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1. INTRODUCTION

Let A be a central simple algebra of dimension n? over a field L, and let
7 be an involution of A. Set K = L™. We recall that 7 is said to be of the
first (resp., second) kind if the restriction 7|L is trivial (resp., nontrivial);
involutions of the second kind are often called unitary. Furthermore, if L
is of characteristic # 2 and 7 is an involution of the first kind, then it is
either of symplectic type (if dimy, A™ = n(n — 1)/2) or of orthogonal type
(if dimp, A™ = n(n + 1)/2), cf. [4], Proposition 2.6. Now, let E be an n-
dimensional commutative étale L-algebra provided with an automorphism
o of order two such that o|L = 7|L. In this paper, we will investigate
the validity of the local-global global principle for the existence of an L-
embedding ¢: (FE,0) — (A, 7) of algebras with involution (i.e., satisfying
too = To) in the case where L is a global field. More precisely, if K is a
global field, we say that the local-global principle for embeddings holds (for
a particular class of commutative étale algebras with involution (E, o), or
for a particular class of central simple algebras with involution (A, 7)) if the
existence of (L ®k K, )-embeddings

i (BE®kg Ky,0®idg,) — (A®kg Ky, 7 ®1idg,) forall ve VE

(here VE denotes the set of all places of K) implies the existence of an
L-embedding ¢: (E,0) — (A, T) as above. We will only be interested in the
étale L-algebras E with involution ¢ such that

. o n if o|L#1idg
(1) dimp _{ (1] if o|L=id,

as the 7-invariant maximal commutative étale subalgebras of A satisfying
this condition (for ¢ = 7|E) correspond to the maximal K-tori of the as-
sociated (special) unitary group SU(A, ) (cf. Proposition 2.3). So, (1) will
be tacitly assumed to hold for all algebras (F, o) considered in the paper
(notice that (1) is satisfied automatically if either E is a field or o|L # idp,
cf. Proposition 2.1). While dealing with central simple algebras with involu-
tion of the first kind, we will assume for simplicity that the center is a field

of characteristic # 2.
1
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It turns out that the local-global principle holds unconditionally (i.e.,
without any additional restriction on (F, o)) only if 7 is a symplectic in-
volution of A, and moreover, in this case, provided that there exists an
embedding £ — A as algebras without involutions, one needs to require
the local conditions only for real v — cf. Theorem 5.1 and Corollary 5.3 for
the precise statements. In most of the other cases, the local-global principle
holds if F is a field extension of L (as opposed to a general commutative étale
L-algebra). The following theorem combines the essential parts of Theorems
4.1, 6.1 and 7.3.

Theorem A. Let A be a central simple L-algebra of dimension n? with an
involution T, and let E/L be a field extension of degree n with an involutive
automorphism o such that o|L = 7|L. Then the local-global principle for the
existence of an embedding v: (E,0) — (A, T) holds in each of the following
situations:

(i) T is an involution of the second kind;

(i) A = M, (K) and T is an orthogonal involution;

(iii) A = M,,(D) where D is a quaternion division algebra, m is odd,
and T is an orthogonal involution.

Assertion (i) of the above theorem for n odd was established earlier in our
paper [16] (Proposition A.2 in Appendix A) where it was used to compute
the metaplectic kernel for outer forms of type A,. The other assertions of
Theorem A were unknown prior to this work (however as this work pro-
gressed we became aware of the fact that the questions about existence of
local-global principles for embeddings were raised in various contexts by
different mathematicians). The results of §§4, 6 and 7 furnish local-global
principles for embedding of étale algebras with involution in more general
situations. On the other hand, the examples constructed in §§4 and 7 show
that the local-global principle may fail in general if E is not a field.

The only case not covered by the above theorem is A = M,,(D), where
D is a quaternion division algebra, m is even, and 7 is an orthogonal in-
volution of A (then the corresponding algebraic group SU(A, 7) is of type
D,,). For us, this case was, in fact, the main motivation to investigate
the local-global principle for embeddings as it is linked to a question left
open in our paper [18]. The main focus in [18] was to determine when the
“weak commensurability” of arithmetic groups implies their commensurabil-
ity. Since the relevant definitions are somewhat technical, we will postpone
these until §9, and instead discuss here a closely related problem: Whether
two forms over a number field K, of an absolutely simple algebraic group G,
are K-isomorphic if they have the same K-isomorphism classes of maximal
K-tori. It was shown in [18], Theorem 7.3, that the latter condition indeed
forces the forms to be K-isomorphic if the type of G is different from A,
(n>1), Dy, (n > 4) or Eg. On the other hand, in §9 of [18] we developed
a cohomological construction of nonisomorphic K-forms having the same
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K-isomorphism classes of maximal K-tori for each of the following types:
A, D, with n odd, and Eg. We will now explain how examples of this kind
(for classical types) can be produced using Theorem A.

Suppose we are able to construct two central simple L-algebras A; and
Ay of dimension n? endowed with involutions 73 and 75 of the same kind
and type such that

(a) (A1, 71) is not isomorphic to (Ag, 72) or its opposite;

(b) for each v € VK the algebra (41 @k K., 71 ®idk, ) is isomorphic as
a (L®g K,)-algebra to either (A2 ® g K, o ®idf, ) or its opposite.

Then the corresponding special unitary groups G; = SU(A;,7;) are not
isomorphic over K but are isomorphic over K, for all v € VX. Furthermore,
any maximal K-torus of GGy corresponds to some maximal commutative étale
T1-invariant subalgebra E; of Ay satisfying (1). Condition (b) implies that
for each v € VK there is an embedding

(Er @k Ky, (11|E1) @ 1dg,) — (A2 @k Ky, 72 @ 1dk,)

of algebras with involution. So, if the local-global principle for embeddings
holds for (Ej,m1|E1), there exists an embedding (Fy,7i|E1) — (A2, 7).
Thus, under appropriate assumptions, we obtain that A; and A, have the
same isomorphism classes of maximal commutative étale subalgebras, in-
variant under the involutions and satisfying (1), hence the groups G; have
the same isomorphism classes of maximal K-tori.

It is the easiest to implement this construction by taking for A; and A,
suitable division algebras with involutions of the second kind as then, by
Theorem A (i), the local-global principle for embeddings holds for all max-
imal commutative étale subalgebras invariant under involutions. (This was
actually done in Example 6.6 in [18] for n odd - the restriction on n was due
to the fact that while working on [18] we did not know if the local-global
principle for embeddings of fields holds for arbitrary n.) Along the same
lines, one can construct, for each odd m > 3, a central simple K-algebra A
of dimension n?, with n = 2m, and two orthogonal involutions 7; and 75 such
that (A,Tl) ;ﬁ (A, 7'2) but (A@KKU,Tl ®idKu) ~ (A@KKU,’Q@idKU) for all
v € VK and then use Theorem A (iii) to conclude that (A, ;) and (A, )
have at least the same isomorphism classes of maximal subfields invariant
under the involutions (constructing involutions which give the same isomor-
phism classes of all maximal commutative étale subalgebras, invariant under
the involutions and satisfying (1), is more subtle and requires the cohomo-
logical constructions described in [18], §9). Theorem A, however, does not
provide information that would allow one to construct similar examples if m
is even. Rather surprisingly, it turned out that such examples simply do not
exist in this case, so in effect algebras of dimension n?, with 4|n, endowed
with orthogonal involutions are differentiated by the isomorphism classes of
maximal commutative étale subalgebras invariant under the involutions and
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satisfying (1) (and even by the isomorphism classes of maximal invariant
subfields).

Theorem B. (1) Let Ay and Ay be two central simple K -algebras, of dimen-
sion n?, n > 3, endowed with orthogonal involutions T and 1o respectively.
If A1 and As have the same isomorphism classes of n-dimensional commu-
tative étale subalgebras invariant under the involutions and satisfying (1)
(i.e., for any n-dimensional T -invariant commutative étale subalgebra Ey
of A1 satisfying (1), there exists an embedding (E1,11|E1) — (A2, 72), and
vice versa), then

(A @K Ky, 1 @idg,) =~ (Ay @k Ky, 7 ®@idg,) for all ve VE,

and hence, in particular, Ay ~ As. If n is even, then the same conclu-
sion holds if (A1, 1) and (Aa, T2) just have the same isomorphism classes of
mazximal fields invariant under the involutions.

(2) Let A be a central simple K -algebra with an orthogonal involution T,
of dimension n? with 4|n. Let J = J(A, 1) be the set of orthogonal involutions
n on A such that (AQk K,,7®idg,) ~ (A®k K,,n®idg,) for allv e VK.
Then given 1 € J, one can find an n-invariant maximal field £, in A so that
if v € J is such that there exists an embedding (E,,n|E,) — (A,v), then
(4,n) = (4,v).

We notice that since J in general contains more than one isomorphism
class (cf. [12] and Proposition 3.3 below), the local-global principle does not
hold even for embeddings of fields with involution when n is a multiple of
four (cf. Remark 8.6).

Theorem B can be used to resolve the ambiguity left open in [18] for
groups of type Dy, : we show in §9 that at least when r > 2, weak com-
mensurability of two arithmetic subgroups of an absolutely simple group
of this type implies their commensurability (see Theorem 9.1 below for the
precise formulation). This result implies, in particular, that two arithmeti-
cally defined isospectral compact hyperbolic spaces of dimension 47 — 1 are
commensurable, i.e., they admit a common finite-sheeted cover.

Notation. For a global field K, VX will denote the set of all places of
K, and VX (resp., VfK ) the set of real (resp., finite) places.

Acknowledgements. Both the authors were partially supported by the
NSF (grants DMS-0653512 and DMS-0502120), BSF (grant 2004083) and
the Humboldt Foundation.

It is a pleasure to thank Jean-Pierre Tignol for his comments.

2. ON COMMUTATIVE ETALE ALGEBRAS WITH INVOLUTION

In 8§82, 3, we collect, with partial proofs, some known results about étale
algebras and their embeddings into central simple algebras. Let E be a
commutative étale L-algebra of dimension n. Then E = ®]_;E;, where
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E;/L is a separable field extension and Y., ,[E; : L] = n. As usual, for
= (x1,...,2;) € E, we set Ng/r(x) = [[;_; Ng,/r(2i). Let ¢ be a ring
automorphism of E of order two leaving L invariant.

Proposition 2.1. (1) Assume that o|L # idy and set K = L°. Then
dimg E° = n and any x € E such that xo(x) = 1 is of the form x = yo(y) ™
for some y € E*.

1
(2) Let now o|L = idp, and assume that dimy E° = n—2|— ] .Ifx e E

satisfies xo(x) = 1, then in each of the following cases: (i) n is even, or (ii)
n is odd and Ng/r(v) =1, we have x = yo(y)~! for some y € E*.

Proof. (1) We have E = E°®k L (cf. [2], AG 14.2), so dimg E? = n. Clearly,
E is a direct sum of o-invariant subalgebras R of one of the following types:
(a) R is a separable field extension of L, or (b) R = R' & R"” with R/, R"
being separable field extensions of L interchanged by o, and it is enough to
prove the second assertion of (1) for each of these types of algebras. In case
(a), the claim follows from the Hilbert’s Theorem 90. In case (b), we have
x = (2, 2") with 2’o(2") = 1 and 2”"c(2’) = 1gv. Set y = (2/, 1g»). Then
r = yo(y)~!, as required.

(2) Here E is a direct sum of o-invariant subalgebras R of one of the fol-
lowing three types: (a) R is a separable field extension of L and o|R # idg;
(b) same R but o|R = idg; (¢) R = R & R"” where R',R" are sepa-
rable extensions of L interchanged by o. In cases (a) and (c), we have
dimy, R? = (1/2) dimz, R, and the same argument as in (1) shows that any
r € R satisfying zo(z) = 1 is of the form x = yo(y)~! for some y € R*, in
n+1

particular, Ng,r,(z) = 1. The assumption dimj £7 = [ ] implies that

if n is even, then E does not have components of type (b), and our assertion
follows. If n is odd, then there is only one component of type (b), and this
component is 1-dimensional, i.e. E = E’' & E” where E’ is a direct sum of
components of type (a) or (c), and E” = L. Writing = = (2/, 2”), we observe
that Ng,r(z) = 1 implies that 2" =1, and our assertion again follows. [

Proposition 2.2. We assume that L is not of characteristic 2. Let E be a
commutative étale L-algebra with an involution o such that o|L = idy,, with
n:=dimg FE even. Set F = E? and assume that dimy, F' = n/2. Then there
exists d € F* such that

(B,0) = (Flz]/(z* — d),0)
where 0 is defined by x — —x.

Proof. We have seen in the proof of Proposition 2.1(2) that E is a direct
sum of o-invariant subalgebras R of type (a) or (c) introduced therein, and
it is enough to prove our claim for algebras of each of those types. If R is
of type (a), then the assertion is well-known. So, let R = R’ @ R” where R’
and R” are separable extensions of L such that o(R’') = R”. Then F = R°
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coincides with {(a,o(a))|a € R'}, using which it is easy to see that the map
Flz] — E, x — (1,—1), yields an isomorphism

(Flz]/(2® = 1),0) = (B, 0),

so we can take d = 1. O

Now, let A be a central simple L-algebra with an involution 7, dimy A =
n?. Set K = L, and let H = U(A,7) and G = SU(4,7) be the corre-
sponding algebraic K-groups. Given an n-dimensional 7-invariant (maxi-
mal) commutative étale L-subalgebra E of A, we consider the associated
maximal K-torus Rp/x(GL1) C Ry g (GL1 a), and then define the corre-
sponding K-tori

S=Rg/k(GL1)NH)? and T = (Rg/x(GL1)NG)°
in H and G, respectively.

Proposition 2.3. S is a maximal torus in H (resp., T is a mazximal torus
in G) if and only if (1) holds (for o = 7|g). Any mazimal K-torus in H
(resp., G) corresponds to an n-dimensional T-invariant commutative étale
L-subalgebra E of A for which (1) holds.

Proof. The involution 7 induces an automorphism of Rg,x(GL1), and we
then get a homomorphism
¢: Rg/k(GL1) — S, z—7(y)y .
Clearly, ker ¢ = Rgr/x(GL1), yielding the bound
dim S > dimg F — dimg E™ = dimg E_1,

where E_; is the (—1)-eigenspace of 7 in E. On the other hand, the Cayley-
Dickson parametrization s +— (1 — s)(1 + s)~! gives an injective rational
map of S into the affine space corresponding to £_1, providing the opposite
bound. Therefore,

(2) dim S = dimK E— dimK E™ = dimK E_1

in all cases. If 7|L # idy, then, on the one hand, dimg E™ = n (Proposition
2.1(1)), hence dimS = n, and on the other hand, tk H = n. So, S is a
maximal torus of H. Furthermore, dim7T > n — 1 and tkG =n — 1, s0 T is
a maximal torus of G. Now, suppose 7|L = idy. Then G = H° and S = T.
If n is even, then for both orthogonal and symplectic involutions we have
rk G = n/2, and in view of (2), the fact that dim S = n/2 is equivalent to
dimg E™ = n/2, i.e., to (1). In n is odd, then the involution is necessarily
orthogonal and rk G = (n — 1)/2. Then again from (2) we obtain that
dim S = (n — 1)/2 is equivalent to the assertion that dimyx E™ = (n+1)/2,
which is again (1).

Using the well-known description of the possibilities for (A®x 2, 7®idg),
where () is an algebraically closed field containing K, one easily produces
a maximal torus Ty of G which generates an (2-subalgebra of dimension n
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if o|L = idy, and of dimension 2n otherwise, and in the latter case this
subalgebra is an algebra over L ®g 2. Then in view of the conjugacy of
maximal tori ([2], 11.3), we see that the same is true for any maximal torus.
Now, if T" is a maximal K-torus of G, then the Zariski-density of T'(K) in T’
([2], 8.14) implies that the K-subalgebra E of A generated by T'(K) (which
is automatically étale and T-invariant) is an n-dimensional L-algebra. Since
T is maximal, (1) holds for E by the first part of the proof. The argument
for maximal tori in H is similar. (]

The connection between the subalgebras satisfying (1) and the maximal
tori of the corresponding unitary group can be used to prove the following.

Proposition 2.4. Let A be a central simple algebra over a global field L,
of dimension n?, with an involution 7, and let G = SU(A, 7). Suppose that
we are given a finite set V of places of K = L7, and for each v € V, an
n-dimensional (T ®idg, )-invariant commutative étale (L ® g K, )-subalgebra
E(w) of A®k K, satisfying (1) of §1. Then there exists an n-dimensional
T-invariant commutative étale L-subalgebra E of A satisfying (1) of §1 such
that

E(”) = gv_l(E QK Kv)gv with g, € G(Kv)a

in particular, (E(v), (T ® idk,)|E(v)) ~ (E @k K, (7|E) ® idk,), for all
veV.

