ∈ P and let U be an open neighborhood of the superharmonic

support C(p). Then RU
p = p (see [4, II.6.3]). So, by [3, Theorem 1.3.8], there

exists a sequence (gn) in B+
b (X) such that W (1Ugn) ↑ p. Therefore the measures

µn := 1Ugnm, n ∈ N, have the properties required for Proposition 2.1 in Section 2.
This finishes the proof of Theorem 7.1.

8 Extension of the results to restrictions on open

subsets

In order to apply our results to open sets in X ′×R, as we did in the case of the heat
equation, we shall need stronger assumptions (which are still satisfied by the heat
equation and a wide class of more general parabolic second order partial differential
equations).

As before let X ′ be a locally compact space with countable base and X := X ′×R.
We suppose that we have a measure m′ on X ′, not charging points, and a strictly
positive Borel measurable real function (x′, y′, t) 7→ pt(x

′, y′) on X ′ × X ′ × (0,∞)
satisfying the Chapman-Kolmogorov equations:

(i) For all s, t ∈ (0,∞) and x′, y′ ∈ X ′,

ps+t(x
′, y′) =

∫

ps(x
′, z′)pt(z

′, y′) m′(dz′).

For t > 0, we define kernels Pt and ∗Pt on X ′ by

Pt(x
′, ·) := pt(x

′, ·) m′ and ∗Pt(y
′, ·) := pt(·, y

′) m′.

Then both P := (Pt)t>0 and ∗P := (∗Pt)t>0 are semigroups on X ′. For t ∈ R and
x′, y′ ∈ X ′, let

pt(x
′, y′) = 0, if t ≤ 0,
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p̃t(x
′, y′) :=

1

2
(pt(x

′, y′) + pt(y
′, x′)).

Moreover, let (X ′
n) be an exhaustion of X ′ and L′

n := X ′
n, n ∈ N. We suppose that,

in addition to the Chapman-Kolmogorov equations (i), the following holds (where,
of course, (iv) does not depend on the particular choice of the sequence (X ′

n)).

(ii) 1 ∈ EP ∩ E∗P.

(iii) Outside the diagonal in X ′ × X ′ × {0}, the function (x′, y′, t) 7→ pt(x
′, y′) is

continuous on X ′ × X ′ × [0,∞).

(iv) Locally uniformly for (y′, s) ∈ X ′ × [0,∞),

‖1X′\L′
n
p̃s(·, y

′)‖L1(m′) + ‖1X′\L′
n
p̃s(·, y

′)‖∞ → 0 as n → ∞.

The following lemma shows that the assumptions of Section 7 are satisfied.

LEMMA 8.1. For every t > 0, the kernel Pt is strong Feller and maps C0(X
′) into

C0(X
′). Moreover, for every ϕ ∈ K(X ′), limt→0 Ptϕ = ϕ locally uniformly on X ′.

Proof. Let K ′ be a compact set in X ′, t > 0, and ε > 0. By (iv), there exists n ∈ N
such that, for all 0 ≤ s ≤ t and y′ ∈ K ′,

(8.1) Ps(y
′, X ′ \ L′

n) + sup{ps(z
′, y′) : z′ ∈ X ′ \ L′

n} · m
′(K ′) < ε.

Let f ∈ B(X ′), 0 ≤ f ≤ 1. By (8.1), Pt(1X′\L′
n
f) ≤ ε on K ′. Moreover, by (iii) and

Lebesgue’s theorem, Pt(1L′
n
f) is continuous on K ′. This implies that Ptf ∈ C(X ′).

Let us suppose now that ϕ ∈ K(X ′), 0 ≤ ϕ ≤ 1K ′. Then, by (8.1), for every
x′ ∈ X ′ \ L′

n,

Ptϕ(x′) ≤

∫

K ′

pt(x
′, y′) dm′(y′)

≤ sup{pt(z
′, y′) : z′ ∈ X ′ \ L′

n, y′ ∈ K ′} · m′(K ′) ≤ ε.

This shows that Ptϕ ∈ C0(X
′). Since Pt1 ≤ 1, we conclude that Pt(C0(X

′)) ⊂ C0(X
′).

Next let V ′, U ′ be open sets in X ′ such that V ′ ⊂ U ′. Then, by (8.1), for all
0 < s ≤ t and y′ ∈ V ′ ∩ K ′,

Ps(y
′, X ′ \ U ′) ≤ ε +

∫

L′
n\U

′

ps(y
′, z′) dm′(z′),

where, by (iii), the last term tends to 0 as s → 0, uniformly for y′ ∈ V ′ ∩ K ′.
Since sups>0 Ps1 = 1 by (ii), we hence obtain that lims→0 Ps(y

′, U ′) = 1, uniformly
for y′ ∈ V ′ ∩ K ′. It is now easily seen that, for every ϕ ∈ K(X ′), lims→0 Psϕ = ϕ
locally uniformly on X ′.

