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ABSTRACT. The goal of this work is to construct, for a smooth vari-
ety X over a perfect field k of finite characteristic, an overconvergent de
Rham-Witt complex WTQX/;C as a suitable subcomplex of the de Rham-
Witt complex of Deligne-Illusie. This complex, which is functorial in X,
is a complex of étale sheaves and a differential graded algebra over the
ring Wt (Ox) of overconvergent Witt-vectors. If X is affine one proves
that there is a canonical isomorphism between Monsky-Washnitzer co-
homology and (rational) overconvergent de Rham-Witt cohomology. In
general, we compare this cohomology with the rigid cohomology of X,
on which we find a natural lattice, i.e. an integral structure.

RESUME. Le but de ce travail est de construire, pour X une variété
lisse sur un corps parfait k de charactéristique finie, un complexe de
de Rham-Witt surconvergent Wiy /& comme un sous-complexe conve-
nable du complexe de de Rham-Witt de Deligne-Illusie. Ce complexe qui
est fonctoriel en X est un complexe des faisceaux étales et une algebre
différentielle graduée sur I'anneau WT(Ox) des vecteurs de Witt surcon-
vergents. Lorsque X est affine, on démontre qu’il existe un isomorphisme
canonique entre la cohomologie de Monsky-Washnitzer et la cohomologie
(rationelle) de de Rham-Witt surconvergente. En général, on compare
cette cohomologie avec la cohomologie rigide de X sur laquelle on trouve
un réseau naturel, c’est a dire une structure intégrale.
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INTRODUCTION

Let X be a smooth variety over a perfect field k of finite characteris-
tic. The purpose of this work is to define an overconvergent de Rham-Witt
complex WTQ /I suitable enough to compute the Monsky-Washnitzer coho-
mology in the case that X is affine and more generally the rigid cohomology
of X. The complex WTQ x/k 1s a differential graded algebra over the sheaf
WT(Ox) of overconvergent Witt vectors and is functorial in X. Its cohomol-
ogy yields a natural candidate for an integral structure on rigid cohomology.
A different notion of bounded Witt vectors was previously used by [14] to
define a cohomology theory. The comparison map between the Monsky-
Washnitzer cohomology of a smooth k—algebra A and its overconvergent de
Rham-Witt cohomology is shown to be independent from the choice of an
overconvergent Witt lift. The comparison with rigid cohomology relies on
Grosse-Klonne’s comparison of rigid cohomology with de Rham cohomol-
ogy of Dagger spaces and, moreover, on rigid cohomological descent theory
which was studied by Chiarellotto and Tsuzuki.

The overconvergent de Rham-Witt complex is defined as a subcomplex of
the classical de Rham Witt complex of Deligne-Illusie [10] as follows. One
first defines a certain norm that we call the Gauss norm on the de Rham-
Witt complex WQ$, Ik of a polynomial algebra A. By using this Gauss norm
we can, for a given € > 0, define Witt differentials which are convergent of
radius €. By varying € we get the subcomplex of all overconvergent Witt
differentials VVTQ:4 Ik Following the description in [12], WQS%, /k decomposes
canonically into an integral part and an acyclic fractional part and it is clear
from the construction that the overconvergent Witt differentials that lie in
the acyclic part form again an acyclic subcomplex. The definition of over-
convergence on the integral part is compatible with the growth condition
of Monsky-Washnitzer in the definition of weakly complete W (k)—algebras.
One can then push forward the notion of overconvergence from polynomial
algebras to any smooth algebra B and show that the definition is indepen-
dent from the presentation. It is a central result that the functor which
associates to a smooth affine scheme Spec B the group WTQ’]B"” Ik is a sheaf
(SpecB,WTQg/k) =0 for i > 1. For
this we generalize ideas of Meredith [15]. One also uses that the ring of
overconvergent Witt vectors is weakly complete in the sense of Monsky-
Washnitzer [6] and the complex of overconvergent Witt differentials satisfies
a similar property of weak completeness. The étale sheaf property depends
on an explicit description - for a finite étale extension A/B - of WTQ:4 Jk in

for the étale topology, and that H?

zar

terms of WTQIB Ik The result is as nice as one can hope for. By a result of

Kedlaya [11] any smooth variety can be covered by affines which are finite
étale over a localized polynomial algebra. It then remains to show a local-
ization property of overconvergence; namely a Witt differential of a localized
polynomial algebra which becomes overconvergent after further localization
is already overconvergent. This requires a detailed study of suitable Gauss
norms (that are all equivalent) on the truncated de Rham-Witt complex of
a localized polynomial algebra.
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We then consider the notion of an overconvergent Witt lift of a smooth
algebra C. This is a homomorphism from the Monsky-Washnitzer lift C to
the ring of overconvergent Witt vectors and depends on a choice of a lifting of
the Frobenius. We prove that any smooth algebra admits an overconvergent
Witt lift. This yields an integral comparison map between its de Rham
complex and the overconvergent de Rham-Witt complex. For a finite étale
extension of a localized polynomial algebra one then shows explicitly that
the integral comparison map is a quasi-isomorphism. Here a modified but
equivalent version of overconvergence on the de Rham-Witt complex of a
localized polynomial algebra plays a crucial role. Using an idea of Monsky-
Washnitzer, we can show that any two overconvergent Witt lifts of a smooth
algebra which is finite étale over a localized polynomial algebra are rationally
homotopic. We then apply this local homotopy argument to derive our first
main comparison result, between the Monsky-Washnitzer cohomology of a
smooth algebra and its (rational) overconvergent de Rham-Witt cohomology.
Moreover, in the case dim C' < char k we obtain an integral isomorphism
induced by a quasi-isomorphism 2, JW (k) ~ Wi /i and in general we have
a bound on the failure of our map to be a quasi-isomorphism integrally.

In the final section we prove the comparison result with rigid cohomology
for any smooth X. One chooses a covering by affines which admit an over-
convergent Witt lift. The proof that the comparison map between Monsky-
Washnitzer and overconvergent de Rham-Witt cohomology is independent
from the choice of an overconvergent Witt lift follows from a de Rham-Witt
version of Berthelot’s fibration theorem [1]-[3]. If a chosen compactifica-
tion X of X can be embedded into a formal scheme P over Spf W (k),
which is smooth around X, then the passage from rigid cohomology to over-
convergent de Rham-Witt cohomology is constructed via Grosse-Klonne’s
interpretation of the rigid cohomology of X as de Rham cohomology of a
certain Dagger space, which as a topological space is just the tube of X, and
by comparing the Dagger space cohomology with overconvergent de Rham-
Witt cohomology on the simplicial scheme which is associated to the chosen
covering of X and by using the étale sheaf property of WTQS( Ik In the case
that there is no embedding of X in such a formal scheme one applies rigid
cohomological descent theory of Chiarellotto-Tsuzuki [5], in particular the
theory of simplicial triples and universally de Rham descendable hypercov-
erings of a pair (U, X) where U is Zariski-open in X. The proof is then
reduced to the previous case where such a triple (X, X, P) exists for the
base scheme X.

0. DEFINITION OF THE OVERCONVERGENT DE RHAM-WITT COMPLEX

Let R be an F)-algebra which is an integral domain. We set A = R[T1,...,T,].
Before we recall the de Rham-Witt complex, we review a few properties of
the de Rham complex Q4 /g.

There is a natural morphism of graded rings

F:Qar— Qayr,

which is the absolute Frobenius on Q% /R and such that FdT; = Tip _ldTi.
As shown in [12], Q4 has an R-basis of so called basic differentials. Their
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definition depends on certain choices which we will fix now in a more special
way than in loc. cit.

We consider functions k : [1,d] — Z>( called weights. On the support
Supp k = {i1,...,i} we fix an order iy, ..., i, with the following properties:

(i) ordy ki, <ordyki, <...<ordyk;,.
(ii) If ordy k;, = ordy k then i, < i,11.

Let P be a partition of Supp k as in [12]. A basic differential is a differential
of the form:

dT*n dT*n
_ mk
(0.1) e(k, P) =T (w) (W)

Tpt1

p

It is shown in [12] Proposition 2.1 that the elements (0.1) form a basis of
the de Rham complex 4, as an R-module. The de Rham-Witt complex
W4/ has a similar description, but now fractional weight functions are in-
volved. More precisely, an element w € W' /R has a unique decomposition

as a sum of basic Witt differentials [12]

(02) W = Ze(fk,Pak’P) s
k,P
where k : [1,d] — Zxo[;] is any weight ([12], 2.2) and P = {lo, I, .., I}
runs through all partitions of supp k. Moreover, the coefficients £, p € W (R)
satisfy a certain convergence condition ([12], Theorem 2.8).
For each real number € > 0 we define the Gauss norm of w:

(0.3) 12(w) = inf{ordvgep — <[k},
We will also use the truncated Gauss norms for a natural number n > 0:
Yeln](w) = inf{ordy & p — elk] | ordyéy,p < n}.

The truncated Gauss norms factor over Wy 11€24,z. We note that in the
truncated case the inf is over a finite set.

If v.(w) > —o0, we say that w has radius of convergence e.

We call w overconvergent, if there is an € > 0 such that w has radius of
convergence €. It follows from the definitions that

(0.4) Ve(w1 + w2) > min (72 (w1), Ve (w2)) -

This inequality shows that the overconvergent Witt differentials form a
subgroup of W4, g which is denoted by WTQZ‘ /R We have WTQ”A /R =
LEJW‘SQ”A /R where WeQ", /R are the overconvergent Witt differentials with
radius of convergence €.

If R =RU{oco}U{—00}, then an R-valued function ¢ on an abelian group
M which satisfies (0.4), so that ¢(a+b) > min{c(a), ¢(b)}, is called an order

function.

Definition 0.5. We say that w is homogeneous of weight k if in the sum
w=7> e(&p,k,P) the weight k is fixred. We write weight(w) = k.
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If g € Q, then we can consider sums which are homogeneous of degree g,
1.e.
w= Z e(&kp, k,P).
|k|=g,P
Then we define deg(w) = g. If w is homogeneous of a fixed degree, we define

ord, w = min ordy, &, p.

It is easy to see that v.(w) > —oo if and only if there are real constants
C1,Cy, with (7 > 0 such that for all weights k& occurring in w we have

(0.6) |k‘| < C’lordp fhp + Cs.

1
One can take C; = —.

Using this equivaglent definition one can show that the product of two
overconvergent Witt differentials is again overconvergent, as follows:

For two homogeneous forms wq, w of fixed degrees g1, g2 one has ord, (w1 A
wg) > max (ord, wi,ord,ws). This follows from a (rather tedious) case by
case calculation with basic Witt differentials.

We have deg(wi A we) = degw; + degws.

Assume now that

degw < Crord,w + Co
and
degw’ < Clord,w’ + C5
for two homogeneous forms of fixed degree w,w’.
Then

deg(w A w') = degw + degw’ < (Cy + Cf) ord,, (w1 Awa) + Co + C5.
This implies that if w and W’ are overconvergent Witt differentials with
radii of convergence € and ¢ then w A W' is overconvergent with radius of
;fg,. In the special case € = ¢’ we get that w Aw' is overconver-
Ve (w) _g 'Ya(wl) _ This
is a differential graded algebra over the ring WT(A) of

convergence

gent with radius of convergence % and e (w A W' >

shows that I/VQT4 /R
overconvergent Witt vectors.

We recall from [6] the definition of a pseudovaluation. An order function
c on a ring M is called a pseudovaluation if in addition it satisfies: (i)
¢(1) = 0 and ¢(0) = oo; (ii) ¢(m) = ¢(—m) for all m € M; (iii) c(mimeg) >
c(mq) + c(my) if c(my) # —o0, c(ma) # —o0.

In general, the Gauss norms ~,. form a set of pseudovaluations on the ring
of Witt vectors, i.e. in degree zero; however, from the formula v [TP1d"[T] =

pd[T] and
Vigp—1 1%
ord, ( ik ]) = ord, (d"[T]) = ord, (pd[T]) = 1,
we see that we cannot expect a formula

'Ya(wl A WQ) > 'Ya(wl) + 'YE(WQ)'

Hence the Gauss norms do not extend to pseudovaluations in higher degrees.
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Proposition 0.7. Let R be an integral domain such that p- R = 0. Let
¢: R[Th,...,Ty] — R[U,...,U| be a homomorphism. It induces a map
Px: WQRmy, . 1/r = WQRD,,. .01/ R

Then there is a constant o > 0, such that for any € > 0 and any natural
number n:

Yae ] (psw) > Ye[n](w).

The same inequality holds if [n] is removed. In particular, if w is overcon-
vergent with radius of convergence € then p.w is overconvergent with radius
of convergence ae.

Proof. We set Y; = [U;] and X; = [T}]. From Lemma 2.23 in [6] we obtain
an expansion:

0u(Xi) = [Qi(Un, ..., TN = ) agY",

|k|<c

where a;, € W(R). More generally we obtain for a monomial X! = X il . Xcll‘i,
l; € Z>0 an expansion:

P X = D BYF b e W(R), b€ W(R).
[kl<ell

Since @, commutes with the action of V' we find for [ not necessarily
integral

0 (VunX’> = Vu(so* (nX“’”))

v

= >oombe ¥V = 3 V) Y

W <clilp lkl<e-l]

From this we see immediately the following fact: Let w € WQg, . 1,/R
be a Witt differential which is homogeneous of degree I, and such that
ordyw = m. Then p.w is a V—convergent sum » 7 of homogeneous Witt
differentials of degree |k| < ¢|l| and such that ordynr > m. Assume that
w = > wy is a sum of homogeneous differentials such that

Ol"del - 6‘” > D.

Then p.w; = Y n1k, where 1, is homogeneous of degree k, such that |k| <
c|l| and ordym > m. Therefore for § > 0,

ord v, — 0|k| > m — dcll|.

If§ < = the last expression is bounded below by D. This proves the propo-
c
sition with a = 1/c. O

By the proposition we obtain a map:

(0.8) WeQpim,..m1/r — W*Qgru,,...0/R
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Proposition 0.9. Let ¢ : R[Th,...,Ty] — R[U1,...,U;] be an R—algebra
homomorphism. Then the induced map

s WQpmy, .1/ — WQRW,,...0/R
maps WiQpir, /5 to WIQgu, /8-

If, moreover, ¢ is surjective then

-----

18 surjective too.