Proof. Corresponding to E(v), there is a maximal K,-torus 7'(v) of G. Using
weak approximation in the variety of maximal tori of G (cf. [15], Corollary 3
in §7.2), we can find a maximal K-torus 7' of G such that for all v € V,
T (v) = g, 'Tg, for some g, € G(K,). By Proposition 2.3, T corresponds to
an n-dimensional 7-invariant commutative étale L-subalgebra E of A, which
is as required (notice that since g, € G(K,), the K,-algebra isomorphism
a+— guagyt, E(v) — E ®k K,, respects involutions). O

Next, we will recall the definition of a class of maximal tori in a given
semi-simple group which will play an important role in §9 (cf.also [17],
[18]). Let G be a connected semi-simple group defined over a field F. Fix
a maximal F-torus T of G, and let ® = ®(G,T) denote the corresponding
root system. Furthermore, let Fr be the minimal splitting field of 7" (over
F). Then the action of the Galois group Gal(Fr/F) on the characters of
T induces an injective group homomorphism 07: Gal(Fr/F) — Aut(®).
In the sequel, we will identify the Weyl group W (®) of the root system
® with the Weyl group W(G,T). We say that T is generic (over F) if
Or(Gal(Fr/F)) D W(G,T).

Proposition 2.5. Let (A, 7) be a central simple L-algebra with involution,
of dimension n?, with n > 2. Set K = L7, and let G = SU(A,T) be the
corresponding algebraic K-group. Furthermore, let E be an n-dimensional
T-invariant commutative étale L-subalgebra of A that satisfies (1) of §1, and
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let T be the corresponding mazimal K-torus of G. Assume that T is generic
over K.

o [f either 7 is of the first kind and n is even, or T is of the second kind,
then E is a field extension of L.

e If T is of the first kind and n is odd, then E = E' & K where E’ is a
field extension of K = L.

Proof. Since the Weyl group acts on the character group X (T') of T' (non-
trivially and) absolutely irreducible, the assumption that 7" is generic over
K implies that T' does not contain proper K-subtori and is K-anisotropic.
Assume that 7 is of the first kind. If F is not as described in the state-
ment of the proposition, then (cf. the proof of Proposition 2.1) there is a
nontrivial decomposition £ = E; @ F» such that Fy # K and FE; is either
a 7-stable field extension of K such that 7|E; is nontrivial, or is of the
form Fy = E' @ E” and 7 interchanges E’ and E”. But in the first case T
has a proper K-subtorus corresponding to E; and in the second case a 1-
dimensional K-split subtorus coming from the subalgebra K ® K C E'®E",
which is impossible.

Let now 7 be of the second kind. Then F ~ L ®g F where F = E".
Given a K-subalgebra F’ of F of dimension n’, corresponding to it there is
a subtorus 1" of T' of dimension n’ — 1, which means that I’ does not have
subalgebras F’ for which 1 < n’ < n. Since n > 2 by our assumption, we
see that F' must be a field extension of K. To show that FE is a field, we
now need to show that L and F' are linearly disjoint over K. Otherwise, F2
will contain a subalgebra of the form L ® g L (with the involution acting on
the first factor). Corresponding to this subalgebra, we have a K-torus S C

H = U(A, 7) which is isomorphic to Ry x(GL1). Since H/G ~ R(Ll/)K(GLl)
is K-anisotropic, the 1-dimensional K-split subtorus of S is contained in G,
hence in T', a contradiction. O

We will now formulate, for the convenience of future reference, two propo-
sitions about embeddings of commutative étale algebras into central simple
algebras. The first proposition is a particular case of Proposition 4.3 in [5].

Proposition 2.6. Let A be a central simple algebra of dimension n® over

a field L, and let E be an n-dimensional commutative étale L-algebra. If
E = @?ZlEj, where Ej; is a (separable) field extension of L, then E admits
an L-embedding into A if and only if each E; splits A, or, equivalently,
A®p E is a direct sum of matrix algebras over field extensions of L.

Proposition 2.7. Let A be a central simple algebra of dimension n® over

a global field L, and E be an n-dimensional commutative étale L-algebra.
Then an L-embedding e: E — A exists if and only if for every w € VL there
exists an Ly,-embedding €,: E Qp Ly, — AQp Ly.

This follows from Proposition 2.6 and the fact that for a global field F,
the map Br(F) — @, cyr Br(F,) is injective (cf. [14], §18.4).
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3. EMBEDDINGS OF ETALE ALGEBRAS WITH INVOLUTION INTO CENTRAL
SIMPLE ALGEBRAS WITH INVOLUTION

In this section, we let A denote a central simple L-algebra of dimension n?,

and let 7 be an involution on A. Furthermore, we let E be an n-dimensional
commutative étale L-algebra with an involutive automorphism o such that
o|L = 7|L and condition (1) of the introduction holds. Let ¢: £ — A be an
L-embedding which may not respect the given involutions.

Proposition 3.1. (cf. [10], §2.5) There ezists a T-symmetric g € A* such

that if

f=rolntg=1Intg o,

then
(3) e(o(z)) =6(e(x)) forall x € FE,
i.e., €:(E,0)— (A,0) is an L-embedding of algebras with involution.
Proof. Since Togoo is an L-embedding of F into A, according to the “Skolem-
Noether Theorem” for commutative étale subalgebras of dimension n (see
[9], Hilfssatz 3.5, or [10], p.37) there exists g € A* such that

e(x)=g H(roeoo)(x)g forall z € E.

Substituting o(z) for x, we obtain

(4) e(o(x)) = g~ '7(e(x))g.
Now

e(@) =g Hrocoa)(x)g =g 7 (97 7(c(2))g) g = (97 7(9))e(x)(7(9) "9,

for all x € E. Since (E) is its own centralizer in A, we see that

g 17(g) = (a) for some a € E.

Furthermore,

e(o(a)) =g 'r(e(a)g =g 'T(g7 T(g9)g =T(9) g =e(a™T).

Therefore, ac(a) = 1, so according to Proposition 2.1, a = bo(b)~! for some
b € E* (one needs to observe that if o|L = id; and n is odd, Ng/r(a) =

Nrdy,r(g~'7(g)) = 1). Set h = ge(b). Then we have
e(o(z)) = e(b)te(o(x))e(b) = h~ir(e(x))h for z € E,
and, in addition,
7(h) = 7(c(b))7(g9) = ge(o(b))g~'7(9) = ge(o(b)a) = ge(b) = h.
So, we could have assumed from the very beginning that ¢ in (4) is 7-
symmetric. Then
:=Intg 'or=r7olntyg
is an involution, and it follows from (4) that (3) holds. O

Fix an involution § = 7 o Int g, where 7(g) = g, satisfying (3).
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Theorem 3.2. The following conditions are equivalent:

(i) There exists an L-embedding v: (E,0) — (A, T) of algebras with involu-
tion.

(ii) There exists an a € (E?)* such that (A,0,) ~ (A,T) as algebras with
involution, where for x € (E°)*, 0, = 0 oInt e(x) = 7 o Int (ge(x)).

(11i) ge(b) = T(h)h for some b € (E?)* and h € A*.

Proof. (i) = (ii) : Using the Skolem-Noether Theorem, we see that there

exists s € A*, such that + = Int s o . By our assumption, too = 70t on

E, and by our construction of 6, we have eog =0 oe on E. Let ¢ = Int s.

Then
pofoe=1pocooc=T1oroe on E.

So, there exists b € E* such that

(5) 7ot =1 ofolnte(b),
ie.,

(6) Towzwoab.
From

ida = (¥ oTo)? = (folnte(b))® = Int (o (b)~'h),
it follows that ¢ := o(b)~!b € L, and clearly o(t) = t~1. If o|L = idy, then
t = £1. However, if t = —1, then 6, is an involution of type different from
that of § and 7 (cf.[4], Proposition 2.7(3)), and (6) would be impossible.
So, t = 1 and b € (E?)*, as desired. If o|L # idy, then N k() = 1, and
therefore by Hilbert’s Theorem 90, we can write
t=0(b)"'b=0(c)c! for some ce L*.

Then o(bc) = be and 0, = Op.. Take a = bc.

(79) = (di7) : Let ¢: (A,0,) — (A, 7) be an isomorphism of L-algebras
with involution. Then ¢ = Int h for some h € A*. (4) implies that

e(a) = e(o(a)) = g~ '7(e(a))g,
S0
7(ge(a)) = 7(e(a))7(g) = 7(e(a))g = ge(a),

i.e., ge(a) is T-symmetric. Using the equality ¢ o 6, = 7 o ¢ we obtain that
Int hof, =Int horolnt (ge(a)) =7 oInt (7(h) ‘ge(a)) = 7 o Int h.
Therefore, (ge(a))~tr(h)h € L*, ie., 7(h)h = Age(a) for some A € L*.
Since ge(a) is T-symmetric, A must lie in K*. Let b = a\ € (E?)*. Then

ge(b) = 7(h)h.
(i71) = (i) : Suppose ge(b) = 7(h)h for some b € (E°)* and h € AX. Set
@ = Int h. Then
woby=Inthorolnt (ge(b)) =7olInt (7(h) tge(b)) =7oInth=r71o0p.
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It follows that for « = ¢ o ¢ we have
too=@oeoo=poloe=pobfhoc=Topoec=ToOL,

as required. O

We conclude this section with the following well-known fact.

Proposition 3.3. Let A = M,,(D), where D is a division algebra over L
with an involution a +— a (which may be trivial), and define an involution
x— x* of A by (xi5) — (Zji). Furthermore, fori=1,2, let Q; € A* be such
that Qf = €Q; with € € {£1}, and define involutions 7; by 7:i(z) = Q; 'z*Q;.

Then (A, 11) ~ (A, T2) as L-algebras with involution if and only if there exist
z€ A and A € K* (where K = L) such that Q2 = Az*Q1z.

Proof. Any L-algebra automorphism ¢: A — A is inner, i.e., it equals
the automorphism x +— 2z 'zz for some z € AX. Furthermore, a direct
computation shows that the condition m(p(z)) = ¢(m1(x)), for all x € A, is
equivalent to the assertion that \ := (2*)~1Q227 Q" belongs to Z(A) = L.
Then Q2 = Az*@Q1z, and applying * we obtain that actually A € K. O

We notice that the matrix equation relating ()1 and ()2 says that the
associated (skew)-hermitian forms are similar, i.e., an appropriate scalar
multiple of one is equivalent to the other.

4. ALGEBRAS WITH AN INVOLUTION OF THE SECOND KIND

In this section, we will establish a local-global principle for embedding
of fields with an involutive automorphism into simple algebras with an in-
volution of the second kind, which is assertion (i) of Theorem A (of the
introduction). A partial result (with some extra conditions) in this direc-
tion was obtained earlier in our paper [16], Proposition A.2, and the argu-
ment below is a modification of the argument given therein. What has not
been previously observed is that the local-global principle fails for arbitrary
(commutative) étale algebras (see Example 4.6 below).

Theorem 4.1. Let A be a central simple algebra over a global field L, of
dimension n?, with an involution T of the second kind, K = L™, and let E/L
be a field extension of degree n provided with an involutive automorphism o
such that T|L = o|L. Suppose that for each v € VE there exists an (L Q@
K,)-embedding

b (E®kg Ky,0 ®idg,) — (AQk Ky, 7 ®idk,)
of algebras with involutions. Then there exists an L-embedding
t: (E,0) — (A,T)

of algebras with involutions.
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Proof. First, we observe that the existence of ¢, for all v € VE implies the
existence of an L,-embedding e,: E ®r, Ly — A ®p Ly, for all w € VL.
Indeed, fix a w and let v € VX be such that w|v. If L ® K, is a field, then
it coincides with L,,, and then &, = ¢, is the required embedding. On the
other hand, if L ®x K, is not a field, then v has two extension to L, one of
which is w and the other will be denoted w’. We have

L@k Ky~ Ly ® Ly ~ K, ® Ky,

and
E®r Ky~ E®r (L®g Ky) ~ (EQr L) ® (E ®r Ly ).
Furthermore,

(7) Ag Ky~ A®p (L@ Ky) ~ (A®p Ly) @ (A®p Ly ).

It follows that the restriction of ¢, to the component F ®j L, provides
the required embedding &,,. Now, by Proposition 2.7, the existence of the
embeddings €, for w € V¥ implies the existence of an L-embedding e: E —
A, which we will fix.

Next, using Proposition 3.1, we can find an involution 6 on A of the form

0=7olntg=1Intg lor

that satisfies 6(e(xz)) = e(o(z)) for all x € E. Then according to Theo-
rem 3.2, an L-embedding ¢: (E,0) — (A, 7) as algebras with involutions
exists if and only if we can find a € F*, where F' = E?, and h € A* so that

(8) g =T(h)he(a).

For v € V| the existence of ¢, implies the existence of a, € (F @ K,)*
and h, € (A®xk K,)* such that

9) g = 7(hy)hve(ay)

(to avoid cumbersome notations, we write ¢ and 7 instead of ¢ ® idg, and
T ® idg,). Indeed, if L ®k K, is a field, this immediately follows from
Theorem 3.2.

To treat the case where L Qi K, is not a field, we first note the following
fact that will be used repeatedly: as in (7), we have an isomorphism A ® g
K, ~ Ay & As, where A1, Ay are simple K-algebras, and 7 interchanges
A; and As. Thus, Ay can be identified with the opposite algebra AJ”, and
moreover, this identification can be chosen so that 7 corresponds to the
exchange involution (z1,x2) — (x2,x1). It follows that any 7-symmetric
element in A @k K, (i.e., any element in A” @ K,,) can be written in the
form 7(hy)h, for some h, € A®@x K,.! In particular, it follows that (9) has
a solution with a, = 1.

1We notice for further use that the the same argument shows that any 7-symmetric
element in A ®x K, with reduced norm 1 can be written in the form 7(hy)h,
with h, € A ®kx K, of reduced norm 1 - one only needs to observe that the nat-
ural extension Nrdag, x,/Leik, Of the reduced norm map Nrd,,; coincides with
(Nrda, /K, Nrda, x,) in terms of the above identification
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Taking reduced norms in (9), we obtain

(10) Nrda/r(9) = Nrgk, /K, (@) Niog i, /K, (bo),

where b, = Nrdag, K, /Lax K, (Fw). We will now make use of the following.

Proposition 4.2. Let L/K be an abelian Galois extension of degree m,
and E/L be a finite extension. Assume that E admits a group G of K-
automorphisms such that |G = m, LS = K, and that L/K satisfies the
Hasse norm principle (which is automatically true if G is cyclic). Then the
pair Fi = ES and Fy = L satisfies the Hasse multinorm principle over K,
i.e.

(11) Npy k (Jr)Npy x (Jry) N K = Npy i (FY ) NEy i (Fy'),
where, for a finite extension F' of K, Jr denotes the idele group of F.
Proof. By our assumption, the restriction map

Gal(E/Fy) - Gal(Fy/K)

is an isomorphism. Using the commutative diagram (cf. [1], Ch. VII, Propo-
sition 4.3)

P
Jr, 5 Gal(E/F)
Npy /i | 16
Yy K

JK = Gal(Fz/K),

in which ¢ /g and ¥p,/k are the corresponding Artin maps, we see that
Np, /i induces an isomorphism

(12) Jr [ F Ngyp (JE) = Ji /K™ Np, ik (TR, )-
Now, suppose
a = Np, /k(21)Np, Kk (22)
where ¢ € K* and z; € Jp,, i = 1,2. Then
Np, k(21) = aNp, /i (z2)

So, it follows from the isomorphism (12) that z1 € F{*Ng,p, (Jg), i.e.

r1 =y1Ng/p (2) with y € F[°, 2z € Jg.
Then
aNp k(1) = Ngjk(2)Ngy i (22) = Npy ik (Ngyp, (2)32) € Npy i ().
Since Fy/K satisfies the Hasse norm principle, we see that

a]\fm/K(?Jlr1 = Npyyk(y2) for some ys € Fy',

as required. O
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Continuing with the notations introduced in the previous proposition, we
notice that given z € K*, for any v € VfK such that z is a unit in K}
and Fj,, /K, is unramified for some extension w|v (where i € {1,2}), z is
automatically the norm of a unit in Fj,,. Since all but finitely many v € VfK
satisfy the above conditions (for one or even both fields F and F3), we see
that if for every v € VK,

2 € Npork, /K, (F1 @k Ko) )Npyo ik, K, (F2 @Kk Ky)™),
then actually
A NFI/K(JF )NFQ/K(JF2)'

This remark in conjunction with (10) implies that Proposition 4.2 can be
applied in our situation with § = (o) acting on E, which yields the existence
of a € F*, b€ L* such that

(13) Nrd,r(9) = Np/x(a)Np x(b) = Nrdy/p(e(a)) N k().
We claim that a solution (a,b) to (13) can be chosen so that

(14) ge(a)t € B(v) := {7(hy)hy | he € (A@K K,)*}
and
(15) b€ O(v) == Nrdag i, /Lo K, (A @K Ky)™)

for all v € VK. To see this, we consider the K-torus

T ={(z,y) € Rp/g(GL1) x Ry /x(GL1) | Np/g(2)Np/x(y) = 1}.