Let us define Q := P⊗T and ∗Q := ∗P⊗ ∗T,

where ∗T is the semigroup of translation to the right on R (that is, ∗Tt(r, ·) := εr+t).
Due to the symmetry of our assumptions, we know from Section 7 that we have two
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balayage spaces (X, EQ) and (X, E∗Q), and all statements for the balayage space
(X, EQ) have a counterpart for (X, E∗Q). Functions which are harmonic with respect
to (X, E∗Q) will be called ∗-harmonic.

Our aim is to obtain the results of Section 6 for the restriction of the balayage
space (X, EQ) on an arbitrary open set U in X (see Theorem 8.9). To that end, we
shall assume later on that, in addition, zero sets of positive harmonic and ∗-harmonic
functions have a property (Z) (which in most cases is an immediate consequence of
parabolic Harnack’s inequalities).

We define G : X × X → [0,∞) by

G((x′, r), (y′, s)) := pr−s(x
′, y′)

(see (7.1)). Then, for every y ∈ X, the function G(·, y) is finite and continuous
on X \ {y}. By (i), it is easily verified that, for all (x′, r), (y′, s) ∈ X, and t > 0,

(8.2) QtG(·, (y′, s))(x′, r) = 1(s+t,∞)(r) G((x′, r), (y′, s)).

In particular, G(·, (y′, s)) ∈ EQ.
If a, b ∈ R, a < b, and x = (x′, r), y = (y′, s) with x′, y′ ∈ X ′ and r, s ∈ [a, b],

then, for every open set U in X,

(8.3) HUG(·, y)(x) = HU(1X′×[a,b]G(·, y))(x).

Indeed, it suffices to recall that G((z′, t), y) = 0, if t < s, and to observe that the
measure HU(x, ·) is supported by the absorbing set X ′ × (−∞, r].

LEMMA 8.2. For every open set U in X, the function (x, y) 7→ HUG(·, y)(x)
is finite and continuous on U × U .

Proof. Let K ′ be a compact set in X ′ and I = [a, b], a < b, such that the set
K := K ′ × I is contained in U . Let ε > 0. By (iv), there exists n ∈ N such that

pt(z
′, y′) < ε for all t ∈ [0, b − a], y′ ∈ K ′, and z′ ∈ X ′ \ L′

n.

Then HU(1(X′\L′
n)×IG(·, y))(x) ≤ εHU1(x) ≤ ε for all x, y ∈ K. By (iii), the function

(x, y) 7→ HU(1L′
n×IG(·, y))(x) is finite and continuous on K × K. Thus, in view

of (8.3), the function (x, y) 7→ HUG(·, y)(x) is finite and continuous on K × K.

Using the potential kernel W of Q and the corresponding resolvent (Wλ)λ>0

which is defined by Wλ :=
∫ ∞

0
e−λtQt dt, λ > 0, we shall prove the following.

PROPOSITION 8.3. For all y ∈ X, the function G(·, y) is a potential which is
harmonic on X \ {y}.

Proof. Let y = (y′, s) ∈ X and u := G(·, y). If x ∈ X ′ × (−∞, s] and U is any
relatively compact open neighborhood of x, then HUu(x) ≤ u(x) = 0 whence
HUu(x) = u(x).

Next let U be an open set such that U is a compact set in X ′×(s,∞). We intend
to show that HUu = u. There exists ε > 0 such that U ⊂ S := X ′ × (s + ε,∞).
By (8.2), for every (x′, r) ∈ X,

Wu(x′, r) = (r − s)+u(x′, r) < ∞.
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Let fn := n(u − nWnu), n ∈ N. By the resolvent equation,

Wfn = nWnu for every n ∈ N,

where nWnu ↑ u as n → ∞. By (8.2), for every t ∈ (0, ε), Qtu = u on S. Since
nWnu = n

∫ ∞

0
e−ntQtu dt and u = n

∫ ∞

0
e−ntu dt, we obtain that, for all x ∈ S,

(8.4) fn(x) = n2

∫ ∞

ε

e−nt(u − Qtu)(x) dt ≤ ne−nεu(x).

For n ∈ N, let us define

vn := W (1Sfn) and wn := W (1Scfn).

Then HUvn ≤ vn ≤ ne−nεWu. If w ∈ EQ such that w ≥ wn on U c, then w ≥ wn

on {1Scfn > 0}. Therefore HUwn = RUc

wn
= wn (see [4, II.7.1]). Since Wfn = vn +wn

and hence HUWfn = HUvn + HUwn, we obtain that

HUu = lim
n→∞

HUWfn = lim
n→∞

wn = lim
n→∞

Wfn = u.

By [4, III.4.4], we now see that u ∈ H+(X \ {y}), that is, HUu = u for every
relatively compact open set U in X such that y /∈ U .