Proof. Only the last statement needs a verification. If ¢ is surjective we find
a homomorphism

wZR[Ul,...,Ul]—>R[T1,...,Td},

such that ¢ o4 = id. Then for n € WTQR[Ul,..,,Ul]/m 1n is overconvergent
and therefore a preimage of 7. O

We have seen that 7. fails to be a pseudovaluation on the ring Wy g.
However we will face a situation where we will need an inequality

76(fw) > ’Ya(f) + 'Ye(w)

for certain f € W(A) and w € W ,/g. For suitable f and overconvergent
w we can even achieve equality.

From now on, let R = k be a perfect field. Let A = k[T1,...,Ty] be the
polynomial ring. The Teichmiiller of 7; in W (A) is denoted by X;. For a
Witt differential w € W4, we define:

vp(w) =max{a € Z | p™"w € WQy .}
Obviously we have that
vp(wiws) = vp(wi) + vp(ws)

for arbitrary Witt differentials.
Let w = e(&, k, P) be a basic Witt differential. Let p* be the denominator
of the weight k. Then we have:

ordy w = ordy & = vp(w) + u.

For an arbitrary w € W4/, we write the expansion:

(0.10) w=>Y e(&p k7P).

kP

Let € > 0. We have the Gauss norm ~;:
Ye(w) = inf{ordy (e(&kp, k. P)) — elk[}-
We also define the modified Gauss norm:
(0.11) Ye(w) = }fl’%{yp(e@kﬂ% k,P)) — elkl}.

We note that:
Ye(w) > Fe(w).
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Consider the polynomial algebra A =W(k)Xy,...,Xq. For each real
number € > 0 we define on A a valuation .. We write f € A: We will use
the vector notation I = (i1,...,iq) and write

f=>aXx', creWk).

We write |[I| =41 + ...+ 4.
Then we set

Ye(f) = min{ord,(cr) — e|I|)}.
We extend ~. to the differential forms (2 ; W (k)" We write a differential
form as of degree r:

W= faldXa, A...ANdXa,, fa€ A4

where a = (aq, ..., a,) runs over vectors with 1 < a3 < ... < a, < d. Then
we set:

Ye(w) = min{e(fa) — re}.
We have the following properties:
012 Ve (fw) = () +w), fea
Ye(wi Awz) > Ye(wi) +7e(w2), wi € Qg pr)-
We may write w as a sum of p-basic elements [12] (2.3):

dXkn dx*n
pordpk11 T p

Lemma 0.13. Let us write w € QA/W(Ic) as a sum of p-basic differentials:

w= Z e(cpp, k, P).

e(c, k,P) = cXFo

ordykr, *

Then we have:
Ve (w) = min{ord,(cxp) — |kle}.

Proof. Clearly it is sufficient to consider the case where w belongs to the
free W (k)-module of forms of a given weight k£ (compare [12] proof of Prop.
2.1). Then w may be written:

w=Y by X{ .. Xfrdlog Xi, A ... Adlog X,

The result follows because b;, .. ;, and ¢, p are related by a unimodular matrix
with coefficients in Z,, [12] 2.1. O

Consider the natural map A — W (A) which sends X; to the Teichmiiller
representative [T;]. It induces a map:
(0.14) Uiy — Wk

The p-adic completion of the image of this map consists of the integral Witt
differentials. From Lemma 0.13 we obtain:

Proposition 0.15. The map (0.14) is compatible with the Gauss norms 7.
on both sides.
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Corollary 0.16. Let w,n € W Q. Then we have:

Ye(wn) > Ye(w) +7:(n) forw integral

Ye(wn) > Fe(w) +7:(n) forw arbitrary.
We note that for w integral, v.(w) = Fe(w). Let f € A, then we have
Ye([f]) = v ([f]). In particular we find for arbitrary w

(0.17) Ye([flw) > 7 ([f]) + e (w).
Proof. We begin with the first inequality. If 5 is integral too, we can apply

(0.12). For the general case we may assume that n = V'7orn=d"V'r
where 7 is a primitive basic Witt differential. We note that for primitive 7:
e ( VuT) =u-+ ’yg/pu(T).

For integral w we have
7€/p“( F w) = ’YE(W)'
If w is not integral we have only the inequality:
’Vs/p“( F“w) > 78("‘]) —u.
Then we find using the integral case:
Ye(w V*7) :ufya( VI ) > u +u’75/pu( F*or) uZ .
U+ Ve /pu ( 2 0) +'Ya/pu(T) =7v(V'7) —i—’yg/pu( F0) > 4 (V') 4 e (w).
The case n = d V"7 is reduced to the former case by the Leibniz rule:
wd V't =d(wV"'r) — (dw) V7.
Now we verify the second inequality. We may assume that w = V"7 or
w=d V"7 for a primitive basic Witt differential. Then we have:
Ve (W) = Yepu (7).
¥ () = () T ) = u e )
Zu+ 75/p“(7) +7e( E n) =%(w) +u+ 75/p“( o n) 2> Fe(w) +7:(n)
Finally we have to show that v.([f]) = J:([f]). We denote by m =

(m1,...,mq) a vector of non negative integers and write:
(0.18) F=>anT™ .. TP =" a,T™
m m

Let g be the total degree of f. Then we have

1=(f]) = —eg.
We enumerate the m with a,, # 0:

m(1),...,m(t).
By Lemma 2.23 in [6] we find:

[f]= Z ey, ey [T] D1 m (D
kit...+ke=1

If we take 4. of one summand it is bigger then the degree of this summand
times —e:

Je (g, .. oy [T DL Am(D)he

—e(|m(1)|k1 + ... + |m(t)| k)
—e(gk1 + ...+ gky) = —eg.

AV
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This shows that ¥-([f]) > —eg = 7-([f]). The other inequality is obvious.
U

Proposition 0.19. Let f € W(A), f = (fo, f1,-..) be a Witt vector, such
that fo #0. Let w € W 4, be an element, whose decomposition into basic
Witt differentials has the following form:

(0-20) w=7) eltp k. P).
We assume that all weights k appearing in this decomposition have the same
denominator p* with u > 0, and the same degree k = |k|. Moreover we

assume that only partitions P with Iy # 0 appear and that there is a weight
k and a partition P such that ordy §p = u. The last condition says that
there is k and P such that e(&,p, k,P) = Vi, for a primitive basic Witt
differential 7.

We can write fw as a sum of basic Witt differentials:

(0.21) fw=>"e(& p,h,P).

Then there is a summand e(ﬁ;L’P, h,P) in the sum above, such that ordy (5;%73)
u, such that h has denominator p*, and such that Iy # (. Moreover if g is
the degree of the polynomial fy, then the degree of h is |h| = g + k.

In particular we have the inequality:

'VE(fw) < 'Ya(w) — edeg fo.

Proof. We write: 3
f=r+ "
where f is a polynomial in X; = [T1],...,Xq = [T4] with coefficients in
W (k), which are not divisible by p. The degrees of the polynomials fy and
f are the same.
We set w = V"7, where 7 is an integral Witt differential with v,(7) = 1.
Then we have:

(0.22) fo=(F+ Vo) Vir= V(e T ),

We write f = > f; as a sum of homogeneous polynomials of different degree
g;. The maximum of the g; is g. Then the Witt differential n; = ™ fi7 is
for each ¢ an integral homogeneous Witt differential of degree p“g; + p“k.
By assumption the reduction of this Witt polynomial in €24, is not closed.
The basic Witt differentials which appear in the decomposition of 7; into
basic Witt differentials have weights, which are not divisible by p, because
the weights appearing in " f are divisible by p but those appearing in 7 are
not divisible by p. This shows that in the decomposition of each 7; appear
primitive basic Witt differentials. These can’t be destroyed by basic Witt
differentials which appear in the decomposition of the last summand in the
brackets of (0.22), because of the factor p. If we apply V* we obtain the
desired basic Witt differential in the decomposition of fw. U

Corollary 0.23. With the notations of the proposition consider a Witt dif-
ferential of the form w1 = w + dn, and write

fpwl = Z e(é}}j)a iL’ P)
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Then there is a summand e(éﬁ s iL, P) in the above sum, such that ordy éﬁ p=
u, such that h has denominator p* and such that Iy # 0. Moreover the degree
of h is |h| = pg + k.

Proposition 0.24. Let fo € A =k[T1,...,T4] be a polynomial of degree g.
Let w € WQyp . Then we have for the Gauss norm on A:

(0.25) Ve ([folw) = 7e([fol) + 7e(w).

Proof. We write w as a sum of basic Witt differentials:
(0.26) w= Z €.
i€l
By continuity we may assume that the sum is finite. By Corollary 0.16 we
have the inequality:

(0.27) Ve ([folw) = e ([fo]) +7=(w).
We may therefore assume that in the sum (0.26)
(0.28) Ye(w) = 7e(es)

for all i € I. We may further assume that v,(w) = 0.

Let us first consider the case where there is an integral basic Witt differ-
ential e;, in the sum (0.26) such that v,(e;,) = 0. Then we decompose w
into three parts:

w=n+ o' + w//’
where 7 is the sum of those Witt differentials e; in (0.26) which are integral
and such that vp(e;) = 0, where w’ is the sum of those Witt differentials e;
in (0.26) which are integral and such that v,(e;) > 0, and where w” is the
sum of those Witt differentials in (0.26) which are not integral.

Let e; be a summand in 1 and let k be its degree. By assumption we find:

Ye(w) = ve(ei) = vp(e;) — ex = —ek.

It follows that all these e; have the same degree k.

Consider the differential fo7 € Q4/, which is the reduction of [fo]n. If we
write the reduction as a sum of basic differentials in {24/, it must clearly
contain a basic Witt differential of degree g 4+ x. In the decomposition of
[fo]n appears therefore an integral basic Witt differential é of degree g +
such that v,(€) = 0. On the other hand all basic Witt differentials which
appear in the decomposition of [fo](w' + w") € VIWQy /; + dVIWQ, ), are
either integral with v, > 0 or nonintegral. Therefore they can’t destroy
completely €. We found in the decomposition of [fy]w an integral basic Witt
differential & of degree g + &, such that v,(¢') = 0. We conclude that

Ye([folw) < 7e(€) = —elg + 1) = 7= ([fol) + 72 (@)

Since we know the opposite inequality we obtain the equation (0.25) in the
first case.

Let w be a Witt differential which doesn’t belong to the first case. Then
we write:

(0.29) w=wu) +w(du) + o' + "
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where w’ is the sum of all e; in (0.26), such that v,(e;) > 0. There is a
natural number u such that the following holds:

(0.30) W' € VW Q4+ dV T W QY i

and each basic Witt differential appearing in the decomposition of w(u) is
of the form V"7 for a primitive basic Witt differential 7 and any basic Witt
differential which appears in w(du) is of the form d V" 7. By our assumption
(0.28) we find that for each of these 7:

Ye(w) =u+ vs/pu(T) =u — €k,

where k is obviously independent of 7.

Before proceeding we make a general remark: It suffices to show the
equality (0.25) in the case where fj is a p-th power fy = gf. Indeed assuming
this we have for arbitrary fo:

Ve ([f51w) = (/o)) + 7= (w) = pre([fo] + 7= (w).
On the other hand we already know the inequality:

Ve([folw) = (p = D)e([fo]) + 2=([folw).
We conclude:

Ve ([fo)=(w) = 2=([folw).

Since we already know the opposite the inequality (0.25) follows.

We consider now the second case where w(u) # 0. By Proposition 0.19
the product [fo]w(u) contains a basic Witt differential e(&, k, P), where k
is a weight of denominator u > 0, such that |k| = g + k and ordy £ = w.
This basic Witt differential can’t be destroyed by any basic Witt differential
appearing in [fo]w’ because of v, > 0 of by any basic Witt differential ap-
pearing in [ fo]w” because those have reduction 0 in W,,Q4/k. It can also not
cancel with an exact basic Witt differential appearing in [fy]w(du). Indeed
since fp is a p-th power those basic Witt differentials are either exact or
have v, > 0. Therefore [fo]w contains as a summand a basic Witt differen-
tial e(n, k, P) where k is a weight of denominator v > 0, such that |k| = g+~
and ordy & = u. This proves the inequality:

e([folw) <u—elg + k) = 1e([fol) + 7e(w).

This gives the desired equality in the second case.
Let us now consider the third and last case, where w(u) = 0 in (0.29).
Then we rewrite (0.29) in the form:

u
w=d"'oc+u +u",

where ¢ is a sum of primitive basic Witt differentials of the same degree
p“k, where 7. (w) = u — ex. We assume as above that fo = gfj. We find:

(0.31) [fold Vo =d([gh] V" o) — plhol? " (d[ho]) V0.

By Proposition 0.19 we know that [hf] V"o contains a non-closed basic Witt
differential e(, k, P), where k is a weight of denominator u > 0, such that
|k| = g+ k and ordy £ = u. As before we see that the basic Witt differential
de(§, k,P) can’t be destroyed by any basic Witt differential which appears
in [fo]o' or [fo]w”. It can’t also be destroyed by a basic Witt differential
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which appears in the last summand of (0.31), because for them v, is positive.
From this we conclude as before the desired equality (0.25) U

Corollary 0.32. Let f € W(k[Ty,...,Ty)) = W(A) be an integral Witt
vector with radius of convergence €. Let w € Wy, be an arbitrary Witt
differential of radius of convergence €. Then we have:

Ye(fw) = 7o (f) + 7o (w).
Proof. By Corollary 0.16 we have the inequality:

(0.33) Ye(fw) = 7e(f) + 7e(w).

For the opposite inequality we may assume that f is a polynomial by con-
sidering the truncations in W, 4,,. We write f= > fl as a sum of homo-
geneous polynomials ﬁ of different degrees g;. By the inequality (0.33) we
may assume that v.(f) = ~.(fi) for each i. Moreover we may clearly assume

that v,(f) = 0. With these remarks the proof works in the same way as
above. O

1. SHEAF PROPERTIES OF THE OVERCONVERGENT DE RHAM-WITT
COMPLEX

Let A = Ekl[t1,...,t;] be a smooth finitely generated k-algebra, S =
k[T, ...,T,] apolynomial algebra. Then S — A, T; — t; induces a canonical
epimorphism

of de Rham-Witt complexes.

Definition 1.1. We set WJ[Q:A/k = image (WTQE/k) under .

We have seen in Proposition 0.9 that this definition is independent from
the choice of generators and the representation S — A. The same propo-
sition shows that the assignment A — WTQ 4 /i is functorial. Indeed, given
smooth finitely generated k-algebras A, B as above, and a presentation
k[Ty,...,T,] - A, we extend this to a presentation k[T1,...,T,,Us,..., U] —
B such that the following diagram commutes:

A -~ B

k[Ty,...,T,) — k[T1,..., T, Uy,..., U].
Then it is clear that the induced map W, — WQp ), sends WTQA/k —
WiQp .
For w € WQ$, /i @ convergent sum of images of basic Witt differentials in
WQE/k, SO

w=Y el&pkP)

(k,P)
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we know that w is overconvergent iff there exist constants C7 > 0,C € R
such that

(0.6) |k| < Ciord, & p + Cy for all (k,P).

