ASYMPTOTIC EXPANSIONS IN THE FREE CENTRAL LIMIT
THEOREM.

G. P. CHISTYAKOV!3 AND F. GOTZE>*

ABSTRACT. Based on an analytical approach to the definition of additive free convolu-
tion on probability measures on the real line we prove free analogs of Esseen’s expansions
for sums for independent identically distributed random variables in classical Probability
Theory.

1. INTRODUCTION

In recent years a number of papers are investigating limit theorems for the free convo-
lution of probability measures (p-measures) defined by D. Voiculescu. The key concept of
this definition is the notion of freeness, which can be interpreted as a kind of independence
for non-commutative random variables. As in the classical probability where the concept
of independence gives rise to the classical convolution, the concept of freeness leads to
a binary operation on the p-measures on the real line, the free convolution. Many classical
results in the theory of addition of independent random variables have their counterpart
in this theory, such as the law of large numbers, the central limit theorem, the Lévy-
Khintchine formula and others. We refer to Voiculescu, Dykema and Nica [39] and Hiai
and Petz [22] for introduction to these topics. Bercovici and Pata [8] established the dis-
tributional behavior of sums of free identically distributed random variables and described
explicitly the correspondence between limits laws for free and classical additive convolu-
tion. Using subordination functions for the definition of the additive free convolution
Chistyakov and Gotze [18] generalized the results of Bercovici and Pata to the case of free
non-identically distributed random variables. It was shown that the parallelism found by
Bercovici and Pata holds in the common case of free non-identically distributed random
variables (see [10] as well). This approach allowed to obtain estimates of the rate of con-
vergence of distribution functions of free sums. An analog of the Berry-Esseen inequality
was proved for the semi-circle approximation in [18]. For related results see [23].
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In this paper we obtain an analogue of Esseen’s expansion in the Central Limit Theorem
(CLT for short) for free identically distributed random variables, based on the method of
subordination functions. In addition we shall give a bound for the remainder term in this
expansion.

The paper is organized as follows. In Section 2 we formulate and discuss the main
results of the paper. In Section 3 we formulate auxiliary results. In Section 4 we give
a formal expansion in the Free CLT and in Sections 5 and 6 we prove Esseen’s expansion
in the CLT for free identically distributed random variables.

2. RESULTS

Denote by M the family of all Borel p-measures defined on the real line R. On M
define the compositions laws denoted % and H as follows. For pi,us € M, let the p-
measure [ * flo denote the classical convolution of p; and py. In probabilistic terms,
141 * o is the probability distribution of X 4+ Y, where X and Y are independent random
variables with distributions p; and py respectively. The measure pq H py on the other
hand denotes the free (additive) convolution of p; and py introduced by Voiculescu [37]
for compactly supported measures. Free convolution was extended by Maassen [27] to
measures with finite variance and by Bercovici and Voiculescu [6] to the class M. Thus,
w1 B o is the probability distribution of X +Y, where X and Y are free random variables
with distributions p; and po, respectively. There are free analogues of multiplicative
convolutions as well; these were first studied in Voiculescu [38].

Let 1 be a p-measure. Define my(p) = [pu"p(du) and  By(p) = [, [ul? p(du),
where £ =0,1,... and ¢ > 0.

The classical CLT says that if X, X5,... are independent and identically distributed
random variables with a probability distribution p such that my(p) = 0 and me(p) = 1,
then the distribution function F),(z) of

X1+ X+ -+ X,
= NG

tends to the standard Gaussian law ®(z) as n — oo uniformly in .

A free analogue of this classical result was proved by Voiculescu [36] for bounded free
random variables and later generalized by Maassen [27] to unbounded random variables.
Other generalizations can be found in [7], [8], [18], [23]-[25], [32], [41]. When the as-
sumption of independence is replaced by the freeness of the non-commutative random
variables X7, X, ..., X,,, the limit distribution function of (2.1) is the semicircle law w
which has the distribution function with the density p,(z) = 5=/(4 —2?)4, z € R,
where ay := max{a,0} for a € R.

Denote by ¢(z) = \/%e*ﬁ/z and by Hp,(z) := (—1)me*" /24 c=2*/2 the Hermite

dx™

Y, :

(2.1)

polynomial of degree m.



Esseen’s Expansions in Free Probability Theory 3

Let {X;, j = 1,...} have moments of arbitrary order. For the distribution function
F,(z) there exists a formal expansion in a power series in 1/4/n [20], [33]:

F,(z) = Z QW : (2.2)

where

km
=2 Hpizenala Hk (o)

and 7,, is the cumulant of order m of random varlable X;. In the last equality the summa-
tion on the right-hand side is carried out over all non-negative integer solutions (k1, ..., k)
of the equalities k; + 2ky + -+ + pk, = p and s = k; + --- + k,. Note that Q(z) =
—mz (1) Ha(z) /6.

In terms of characteristic functions (2.2) has the form

e}

, = P,(t
/ et dF,(v) = e 2+ Y nm(/2>e—t2/2, (2.3)
where .
/ ¢ dQu(x) = P(t)e /2

If B5(p) < 0o, Esseen [19] proved that F,,(z) has a valid asymptotic expansion described
as follows.

If the independent random variables {X;, j = 1,...} have the same non-lattice distri-
bution p with finite third moment, then

Fole) = (o) = "G Halo)ola) + o(1/v0) (2.4)

uniformly in x.
If the independent random variables {X;, j = 1,...} take values in an arithmetic
progression {a + kh;k = 0,%+1,...} (h being maximal), then, uniformly in z,

1 m x an
Seelo) (- 8 po) (B - ) wol1vA), (25)
where T'(z) = [z] — 2z + 1/2.
If Br(p) < oo for k > 3, then there are generalizations of the asymptotic expansions
(2.4) and (2.5) under additional conditions on the characteristic functions of X; [33].
An analytical approach using subordination functions allowed us to give explicit es-
timates for the rate of convergence of distribution functions of (2.1) in the case of free
random variables. We demonstrated this (see [18]) by proving a semicircle approximation
theorem (an analogue of the Berry-Esseen inequality [33], p. 111). In this paper we shall
prove Esseen’s expansion in the semicircle approximation theorem.
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We now formulate the main results of the paper. As before we denote by F,,(x) the dis-
tribution function of Y,, where X, are free random variables with the same distribution
p. Assume as well that X; have moments of arbitrary order and my(p) = 0, ma(p) = 1.
We denote by p, the distribution of Y,,. Denote by U,,(x) the Chebyshev polynomials of
the second kind of degree m, i. e.,

sin(m + 1)6
Un(x) =Uy, 0) = ————, =1,2,....
(x) (cos0) g m
It is easy to see Uj(x) = 2x, Us(z) = 42% — 1, Us(z) = 4x(22% — 1).

It turns out that there exists an analogue of the formal expansion (2.3) for F,(z). To

formulate it we need the following notation. For p € M, define its Cauchy transform by

Gu(z) = / u(dm)’ zeCH, (2.6)

z—XT

R

where C* denotes the open upper half of the complex plane. A formal expansion has

the form

By(Guw(2))
G“n(z) = Gw(Z) + ; W, (27)
where
B Gl 2.8
k(2) = Zcp,mm (2.8)
with coefficients ¢, ,,, which depend on the free cumulants as(u), ..., agy2(p) and do not

depend on n. Free cumulants will be defined in Section 3. Here we note that as(u) =
ms(p) and ay(p) = my(p) — 2. The summation on the right-hand side of (2.8) is carried
out over a finite set of non-negative integer pairs (p,m). The coefficients ¢, ,, can be
calculated explicitly. For the case k = 1,2 we have

3

By(z) = 043(#)1/;_ .
and
5. = (ot = ) 7
ag(p) (5 3+132° o (14277
2 ey '(1/z_z)3)' (29)
Note that

BulGule) = 2L GL (o) = —astr) [ a(30nte/Dput)). zeC @210
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If a3(pe) = 0, then

Bg<Gw<z>>=Jj§f)G4< / iU /2pule). zeCt @1

To obtain an analogue of Esseen’s expansion for F),(z) for free identically distributed
random variables X1, ..., X, we need the following notations.

Consider the three-parameter family of p-measures {fi,pq4: @ € R,b < 1,d < 1} with
the reciprocal Cauchy transform

——=a+ 1((1 +b)(z—a)+ /(1 =b)2(z —a)? —4(1 — d)), zeC, (2.12)
Gl .0 (2) 2

which we will call the free centered (i.e. with mean zero) Meixner measures. In this
formula the branch of the analytic square root should be determined by the condition
that Sz >0 = $(1/G,,.(2)) > 0. These p-measures are an analogue of the classical
p-measures discovered by Meixner [31]. The p-measures of free Meixner type occured in
many places in the literature, see [3], [13], [14], [15], [26], [30], [34]. Saiton and Yoshida [34]
have proved that the absolutely continuous part of jiq 4 is

V41 —d) — (1 = b)2(z — a)?
2mf(x)
ona—2y/1—-d/(1-b) <z <a+2v1—d/(1-0), where f(z):=bz*+a(l—b)xz+1—d;
the measure may also have a discrete part up in the following cases:
1. if f(z) has two real roots y; # o, then

(2.13)

UD = )\16y1 + )\25y2, (214)
where

1 1—d
A= —yl) . j=1,2 2.15
; W2(1_@2_45(1_61)( o l), (2.15)

2. if b =0 and a # 0, then
1—d 1—d
=(1— ——— h =— . 2.1

Ho < a2(1 —b)2>+5y’ WHEEE Y T =) (2.16)

Saiton and Yoshida proved as well that for 0 < b < 1 the (centered) free Meixner
measure [, q is B-infinitely divisible, i.e., for every integer n there exists a p-measure v,
such that p,pq = v, Br, B--- By, (n times). Note (see Bozejko and Bryc [13]) that
Hapd =W if a =b=d = 0; 1434 is the free Poisson type measure, which is also known as
Marchenko-Pastur measure [28], if b = d = 0 and a # 0; a4 is the free Pascal (negative
binomial) type measure if b > 0 and a*(1 —b)? > 4b(1 — d); papq is the free gamma type
measure if b > 0 and a?(1 — b)? = 4b(1 — d); ap.q is the pure free Meixner type measure
if b> 0 and a*(1 —b)? < 4b(1 — d).
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Introduce the quantities
¢ = min{q, 4}, @ :=q —11/3, g¢3:=min{q, 6}, q = g3 —16/3.