Now let U be a relatively compact open set such that y ∈ U . If y ∈ U , then the
function HUu is finite and continuous on U by Lemma 8.2. If y ∈ ∂U and x ∈ U ,
we may choose a neighborhood Ũ of x in U such that the closure of Ũ is contained
in U , and then HŨu is continuous on Ũ . Since HUu ≤ u, we hence obtain, by [4,
III.1.2], that HUu = HŨHUu is finite and continuous on Ũ .

So u is superharmonic on X. To show that u is a potential, let h ≥ 0 be
a harmonic minorant of u and x = (x′, r) ∈ X. Let I denote the interval [r∧s, r∨s]
and let ε > 0. By (iv), there exists n ∈ N such that pt(z

′, y′) < ε for all 0 ≤ t ≤ |r−s|
and z′ ∈ X ′ \ L′

n. Of course, we may assume that x′, y′ ∈ L′
n. Let U be a relatively

compact open neighborhood of L′
n×I. Then HU(x, L′

n×I) = 0 and hence, by (8.3),

HUu(x) = HU(1X′×Iu)(x) = HU(1(X′\L′
n)×Iu)(x) ≤ εHU1(x) ≤ ε.

Therefore h(x) = HUh(x) ≤ HUu(x) ≤ ε. Thus h(x) = 0.

¿From now on let us fix an open set U in X. Then (U, ∗H+(U)|U ) is a balayage
space called the restriction of (X, EQ) on U (see [4, V.1.1]). The following result is
well known for Brelot spaces (see [15]).

LEMMA 8.4. For all x, y ∈ X, RU
G(·,y)(x) = ∗RU

G(x,·)(y).

Proof. By symmetry, it suffices to show that RU
G(·,y)(x) ≥ ∗RU

G(x,·)(y). By Proposi-

tion 8.3 and the minimum principle (see [4, III.6.6]),

(8.5) RU
G(·,y) = G(·, y), if y ∈ U.

Let x ∈ X and ν := εU
x . Then, for every y ∈ X,

(8.6) RU
G(·,y)(x) =

∫

G(z, y) dν(z) = ∗Gν(y).

By (8.5) and (8.6), ∗Gν = G(x, ·) on U . Since ∗Gν ∈ E∗Q, we see that ∗Gν ≥ ∗RU
G(x,·).

So, for every y ∈ X, RU
G(·,y)(x) = ∗Gν(y) ≥ ∗RU

G(x,·)(y).
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We define GU : U × U → [0,∞) by

GU(x, y) := G(x, y) − HUG(·, y)(x) (x, y ∈ U).

Then GU ≥ 0 and, for every y ∈ U , the function GU(·, y) is harmonic on U \ {y}.
Moreover, by Lemma 8.2, GU is continuous outside the diagonal in U ×U . Further,
by Lemma 8.4, HUG(·, y)(x) = ∗HUG(x, ·)(y) for all x, y ∈ U . Hence, for every
x ∈ U , the function GU(x, ·) is ∗-harmonic.

LEMMA 8.5. Let q ∈ P(U) have compact superharmonic support K and let Ũ be
an open neighborhood of K in U . Then there exist measures µn on Ũ , n ∈ N, such
that limn→∞ Gµn

U = q.

Proof. By [12, Theorem 10.1], there exists a unique p ∈ P such that C(p) = K and
p − q is harmonic on U . Then p − HUp = q. Indeed, if Un ↑ U such that each Un,
n ∈ N, is a compact subset of U , then HUn

(p − q) = p − q for every n ∈ N, where
HUn

p ↓ HUp and HUn
q ↓ 0, since q is a potential on U . There exist measures µn

on Ũ , n ∈ N, such that Gµn ↑ p (see the end of Section 7). Consequently,

Gµn

U = Gµn − HUGµn → p − HUp = q as n → ∞.

REMARK 8.6. Let us note that, having established Proposition 8.3, potentials
on X can be represented as Green potentials of measures (see, for example, [10, 16,
17, 18, 21, 23, 26, 27]). So the proof of Lemma 8.5 shows that, in fact, for every
q ∈ P(U) with compact superharmonic support in U , there exists a measure µ on U
such that even Gµ

U = q.

For an application of property (Z), to be introduced below, we have to know that
balayage on open cylinders is not affected, if its bottom is added.

LEMMA 8.7. Let A := A′ × (a, b), and B := A′ × [a, b), where A′ is a relatively
compact open set in X ′ and a, b ∈ R, a < b. Further, let x = (x′, r) ∈ X \ (A ∪ U).
Then εA∪U

x = εB∪U
x .

Proof. Let p ∈ P. Of course, RA∪U
p ≤ RB∪U

p . To prove the reverse inequality at x, let
us fix ε > 0. There exists a compact set K in U such that RB∪U

p (x) < RB∪K
p (x) + ε.