We can also express overconvergence on W% Jk by using the Gauss norms
{7e }e>0 obtained as quotient norms of the canonical Gauss norms on Wy Ik
that we defined before. An w € Wy, is overconvergent if there exist
e > 0,C € R such that v.(w) > C. If we use another presentation S’ =
k[Uy,...,Us] — A, then the associated set of quotient norms {d.}.~¢ on
W4y, is equivalent to the set {7e}e>0. Here, the notion of equivalence is
defined in the same way as for Witt vectors ([6] Definition 2.12).

Proposition 1.2. (a) We denote by f € A an arbitrary element. Let d € Z
be nonnegative. The presheaf

WTQgpecA/k(SpeC Af) = WTQIdLXf/k:

is a sheaf for the Zariski topology on Spec A (compare [9] 0, 3.2.2).
(b) The Zariski cohomology of these sheaves vanishes in degrees j > 0,
i.e.

H}, (Spec A, W1 Qgpec ak) = 0.

We fix generators t1, . .., ¢, of A and denote by [t1],. .., [t;] the Teichmiiller
representatives in W(A). An elementary Witt differential in the variables
[t1], ..., [tr] is the image of a basic Witt differential in variables [T1],. .., [T}]

under the map .
Before we prove the proposition, we need a special description of an over-
convergent element z in WTfolf s Let [f] € W(A) be the Teichmiiller

1 1 1
representative. Hence — = 7 is the Teichmiiller of 7 in W(Ay). For the

element z we have the following description.

Proposition 1.3. The element z € WTfo‘f/k can be written as a convergent
series

oo

I
Zz =
=0

"
(t)

where 7; is a finite sum of elementary Witt differentials ;" in the variables
[t1], ..., [tr], images of basic Witt differentials nl(t) in variables [T1], ..., [Ty]
with weights k} satisfying the following growth condition:

d4C1 > 0,5 € R such that for each summand nl(t) we have

ry + |k} < Crord,n™ + Cs.

Furthermore we require that for a given K > 0,

l

mtin ordpnl(t) > K for almost all l.

Proof. We use here an extended version of basic Witt differentials to the
localized polynomial algebra k[T3,...,T,,Y,Y 1] (compare [10]): A basic
Witt differential o in W, 7, y,y-11/ has the following shape:

I) « is a classical basic Witt differential in variables [T1], ..., [T;], [Y].
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IT) Let e(& p, k, P) be a basic Witt differential in variables [T1], ..., [T;].
Then
II1) a=e(&p,k,P)d loglY]
I12) a=[Y]"e(p,k, P) for somer >0,r € N
II3) a=FdY]| e(&p,k,P) for some I >0, ptl, s> 0.
Vu yully)

) o =" (Y [TPpbn)d (TP Ve Pt gTP i (com-
pare [12], (2.15)).
In particular, k is a weight function on variables [T1], ..., [T,] with partition
1
IoU...UId:'P,u>0,]€y€Z|::| ,
Pl<o

u(ky) < u=max{u(lp),u(ky)} (notations as in [12]).

If Iy = 0, we require v = max{u(I1),u(ky)}.
IV) o = da’ when ' is as in III).

It follows from loc.cit. that each w € WQ;[TI7-~~7TT,Y7Y_1]/]§ is in a unique

way a convergent sum of basic Witt differentials. Here convergent is meant
with respect to the canonical filtration on the de Rham-Witt complex.
It is straightforward to show that w is overconvergent iff there exists
C1 > 0,05 € R, such that the basic Witt differentials o appearing in the
decomposition of w have the following properties.

e If « of type I) or of type IT 1) occurs as a summand in w, we require
k| < C1 ordy, &p + Ca.
o If a is of type II 2) or II 3) occurs as a summand in w then
r+ k| < Cy ord, &g p + Cy (with r =1-p® in case II 3).
o If a is of type III) or IV), then
d —_— —~—
by | + Z kr,| < Cy ordy, (V) + Cy
§=0
(here, |ky| = —ky,|kr,| = > ki)
i€l
We have a surjective map of complexes:
WTQ;[Tl,...,Tr,Y,Yfl]/k - Wmfaxf/k-
We may represent the z of the proposition as the image of an overconvergent
w, which is a sum of basic Witt differentials as decribed above. To obtain

the representation of z in the proposition, we expand the images of the basic
Witt differentials v separately.
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In case of condition IIT) we consider the first factor V* (([Y]P"ky (TP k10 ).
For simplicity we assume Iy = {); this does not affect the following calcula-

tions. Let —ky = Lu and [ < # < 141 for an integer [. We have
p

v () = v (5) 7 (o )

- &WWGWﬁW>:§Wm@W£;W5

[Y]llﬂvu (§[Y] (l+1)p“fr> '

Now consider the image of « in WQ‘if Jk where
Y—-1f, =" -

The above factor [Y]llHV“ (g[Y](Hl)pu_’") is mapped to [f]1l+1 v ({[f](lﬂ)p“—r).

Represent f as a polynomial of degree g in ¢1,...,t,. Then it is easy

1 -~ ~
to see that the image of « in Wfolf/k is of the form ——7 where 77 is a

[f]lJrl

(possibly infinite) sum of images of basic Witt differentials 7 in variables
[T1],...,[T] with weights k' satisfying

d

t r

|k < g<l+1—pu>+2|kzzj|
j=0

d
g+ > Ikl
i=0

The case da (type IV) is deduced from the case III by applying d to « and
the Leibniz rule to the image of da in Wfolf Ik So if the image of a as

IN

1 -
above is ——7 then the image of da is

(]
1 ~ 1 ~ 1 ~ ~
= s Ll = e (A1~ L)
1=
-
where % is a sum of images of basic Witt differentials 77 in variables T1],...,[T}]
with weights k' satisfying
d
K <20+ Jh |
j=0

We can also compute the images of o in W4 1 /K where « is of type I or II
and obtain again a representation

1 ~
——7 for r > 0.
71"

These cases are easier and omitted.
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Now we return to the original element z € WTQfgf Ik We may write z as

o0
z= Z W,
m=0
where w,, is an elementary Witt differential being the image of a basic Witt
differential o, iIn Wyp, 1, v,y -1)% of type I, I, IIT or IV.
In all cases we have a representation
~ 1 =

Wy, = mn

an

a convergent sum

where 7, is the sum of images of basic Witt differentials 7}, in variables
[T1],...,[T,] with weights k!, such that

rom + kL] < Crord,, (i) + Ca + 2(g + 1).

Now consider - for a given integer N - the element z modulo Fil"V, so the

image z(N) of z in
1
WNQS e = WrQ% ), Q) Wi(4) [[f]} :
Wi (4)
b(N)
One then finds a lifting z(N) of z) in WQAf/k such that z(V) = > Wiy s
m=0
a finite sum, i.e.
1
W =
[f]7m

where now 7, is a finite sum of images of basic Witt differentials n!, in
variables [T1],...,[T,] satisfying the growth condition

T+ KL | < O ordp(nfn) + Co

with C7 := C1,Cy = Cy + 2(9 + 1).

The elements zN) can be chosen to be compatible for varying N and we
have z = lim 2™ Tt is clear that the second condition of the lemma is also
satisfied, this finishes the proof of Proposition 1.3. (]

Remark. It will later be convenient to express the assertion in Proposition
1.3 using Gauss norms. Let {¥:}e>0 be the set of Gauss norms on Wy,
obtained as quotient norms from the canonical Gauss norms on WSlg . using
the presentation S — A. Let {0:}e>0 be the set of Gauss norms on WQAf/k
obtained as quotient norms using the presentation S = k[Ty,..., T, U] —
A, Ti—t;, U % We now define another set of Gauss norms as follows.
Forw e WQAf/k we consider the collection of all possible representations

(%) w =Y _[f1""m, for m € WQyuy,
>0
such that for a given t, almost all m; are zero in Wi 1941, We set

7 (w) = sup{inf{y.(m) — le}},

where the sup is taken over all possible representations (*). Then Proposi-
tion 1.3 is equivalent to the assertion that the set {y3"*Y.~q is equivalent to
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the set {0z }es0. Equally, we will obtain an equivalent set of Gauss norms
{~L}es0 if in the above definition we only allow representations such that the
exponents of f are all divisible by p.

Now we are ready to prove Proposition 1.2.

As WQ* is a complex of Zariski sheaves we need to show—in order to prove
part (a) of the proposition—the following claim:

Let z € WQ4 Ik for some fixed d, let {f;}; be a collection of finitely many
elements in A that generate A as an ideal. Assume that for each ¢ the image
z; of z in WQfl“fi/k is already in WTQifi/k' Then z € WTQdA/k.

Let [f;] be the Teichmiiller of f; with inverse ﬁ = [%]

n
Lemma 1.4. There are elements r; € W1(A) such that > ri[f;] = 1.
i=1

n

Proof. Consider a relation i a;fi = 1in A. Then 3 [a][fi] = 1+ Vi e
WT(A). By Lemma 2.25 in 1[26}1, .

(1+ V)=t e Wi(A).
Define r; = (1 + V7)™ - [a]. O

Lemma 1.5. For each t there are polynomials Qi [Th, ..., Tay] in 2n vari-
ables such that

(1) degree Qir <3-nt
(2) Zl Qiﬂf ([fl]u DRI [fn]u T1y--- >7'n) [f’b]t =1.
For the proof of this Lemma, compare [15].

We know that Spec A = U} | D(f;). For a tuple 1 < i3 < -+ <y, <m,
let £, 4, = N7 D(fi;). Fix d € N and let

C™ = C™(Spec A, WTQ4 )

= @1§i1<~~<im§nWTQAfi14..f1. K

= B1<iy<o<im<nl iy i WTQflq/k)-
Then consider the Cech complex

0—-C'=Ct—-C*— ...,

We have C° = WTfo‘/k and C° — C! is the restriction map WTQfg/k —
Wy 1 /K for all 7. It is then clear that Proposition 1.2 follows from the
following.

Proposition 1.6. The complex C*® is exact.

Proof. The proof is very similar to the proof of Lemma 7 in [15]. We fix as
before k-algebra generators t1,...,t, of A. Suppose 0 € C"™,m > 2, is a
cocycle. Then o has components
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Applying Proposition 1.3 we see that oy, ., has a representation as an
overconvergent sum of Witt differentials as follows: oy, i, = > o0 M, "™
with

o 1
Mt = 777(]) . a finite sum
: Z [firim)?tm

where [fi, .17 == [fi,)? - [flm] 77l7,1 4, is a sum of images of basic Witt

differentials 17(”) 4, in variables [T], ..., [T;], (T} — t;) and weights kl(ff)zm
satisfying
) j+ Ik, | < Clordyml), +1)
i) 1 > ord, nl‘h?_vim >1—1.
Notation: We say that Mlil”'“ has degree < C(I +1).
We shall construct a cochain 7 so that 7 = 0. The reduced complex
C*/Fil"C* = C*({D(fi)}i, Wy, QA/k)

is exact. We will inductively construct a sequence of cochains

Tk = g Tki..im—1

1<i1 < <tm-1<n

such that the sum
[e.e]
>
k=0
converges in C™~! to a coboundary of 0. The 7}, are chosen to satisfy the
following properties:
(1) o( i;;lo 7) = o modulo Fil2-tcm )
(2) T0i1 . im—1 € WTQAf .A.fl.m/lm for k Z 1 Thki..dm—1 € FZlQ _1WTQAfZ.1.HfZ.m/k
(3) Thir.ois € WO, [fl],...,[fn],rl,...,rn,m} to be under-
stood as a polynomial in the “variables” [fi],..., [fa], 715+ 70, T —
’Ll”.lm_l
with the coefficients being finite sums of elementary Witt differen-
tials in [t1], ..., [t;] such that the total degree (with [t1], ..., [t;] con-
tributing to the degree via possibly fractional weights) is bounded
by 24nC2*. We write degree Thiy i1 < 24nC2*.

(4) [fia]c2k+17_ki1"'im—1 € WQQ/"]C [[fl]’ R £ I C Py [fAl}]

11t tm—1
with degree [fia]CQkHTkil_“imfl < C2k+1 4 24nC2F.
Then (2) implies that all the coefficients 7 of the polynomial representation
(3) satisfy ord,n > 2% — 1. Also (1) implies that d(> 7, 7x) = 0. Using (2)
and (3) we will show that Zzo 0Tk € C™ 1 ie. is overconvergent.

Define elements og;, .. i,, € WQAf g for n > 0 by
1
25+l
Osityoim = Y, M.
a=0

< 022+1

i

.198+1
Then o, ;. =0 mod Fil*" and degree og;
811 500nyim 15008 501,

m
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Define the cochain 79 € C™~! by
n
2C
TOiy.oim—1 = Zai,20[fi] O0iy ... imi-
i=1

Suppose we have constructed, for some integer s > 0, cochains 75, € C™ 1
for 0 < k < s satisfying (1) — (4). Then we construct 75 as follows: Let
Vsitoimn = Osinnrim — O Z;%) Tk)iy..in, - We see that vg, ;€ Fil> 71C™ is
a cocycle modulo Fil?>’ T1C™ and degree vs;,. i, < 24nC2571.

Define

n
s+1
Tsi.im—1 — Z Qi,C25+1 [fi]02 Vsit.im_1i-
i=1
Then )y _, 7% satisfies (1) by ([EGA], III.1.2.4.). We have

[fi]CQSJrl’)’sil‘..im,li € WTQAfi1

_ 21yt
=Fil® W QAfilmfimfl

NFIl> ' Wiy . n

and therefore 75, ; , satisfies (2) (we have used (4) for 7,k < s). More-
Over, Tsi,. i, has total degree bounded by

24nC2571 4 302 + 025 < 24nC2°

and 7, satisfies (3). It is straightforward to show property (4) for 75. There-
fore it remains to show that ) 7° ;73 is overconvergent. This will be derived
from properties (2) and (3) as follows.