Fix a solution (a,b) to (13). Then for (ay,by, = Nrdag, Kk, /Lo K, (Pv));
where (ay, hy) is a solution to (9), we have

te=(ava ", bob ) yeyx € T(VF) = ] T(K
veVE
Since L(v) = B(v)~! and O(v) = O(v)~! are open in (A” ®x K,)* and
(L @k Ky)* respectively, the set Q = H Q(v), where
veVT

Qv) = {(z,y) € T(K,) | = € S(v)ge(a) ™, y € O)b 1},

is an open neighborhood of ¢ in T(VX). However, T has the weak approxi-
mation property with respect to V.5 (cf. [15], Proposition 7.8, or [23], §11.5).
So, € contains an element (ag,by) € T'(K). Then

Nrdy,(9) = Nr/k(aoa) Nk (bob)

and ge(apa)~! € X(v) and byb € O(v), for all v € V,. After replacing a
with aga, and b with bgb, we will assume that a € F* and b € L* satisfy
(13), (14) and (15). Then it follows from Eichler’s Norm Theorem (cf. [15],
Theorem 1.13 and §6.7) that there exists hg € A such that Nrd 4, (ho) = b.
To complete the argument, we need the following.
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Lemma 4.3. Let 8 be the variety of T-symmetric elements in M = SLq 4.
If x € 8(K) is such that x € X(v) = {7(hy)hy | hy € (AR Ky,)*} for all
v e VE, then x = 7(h)h for some h € M(K).

Proof. We can write = 7(y)y for some y € M(Kep), where K is a
separable closure of K. Then &, := yy(y)~! for v € Gal(Kep/K) defines
a Galois 1-cocycle ¢ with values in G = SU(A, 7). It is enough to show
that ¢ defines the trivial element of H'(K,G). Indeed, then there exists
z € G(Kgep) with the property

& =yy(y) ' =27 y(2) for all y € Gal(Kep/K).

It follows that h := zy € M(K), and obviously, = 7(h)h, as required. It
is known that H'(K,G) is trivial if K is either a global function field []
or a totally imaginary number field (cf. [15], §6.7), so our assertion follows
immediately. To prove the assertion in the general case, we will use the
Hasse principle for G, i.e., the fact that the map

H'(K,G) — [] H'(¥X..G)

veV K

is injective (cf. [15], Theorem 6.6). So, it is enough to show that the image
of ¢ in HY(K,, G) is trivial, for all v € V) which, by the argument above, is
equivalent to the fact that x = 7(h,)h, for some h, € M(K,). But if L& g K,
is not a field, then according to the observation made in the footnote above,
any € $(K,) can be written in the form 7(hy)h, for some h, € M(K,),
and there is nothing to prove. Thus, it remains to consider the case where
L®k K, is a field (which, of course, coincides with C). Let H = U(A, 7). The
fact that x € X (v) implies that the image of ¢ in H' (K, H) is trivial, and it
is enough to show that in this situation, the map H'(K,,G) — H'(K,, H)
has trivial kernel. But over K, = R, we have compatible isomorphisms

H ~U(f) and G ~ SU(f)

for some nondegenerate hermitian form f. The exact sequence

det

1—-SU(f) — U(f) — T —1,

where 7 = RY (GL1), gives rise to the following exact cohomological se-

C/R
quence
d
U()(R) =5 T(R) — H'(R,SU(f)) — H'(R,U(f)).
Since the first map is obviously surjective, the third map has trivial kernel,
as required. O

We will now complete the proof of Theorem 4.1. It follows from our con-
struction that 2 = 7(ho) ' (ge(a)~')hy " satisfies the assumptions of Lemma
4.3. So, it can be written in the form 7(h)h for some h € A*, and therefore
the same is true for ge(a) ™!, yielding the required presentation (8) for g. O
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Remarks 4.4. (1) In the notations of Lemma 4.3, for any v € VfK, we have
H'(K,,G) = {1}, so the argument therein yields the following fact: any
x € 8(K,) can be written in the form 7(hy)h, for some h, € (A @k K,)*.
We will use this observation in the example below.

(2) Using Theorem 4.1, it has been proved in [7] that if either K is totally
complex, or the degree n of A is odd, there exists a cyclic Galois extension
F of K such that (F ® L,id ® 7) embeds in (A, 7).

(3) Some sufficient conditions for the existence of ¢, at a particular v € VK
are given in [16], Propositions A.3 and A.4. We will use these conditions in
the proof of the following corollary.

Corollary 4.5. Let (A1, 71) and (Ag, T2) be two central simple algebras with
involutions of the second kind over a global field L. Assume that

dimy, A; = dimy, Ay =:n? and 7|L =mn|L=:T.

Then there exists a field extension E/L of degree n with an involutive auto-
morphism o satisfying o(L) = L and o|L = 7, such that (E,o) embeds into
(A;, ) as an algebra with involution, fori =1, 2.

Proof. Let G; = SU(A;, 7;), and let V; be the finite set of all v € V& such
that G is not quasi-split over K, (cf. [15], Theorem 6.7). Set V = Vi U Va,
and let

Si={veV|Log K,~K,®K,}, So=V)\S5i.

Pick an extension F'/K of degree n which is linearly disjoint from L over K
and satisfies the following conditions: F Qg K, is a field for v € S, and
ForK,~ K] forve Sy.Set E = FL = F®g L and let o be the involution
idp ® 7 of E. Then it follows from Proposition A.3 (resp., Proposition A.4)
in [16] that there exist embeddings ({: (F @k K,,0 ® idg,) — (A; QK
Ky, 7 ® idg,) for v € Sy (resp., v € S3) and 7 = 1,2. On the other hand,
for v ¢ V and any i = 1,2, the existence of ¢!, follows from the fact that G;
is quasi-split over K (cf. [15], p. 340). Applying Theorem 4.1, we obtain the
existence of embeddings (*: (E,0) — (A;,7;), for i = 1,2. O

We will now construct an example showing that the assertion of Theo-
rem 4.1 does not extend to embeddings of étale algebras.

Example 4.6. Let K be a number field. Pick a € K* \KX2 so that @ > 0
in all real completions of K, and set L = K(y/a). Furthermore, pick two
nonarchimedean places vi,ve of K so that a € K % for i = 1,2, and then

pick b € K* with the property b ¢ KUXZ,2 for i =1,2. Set
F=K(b) , F,=K(Vab),

and let
F=FL=FL=K(\/a,Vb).
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Let 0; € Gal(F/F;) be the nontrivial automorphism for ¢ = 1, 2; notice that
both o; and o9 act nontrivially on L. Consider the commutative étale L-
algebra £ = F' @ F with the involutive automorphism o = (o1, 02); clearly,
E° =F & Fs.

Now, let Dy be the quaternion division algebra over K with local invariant
1/2 € Q/Z at v; and ve, and 0 everywhere else. Then both F} and F» are
isomorphic to, and henceforth will be identified with, maximal subfields of
Dy. Fix a basis 1,1,j,k of Dy over K such that i> = «, j> = 3 for some
a,f € K*, and ij = k = —ji. Let § be the standard involution of Dy, and
DJ = K and Dy = Ki+ Kj+ Kk be the spaces of §-symmetric and d-skew-
symmetric elements, respectively. Let D = Dy ® g L with the involution
=0 ® 19, where 7p is the nontrivial automorphism of L/K, and let D* be
the set of u-symmetric elements.

Lemma 4.7. Nrdp,(D") = K.
Proof. We obviously have
DM = D§ ++vaDy = K + Va(Ki+ Kj+ Kk),

from which it follows that Nrdp,r,(D") is the set of elements represented by
q = 2% — aax? — aBr + aafzi over K. To show that this set coincides with
K, it is enough to show that the quadratic form ¢ is indefinite at all real
places of K. But by our construction, at those places the algebra Dy splits,
so the form az? + 323 — aBz3 is not negative definite. Since a > 0, the same
is true for the form a(ax? + Br3 — aBz), and the required fact follows. [

Now, we observe that
Fix L~F, Qg L~F,
and
(FL®g L)* = F, and (Fy ®g L)* = F\.

Thus, F has two embeddings v;: F' — D, where i = 1,2, such that v;(F) is
p-invariant and

Vl_louoylzag and V2_10MOZ/2:0'1.

Consider the embedding

e:E=F&F — My(D)=: A, e(z1,22) = ( 1/1((3762) 1/2(03:1) > '

It follows from our construction that if we endow A with the involution
0((xij)) = (u(xj;)), then e: (E,0) — (A,0) is an embedding of algebras
with involutions.

We now need to recall the following, which is actually Exercise 5.2 in [1].
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Lemma 4.8. Let F = K(y/a,v/b) be a bi-quadratic extension of a number
field K. Assume that for all v € VE | the local degree [F, : K] is < 2. Let
K; = K(\/a;) fori=1,2,3, be the three quadratic subfields of F, and set

N; = Ny, x(K)) and NP = Ny, /i, (K;)) forve VE.
Then NYNYNY = K¢ for allv € VK but NyNaN3 # K*.

Proof. For those who did not have a chance to work out all the details in
Exercise 5.2 in [1], we briefly sketch the argument. First, by our assump-
tion, for any v € VX, we have K;, = K, for at least one 4, and therefore
NYNINY = K. Next, set S; = {v € VE | K;,, = K, }. Then, letting (x,*),
denote the Hilbert symbol over K,, we can define the following homomor-
phism ¢: K* — {£1},

@) = [ (@2a)e 2 I (as,2)0 2 ] (as.2)0 =

VEST VEST VES2
= H (alym)v = H (alym)v = H (a27$)v-
vESy vES3 vES3

We notice that equality 1) follows from the fact that for v € S; we have
asas e KKQ. To prove equality 2), we observe that by our assumption
VE = §,US,U8s, so the product formula for the Hilbert symbol combined
with the facts that S1 NSy C S3 and ag € Kvx2 for v € S, yields

1= H (CLS,ZE)v = H (a37x)v = H (a37x)v : H (ag,ﬂi)v,

veV K veES1USy veES] vESY

as required. All other equalities are established similarly. It follows from
the appropriate description of ¢ that ¢(N;) = 1 for all i« = 1,2,3. Thus,
©(N1N2N3) = 1. On the other hand, it follows from Chebotarev’s Density
Theorem that one can pick u; € S; and us ¢ Sp so that ay ¢ Kuxj2 for

§ = 1,2. Using Exercise 2.16 in [1]%, we can find 2 € K* satisfying
(ag, )y, = (a2,2)u, = —1 and (ag, ), =1 for all u € VE\ {ug, us}.

Then ¢(z) = —1, implying that N;NaN3 # K*. O

We will assume henceforth that a,b € K* are chosen so that FF =
K(V/a, \/l;) satisfies our previous assumptions and those of Lemma 4.8, i.e.,
the local degree [F, : K,] is < 2 for all v € VE. (Explicit example: K = Q,
a =13, b = 17; then one can take for vy, ve the nonarchimedean places of Q

2For the reader’s convenience, we recall the statement of this result, which will also be
used in §6: Let a € K>, and suppose that for each v € VX we are given ¢, € {£1} so
that the following three conditions are satisfied: (i) e, = 1 for all but finitely many v; (ii)
I1, v = 1; (iii) for each v € VE  there exists z, € KX such that (a,Zv)v = €y. Then
there exists z € K* such that (a,z), = €, for all v.
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corresponding to p = 3 and 23.) According to Lemma 4.8, one can choose
s € K* so that

(16) s¢ NK(\/a)/K(K(\/&)X)NK(\/g)/K(K(\/B)X)NK(\/@)/K(K(\/CE)X)

It follows from Lemma 4.7 that there exists g € A? such that Nrd 4 /p(g) =s
(in fact, we can choose such a g of the form diag(¢,1) where ¢t € D*).
Consider the involution 7 = Int g o #. We claim that the equation

(17) ge(z) = hr(h) for = € (E)*, he A*,

is solvable everywhere locally, but not globally. Then one can embed (E ® g
K,,0®idg,) into (A®k K,, 7®idk, ) for all v € VX but one cannot embed
(E,o0) into (A, T).

First, suppose (17) holds for some x € (E?)* and h € A*. Since E7 =
K(vb) ® K(v/ab), taking reduced norms, we obtain

s =Nrdy,L(9)

€ NK(\/E)/K(K(\/&)X)NK(\/E)/K(K(\/B)X)NK(\/@)/K(K(\/%)X%
which contradicts (16).
Now, fix v € VK. If v € VTK, then by our construction L ®x K, is not
a field. Then every 7-symmetric element in (A ® g K,)* can be written in
the form 7(hy)h, for some h, € (A®x K,)*, and there is nothing to prove.
So, assume now that v € VfK . Since v splits in at least one of the extensions

K(y/a), K(vb) and K (vab), and E° = K(v/b) @ K (v/ab), we see that there
exits s, € (F? Qg K,)* and t, € (L @k K,)* such that

NTdA/L(g) = NE"@KKU/KU(SU)NL@KKU/KU (ty).
Furthermore, the homomorphism of reduced norm

Nrdag, i, /Lo K, (A @K Ky)* — (L ®r K,)*

is surjective, so there exists z, € A ® g K, such that Nrd(z,) = ¢,. Then

T = T(Zv)ilgg(sv)ilzvil

is a T-symmetric element in A ® ¢ K, having reduced norm one. So, using
Remark 4.4(1), we conclude that x can be written in the form 7(hy)h, with
hy, € (A®K K,)*, and then the same is true for ge(a,) !, yielding a local
solution to (17) at v.

Remark 4.9. It should be pointed out that the local-global principle for
embeddings in this case depends in a very essential way on the multinorm
principle (cf. (11)). Proposition 4.2 describes one situation in which this
principle holds; some other sufficient conditions are given in Proposition
6.11 of [15]. In fact, we are not aware of any examples where the multinorm
principle (for two fields) would fail, and it is probably safe to conjecture that
it always holds if one of the fields satisfies the usual Hasse norm principle. On
the other hand, Lemma 4.8 demonstrates that the multinorm principle may
fail for three fields, even when all the fields are quadratic extensions. It would
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be interesting to complete the investigation of the multinorm principle, and
in particular, provide an explicit computation of the obstruction, at least in
the case where all fields are Galois extensions.

In the remainder of this paper, we will work exclusively with simple al-
gebras A endowed with an involution T of the first kind. The center of A,
which is fixed point-wise under T, will be denoted K (instead of L) and will
be assumed to be of characteristic # 2. E will be a commutative étale algebra
of dimension n = vdim A given with an involution o.

5. ALGEBRAS WITH A SYMPLECTIC INVOLUTION

In this section, A will denote a central simple K-algebra, of dimension n?,

with a symplectic involution 7 (then, of course, n is necessarily even). Our
goal is to prove the local-global principle for embedding of an n-dimensional
commutative étale K-algebra E given with an involutive K-automorphism
o (Corollary 5.3). In fact, in this case one has the following more convenient
criterion for the existence of an embedding.

Theorem 5.1. With notations as above, assume that there exists an em-
bedding e: E — A as algebras without involutions, and that for each real
v € VE there exists a K,-embedding

: (F®g Ky,o0®idg,) — (A®kg Ky, 7 ®idg,)
of algebras with involutions. Then there exists a K-embedding
t: (E o) — (A,71)
of algebras with involutions.

The proof relies on the following lemma which is analogous to Lemma 4.3.

Lemma 5.2. Let x € A* be a T-symmetric element. Assume that for every
real v € VE there is h, € (A ®x K,)* such that = T,(hy)hy. Then there
is h € A* such that x = 7(h)h.