Being harmonic outside A ∪ U , the function RA∪U
p is continuous at x. There exists

δ ∈ (0, b − a) such that, defining B̃ := A′ × [a, b − δ), the following holds:

RA∪U
p (x′, r + δ) < RA∪U

p (x′, r), RB∪K
p (x) < RB̃∪K

p (x) + ε,

p(y′, s − δ) ≤ p(y′, s) + ε for all (y′, s) ∈ A ∪ K,

(y′, s + δ) ∈ U for all (y′, s) ∈ K.

We define u : X → R by

u(y′, s) := RA∪U
p (y′, s + δ).
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Then u ∈ EQ. Further, if (y′, s) ∈ B̃ ∪ K, then (y′, s + δ) ∈ A ∪ U and hence

p(y′, s) ≤ p(y′, s + δ) + ε = u(y′, s) + ε.

Thus RB̃∪K
p ≤ u + ε. In particular,

RB∪U
p (x) < RB̃∪K

p (x) + 2ε ≤ u(x) + 3ε < RA∪U
p (x) + 4ε.

Thus RA∪U
p (x) = RB∪U

p (x) for every p ∈ P, that is, εA∪U
x = εB∪U

x .

PROPOSITION 8.8. Let A′ be a relatively compact open set in X ′ and a, b ∈ R,
a < b, such that the closure of A := A′ × (a, b) is contained in U . Moreover, let
x ∈ U \ A and B := A′ × [a, b). Then UεA

x = UεB
x .

Proof. If Ũ is an open neighborhood of U c such that x is not contained in the closure
of Ũ , then εA∪Ũ

x = εB∪Ũ
x by Lemma 8.7. Therefore εA∪Uc

x = εB∪Uc

x (see [4, VI.1.2]).
Thus, by [4, VI.2.9], UεA

x = εA∪Uc

x |U = εB∪Uc

x |U = UεB
x .

Finally, let us assume that zero sets of harmonic and ∗-harmonic functions have
the following property.

(Z) For every x = (x′, r) ∈ U , there exists a fundamental system of open neighbor-
hoods N of x in U such that, for every function h ≥ 0 on X which vanishes at x
and is harmonic on N (∗-harmonic on N , respectively), there exists a neigh-
borhood Ñ of x in N such that

h = 0 on Ñ ∩ (X ′ × (−∞, r)) ( on Ñ ∩ (X ′ × (r,∞)), respectively).

We now may proceed in a similar way as for the heat equation (see Section 3).
Let C and C̃ be two connected components of the intersections of U with sets
X ′ ×{a} and X ′ ×{b}, respectively, such that C 6= C̃ (but possibly a = b). In view
of property (Z) (which replaces the use of [7, p.83, Lemma 1]) we obtain that

(8.7) GU > 0 on C × C̃ or GU = 0 on C × C̃.

Next let us suppose that GU = 0 on C × C̃. We claim that

(8.8) URC̃
1 = 0 on C.

To that end let us fix x = (x′, a) ∈ C and define h := GU(x, ·). Then h is ∗-harmonic
on U \{x}. Let A′ be an open set in X ′ such that the closure of A′×{b} is a compact

set in C̃. To prove (8.8) it suffices to show that UR
A′×{b}
1 (x) = 0.

By (Z), there exists δ > 0 such that, for A := A′×(b, b+δ) and B := A′×[b, b+δ),
the closure of A is contained in U and

(8.9) GU(x, ·) = 0 on A.

Then UR
A′×{b}
1 ≤ URB

1 , where URB
1 (x) = URA

1 (x) by Proposition 8.8. By (8.9),
Gµ

U(x) = 0 for every measure µ on A. Hence, by Lemma 8.5, p(x) = 0 for every
potential p ∈ P(U) with C(p) ⊂ A. Since URA

1 is a limit of such potentials, we get

that UR
A′×{b}
1 (x) = 0.

So we finally obtain the following result.

THEOREM 8.9. For every open set U in X, the statements of Theorem 6.1,
Theorem 6.2, and Corollary 6.4 hold for the restriction of (X, EQ) on U .
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non-divergence operators of Hörmander type. C. R. Math. Acad. Sci. Paris,
343(7):463–466, 2006.

[7] C. Constantinescu and A. Cornea. Potential Theory on Harmonic Spaces.
Grundlehren d. math. Wiss. Springer, Berlin - Heidelberg - New York, 1972.

[8] E.B. Davies. Heat kernels and spectral theory, volume 92 of Cambridge Tracts
in Mathematics. Cambridge University Press, Cambridge, 1990.

[9] J.L. Doob. Classical potential theory and its probabilistic counterpart. Classics
in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1984 edition.

[10] M. El Kadiri. Axiome de proportionnalité et représentation intégrale des po-
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