It follows from (3) that 74, 4, , can be written as a finite sum 75;, i, , =
D r! My, where I runs through a finite set of multi-indices in N, rl =

ri\l oorpn for I = (Ag,...,\,) and Mg is a finite sum of images of basic
Witt differentials w! in variables [Th],...,[T;], [Yi], ..., [Ya], [Z] with
m—1 1
(T3] = 5], ) = 51 120 = 1T 75
j=1 "
with weights k! satisfying
[I] + kY| < 24nC2° = C'2°
(C":=24nC) and
1
ord,w! >2° 1= a(0’28) -1
(*) 1 .
> ST+ KD ~ 1.

For fixed I and varying s we get a sum
Z T’IMS,] = 7“1 Z MSJ-
S S

Because of the condition (*), wy = )" M, is overconvergent with radius of
S

convergence € = % and

gl

1
c’

1
(wr) > 5”' -1
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Here 4 is the quotient norm of the canonical Gauss norm v on WQyr, . 1, v1,....v,. 2] /k-
We now look again at the definition of r;. There exist liftings 7, 7; of 1, r;

in WT(S) and @; of a; in S where 7 is a finite sum of homogeneous elements

such that

= (1+ Vi) ail.

1
For ¢ := %, there exists € > 0, Yol > ¢ such that

7 (Vi) = -5,
because we have a finite sum of homogeneous elements. By [6] Lemma 2.25,
YVe(r;) > —0 as well.

Let w; be a lifting of w; in WTQk[Tl,...,TT,Yl,...7Yn,Z}/k such that 9.(wy) =
Ye(@r). Then we obtain by Corollary 0.16,

Fe(rlwr) = 2(For)

> Ye(wr) +9: (FI)

= Ae(wr) +5(7")

> A (wr)+ e ()

> I =1+ |I|(=6) =—1.
As this holds for all I, we see that § Tsiy...im_, 1S Overconvergent with radius
of convergence €, and hence Proposs:itoion 1.6 follows, and so does Proposition
1.2. O

Remark. The above final arguments in the proof of Proposition 1.2 are very
similar to the proof that WT(A) is weakly complete in the sense of Monsky-
Washnitzer (compare [16] and Proposition 2.28 of [6]). Hence WTfol/k sat-

isfies a certain property of weak completeness in positive degrees as well.

Corollary 1.7. The complex WTQSpecA/k:; defined for each affine scheme
as above, extends to a complex of Zariski sheaves WTﬁif/kon any variety
X/k.

In the remainder of this section and the next, we prove the following.

Theorem 1.8. Let X be a smooth variety. Then WTQB(/k defines a complex
of étale sheaves on X.

Proof. As WTQB( Ik is a complex of Zariski sheaves on X, the problem of
being a sheaf on the étale site is local on X. By a result of Kedlaya [11] any
smooth variety X has a covering by affine smooth schemes Spec A which
are finite étale over distinguished opens in an affine space Afl. It therefore
suffices to show that if A is finite étale extension over a localized polynomial
algebra, A’ a standard étale extension of A, then an element z in WQdA Jk

that becomes overconvergent in WQ%, Ik is already overconvergent over A.

By localizing further we may assume first that there is an element f in A
such that A’ is finite étale over Ay, of the form A%} = Af[X]/(p(X)) for
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some monic irreducible polynomial p(X). The following proposition reduces
the argument to the case Ay = A'f; hence we will need to show

Proposition 1.9. Let B be a finite étale and monogenic A—algebra, where
A is smooth over a perfect field of char p > 0. Let B = A[X]/(f(X))
for a monic irreducible polynomial f(X) of degree m = [B : A] such that
1/(X) is invertible in B. Let [x] be the Teichmiiller of the element X mod
f(X) in W(B). Then we have for each d > 0 a direct sum decomposition of
W (A)—modules

wiQg = Wwiag , e Wil il e ... e Wiy, [am "

Proof. From Corollary 2.46 in [6] we know that this proposition is true for
d=0:

WT(B) is a finite étale WT(A)-module with basis 1, [z], ..., [z]™ " . There
is a unique lifting f(X) € WT(A)[X] of f(X) such that WT(B) = WT(A)[X]/f(X)
and f'([x]) is invertible in WT(B).

Let f(X)=X"+apn 1 X" ' +...+ a1 X + ag, with a; € WT(A) and

1
= :Cm_l[x]mil+...+01[CE]+CQ,

f'lz]

with ¢; € WT(A).
When we consider an element z in I/VTQCfB Jk with radius of convergence
e > 0 we will always assume that e is small enough such that all a;,c;,
j=0,...,m—1arein We(A).
The equation
f(z]) = 2™ + amer[z]™ 4+ ...+ arr] +ap =0

(note that f(X) is the minimal polynomial of [z] over W1(A)) implies that

d f([z]) = 0.
Hence we get
F([=)d[z] + dam—1[z]" " + ... + dai[z] + dag = 0.

As (f'([z])) ! has coefficients in W¢(A) and W¢(A) is a ring we see that

1
dlz] = —= dam—1]z]™ 1+ ... + day[z] + da
[2] f’([xD( [2]™ 7 + ..+ day[e] + dao)

m—1
= Z )\ldal[l']j with A\, a; € WE(A).
1,j=0

The elements a; € W¢(A) are homogeneous as they are elementary symmet-

ric function in the [¢;], where [t;], i = 1,...,m are the roots of f, lifting the
roots t; of f.

We have \ida; = d(a;\;) — a;d); by the Leibniz rule. The elements a;)\;
are in W¢(A), hence d(a;\;) € WEQ}L‘/,C. As a; is homogeneous, the element

aidey is in WEQ}Ll/k as well (Corollary 0.16). So we get
dlz] € WeQl p @ ... @ WQ  [2]™ .
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One proves similarly that
dlz] € WeQly p & ... @ Wy [2]™ .
foralli, 1 <i<m—1.

Let by,...,b, be generators of the k—algebra A and z € WTQ%/k be an

overconvergent sum of elementary Witt differentials z; in variables [b], ...,
[br], [x] with 7¢(2z;) > C for all 4. If in z; the variable [x] occurs with integral
weight k, we may assume 1 < k, < m — 1. If [x] belongs to the interval I
with underlying partition P corresponding to z;, then evidently z; = n;[x]*
with 7; an elementary Witt differential in the variables [b1],...,[b,] with
Ye(ni) > C. If [x] occurs with integral weight ks, 1 < k; < m — 1 and
belongs to the interval I;, j > [, then after applying the Leibniz rule and
the previous case we see that

2z = wi + mid[z]*
with w; € WEQi/kGB Wl /k[ z™ tand n; € WEQj/i with v:(n;) > C.
In addition, all coefficients wl(. D in WEQi/k satisfy . (w Z( )) > C. We may
also assume that all coefficients ﬁl(j ) of dlz]" in WeQL s forall 1 <i<m-—1

satisfy ’ya(ﬁ(])) > (. Then,

midlz]* € W2Q4 & ... o WaQ) (2]
and we have for all coefficients 6§j )
tation of n;d[z]*+ that

€ W%Qj Ik that occur in this represen-

vz (67) > C.

Now we use [6] Corollary 2.46. If a = Z &ixt € We(B) satisfies v (o) > C
then & € W#(A) with 1.(&) > C’ and C only depends on C' and ¢; wlog
C'<C.

Assume that in an elementary Witt differential z; occurring in the over-
convergent z we have

= th - dw
and [x] occurs in n with fractional weight k,, k, = % 1<¢<m-—1, then
p

applying the above fact we see that

z € WY & ... @ WQY [z

and the coefficients z,f 2 satisfy 7. (2 (])) > .
If [z] occurs with fractional weight k, in an interval I;, j > 1 of the
underlying partition of z;, then by combining the previous cases we see that

ZeWI p .. o WIQY o™

and all coefficients z( 7 satisty Ve (2 (J)) > (.
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This implies that the original z € WeQ% s With Ye(z) > C has a repre-

sentation

—_

m—
=Y oifa] e W2Q @, 0 W2Q) , [x]™!
1=
with ye (0;) > C' forall i = 0,...,m — 1.
On the other hand, by possibly applying the Leibniz rule repeatedly, it is
clear that an element in

W4 e ... e Wiy e

can be represented as an overconvergent sum of elementary Witt differentials
in variables [bi],..., [br], [z], and hence lies in WTQdB/k. This finishes the
proof of the Proposition. O

Remark. Note that the isomorphism in the proposition is a restriction of
the isomorphism

WQ%/k = W(B) ® WQ%/}@ = WQ%/k[x]i

for the completed de Rham-Witt complex. As W(B) is finite étale over
W (A) if B is finite étale over A, this latter isomorphism is a consequence of
étale base change for the de Rham-Witt complex of finite level, by passing to
the inverse limit (compare [12] Proposition 1.7 and Corollary 2.46 in [6]).

To prove the theorem, it remains to show that

for a k—algebra B which is a finite étale extension over a localization Ay
of a polynomial algebra A = k[T},...,T,], and some g € B. After possibly
localizing again, we may assume wlog that ¢ itself is in the polynomial
algebra. After applying Proposition 1.9 again, we reduce the proof of the
étale sheaf property to the case where B = Ay. That is, we need to prove
(1.10) in the special case B = Ay and g € A. This will follow from a further
careful study of the Gauss norm properties on the de Rham-Witt complex
of the polynomial algebra A and a localization Ay, done in the next section.

2. GAUSS NORM PROPERTIES ON THE DE RHAM-WITT COMPLEX OF
LOCALIZED POLYNOMIAL ALGEBRAS

We will consider the Gauss norms on the truncated de Rham-Witt com-
plexes Wi 14/, and Wi1€4, /. (and also Wi11€,, /x) and describe over-
convergence on the completed de Rham-Witt complexes via these truncated
Gauss norms. Before we can do this, we need to review a few more properties
of the de Rham complex €2, for the polynomial algebra A = k[T, ..., Ty
over a perfect field k of characteristic p > 0.

We recall the basic differentials e(k, P) from (0.1):

dT*n dT*n
_ mk R VA (et
(21) e(k, P) =T" (pordp k[l ) <p01‘dp kll > )



OVERCONVERGENT DE RHAM-WITT COHOMOLOGY 25

A basic differential is called primitive if Iy # 0 and if the function k is not
divisible by p.

Proposition 2.2. Let ¢(k, P) be a primitive basic differential. Then for all
1<j<d
P
T7e(k,P)

is a linear combination of primitive basic differentials with values in k.

Proof. Let Iy = {i1,...,4t}. Let I} = {i1,...,is} C I be the subset of all
indexes iy,, such that ord, k;,, = 0. Let I// be the complement of Ij in Iy.
We have I, # () but possibly Ijj = 0.

Consider the case where j = i, € I;. We define k" such that k] = k;,, +p
and ki = kj; for all other indexes. Then Suppk = Suppk’ and the chosen
order on these sets is the same. From this we see that

T7e(k, P) = e(k', P).

Now we consider the case where j doesn’t belong to I). We write

- dT*"
J 0 pordp kr, | pordp kr,

as a linear combination of basic differentials e(h, Q) for possibly different
partitions Q. Let ¢ be the weight such that ¢(j) = p and such that ¢ vanishes
on the remaining indexes. Then h = k + ¢.

Consider the subcase where ord, k; = 0. Then j must belong to one of
the sets Iy,..., I, and therefore 7 must be bigger than any of the indexes
appearing in [{). Then

"% e(h, Q)
is a primitive basic differential for each partition Q. Its weight function k”
is the sum of kjj; (the restriction of k to I})) and h. That we obtain a basic

differential follows from the fact that for the order given by k” any element
of Ij) precedes any element in Supp h.

This last sentence is still true in the subcase ord, k; > 0, because this
implies ord, h; > 0. This finishes the proof. O

We consider € 4/, throughout this section as an A-module via restriction
of scalars by F': A — A. We will say that we consider 14/, as an A — F-
module.

Proposition 2.3. Let P! C Q%/k be the k-subvector space generated by
primitive basic differentials. We have a direct decomposition:

(2.4) Oy =P edP & FQ .

Each summand on the right hand side is a free A — F-module which has a
basis consisting of basic differentials

Proof. The decomposition (2.4) is direct because the second k-vector space
is generated by basic differentials whose weights are not divisible by p and
such that we have Iy = () in the partition while F’ QZA Jk is generated by basic
differentials whose weights are divisible by p.
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It follows from Proposition 2.2 that P! is an A—F-module. Then the other
two summands of (2.4) are clearly A — F-modules. Therefore all summands
are projective A — F-modules. All summands are graded by the absolute
value of weights and are therefore graded A — F-modules. Let a be the ideal
of A generated by T1,...,Ty. A basis of the A — F-module P, is obtained
by lifting a basis of the (graded) k-vector space P;/FaP,. This proves the
last sentence of the proposition. O

Next we consider the de Rham-Witt complex W, ,. We denote by Fil"
the kernel of the canonical map W4/, — W, 4. It is an abelian group
generated by the basic Witt differentials e(, k, P) such that ordy & > n
(compare [12]). We set:

GM = Fil" W,/ FI T Wl

We consider it as a W(A) — F-module. Clearly the module structure factors
via F' : W(A) — A. We consider throughout this A-module structure on
G". On G° = Qfax /k it agrees with the A — F-module structure considered

above.
The A-module G™ has a direct decomposition into free A-modules:

G'= VP gpVrPlg...@p"P
(2.5) @dV" P @ pdV P g - @ pd P
l
@p”FQA/k.
This follows from Proposition 2.3 and the decompositon of W2,/ defined

by basic Witt differentials. It is clear that each summand has a basis con-
sisting of basic Witt differentials.

Proposition 2.6. For each n > 0 there is a family wl(n) € Fil”WQil/k of
basic Witt differentials, where i runs through some finite index set J,.
For each n the elements wl(n) fori € Jy, form a basis of the A-module G™'.

A Witt differential w € Wt+1Qf4 Jk has a unique expression

(2‘7) w = Z Z F[al('n)]wgn),

where a(n) c A.

%
Moreover the truncated Gauss norm ~.[t] is given by the following formula:

(2:8) Pel)(@) = min {pe(a”) +7-(w")}.

)

Proof. For a fixed n and each of the summands of (2.5) we choose basic Witt
differentials in Fil™ which form a basis of this summand as an A-module.
Therefore we obtain a basis win . Then we write:

w= Z Fago)w@) modulo Fil® .

Then we consider the Witt differential

w(l) =w-— Z F[az(.o)]wgo) € Fil' .
i€Jo
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Then we consider w(1) € G5 and express it by the chosen basis of this
A-module. This process may be continued to obtain the expression (2.7).