Note that go > 0 for ¢ > 11/3 and g4 > 0 for ¢ > 16/3, respectively. In the sequel
we denote by ¢ different positive absolute constants in different (or even in the same)
formulae.

We denote as well

N m3(:u’) bn = 7 dn = 3

- v n n

By the well-known moment inequality

L ma(p) ma(p)
ma(p) ma(p) ms(p)| =0
ma(p) ma(p) ma(p)

(see [1]), we conclude that my(u) — 1 — mZ(u) > 0 in the case where my(p) = 0 and

ma(p) = 1. Therefore the lower bounds b, > 0 and d,, > 0 hold. In addition we have
b, <1 and d, <1 for n > my(p) — mi(pn). Consider the p-measures fiq, 00 and fig, b, d, -
Thus the p-measures (i, ,.4, May be the free Pascal, the free gamma and the pure free
Meixner type measures.

Let b, > 0. Note that the polynomial f,(z) = b,2% + a,(1 — b,)z + 1 — d,, has two
real roots ¥y, and ys, in the case a(1 — b,)? — 4b,(1 — d,) > 0 and these roots satisfy
the inequalities |y;,| > 1, j = 1,2, for n > 4(my(p) + m3(u) +1). Using (2.14) and (2.15)
we see that the discrete part of pu,, 4, 4, is equal to zero for n > 4(my(p) +m3(p) + 1).

Let b, = 0 and a,, # 0. We see from (2.16) that in this case the discrete part of 14, 4, 4,
is equal to zero for n > 2(my4(p) + m3(p)).

Thus, it follows from Saiton and Yoshida’s results that the p-measures p,, 00 and
Ha, o, are H-infinitely divisible and they are absolutely continuous with a density of
the form (2.13) for n > 4(my4(p) + m3(u) + 1).

Now we can formulate an analogue of Esseen’s expansion in the Free CLT.

Theorem 2.1. Assume that the free random wvariables X;, j = 1,..., have the same
distribution p such that B,(p) < oo with some ¢ > 11/3 and my(p) =0, mo(p) = 1. Then
there exists a positive absolute constant ¢ such that

(102 By, (p)) '+
sup | F () — pa, 00((—00,2))| < ¢ n(lqi3q2/5)/2 , neN, (2.17)

z€R

where a, = ma(u)/\/n.

Note that go > 0 may be arbitrary small which explains why we can not include
102(+1/22) into the absolute constant c.
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Corollary 2.2. Under the assumptions of Theorem 2.1 there exists a positive absolute
constant ¢ such that

1
Fu(@) = pu((=00,2)) = 5auUs(2/2)pu(2) + pu(2), (2.18)
where the remainder term p,1(x) admits the bound
(102, (1))
lpn1(z)| < c n<1qi3qz/5)/2 , zeR, neN (2.19)

Before formulating the second result denote by v a signed measure with the density

pla) = 5= ~ DA D), ceR (2.20)

Theorem 2.3. Assume that the free random variables X;, j = 1,..., have the same
distribution p such that B,(pn) < oo with some ¢ > 16/3 and my(u) =0, ma(u) = 1. Then
there exists a positive absolute constant ¢ such that

1 (1026, (1)) /0

SUD [ (%) = Han o (=00, 7)) = Zv((=00,2))| < e—— 1 , neN (2.21)

The quanity g, > 0 may be arbitrary small therefore we can not include 102(1/2+2/a)
into the absolute constant c.

Corollary 2.4. Assume that the assumptions of Theorem 2.3 are satisfied. Then there
exists a positive absolute constant ¢ such that, for all real x,

Fn(ZE + an) = Iuw((—OO, J}))

atl o r  a, T b,—a?—1/n__ x
+ (- Z0(5) + F6B-U(5) - —EE(F) )pule) + pa(a)
(2.22)
where ) vy
(10° By, () /=20
lpn2(2)| < ¢ (ZH%/‘* , z€R, neN. (2.23)
If ms(p) = 0 this formula has the following simple form
m -2 x
Fu(@) = muf(—00,2)) = P20 (D) ) 4 o), (221)

We see from (2.7) and (2.10) that the first two summands on the right-hand side of
(2.7) are Cauchy’s transform of a finite signed measure from the right-hand side of (2.18).
Moreover, in the case mg(p) = 0 the first three summands on the right-hand side of (2.7)
are Cauchy’s transform of a finite signed measure from the right-hand side of (2.24). But
in the case ms(u) # 0 the third summand on the right-hand side of (2.7) can not be
a Cauchy transform of a signed measure ¢ which is finite on every bounded interval and
Jg 1¢(du)|/(1 4 |u|) < oo. We will prove this in Section 4. The relation (2.22) gives us
the correct expansion in the case ms(u) # 0.
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Remark 2.5. Using our method of the proof of Theorems 2.1 and 2.3 we could not ob-
tain free analogue of the Esseen asymptotic expansions with a remainder term of order
O(ns%ﬂ) with v > 0. This problem remains open.

Comparing (2.18) and (2.22) with (2.4) and (2.5), we note that in Free CLT in contrast
to the classical CLT the asymptotic expansions (2.18) and (2.22) have the same structure
for non-lattice and lattice p-measures .

3. AUXILIARY RESULTS

We need results about some classes of analytic functions (see [1], Section 3, and [2],
Section 6, §59).

The class N (Nevanlinna, R.) is the class of analytic functions f(z) : C* — {z: Sz >
0}. For such functions there is the integral representation

tﬂ@:a+bz+/1fﬂzﬂm0:a+hz+/<

R R

1 U
u—2z 14+u?

)u+u57mm, zeCt,

(3.1)
where b > 0, a € R, and 7 is a nonnegative finite measure. Moreover, a = Rf(¢) and
T(R) = Sf (i) — b. From this formula it follows that

f(z)=(b+0(1))z (3.2)
for z € C* such that |Rz|/Sz stays bounded as |z| tends to infinity (in other words
z — 0o non-tangentially to R). Hence if b # 0, then f has a right inverse f(= defined
on the region

Lop:={z€C":|Rz|] <aSz, Sz > 3}
for any o > 0 and some positive § = G(f, a).
A function f € N admits the representation

f(z) = /M, z € CH, (3.3)

u—=z
R

where o is a finite nonnegative measure, if and only if sup,>; |y f(iy)| < oc.

For 1 € M, consider its Cauchy transform G, (z) (see (2.6)). Following Maassen [27]
and Bercovici and Voiculescu [6], we shall consider in the following the reciprocal Cauchy
transform .

F.(2) = =——.
+2) Gu(2)
The corresponding class of reciprocal Cauchy transforms of all u € M will be denoted by
F. This class coincides with the subclass of Nevanlinna functions f for which f(z)/z — 1
as z — oo non-tangentially to R. Indeed, reciprocal Cauchy transforms of p-measures
have obviously such property. Let f € N and f(z)/z — 1 as z — oo non-tangentially
to R. Then, by (3.2), f admits the representation (3.1) with b = 1. By (3.2) and (3.3),
—1/f(z) admits the representation (3.3) with o € M.

(3.4)
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The functions f of the class F satisfy the inequality
Sf(z) > Sz, zeCT. (3.5

is an analytic function on I'y, g with the property 3¢, (z) < 0 for z € T', 3, where ¢,(z
is defined. On the domain I', 3, where the functions ¢,,(z), ¢,,(2), and ¢, @, (2) ar
defined, we have

)
The function ¢,(z) = F,S_l)(z) — z is called the Voiculescu transform of p and ¢,(2)
)
e

Pur B (2) = Pr (2) + P (2)- (3.6)
This relation for the distribution py B pe of X + Y, where X and Y are free random
variables, is due to Voiculescu [37] for the case of compactly supported measures. The re-
sult was extended by Maassen [27] to measures with finite variance; the general case was
proved by Bercovici and Voiculescu [6].
Assume that (u) < oo for some k € N. Then

1 1
Gu(z):_+m1(u)+..._|_mk(’u)+o< ), z—00, 2€q1.

> 52 Sk+1 Sk+1
It follows from this relation (see for example [24]) that
as(p) ap(p) 1

Gu(z) = ar(p) + . +- 4 pore —|—0<Zk_1), z— 00, z€ 1. (3.7)

We call the coefficients o, (i), m = 1,..., k, the free cumulants of the p-measure p. It is

easy to see that ai(p) = ma(p), aa(p) = ma(p) —mi(p), as(p) = ma(p) —3ma(p)ma(p) +
2m3(p). In the case my(u) = 0 and ma(p) = 1 we have ay(p) = 0, as(p) = 1, asz(p) =
ma(p) and au(p) = ma(p) — 2.

If 1 € M has moments of any order, that is Gx() < oo for any k € N, then there exist

cumulants oy, (), m = 1,... and we can consider the formal power series
— (1)
Su(2) = o (3.8)
m=1

In addition ¢,(z) satisfies (3.7) for any fixed & € N. If u has a bounded support, ¢,(2)
is an analytic function on the domain |z| > R with some R > 0 and the series (3.8)
converges absolutely and uniformly for such z.

Voiculescu [40] showed for compactly supported p-measures that there exist unique
functions Zy, Zy € F such that G, m,,(2) = G, (Z1(2)) = Gy(Z2(2)) for all z € CF.
Using Speicher’s combinatorial approach [35] to freeness, Biane [12] proved this result in
the general case.