Proof. Since 7 is symplectic, G = U(A,7) = SU(A, ) is a form of Sp,,
hence it is connected, absolutely almost simple and simply connected. This
implies that the map

H'(K,G) 5 [] H' (K., G)
veVK

is bijective (cf.[15], Theorem 6.6, for number fields, and [8] for global fields
of positive characteristic). Let K, be a fixed separable closure of K. Pick
y € (A®K Ksep)™ so that x = 7(y)y. Then the map

v & =y(y) Ty € Gal(Kep/K),
is a Galois 1-cocycle with values in G. The fact that = 7,(hy)h,, with h, €
(A®p K,)*, for each v € VX means that the corresponding cohomology
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class lies in the kernel of p. It follows from the injectivity of p that the class
is trivial, i.e., there exist z € G(K,¢p) such that

& =yy(y) L =2"1y(z) forall v € Gal(Kyep/K).
Then h := zy € A* and x = 7(h)h, as required. O

Proof of Theorem 5.1. By Proposition 3.1, there exists an involution
§ = tolntg on A, where g € A* is T-symmetric, such that e: (E,0) — (4,6)
is an embedding of algebras with involutions. Set F' = E?. It follows from
our assumptions and the equivalence (7) < (4i¢) in Theorem 3.2 that for each
v € VX there exists b, € (F @ K,)* such that

gev(by) = Ty(hy)hy for some h, € (AR K,)*.

Since the subgroup (F ®k Kv)x2 C (F®p K,)* is open, by weak approxi-
mation, there exists b € F'* such that

b=byt? with t, € (F®x K,)*

for each v € V.. Using the facts that t, is o,-symmetric and that ¢ inter-
twines o and 6, one finds that ge,(t,) = 7y(ey(ts))g, sO

9e(b) = Ty(eu(tv))gev(bv)ev(ty) = T(hoey(ty)) (hvew(ty)).

Then by Lemma 5.2, we have ge(b) = 7(h)h for some h € A*, and invoking
Theorem 3.2, we see that there is an embedding ¢: (E,0) — (A, 7).

Corollary 5.3. Let A and E be as above and assume that for every v € VE
there is a K,-embedding

b (E®k Ky,0 ®idg,) — (AQk Ky, 7 ®idk,)
of algebras with involutions. Then there exists a K -embedding
t: (E o) — (A7)
of algebras with involutions.

Indeed, in view of Proposition 2.7, the existence of ¢, for all v € V&
implies the existence of an embedding €: F — A as algebras without invo-
lutions.

6. ALGEBRAS WITH ORTHOGONAL INVOLUTIONS: NONSPLIT CASE

Let A be a central simple algebra over a global field K of characteristic
#£ 2, of dimension n?, endowed with an involution 7 of the first kind. Then,
if A~ M,,(D), with D a division algebra, then the class [D] € Br(K) has
exponent < 2, and therefore either D = K, or D is a quaternion central
division algebra over K (cf.[14], §18.6). Thus, either A = M, (K), or A =
M, (D), where D is a quaternion central division algebra over K, and n =
2m. We will refer to the first possibility as the split case, and to the second as
the nonsplit case. Henceforth, we will work only with orthogonal involutions,
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and in this section will focus on the nonsplit case. Thus, n will be even
throughout the section, and m = n/2.

Now, let E be an n-dimensional commutative étale K-algebra given with
a K-involution o such that F' = E7 is of dimension m (so (1) of §1 holds).
Then, according to Proposition 2.2 we can identify E with F[z]/(x? — d) for
some d € F* so that o is defined by x +— —z. Theorem 6.1 below (which
implies assertion (iii) of Theorem A of the introduction) is formulated for
the case where F' is a field extension of K and m is odd, however most of
our considerations apply to a much more general situation (cf., in particular,
Theorem 6.5). So, we will assume that F' = @;:1 F};, F; a separable field
extension of K, and in terms of this decomposition the element d € F* that
defines E is written as d = (dy,...,dy).

Theorem 6.1. In the above notations, assume that F/K is a field extension
of odd degree m. If for every v € VE there exists a K,-embedding

by (E XK Kv,U ® ide) — (A RK KU,T X ide),
then there exists a K-embedding v: (E,0) — (A, 7).

Some facts about Clifford algebras. The main difficulty in the proof of
Theorem 6.1 is that orthogonal involutions on A = M,,(D), where D is
a quaternion division algebra, correspond to (the similarity classes of) m-
dimensional skew-hermitian forms (with respect to the standard involution
on D), and the Hasse principle for (the equivalence of) such forms generally
fails (cf. [10], §5.11 or [20], Ch. 10, §4). However, one can still use local-
global considerations via an analysis of the associated Clifford algebras. We
refer the reader to [4], Ch.II, §8B, for the notion and the structure of the
Clifford algebra C'(A, v) associated to a simple algebra A with an involution
v.

We will crucially use a result of Lewis and Tignol [11] which asserts that
for two orthogonal involutions 11 and o of A as above, (A,11) ~ (A,T2)
(that is, 71 and 7o are conjugate in the terminology of [11]) if and only
if they have the same signature at every real place v of K (i.e., (A Qk
Ky, ®idg,) ~ (A®k Ky, 2 ®idg,)), and the Clifford algebras C(A, 1)
and C(A, 1) are K-isomorphic. (This result follows from Theorems A and
B (see also Proposition 11) of [11] since for a global field K, the fundamental
ideal I(K) of the Witt ring W(K) has the property that I(K)3 (which is
commonly denoted by I3(K) in the literature) is torsion-free, and it is {0}
if K does not embed in R, cf., for example, [20], Theorem 14.6 in Ch. 2
together with Corollary 6.6(vi) in Ch. 6.)

Another ingredient is the computation of classes in the Brauer group
corresponding to certain Clifford algebras. To formulate these results, we
need to make some preliminary remarks. If € = @7_,&; is a commutative
étale algebra over a field X, where the €; are finite separable field extensions
of X, then Br(€) is defined to be &7_;Br(€;). Furthermore, the restriction
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and corestriction maps are defined by
Resg/x: Br(X) — Br(€), a— (Res(gl/g((a), . ,Res(gr/g{(a)),
and
Corg/g: Br(€) — Br(X), (a1,...,a;) Corg jx(a1)+---+ Corg, jxc(ar).
For a = (a1,...,a,),b = (b1,...,b,) € £*, we define

(a, b)g = ((al, bl)gl, ceey (ar, br)ET) S BI‘(E),
where (aj,bj)e; is the class in Br(€;) of the quaternion &j;-algebra defined
by the pair a;,b;. As usual, if € is a local field, then we identify Br(€), with
{£1}, which makes (a,b)¢ into the Hilbert symbol. (If F is a global field
and v € V7, then instead of (-,-)g, we will occasionally write (-, -), if this is
not likely to lead to confusion.) We note that if X is a local field and ¥ is a

quadratic field extension of X, then Resg/x|Br(X)z is zero (cf. [1], Theorem
1.3 in Ch. VI).

Let now A be a central simple K-algebra with an orthogonal involution
v. Then the center Z(C(A,v)) of the corresponding Clifford algebra C(A,v)
is a quadratic étale K-algebra (cf.[4], Ch.II, Theorem 8.10), i.e., either a
quadratic field extension of K, or K & K. Moreover, C(A,v) is a “sim-
ple” Z(C(A,v))-algebra, which in the case Z(C(A,v)) = K & K means
that C(A,v) = C1 @ Cy, where C7 and Cy are simple K-algebras. In all
cases, one can consider the corresponding class [C'(A,v)] € Br(Z(C(A,v))).
Now, fix a quadratic étale K-algebra Z, and suppose that there exists a
K-isomorphism ¢: Z — Z(C(A,v)). Then one can consider the simple Z-
algebra C'(A, v, ¢) obtained from C(A,v) by change of scalars using ¢, and
also the corresponding class [C'(A,v, ¢)] € Br(Z). Let ¢: Z — Z(C(A,v))
be the other K-isomorphism. Then
(18) [C(A,v,¢)] — [C(A,v,¢)] = Resz/k ([A])
(cf. [4], (9.9) and Proposition 1.10). It follows that if v1 and ve are two
orthogonal involutions of A such that the centers of C(A,v;) are isomorphic
to Z fori = 1,2, then C(A,1n) ~ C(A, o) if and only if for some (equiv-
alently, any) isomorphisms ¢;: Z — Z(C(A,v;)), one of the following two
conditions holds:

[C(Av Vi, ¢1)] = [C(A7 Vo, ¢2)]

[C(A,v1,01)] = [C(A, v, $2)] + Resz/ i ([A])-

After these recollections, we are ready to embark on our investigation of
the local-global principle in the situation described prior to Theorem 6.1.
First, we observe that the existence of K,-embeddings ¢, for all v € VX as
in the statement of Theorem 6.1 implies that

o there exists a K-embedding e: E — A which may or may not respect
tnvolutions.
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Next, using Proposition 3.1, we can construct an involution 6 of A for which
(3) holds. For a € F*, we let 6, denote the involution 6 o Int¢(a) (then (3),
with 6 replaced by 6,, holds). According to Theorem 3.2, the existence of
Ly 18 equivalent to the existence of a, € (F @ K,)* such that
(19) (A®k Ky, (0 ®idk,)a,) ~ (AQk Ky, T ®idg, ).

We now observe that the centers of the Clifford algebras C(A @k K, (6 ®
idg,)a,) and C(A ®k K,,0 ® idk,) are isomorphic - this follows from the
description of the center given in [4], Theorem 8.10, the definition of the
discriminant of an orthogonal involution, loc. cit., §7A, and the fact that

Nrdug 6,16, (@) = Nowgrco i, (@) = Neg,rc, i, (@) € K7,
from which we deduce that
Z(C(A,0)) 9k Ky = Z(C(A®K Ky, (0 ®idk, )a,)) = Z(C(A, 7)) @k Ky
for all v € VE. Using Tchebotarev’s Density Theorem, we conclude that
e Z(C(A,0)) ~ Z(C(A,T1)).

We will denote this quadratic étale K-algebra by Z, and fix isomorphisms
¢ Z — Z(C(A,0)) and ¢: Z — Z(C(A,7)). A fundamental role in our
analysis is played by the following computation of the class of the Clifford
algebra C'(A, 6,) valid over an arbitrary field K of characteristic # 2 (cf. [3],
Proposition 5.3):

(20) [C(A, 04, ¢a)] = [C(A,0,0)] + Resz/x Corp/((a,d) ).

In our argument, we will not need the precise description of the isomorphism
¢ involved in this equation, the only property that will be used is that ¢,
depends only on the coset aNg/p(E*) € F*/Ng/p(E*), cf.[3], p.99; in
particular, ¢, = ¢ if a € o

According to Theorem 3.2, the existence of v : (E,0) — (A, ) is equiv-
alent to the existence of an a € F* such that (A,0,) ~ (A, 7), and we are
now in a position to prove the following local-global principle for that.

Proposition 6.2. Suppose that for each place v € VE one can choose an
element a, € (F @k K,)* so that the following conditions are satisfied:

(a) (A®K Ky, (0 ®idk,)a,) ~ (AQK Ky, T ®idg,) for allv € VX,
(b) one of the following two families of equalities in Br(Z @ K,) :
[C(A®Kk Ky, (0 ®idk,)a,, a,)] = [C(A, 7,¢) ®K K]
and
[C(A®K Ku, (0 ®idK, )a, ¢a,)] = [C(A, 7,9) @K K]
+Res ;g K, /K0 [A @K Ky,

holds for allv € VK.
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Assume also that the following condition holds:

() for any finite subset V of VX there exists vo € VE\'V such that d; ¢
(Fj ®K Ku)*? for all j < r for which dj ¢ FjXQ, and Z @ Ky, is a
field if Z is a field.

Then there exists an a € F* such that (A,0,) ~ (A, 7). Furthermore, con-
dition (%) holds automatically if F/K is a field extension of odd degree.

For the proof of this proposition, we need the following two lemmas about
the Hilbert symbol. (In essence, these lemmas are well-known, but we have
not been able to locate suitable references for them.)

Lemma 6.3. Let F be a global field of characteristic # 2, and t € F*.
Suppose that for each v € VI we are given o, € {£1} and s, € FX so
that (sy,t)y = ay for allv € VI, o, = 1 for all but finitely many v € V7,
and H ay =1 (here (-,-), denotes the Hilbert symbol on F,). Then for

veVT
any finite subset 8 of VI, there exists s € F* such that (s,t), = o, for all

ve VT, and s € SUH’UXZ for allv € 8.
Proof. The existence of sy € F* satisfying (sg,t), = a, for all v € VT
follows from the result described in the footnote in the proof of Lemma 4.8.
So, we will only indicate how to modify sg so that the resulting s would also
satisfy the additional condition s € 5,5 for v € 8. Let & = F(v/1) and
&y = Fp(Vt) for v € V7, and consider the corresponding norm groups

N = Ng/g(€7) , Ny = Neg,g,/9,((E@55,)") = Ne, 5, (€7).

It follows from the weak approximation property that N is dense in [ |
and therefore,

(21) Iy =N (H ?§2>

vES vES

vES NU?

Since (80,t)y = (sy,t), for all v € 8, we see that (sps; !)yes € [I,es No- So

by (21), there exists z € N such that sps; 1271 € ?52 for all v € §. Then,
for s = sgz~ 1

(5,t)y = (50,1)y = vy for all ve V7,
and s € svffvﬂ, as required. O

Lemma 6.4. Let F = @;:1 JFj be a commutative étale algebra over a global
field X, and t = (ty,...,t,) € FX. Forve VX, let F, = F @4 K,. Suppose
we are given a finite subset § C VX, and for each v € 8, an element s, € FX.
Furthermore, let vg € VX\ 8 be such that for each j < r with t; ¢ "J"]-XQ, we

have t; ¢ (F; ®x Kuo)*>. Then there exists s € F* such that ss;' € Fx°
for allv €8, and (s,t)5, =1 for allv € VX\ (U {vp}).
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Proof. Tt is enough to consider the case where F is a field and t ¢ F x2
(indeed, if t € &F ij then everything boils down to proving the existence
of an s € F* such that s € svfﬂf2 for all v € 8, which is obvious). We
now define a,, € {£1} for all w € V7 as follows. For v € V¥ we let

w®, ..., w®) denote all the extensions of v to F. Then we have
Ly
Fo=F@x Ky =P Fpr-
k=1

In particular, for v € 8, in terms of this decomposition, we write

Su = (S(1)s -+ Sylen))
and we then set o,k = (s,m,t)F @) for k = 1,...,¢,. Furthermore, if
w € V7 lies over v € VX\ (SU{vg}), we set ay, = 1. Finally, if w(()l), ce w(()%)
are the extensions of vy, then by our assumption, there exists ko € {1,...,4}

such that ¢ ¢ S"X?k y- We then set o ) = 1 for k # ko, and let o g =
wy 0 wWo Wo

I, optk0) Cw where the product is taken over allw € V7 \{wéko)} (notice that
0

the a,,’s for all these places have already been defined). Then [], o5 o =
1, and for each w € V7, there exists a, € F5 such that (ay,t)s, = ay :
indeed, if w|v, where v € 8, then one takes for a,, the w-component of s,;
for any w # w(()ko) lying over v € VX \ § we can takes a,, = 1, and finally,

such a,, exists for w = w(()ko) because t ¢ 3'%2. Now, our claim follows from

Lemma 6.3. 0

Proof of Proposition 6.2. Let

S1={veVf | Avk K, # Mu(K)} UV,
So={v e VI [C(4,0,¢) 0k K] # [C(A, 7, ¢) 9k K] in Br(Z @k Ko)},
and S = S; U Sy. Using () for V = S, we can find vy € VX \ S with the

properties described therein, and then it follows from Lemma 6.4 that there
exists an a € F* such that

aa, ! € Fv><2 forall veS and (a,d)p, =1 forall ve VE\ (SU{w}),
where F,, = F ®k K,. We claim that a is as required, i.e.,
(22) (A,60,) ~ (A, 7) as K-algebras with involution.

According to the result of Lewis and Tignol mentioned above, to establish
(22), it is enough to show that 6, and 7 have the same signature at every
real places of K i.e.,

(23) (A®K K,,0, ®idg,) ~ (A®K K,, 7 ®@idg,) forall ve VE,
and

(24) C(A,0,) ~C(A, 1) as K-algebras.
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We notice that (23) immediately follows from condition (a) in the statement
of the proposition and the fact that aa,' € (F ®k Kv)X2 for all v € VK.
To prove (24), we set g = 1 if the first family of equalities in condition (b)
holds, and 9y = 1, the other isomorphism between Z and Z(C(A4, 7)), if the
second family of equalities in condition (b) hold. Then it follows from (18)
that

(25) [C(A®K Ky, (0®1dK,)ay, Pa, )] = [C(A, T,v0) @K K] for all v e VK,

We now recall that by our construction, vy has the property that if Z/K
is a quadratic field extension, then so is Z @ g K,/ Ky,, which implies that
the map of the Brauer groups

Br(Z) — @P Br(Z @k K,)
VFV0
is injective. So, to prove that [C'(A, 0., ¢q)] = [C(A, T,10)] in Br(Z), which
will immediately yield (24), it is enough to show that
(26) [C(A79a7¢a) K Kv] = [C(A’ T, ’QDO) K KU] in BI‘(Z K Kv)7
for all v € VE\ {vo}. If v € S, then aa;! € (F ©x K,)*>, so
[C(A, b4, ¢a) @K Ko] = [C(A @K Ky, (0 ®idK,)a,, Pa,)];
and (26) follows from (25). Now, suppose v € VE\ (SU{vg}). Since v ¢ Sa,
and by our construction (a,d)r, = 1, using (20), we obtain that
[C(Aa Oa, d’a) ®K KU] = [C(A,@, ¢) XK KU] = [C(A,T,’l/)) XK Kv]'
On the other hand, since v ¢ S7, according to (18), we have
[C(Aa 7-71/}) QK Kv] = [C(Aa T, ¢0) K K’U]7
and again (26) follows.