Finally we have to prove the assertion about the Gauss norm. We consider
first the case of a differential w € Gp; C Wy1Qy/,. We decompose w
according to the decomposition (2.5):

w = E W -

Since the decomposition (2.5) is defined by a partition of the set of basic
Witt differentials we deduce the formula:

e n)(3 wm) = min{r (@)}

Let us denote by S an arbitrary summand of the decomposition (2.5). All
nonzero elements o € S have the same order ordy o = 0g. As explained, S
is a free graded module over A:

s-@s.

such that S has a basis of basic Witt differentials whose weights have ab-
solute value t. We find that for z € S, such that z # 0:

Ye[n](z) = 0g — et.

(n), (1)

Now we assume that z =Y Fa;w;". Since S is free we deduce from this

the formula:
’76[71](2 Fafn)wl(n)) — mln{")’g( FCL?) + 'Ys(wl(n))}

Now we consider the element w € W;11€ 4/, with the expansion (2.7). We
set V¢ [t](w) = C. Then we have:

C <7 [0)(@) = 01> Fla”w”) = minfye( ") + 7w}
On the other hand we have the inequality:

el (3 Pla”1e”) = minfa( M) + e}
We obtain that
el =37 Fla"1e) > elf(w) = O

Applying the same argument to w(l) = w — > F[a(o)]wgo) € Fil' we find

)

that in the decomposition (2.7) the following inequality holds:

Yol Fla™]) +7: (™) > C.
But on the other hand we have:

t

C =73 Y Tlal"w™) > min {7 Flal”]) +7-({™)}.

n.ieJn

This proves the last assertion. O
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Remark. Let f = ST+ € A, where oy, € k be a polynomial. We set

f = Yax][T)F € W(A). This is an integral Witt vector which lifts f.

)] by &,

We can replace in the proof the Teichmiiller representatives [a; '] by a;

and the element F[agn)] by the element Fdl(-n). Then we obtain a unique
exTPTession:
t
(2.9) w=3"3" Fau,
n=01icJ,

The Gauss norm is given by the formula (2.8).

Our next aim is to prove a similiar proposition for the localization Ay of
the polynomial algebra A = k[T1,...,Ty] for an element f € A. We write
0 =degf.

Let w € Wi11Qy 1k We have seen that an admissible pseudovaluation
7L[t] on this de Rham-Witt complex is obtained as follows. We consider all
possible representations:

(2.10) W = Z(m/[f]lp% where n; € Wi11Q 4y,
1

Then ~.[t](w) is the maximum over all possible numbers

min{~.[t]m — elp}.
There is always a representation where this maximum is taken. Such repre-
sentations will be called optimal. The following inequalities are immediate:

Yt w) < AL —1](w)
Yt (w) < 5ltl(w) for €>6.

We could also consider all representations of the form w = >,(m/[f]})
without the extra factor p. Then we denote by 4.(w) the maximum of the
numbers min{~:[t]n; — el}. We will use this Gauss norm only for the Witt
ring.

We write Fil}" = Fil™ Wy ;+/k- By étale base change Fil}" is obtained
from Fil™ by localizing with respect to [f].

Lemma 2.11. Letw € Filf". Then there is an optimal representation (2.10)
of w such that n; € Fil™.

Proof. The case m = 0 is trivial. We assume by induction that there is an
optimal representation such that n; € Fil™~!. Consider the residue classes
of 7 of m in G™™! = Fil™~! /Fil™. We use the abbreviation §.(7;) =
Yeli — 1](n). Clearly we have that d.(77;) > 7[t](m). Then we have in G™*
the relation:

M
(2.12) > /1) =o.

=0
We may assume that 75 # 0 and that M is the minimal possible value for
all optimal representations. Then we have to show that M > 1 is impossible.
We see that 7y is divisible by [f]. Then we write:

v = [f]7.
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We obtain that §.(7) —&d = 0.(7jpr). We may lift 7 to an element 7 € Fil™
such that ~.[t](7) = 0:(T). We write:

ny = [flT+p, where p € Fil™".

Since Y- [t]([f]T) = Ye(T) — €d = 6:(T) — €0 = 6-(hm) > Ye(nar) we conclude
that 7:(p) > v:(nar). Now we consider the equation:

(maa/LFIM) = (/LM + (o /L1M):

Inserting this in (2.10) we obtain again an optimal expression, since:

Ve(r) = (M —1)e > ~(nm)— Me
Ye(p) — Me > Ye(nm) — Me.

Reducing this modulo F'il™ we see that the number M became smaller. [J

Lemma 2.13. Let w € G'} C Wt+1QAf/k. Then w has a unique expression:

w = Z F[Ci]wgt), c; € Af.
Then we have:
L1t)(w) = min{pil () + 7w},

i€

Proof. Since G' is a free A — F-module it is clear that the localization is a
free Ay — F-module with the same basis. From this it follows that such a
decomposition exists.

We choose an optimal representation:

(2.14) w="> (m/[fI")

l

By the last lemma we may assume that 7, € G'. Then we find for 7 an
expression:

m = Z Failwi(t), a; € A.

Therefore we obtain by definition and Proposition 2.6:
(2.15)

L[] (w) mln{’ye Z Fazlw Dy _ elp} = ngn{p’ya(ail) + Vg(w,gt)) —elp}.

We set
™ ="/ 1.
l

We can assume that this expression is optimal for 4.. Because in the other
case we could insert the optimal expression in the equation:

(2.16) w=3203" Taa/ e,

7 l
This would make the right hand side of (2.15) bigger. But then (2.16) would
again be an optimal expression of the form (2.14).

We obtain 4.(c; (n) ) = minl{’yg(agf) ) — el} This shows the last formula of
the lemma. O
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Let ¢ € Ay be an element. We choose an optimal representation:

c= (a/f").
We set:
(2.17) e=Y [al/[f]' € Wira(Ay).
We find
et (€) = 4ile).
But the other inequality is obvious since 4.[t](¢) < 4L[1](¢). Therefore we
have an equation:

(2.18) Ac[tl(e) = Al(c).
In the same way we obtain:
1[t)(&) = ~l(c).
Indeed we have:
(2.19) Vo Fe)=pAlle) force Ay

To see this we can reduce to the case, where f is regular with respect to one
variable. Then one uses that reduced representations are optimal.

Proposition 2.20. With the same notation as in Proposition 2.6 consider
a Witt differential n € Wt+1QAf/k. Then there is a unique decomposition:

n= Z Fél(-n)wgn), ™ e Ag.

The truncated Gauss norm is given by the formula:
Lle)n) = min{pAL(ef”) + ()}
Proof. Since t is fixed we will set 7. = ~/[t] Consider an expression in Fil™:
z = Z Féz(»m)wgm).
We claim that:
221) A = m)(2) = min{a( TE™) 4 (™)),

Indeed, the second equality follows from Lemma 2.13. We see easily that
7L(z) is greater than the right hand side of (2.21). Indeed, we choose optimal

(m)
o = > au/f.
.

. m
representations for ¢; ’:

We obtain:

e = laalw™ 17 = 3" laalw(™) /1),

1 [
This shows that
Yz) = ming{ye (3, lau)Pw™) — Ipe}
= min{min;{p:(a;) + 'yg(wim))} — lpe}.
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The last equation follows from Proposition 2.6. By definition we have the

equation:
pe(c = min{’)/e(ail) - lg}_

This shows the inequality:

1L(2) 2 minfy( F8™) +7e(wy™)}. = AL lm](2).
On the other hand we have v.(z) < 4/[m](z), and this proves the equality
(2.21).

As in the proof of Proposition 2.6 we find an expansion with the desired
properties. U

(m)y

Remark. Consider the natural map B = k[T1, ..., Ty, S] — Ay, which maps
S to f~1. We have defined the overconvergent Witt vectors WTQAf/k as the

image of WTQB/k by the canonical map:

Assume that we are given w € WQAf/k, such that there is a constant C' with
(2.23) Lff(w) = C

for allt > 0. We claim that w € WTQAf/k. By the unicity statement of the
last proposition we have an infinite expansion:

w = Z Fégn)wgn).
M
As in the proof above we take optimal representations:
!

Then we find a convergent sum in the Fil-topology:

w =33 laiel™) /£,

l i

where py-(al}) — elp + ’yg(w(n)) > C'. But then

> laiPw™)IS)P € Wy,
1
is clearly an overconvergent Witt differential which lifts w. Conversely the

condition (2.23) is clearly fullfilled for an overconvergent w, because 7. is
equivalent to the quotient norm induced by (2.22).

Corollary 2.24. For n € Wi,/ we have the equation:
Yelt +1](pm) = 1+ L[] ().
Proof. We note that the proposition holds for each set W™ e W Ak of

i
basic Witt differentials which for each given n induce a basis of G™ as A— F-
module. But clearly pwl-(n) is part of a basis of G"*! consisting of basic Witt

differentials. This gives with the notations of the proposition:
Y+ 1)) =+ T (™)) = min{pAe(c") + 7 (™) }.

This proves the result. U
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Proposition 2.25. Let f,g € A to non-zero elements without common
divisors. There is a constant Q@ > 1 with the following property. Let t be
a rational number and let € > 0 a real number. We denote by . = L[]
the natural Gauss norm on Wi 124,k an by ~! the natural Gauss norm on

Wit 1Q4,, /k-
We denote the image of a Witt differential w € Wt“QAf/k mn Wt+1QAfg/k
by the same letter. Then the following inequality holds:
/ > !
226) Yo 2 )
VW) =2 Y(w).

Proof. We begin with the proof of the first inequality, which is the nontrivial
one. We may extend the ground field k and assume that k is infinite. After
a coordinate change we may assume that f and g are regular with respect
to Th. Consider an element ¢ € Ay with the reduced representation

c= Z a/fL.
If we regard c as an element of Ay, it has the reduced representation:
c=> (ag))/(fg)".
We have defined a lifting ¢ € W (Ay) of ¢ (2.17). This coincides with the
lifting ¢ € W (Ayy):

> L/ = (g D/ (9]

We set C' = ~/(w). By Proposition 2.20 we have the expansion:
(2.27) w= Zégn)wgn), ¢ € Ay.
7,n

Since the ¢ with respect to Ay and with respect to Ay, means the same (2.27)
is also the expansion of w with respect to Ay, according to Proposition 2.20.
Therefore we conclude that:

C = min{p3” (™) + 7 (w!™)}

By Proposition 1.30 of [6] there are constants which depend only on deg f
and deg g, such that the pseudovaluation 47 on Ay (respectively 47 on Ag)
compare to the u-functions:

Qi (c) < Flle) < Qap'(c) force Ay
Qiu'(d) < Al(d) < Qau'(d) force Ay,

If ¢ € Ay has denominator f", then c regarded as an element of Ay, has
denominator (fg)™. This shows the equality

() = ' (c).
We find the inequalities:
A2 (e) < Qap"(c) = Qo' (c) < (Q2/Q1)HL(c).
We set @ = max{1, (Q1/Q2)} and rewrite the above inequality:
A2 (c) < 'Ay;/Q(c), force Ay.
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From this we find:

P 0(e™) + 120 @) = (™) + e (w™) > C.

Using Proposition 2.20 this implies the first inequality (2.26).
The second inequality is straightforward: We choose an optimal represen-
tation of w € Wi41824, /x with respect to e
w=n/[fI", meEWi1Qas.
From the representation
w=mg?/[fg", m € Wiz1 Qs
we obtain that:

WioWw) = vesqmlgl?) — pe/Q
= Ye/0(m) — Ipe(degg +1)/Q
> Ye(m) — elp = L (w).
0

Using the remark before Corollary 2.24, we see that Proposition 2.25
implies the claim in (1.10) and finishes the proof Theorem 1.8. O

Corollary 2.28. With the notations of the proposition we have the inequal-
ity:

(2.29) Ye([gfw) < ALge(w) + pe/Q.

Let c € Ay, such that ¢ # 0. Then there are constant C,Q € R,Q > 1 such
that for every w € Wip184, k-

Ye([dw) <AL jge(w) + Ce.

This shows in particular that an element w € WQAf/k is overconvergent if
for some ¢ € Ay, c # 0 the element [clw is overconvergent.

Proof. We begin to show the inequalities:
w) 2 hw) —pe
Y([fPlw) < Alw) + pe.

To verify the first of these inequalities we choose an optimal representation:

(2.31) w=S"m/lf)".
l

(2.30)

After dividing by [f]P? we conclude:
1 :
Vé(mw) > min{ye(m) — (I + Dpe} = 12(w) —pe.

From this we deduce formally the second inequality:
1
Ve(w) = %(W[ﬂpw) > 7e([fIPw) — pe.
Let h € A be arbitrary. If we multiply (2.31) by [h] we obtain the inequality.

(2.32) Ve([hw) = 7e(h) + 7i(w).
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As above we obtain from this formally:
(23 ) < 2Lw) = A1),
Using (2.30) for 77 and the proposition we obtain:
7 1091Fw) <ALg(w) +pe/Q < ALjge(w) + pe/Q.
But on the other hand the proposition shows:
7 0([91Pw) = AL([g]Pw).

This shows (2.29).
For the last statement we remark that it is true for [¢], if there is an
h such that the statement is true for [hc]. Indeed this follows from (2.32).

Therefore it suffices to assume that ¢ = g, where g has no common divisor
with f. This case is easily deduced from (2.29) and (2.30). O

3. COMPARISON WITH MONSKY- WASHNITZER COHOMOLOGY

Let B/k be a finitely generated, smooth algebra over a perfect field k of
char p > 0. Let BT be the weak completion (in the sense of [16]) of a smooth
finitely generated W (k)-algebra B lifting B. To begin this section we prove
the existence of a map ¢ : Bl — WT(B) which we call an overconvergent
Witt lift. 1t depends on a choice of Frobenius lift F' and is the same as
the map tp : BT — W(B) described in [10]. We must prove that this map
has image in WT(B). We do this first for the case of a polynomial algebra
(and any choice of Frobenius lift), and deduce the general result easily by
functoriality.

Proposition 3.1. Let A = k[T1,...,Ty] and AT = W (k) (Ty,...,Ty)". Fiz
a Frobenius lift F. Then the map tp defined in [10] p. 509 has image in
WT(A).

Proof. Let a € AT have the form

DT SRR S
keNd

We define a Gauss norm on Af by
Ye(a) = iréf{ordp ai — elkl|}.
We define
WA := {(ag,a1,...) € W(AT) | m+7p%(am) > (C, for some € > 0,C € R}.
The projection map W (A!) — W(A) induces a map WT(A1) — Wi(A).

For z € W(A"), write ¢ = (ag,a1,...) and let wp(z) € Al denote the
mth ghost component. Then we find

m+ye(am) 2 C = 7 (wn(r)) > C.