Chistyakov and Gotze [17] and Bercovici and Belinschi [4] proved, using complex ana-
lytic methods, that there exist unique functions Z;(z) and Zs(z) in the class F such that,
for z € CT,

2= 21(2) + Z5(2) = Fu (Z1(2))  and  F, (Z1(2)) = Fiiy (Z:(2)). (3.9)

The function F),, (Z1(z)) belongs again to the class F and there exists a p-measure p such
that F,, (Z1(z)) = F,(z), where F,(z) = 1/G,(z) and G,(z) is the Cauchy transform as
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in (2.6). We can define the additive free convolution in the following way 1 B s := p.
The measure p depends on gy and s only. The relation (3.6) follows immediately from
(3.9) and we see that this definition coincides with the Voiculesku, Bercovici, Maassen
definition. Hence we have the equivalence of a ”characteristic function” approach and
a probabilistic approach to the definition of the additive free convolution.

Specializing to py = pg = -+ = p, = p write py B ... p, = p"®. As shown in [17],
(3.9) admits the following consequence.

Proposition 3.1. Let p € M. There exists a unique function Z € F such that
z=nZ(z)— (n—1)F,(Z(z)), ze€CH, (3.10)
and F.e(2) = Fu(Z(2)).

Let 4 and v be finite signed measures such that pu((—oo,z)) — 0 and v((—o0,z)) — 0
as r — —oo. In the sequel we consider such finite signed measures only. Denote by v
the total variation of the finite signed measure v. Denote by A(u,r) the Kolmogorov
distance between the signed measures p and v, i.e.,

A(Ma V) ‘= sup ‘:u((_oo> l‘)) - V((_OO7 :U))’
zeR
Define the Cauchy transform G, (z) of the finite signed measure v in the same way as in
(2.6). Furthermore, we shall need the following inequality for the Kolmogorov distance
between signed measures in terms of their Cauchy’s transforms.
Let I = [a,b], where —oo < a < b < c0. Given 0 < & < (b—a)/2 introduce the interval
I.=la+¢eb—¢]

Lemma 3.2. Let v be a finite signed measure with the support on [a,b] and pu be a p-
measure such that

/\y«—oo,g;)) — u(—o00,2))| dz < o0. (3.11)

Then there exists an absolute constant ¢ such that, for any 0 < v <1 and ¢ > 10w,

IGIE/Q

Av,p) < c/ |Gy(u+1) — Gu(u+i)|du+c sup ([xz — 10v, 2 + 10v])
R

1

+cv(R\ 1) + ¢ sup /(Gy(x +iu) — G (x + tu)) du|.

CCEIE/Q

This lemma is a simple extension of Corollary 2.3 in Gotze and Tikhomirov [21]. Since
the proof of the lemma is similar to the proof of Corollary 2.3, we omit it.
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4. FORMAL ASYMPTOTIC EXPANSION IN THE FREE CLT

In this section we deduce the formula (2.7).
By Proposition 3.1, there exists Z(z) € F such that (3.10) holds, and F,.=z(z) =

Fu(Z(2). Hence Fy(2) = Fu(y/nSa(2))/\/, = € CF, where S,(2) i= Z(y/ii2) /. We
see from this relation that
Su(2) = Fpi, (2) + 8u(VnF,, (2))/V/n
for z € I'y g with some a, 8 > 0. On the other hand we conclude from (3.10) that
z n—1

Sn(z) ==+

n n

F,.(2), zeC*.

The last two equations give us

F..(2) + Vno,(v/nF,, (2) = z, 2z €Tup
Consider the function f(z) := z + nou(v/nz), z € I'y g with some 3 > 3, and define

the function

g(z) = %(f(z) + v/ f2(2) — 4), z€Tlap, (4.1)

where we choose the branch of the analytic square root by the condition Jg(z) > 0 for
z € T p. It is easy to see that g(z) = 2(1 4 o(1)) as z — oo non-tangentially to R. In
addition g(z) satisfies the relation

o)+ o = F (@) =5 2eTus 4.2
We deduce from (4.2) that
9 (2)) = Fu(2),  z€Tap.
Since the function g(z) has a right inverse ¢~ (2) in I'y gv with some 3" > /', we have
F,.(2) = g"Y(F,(2)), z€Tl,pn, where (" >p3" (4.3)

Let p € M such that all moments of y exist. In addition let m;(p) = 0 and mo(p) = 1.
Consider the formal power series in z

- Oék+1
\/_¢“ \/_Z Z n(k=1) /2zk’ (4.4)
k=1
where a(p), K = 1,2,..., are free cumulants of the measure p and the formal power
series of g:
g(z) =z+ Z o (4.5)
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In our case (1) = 0, aa(p) = 1, a3(p) = ms(p) and ag(p) = my(p) — 2. Using (4.2) and
(4.4), (4.5) we obtain the following relation for the considered formal power series

a1 = ay, SN g1 (1
Z+Z§+;<1_ Zk+1+<zzk+1> _"'>_Z+Z kl/QZk
k=0

It follows from this relation that ag = 0, a; = 0 and

k—3
1o a
ay — Qp_o + Zasak,s,g — e (=)t = nl(g%l()ﬁ/?’ k=23,.... (4.6)
s=0

We have from (4.6) the relations as = az(u)/v/n, ag = au(p)/n. In addition we obtain
from (4.6) by induction that

Ags = ai/(:—lb) +O<#>, and a1 = a4?iu) _= 1)2<S —2) oc%i,u) + O(#) (4.7)

asn — oo fors=2,....
Now consider the formal power series for the right inverse ¢t (z)

_ — by
D (2) :z+zg.
k=0

Rewrite the relation g(g(~"(2)) = 2 in the form

o0

Using the formula

we finally get

e N = (k=145\ /o= bn \*
Suey g et ) (S ) -

We obtain from this equality that by = by = 0,by = —ay and

b, —i—am—i-ZakZ < _HS) S by =0, m=3,....
s=1

mi+-+ms=m—k—s

(4.8)
Moreover it is easy to deduce from (4.7) and (4.8) that
1 Oég( )

bam = =t + O 575) = - N O<n3/2> (4.9)
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and
m—2

1
bam-1 = —agm-1 + 2 ; $A2sbom—2-25 + O<W>

vy n;—2 m+1)a3 1
) @) o1y

for m = 2,.... It remains to note that

1 1 1 — by = by \2
_ Sy ()
gD (2) Z+Ziioﬁ—’i z< 0Zk+1 T sz-H

and we can write the formal power series in 1//n

1 1 =Bil/2)
g<71><2)—;+2 nk/2

Taking into account the relations (4.9) and (4.10), we easily conclude that

k=1

oo

Bu(1/2) = as() 3 g = asli0) 5 -

m=2

and

+ (S ) ) = (o - foio)s

In view of (4.6) and (4.8), we see as well that By(z) are functions of the form

Bu(1/2) = 3 ey ——

2P (z—1/2)m

13

(4.10)

with coefficients ¢, ,, which depend on the free cumulants as(p),. .., axr2(p) and do not
depend on n. The summation is carried out over a finite set of non-negative integer pairs
(p,m). The coefficients ¢, ,, can be calculated explicitly in the way as for the functions

B(1/z) and By(1/2).
Hence we deduce from (4.3) the formal expansion

o0

Gpn(2) = () + 3 BGul2))

k2
k=1

(4.11)
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Using the integration by parts, it is not difficult to verify that

2

s = =20 [

:_ag(m/ 1 d(%UQ(I/2)pw(x)>, ceCt (412)

Z—XT

On the other hand we see that if a3(u) # 0 then the function By (G, (2)) is not the Cauchy
transform of some signed measure. Indeed, it is easy to see, using direct calculations, that

By(Gy(2)) = 2(2(21%(/”2)3/2 +9(z), zeC, (4.13)

where the function g(z) is analytic on C* and there exists finite limits, for every —oo <
t <ty < 400,

to
lifg/gg@%—iy) dx. (4.14)
Yy ;
In addition we note that
2
1
li R dr = 0. 4.15
i) S v —apE = (419)
3/2

Assume now that By(G,(2)) is a Cauchy transform of a real-valued function w(z) of
bounded variation on every bounded interval and such that

[e.e]

|dw ()]
il

Then, by Stieltjes—Perron’s inverse formula [1], we have

to
t —w(ty — t —wih — 1
Wt +0) —w(t2—0)  w(ty +0) —w(ty —0) —lim— | SBy(Gu(z +iy))de. (4.16)
2 2 yl0 T
t1

Assuming in (4.15) ¢; := 3/2 and t5 := 2, and taking into account (4.13)—(4.15), we arrive
at a contradiction.
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If ag(p) = 0, then

2
as(p) 4 ay(p) [t —422+2 dx
By(Gul2) = W) i ;) =
— 9 — 3 _
vzt —4 LA Vd—x* z-T

2

:—a4(/¢)/ ! d<£U3(x/2)pw(m)>, zeCr. (4.17)

zZ—XT

-2

5. ESSEEN’S EXPANSION IN FREE CLT (THE CASE [(,(1) < oo, ¢ > 11/3)

In this section we prove Theorem 2.1. In the sequel we denote by ¢ positive absolute
constants and by cg, c1, ... explicit positive absolute constants. In addition we denote by
6 real-valued quantity such that |6] < 1.