Finally, we will show that (x) automatically holds if F'/K is a field ex-
tension of odd degree. Indeed, if d € F*? then all we need to prove is that
there exists vg € VX \ V such that Z ®x K, is a field if Z is a field, which
immediately follows from Tchebotarev’s Density Theorem. Thus, we may
suppose that d ¢ F X2 so that E = F(V/d) is a quadratic extension of F, and
thenwelet L=Fif Z=K® K, and let L = EZ if Z/K is a quadratic field
extension. Then L/F is a Galois extension with Galois group isomorphic to
7.)27 or Z.J27 x Z/2Z. In either case, there exists ¢ € Gal(L/F') that acts
nontrivially on E, and also on Z if Z/K is a quadratic extension (notice that
in this case Z ¢ F as F has odd degree over K). By Tchebotarev’s Density
Theorem, there exist infinitely many wg € VfF such that L/F is unramified
at wp and the corresponding Frobenius automorphism is ¢. In particular,
we can choose such a wg which lies over some vy € VE \ V, and then this vy
is as required.

We will derive Theorem 6.1 from the following result which applies also
in the case where m is even.
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Theorem 6.5. Let A = M,,(D), where D is a quaternion division algebra
over a global field K of characteristic # 2, and T be an orthogonal involution
of A. Furthermore, let F' be a commutative étale K -algebra of degree m, and
E = Flx]/(x® —d) for some d € F* with the involution o: x +— —x. Assume
that for every v € VE there exists a K,-embedding

Ly (E R Ky, o0 ® ide) — (A Qi Ky, T® ide).

Moreover, assume that condition (x) of Proposition 6.2 holds along with the
following condition

(xx) for allv € VE such that AQ K, % M,(K,) and Zox K, ~ K,OK,,
we have d ¢ (F @ KU)XQ.

Then there exists a K-embedding v: (E,0) — (A, ). Furthermore, condition
(%) holds automatically if m is odd.

Proof. We will keep the notations introduced earlier. By Theorem 3.2, the
existence of ¢, is equivalent to the existence of a, € (F ®x K,)* such that

(27) (A®k Ky, (0 ®1dg,)a,) ~ (AQk Ky, T ®idg, ).

On the other hand, according to Proposition 6.2, to prove our assertion, it
suffices to exhibit, for each v € VX an element ¢, € (F @k K,)* for which
the following two conditions hold:

(28) (A®k Ky, (0 ®idg,)e,) ~ (A®k K,,7 ®idg,) for all v e VE;

and

(29) [C(A®K Ky, (0®1dK, e, , be,)] = [C(A,T,9) @k K,] for all ve VE,

We notice that (27) implies that there is an isomorphism of K,-algebras
C(A®k Ky, (0 ®idk, )a,) = C(A @K Ky, 7 ®idkg,),

so it follows from (9.9) and Proposition 1.10 of [4] that either

(30) [CA®K Ky, (0 ®idk, )a,, $a,)] = [C(A, 7, 0) @K K]
(31) [C(A®Kk Ky, (0 ®idk, )a,, da,)] = [C(A,7,¢) ®K K]

+ReSZ®KKU/KU [A QK Kv]
holds. In particular, if A ®x K, ~ M,(K,), then (28) and (29) hold for

Cy = Qy.

Assume now that A @k K, % M,(K,). If such a v is real, then there is
only one equivalence class of involutions (cf. [20], Theorem 3.7 in Ch. 10),
and therefore (28) holds for any choice of ¢,. Thus, in all cases, it suffices
to find ¢, satisfying only (29). If (30) holds, we can take ¢, = a,. So,
suppose that (31) holds. We will look for ¢, of the form ¢, = ayb, with
by € (F @k K,)*. It follows from (20) that then

[C(A®K Ky, (0 ®@idk,)e,, bc,)] = [C(A @K Ky, (0 @1dKk,)ays Pa, )]
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+ReSZ®KKv/KU COI"F®KK1,/K” (bu, d)F®KKv .

Comparing this with (31), we see that it is enough to find b, € (F @k K,)*
such that

(32)  Reszg,k,/Kk,Corg i, K, (bv; ) = Reszg i, /1, [A @K K]

If Z®k K,/ Ky is a quadratic field extension, then Resyg .k, /x, [Br(Ky)2 is
zero. So, in this case (32) holds automatically for any b,. Thus, it remains
only to consider the case where Z @i K, ~ K, ® K,. Then (32) amounts
to finding b, € (F ®x K,)* such that

(33) COYF(X)KKU/KU (bmd)F@KKU = [A WK K’L)]7

which we will do using condition (xx). First, we observe that since [A® g K]
is the only element of order 2 in Br(K,), it is enough to find b, for which
Corpg i, /K, (bu, d)y is nontrivial. We have

¢
(34) F ok KU:@ij,
j=1
where wy, . .., wy are the extensions of v to F. If d = (d,, . - ., dw,) in terms of
this decomposition, then by (+*) there exists jo € {1,...,¢} such that dy,; ¢
><2

w3y So, we can find bu;, € Fufjo such that (bwjo,dwjo) Fu, is nontrivial. We

claim that Cor Fu, /K, (buwjy > dus,) Fu, is also nontrivial. This is obvious for
JO

v real (because then F,, = K, =R), and follows from the next lemma for

v nonarchimedean.

Lemma 6.6. Let L/XK be a finite extension of nonarchimedean local fields.
Then Corg gc: Br(L) — Br(X) is an isomorphism.

Proof. Let m = [L : K]. Then the composition

ResL/K COI‘L/g(
— —

Br(X) Br(L) Br(X)

is multiplication by m. Since Br(X) ~ Q/Z, this implies that Corg i is
surjective. On the other hand, we have the following commutative diagram

invy

Br(X) ™% @z
Resg/ac | lm

invg

Br(t) ™5 Q/z

in which invy, invg are isomorphisms of local class field theory (cf.[1],
Ch. VI). Suppose a € Ker Corg/g. We can choose 3 € Br(X) so that
Resg /% (8) = a. Then

Corg/x o Resg/x(8) = 0 =mp.

Then it follows from the above diagram that a = Resg 5c(3) is trivial. [
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We now see that the element b, = (1,... b 1) is as required, com-
pleting the proof of the first claim of the theorem.

Finally, we will show that (xx) holds automatically if m is odd. Let v be
a place of K such that A @k K, # M,(K,). In the decomposition (34),
for some jo € {1,...,£}, the degree [F, : K] is odd. We claim that then
the corresponding component dy,; ¢ qu]%, and (#x) will follow. Indeed,
otherwise F ® K, would have the following structure:

.-®F @ijo@...,

ij
which would prevent it from being a maximal commutative étale subalgebra
of ARk K, as (A®k K,) ®k, Fu,, defines a nontrivial element of Br(Fw],O)
(cf. Proposition 2.6). O

Corollary 6.7. Let (A,7) be as in Theorem 6.5, Z be the center of the
Clifford algebra C(A, 1), and E/K be a field extension of degree n = 2m
with an automorphism o of order two. Set F = E?, and write E = F(/d)
with d € F*. Assume that

(%) if Z is a field, then so is F Qg Z,

and that condition (xx) of Theorem 6.5 holds. Then the existence of K,-
embeddings 1, (E @k K,,0 ®idk,) — (A®k Ky, 7 ®idg,) for allv € VE
implies the ezistence of a K-embedding (E,0) — (A,T).

Proof. We only need to show that (x) implies condition (%) of Proposition
6.2. For this, we observe that the extension EZ/F admits an automor-
phism ¢ that restricts nontrivially to both £ and Z. Then the required fact
is furnished by the argument given in the last paragraph of the proof of
Proposition 6.2. ([l

Proof of Theorem 6.1. If F/K is a field extension of odd degree, then
conditions (%) and (*x) hold automatically. So, our assertion follows from
Theorem 6.5. g

7. ORTHOGONAL INVOLUTIONS: SPLIT CASE

In this section, we examine the local-global principle for embeddings in
the case where A = M, (K) with an orthogonal involution 7. For n even,
these considerations, in principle, can be built into the analysis given in
86 for the nonsplit case, however this would make the statements somewhat
cumbersome. In any case, one would still need to consider the case of n odd.
It turns out that the theory of quadratic forms provides a natural frame-
work for treating both the cases (i.e., n even and n odd) and in fact all we
need in our analysis is the Hasse-Minkowski Theorem and the classification
of quadratic forms over the completions K, of a global field K of charac-
teristic # 2. For the reader’s convenience, we recall that two nondegenerate
quadratic forms ¢ and g of equal rank over K, are equivalent if and only if
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(1) v € VX and ¢; and g2 have the same signature over K, = R; (2) v € VfK
and ¢; and g2 have the same determinant and the same Hasse invariant (if

q = alx% + -+ a,x2, then the determinant and the Hasse invariant are

given by d(q) = ay - -anKvX2 (in KUX/KUXZ) and hy(q) = [[;<;(ai, a;)0 re-
spectively, where (-, -),, € {£1} is the Hilbert symbol over K,), cf. [20], Ch. 6,
84. Even though the arguments in this section are considerably simpler than
those in §6, they use similar ideas, and the same auxiliary statements. The
fact that the local-global principle holds for the equivalence of quadratic
forms (while it fails for the skew-hermitian forms over quaternion algebras)
is the reason why the split case is simpler than the nonsplit case.

First, let us write 7 in the form 7(x) = Q~12'Q for some nondegenerate
symmetric matrix @ (cf. [4], Proposition 2.7), and let b(v,w) = v'Quw be
the corresponding bilinear form on K™ (notice that b is determined, up to
a scalar multiple, by the property b(zv,w) = b(v, 7(z)w) for x € A and all
v,w € K™). Let ¢ be the quadratic form associated with b.

Now, let E be a commutative étale K-algebra of dimension n, with an
involutive K-automorphism o. Set F' = E°. Then for any a € F*, the
bilinear form b, (v, w) := Trg, g (avo(w)) on E is symmetric and satisfies

bo(zv,w) = be(v,0(z)w) for all v,w,z € E.

Let g, denote the corresponding quadratic form. The following proposition is
valid over an arbitrary field of characteristic # 2. It is essentially Proposition
3.9 of [3] formulated in our context; it follows from Theorem 3.2, however
we give a simple direct proof.

Proposition 7.1. An embedding v: (E,0) — (A, T) as algebras with invo-
lution exists if and only if there is an a € F* such that (E,b,) and (K™, b)
are 1sometric.

Proof. First, we observe that for a symmetric bilinear form f on FE

(35) flzv,w) = f(v,o(x)w) for all v,w,z € F

if and only if there is an a € F for which f = b,. Indeed, suppose (35) holds.
Since E/K is étale, the trace form (v,w) — Trg g (vw) is nondegenerate

and therefore we can write f(v,w) = Trg, g (vp(w)) for some ¢ € Endg (E).
Then (35) implies that

Trp/k (zve(w)) = Trg/k (ve(o(z)w))
and consequently, xp(w) = p(o(x)w), for all w,x € E. It follows that for
1 = ¢ oo we have Y(zw) = zp(w). Let ¥(1) = a € E. Then ¢(x) = ax,
and hence, p(w) = ao(w). Thus,

fv,w) = Trg g (avo(w)) = ba(v, w).
Finally, the fact that f is symmetric implies that o(a) = a. Conversely, for
any a € F, the form b, is bilinear and symmetric, and satisfies (35).

Now, we identify E with K™ as a K-vector space in some way, and use
the resulting identification of End(F) with End(K™) = A. Let A: B —
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Endg (E) be the left regular representation. Pick a € Autx (E) and consider
the embedding ¢: E — Endg(E) given by t(z) = aX(x)a~!. Set b(v,w) =
b(a(v), a(w)). We claim that the following

(36) b(zv, w) = b(v, o(z)w)

is equivalent to the fact that ¢: (E,0) — (A, ) respects involutions. We
have

b(zv,w) = bla(zv), a(w)) = b(u(x)a(v), a(w)) = bla(v), T(v(z))a(w)).
On the other hand,

b(v, o(x)w) = b(e(v), afo(z)w)) = bla(v), Lo (z))(a(w))),
and our claim follows.

Suppose now that there exists an embedding ¢: (E,0) — (A,7) of al-
gebras with involution. Then ¢ is of the form «(z) = aX(z)a™! for some
o € Autg(E), and (36) holds for the corresponding form b. The first part
of the proof shows that b = b, for some a € F* (notice that b is non-
degenerate), and then « defines an isometry between (FE,b,) and (K™,b).
Conversely, if « yields such an isometry, then b = b,, and consequently (36)
holds. This implies that ¢: E < A given by t(x) = a\(z)a~! respects the
involutions. g

We will now use Proposition 7.1 to reduce the problem of the existence
of an embedding (E,0) < (A, T) to the case of even n.

Proposition 7.2. Let A = M, (K) with n odd, and let T be an orthogonal
involution of A. Furthermore, let (E,o0) be an n-dimensional étale K -algebra
with an involution o such that (1) of §1 holds. Then

(i) E = E' & K for some o-invariant subalgebra E' of E for which (1) of
§1 holds for o' = o|E.
(i) Assume that for each v € VE | there exists an embedding
Ly - (E R Ky, 0 ® lde) — (A R Ky, T® lde)
Then there exists an involution T on A given by T(z) = N_lxt@ with
Q symmetric of the form Q = diag (Q', ), such that (A, 1) ~ (A, T)
and for A" = M, _1(K) with the involution 7'(z) = (Q") '2!Q’, there
exists an embedding
L;: (E/ R Ky, o ® ide) — (A/ R Ky, 7 ® ide)
for all v e VK.
(iii) With 7" as in (ii), the existence of an embedding ¢: (E,0) — (A, 7) is
equivalent to the existence of an embedding /: (E’,o’) — (A’, 7).

Proof. (i) was actually established in the proof of Proposition 2.1(2). Set
F' = (E')?". To prove (ii), given o’ € (F’)*, we let ¥/, denote the bilinear

[

form on E’ defined by 0, (2',y') = Trg i (a’2'a’(y)). Tt is easy to see that
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the determinant d’ of b/, is independent of a’ (cf. [3], Proposition 4.1), and we
set a = d/d’, where d is the determinant of b. We claim that « is represented
by q over K. Indeed, by the Hasse-Minkowski Theorem, it is enough to show
that « is represented by ¢ over K, for all v € VE. According to Proposition
7.1, it follows from the existence of ¢, that there is an a, = (al,a,) €
(F ok Ky)* = (F' @k Ky)* x K such that by, = b/, L (ay), where ()
is the 1-dimensional form corresponding to a,, is KU—eauivalent to b. As we
observed above, the determinant of b;/v isd', so

detbg, = detbl, - oy =d o =detb=d in K}/K}°,

which implies that a/a, € KUXQ. So b, which is equivalent to by, = b;; 1
(a), is equivalent to b}, L (a). Hence, « is a value assumed by ¢ over
K, for all v, and therefo%e, also over K. This implies that @ is equivalent
to a symmetric matrix @ of the form @ = diag (Q’,«), and we will show
that the corresponding involution 7 is as required. Since (A, 7) ~ (A,7),
we can actually assume that Q) = @, and we let b’ denote the bilinear form
corresponding to @’.

As Q = diag (Q', ), b is equivalent to b’ L (). We have seen above that
it is also equivalent to b;; 1 (). Now, it follows from the Witt Cancelation
Theorem (cf. [20], Ch. I, §5) that b;; ~ b, and therefore by Proposition 7.1
there exists an embedding ¢} : (F' @k Ky, 0’ ®idg,) — (A @k K, 7' ®idkg,).