Next we claim that for any a € A', there exist &, C' with Y= (F™(a)) > C
p
for all m. From the definition of sp and the above equivalence, this will
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immediately show that sg(a) € WT(A"), and so by the remark in our first
paragraph, tr(a) € W(A).

Abbreviate T for (T1,...,T,;). Write F(T;) = TP + pfi(T) for each i. We
can find e sufficiently small such that v.(f;(T")) > —1 for each ¢, and hence
Ye(pfi(T')) > 0 for each i. From now on abbreviate u; := pfi(T).

Assume 7.(a) > C. For k € N let Opa denote the partial derivative

k k . .
88Tl’11 aand a. It is clear that v.(0ka) > v.(a) > C. It is also clear that

for any h € ;ﬁ,

ye(M(TP,... T?)) = v.(h(Ty, ..., T4)).

%
Assuming still y.(a) > C, we prove e (F(a)) > C. The result Voo (F™(a))
C then follows by induction. We compute

F(a) = a(TV +u1,...,T) + uq)
1

S0,

(F())  inf s (04 a(TT, .- TH) + 72 (u)
>C,

v

L)

as required. O

Proposition 3.2. For B/k a smooth, finitely generated algebra with lift Bf
and Frobenius lift F’, the map

has image in W1(B).
Proof. Take a surjective map from a polynomial algebra ¢ : A — B and
a lift of Frobenius F on A’ inducing F’. Then the result follows from

the functoriality of the map tr and the fact that the natural projection
W(A) — W (B) sends Wi(A) - Wi(B). O

Let B/k be a finitely generated, smooth algebra over a perfect field k of
char p > 0. We have just shown that B admits an overconvergent Witt lift:

o: B — wi(B).

If we restrict o to the smooth W (k)-algebra B lifting B, we obtain an
induced map

olg: B — Wi(B)
which we will call the underlying Witt lift associated to o. Conversely, if
we assume that B admits a Witt lift, 0 : B — W(B) such that image(c) C

WT(B), then o extends canonically to the weak completion of B, i.e. to an
overconvergent Witt lift

(3.3) o: B - Wi(B)

Y
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because W (B) is weakly complete (Proposition 2.28 in [6]). We derive from
this a map of complexes, also denoted by o

If B denotes the p—adic completion of B we also have a map

B 0w = Yo — W

In the following we show that o in (3.4) is a quasiisomorphism if B
is finite étale and monogenic over a localized polynomial algebra Ay =
k:[Xl,..N.,Xj]f. B

Let f € A:=W(k)[T1,...,T,] bealifting of f and A= W(k)[T1,...,T,]

O Ui
B lifts to a finite étale extension B over Az If B = Ay [x], then B = A ]-;[:1;]
We write u = [z] for the Teichmiiller representative of z in W (B). Consider
the canonical map
o:B— WH(B)=wWT(A))[u]

which extends the canonical map 21}; — WT(Ayf). The existence of o is
derived from Hensel’s lemma [6] Proposition 2.30. Hence B has a canonical
overconvergent Witt lift. Let BT,A} be the weak completions of B,Af~.
Then B = AT[ ] is finite étale over j} Using Proposition 1.9 we see that
o extends to a

comparison map

m—1
. _ _ ~T ° toe _ tOe® 7
(35) 0 Qe =B ®Qg}/w(k) - Wiy, = P e
AL i=0

(here m = [B : Ay]).

We want to show that o is a quasiisomorphism. First we treat the special
case B = Ay. So we need to show:

o: QAt/W( W~ WTQ;‘f/k, is a quasiisomorphism,

Hence we now treat the case of a localized polynomial algebra Ay = k[X I, ¢4 )

We also consider f; = image (f) in W;(k)[X1, ..., Xs] =: A;. The Aj—module
structure in W;2% Ik respects the decompositlon
Wi ), = W7y @ W8

into integral and fractional part. This follows from [13] Lemma 4.
Hence we have a direct sum decomposition (B = Ay)

~ 1
Wiy, = A [7

] QWi i
(3.6) A

I

~ |1
Al;emenen ;| @wa
11z,
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where the first isomorphism follows from the étale base change and the
isomorphism

~ |1
W) A H =~ Wi(B).
i fl
1
When taking inverse limits, we put

~T1 .
in 4, |+ | @wiani = 0
fl Zl f

where ‘zif is the p—adic completion of gf' Then (3.6) yields a direct sum
decomposition

(3.7) W3, = WORh, & WORHe
into two parts which we denote again by the integral and fractional part. We
can identify WQE% with Q% and we know that WQ;;%C is acyclic. With

f
regard to WTQE/k we recall Proposition 1.3:

Any z € W‘LQ;B /i can be written as a convergent series

=1
Z:
=0

hoG
(t)

where 7; is a finite sum of basic Witt differentials 1", such that there are
real numbers C' and € > 0 with

76(77l) —erp > C.

The supremum over all C for all possible representations of z is by definition
ve(z), the Gauss norm on the localization.

We can also define an order function on WQ3, Ik by considering represen-
tations of z of the form

l

[e.9]

(3.8) z= Z én.

= 1"

We call z convergent with radius € with respect to f if there is a represen-
tation and a constant C € R, such that

(3.9) Ye(mi) —erp > C.
We denote the supremum over all C' for all possible representations by

'yéf )(z) We will also express the last condition of convergence a little differ-

ently: We extend the function v to W5 , [1/f] as follows:
Fe(w/*) = ve(w) = kel )

If z=)",2 with 2z € WQL/k[l/f] and if we denf)te by k; the denominator
of z; in this localization. It is easy to see that %(f )(z) is the supremum over
all constants C, such that for a suitable representation z = ) z4:

L (i) +0).

(310) ka = =
e(1+degf)

A
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We will prove that the notions of overconvergence and overconvergence

with respect to f are the same.
We start with representations (3.8) such that (3.9) holds. We write

f=1l+p

It is enough to consider the case where € is small enough. Therefore we may
assume that .(p) > e. We show that z is convergent with respect to v.:

b1 1
]7 a [f]1 7P
1 1
=7 (1+;W(P)
1 1, .,
- H(“Zzlm(”)
= X o
n>1
Then = Z am m_k with a,, € Z.
Then we ﬁn:in>k
’Y(Z [fm Z Z; ")

We give an estimation for each summand separately:

mfrl)

> Ye(Tp™ ) —em > (1) + Fe(pMT) — em
Ve(1) = rie = (m = m)e + (m — 1 — 1)7e(p) + Ye(p).-

The last inequality holds by Appendix (24). Since v.(p) > € we conclude:

(a L7'
Ve m[f]m P

Y

%(am[f?mnpm”) 2 C+(m—ri—1)(ve(p) —€) —e+7e(p) =2 C—e(1+deg f).

The last inequality was explained at the end of the proof of Corollary 0.13.
Finally we obtain

Ye(z) = 7D (2) = e(1 + deg f).

If we interchange the roles of [f] and f in the argument above we see that:
7z > ye(z) = e(1 + deg f).

The Gauss norms 7(f ) are appropriate to study overconvergence on the in-
tegral and fractional part of W{lg ;. separately. Since they are equivalent
to ve we obtain a direct sum decomposition

(3.11) wiQs = wioy, @ wias i,
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We will also consider the truncated Gauss norms 'yg(f ) [t] on

~ 1
At [~] D4, Wity
e 1 1 o frac
= A1 [f] ®F, 0 Wi Q1 %k ¢ Ay [!}7} @7, Wt+1QAfk .

- ~ 1
We can define the Gauss norm 7, on Asyq [4 (%) WtHQ'A%‘C in the same

Aty
way as before. We fix ¢ > 0 and C € R.
o frac,e,C . Nk o frac __
We define Wy 1162 r/aI: =% as the set of finite sums >, ﬁ € Wt+1QAfr/a;§ =

/Tt+1 [} ® Wt+1QA/kC satisfying the following. Let Ky be the largest

Avi1

integer divisible by p such that

1 _ [ w
(3.10.1) Ky < m <% (]17“) + C) .

Then we require the following two conditions.
(i) Ko >0
(ii) k& < K.

~ 1
We know that the complex Ay [~] X Wt+1Q:4;I]‘€aC is acyclic. We show

Aiq1
that for € > 0 sufficiently small W;, 1) jrac,s,C

Let us assume that f is regular in the variable T7. Let ¢ € Ay. Then ¢
has a unique reduced representation:

(3.12) c=>Y a/f
l

where a; € A. We write a = zaka € A, with o € k, and we set
a=>[ax][T]* € W(A). Then we define

(3.13) =Y a/f"
l

is acyclic.

This is an integral element in W (Ay). In the following we consider still
another admissible Gauss norm on Wi11Q4, /5. Let w € Wip1Q4, . Then
we consider all possible expression of the type:

=Y m/f € Wi Qap
l
We forget our old notation and denote by 7.[t](w) the maximum over all
possible numbers

min{":[t](m) — elp}.

It is easy to see that the condition 7/[t](w) > C for w € Wt+1QA 1k is

equivalent to condition w € Wt+19£m/0k6 <.

We should remark that 7.[1] coincides with the formerly defined function.

As before we define a modified 4.[t]. Then we have 4.[t] = A [t]
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We find the equalities:

Feltl@) =L(e),  Elt(E) = vi(o).

Indeed we verify the first equation as follows: By the representation (3.13)
we find:

Ae[t)(@) = min{relt] (@) — el} = min{re(ar) — el} = 42(c) = A:[1](@)-
The other inequality is obvious.

Lemma 3.14. Fach w € Wt+1QAf/k has a unique representation:

(3.15) w=Y Famym

This decomposition respects the non integral and the integral part, i.e. if w
(n)

is integral (resp. non integral) then all w,
integral). For the Gauss norm we have:

are integral (respectively non

L[ (w) = min{pAL(e) + 7o (w™)}.

Proof. The same as that of Proposition 2.20: The Lemmas 2.11 and 2.13
(n) (n)]

continue to hold because the with ¥ ¢; ' in place of F [c; '], because the
action of both elements is the same on the graded part G™. We need to
know that for fixed n:

(3.16) 'ﬂmzi%ﬁdm>:mmwaxe4b+%<”»
= min{py: (™) + 7 (w™)}.

It is clear from Lemma 2.13 that this is true for v.[n] in place of ~.[t]. We
choose reduced representations:

!
Then we find:
’ye Z F (n) (" Z Z F Z(n)/fpl))

From this we see that:

ALt ZF“"»mhmZNﬂUm—m}

= min{3:[)( "ay) + (") —elp}
M) + 7 (w™)}.

This shows the equation (3.16) because ~.[t] < ~4.[n]. The rest of the proof
of the lemma is the same. O

— min{~.[f]( "¢

Proposition 3.17. Let ¢ € R be sufficiently small. Let w € Wt+IQAf/k be
a closed Witt differential in the non integral part such that v.(w) > C. Then
w = dn, wheren € Wt+1QAf/k; is a Witt differential in the non integral part,
such that v.(n) > C.



OVERCONVERGENT DE RHAM-WITT COHOMOLOGY 41

Proof. The problem does not change if we make a finite extension of the
base field k Therefore we may assume that f is regular in T} as above.

Consider the residue class @ € Wy, 1k of w. This is a closed form in
the fractional part, i.e. is contained in the module:

(@V"P" Y@ (pdv P e @ (0" AV R) g

for n = 2. This means that all basic Witt differentials wi(l), which appear in
1)

the decomposition (3.15) must be of the form w(l) = dn,”’ for some primitive
basic Witt differential 171(1), such that v, (wl(l)) Ye(n; (1 )) We set:

=3 e

Clearly 72(n(1)) = min{p3(c{) +7e(w(")} > % (w).

We will verify that for small e
(3.18) eldn(1)) = Y(w).
Then we consider w(1) = w — dn(1). We conclude that 7. (w(1) > ~.(w)
and that w(1) € Fil? Wit1Q4, ;- Then we expand w(1) in the form (3.15)
and consider the reduction in W34 +/k- We apply the same argument and

find (2) with 7.(n(2)) > 7L(w(1)) and 7.(dn(2)) > 7.(w(1)). Continuing we

obtain:
w=dn(1) +dn(2) + dn(3) +
This proves the result if we verify (3.18).
We set C' = 7/(w). By definition ¥ él(-n) is a sum of expressions [u]?/ f'
such that:
Py (u]) = elp + (") = C.
Here u is a monomial in the variables T. We have to verify that

Yo"/ 7)) =

We write:

d([ulrnV /7Y = (d([ulrnM)) ) f i p([uPn D 71 d )/ F0 VP,
Clearly . of the first summand is greater than C. We have:

ALl P AF/FUEP) 2 pre((u]) — e+ Dp 4 e () + () + 1.
The last expression is bigger C' if

pe(f) +1—pe > 0.
But this is clearly fullfilled for small e. U

Hence Wi 192, a/ckac is acyclic. As the notions of overconvergence on

Wy +/k and overconvergence with respect to f are the same we can apply
frac,e

the remark preceding Corollary 2.24. We see that the complex WTQ Ak

frac

consisting of elements w € WQ Ay /k satisfying ~.[t](w) > C for some C
independently of ¢ is exact as well. Hence

WhQs T = lim Wi e

is exact, as desired.
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Now we can prove the following comparison result.

Theorem 3.19. Let f € k[Ty,...,T;) = A. Let B be finite étale and
monogenic over Ay.
Then the map o, explicitly given in 3.5, of complezes

O~ ~ it
U'QBT/W(k)_ QB/k:
18 @ quasi-isomorphism.

Proof. We consider a lift A 7 of Ay over W(k) and a finite monogenic ¢étale
algebra B over A 7 which lifts B. We write B=A jlz]. We denote by BT the

weak completion of B. By choosing a Frobenius on the weak completions
we find morphisms
B—W(B), Aj— W(Ay)
The elements
1,z,... "1
form a basis of the free A Jz—module B. For any power p" the elements
1zl 22" ("

form also a basis of B over A I
We have the isomorphism of modules (not of complexes):

m—1
(3.20) WQB/k:B@)AJ; WQAf/k: @xlpWQAf/k.
i=0
Let 4! be the of Gauss norms on W4 ;/k considered in Lemma 3.14. We

consider the product norms on the right hand side of 3.20. We write w €
WQB/kZ

Then we set
Ye(w) = min{~{(n;)}
According to (3.20) we find:
dz®? = piz?ldx = Z 2Py,
j=0
where the 9;; € Q AW () C WSy, are integral differentials. We restrict
our attention to small e. Then we may assume that
V(i) > 0
This is possible because the ¥;; are divisible by p and v.(p) = 1. The last
assumption ensures that

Ye(dw) = ye(w).
We define the fractional part of WQp

frac 1 frac
WL = Bog WO,
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This is a subcomplex of Wg .. We denote by WTQJ;T/‘;: the overconvergent
differentials in ng/akc_ By the decomposition (3.5) it remains to show that
this complex of overconvergent fractional differentials is acyclic.