Proof of Theorem 2.1. For n € N introduce the following quantities

sy = [ ) and pleni= [l uld, e0
ful <3 > 1/

Let us prove that, for n > ng := 4(10%8,, (1) /B3(1))?/ (@ =1/3)

% < Balp,n) < My Ba(p)(n/4)Y° and  py(p,n) < My By(p)(n/4)72 (5.1
with
My, = (B3(1)/ By (1)) (n/4) /27110 > 102, (5.2)
To prove (5.1) we see that

n/4)1/6
[ wtutaw = [l ) < 5 ) e = BRI

lul<$vn lul<ivn

Moreover

[l ) < (o @ g ) < 5, o))
>3V ful> 4 Vi
Ba(p) (n/4) ™

- e (5.3)

Since M,, > 102 for n > ng, we have from (5.3) that

[l uta) =

lul<3vn

=W

, n > ng.
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Then, using Lyapunov’s inequality ﬁtl/t(p) < ﬁsl/s(,u) for 0 <t < s and pu € M, we have
the bound

1< [ WPutdo < @l < v ([t adan)
lul<3vn lul<3v/n

3/4

from which it follows the lower bound

/ u* p(du) >

lul<iyn

y n>n0.

| —

Thus, (5.1) is proved.
Using Lyapunov’s inequality G, (1) > ﬁgl/ %(11), we easily obtain from the definition of
M,, the upper bound

M, < (Vn/Bs(p))® 1P, neN, (5-4)

Recall that we denote by u, the distribution of Y,, in (2.1) for the free random variables
X;. By Proposition 3.1, G, (z) = 1/F,, (z), z € C*, where F, (z) := F,(Z(y/nz))/v/n.
In this formula Z(z) € F is the solution of the equation (3.10).

Consider the functions

S(z) = 5z 4+ VE), Su(2) = Z(VAz) VA

1
Sp1(z) = an+§(z—an—|— (z—an)2—4>, 2 € CT.
Note that 1/5(2) = G, (2), where w denotes Wigner semicircle measure. Since S, € F,
we saw in Section 3 that there exists a p-measure v, such that 1/5,(z) = G,,(2). In
addition, it is easy to see, that 1/5,1(2) = G, (%), where fi,1 := 14, 0,0-

Using (2.6), we write, for z € C*,

Z(2)Gu(Z(2) =1+ Z21(Z> + 221(2) / ;(g)(ciui — 1+ zzl(z)
1 5 1 ud p(du) 1 ut p(du)
v | et | i See | e
lul<3vn lul>3v/n lul<3v/n

The equation (3.10) may be rewritten as

G.(Z(2)) <Z(z) - z) = (n—1)(1 - Z(2)G,(Z(2))), =€ C*. (5.6)
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By (5.5) and the definition of S, (z), we represent (5.6) in the form

(1 * nSg(z) N ;g%(é)))(Sn(z) —2)

n—1 1

for z € C*, where

R lu|>1y/n

u' p(du) 3
a(2) = _umew) du).
ra) = [ A= [t
<L ym ful>1 v
The functions r,;(2), j = 1,2,3, are analytic on C* and with the help of the inequality
SZ(y/nz) > \/nSz, z € Ct, (compare with (3.5)) admit the estimates, for z € C*,

B3 (1) 1 3 _ pslpsm)
) < L e € <aem [ ful uta) = 2R

ul>1y/n

and

1
VnSz

[t + i) - ﬁjggj T palpm).

lul<ivn

[7ns(2)] <

(5.8)

We assume that n > cony, where ny = 4(10%3,, (1))¥% with ¢o := q; — 11/3 and ¢ is
a sufficiently large positive absolute constant. Denote by Ls,, := (3(u)/+/n the Lyapunov
fraction. We see that L, < 1/\/@ and M,, > 10? for n > con;.

We deduce from (5.7) the following relation

S3(2) — 282(2) + (1 + €n1(2))Sn(2) + n2(2) =0, 2z € CH, (5.9)

where

e (2) = %r’”(z) +— lrn2(2) and  epa(z) 1= m\g/(ﬁ”)

+ 1p4(2) 1= an + 104(2)

with

By (5.8), we obtain

Balp,m) | palp,m) 2] Lsn\ | Lsn
raa(2)] < = 5=+ NG +;(1+ >+ , z€CH (5.10)
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For every b > 0 and d > 0, introduce C; := {z € C: Sz > b}, Dypg := {z € C:
b <SGz <1, |Rz] <d} and Di(R,1) = {2 € C: 1< 32 < Ry, | Rzl < Ry}, where
R, = cflL;i/3 with ¢; = 0(2)/3/10.
Consider Dy, 4 with
t1:=c1L3 /Ty, where T, := ME/B.

By (5.8), (5.10) and

M, < 22/333(u)n*/® = 2*3 Ly ,,n*? (5.11)

which follows from (5.1), we have, using again (5.1),

Tnl 1 P3 (M; n) > Tnl 1
. <m(Z < = 5.12
[em (2)] < cl (n + Ba(p) / = Mpn/3 pp2/5p1/3 ( )
and
Ba(p, )Ty 1+ T 1 41/%

(2) < L n(l - ) < L5, (5.13
el < v aLyn TR T T M) = B T (>13)

for z € Dy := Dt1’4 U D1<Rn1).
For every fixed z € C* consider the cubic equation
P(z,w) := w® — 20”4+ (1 + £,1(2))w + €,2(2) = 0.

Denote roots of this equation by w; = w;(z), j = 1,2, 3.
We shall show that for z € Dy the equation P(z,w) = 0 has a root, say w; = wi(z),
such that

wp = —€n3<2) + T’n5<Z>, (514)
where €,3(2) := €,2(2)/(1 4+ €,1(2)) and the quantity r,5(z) admits the following bound
75 (2)] < Blena(2)[*(|2] + 1) (5.15)

Indeed, consider the circle |w + ,3(2)| = r, where 7 := 5|e,3(2)|?(|z| + 1). Since, by
(5.12) and (5.13),

1
10’

we have r < |g,3(2)|/2 for the considered z. Introduce now the polynomials P(w) :=
w3 — zw? and Py(w) := (1 + 41 (2))w + ena(2) = (1 + €,1(2))(w + €,3(2)). They admit
the following estimates

P(w)] < ol + [2lluf < (ea(:)1/2) + |2l (Bw(2)1/2) < (3lwm(2)1/2) (121 +1)

and

1
Slens(2)(12] + 1) < 10lena ()] (121 + 1) < 10(—m—+2Ls, ) (|2 +1) <
Mn n1/3

|[Pa(w)] = 1+ em(2)llw + ens(2)] = (1 = lens(2))r = 5 (lens(2)])*(12] + 1)

Do | Ot
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on the circle |w + e,3(2)] = r. Hence |Pi(w)| < |Py(w)| on this circle and the desired
result follows from Rouché’s theorem.
In addition we obtain from (5.13)—(5.15) the bound

i (2)] < 10( 2 € Ds. (5.16)

1
M2/ + L3’n>’
Since P(z,w) = P3(z,w)(w — wy), where
Py(z,w) = w?® — (z —w)w + 1+ 1 (2) — wi(z — wy),
we see that the other two roots wq, w3 of P(z,w) satisfy the relations
wy +wz =2z —wy,  wawz=1+¢u(2) —wi(z—w)
By (5.12) and (5.16), 5/6 < |ws||ws| < 7/6 for z € Dy and one of these roots, say ws,
satisfies the inequality |ws| > 1/5/6. Then |wq| < 7/4/30 < 7/5 and we have |ws| < |z[+2.
Therefore |ws| > 5/(6(|2]42)) > 2L§7/3 for z € D,. Hence, by (5.16), w; # we and wy # w;

for z € D,.
Describe a domain in C*, where wy # ws. Note that wy = ws for z € D5 such that

(z —wp)? —4(1 4+ £,1(2) —wi(z —wy)) = 0. (5.17)

We conclude from this relation that z = £24/1 + ,1(2) + w? — w;. Therefore, as it is
easy to see, (5.17) does not hold for z € D3, where D3 := Dy, 5, U D1(R,1) and

M= 02(1/(M3/5”1/3) + Ls,),

where ¢y is a sufficiently large absolute constant. We choose it later.

Since the equation P(z,w) = 0 has the unique solution w;(z) with values in the circle
lwq| < 10(1/(M72/5n1/3) +L37n) for all z € D3, we obtain, by the implicit function theorem
(see [29], p. 109) and the monodromy theorem, that wi(z) is an analytic single-valued
function on D3 such that |wy(2)] < 10(1/(M3/5n1/3) + Ls,,) there.

Now we see that the roots ws and ws have the form

w; = %(z —wp + (1)1 g(z)>, j=2,3. (5.18)

where g(2) := (z — wy)? — 4 — 4e,1(2) + 4w (2 — wy) # 0 for 2 € Ds. In this formula
we choose the brunch of the square by the condition \/g(i) € C*. Since S,(z) € F and
satisfies the equation (5.9), we see that S, (z) = ws(z) for z € Ds.