Finally, to prove (iii), we observe that the existence of (/: (E’,o’) —
(A’,7") obviously implies the existence of ¢: (E,0) — (A, 7). Conversely, if
¢ exists, then by Proposition 7.1 there exists a = (a/, ) € F* = (F')* x K*
such that b, = b/, L (B) is equivalent to b =’ L (o). Taking determinants,
we obtain

detb, =d -B=detb=d=d o in K*/K*°

soa/f € K*?_ Tt follows that b, L (@) is equivalent to b = b" L (), so by
the Witt Cancelation Theorem b/, ~ V', implying the existence of ¢'. (]

Henceforth, we will assume that n is even and (F, o) is an n-dimensional
étale K-algebra with involution satisfying (1) of §1. Then, according to
Proposition 2.2, we have E ~ F[z]/(2? — d) where F = E° is an étale
K-algebra of dimension m = n/2 and d € F*. We write F = @;‘:1 F;,
where F} is a separable extension of K, and suppose that in terms of this
decomposition d = (dy,...,d,). The following result contains assertion (ii)
of Theorem A of the introduction as a particular case.

Theorem 7.3. Assume that for every v € VE there exists a K,-embedding
b (E®k Ky,0 ®idg,) — (AQk Ky, 7 ®idk,)
If the following condition holds
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(o) for any finite subset V. C VX there exists v ¢ V with the property
dj ¢ (Fj @k K,)* for each j < r such that d; ¢ ij2,

then there exists an embedding v: (FE,0) — (A, ). Furthermore, (¢) auto-
matically holds if F is a field.

Proof. We need to show that if for every v € VX, there exists an a, €
(F ®k K,)* such that g, is equivalent to ¢ over K, then there exists an
a € F* such that ¢, is equivalent to q over K. Let ¢ = ¢, for a = 1. For any
v € VE, we have the following equalities of determinants

- . 2
d(q) = d(ga,) = d(q) (in KS/K[7).

It follows that d(§) = d(q) in K*/K*?, and therefore, d(q,) = d(q) for all
a € F*. So, our task is to find an a € F'* such that

(1) qq is equivalent to g over K, for all v € V.X,

(2) hy(qa) = ho(q) for all v € VK,
We will use the following formula (written in the additive notation) for the
Hasse invariant ([3], Theorem 4.3):
(37) ho(qa) = ho(@) + Corpe . e, k. (@, d) Pe i, for all v e V.

Let V be the (finite) set of places of K containing all the archimedean ones
and those nonarchimedean v for which h,(§) # hy(q), and choose vy as in
(¢) for this V. By Lemma 6.4, there exists a € F* such that

(i) aa;! € (F @k K,)** for all v € V, and

(i) (a,d)per, = 1 for allv € VE\ (V U {vo}).

Then (i) implies that ¢, ~ ¢ over K,, and in particular, h,(q,) = h(q),
for all v € V. On the other hand, it follows from (ii) and (37) that for
v e VEN\(VU{v}) we have

hv(Qa) = hv(g) = hv(‘])-
Thus, hy(qa) = hy(q) for all v # vg. But the product formula for the Hilbert

symbol implies that
HhU(Qa) = Hhv<Q) =1,

whence hy,(qq) = hy(q) holds also for v = vg. So, a is as required.

Finally, if F' is a field and d ¢ F X2, then letting L denote a finite Galois
extension of K containing F(v/d), we can choose ¢ € Gal(L/F) which acts
nontrivially on v/d. Then by Tchebotarev’s Density Theorem, we can find
vg € VE\ V such that the Frobenius automorphism of L/K at vg is ¢, and
this vg is as required. O

Corollary 7.4. Let (E,0) = (E',0') ® (K,idk) where E'/K is a field ex-
tension with a K-automorphism o' of order two, n = dimg E. Let A =
M, (K) with an orthogonal involution 1. Then the existence of embeddings
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L: (BE®k Ky,0®idg,) — (A®x Ky, T ®idg,) for allv € VE implies the
existence of an embedding v: (E,0) — (A,T).

This follows from Theorem 7.3 and Proposition 7.2.

Example 7.5. We will now construct an example of an étale K-algebra
E of dimension n = 6 with an involution o satisfying (1) of §1, and an
orthogonal involution 7 on A = Mg(K) such that the local-global principle
for embeddings of (E, o) into (A, 7) fails. (Notice that then Proposition 7.2
enables one to construct a similar counter-example also for n = 7).

We begin with the following general observation. Let K be a number
field, and let a,b € K* be chosen so that F' = K(\/a,/b) is a degree four
extension of K. Let V denote the subset of VX consisting of all archimedean
places, and those nonarchimedean places which are ramified in F/K. Set
Fy = K, F, = K(ya), and di = a, do = b. Let v ¢ V be such that
di ¢ KX° = (FL®g K,)**. Then [K,(va) : K,] = 2. Since FK,/K,
is unramified, hence cyclic, we conclude that K,(v/a,vd) = K,(\/a), i.e.,
dy € K,(va)** = (Fy ®k K,)**. Thus, for every v ¢ V either dy or ds lies
in (F; @k K,)*%.

Let K = Q, and p1, p2 be two distinct primes of the form 4k + 1, with one

of them of the form 8k + 1, such that <p1

) = 1 (one can take, for example,
P2
p1 = 13 and py = 17). Set

FIZQa FQZQ(\/E)v F:Fl@F27 d:(p17p2)

and E = F[z]/(2? — d) with the involution ¢ defined by x + —z. Let ¢ be
the 6-dimensional quadratic form on E corresponding to the bilinear form
Trg/g(ro(y)). Now, Let ¢ be the quadratic form which is equivalent to ¢
over Q, for all v # vy, vy, (including the unique real place), and which has
the Hasse invariant h,(q) = hy(¢) + 1/2 for v = vp,,vp, (in the additive
notation). It follows from [20], Theorem 6.10 in Ch. 6, or [21], Ch.IV, 3.3,
that such a form exists, and we let 7 denote the orthogonal involution on
A = Mg(K) corresponding to (the matrix of) g. We claim that for each
v € V@ there exists a, € (F ®g Q,)* such that the quadratic form g,,,
corresponding to the bilinear form Trg, k (ayzo(y)), is equivalent to g over
Qy, but there is no a € F* such that ¢, is equivalent to ¢. (In view of
Proposition 7.1, this will yield the existence of local embeddings ¢, for all
v € V@, but the absence of a global embedding ¢.)

For the local assertion, we observe that we only need to consider v €
{vpy, vpy }. For v = vy, we pick s € Q such that (s,p1)p, = —1, and then
ay,, = (s,1) € Qp xQyp, (y/P1)* = (F@qQy, )™ is as required. Similarly, for
v = vp,, we pick t € Qp, so that (¢,p2)p, = —1, and then a,,, = (1,¢,1) €

e X Qp x Q) = (F ®g Qp,)* is as required.
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Now, suppose there exists a = (a1,a2) € F* = F[* x F;* such that g, is
equivalent to g over Q. Then

o, (Ga) = oy, (@) + Corpgg, /0, (@A) Fegn,, = hv,, (@) +1/2,

SO CorF®Qpl/Qp1 (a,d)p®QQp1 = 1/2. Since ps € Q;f, we necessarily have

(a1,p1)p; = —1. So, by the product formula, there exists a v # v, such
that (aq,p1), = —1. Since py € Q;f, Rx2, we have v # vp,, V. But it is

easy to see that I’ = Q(,/p1,/p2) is unramified outside V' = {v,,, v, }, so
according to the observation made earlier, since p; ¢ QiQ, we necessarily
have ps € (F2 ® QU)XQ. Then Corpg,q,/q, (@, d)» = 1/2, which contradicts
hv(Qa) = hv(Q) = hv((j)

8. INVARIANT MAXIMAL SUBFIELDS DETERMINE LOCALLY ISOMORPHIC
ALGEBRAS, OF DEGREE A MULTIPLE OF 4, WITH ORTHOGONAL
INVOLUTIONS

Let A be a central simple algebra over a global field K, of dimension n?,

and let 7 be an orthogonal involution of A. In this section, we will deal with
the set J = J(A, 7) of all orthogonal involutions 7 of A such that

for all v € VX. To put this notion in a more traditional context, we recall
that if A = M,,(D), with D being a division algebra, then D itself admits
an involution ~ (which may be trivial) and then any involution v of A can
be written in the form v(z) = Q,'2*Q, where (z;;)* = (Zj;) and Q}, =
+@,. In this case, we let h, denote the corresponding m-dimensional (skew)-
hermitian form. Then, according to Proposition 3.3, we have (A, n) ~ (A, 1)
if and only if the corresponding forms h, and h, are similar, i.e., a scalar
multiple of h,, is equivalent to h,. So, the elements of J correspond to the
(classes of proportional) forms that are similar to h, at every place of K,
and the investigation of J essentially boils down to the Hasse principle for
similarity of forms of a specific type. The analysis of the latter was recently
completed in [12].

For orthogonal involutions v, we either have A = M,,(K), with @, sym-
metric, making h, a quadratic form (split case), or A = M,,(D), with D
a quaternion division algebra, ~ being the canonical involution of D, and
Q, satisfying QF = —@Q,, in this case h,, is a skew-hermitian form (nonsplit
case). It is known (cf. references in [12], or Proposition 8.7 below) that the
Hasse principle does hold for similarity of quadratic forms, which implies
that in the split case J consists of a single isomorphism class. On the other
hand, in the nonsplit case, J often contains more than one isomorphism class
(cf. [12]), and therefore in this section we will entirely focus on this case. In
particular, unless stated otherwise, A will denote an algebra of the form
M, (D), where D is a quaternion division algebra, so that n = 2m. (For
the sake of completeness, we mention that the Hasse principle is known to
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hold for similarity of hermitian forms over quaternion division algebras with
the standard involution, and also for similarity of hermitian forms over di-
vision algebras with an involution of the second kind, cf. [12] and references
therein, so the nonsplit case above is the only case where J may not reduce
to a single isomorphism class.) Our goal is to show that when m is even, the
isomorphism class of each 17 € J is determined by the isomorphism classes of
n-invariant maximal fields in A. To give a precise statement of this result,
we need to make some preliminary remarks and introduce some notations.
First, we observe that the isomorphism (38) leads to an isomorphism

C(A,n) @k Ky, ~ C(A, 1) @k Ky
of the corresponding Clifford algebras for every v € V. In particular,
Z(C(A,n) @k K, ~ Z(C(A, 7)) @ K, forall ve VE,

so by applying Tchebotarev’s Density Theorem we see that there exists a
quadratic étale K-algebra Z such that the center Z(C(A,n)) is isomorphic
to Z for any (A,n) € J. We let V denote the set of all v € V¥ such that

ARk Ky # My(K,) and Z @k K, ~ K, ® K,.

The following theorem, together with Corollary 8.5, implies part (2) of The-
orem B (of the introduction).

Theorem 8.1. Assume that m is even.

(i) Given n € I, there is an n-dimensional n-invariant commutative étale
subalgebra E, of A such that (E,,n|Ey) is isomorphic as algebra with
involution to (Fy[x]/(x? —d),0), where F,, = (E,)", d € FX is such that
de (F,®k KU)X2 for allv eV, and 0 is defined by 6(z) = —x.

(ii) Let n € I and let E, be any commutative étale subalgebra of A with
the properties described in (1). If v € J and there exists an embedding
(Enan’Eﬁ) - (A7V)7 th@n (Aa V) = (Aﬂ?)

We begin by constructing the required subalgebras over the completions
K, forveV.

Lemma 8.2. Let v € V, and assume that m is even. Then for any n € J,
the algebra A, = A Rk K, contains an n-dimensional commutative étale
K, -subalgebra E, which is invariant under n, = 1 ® idg, and for which
there is an isomorphism of algebras with involution

(Ewnv’EU) = (FU[.’IJ]/(.%'Z - 1)7971)7
where F, := E", and 0, is defined by x — —x.
Proof. We have A, = M,,(D,), where D, = D ®k K, is a division algebra
as v € V. We will first construct certain K,-algebras and their embeddings

into Ms(D,). Pick a maximal subfield L, C D,, and let g, € D} be an
element such that Int g, induces the nontrivial automorphism of L,; notice
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that g, = —g, where ~ denotes the canonical involution of D,,. Consider the
algebra C, = L,[z]/(z?—1) with the involution 7, defined by z + —z. Then
(Cy, Ty) is isomorphic to (L, ® Ly,&,), where €, is the involution (a,b) +—
(b,a). Let * be the (symplectic) involution of My (D, ) given by (a;;) — (aj;).
Then the matrix @ = < gO g(;} > obviously satisfies Q* = —@Q), so ¢ given
v
by o(a) = Q7 'a*Q is an orthogonal involution of Ms(D,). Now, it is easy
to check that (a,b) — diag(a,b) defines an embedding
€v: (CyyTy) = (Ly ® Ly, &) — (Ma(Dy),0)

of algebras with involution.

By our assumption, m is even, say m = 2r. Let S, be the direct sum of r
copies of Ly, and let R, = S,[z]/(z? — 1) with the involution 6, defined by
x +— —x. Then, obviously,

(Ro,00) ~ @(Cy, 1) and RI =S,
i=1
For (ai,...,a,) € Ry, where a; € C,, we set
t(ay, ... a,) = diag (ey(a1),...,e(ar)) € My (Dy).
Then ¢, yields an embedding of algebras with involution
(Ry;00) = (Mn(Dy), o) with py(a) = M~ a"M,
where, again, * is defined by (a;;) — (a;) and M = diag(@,...,Q). It

follows from the definitions that i, has discriminant discr(c) = 1 - KX
(cf.[4], Ch.II, §7). On the other hand, since v € V, we have Z ® K, =
K, @ K,, which implies that discr(n,) = 1- KX* (cf.[4], Ch.II, Theorem
8.10). But then (A4,,0) ~ (Ay,ny) (cf.[20], Ch.10, Theorem 3.6 for the
nonarchimedean case and Theorem 3.7 for the real case). Thus, there exists
an embedding (R,, 0,) — (Ay, 1), the image of which furnishes a subalgebra
E, of A, with the desired properties. O

Proof of Theorem 8.1(i). For each v € V, pick a commutative étale
subalgebra F, of A, := A®k K, as in the preceding lemma. Using Proposi-
tion 2.4, we find an n-dimensional n-invariant commutative étale subalgebra
E C A which satisfies (1) of §1 and for which

(E®r Ky, (n|E) ®idg,) ~ (Ey,n0|Ey).
By Proposition 2.2, we have

where F'= E" d € F* and @ is defined by x — —x. Then by our construc-
tion, for every v € V we have

(F @ Ky)z]/(a? — d) ~ (F @k K,)[z]/(2* = 1),
implying that d € (F Qg Kv)x2, as required. O
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Proof of Theorem 8.1 (ii). The argument relies on characterizing the iso-
morphism classes in J as fibers of a certain map 9, which we will now con-
struct. For each n € J we fix an isomorphism ¢,: Z — Z(C(A,n)), and then
let C(A,n, ¢,) denote C(A,n) with the structure of Z-algebra defined using
¢y. Consider the following subgroup

B =[] (Reszorr,/x ([A®x K])) < ][] Br(Z @k Ky).
veV veV
Furthermore, let By be the subgroup of B generated by the element

(Resze i, i, ([A @k Ku) Jvev,

and let B = B/By. This group will be the target of the required map 4. To
define it, we need to fiz an element of J; to keep our notations simple, we will
pick the the involution 7 used to define J = J(A, 7) as the fixed element, but
in fact any other element of J can be utilized equally well. Given n € J, for
any v € V& there is an isomorphism as in (38). Then with an appropriate
choice of an isomorphism ¢: Z @k K, — Z(C(A®Kk K,,n®idg,)), we will
get an isomorphism
C(A O Ky,n® idKU,I/J) ~ C(A Qi Ky, T® idKU7¢T & ide)

of (Z @k K,)-algebras. Using (18) of §6, we see that in Br(Z ® K,,) the
following difference

6(777 (b'r]v ’U) = [C(A®KK'U7 77®1de7 ¢7]®ldKu>]_[C<A®KK'U7 T®idKu7 ¢T®1de)]

equals either 0 or Reszg, k, /K, ([A @k Ky]). In fact, d(n, ¢y, v) = 0 for all
v ¢ V, which leads us to consider the element (6(7, ¢y, v))vev € B. Now, for
a different isomorphism ¢; : Z — Z(C(A,n)), again by (18) in §6, we have
[C(A,n,¢,)] = [C(A,n, éy)] = Resz/rc ([A]).-
This means that the coset
8(n) = (8(n, ¢y, v))vev +Bo € B
depends only on 7, not on the choice of ¢,, and therefore the map
6:3— B, (An)+ dn),
is well-defined.

Lemma 8.3. For n,v € J, the condition 6(n) = §(v) implies that (A,n) ~
(A,v).