From (3.20) we obtain decompositions for the filtrations:

m—1
N frac __ j .n frac
Fil' WQy e = P o Fil"w o/,
j=0

Consider a closed overconvergent Witt differential w € ng/akc:

dw =0, 7(w)>-C.

We will show that w = dn for n € WQg/a;,cC with 7¢(n) > —C. This implies

that the complex WTQg/‘f is acyclic.

We note that w € FiZIWQg/ZC = WQg/akc. We set w; = w. We construct
inductively fractional differentials w;,n; € F iliWQg/‘Zc, such that e (w;) >
-C, '76(772') > —C and

w; = wit+1 + dn;.
We consider w; modulo Fili“WQg/akc i.e. as an element of gr"WQg/(f C

VViHQgﬁ:. Then we may write:
wi = ijp( Viaj +d Vipj).

Since griWQg/akc is annihilated by p we have

0= dw,- = Za}jpd ViO'j.

This shows that Viaj =0, for j =0,...,m — 1. We find for the truncated
norms:

min{y/[i}(d " pj)} = elil(wi) = —C.
Using Proposition 3.17 we may assume after a possible modification of the
p; that 4.[i]( V" p;) > —C. We choose liftings V' jp; € WQZ“/Ck, such that

(" py) =il py) = —C.
Since d increases the product norm we find
Ye(dd V') = (Y Vipy) > —C

We set o

mi=> oV, w1 =w; —dni.
This ends the induction and the proof of the proposition. O

For an arbitrary smooth algebra A, consider an overconvergent Witt lift

(3.22) ¥ AT — wi(A)

which is uniquely determined by a lifting of the Frobenius to AR (Compare
Proposition 3.2.) It induces a map of complexes, also denoted by v,

Y Q5w — W Qake
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Passing to cohomology we obtain the following comparison result.

Proposition 3.23. Let k = |log,dim A|. Then the kernel and cokernel of
the induced homomorphism
¥, - H(Q

AT/W(k)) - Hi(WTQA/k)

is annihilated by p**.

Corollary 3.24. (a) Let dim A < p. Then 1, is an isomorphism.
(b) In general, there is a (rational) isomorphism

Hyw(A/K) = H*(WTQA/k Qw k) K)

between Monsky- Washnitzer cohomology and overconvergent de Rham- Witt
cohomology. (Here K = W(k)[%])

We will reduce the proof of the proposition to a local homotopy argument.
The map v induces a map of complexes of Zariski sheaves on Spec A :

(U QAVT/W(]{;) - WTQSpecA/k‘

As Hy,, (Spec A,.Q% ) = Hy, (W4, ) = 0 for all d > 0 and all
i > 0 (Proposition 1.2 and [15] Lemma 7), we have
RI(Spec A, Q%, i) = 5w and

RT(Spec A, W Qgpec a/k) = Wi,

hence we can reconstruct v from {5 by applying RI'(Spec 4;). Let {U;};
be a finite affine covering of Spec A such that each U; is finite étale and
monogenic over a localized polynomial algebra. By a result of Kedlaya [11],

such a covering always exists. Let U; = SpecB; and ET the Monsky-
Washnitzer lift of B;. Then we consider the “localization” 1); of ¥ to Uj:

77/}]' : 0 — WTQB]/k

We compare the map 1); with the explicitly given comparison map o in (3.5)
from which we know it is a quasi-isomorphism and show the following.

B, /W (k)

Proposition 3.25. The maps p™); and p~o are homotopic, hence induce
the same map on cohomology.

Before proving the proposition we finish the proof of Proposition 3.23.
We know that the kernel and cokernel of (p";), are annihilated by p*. As
Ker(¢)« C Ker(p®;), and Coker (1), is a subquotient of Coker (p"1;).,
Ker(v;), and Coker (¢;). are annihilated by p* as well.

Define C* as the complex of Zariski sheaves obtained by taking the cok-
ernel of 1. Then one has an exact sequence of complexes of Zariski sheaves

0= Q% iy = W Bpecas = C* = 0.

The cohomology sheaves H7(C®) are annihilated by p?*. Hence the map
2K
C* % C* induces the zero map on cohomology. Let K*® be the mapping

2K
cone of C* %5 (. Applying the functor RI" to the associated distinguished
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2K

triangle we see that R'T(Spec A,C*) > RIT(Spec A,C*®) is the zero map.
This finishes the proof of Proposition 3.23.

We now prove Proposition 3.25. It is implied by the following more general
result. Let B,C denote smooth k-algebras which are finite and étale over
localized polynomial algebras, with smooth lifts B, C' and corresponding
weak completions ET, Ct.

Proposition 3.26. Let ¢1,¢o : Bl — WT(C) denote two lifts of a map
¢: B — C. Then the induced maps

PEé1, p s : Qs = WiQc s,
are chain homotopic, where k = |log, dim B].

We will closely follow the argument on pages 205-206 of [16].

Proof. The chain homotopy we produce will factor through the following
algebra.

Definition 3.27. Denote by D" (C) the differential graded algebra with ith
graded piece

D"(C)" = Wi, [[U]) @ WHg ,[[U]] A dU.

Denote by D'(C) the sub-differential graded algebra of D" (C) generated in
degree zero by terms

[ = i U'w
=0

for which w; € p*VWT(C) for i > 1 and such that there exist ¢,G with
Ye(wi) > G for all i. For such a term f, we define

Ye(f) = irilf{’Ys(wi)}-

Note that D'(C)° is an algebra. The only non-obvious fact is that it is
closed under multiplication, and this follows from the property V (wq)V (wp) =
pV (we).

We now define a map

P QET/W(k) - D/(C)

as follows. Fix a presentation

Bt = W(k) (@1, .., 2, ;ﬂ[z}/(zﬂ(z)).

Our map will send

@ x> 61(xi) + Ulda(wi) — (1))

Because for a,b € D'(C)%, v:(ab) > v.(a)+7:(b) and - (a+b) > min(y:(a), v:(b)),
the proof of Proposition 2.28 in [6] can be mimicked to show that D’(C)° is
weakly complete. This immediately shows that ¢ extends to W (k)(z1, ..., z,)T.
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As g € W(k){(x1,...,2,)", we have just shown go (9) € D'(C), and we
must show this element is invertible. Write ¢(g) = ¢1(g) +U f, some f such
that Uf € D'(C). Because ¢1(g) is invertible in WT(C),

1 _ d1(g)7"
elg) 1-U(—¢i(g)1f)’

so to show ¢(g) is invertible it suffices to show that any 1 —Ug € D'(C)° is
invertible. Write

G=Vwo+UpVw, +U*p*Vwy + - .
It follows by a simple induction on k, starting with the base case k = 1, that

[e.e]
gk’ — Z U’ipk+iflvwi’
i=0
with v, (p**~1Vw;) > 0, same ¢ as above. Hence
1+ UG+ U3 +---€D'(0),
as required.
Next we prove that ¢ extends to z.

Lemma 3.28. There exists

> Ule; € D'(C)
1=0

which is a root of p(P)(2) = 2" 4+ o(f1)2" "t + -+ o(f).

Proof. Because D'(C') is weakly complete (with respect to (p)), by Hensel’s
Lemma (Proposition 2.30 in [6]) it suffices to find a root modulo p. Because
the ideal (U?) C (p), it will suffice for us to find a root modulo U?. Thus we
need only find the terms ¢y and c¢;. As usual, ¢y = gzgl(z). For ¢1, we simply
set z =2 Ulc; in o(P)(2) = 2" +¢(f1)z" ' + -+ ¢(fr) = 0 and check
that this forces

—(@PY () ((Balf1) = B+ + o) — D(F))
U

We have now shown the existence of a map ¢ : B — D'(C)°. We extend
it to a map, also denoted by ¢, of complexes,

Y QET/W(k) — D'(C).

The chain homotopy promised in our proposition will factor through its
image. This motivates the following.

Definition 3.29. Let D(C) C D'(C) denote the image of .
We give now a more explicit description of what terms in D(C') look like.

Lemma 3.30. (i) Let x denote some element of QBT/W(k)' Write

o(x) =+ U + UdUw" + - - -

max(i—d max(i—d+1,0)

where i > 0. Then we may write w' = p 0 i and w” = p

with p;,m; € FilleQC/k.

ui
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(ii)) We may find €, G depending only on x such that v.(w) > G for each
coefficient w.

Proof. (i) We prove this by induction on d. The base case d = 0 has already
been shown.

Inductively assume the result for x of degree d — 1.

A term z in degree d may be written as a finite sum of terms bdx;, - - - dx;,
with b € BT and z;; one of the generators of the polynomial algebra of which
we have taken an étale extension. We will show the result for bdz - - - dxy.
Extending to other index sets is trivial, and extending to finite sums is easy.

We are assuming the result for ¢(bdxy ---dxy_1), which is possibly just
©(b). And we know

o(dxg) = dpy(xq) + AUV (wg) + UdV (wg).

The result concerning the form of the coefficients now follows easily.

(ii) We again may restrict to the case of a term bdx;, - - - dz;,. Concerning
©(b), we already know the result. There are only finitely many nonzero
terms of the form dz;, - - - dz;, (varying d allowed). Thus we can find &', G’
such that every coefficient w appearing in some term ¢(dx;, - - - dz;,) satisfies
Yer(w) > G'. The result now follows from the fact that there exist &”, G”
such that for any v.(n) > G, 7/(w) > G’ we have v (n Aw) > G”. O

Let hg, h1 denote the maps of differential graded algebras D'(C) — WQq /k
which send U + 0 and U + 1, respectively. Our definition of D'(C)" im-
mediately implies that the image in degree zero really does land in WT(C),
and hence the image lands there in every degree. We also let hg, h; denote
their restrictions to D(C).

Clearly we have hgo ¢ = <j~>1 and hyop = (;2, because both sides agree in

degree zero. We define p*L : D(C)®* — WTQET/i by setting

Koy,
PEL(UYw;) = 0 and p"L{UIdU A w;) = %,

J
and then extending to all of D(C) in the obvious way. Of course, it is not
at all clear that our map has image where we claim.

Lemma 3.31. The map p*L has image in WTQC/k.

Proof. We first show it maps to W2y, and then establish overconvergence.

For an arbitrary x € QET/W(k)’ write

o(x) = +UIdU Aw; + -+ -
as in the previous lemma. From the lemma, it suffices that
k + max(j —dim B +1,0) > [log,(j + 1)].

For the case j —dim B+ 1 > 0, check the specific case j = dim B, then note
that the left hand side grows faster with j than the right hand side. For the
case j < dim B — 1, we want to prove |log,dim B| > |log,(j + 1)], which
in this case is obvious.

Now we must check overconvergence. We are done if we verify the ex-

istence of ¢/, G’ independent of j such that %/(1;'1? ) > G'. For arbitrary
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wj € WTQC/k with v.(wj) > G this is not true. But as before we know that

p

Koy
m |pwjl,wherem/zj—dimB—i-f@—i-l—Llogp(j—Fl)J.

There exists N depending only on dim B such that for j > N, m' > |log,(j+
1)]. So the following claim applies to all but finitely many terms in ¢(z).

Claim. Let w; € WTQC/k. If pllosp i1 | % and v-(p*w;) > G, then

pnwlj) Z GI.

there exist ', G’ depending only on €, G with ~er( T

Proof. Tt suffices to prove this for the equivalent norm + of page 28. We shall
prove the result for (¢/,G') = (£, 5). Let 1 := log,,(j+1). Pick an 7 such that
p?n = pfw;. Write C := 4.(n). From Corollary 2.24 or rather its evident
generalisation to finite étale extensions over Ay we know AL(pPn) = C + 21,

so from our assumption C' + 21 > G. We also have % () > %, and so
2

C G
Iy > = > =
(pn)_2+l_2,

as claimed. O

v

[N

This proves that for all but finitely many terms a in p"L(p(z)), v5(a) =

€. For the other terms b in p"L(ip(z)), we know ~-(b(j + 1)) > G, with

j+ 1< N+1. Thus we can find &”, G" with v.»(a) > G” and ~.»(b) > G”
for all a, b as above, which covers everything. This completes the proof that
p*L(p(x)) is indeed overconvergent. O

Now we are basically done. It is trivial to check that p®L is a homotopy
between p®hg and p”hy. Thus p”L o ¢ is a homotopy between p*hgo ¢ = gz§1
and p*hip = ¢~$2. For the convenience of the reader, we state explicitly the
sign convention:

dwAn) =dwAn+ (=1)wAdn,

where w is in degree 1. U

4. COMPARISON WITH RIGID COHOMOLOGY

For general schemes X we prove the following:

1
Theorem 4.1. Let X/k be a smooth scheme, K = W (k) [p} Then we

have a canonical isomorphism

Hy (X/K) = H | Wy, @ K
W (k)

between rigid and overconvergent de Rham-Witt cohomology.

This implies an unconditional comparison with Monsky-Washnitzer co-
homology.
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Theorem 4.1.1. For any smooth k—algebra A there is a canonical isomor-
phism

Hipy(A/K) =1 [ W13, Q) K
W (k)

Let j : X < X be an embedding in some compactification X and assume
first that there is a closed embedding X < P in some formal separated
Spf W (k)—scheme locally of finite type and smooth around X.

We may choose an affine Zariski covering {X;}; of X such that X; =
Spec B; has an overconvergent Witt lift Ej — WT(B;). Let X; = Spec B, be
the underlying Witt lift. Then embed A&} in some projective scheme P%(k),
with projective closure X; and let P! be the formal completion of X; with
closed fibre Xj.

Let

ji: Xi = X,
and respectively

ji: Xi = X;
be the open immersions defined above. We have isomorphisms ([3], Corol-
laire 1.7)

RT (X, R sp. 51 X[PK) ~ RT (X@, R sp. 510 Xi[wg)}()

and if @); is the affinoid Dagger space with associated rigid space ]Xi[(pl{) X
in the sense defined by Grosse-Klonne [7], we have isomorphisms

X T e ~ ) °
(4.2) RT (XZ, R spy j; Qmwgm) =~ RI (Xi, R sp. Q3),)

between the rigid cohomology of X; and the de Rham cohomology of Q);.
Let for a finite index set J,

XJ:ij, Pr=Px...xP, P}:HP;

jeJ |J|—times jeJ

and @7 be the Dagger space with associated rigid space | X J[(pf]

K
Let vy : Xj — X. We get - for varying J - compatible isomorphisms

RT (X,Rsp* j}Q}‘X[(PﬂK> =~ RI' (X7, Rsp.QP))

between the rigid cohomology of X ; and the de Rham cohomology of the
Dagger space @ ;.