Represent w; in the form wy = —a,, + rp6(2), where

ap — En2(2) + angni(2)
Tne(2) := - + 7n5(2),

and therefore it admits the estimate

1Tn6(2)] < 2|rna(z)] + 2M|<€n1(z)| + |rns(2)], 2z € Ds. (5.19)

NG
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Now we rewrite (5.18) in the following way

wj = %(z +a, + (=177 (2 +an)? — 4 —4dan(z +a,) + rn7(z)) — %rnﬁ(z)
=a, + %(z —ap + (=17 (2 —a,)? — 4 — 4a2 + rn7(2)> — %rng(z), Jj=2,3,
(5.20)
where
rn7(2) = —4en1(2) + (22 + 6a, — 3rp6(2) )16 (2)- (5.21)

We need to estimate the quantities 7,6(z) and r,7(z) in the domain Dy, 4. First we
note, by (5.1), (5.8), (5.10) and (5.11), that

Ly /1 22/3 2L3.,,
len(2)] < 57 (ﬁ N Mnnl/?’) S Ml (5.22)
and - ; .
3,n 3.n
|7“n4(2)| < —Mnn1/3%z E’ |En2(2)| < m + 2L37n. (5.23)
By (5.15) and (5.23), we have
1 2
2
|7’n5<2)| S CL3,n <1 + (m) > (524)

Finally we obtain from (5.19), using (5.22) — (5.24),

+ CL2 S Dt1,4-

3,n
(5.25)
It remains to note that from (5.21), (5.22), and (5.25) it follows that (5.25) holds for
the function r,7(z). In addition the constant ¢ in (5.25) does not depend on the constant
Co.
Repeating the previous arguments we arrive at the following estimates for z € Dy(R,).
We easily have (see (5.22) and (5.23))

1 2 cL cL
2 3,n 2 3,n
rne(2)] < CL&”(Mnnl/?’%Z) + M,n'/3Sz +ely, < JVRTERT

2L3,
leni(2)] < Monl/3 (5.26)
and
3Ls,, 2|z 2|z
ra()l € s 22 e < oLy 22 (5.27)
Further we deduce )
z
s (2)| < c(L;n + |n—|2) 12]. (5.28)
In addition as before we obtain
|Z|2 C‘Z| CLS,n
Tne(2)] < C<L§,n + ?> 2] + PR VAYE (5.29)
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and

[ 2l Lsn
rar(2)| < e (L + T3 o1+ o+ 575 ) 2l (5.30)

Our next step is to evaluate
G,U‘nl (Z) - GVn (2) and GVn (Z) - G/J'n (Z)

for z € Dy, 2, and Sz = 1.
For z € D3, using the formula (5.20) with j = 3 for S,(z), we write

1 r Sp1(2) — Sp(2)
Sn(z) Snl( ) Sn1<Z>Sn(Z)

4a — rp7(2)

1 1
Sp1(2)Sn(2) \2 ( rae(2) + V(iz—a,)? =4+ /(2 —ay)? —4—4a2 + rn7(z)>
From (5.25) it follows for r,7(z) that

(5.31)

Tn 1 2

1 2
(@) < e 370 + ) =5 * Bin)

for z € Dy, 2—,. Therefore, for these z, taking into account that c, is sufficiently large,

we obtain
4a? — rp7(2)
(z —a,)?—
Hence we have, for the same z,
[V (z—a,)?—4+ \/(z —ap)? —4 —4a2 4 ru7(2)|
:|\/(z—an)2—4||1—i—\/1—(4a%—rn7(z))/((z—an )| > v/ (z —an)? —4]. (5.32)

Note, using (5.30), that the bound (5.32) holds for z € D;(R,,;) as well. In addition, as

we saw before, |S,(2)] = |ws(2)| > /5/6 for z € D,. The same estimate holds obviously
for |S,1(2)|. Therefore we can conclude from (5.31) and (5.32) that

1

c ( 1 ny ) < 1
> " M3/5n1/3 3n | = 10

1 1 ‘

/‘G”"@ i) = Gy (2 +w)‘ du = w(z +iu) B Sp1 (T + 1u)

t1
1

2 .
< c/ (Iras (@ + )| + —~ * (@ 4 i)l ) du (5.33)
; IV (z — ap, +iu)? — 4
1
for —2+y <ax<2—.
From (5.4) and (5.25) it follows at once
log(M,,/Ls ) |log L |

[ st + i)l < L b L) < el fL) (63

M,nt/3 M, nl/3
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for 2+v <z <2—7.
From (5.4) and (5.25) for the function r,7(z) we conclude that, for the same z,

1
az + |rpr(x + )| d <ca/ /|rn7 x%;z::
|\/a:—an—|—zu) 4| Vi ) ey
1

9 CL37n du 2 CLS,n lOg(M /LS,n)

t1

1
< _ . .
<cLsy <L3,n + YT | log L3,n|> (5.35)

It follows from (5.34) and (5.35) that, for =2+ <z <2 — v,
. . 1
/ ‘Gl,n (x +iu) — G, (x+ Zu)‘ du < cLs,, <L3,n + W| log L3m|>. (5.36)

By the simple estimate |S,1(u +4)| > v 1+ u?, u € R, and (5.31), (5.32), we obtain

Rnl Rnl
1 Ny @+ rar(u 1) du
— — du<c (rn uw+1)| + = > )
/ n(u‘|‘2) Snl(U+Z ‘ / | 6( )| A1+ u? V1 4+ u?
*Rnl *Rnl
(5.37)
From (5.29) we conclude
) Ll 10g Ly,
Tne(U + 17 2 2/3 —2/3 cLi3p|log L3y
/ ﬁ du S CL37nL + L3 n + L + Mnn1/3
7Rn1
4/3 1/3 |log L3 n| 4/3
<Lt (1 s T) < Ly, (5.38)
By (5.30), in the same way we deduce
Rnl 9 i
/ On T Yfi; T gu < L. (5.39)
_Rnl
Hence we finally have from (5.37)—(5.39)
Rnl
G, (u+1)—G, (u+1 du<cL4/3. 5.40
n Hnl
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Now we conclude from (5.5) that

G (2) — G, (2) = 7;;8((;) zeCt, (5.41)
where .
rns(2) ; rm(2) (5.42)

- nS2(z)  nS2(z)
Since |S,(2)| > 1/5/6 for z € D3, we see from (5.8) that

2 2Ls,
ras(2)l < —+ == 2€ Dy (5.43)
Therefore, we deduce from (5.43) and (5.4), for =24+ v; < x <2 — 4,
1 st + )
. . rng(T + 2u
G —q, ) duy < [ InslE ]
/‘ (T 4 100) (2 +iu) u_/\Sn(a:+iu)]
t1 t1
c c
< —(1 + Ly log(Mn/Lgm)) << (5.44)
n n
In addition
Rn1 Rna | ( )| Rna
. . Tpg(U + 17 _ c
/ ‘Gun(U—FZ) — G,,n(quz)‘ du < / mdu < / s (u + 1) du < 7
—Rn1 —Rn1 —Rn1
(5.45)

It remains to estimate |G, (v + 1) — G, (u +1)| for |u| > R,,1, using the bound
|G (w4 0) = Gy (u+ D) <Gy (u+0) = Gy (u+ 9] + |G, (u+14) = Gy, (u + 1)

+ |Gy, (u+1) — Gy, (u+1)|. (5.46)
In the first step we note that
, o 1S d) — Spi(u )] ||
s (u+8) = Gule 0 = Tor T @+ )] = 1S+ )][Ser(u 1)
219 val 2 L
+ _ It 2|an| V1 Fu 4 < S5 (5.47)
1S(u+)|[Su(u+9)||/(u+i)2—4+/(u—a,+i)2—4] ~ 1+u
Therefore we conclude from (5.47) the upper bound
/ G (4 8) — G+ )| du < L3, (5.48)

|u|>Rn1
From (5.5) we see that the function S,,(z) satisfies the approximate functional equation

1= Tno(2)

Sn(2) — 2= 5.0

(5.49)
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for z € (C;r/2 ={z€ C: 3z >1/2}, where

1\ 1
rno(2) i =1— (1 — —> 7 (2)
1+ re(z)
Here r,9(z) is an analytic function on z € C, /o Which, by (5.8) and (5.43), is bounded as
follows

1
170 (2)] < 2(5 Flr (2)] + ]rng(z)|> < 6Ly, z€Ch, (5.50)

Solving the equation (5.49), we see that
1
Sul2) = 5(2 2 VIR), 2Ty,

where f,,(2) := 2% —4+4r,9(z). Note that the function f,,(2) is non-zero on the half-plane
C{)- Indeed, let f,(w) = 0 for some w € C{,. Then, by (5.49), Sy(w)* — wS,(w) =
—w?/4 and we have S,(w) = w/2. But the function S,(z) satisfies the inequality

ISu(2) > Sz, 2z € Ct, a contradiction. We define the function /f,(z) on Cfﬂ, tak-
ing the branch of \/f,(z) such that \/f,(i) € C*. Since S,(z) € N, we see that

Sul2) =3 (2 + V) for 2€Cy,
For z € (CI“/Q, using the previous formula for S,(z) and S(z) = 3(z + V22 — 4), we
write
L1 _S5E)=5F_ 1 2ro(2) (5.51)
50 50 505G 505G ve—iive-irian O
Since, for z = u + 4, u € R, the inequality |2? — 4| > (u + 1) holds, we obtain from
(5.50) the following upper bound

Tno(2)

»2

12L3,, <

1 x
— = 1. D2
T 1+ (R2)?2 T 10 . (5.52)

Hence we get, for Sz =1,

V= /2 = 4 A ()] = VI — A1+ T+ A (2) /(2 = 4)] 2 V27 -
Using this estimate we deduce from (5.50) and (5.51), for Sz = 1,

1 i 1 |rn9( )| 1 < 24L3n 1 (5 53)
Su(2) ST V22 =4[1SES()] T T+ (R2)2 [S(2)]]Sn(2 '

Since, for u € R, max{1l,v1+u? -1} < ]S(u +1)] < V1+u?+ 1, the relation (5.53)

leads to the following estimate, for u € R,

24L
m<8u+z — S <19, (u i
|S(u+ )] o < [Sn(u+1)|
24L
<|S(u+1) + —2 < V1 +u?+2. (5.54)

V14w
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Now we conclude, using (5.53) and (5.54),

. . du L3,n 7/3
/ |G, (u+1) = Gy, (u+1i)| du < cLs, / TERDEE < CRfﬂ <cLg,. (5.55)

\u|>Rn1 |'LL|>Rn1

Using (5.42) and (5.54), we easily obtain the following inequality
c
; N< —S R.
|’I" 8(u+l)|—n(1+u2) u €

From this inequality and (5.41) we have

|G, (w4 1) — G, (u +14)| du < 2 (5.56)
|1.L‘>Rn1
Therefore we obtain finally from (5.46), (5.48), (5.55), and (5.56) the bound
/ |G (e +) — G (w4 7)| du < cL}?. (5.57)

|u|>Rn1

Apply Lemma 3.2 to the p-measures p,; and p,. Since G3(p) < oo, it is well-known
that may(u,) < oo and the condition (3.11) holds. We choose I. = [-2+a, +¢,2+a, — €|
with € = 27,. By the definition of p,;, we see that

sup fin1([z — 10t1, x + 10t1]) < ety
$€IE/2

and
R\ 1) < ey)/?.