Proof. Indeed, 6(n) = 6(v) means that after replacing ¢, with another iso-
morphism ¢, : Z — Z(C(A,n)) if necessary, we can assume that

(39) [C(A> 7, ¢77) QK Kv] = [C(Aa v, ¢l/) QK Kv}

in Br(Z @ K,) for all v € V. At the same time, as we observed above, the
fact that (A,7), (A,v) € J automatically implies (39) for v € V& \ V. Using
the injectivity of Br(Z) — @,cyx Br(Z @k K,), we conclude that

[C(A;n, ¢q)] = [C(A, v, 6],
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and in particular, C(A4,n) ~ C(A,v) as K-algebras. Since in addition we
have

(A®k Ky,n®idg,) ~ (A®kg Ky, v @K K,) forall veVE,

by the result of Lewis and Tignol [11], mentioned at the beginning of §6, we
have (A,n) ~ (A,v). O

Let now n € J, and let E, be a commutative étale subalgebra of A as in
Theorem 8.1(i). Furthermore, let v € J, and suppose that there is an em-
bedding ¢: (Ey,n|Ey,) — (A,v). By Lemma 8.3, to show that (A,7n) ~ (A, v)
it is enough to show that §(n) = d(v). Observing that for the involution 6
in Theorem 3.2 which extends 7|E,,, one can take 7 itself, we see that the
existence of ¢+ implies that there is an a € F,* such that (4,71,) ~ (4,v),
where 7, = noInt a. Then 7, € J and d(n,) = d(v). So, it remains to show
that

(40) 6(1a) = 0(n).

But according to (20) in §6, for any v € VX, we have

[C(A @K Ko, 0 ® idk,, ($n)a ® idg, )] =
[C(A@KKU,77®1de,¢77®1de)]+ResZ®KKU/KUCoan®KKU/Kv(a, d) Py K-
If now v € V, then the assumption that d € (F Q@ Kv)X2 implies that
[C(A®K Ky, 10 ®1dK,, (¢n)a ©1dk, )] = [C(A®K Ky,1 @idk,, ¢y @ idk, )],

ie.,

5(7laa (‘lsn)a’ U) = 5(77’ Cbna U)»
and (40) follows. O

Corollary 8.4. Let A = M,,(D), where D is a quaternion division algebra
over K and m is even, and let T be an orthogonal involution of A. Suppose
we are givenn € J = I(A, 1), a finite set § C VE\V, and for eachv € §, an
n-dimensional (with n = 2m) commutative étale subalgebra E(v) of A, :=
A ®g K, invariant under n, = n ® idg, such that dimg, E° = m. Then
there exists an n-dimensional n-invariant commutative étale subalgebra E
of A with the properties described in Theorem 8.1 (i) (with “E,” replaced by
“E7”), and such that for every v € 8§ we have

(41) E(U) = ggl(E QK Kv)gv fOT‘ a gy € GU(KU)7
where Gy, = SU(A, n).

Proof. Let E; be a commutative étale subalgebra of A as in Theorem 8.1(i),
and for v € V, set E(v) = E,, ® K,. Applying Proposition 2.4 we can find
an n-dimensional n-invariant commutative étale subalgebra F of A such that

E(w) =g, (E @K K,)g, with g, € G,(K,) forall ve€ 8UV.
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Then (41) holds automatically. On the other hand, writing F,) and E in the
form

E, = Fyfal/(z* - d) and E = Fla)/(z* - &),
where I}, = (E,)", F'= E", and d € F,*, d' € F* (cf. Proposition 2.2), we
observe that for v € V, the fact that the isomorphism

¢v: E @k Ky — B(v) = By @k Ky, ar g, ag,,
commutes with 7,, implies that ¢,(F ®x K,) = F, @k Ky, and ¢,(d') €
d-(F,®k K,)*?. Since by our construction, d € (F, ®K K,)*?, we obtain
that d' € (F ®x K,)*?, as required. O

Combining this corollary with the results of [17], we obtain the following
stronger assertion, which we will need in §9.

Corollary 8.5. Keep the notations of Corollary 8.4. Then there exists an
n-dimensional n-invariant commutative étale subalgebra FE of A which has
the properties described in Theorem 8.1(i) (with “E;,” replaced by “E”),
satisfies (41) for all v € 8, and for which the corresponding maximal K-
torus T,, of G, = SU(A,n) is generic over K (“generic” in the sense of §2).
This algebra E is automatically a field extension of K.

Proof. The group G, is semisimple, and we let r denote the number of non-
trivial conjugacy classes in the Weyl group W (G,,, T},). Using Tchebotarev’s
Density Theorem, we choose a subset S C VfK \ (8 UV) of cardinality r so
that G, splits over K, for all v € S. Then, according to Theorem 3 of [17]
(cf. also Theorem 3.1 in [18]), one can pick a maximal K,-torus T'(v) of Gy,
for each v € S, so that every maximal K-torus which is conjugate to T'(v) by
an element of G, (K,), for all v € S, is generic over K. By Proposition 2.3,
T'(v) corresponds to an n-dimensional 7,-invariant commutative étale sub-
algebra E(v) of A, satisfying (1) of §1. Using Corollary 8.4, we can find
an n-dimensional n-invariant commutative étale subalgebra E of A which
possesses the properties described in Theorem 8.1(i) (with “E,” replaced by
“E”) and for which E®g K, is conjugate to £(v) by an element of G,(K,),
for all v € SUS8 (in particular, yielding (41) for all v € 8). Let T}, be the
maximal K-torus of G, corresponding to E. Then T;, is conjugate to T'(v)
by an element of G(K,), for all v € S, hence is generic. The fact that F is
a field extension of K follows from Proposition 2.5. O

Remark 8.6. Assume that m is even, and let  and v € J. Then for any
n-invariant étale subalgebra E of A and any v € V, there is an embedding

(Eerx Ky, (nF)®idk,) — (AQk Ky,n®idg,) ~ (A®k K, , v®idg,).
Now, let Ej; be a subalgebra having the properties described in Theorem
8.1(i); notice that according to Corollary 8.5 we can even choose E, to
be a field extension of K. Then according to Theorem 8.1(ii) there is an
embedding (E,,n|E) — (A,v) if and only if (A,7n) ~ (A,v). Since J typi-
cally contains more than one isomorphism class (cf. [12] in conjunction with
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Proposition 3.3 of this paper), we see that the local-global principle for em-
beddings of fields with involution usually fails for even m.

We close this section with the Hasse principle for similarity of quadratic
forms. As we already mentioned earlier, an important consequence of this
result in our context is that the set J in the split case reduces to a single
isomorphism class. This fact will be used in §9. The Hasse principle in
question is known (cf. [13], [6]), but unfortunately it is not recorded in the
standard books on quadratic forms. So, we decided to sketch the argument
for the sake of completeness, especially since it uses nothing more than
Lemma 6.4.

Proposition 8.7. Let f and g be two nondegenerate quadratic forms of the
same dimension n over a global field K of characteristic # 2. If for every
v e VE there exists \, € K* such that g is equivalent to A\, f over K, then
there exists A € K* such that g is equivalent to Af over K.

Proof. We will use d(-) and h,(-) to denote the determinant and the Hasse
invariant over K, respectively (cf. §7). It is easy to check that

(42) d(Af) = A"d(f) and ho(Af) = (A, 6(f))o - ho(f)

where §(f) = (—1)n(n2_1) ~d(f).

Let now n be odd. Set A = d(g)/d(f). Then d(g) = d(Af) in K*/K**.
For v € VX since g and )\, f are equivalent over K, by taking determinants
we obtain A = A\, in K /ng So, being equivalent to A, f, the form g is
equivalent to A\f over K,, for any v € V. Applying the Hasse-Minkowski
Theorem, we obtain that g is equivalent to \f.

Now, we consider the case of even n. Notice that for any v € VX we have

d(g)/d(f) = d(g)/d(Nef) =1 in KK}
So, d(g) = d(f) in K*/K**, and therefore d(g) = d(\f) for any A € K*.

First, assume that 6(f) € K 2 Then it follows from (42) that for any
v € VE we have

hv(g) = hv()‘vf> = hv(f)7
consequently
hv(g) = hv()\f)
for any A € K*. In particular, this means that ¢ and Af are equivalent
over K, for any A € K* and any v € VfK. Now, choose A € K* so that
Mt e Kvx2 for all v € VK. Then g is equivalent to Af over K, for all
v € VK hence over K.

Finally, we consider the case where 6(f) ¢ K**. Let S C VE be a finite
set of places containing all archimedean ones and those nonarchimedean for
which hy(f) # hy(g). By Tchebotarev’s Density Theorem, we can chose
vo € VE\ V such that §(f) ¢ KUXO2. Then by Lemma 6.4 there exists

A € K* such that A\ ! € KvX2 for all v € S and (A, 0(f)), = 1 for all
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v e VEN (VU{v}). Using (42), we see that hy(g) = hy(\f) for all v # vo.

Since
17 =] =1

we observe that hy,(g) = hy,(Af) as well. Arguing as above, we conclude
that g and \f are equivalent over K. ([

9. APPLICATION TO WEAKLY COMMENSURABLE ARITHMETIC SUBGROUPS

In this section, we will show how our previous results (particularly, The-
orem 8.1) can be used to complete the analysis of weakly commensurable
arithmetic subgroups in the case that was left open in §9 of [18], viz. where
the ambient algebraic group is of type Da,, with r > 3 (for obvious reasons,
type Dy requires a special treatment which will be given elsewhere).

We first recall the notion of weak commensurability introduced in [18].
Let G be a connected semi-simple algebraic group defined over a field F. Two
semi-simple elements 1,72 € G(F') are said to be weakly commensurable if
there exist maximal F-tori 17,7, of G such that ~; € T;(F'), and for some
characters ; of T; (defined over an algebraic closure F' of F') we have

x1(m) = xa2(r2) # 1.

Furthermore, two (Zariski-dense) subgroups I';,I'y (of G(F')) are weakly
commensurable if given a semi-simple element 1 € I'; of infinite order,
there is a semi-simple element v, € I's of infinite order which is weakly com-
mensurable to 1, and conversely, given a semi-simple element 5 € I'y of
infinite order, there is a semi-simple element v, € ['; of infinite order weakly
commensurable to 7s.

One of the central issues in [18] was to determine when weak commen-
surability of S-arithmetic subgroups implies their commensurability, which
in turn led to some interesting results about length-commensurable and
isospectral locally symmetric space (see [19] for a nontechnical exposition of
these results). We used the following definition of S-arithmeticity. Let G
be a connected absolutely simple algebraic group defined over a field F' of
characteristic zero. Suppose we are given a number field K, an embedding
K — F, and an algebraic K-group Gg such that the F-group rGg obtained
from G by extension of scalars is F-isomorphic to G. Then we have the em-
bedding ¢ : Go(K) — G(F') which is well-defined up to an F-automorphism
of G. Two subgroups I, T” of G(F) are said to be commensurable up to
an F-automorphism of G if there exists an F-automorphism o of G such
that o(I”) and T are commensurable in the usual sense. Now, given a
subset S C V& containing VX, but not containing any nonarchimedean
places where Gy is anisotropic, the subgroups of G(F') commensurable with
(Go(Ok(5))) (where Og(S) is the ring of S-integers of K) up to an F-
automorphism of G, are called (Go, K, S)-arithmetic. We showed in [18§]
that if I'; is a Zariski-dense (G;, K, S;)-arithmetic subgroup of G(F') for
1 = 1,2, then the weak commensurability of I'; and I's implies that K1 = Ko



44 PRASAD AND RAPINCHUK

and S1 = S2 (Theorem B), and then their commensurability up to an F-
automorphism of G is equivalent to the assertion that G; ~ Gy over K
(Proposition 2.5 of [18]). Furthermore, we showed that the latter follows
from weak commensurability of I'; and T’y if G is of type different from A,,,
D,,, and Eg. On the other hand, we showed that groups of types A, (n > 1),
D,, (n odd), and Fg contain weakly commensurable, but not commensu-
rable, S-arithmetic subgroups (cf. Examples 6.5, 6.6 and §9 in [18]). The
only ambiguity left in [18] involved the groups of type D,,, with n even. We
are now able to show that as far as weak commensurability, these groups
behave like “good groups,” at least when n > 4.

Theorem 9.1. Let G be an absolutely simple algebraic group of type Doy,
where r > 2, defined over a field F of characteristic zero. If G(F) contains
Zariski-dense weakly commensurable (G;, K, S)-arithmetic subgroups T'; for
1=1,2, then G1 = Go over K, and hence I'y and I'y are commensurable up
to an F-automorphism of G.

The proof of the theorem relies on Theorem 8.1 and a connection, valid
over arbitrary fields, between weak commensurability of elements and iso-
morphism of commutative étale subalgebras associated to the corresponding
maximal tori, which we will now describe. So, for i = 1,2, let A; be two
central simple algebras over the same (infinite) field K, of dimension n?, en-
dowed with orthogonal involutions 7;, and let G; = SU(A;, 7;). Furthermore,
let F//K be a field extension such that

(A1 ®K F,m ®idp) ~ (A2 @k F, 72 ®1dp);

we will denote this common F-algebra with involution by (A, 7), letting
G = SU(A, 7). In the sequel, we will view the groups G;(K) as subgroups
of the group G(F). We refer the reader to §2 for the definition of a generic
(over K) maximal K-torus T; of G;.

Proposition 9.2. Assume that n > 8 and let L; be the minimal Galois
extension of K over which G; becomes an inner form. Furthermore, let E;
be a T;-invariant mazimal commutative étale subalgebra of A; satisfying (1)
of §1, and let T; be the corresponding maximal K-torus of G;. Assume that

(a) L1 = Lg;
(b) Ty is a generic mazimal K-torus of G.

If there exists an element v; € T1(K) of infinite order which is weakly com-
mensurable to some v2 € To(K), then (Ey1, m1|E1) ~ (Eg,m2|E2) as algebras
with involution.

Proof. We begin with the following lemma, which is valid for all n > 3,
n # 8, and also for symplectic involutions.
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Lemma 9.3. (1) Let F//K be a field extension, and let ¢: G1 — G2 be an
F-isomorphism of algebraic groups. Then ¢ extends uniquely to an isomor-
phism

¢: (A @k F,m ®idp) — (A2 @k F, 72 @ idp)
of algebras with involution.

(2) If p: G1 — Gy is a K-isomorphism of algebraic groups such that o(T})
Ty, and the restriction o|Th is defined over K, then (Eq,71|E1)
(Eq,m2|E2) as algebras with involution.

1l

Proof. (1): Let F be an algebraic closure of F. Since both involutions are
orthogonal, there exists an isomorphism

Vi (A1 @k F, 1 @idgp) — (A2 ®k F, 72 @ idg)

as algebras with involution. Welet ¢: G; — G4 denote the induced isomor-
phism between the special unitary groups, and observe that a := ¢~ o ¢ is
an F-automorphism of G;. But it is well-known that any F-automorphism
of G1 = SU(Aj1,71) is conjugation by a suitable h € Hi(F) where Hy :=
U(A1,71). (Indeed, over F', we have Gy ~ SO,, and H; ~ O,. If n is odd
then Gy is of type B,, and every automorphism of G; is inner. For n
even, since by our assumption n # 8, the group of outer automorphisms
of G has order two, and on the other hand, conjugation by any element
h € Hi(F)\ G1(F) does give an outer automorphism of G1. Thus, any F—
automorphism of G; equals conjugation by an element of Hl( F). ) So,
can pick h € Hy(F) such that ¢ = 1 o Int h. Then & := ¢ o Int h is an
isomorphism (41 ®k F,m @ idg) — (A2 @k F, 7 ® idg) of algebras with
involution. It is easy to check that G;(F) spans A; ®x F as a F-vector
space, so the Zariski-density of G;(F) in G; (cf. [2], 18.3) implies that G;(F)
spans A ® F' as a F-vector space. Since ¢(G1(F)) = Ga(F), we see that
0(A1 ®g F) = Ay ®k F, as required.

(2): By (1), ¢ extends to an isomorphism ¢: (4; @ K, ® id) —
(A2 @ K, 72 ® idg) of algebras with involution. Since ¢(T1(K)) = T»(K)
and FE; coincides with the K-subalgebra generated by T;(K) (cf. the proof of
Proposition 2.3), we obtain that ¢(E;) = E2, and assertion (2) follows. O

To prove Proposition 9.2, we plck simply connected coverings Gi 15 G of
G defined over K, and set T; = p; ' (T3). In view of our assumptions (a) and
(b), the fact that v; and 72 are weakly commensurable implies the existence
of a K- isomorphism Q: G1 — G5 such that <p|T1 is an isomorphism of
Ty onto T defined over K (cf. Theorem 4.2 and Remark 4.5 in [18]). Since
n > 8, we automatically have p(ker 1) = ker ug, and therefore ¢ descends
to a K-isomorphism ¢: G — Gg such that ©|T1 is defined over K. Then
our assertion follows from Lemma 9.3(2). O



46 PRASAD AND RAPINCHUK

The following proposition is an important step in the proof of Theo-
rem 9.1.