Passing to the associated Cech complexes we have a canonical isomor-
phism
(4.3) RT (X, R sp. jTQmPK) ~ RT (X, Re. (Rsp.0Y)) J)
where the left hand side computes the rigid cohomology of X, ¢ : X®* — X
is the canonical augmentation on the hypercovering X*® and the right hand

side RI’ (X, Re, (R sp*QbJ) J) is isomorphic to RI' (Q, R sp«£g), where Q
is the Dagger space of Grosse-Klonne associated to the rigid space | X [(7;) K
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Tate-acyclicity on affinoid Dagger spaces implies that
(R sp«Q2q,) = sp«Llg, for all 7.
Then we can prove

Proposition 4.4. One has a canonical map of simplicial sheaves on X*®

(spQq,) ; — <WTQXJ/]€ ® Q)J ,
which gives rise to an isomorphism
(RspQa,), — (Wi, n0Q) .
Since WTQB( Ik is a complex of étale sheaves we get
Corollary 4.5. There is a canonical isomorphism
Re. (Rsp.Qg,) ;= Re. (WTQXJ/k ® @)J ~ Wiy, ® Q.

__Hence under our assumption on the existence of a global embedding of
X into a formal scheme, smooth around X, the comparison Theorem (4.1)

holds:

HYL (X/K)=H | WIS, Q) K | forall g > 0.
W (k)

To prove the proposition (4.4) one has to show that for two affine sub-
schemes X7 = SpecAy, Xo = SpecAs in a smooth scheme X with overcon-
vergent Witt lifts CI and Cg (being the weak completions of the underly-
ing Witt lifts C; and Cy), and X; N Xy = SpecB, with associated triples
(SpecAy, SpecA1, P1), (SpecAs, SpecAs, Py) the canonical map

r <]X1 n XQ[(PIXPQ)K"jTO]XlﬂX?[(Pl ><7’2)K) - W(B) ® Q

has image in W1(B).

We first treat the special case U = X1 = Xo = SpecA. Let by,...,b,
be k—algebra generators of A, s1,...,s, generators of C; over W (k) lifting
bi,...,bn, and t1,...,t, generators of Cy over W (k) lifting by, ..., by.

The maps C; — WT(A), Cy — WT(A) factor through the overconvergent
Witt lifts

cl - wihw), - wi.
One considers now the strict neighbourhoods V' of [U[ X)anx (Xp)er 88 in
Berthelot’s Example 1.2.6 in [2]. V is a union of neighbourhoods V; defined
as follows.

Write Spec (C1 @Q C2) = Spec W (k)[s1,.-.,Sn,t1,...,t,) and define §; =

W (k)
ti—s;. Then V; has the Tate-algebra K{/\i_lsl, ... ,)\i_lsn, 771;_1(51, ... ,ni_lsn},
soV; = spK{)\i_lsl, .. ,)\Z-_lsn,ni_lél, . ,nz-_lsn} (we have chosen sequences

of real numbers ()\;), (n;) with
Ai > XAp1>1 and limA; =1
and n; <mip1 <1 and limn =1).
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We can also consider strict neighborhoods of |U[(x,)an and |U[(x,)an:

UM = SpK{\lsi,... A ls}

(2

UP = SpK{\'t,... At}

(2

with a diagram

vV

7

v

(2

where the lower arrow is defined on Tate-algebras as follows:
K\, 0 Yy — K sty A s, my 10,y m; o)
ti — s+,
i.e. a point with coordinates
(517--'75n’517-'-’5n) |SZ| §>\’Lv |6Z| Snl
is mapped to the point (1401, . .., Sp+0y) (one has |s;+9;| < max{|s;|, ||} =
Ai).
Now we show that for small enough );, the Witt lift C; — WT(A) gives
rise to maps
W (k) (A, AT ) — WT(A)
and
W (k)M 1,0, A b} — WT(A).
One obtains those maps as follows. Let
St e Wk A )
I=(t1,00tn)

(%) ie. lim |a1|/\y| =0.
With \; = p', I; > 0 one has
|aI’)\\.I| — pordar+iil]]
7 )
hence (*) means
ord pa; — ;|I| — oo.

In the Witt lifts C; — WT(A), Cy — WT(A) we have t; — 7;, 8; — 0,
where 7;, 0; have some radius of convergence €. We choose € small enough
such that

Ve(7j) 2 —liy Ye(oy) = —li for all j.
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Evidently, >~ a;rf € W(A) converges in the p—adic topology, as ord pa; —
oo. We compute

n
velarr') > ordpar+ > ye(mi)u
i=1
> ordpar — ;||
> ( independent from I.

Hence > arr! € Wi(A).
One shows similarly that 3 aro! € WT(A).
One obtains maps

KN, 000 ) — W (A) @Q
and in differential forms
Qa7 WTQA/k ® Q,

and similarly for K{\; 's1,..., A\ s, }.
As t; — Ti, 8; — 0, we can write 7; —o; = V&, where &1, ..., & € WT(A).

We construct a map
W (k) Ps1,000, A
Consider a power series
Z a[,JS](sJ € W(k){)\;lsl, . ,A;lsn, 77;151, e ,n;lén}.
We choose n; = p~* k; > 0 very small. Then we have
ord pay g — li|I| + ki| J| — oo

lsn,ni_lél, ... ,ni_ldn} — WT(A).

)

where I = (t1,...,tn), J = (K1,...,Kn).
Then we have to show that
(%) Z ar ol (V€)” is overconvergent in W (A).
One has (V&) ..., (V) = pl/I=1 V(f’fl ...&ym). From this it is clear

that (*) converges p—adically:
ord ,(az.y) + ord ,(pM™1) — oo

as ord par g + ki|J| — oo (wlog, k; < 1).
We need to compute the Gauss norms

e (ar, g0 (V€)7)) .
For small e, we have v.(0;) > —I; as above and
(V&) = 7= (&) + 1.
We obtain
Ve (a1,50"(V6)7)) > ordpary + D veloi)i + > 1=V

>ordyar g —1I; le + Z’Y%(fj)“j + |J].
j=1 J=1

If 0 < k; < 1 one can choose ¢ such that
147 (&) > k; for all j.
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Then we get
Ve (ar,s0'(V€)T) = ord pas s — Li|I| + kil |
which is bounded below independent from I and .J. Hence
N arsol (Vo) e wh(a.
One has a commutative diagram

K{)\;lsl, PN ,)\4718”}

]

K{)\i_lsla‘ . '7>\Z‘_15n7n1‘_161"° 7771_1571,} WT(A) ®Q

K{\ M, 0 )
We have shown that the image of
T <‘/;,7TO(X1)C;("><(X2)%<”> — W(A) X Q
is contained in WT(A4) ® Q and is compatible with the canonical maps
cleQ=T (]spec*A[(Xl)?{n, jTO(Xl)%{n> S wHA)®Q
and
Cg X @ =T (]Spec A[(X2)%L,]TO(X2)?(TL) — WT(A) & Q

If @1, Q2, and Q12 are the Dagger-spaces with associated rigid spaces
ULy s WUl (po) > and JU[(p, xp,), then the above commutative diagram
induces a commutative diagram of complexes on (Spec A) z4r

Sle*QZ?1

SN

(4’6) Sle 2 Ql 2 > WTQU/]C ® Q

N

5PQox QQQ

By Berthelot’s Fibration Theorem and a Kiinneth Formula for smooth
dagger spaces ([7], Prop. 4.12) we have isomorphisms

Rspq, 82y, = spqu 2y, = Rspq, 2+Q0), , < RspQu820, = sPQu+20,-
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This chain of isomorphisms shows that the horizontal map in the previous
diagram (4.6) factors through the canonical map
L] [ ]
SpQ1,2QQ1,2 - RspQ1,2QQ1,2
and gives rise to a commutative diagram

Sle*Qz?l

1%

(4.7) SmeQZ)LQ RSpQLQQZ?LQ ————— - WTQU/;g ® Q.

1%

sp QQ*QZQQ
Here the dotted arrow is defined by the requirement that the whole diagram
commutes.

For the general case X; = SpecA; C X and X; N Xe = SpecB, let
C’j be an overconvergent Witt lift of A;, with C; the underlying Witt lifts,
let X; = SpecC;, Q; the affinoid Dagger space with associated rigid space
]Xi[(xi)%{n, so I'(Qi, Oq,) = C’iT ® K. Let QF be the Dagger space with
associated rigid space |Spec B[(Xi)llz{n.

If f is a nonzero element in A; with a lift fin C; then we know that the
image of f in WT(A;) under the map C; — WT(A;) becomes invertible in
WT((A;)¢). Hence the map

Ci — Wi(4))
extends canonically to a Witt lift of (A;):

1
C; []?} — WT((AZ»)f),
hence to an overconvergent Witt lift
T
1 ~
cl <f> =l <T >t /(Tf-1) = Wh((4)).

Since |Spec B(x,)en is an affinoid subdomain of |X;[(x,jen which is a finite
union of rational subdomains of type |D(f)[(x;)an, for f € A;, the sheaf
properties of Dagger algebras, resp. of the functor W imply that the maps
cf — whAy)
“localize” with respect to the localization A; — B, i.e. one gets canonical
maps
Bi=T (QP,OQB) Wi B)®Qfori=1,2,

with Dagger algebras B;. Let by,...,b. be k—algebra generators of B,

s1,--.,8 weak generators of By lifting b1,...,b, and t1,...,t. weak genera-
tors of Bs lifting b1, ..., b.. Then the following sets are strict neighbourhoods
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of |Spec B(x)anx (ay)ar in (A" x X3") k. Choose sequences
)\i,—>1 )\i>)\i+1>1

and
i — 1, n<mig <1,
and define

Vi=SpK{\ 1, A\ im0, m ) with 6 = s — ¢
Then as in Berthelot’s Example 1.2.6 in [2], V = UV is a strict neighbour-
hood of |Spec B[(Xl)%(nx(&)«;{n in X" x X$™. One then constructs a canonical
map

W (k)N o A e, 01, 0} — WT(B)
which is compatible with
B, — WI(B)®Q for i = 1,2.

Compare the previous construction. Similarly, one can also work out anal-
ogous arguments for the case of several affines X;, ¢ € I a finite index
set, by constructing - for J C I - strict neighborhoods V; of the tube of
X1 = NierXi(= SpecC) in the product (X;)%" = [[;c,(X;)%" and shows
the existence of canonical maps

F(VI,jTO]X*,[(XI)%) - WiC)eQ

and

(Vy,4'0 )= WiC)eQ

Xilxpan
which are compatible with each other.
This shows that one has a canonical map of simplicial sheaves on X*®

(s0:20,), — (Wix, . ® Q)

as claimed in Proposition 4.4. To see that it gives rise to an isomorphism

(RspsQq,); — (WTQXJ/k ® Q)J7

we use again Tate acyclicity for affinoid dagger spaces, then the proven fact
that the comparison map is an isomorphism if the index set J consists of
one element(Corollary 3.24) and finally we apply an argument similar to the
diagram 4.7. This finishes the proof of Proposition 4.4.

Remark. The above arguments also show that the comparison isomorphism
with Monsky-Washnitzer cohomology (Corollary 3.24) is canonical.

Now we treat the general case, so let X/k be a smooth variety and choose
an open embedding j : X < X in some compactification X. Let {V;} =V
be a Zariski-covering of X such that V; admits a closed embedding V; — P;
in some formal Spf W (k)—scheme smooth around V; N X. Let {U;}; be an
affine covering of X such that each U; admits an overconvergent Witt lift
with underlying Witt lift X;. As before, let X; be the projective closure
with respect to some embedding X; — P"}V(k) and let P! be the formal

completion of X; with closed fibre X;. We consider for each i the Zariski
covering (U;NVj;); = 4U; of U;. Then we have the following result from rigid
cohomological descent theory due to Chiarellotto-Tsuzuki.
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Proposition 4.8 ([5] 10.1.4). The simplicial triple
cosk;(()U“Y’Spf W) = (coskoUi (), coslq?((V), coskgpf W(k)P>
(where P =[] P;)
J

is a universally de Rham descendable hypercovering of the pair (U;, X) over

(Speck, Spec k, Spt W (k)).

For a finite index set J, let V; = (| V}, Py = [[ P; and denote by j; ;
jeJ jeJ
the embedding U;NVy — V. Let gy : V; = X. Then thiabove Proposition
says that the Total (Cech-) complex RI (X, RTyiy ((U;, X)/K))) associated
to the simplicial complex

RT (Y, RE ). R spy j;r,JQWJkPJ)K)

computes the rigid cohomology of U;/k.
On the other hand we know that there is an isomorphism

RF(Y, RI‘MQ(UZ', Y)/K) = RF(UZ, R Sp*QQi)

where again @); is the Dagger space with associated rigid space |U; [ng.
As before we consider for a finite index set I the Dagger space @ associ-

ated to |Us[p;, where Uy = () U; and P; = [] P;. For varying I we obtain
iel iel
compatible isomorphisms

(4.9) RI (X, RUyiy(Ur, X)/K) = RI (Ur, R sp. Q3),)

between the rigid cohomology of Uy and the de Rham cohomology of Q;.

Let € : X* — X be the canonical augmentation map associated to the
open embeddings

Uy =X"=(U;— X.
el
Again by the result of Chiarellotto-Tsuzuki ([5], 10.1.4), the simplicial triple
(notation: U = ([[(U; N'V})))
i
(coskéf (1), cosk (V), coskgpf W(k)P)

is a universally de Rham descendable hypercovering of the pair (X, X) over
(Spec k, Spec k, Spf W (k)). Hence the Total (Cech-) complex associated to
the simplicial complex

R (X, Rep Rspe i s, ),

where jr j : Uy N'Vy; < V; is the canonical open immersion, computes the
rigid cohomology of X/k. On the other hand, using (4.9), we see that this
Total complex is isomorphic to

RI (X, Re. (R sp. le)j)

and we have already shown that there is an unconditional isomorphism
(Corollary 4.5)

RI (X, Re.(Rsp.Qy,)1) = RD (X, WTQX/k ® Q> .
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This finishes the proof of our main comparison result, Theorem 4.1.
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