Using these bounds and (5.36), (5.40), (5.44), (5.45), (5.57), and recalling (5.2), we obtain,
by Lemma 3.2, the estimate

3/2 | log L3,n| 4/3
A(fin, pin1) < ¢ty + ¢y’ "+ cLs, (W + L3,n> + Ly,
7/6
¢ ¢ 5/3 2 3 1/5 1 5 (1) B (1)
+ n + n2/3 +ely, < C((ﬁ?) ()3, (1)) n1/2+3¢2/10 + /12 ) < € 1/2+342/10

for n > ¢ony from which it follows (2.17).

Hence, Theorem 2.1 is proved. [

Proof of Corollary 2.2. 1t is easy to see that the statement of Corollary 2.2 follows
from Theorem 2.1 and from the following simple formula

(=00, ) = el —00,2)) = =W (g2 1y, ) 4 (PO e

3V NG
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6. ESSEEN’S EXPANSION IN FREE CLT (THE CASE pu,(p) < 0o, ¢ > 16/3)

In this section we prove Theorem 2.3. The proof of the theorem is similar to the proof
of Theorem 2.1 but with some essential technical differences. Therefore we describe in
details arguments which differ from the proof of Theorem 2.1 and omit arguments which
repeat directly the arguments of Section 5. We save all notations of Section 5. Denote as
well

Sn2(z) == a, + %((1 + bn)(z —ay,) + \/(1 - bn)z(z —ay)? — 4(1 — dn)>, 2 € CT,

where a,, b, and d,, are defined in Section 2. The function S,5(z) € F and 1/5,2(z) =
Gino(2), Where fino == pq, b4, 1S the free Meixner measure with the parameters a,, b,
and d,.

If B,(p) < oo for ¢ > 16/3, then the following bound holds

(3v)™ 1 ma(p)
< h N, = -2 . 6.1
P4 (,u7 TL) — Nnn2/3 , where ﬁq3 (/jj) ( )

Note that N,, > 10 for n > ny := 4(1028,,(1))*/% with ¢4 := g3 — 16/3.
Proof of Theorem 2.3. Using (2.6), we write, for z € C*,

ZEIGUZEN) =1+ s +
1 ud p(du) Ba(p,m) 1 U’ pi(du)
7 / 26 —u 2 76) / 726 —u 2

lul>5v/n lul<{v/n

By (6.2) and the definition of S,(z), the equation (3.10) may be rewritten as

(1 . ma(p) + 1 (2) | ma(p) — 77"2(2))(571(»2') — 2)

nS2(z) T T ndsR(z) 7251 (2)
_on—11 ms(p) + i (2) | ma(p) — nn2(2)
n 5.() (1 NITACEREEE O ) (6:3)

for = € C*, where

)= / %’ fral2) = / ul ) = / ZEL\E)/%S)ZU—)u

ul>3v/n ul>3v/n lu<3v/n



Esseen’s Expansions in Free Probability Theory 27

The functions 7,1(z) and 7,2(z) are analytic on C* and with the help of the inequality
SZ(y/nz) > /nSz, z € Ct, admit the estimates, for z € CT,

1 pap, ) ma(p)
I (2)] < nSz / () = nSz = N,n7/63z’ (6:4)
ful> 4 v

<
(2 < palpsm) + = < T s
We deduce from (6.3) the following relation, for z € C*,

S3(2) = 253a) + S3(e) + P52 + B () - B o (o)

where 7,3(2) := ms(p) + nu1(2) — 2/v/n and nua(2)(2) = ma(p) — M2 (2).
We assume that n > c3ny with a sufficiently large positive absolute constant cs. Then

L3y + Lyy < 1/c3 and N,, > 10%, where Ly, := my(u)/n.
Consider the domains Dy, 4 and Dy (R,2) with ¢y := ¢4 L4, /Th0, where T, 1= mi/5(,u)N2/5,
and Ry = c; ' (a2 + L)/, Here ¢4 := ci/*/10.
For z € Dy, 4, by (6.4) and (6.5), we have the bounds
11 (2)] < Ly < Tho
Vvno T N33z T ey Nyn2/3’

2 (2)] . _Lan Bs(n) - Lan_  Fs(i) T

n  — Nyn?>3 T eng; < N.n23  cqomy(p) /n’
73 (2)] Ly 12| n2 3
N e L R
n n Tn
[Mna(2)] < ma(p) + [7n2(2)] < 2Lu + O5(p) Ty (6.7)
n n cama(p) /n

and, for z € Dy(Ry2),
|77n1<z>| < L4,n ‘Un2(2)| <L4n< 1 + /65</'L) >7

vno T Npyn¥¥ n Non?/3  my(p)y/n
[1n3(2)] Lyn Ry [1na(2)]
Jn <an| + N2 T o < 3Ly, (6.8)

Note that

T (m4(u))2/5 1 §2( (ﬁqg(u) )2/5 L2057 _ 1

N, n2/3 a3—16/3)/2 n2/3 = p2/3 100

and

Bs(p) Tz Bs(p) ¢ Ny \3/° 55( ) nt/? 1
<m4<lu)> \/_ 53/5( ) < m
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For every fixed z € C* consider the equation

Q(z,w) — w® — 2wt + w3 + 77713(2) w? + 77n4(z)w . 77”4(2)2
NLD n n?
Denote roots of this equation by w; = w;(z), j = 1,...,5. Let us show that for every
fixed z € Dy := Dy, 4 U Di(R,2) the equation Q(z,w) = 0 has three roots, say w; =
w;(2), j =1,2,3, such that

= 0. (6.9)

241 ()] fmala) e
S

| <5e(z):=5 {n
|w;| < be(z) max 1 |a,| + - "

boi=123,

(6.10)
where, by (6.7) and (6.8), £(z) admits the bound

Tn2 /65(M) \/7—‘_7712 1

< — .
£(z) < 10(|an| + v/ Lan) + N2 + coma() < 100 (6.11)
for z € Dy, 4, and
1
E(Z) < 3(|Cln| + +/ L47n) < m, for z € Dl(Rng) (612)

Indeed, consider the polynomials

Qi(z,w) == w® — 2w* + 773(Z)w2 + 77n4(2)w _ Mnal2)z and  Qq(w) = w®.

Vn n n?

We see that |Q:(z, w)| < 1[Q2(w)| on the circle |w| = 5e(z). Therefore, by Rouché’s
theorem, we obtain that the polynomial Q1(z,w) 4+ Q2(w) has three roots which do not
exceed be(z), that was to be proved.

Represent Q(z,w) in the form
Q(z,w) = (w? + qw + ¢2) (W’ + grw? + gaw + gs),

where w3 + gjw? + gow + g3 = (w — wy)(w — ws)(w — w3). We have from this formula
the relations

n3(2
nto=-2z @+tante=1L @m+mw+%:nﬂx
Vn
Thal% Nna\Z)2
292 + 193 = n( ), G293 = — TEQ) : (6.13)

By Vieta’s formulae and (6.10), note that
g1l < 15e(2),  |go| < T5e%(2),  Igs| < 125¢°(2). (6.14)
Now we obtain from (6.13) and (6.14) the following bounds, for z € Dy,

[7na(2)|]2]
n2 ’

1
] < J2] +15e(2), 1 —aa| < 16e(2)(z[ +1) = 5, gs| =2 (6.15)
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Then we conclude from (6.13) and (6.15) that, for the same z,

g %2(3)‘ < 39:(2) |77n4(2)|7512| +1) 4|77n4(2)|7i|22’| +1)?
< Mg (2) == 36e(2) |77n4<2)|7i|2’| + 1). (6.16)

From the first three relations in (6.13) it follows the formula
9 + Zg% = ap + ﬁnz + 77n6(Z)7 (617>
where (3, := Ly, — 1/n = (my(p) — 1)/n and

77n1(2) 77112(2)2 ( 77n4(2)) 3
6(2) = _ =B Bt 2192 — s
N6 (2) Jn " + 1 92 - Z— g7+ 29192 — g3

By (6.14) and (6.16), we have the estimate, for z € Dy,

1 (2 n2(2)z
76 (2)] < ’n\l/%” o 27(1 ), s (2)2] 4+ 10%€°(2). (6.18)
Rewrite (6.17) in the form
77n6(z)
Gi(1+ anz) = an + Bz + (an + Br2) v +aglz+1+glz

Taking into account (6.14), (6.16) and (6.18) we arrive from this relation at the bound,
for z € Dy,

g1 — an — (Bn — a2)2| < 1r(2)
= 4|a,|(Bn + a2)|z|* + 30e(2) 2|2 (15(|an| + Balz])e(2) + Ba) + 2|nms(2)]. (6.19)

To find the roots w, and ws we need to solve the equation w? + quw + ¢z = 0. Using
(6.13), we have, for j = 4,5,

1 |
wj = §<—CI1 +(=1)/at —4CI2>

— 1 <z + g1 + (—1)j\/(z +31)2 =41+ (z+g1)g1 — gZ))

2
_ %(2 g1+ (1)) (2 — g0)? — 4~ A(g} 0) = %nng(z) ca
()G = a) + DV (=0’ -0 =40 = ) (=), (620

where, as in the definition of the p-measure p,2, b, := 3, — a2, d,, := Ly, — a? and
NMs(2) == g1 — ap — bp(z — ay),
Mo (2) 1= —403 (2 = an)* = 2(2 = ay) (1 = bu)ns(2) + 4bn(an +15(2)))
+4(g2 — Lyy) — nns(Z)(8an + 377n8(2))- (6.21)

We choose the branch of the analytic square root by the condition Swq(i) > 0.
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We obtain, by (6.7), (6.10), (6.11), (6.16), (6.18) and (6.19), for z € D, 4,

s (2)| < C<|an|bn + Jan|® + |an|e®(2) + Bue(z) + |71 (2)] n Mn2(2)|

Vn n
+e(2) (L47n + —‘anl(z)|> +&3(2 )> < c( lan| + \/m |77n\1/_(nZ | ‘77n2n(2)|
2 ) < o+ T+ Ll +;tii<<‘;>>7
1 B5(11) Toz\ " B5(1) Tho
e iy ) < = (ol - VI + ). 022

and by (6.8), (6.10), (6.12), (6.16), (6.18) and (6.19), for z € D;(R,2),
s, Il Ine(2)
s (2)] < c( anl + /Ea)Plaf? + =+ FEE )

c(|an] + v/Tan)? ( 3/2(/1>)|z|2. (6.23)

The constants ¢ in (6.22) and (6.23) do not depend on ¢3. In the same way we obtain
the following estimates for |7,9(z)|

n9(2)] < CNpro, 2 € Diya, (6.24)

and

1Mo (2)] < e(lan| + v/Lan) ( 3/2(/1))|2\3, z € Di(Rp). (6.25)

The constants ¢ in (6.24) and (6.25) do not depend on ¢z as well.