Proposition 9.4. For i = 1,2, let A; be a central simple algebra over a
number field K, of dimension n?, where n > 3, n # 4, endowed with an or-
thogonal involution T;, and let G; = SU(A;, 1;). Assume that for some finite
S c VK, there are weakly commensurable (G;, K, S)-arithmetic subgroups

(i) A1 ~ Ay (in other words, A; and Ay involve the same division algebra
in their description);

(ii)) (A1 ®x Ky, 71 Qidg,) ~ (A2 Qg Ky, 70 ®1dg,) for all v € VK,

(We exclude n = 4 here because if n = 4, the corresponding special
unitary groups are semi-simple but not simple, which prevents us from using
the results of [18]. See, however, Corollary 9.5 where n = 4 is not excluded.)

Proof. (i): For n odd, we have A; ~ M, (K) ~ Aj, and there is nothing
to prove. So, assume that n is even and write A; = M,,(D;) for some
quaternion central simple K-algebra D;, where m = n/2. To show that
Dy ~ Dy (which will prove our claim) it is enough to show that D; and Do
are ramified at exactly the same places. But the weak commensurability
of I'y and G9 implies that G; and G9 have the same Tits index over K,
for all v € VE ([18], Theorem E). On the other hand, it follows from the
description of the Tits index of a group of type D,, (cf.[22]) that the first
node on the horizontal limb of the Dynkin diagram is circled in the Tits
index of G;/K, if and only if D; @ x K, ~ My(K,), and the required fact
follows.

We let D denote the common quaternion algebra involved in the descrip-
tion of A; and Ag, and assume (as we may) in the rest of the proof that for
n even, A; and Az coincide with A = M,,(D).

(ii) First, we will dispose of the case where n is odd. Let us assume in this
paragraph that n is odd. Then Ay = Ay = M,(K), and 7;(z) = Qi_lxtQi
with @); symmetric, 1 = 1,2. Let ¢; be the quadratic form with matrix Q).
We need to show that for any v € VX, the forms ¢; and ¢ are similar
over K, (cf. Proposition 3.3). As G; and G2 have the same Tits index over
K, (cf.part (i)), they have the same K,-rank, and therefore the forms ¢;
and ¢o have the same Witt index over K,. For v € VX this immediately
implies that g; is equivalent to ¢, as required. Let now v € VfK . Replacing
one of the forms by a proportional form, we can assume that d(q1) = d(q2)
in K /KUX2 (cf. (42)). We can write ¢; = ¢! L ¢? where ¢ is hyperbolic
and ¢} is anisotropic over K,. Then ¢f and ¢§ have the same dimension ¢
(which can only be 1 or 3) and the same determinant. But then ¢f and ¢§
are equivalent: for ¢ = 1, this is obvious, and for ¢ = 3 it follows from the
fact that, up to equivalence, there is a unique anisotropic ternary quadratic
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form of a given determinant. Thus, q; and gy are equivalent over K,, and
the required isomorphism in (ii) follows from Proposition 3.3.

Let now n be even, m = n/2 and A = M,,(D) where D is a quaternion
central simple K-algebra. To handle this case, we recall that if L; denotes the
minimal Galois extension of K over which G; becomes an inner form, then
the weak commensurability of I'; and 'y implies that Ly = Ly ([18], Theorem
6.3). It follows that the involutions 71 and 79 have the same discriminant
(equivalently, the same determinant). Let now v € VX be such that D, =
D®g K, is a division algebra. Write 7; in the form 7;(z) = Qi_lx*Qi, where
(xi;)* = (Z;) and ~ is the standard involution of D, for some nondegenerate
skew-hermitian matrix Q; € M,,(D), and let h; be the corresponding skew-
hermitian form. Then Ay and ho have the same discriminant, and therefore
are equivalent over D, : for v nonarchimedean this follows from Theorem
3.6 of [20], Ch. 10, and for v real it follows from Theorem 3.7 of loc. cit.. As
above, this leads to the required isomorphism.

Finally, we consider the case where D, ~ My(K,), and hence A ~
M, (Ky). Then the involutions 7; ®id g, , which for simplicity we will still de-
note 7;, can be written in the form 7;(z) = Q;lxtQi for some nondegenerate
symmetric matrices Q; € M, (K,). Let ¢; be the quadratic form with matrix
Q;. As above, we conclude that ¢; and go have the same Witt index (over
K,) and the same determinant: d(q;) = d(g2), or equivalently the same
discriminant: 6(g1) = 6(q2) where 6(q) = (=1)™? - d(q), and to establish
our claim we need to show that ¢; and ¢o are similar over K,. If v € V}K ,
then the mere fact that ¢; and ¢o have the same Witt indices implies that
q1 is equivalent to +¢o, yielding the required fact. Let now v € VfK It is
well-known that there is a unique anisotropic quadratic form over K, in
four variables, this form is the reduced-norm form of the unique quaternion
division algebra over K, and its discriminant is 1- Kvx2. This implies that if
o€ KvXZ, then the two equivalence classes of n-dimensional quadratic forms
have different Witt index, hence in our situation ¢; and go must be equiva-
lent if their common discriminant § satisfies the above condition. It remains
to consider the case where the common discriminant ¢ ¢ KUXQ. Let g be any
n-dimensional quadratic form with discriminant J, and let A € K be such
that the Hilbert symbol (4, ), = —1 (which exists as § ¢ Kvx2) Then it fol-
lows from (42) that the Hasse invariant h,(Aq) = —h,(q), which means that
the forms ¢ and Ag represent the two equivalence classes of n-dimensional
forms of discriminant §. This, clearly, implies that in our situation ¢; and ¢
are similar, as required. ([

We are now in a position to prove part (1) of Theorem B.

Corollary 9.5. (of the proof of Proposition 9.4) Let A; and Az be two cen-
tral simple K -algebras of dimension n > 3, endowed with orthogonal involu-
tions 11 and o respectively. Assume that (A1,11) and (A2, T2) have the same
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isomorphism classes of n-dimensional commutative étale subalgebras invari-
ant under the involutions and satisfying (1) (i.e., for any n-dimensional
T1-invariant commutative étale subalgebra FEy of Ay satisfying (1), there ex-
ists an embedding (E1,11|E1) — (A2, T2), and vice versa). Then

(1) Al ~ AQ;
(ii) (Al Qi Ky, 71 ® ide) ~ (AQ R Ky, T ®idKU) for all v € VE,

If n is even, then the same conclusions hold if A1 and As just have the same
isomorphism classes of maximal fields invariant under the involutions.

Proof. We begin by establishing in our set-up the two properties of the
K-groups G; = SU(A;, ;) that played the key role in the proof of Proposi-
tion 9.4:

(a) kg, G1 =1kg, Go for all v € VE .

(B) L1 = Lo, where L; is the minimal Galois extension of K over which G;
becomes an inner form.

To prove («) we basically repeat the argument given in the proof of The-
orem 6.2 in [18]. More precisely, by symmetry it is enough to show that

(43) l"ka G1 < I‘kKU GQ.

Let T (v) be a maximal K,-torus of of G that contains a maximal K,-split
torus, and let E;(v) be the corresponding commutative étale subalgebra of
A1 ®k K. By Proposition 2.4, there exists a 7 -invariant commutative étale
subalgebra E; of A satisfying (1) of §1 such that the corresponding K-torus
T; is conjugate to T1(v) by an element of G;(K,); in particular, rkx, 11 =
rkg, T1(v). By our assumption, there exists an embedding (E1,71|E1) —
(A2,72), which implies that there is a K-embedding 77 — G2, and (43)
follows.

Next, we observe that the argument given in the proof of Theorem 6.3 in
[18] shows that (/) is a consequence of (). Indeed, there exists a finite subset
S of VK such that Gy and Gy are quasi-split over K, for any v € VX \ §
(cf. [15], Theorem 6.7). Then () implies that a place v € VE \ S splits in
L, if and only if it splits in Lo, and then L; = Lo by Tchebotarev’s Density
Theorem.

We will now use («) and (3) to prove (i). We only need to consider the
case of even n, and we then write A; = M,,(D;) where m = n/2 and D;
is a quaternion central simple K-algebra. It is enough to show that D;
and Do are ramified at the same places, which by symmetry reduces to
showing that if v € V& and Dy, := D; @k K, is a division algebra, then
Dy, := Dy QK K, is also a division algebra. Assume the contrary. First, let
us show that G9 is K-isotropic. This is obvious if n > 4 and v € VfK. If

v E VTK , then our assumption that Dy, is a division algebra implies that G
is K-isotropic (cf. [20], Ch. 10, Theorem 3.7). But then, by (a), G2 must
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also be Kj-isotropic. It remains to consider the case n = 4 and v € VfK .
Here we need to use () and the description of L; in terms of discriminant
([4], Ch. 2, Theorem 8.10). The unique anisotropic quadratic form in four
variables over K, has determinant (which coincides with its discriminant)
1- Kvx2, so if G5 happens to be K-anisotropic, then v splits in Lo. But then
v must split in Ly, which means that the binary skew-hermitian form over
D, corresponding to 71 has determinant (discriminant) 1~KUXQ. However, it
is known that any such form is necessarily isotropic ([20], Ch. 10, Theorem
3.6). So, G1 is K,-isotropic, contradicting («).

Now, the assumption that Ay @ K, = M, (K,) and G is isotropic means
that (As ®x Ky, 72 ® idg,) is isomorphic to (M, (K,),o2) where oa(x) =

5 7tQq with Qo = diag(R,T) and R = ( (1) (1) ) . Notice that if € is the
nontrivial K,-automorphism of K, @ K,, then the map (a,b) — diag(a,b)
defines an embedding (K, ® K,,¢) — (M(K,),p) where p(x) = R~ 'a'R.
Using Proposition 2.4 we now see that there exists a n-dimensional 7o-
invariant commutative étale subalgebra Fy of A satisfying (1) of §1 such
that (E2 @k Ky, (12|E2) ®idk,) contains (K, & K, €) as a direct summand.
By our assumption, (Fs,72|E2) can be embedded into (Aj,71). But then
A1 ®k K, contains an n-dimensional commutative étale subalgebra which
has K, & K, as a direct summand which, by Proposition 2.6, contradicts
the assumption that Dy, is a division algebra.

Once (i) has been established, the rest of the proof of Proposition 9.4 relies
only on the properties («) and (), and therefore carries over verbatim to
our situation. Finally, we observe that arguing as in Corollary 8.5, we see
that the subalgebras E used in the above argument can be chosen so that
the corresponding K-torus 7T’ is generic. If n is even, then such an F is
automatically a field extension of K (Proposition 2.5), so effectively our
argument only relies on the assumption that A; and As contain the same
isomorphism classes of maximal fields invariant under the given involutions.

O

Remark 9.6. It easily follows from Proposition 2.3 that if A; and As have
the same isomorphism classes of n-dimensional commutative étale subalge-
bras invariant under the given involutions, and satisfying (1) of §1, then
G1 = SU(A1,71) and G2 = SU(Ag, 72) have the same isomorphism classes
of maximal K-tori. The latter, in turn, has the following implication: pick
S C V& so that it contains all archimedean places and G;g := [[,cg Gi(Kv)
is noncompact for ¢ = 1,2; then the S-arithmetic subgroups I'y of G1(K)
and I's of Go(K) are Zariski-dense and weakly commensurable (cf. [18], the
proof of Theorem 7.3). So, in those cases where Proposition 9.4 applies
(i.e., where char K = 0 and n # 4), it immediately gives the assertions of
Corollary 9.5. The above restrictions result from the fact that the proof of
Proposition 9.4 relies on our results on weak commensurability which were
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formulated in [18] for simple groups over number fields. Thus, in order to
show that the relevant results, namely Theorems 6.2 and 6.3 of [18], remain
valid in the general case, we partially included their proofs in our proof
of Corollary 9.5. Notice the latter (in contrast to the proof of Proposition
9.4) does not rely on the properties of Tits index (hence is independent of
Theorem E of [18]).

Using the fact that for A = M,,(K) and any orthogonal involution 7, the
set J = J(A, 7) reduces to a single isomorphism class (Proposition 8.7), we
obtain the following interesting consequence of Proposition 9.4.

Corollary 9.7. Let A;, i = 1,2, be central simple algebras over a num-
ber field K, of dimension n?, where n > 3, n # 4, given with orthogo-
nal involutions 1;, and let G; = SU(A;,7;). Assume that for some finite
S c VK, there are weakly commensurable (G;, K, S)-arithmetic subgroups
Ty of Gi(K). Then, if one of the algebras is isomorphic to M,(K), the
groups G1 and G are K-isomorphic, and therefore the S-arithmetic groups
I’y and T'y are commensurable.

Proof of Theorem 9.1. There exist central simple algebras with orthogo-
nal involutions (A1, 7;) and (As, 72) over K, of dimension n?, where n = 4r
and r > 2, such that G; = SU(A;, 7;). We need to show that the existence of
Zariski-dense weakly commensurable S-arithmetic subgroups I'y of G (K)
and 'y of Go(K) implies that (Aj, ) ~ (Az,72). According to Proposi-
tion 9.4(1), A; and Ay involve the same division algebra D in their descrip-
tion. If D = K (i.e. A; = Ay = M, (K)), then the assertion of the theorem
follows from Corollary 9.7. So, we can assume in the rest of the proof that
D is a quaternion division algebra over K, and A; and Ay coincide with
A = M,(D) where m = 2r. Let J = J(A, 1). Then, using Corollary 8.5,
one can find for each n € J, an n-dimensional n-invariant commutative étale
subalgebra E, of A satisfying (1) of §1 so that if T}, is the corresponding
maximal K-torus of G\, = SU(A,n), then the following conditions hold:

(a) Ey is as in Theorem 8.1(i);
(b) T, is generic (in the sense of §2);

(c) (Ty))s = H T, (K,) is noncompact.
veS

Indeed, first assume that there exists vy € SNV, where V C VX is the set
introduced prior to the statement of Theorem 8.1. Then applying Corollary
8.5 with § = () we find a subalgebra E, such that (a) and (b) hold. To
see that (c) holds automatically in this case, one needs to observe that
since (Ep,n|E,) = (Fy[z]/(x* — d),0) (notations as in Theorem 8.1) and
d € (F) @k Ky,)*?, there is a K, -isomorphism T}, ~ Ry @5 Koy /Koy (GL1):
implying that T}, (Ky,) is noncompact. It remains to consider the case where
SNV = (). Since G has a Zariski-dense S-arithmetic group, the group G g is
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noncompact, i.e., there exists vy € S such that G1(Ky,) is noncompact. But
the groups G and G, are isomorphic over K,,, so G(Ky,) is noncompact
as well.> Then G, contains a maximal K -torus Ty such that Ty(K,,) is
noncompact, and we let E(vg) denote the corresponding commutative étale
subalgebra of A ® K,,. Applying Corollary 8.5 to § = {vp}, we can find
E,, so that both (a) and (b) hold, and in addition

(En QK Ky, (77 ® idKUO)|En KK Kvo) = (E(UO)u (77 ® ideO)‘E(UO))'
Then T;, ~ Tj over K,,, implying that T (K,,) is noncompact and yielding

().

Now, let 171 := 717, in the above notations. Then T} is K-anisotropic,
hence the quotient (71)s/T1(0(S)), where O(S) is the ring of S-integers
in K, is compact ([15], Theorem 5.7). Since, by (c), (71)s is noncompact,
the group 71(0(S)) is infinite, and therefore there exists an element v, €
T1(K)NT'y of infinite order. By our assumption, -y; is weakly commensurable
to some semi-simple v € I's. Let T5 be a maximal K-torus of G2 containing
2, and let E7 and F5 be the n-dimensional commutative étale subalgebras
of A corresponding to 77 and T» respectively. By Theorem 6.3 of [18], we
have L1 = Lo, where L; is the minimal Galois extension of K over which G;
becomes an inner form. So, condition (b) above warrants the application of
Proposition 9.2, from which we get (E1, 71|E1) ~ (E2, 72| E2). In particular,
there is an embedding (F1,71|E1) <— (A, m2). Due to condition (a), we can
apply Theorem 8.1(ii), whence (A, 1) =~ (A, 72), as claimed.

Remark 9.8. Theorem 9.1 implies that if K is a number field and G is a
connected absolutely simple K-group of type Do, with > 2, then any K-
form G’ of G having the same set of isomorphism classes of maximal K-tori
as G, is necessarily K-isomorphic to G; see the proof of Theorem 7.3 in [18].
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