Using (6.22), (6.23) and (6.24), (6.25), we obtain from (6.20) the bound |ws| > 3, z €
Dy, for n > no.

For n > ns, n,10 < c¢5, where ¢5 depends on ¢3 and is suficiently small. Consider
the domain

D5 = D4 \ ({’Z -2 — CLn’ S 10C77n10} U ({’Z +2— an| S 106?7n10}>

with an absolute constant ¢ > 0 from (6.24) which does not depend on cs.

Let us show that wy # ws for s = 1,2,3,5 and z € Ds. By (6.11) and (6.12),
|lws| < 1/10 for s = 1,2,3 and z € D5. On the other hand, by (6.22)—(6.25), we note
that [n,s(2)] + |7m9(2)| < 1/100 for z € Dy and we conclude from (6.20) that |w,| > 3/4
for z € D4. The assertion is proved for s = 1,2,3. It remains to show that wy # ws. If
wy = ws, we conclude from (6.20) that

(1 =0,z —an)? —4(1 = dy) = =10 (2).
d

Since z € Ds, we arrive at a contradiction, using (6.24) and (6.25). The assertion is

completely proved.
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At every point 2y € D5 the equation (6.9) has the root wy(zp), satisfying the conditions

Q(ZO, UJ4(ZO)) —0, aQ(ZObalz‘M(ZO)) 7£ 0.

It follows from the implicit function theorem (see [29], p. 109) that zy has a neighborhood
N(z) in which there can be defined a single-valued analytic function f(zo,z), called
a local solution of (6.9) such that f(zo, 20) = wa(z0) and Q(z0, f(20,2)) = 0, z € N(20).
Then, by the monodromy theorem, there exists a single-valued analytic function f(z) on
D5 such that f(z) = wy(z) for z € Ds. It is easy to see that wy(z) = S,(z2), for z € Ds.

Denote by 21, ..., 2, zeros of the discriminant of the equation (6.9) for z € Dy. Let G
be the domain obtained by deleting these points from D4. Then wy(z) can be continued
analytically along any curve L C G. Moreover, |wy(z)| > 3/4 for z € L. Therefore
Sn(z) = wy(z) along any curve L C G and we conclude that

1S, (2)] > 3/4, z € Dy. (6.26)

The bound (6.26) allows us to improve the estimate (6.5) for n,2(2) in Dy, 4. By (6.26),
we have, for z € Dy, 4,

ud p(du) u® p(du) |ul® p(du) Bs(p,n)
|| dmsll | Asesds | Aserem st

lul<3vn lul<3vn lul<3vn
Hence
65(:u7 n) m4( ) 65(:“7 )

|77n2(z)| < p4(,u,n) +4 \/ﬁ < Nnng/g +4 \/ﬁ ) z € Dt2,47 (627>

and therefore, for the same z,

my(p) + |12 (2)] < 1 405(p, ) >

< Lji,(1 < 6Ly4,. 6.28
n = fan(bF N,n2/3 * my(p)y/n/ — b (6.28)

Compaire (6.28) with (6.7). From (6 28) we conclude that in (6.11)

( <3 |an]+\/L4n 2/3 < |an|+\/L4n ZEDtQA. (629)

Now we can improve estimates for nng( ) and n,,9(2) when z € Dy, 4. Recalling (6.21) and
using in (6.16), (6.18) and (6.19) the improved estimates (6.28) and (6.29) for (mg4(p) +
|nn2(2)])/n and e(z), respectively, we deduce, for z € Dy, 4,

CL4n CTnQ
|nn8(z)| + |7]n9<z)| - N n2/3c\ +c |an| + V L4n < il = —2/3 |an| + V L4n

(6.30)

Our next step is to evaluate

Gurslz) = Gun(z) o Gy (2) + (G2’ = G ()

for z € Dy, 2, and Sz = 1, where 7, := 109,,1;.
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For z € Dy, 5+, U D1(R,2)), using the formula (6.20) with j = 4 for S, (z), we write
1 1 1
- = Sn - Sn = —ZTn
Sn(Z) Sn2(2)> Q(Z) (Z) n 8(2)
77719(2)

2
_ . (6.31
VI +0,)2(z —an)? —4(1 —dy) + /(14 0,)%(z — a,)? — 4(1 — dp,) + 7o (2) (6.31)

an(z)sn(z)(

By (6.25) and (6.30), we have, for the same z,
IV (1 +b,)2(2 — an)? —4(1 —d,) + V(14 b,)2(2 — an)? — 4(1 — dyy) + 0o (2)]
=V (1 +b2)2(z = an)? = 4(1 = do)||[1 4+ /1T + 109 (2) /(1 + 02)2(2 — an)? — 4(1 = dy,))|
> V(14 b,)%(2 — an)? — 4(1 — d,,)|. (6.32)

It is easy to see that the bound (6.26) holds for S,2(z) as well. Therefore we can conclude
from (6.30)-(6.32) that, for =2+ a, + 72 <z <2+ a, — 72,

1

1
/’Gn(:trJrW) Gunz(@"er)‘ B (2 + iu) 5n2($+w '
to
' Mo (x 4 iu)|
<ec ns(x +u)| + du
B /<|" sl + )] |\/<1+bn)2(:c—an+z'u)2—4(1—dn)|>
L4n log( n2/L4n)
|an| + 4/ L4n n2/3 \/%
log(Tyu2/ Lan) log(T2/La.n)
< c(|an| + \/L4,n)3< L1/4#> t CLEZS%
n n2
1 Th2/Lan
n2

Using the estimate: min{|S,(u + 9)|, |Sn2(u + 9)|} > V1 +u? u € R, and (6.23),
(6.25), (6.31), (6.32), we obtain

RnQ Rn2

. ) 1 1
/ ‘G,,n(x—i—zu)—Guﬁ(:c—l—zu)’du— / R _SnQ(u—l—i) du
—RnQ _Rn2
o+ )\ _d B (1)
. Mo + 7 U 5
< <
<c R/ (\nng(u—i—z)] N ) T = c(l—l— mi/Q(M)> n2(|an] + v/ Lan)?

(6.34)
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Now we conclude from (5.5) that

1 rn1(2) N
Gin(2) = Gun2) nS3(z)  nsi(z) O © c, (6.35)
where, by (5.8), we see that
701 (2)] cls, N
< J ‘ '
nS3e)] <SP S < (6.36)
Since for the same z
Sa(2) 522(2)‘ ~ 1Su(2) Sn2<2)‘(‘sn(z)‘2 + ’5712(2)’2)7 (6.37)

we obtain, using (6.26), (6.33), (6.36) and (6.37), that, for =24 a, +7v2 < x < 2+a, — 72,

1
1
/’Gun(x +iu) — Gy, (z +iu) — E(Gﬂrﬂ(‘r + zu))3‘ du
to
h 1
< / G @+ ) = G+ i) = — (G (& + )| du
to

4o [ (Gt +10))* = (G o+ )|

c log(Tye/Lyn
S ﬁ <L3,n 10g<Tn2/L4,n) + (‘an‘ + \/ L4,n)3 + Li{s%) : (638)
n2

In addition, using the same arguments as in the proof of (6.34), we have

Rp2
/ ‘Gun(u—k i) — G, (u+1) — %(Gm(qu i))3( du

*Rn2

< (Lant (14 55(”)))<|an|+@>3)- (6.39)

3/2
m4/ (n
Now estimate |G, (u +1i) — G,,,(u+ 1)| for |u| > R,2, using the bound

+ |Gy, (u+1) — G, (u+1)|. (6.40)
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In the first step we note that, for |u| > R,a,
_|S(uA+14) — Spa(u 1)
|S(u+9)||Sna(u + 7)|

c Lyyn  an c ||
< ’ < Ly, + 140y 6.41
= |S(u+z')||Sn2(u+z')|< ] " |u\2) < |u|3< dn + |u|) (6.-41)

Therefore we conclude from (6.41) the upper bound

|G (1 4 0) = G (u + 1))

C

o (LM + M) (6.42)

| 1Guatut i) = Gulus i) du <
Rn2

‘u‘>Rn2

In the second step we deduce, using (6.35), (6.36), and the bound |S,(u + i)| >

cv1+u? u € R, that

c
nR2,

/ G (1) — Gy, (u +7)| du < (6.43)

|u‘>Rn2

From (5.53), we conclude, using the lower bound min{|S (u+7)|, | S, (u+i)|} > ev'1 + u?,
u € R,

. . du Ls.,
|G, (u+1) — Gy, (u+1)|du < cLs, / TELE < cR3’2’2 . (6.44)
ful> Rz jul> Rz "
Therefore we obtain finally from (6.42)—(6.44) the upper bound
/ G0+ 8) = Gy (4 1) = (Gl ) du < 22242 (.45)
ful> R "
It is easy to see that
s _ [ bma(dz) /pﬂnz(x) dx +
(Gua(a))? = [ L) [Pl g g
R R
where
1
Pina(¥) = 2V (A1 = dn) = (1= bn)(2 — an)?)
1 1— 24 (1 —bp)% (2 —an)? —4(1 —
y 3((L4bp)x + (1 —byp)an)® + (1 —by)*(z — an) (1—d,) s cR

(b2 + (1 —by)agz + 1 —d,)? ’

Apply Lemma 3.2 to the signed measure v = 1,9 + % fln2 and to the p-measure p,. Since
B5(p) < 00, it is well-known that ms(u,) < oo and the condition (3.11) holds. We choose
I.=[-2—-a,+¢,2—a, —¢| with ¢ = 29,. By the definition of v, we see that

sup P([x — 10ty, x + 10t5]) < cty
xEI&-/Q
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and
PR\ L) < 073/2,

where 7 is the total variation of v. Using these bounds and (6.33), (6.34), (6.38), (6.39),
and (6.45), we obtain, by Lemma 3.2,

1 Ly, \4/3 T, Ls, log(T,e/Ls,
A(pny pnz + = fln2) §0t2+0’y§’/2+c(|an|+< & ) log =2 4 ¢=2 8(Tna/Lsn)
n Tho Lyy n
L3y + Lyn
+ cRpa(|an| + v/ Lan) ( 3/2“) >+c Sn i, (6.46)
(1) Ry

In view of the following relations Thy = m>' (1) No/®, Ryo = eyt (a2 4+ Ly,)"% and N, =
(2/m) =713 m (1) / By (1), we get from (6.46) the upper bound, using Lyapunov’s in-
equality as well,

A Loy < o Pu) > 6.47
(fns fnz + ﬁ,um) S Cvqyar 2 Gl (6.47)
Direct calculations shows that

A(finz, v) < c(|an| + Lan), 1 = csng, (6.48)

where v is the signed measure with the density (2.20). The statement of Theorem 2.3
follows from (6.47) and (6.48) immediately.

Proof of Corollary 2.4. Recalling the definition of the density p,,,(z) of the measure
ln2 We see that

1
Puns (T + ap) = —\/(4(1 —dy) — (1 =b,)%2%) (1 +d, — b, — apx — (b, — ai)(at2 —1))
+00(L4n+a)3/2 xz € R.

In addition we have, for x € R,

/\/ =) = (1= b Pw) s du = (1 — dy + by )t (—00, 7))

-1—(; ) \/ 4—22), —1—06113/2
and, for z € (—ln,ln) where [,, :== max{2,2v/1 —d,, /(1 — n)},
|V (4( — (1= ba)2a?)y — V(4 — 2?)4 ]

CL4n
DRV/CTT I e e WY e v

Using these formulae, with the help of simple calculations we obtain from (2.21) the rep-
resentation (2.22). O




36

[1]

G. P. Chistyakov and F. Gotze

REFERENCES

Akhiezer, N. I. The classical moment problem and some related questions in analysis. Hafner, New

York (1965).

Akhiezer, N. 1. and Glazman, I. M. Theory of Linear Operators in Hilbert Space. Ungar, New York
(1963).

Anshelevich, M. Free martingale polynomials. J. Funct. Anal., 201, 228-261 (2003).

Belinschi, S. T. and Bercovici, H. A new approach to subordination results in free probability. J. Anal.
Math. 101, 357-365 (2007).

Bercovici, H., and Voiculescu, D. Lévy-Hincin type theorems for multiplicative and additive free
convolution. Pacific journal of mathematics, 153, 217-248 (1992).

Bercovici, H., and Voiculescu, D. Free convolution of measures with unbounded support. Indiana
Univ. Math. J., 42, 733-773 (1993).

Bercovici, H., and Voiculescu, D. Superconvergence to the central limit and failure of the Cramér
theorem for free random variables. Probab. Theory Relat. Fields, 102, 215-222 (1995).

Bercovici, H., and Pata, V. Stable laws and domains of attraction in free probability theory. Annals
of Math., 149, 1023-1060, (1999). With an appendix by Philippe Biane.

Bercovici, H., and Pata, V. A free analogue of Hincin’s characterization of infinitely divisibility.
Proceedings of AMS, 128, N 4, 1011-1015 (2000).

Bercovici, H., and Wang, J-Ch. The asymptotic behaviour of free additive convolution.
arXiv:math.OA /0612599v 1, 20 Dec 2006.

Berezanskii, Yu. M. Ezpansions in Eigenfunctions of Selfadjoint Operators. Amer. Math. Soc. Prov-
idence, Rhoade Island (1968).

Biane, Ph. Processes with free increments. Math. Z., 143-174 (1998).

Bozejko, M., and Bryc, W. On a class of free L evy laws related to a regression problem. J. Funct.
Anal., 236, 59-77 (2006).

Bozejko, M., and Speicher, R. ¥-independent and symmetrized white noises. In: Quantum Probability
and Related Topics, QP-PQ, VI, World Sci. Publ., River Edge, NJ, 219-236 (1991).

Bozejko, M., Leinert, M. and Speicher, R. Convolution and limit theorems for conditionally free
random variables. Pacific J. Math., 175, 357-388 (1996).

Capitaine, M. and Casalis, M. Asymptotic freeness by generalized moments for Gaussian and Wishart
matrices. Application to beta random matrices. Indiana Univ. Math. J., 53, 397431 (2004).

Chistyakov, G. P. and Gotze, F. The arithmetic of distributions in free probability theory. Preprint,
University of Bielefeld, 05-001 (2005).

Chistyakov, G. P. and Gotze, F. Limit theorems in free probability theory. I Ann. Probab., 36, 54—90
(2008).

Esseen, C.-G. Fourier analysis of distributions functions. A mathematical study of the Laplace—
Gaussian law. Acta Math. 77, 1-125 (1945).

Gnedenko, B. V. and Kolmogorov, A. N. Limit distributions for sums of independent random vari-
ables Addison-Wesley Publishing Company, (1968).

Gotze, F. and Tikhomirov, A. Rate of convergence to the semi-circular law. Probab. Thery Relat.
Fields, 127, 228-276 (2003).

Hiai, F. and Petz, D. The semicircle law, free random variables and entropy. Math. Surveys Monogr.,
77, Amer. Math. Soc., Providence, RI, (2000).

Kargin, V. Berry—Essen for Free Random Variables. J. Theor. Probab., 20, 381-395 (2007)



Esseen’s Expansions in Free Probability Theory 37

[24] Kargin, V. On superconvergence of sums of free random variables. Anal. Probab., 35, 1931-1949
(2007)

[25] Kargin, V. A Proof of a Non-Commutative Central Limit Theorem by the Lindeberg Method. Electr.
Communic. Probab., 12, 36-50 (2007).

[26] Kesten, H. Symmetric random walks on groups. Trans. Amer. Math. Soc., 92, 336-354.

[27] Maassen, H. Addition of Freely Independent Random Variables. Journal of functional analysis, 106,
409-438 (1992).

[28] Marchenko, V. A. and Pastur, L. A. Distribution of eigenvalues for some sets of random matrices.
USSR Sb., 1, 457-483 (1967).

[29] Markushevich, A. I. Theory of Functions of a Complex Variable. 2, Prentice-Hall, INC. (1965).

[30] McKay, B. D. The expected eigenvalue distribution of a large regular graph. Linear Algebra Appl.,
40, 203216 (1981).

[31] Meixner, J. Orthogonale Polynomsysteme mit einer besonderen Gestalt der erzeugenden Funktion.
J. London Math. Soc., 9, 6-13 (1934).

[32] Pata, V. The central limit theorem for free additive convolution. J. Funct. Anal., 140, 359-380 (1996).

[33] Petrov, V. V. Sums of Independent Random Variables Springer-Verlag, Berlin, Heidenberg, New
York, (1975).

[34] Saitoh, N. and Yoshida, H. The infinite divisibility and orthogonal polynomials with a constant re-
cursion formula in free probability theory. Probab. Math. Statist., 21, 159-170 (2001).

[35] Speicher, R. Combinatorical theory of the free product with amalgamation and operator-valued free
probability theory, Mem. A.M.S., 627 (1998).

[36] Voiculescu, D.V. Symmetries of some reduced free product C*—algebras Operator Algebras and their
connections with Topology and ergodic theory. Lecture Notes in Mathematics, 1132, 566-588 (1985).

[37] Voiculescu, D.V. Addition of certain noncommuting random variavles. J. Funct. Anal., 66, 323-346
(1986).

[38] Voiculescu, D.V. Multiplication of certain noncommuting random variavles. J. Operator Theory, 18,
223-235 (1987).

[39] Voiculesku, D., Dykema, K., and Nica, A. Free random variables. CRM Monograph Series, No 1,
AM.S., Providence, RI (1992).

[40] Voiculescu, D.V. The analogues of entropy and Fischer’s information measure in free probability
theory. I. Comm. Math. Phys., 155, 71-92 (1993).

[41] Voiculescu, D.V. Lectures on free probability theory. Lectures on Probability theory and Statistics.
Lecture Notes in Math. 1738, 279-349 (2000). Springer, Berlin.

GENNADII CHISTYAKOV
INSTITUTE FOR LOW TEMPERATURE PHYSICS AND ENGINEERING
NATIONAL ACADEMY OF SCIENCES OF UKRAINE
47 LENIN AVE.
61103 KHARKOV
UKRAINE



38 G. P. Chistyakov and F. Gotze

E-mail address: chistyakov@ilt.kharkov.ua, chistyak@mathematik.uni-bielefeld.de

FRIEDRICH GOTZE
FAKULTAT FUR MATHEMATIK
UNIVERSITAT BIELEFELD
PosTtracH 100131
33501 BIELEFELD
GERMANY
E-mail address: goetzeO@mathematik.uni-bielefeld.de



